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Abstract

In this thesis, we focus on the numerical treatment of system of Volterra integral
equations. The numerical techniques to be considered are Galerkin method with
Laguerre polynomials, Chebyshev collocation method, and Bernstein's approximation

method.

Moreover, some illustrative examples to show the validity and applicability of these

techniques are solved. A comparison between these methods is carried out.

Numerical results have shown that Bernstein's approximation method is the most
accurate and efficient numerical technique for solving linear system of Volterra integral

equations in comparison with its counterparts.
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Introduction

System of integral equations is encountered in various applications in many fields
including mechanics, potential theory, geophysics, electricity, magnetism, electrostatics,
diffusion problems, quantum mechanics, heat radiation, optimization, fluid mechanics,

fracture mechanics, optimal control systems and phenomena in physics and biology

[1] [2] [3] [4] [5] [6].

In recent years, there has been a growing interest in integral equations and systems of
integral equations due to their wide range of application as missioned above. Moreover,

many initial and boundary value problems associated with the ordinary and partial
differential equations can be cast into a system of integral equations.

Various numerical methods, for solving system of Volterra equations using various
polynomials have been developed by many researchers. Very recently, Shahsavaran [7]
used the Block-pulse functions and Taylor expansion methods. Taylor polynomials
were also used by Wang [8] with computer algebra. Maleknejad et al [9] studied first
kind of Volterra integral equation by using a recursive scheme. Bernstein polynomials
were used for the solution of second order linear and first order nonlinear differential
equations of second kind by Bhatti [10] . These polynomials have also been used for
solving Fredholm integral equations of second kind by Shirin [11] . Moreover,
Qatanani et al. [12] [13] have used numerical schemes to solve systems of Volterra
integro-differential equations and linear fractional Volterra integral equations. A
comparison between these numerical methods have been carried out. Kazem Nouri [14]
used the Chebyshev collocation method for solving systems of Volterra integral
equations. Very recently Buranay et al. [15] used modified Bernstein—Kantorovich
operators to solve Fredholm and Volterra integral equations. Jafarian et al [16] used
Bernstein collocation method to approximate the exact solution of the linear second
kind Fredholm and Volterra integral equations systems.

In this work, some numerical techniques were implemented to approximate the solution
of system of linear Volterra integral equations, namely, Galerkin method with Laguerre

polynomials, Chebyshev collocation method and Bernstein’s approximation method



This system of Volterra integral equations has the general form:
.00 = gi(x)+J kyGoDf(Dde,  a<x<b
a

The kernels k;;(x,t) and the function g;(x) are given real valued functions. The
unknown functions f;(x) are to be determined. A comparison between these methods is

carried out by solving some numerical examples.

In this thesis, we focus on the numerical treatment of system of Volterra integral
equations. The numerical techniques to be considered are Galerkin method with
Laguerre polynomials, Chebyshev collocation method, and Bernstein's approximation

method.

Moreover, some illustrative examples to show the validity and applicability of these

techniques are solved. A comparison between these methods is carried out.

Numerical results shown that Bernstein's approximation method is the most accurate
and efficient numerical technique for solving linear system of Volterra integral

equations in comparison with its counterparts.

This thesis is organized as follows:

In chapter 1, some basic concepts of systems of integral equations together with their
solvability is presented. Three numerical techniques, namely the Galerkin method with
Laguerre polynomials, Chebyshev collocation method and Bernstein’s approximation
method are addressed in chapter 2. In chapter 3, the proposed methods are implemented
using three numerical examples with known analytical solution by applying MATLAB
software, conclusion are included.



Chapter One
Mathematical Preliminaries

In this chapter, we will review some of the most important concepts of systems of

integral equations.
Definition 1.1 [17] [18] [19] [20]

A system of integral equations is a set of two or more integral equations in two or more

unknown functions.

A system of integral equations can be written in the general form as

h(x)
C(X)F(x)=G(x)+ A K(x,t)F(t)dt (1.1)

u(x)

where u(x) and h(x) are the limits of integration, the limits of integration may both be

variables, constants, or mixed. A is a constant parameter such that A = 0. Also,

G(x) = [9;()],x1) i=1,2,..,n

C(x) = [c; ()]s i=1,2,..,n

F(x) = [fi(0)],x1, i=1,2,..,n

AKCt) = Ak i=12..n j=1,2,..n

where g;(x) ,c;(x) and k;; (x, t) are known functions and f; (x) are unknown functions.

1.1 Classification of System of Integral Equations

1- System of Volterra Integral Equations

This system has the standard form
COF(x) =G(x) +A [  K(x,)F(t)dt , a<x<bh (1.2)
where 1,a,b € R, A1 # 0 and x is a variable. Also,

G(x) = [g;(0)],x1, i=1,2,..n



C(x) = [c; ()], i=12,..,n
F(x) = [f; ()], i=1,2,..n

K, t) = [Ak;0)] , i=12.,n j=12.,n

nxn

In system (1. 2) k;; (x,t) , c;(x)and g;(x)are known functions and f;(x) are unknown

functions [21] [22] [4] [23]. There are two kinds of system of Volterra integral
equations, known as the first kind and the second kind, the first kind of system has F (x)

present only under the integral sign, otherwise will be the second kind.
2- System of Fredholm Integral Equations
This system has the standard form
COVF(x) =G(x) + 4[] K(x,)F(dt , a<x<b (1.3)
where 4,a,b € R,4 # 0 and x is a variable. Also,
G(x) =[9;()],x1, i=1,2,..n
C(x) = [c; ()]s i=1,2,..,n
F(x) = [f,(0)],x1) i=1,2,..n

AK(x,0) = [Ak;et)] . i=12,.n, j=12,.n

nxn

In system (1.3) k;;(x,t) ,c(x)and g;(x) are known functions and f;(x) are unknown

functions [21] [22] [4] [23].

There are two kinds of system of Fredholm integral equations, known as the first kind

and the second kind, the first kind of system has F (x) present only under the integral

sign, otherwise will be the second kind.



1.2 Linearity [4]

The system (1. 1) of integral equations

h(x)
COOFG) = G + A f K (x,6) F(D)dt

u(x)

is said to be linear if the exponent of the unknown functions F(x) under the integral
sign is one and all equations do not contain nonlinear functions of F(x). Otherwise, the

system is called nonlinear.
1.3 Homogeneity [4]
The system (1. 1) of integral equations

h(x)
COOFG) = G + A f K (x,6) F(D)dt

u(x)
is said to be homogenous if G(x) is identically zero. otherwise, it is called

nonhomogeneous.

1.4 Existence and uniqueness of solution

For convenience, we consider the existence and uniqueness of a solution for linear

Volterra integral equation in Banach space [24].
Definition 1.2: (Banach Space) [25]

A Banach space is a normed vector space (X, ||.||) complete relative to the norm metric,

i.e., such that every Cauchy sequence (or fundamental sequence)
e € X 1 p(exy) = llx, —xp,ll >0, nm - o
converges toan element x € X :

lim x, =x & p(x,,x) =|x,—x| =0, n - o

n-—-co

The linear Volterra integral equation is written as:

c)f(x) =g+ A[ k(x,O)f()dt , a<x<bh (1.4)



where g(x) and c(x) are known continuous functions on interval [a, b], the kernel

k(x,t) is a given continuous function on the region

D= {(x,t)ia<t<x<b}, A=#0,and f(x) is unknown continuous function in
[a, b] that must be determined i.e.,f(x) € Cla, b].

Before we study the existence and uniqueness of a continuous solution of the linear
Volterra integral equation in Banach space based on fixed-point theory, several

definitions and theorems are given:

Definition 1.3: [25]
For a metric space (M,d) , let M° € M withamap f: M° - M

A pointp € M? is said to be a fixed pointof f if f(p) =p.

Definition 1.4: [25]
Let (M, d) be a complete matric space (Banach space), a mapping f: M — M is said to

be contraction if 3a € R for 0 < a < 1 such that
d(f(u),f(v)) <ad(uv) , Yu,v € M

Theorem 1.1: (Fixed- Point Theorem): [25]
If the mapping f: M — M is the contraction on a complete metric space (M, d), then f

has a unique fixed point X € M.

We use the fixed-point method to create a diagram that is used to solve the linear
Volterra integral equation, by starting with an initial approximation that is used in a

recurrence relation to find other approximate solutions.

Next, we introduce an operator T defined as follows:

COF) =T()=G6x)+ [ K t)F()dt, where f=Ff,f .f, (L
5)

and the solution of the system is a fixed-point of T = [T,,T,, ..., T,]".

Choose f°(x) € C[a, b] as an initial function and the following fixed-point iteration

will be generated:



COOff ) =Ti(f7™) = g;() + Lo i [ ki o)/ M) dt (1.6

We determine multiple approximations f;", fori =1,2,..n, r > 1and the sequence
{f*} converges to F(x) as n — . Itis just the contractive property which is

responsible for clustering the sequence {f;} towardsa limit point.

Then the major concepts that are required to the fixed-point theorem are contraction
mapping and complete metric space, T becomes a contractive mapping under some

assumptions, based on this theory
Theorem 1.2: [25]

For a complete matric space (C[a, b], |l. ||,), and the continuous function G € C[a, b]
and K € C([a,b] X [a, b)), if the following condition holds

1

Ai < n(b — a)?N;’

Vi=12,..,n
where N; is any positive constants, then the mapping T in equation (1. 5) becomes a
contractive mapping.

Now we want to show that there is only one solution for linear VVolterra integral
equation, so we have to prove that T has a unique fixed-point and the generated
sequence {f"}_, in equation (1. 6) converges to this fixed-point.

The following theorem explains the convergence of f;"(x).

Theorem 1.3: [25]

Let (Cla, b], |I.ll.,) be a complete metric space and T; be n contraction mapping on the

linear Volterra integral equation, then for each i = 1,2, ..., n we get:
1- T; has a unique fixed-point f; € C[a, b] such that f;* = T;(f*).
2- Forany £ € C[a, b], the sequence {f7 (x)} € C[a,b] defined by

) =T,(f71),forr = 1, .., converges to f;.



Chapter Two

Numerical Techniquesfor Solving the Linear System of VVolterra
Integral Equations

There are many numerical techniques available for solving system of Volterra integral
equations. In this chapter we will present some of these important numerical techniques

namely:

- Galerkin Method With Laguerre Polynomials
- Chebyshev Collocation Method

- Bernstein's Approximation Method

2.1 Galerkin Method With Laguerre Polynomials

We start by considering the Laguerre polynomials
2.1.1 Laguerre Polynomials: [26] [27] [28]
We can get Laguerre polynomials by solving the Laguerre differential equation
xy"+ (1 —-x)y'+ny =0 (2.1)

where n is a positive integer, we notice that x = 0 is a regular singular point of equation

(2.1). The solution to this equation is

(—Dkn!

Definition 2. 1: [30]

Let x = x, be a singular point of y" +p(x)y'+ q(x)y =0, x =x, is a regular
singular point of the equation if both (x —x,)p(x) and (x — x,)?q(x) are analytic at

X = Xg

If we let co =1, we get the standard solution denoted by L, (x), called the Laguerre

polynomials of order n, and is given by



(—=Dkn!

n = L, (n =)l (k1)? x

L

We can list few of these Laguerre polynomials corresponding ton = 0,1, 2,3

respectively
Lo(x)= 1

Li(x)=1-x

L,(x)= %(2 — 4x + x?)

1
Ly(x) = 5(6 —18x + 9x?% — x3)

2.1.2 Galerkin Method With Laguerre Polynomials: [29] [30] [27] [31]

Now we can start using Galerkin method with Laguerre polynomial, to solve system of

Volterra integral equations
COFx)=G) +A[  K(x,)F()dt , a<x<bh 2. 2)
where 4,a,b € R,4 # 0 and x is a variable. Also,
G(x) = [g;(0)],x1, i=12,..,n
C(x) = [¢; ()], i=12,..,n
F(x) = [f;(0)],x1 i=12,..,n

AK(x,t) = [Aijkij(x, t)] , 1=12,...,n, j=12,..,n

nxn

In system (2. 2) k;; (x,t) ,c;(x)and g;(x) are known functions and f;(x) are unknown

functions.

We take the linear combination of Laguerre Polynomials to find an approximate

solution F(x), so we assume that



fim(X) = X7, a; L.(x) i=1,.,nr=01,.m

where, L. (x) are Laguerre polynomials of degree r, m is the number of Laguerre

polynomials, and a;,. are unknown parameters.

Equation (2. 3) can be written in the matrix form as

fi()=L()4; , i=12,.,n
where
L) =[Lo(x) L&) .. o L]
A= [ap ay = = Am]T

2. 3)

Hence, the matrix F (x) defined as a column matrix of the unknown functions that can

be expressed by

F(x) = AL(x)
so that
Lix) 0 .. O A,
L0x) = :0 L:(x) 0: A= A:2
0 0 .. L(x) e A, 1

similarly, the integral part

x m
J k(e ) Y ay L, (0) dt
a r=0

becomes

A f K, DL(O)de

a

then we have

COALG) = G(x)+ 1A J Ko 0Lt

10



G(x) = CONAL(x) — 1A f Koo LDt (2.4)

a

Multiplying both sides of equation (2. 4) by £(x) and integrating the resulting equation
with respect to x over the interval [a, b], to get

T

b b r b/ rx
f G(x)TL(x)dx=Af (C(x)L(x)) L(x)dx — AA[ <f K (x, t)L(t)dt) L(x)dx

this leads to

AK

rs

S (2.5)

where

Ay - Ay b
AR ] G, = f G (0T L(x) dx

a
@no Anm nx(m+1)

b b x T
K, = f (C)LGO) L) dx— A f ( f K(x,t)L(t)dt) L(x)dx

a

G,is a matrix with dimension n x (m + 1), and K, is a square matrix with order
n(m + 1).

Finally, by solving the linear algebraic system (2. 5), we get the approximate solution of

the system of Volterra integral equations (2. 2).
Error and Convergence:
Theorem 2.1: [16]

Suppose that f;,,(x) ,i = 1,2, ...,n are the linear combination of Laguerre Polynomials
of degree m such that their coefficients have been produced by solving the generalized

linear system (2. 5), then the given polynomials converge to the exact solution of the
system of Volterra integral equations, when m — +co.

Proof:

The error concerning the approximation method can be written as
11



e,(x) = i e;m (%)

i=1

where

€im = Z(fi(x) — fim(X)) _Z/lijf kij (e, O (fi(©) = fir (£)) dt

Invirtue of Theorem (2. 1), the error function e,,, (x) must tend to zero, when

m — oo , Hence, we have :

n
lewll < D lleg
i=1

<D (R = fin)]

i=

+

n n
X
Ay [ Ny G DAL = fin(OIDas
i=1j=1 a
Since ||k;;(x, 0)|| is bounded and A # 0, therefore, [|f;(x) — fi ()|l = 0

implies that |le,, || = 0.

2.2 Chebyshev Collocation Method

We start by considering the Chebyshev Polynomials
2.2.1 Chebyshev Polynomials: [32] [33] [26] [28]

Chebyshev Polynomials are solutions of Chebyshev differential equation

(1—-x2)y"—xy'"+n’y=0,n=0,12,.. (2.6)
Let x = cos 8 we get
d?y
W + ley = (2 7)

12



Equation (2. 7) has the general solution
y =A cosnf + Bsinnf
or
y = Acos(n cos ~'x) + B sin(n cos ™ x) lx] <1
which is equivalent to
y =AT,(x) +B U,(x) x| < 1

where T, (x) is called Chebyshev polynomials of first kind of degree n, and U, (x) is

called the Chebyshev polynomials of second kind of degree n.
Since x = cos 0, T, (x) can be defined as
T,(x) = T,(cosB) = cosn 6
we conclude that
To(x) =1
T,(x) =x
T,(x) =2x%*—-1
we get a more general formula of T, (x) by using the recurrence relation
T, o (x) =2xT,(x) = T,_,(x)
we list few of Chebyshev polynomials:
To(x) =1
T,(x) =x
T,(x)=2x*-1

T;(x) = 4 x3—3x

13



T,(x) =8x*—-8x2+1
Chebyshev polynomials of the second kind are:

sin((n+1)6
U,(x)= U,(cos0) = ! (iine )9) , n=0,1,..

so, we conclude that
Upy(x) =1
U,(x) = 2x
U,(x) = 4x? -1
we get a more general formula of U, (x) by using the recurrence relation
Uyt () =2x U, (x)— U,_,(x)
we list few of Chebyshev polynomials of second kind
Us(x) = 8x3 — 4x
U (x) =16 x*—12x*+ 1

Us = 32x° — 32x3 + 6x

2.2.2 Chebyshev Collocation Method: [32] [34]
To implement this method for solving the system of Volterra integral equations (2. 2)
we let

m

fO= Y a1, i=1.n  —1<x<1 (2.8)

r=0

where T,.(x) denotes the Chebyshev polynomials of the first kind, a;, are the unknown

coefficients and n is any positive integer.

14



Assuming that the integrals on the system (2. 2) are bounded in the range [0, b], thena

solution can be optimal by means of the shifted Chebyshev polynomials

s, =b(x,+1)/2
where x, are Chebyshev Gauss points of order m in interval [-1,1] i.e., x,, = cos Cn—”)
,r=01,2 .. .. m

Since the interval [—1, 1], is the domain of the Chebyshev polynomials of the first kind,
we define the shifted Chebyshev polynomials of degree ras T, (%x — 1) in the interval

[0,b].

We suppose that the kernel functions and solutions of system (2.2) can be expressed as

a truncated Chebyshev series, then equation (2. 8) can be written in the matrix form:

f()=T()4, i=1..,n (2.9)
where
T = [T,(0) Ty(x) o o Tp(x)]
A= lay ay = = Gm]T

Hence, the matrix F (x) defined as a column matrix of unknown functions can be

expressed by

F(x) = AT (x) (2. 10)
S0 that
T(x) 0 .. 0 A,
T = :0 T:(x) - 0: A= A:z
0 0 . Tl nl

Similarly, kernel functions k;;(x, t) can be expressed as a truncated Chebyshev series

15



Jeyy o t) = Z kU (x) T, () (2.11)

where x are the Chebyshev collocation points defined by

ST
X, = COS (—) , s=01,..,m
m

and the Chebyshev coefficients k;'j (x,) are determined by means of the relation
3 2 r
KV (x) = —Z kO 6T (), b= cos ()
n& m

K(x,) =K T(t)™*
then the matrix representation of k;;(x,t) in equation (2. 11) becomes

kij (xs' t) = kij(xs)T(t)T

where
kG = i) kG kY KISkl
Ly\"s 2 0 xs 1 xs) z(xs) m_1(xs) 2 m(xs)
1x(m+1)
Then we define the integral part of system (2. 2) by
Xs
D(x) = f K(x)T@OTT(D 4 dt
-1
we get
CTA=G+ AD (2.12)
where
c(xg) 0 .. O
C= O cExl) 0
0 0 .. clx,)
Using

16



X

TOT,() dtl = [y, 6j=01,..,m

_1 —_

Y(x,) = j S TOTT) dt = [ f

then we have

n
d,(x,) = Zkij(xs) Y(x) A, i=12..,n

j=1
in compact notation
D(x,) =K(x,)Y(x))A, s=01,...m

in which K(x,) and A are defined above, and

d, (x;) y(xg) 0 .. 0
D(xs) = dz(:xs) ) Y(xs) — O y:(xs) 0
dn(xs) nx1 0 0 }/(xs) (mA1)x(m+1)

The matrix D can be written in the form

D=KYA (2. 13)
where
K(x()) 0 0
g=|0 KCu) .. 0 ’
0 0 .. K(x,) n(m+ D) x(m+1)"
[ Y(x,) 0 1
| 0 Y(xo)l
y=1 : :
l Y(x,) O
0 Y(xm) (m+1)"xn(m+1)

Substituting the equation (2. 13) into equation (2. 12), then we get the matrix equation

for the system of Volterra integral equations, namely

CTA=G+ AKY A

17



or
G=(CT— AKY)A
Define W = CT —AKY so we have
G=WA (2. 14)

where W is a square matrix with dimension n(m + 1).The unknown Chebyshev

coefficient matrix A is simply computed from the linear algebraic system (2. 14), to get

the approximate solution of the system of Volterra integral equations.
Error and convergence:
Theorem 2.2: [16]

Suppose that f;,,(x) ,i = 1,2, ...,n are the Chebyshev polynomial of degree m such
that their coefficients have been produced by solving the generalized linear system
(2.14), then the given polynomials converge to the exact solution of the system of

Volterra integral equations, when m — +oo.
Proof:

The error of the approximation method can be written as

n

e,(x) = Z eim (%)

i=1

where

€im = Z(fi(x) — fim(x)) _Z)lijf kijCe, ) (fi(©) — fin (1)) dt

Invirtue of (2. 2), the error function e,,, (x) must tend to zero, when

m — oo , Hence, we have:

18



n
lewl < ZIIeimII

le(fl(»o Fam@O)|

22 f [[ks; Ce, O AN D = fim (O 1D ds
=

i=1
Since ||k;;(x, t)|| is bounded and 2 # 0,
therefore, ||f;(x) — f;,,(x)|| = 0 implies that ||e,,|| = O.

2.3 Bernstein's Approximation Method

2.3.1 Bernstein’s Polynomials [9] [35]

The (n + 1) Bernstein basis polynomials of degree n are defined as
Pni(X) = (Til)xi(l —x)"7, i=012,..n
The basis polynomials p,,; have several properties:

1. Non-negativity p,,;(x) =0, 0<x<1, i=0,12,...n
2. Partition of unity Y% op,; (x) =1
3. Symmetry p,;(x) = pp,_i(1—-x)

Theorem 2.3: [11]

For all functions f € C[0, 1], the sequence {B,,(f);n = 1,2,3, ... } converges uniformly
to f, where B, (f) converges to a function f : [0,1] - R is defined by

B,(f(x)= Z a; P (1) (2.15)

It follows that, forany f € C[0,1] and forany € > 0, there exists n such that the
inequality ||B,,(f) — f |l < € holds.

19



2. Bernstein’s Approximation Method [36] [37] [16] [38] [39]

To solve the system of Volterra integral equations (2. 2) using Bernstein's

approximation method, we introduce f;,,, (x) defined as

m

fim(x) = Z airpmr(x)r i=12,..,n

=0

which are the Bernstein’s expansions of degree m for the unknown functions f;(x) for

i =1,2,...,n. Aftersubstituting these polynomials into system (2.2), we get

f n

z c1;(%) i A1 P (X) = g, (x) + Ai f:ku (x,)p,, () dt

j=1

. Zcij (x)i Ay P () = g;(X) + 2 ijaxki,j(x' )Py (1) dt

j=1

S

n

Z ij(x)i Ay Py (X) = g () + 2 i kan,j (x, ) Py () At
=0 r=0"%

k]:l

By replacing the variable x with x,, = a + % forr=20,1,..,m, weget the

generalized linear system

n m
zzyql?]" Aiy = gl(x )+ AZETU ap,- ,q4= O,1,...,m

i=1r=0 i=1r=0

where

- *q
qurl = f ki,j(xq’t) pr,m(t) dt, qu; = Clj(xq) prm(xq)

a

It can be summarized in a matrix form as follows:

ZA = G + SA @.

where
20
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A= la;]= [ay

G = [g9:(x)] = [g1(x,)

7 =

VA e Z

S

z . ZIn
S I L
nl nn

S

alm e ano anm ] T

gl(xm) gn(xo) gn (xm)]T

in

: ] . and the matrices z, s%for
nn

S

S

i,j =1,2,..,n are given respectively as follows

i

i

- Zoo Zom ’ y
| — H 1 —
zY 3 ,  with z =Y/
ij ij
Z‘mO me
ij ij
y S0 Som ’ y
lj — H H 1 —
st=11i il with sg. =T,
1 ij
SmO Smm
system (2. 16) can be written as
G=(Z-95A (2.17)

Finally, by solving the linear algebraic system (2. 17), we get the approximate solution

of the system of Volterra integral equations (2. 2).

Error and Convergence:

Theorem 2.4: [16]

Suppose that f;,(x),i =1,2,..,n are the Bernstein’s expansions of degree m such

that their coefficients have been produced by solving the generalized linear system (2.

17), then the given polynomials converge to the exact solution of the Volterra integral

equations, when m — 4-oo.

Proof:

The error concerning the approximation method can be written as

21



n

e,(x) = Z e;m (%)

i=1

where

Con = D (Fi0) = fin@) = Y Ay [ ey OO = fon(e) e

Invirtue of (2. 4), the error function e, (x) must tend to zero, when

m — oo, Hence, we have :
lewll < Y llegl
i=1
n
< Z | (£:C0) = i @)
i=1

DRI R D (CEYMED

i=1j=1
Since ||k;;(x, 0)|| is bounded and, 2 = 0

therefore, || f;(x) — f;,, ()]l = 0 implies that ||e,,|| = 0.
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Chapter Three
Numerical Examplesand results

In this chapter, some numerical examples are presented to show the validity of the
proposed numerical methods presented in chapter 2. In addition, the numerical results

are compared with the exact solution.

3.1 Example:

Consider the system of Volterra integral equations:
(2x2+3)fi(x) = g, (x) + f (x2=20)f,(t) + (t*> —x)f, (t) + 2tf;(¢) dt
(1-3x3)f0x0) =g,(x) + f;c tlx+ Df(0) +tx (2 + 1Df, (@) + (2t2 + x3) f,(D)dt

(Bx2+6)f3(x) = g;(x) + J (t—x)f,(0) + (t* — x3)f, (1) + 2xt + t*) fr,(D)dt

(3.1)
where

-1
g,(x) = E(6x5+ 35x* —95x3 — 270x% — 225x — 360)
_1 5
g,(x) = 30 (15x7 +10x° — 33x°+ 275x* + 115x3 — 390x2 + 150)

1
gs(x) = %(L}Ox6 —66x°> — 175x*+ 250x3 + 780x2 + 360x + 360)

x € [0,2], the exact solution of system (3. 1) is f;(x) =5x +8, f,(x) = 2x* -5,
and f3(x) = x*+x+ 1.

We implement the aforementioned numerical methods for solving system (3.1).
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3.1.1 Galerkin method with Laguerre polynomials:

Take m = 3 ,n = 3 then we have

where
L(x) =[Ly(x) L(x) L,(x) L;x)]
A= lay ay iz A3 1"
and
F(x) = AL(x)
such that
L(x) 0 0 A,
Lx)=] 0 Lkx) 0 , A=A,
0 0 L] Al
and the integral part
X
A f K(x, DL(E)dt
0
S0
x% =2t t? —x 2t
K(x,t) = |t(x+1) tx(x?+1) 2t?+x3
t—x t?2 —x3  2tx + t?

then we have

G(x) = C(x)AL(x)— LA [, K(x, t)L(t)dt

2x2+ 3 0 0
Clx) = 0 1 —3x2 0
0 0 3x2+6

24
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multiplying both sides by £(x) and integrating the resulting equation (3. 2) with respect

to x over the interval [0, 2], we get

X

2 2 - 2 T
f GO)TL(x)dx =Af (C(x)L(x)) L(x)dx — AAf <f K(x,t)L(t)dt) L(x)dx
0 0 o \Jo

then we get
AK,. = G, (3.3)

where

@10 - a3

: ] G, = f COTL0O da

Az . Qgg

g1(x)
G(x) =|9,(x)
g3(x)

K, = f (CE) LOdx— 2 f 2( f Kx, t)L(t)dt) L(x)dx

By solving the linear algebraic system (3. 3), we have

5x + 8
2x% -5
x*+x+1

F =

Table (3. 1) contains both the exact and the numerical solutions of system (3. 1).
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Table 3.1
A comparison between the exact and the numerical solutions using the Galerkin

method with Laguerre polynomials for system (3.1)

g8 8 T €y 83 81 Z o o

Sm =m =8 22 5% 53 2% 3Z 32

x S8 58 o8 38 3% 35& & &8 =8

=2 28 &2 >3 23 3 S L £ 28

~ ~ = o~ 9 —~ D —~ D . = @ 8 @

ONENC) S ¥% ®¥&8 &3 3 < <

0 8 - 1.0000 8 -5.0000 1.0000 0.0000 0.0000 0.0000
5.0000

0.2 9 - 1.2400 9 -49200 1.2400 0.0000 0.0000 0.0000
4.9200

04 10 - 1.5600 10 -4.6800 1.5600 0.0000 0.0000 0.0000
4.6800

06 11 - 19600 11 -4.2800 1.9600 0.0000 0.0000 0.0000
4.2800

08 12 - 24400 12 -3.7200 2.4400 0.0000 0.0000 0.0000
3.7200

1 13 - 3.0000 13 -3.0000 3.0000 0.0000 0.0000 0.0000
3.0000

1.2 14 - 3.6400 14 -2.1200 3.6400 0.0000 0.0000 0.0000
2.1200

14 15 - 43600 15 -1.0800 4.3600 0.0000 0.0000 0.0000
1.0800

16 16 0.1200 5.1600 16 0.1200 5.1600 0.0000 0.0000 0.0000
1.8 17 14800 6.0400 17 1.4800 6.0400 0.0000 0.0000 0.0000
2 18 3.0000 7.0000 18 3.0000 7.0000 0.0000 0.0000 0.0000

Figure (3.1.a) compares the exactsolution f; (x) and the approximate solution with m = 3.
Figure (3.1.b) compares the exact solution f, (x) and the approximate solution with m = 3.

Figure (3.1.c) compares the exact solution f3(x) and the approximate solution with m = 3.
As shown in appendix A page 53-54
3.1.2 Chebyshev collocation method:

Take m = 5,n = 3, then we have

5

fi(x) = ZairTr(x) , i=1,23

r=0

fi(x) = T(x)A;
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were
T(x)=[1 x 2x*—1 4x3—3x 8x*—8x2+1 16x°—20x3+ 5x]

T . .
Al = [ay a; A a3z Qg G

then
F(x)= T(x)A
T(x) 0 0 A,
Tx)= 0 T 0|, A=|A,
0 0 T() As
and
911(xo)
Y(x,) 0 0 921 (%)
_ [K(xe) 0 0 Y(xy) 0 931(%o)
K = : : Y= 0 0 Y(x) ,G= :
0 v K(xg) : : : 911(x5)
l o 0 Y(xS)J 921(%5)
L931 (x5)J

c(xg) o 0
_[ 0 C(J.C5)]

Hence, solving the liner algebraic system WA = G we have

0.0352x° — 0.1696x* + 0.2650x>— 0.1504x2 + 5.0229x + 8
F = [-0.1463x° + 0.7065x* — 1.1203x3 + 2.6520x?— 0.1003x— 5
0.5769x° — 2.4425x*+ 3.3321x3— 0.6230x% + 1.2037x + 1

Table (3.2) contains both the exact and the numerical solutions of system (3. 1).
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Table 3. 2

A comparison between the exact and the numerical solutions using the Chebyshev

collocation method for system (3.1)

8 8 D 82 g g 2 o o

c c o S o S S a = > 3>

= M = M ~ = == = 3 = 3 o = o T o T

o X o X W on o O o o o o = = D = @
x S o = = 9 S5 X, S X, S X, =@ o 2 o S

-/ R g 3 "3 <3 Te 25 As

= = S = = = o = o 3 ) <

~— ~ =} — ~ ~ -
0 8 -5.0000 1.0000 8.0000 -5.0000 1.0000 0 0
0.2 9 -4.9200 1.2400 9.0004 -4.9219 1.2388 0.0004 0.0019 0.0012
0.4 10 -4.6800 1.5600 9.9981 -4.6709 1.5384 0.0019 0.0091 0.0216
0.6 11 -4.2800 1.9600 10.9976 -4.2673 1.9460 0.0024 0.0127 0.0140
0.8 12 -3.7200 2.4400 11.9998 -3.7151 2.4589 0.0002 0.0049 0.0189
1 13 -3.0000 3.0000 13.0031 -3.0084 3.0472 0.0031 0.0084 0.0472
1.2 14 -2.1200 3.6400 14.0047 -2.1364 3.6759 0.0047 0.0164 0.0359
1.4 15 -1.0800 4.3600 15.0022 -1.0893 4.3270 0.0022 0.0093 0.0330
1.6 16 0.1200 5.1600 15.9947 0.1359 5.0214 0.0053 0.0159 0.1386
1.8 17 1.4800 6.0400 16.9841 1.5305 5.8415 0.0159 0.0505 0.1985
2 18 3.0000 7.0000 17.9770 3.0674 6.9530 0.0230 0.0674 0.0470

Figure (3.2.a) compares the exact solution f, (x) and the approximate solution with m = 5.

Figure (3.2.b) compares the exact solution f, (x) and the approximate solution with m = 5.

Figure (3.2.c) compares the exact solution f5(x) and the approximate solution with m = 5.

As shown in appendix A page 54-55

3.1.3 Bernstein's approximation method:

take m = 4,n = 3 then we have

T =

qr

G = [gi(xr)] = [g1(x0)

4

fia(x) = z a; P, (x),wherei=1,2,3

Xq

=0+

r=0

q2-0) _

4

0.5q

Xq
[k rart) prato) e,
0

ij _—
qu =G

92 (%)
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Z11 Z12
Z = |21 Zp

Z31 Z3p

Z33

Z13
223 , S =

S21
S31

S11 S12
S22
S32

S13
SZ3 [

S33

and the matrix  zY, s%Yfori,j =1,2,3 are defined with following elements:

7U =

s =

.
Zoo

ij
[ Z40

- i
S00

ij
S40

ij
04

ij
44

ij

ij
44

,  Where

,  Wwhere

jo_ yij
Zgr =Y,

qr

ij _ pij
Sqr = Tqr

Hence, solving the liner algebraic system ZA = G + SA we have

—0.0003x* + 0.0012x3* — 0.0018x? + 5.0008x + 8

0.0001x*— 0.0004x3+ 1.0002x% +x + 1

F =1-0.0063x*+ 0.0276x3+ 1.9620x% + 0.0164x — 5

Table (3.3) contains both the exact and the numerical solutions of system (3. 1).

Table 3.3

A comparison between the exact and the numerical solutions using the Bernstein’s

approximation method for system (3.1)

%] 9] m 8 o w0 o w0
=z = £8 28 28 S» 3» %»
=M = m ~n O (= o= =3 oo oo oo
x S8 S3 2g S K S S8 <8 <& I8
>2 2 & =3 3 53 =~ g wg wg
~ —~ (=3 — —~ —~ = @ = @ = @
OIENC) s ®s ¥s &gz <2 & S
0 8 -5.0000 1.0000 8.0000 -5.0000 1.0000 0 0 0
02 9 -49200 1.2400 9.0001 -4.9180 1.2400 0.0001 0.0020 0.0000
04 10 -4.6800 1.5600 10.0001 -4.6779 1.5600 0.0001 0.0021 0.0000
06 11 -4.2800 1.9600 11.0001 -4.2787 1.9600 0.0001 0.0013 0.0000
0.8 12 -3.7200 2.4400 12.0000 -3.7196 2.4400 0.0000 0.0004 0.0000
1 13 -3.0000 3.0000 12.9999 -3.0003 2.9999 0.0001 0.0003 0.0001
1.2 14 -2.1200 3.6400 13.9998 -2.1204 3.6398 0.0002 0.0004 0.0002
1.4 15 -1.0800 4.3600 14.9997 -1.0800 4.3597 0.0003 0.0000 0.0003
1.6 16 0.1200 5.1600 15.9996 0.1207 5.1595 0.0004 0.0007 0.0005
1.8 17 1.4800 6.0400 16.9995 1.4812 6.0394 0.0005 0.0012 0.0006
2 18 3.0000 7.0000 17.9992 3.0008 6.9992 0.0008 0.0008 0.0008
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Figure (3.3.a) compares the exact solution f (x) and the approximate solution with m = 4.
Figure (3.3.b) compares the exact solution f, (x) and the approximate solution with m = 4.

Figure (3.3.c) compares the exact solution f3(x) and the approximate solution with m = 4.

Figure 3.3.a
A comparison between the exact solutions f4 and the numerical solutions using Bernstein's
approximation method for system (3.1)

18r

#  approximate solution
exact solution

17

16
151
14 F

ha

= 135

=
12F
nr
10

gk

0 0.2 0.4 0.6 0a 1 12 14 16 18 2

Figure 3.3.b
A comparison between the exact solutions f, and the numerical solutions using Bernstein's

approximation method for system (3.1)
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#  approximate solution
exact solution

3

2
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Figure 3.3.c
a comparison between the exact solutions f3 and the numerical solutions using Bemnstein's
approximation method for system (3.1)

7

#*  approximate solution

exact solution

3.2 Example:

In this example, we have the following system:

£00 = g,(0) + f sin(x— ) £,(6) + e*~t£,(6) dt

L,(x)= g,(x)+ ffl cos(x —t) f,(t) + 3tx?f,(¢t) dt (3.4)

where

5 23
g, (x) = 3~ e**tl 4+ 53X +x24+3cos(x+ 1) —sin(x +1)

1
g,(x) = §(48 —4x —11x% + 4x°> —9x% — 12cos(x + 1) — 365sin(x + 1))

The exact solution of system (3. 4) is f;(x) = x>+ 2x, and f,(x) = x% — (x/3)

We implement the aforementioned numerical methods for solving system (3. 4).

32



3.2.1 Galerkin method with Laguerre polynomials:

Take m = 5,n = 2 then we have

fi(x) =L(x)4; , i=12
Where
L(x) =[Ly(x) L,(x) L,(x) Li(x) L,(x) Lg(x)]
A= lay ay G %3 G s )T
and
F(x) = AL(x)
such that
_ L(x) 0 i
£ _[ 0 L(x)sz A= [A2]2x1
and the integral part
4 f " KGe DLt
-1
where
_[sin(x—1t) e*7t
Kx,t) = [cos(x— t) 3tx2]

then we have

6(x) = CLOAL(Y) — 1A f Ko D LDt

-1

Cla) = [0 1

After multiplying both sides by £(x) and integrating the resulting equation with respect

to x over the interval [—1,1], We get
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1 1 r 1 x T
f G(x)TL(x)dx=Af (C(x)L(x)) L(x)dx — /lAf (f K(x,t)L(t)dt> L(x)dx
-1 -1

-1\/-1
then we get

AK.. =G

rs

where

A= a a Ay, Q3 Qyq Qs
20 21 2%

6

g1(x)

I T _
G, —f_lG(x) L(x)dx , G(x)= 9, (%)

1 1 x T
K, = f (C)LM)) L(x)dx — 2 f ( f K(x, t)L(t)dt) L(x)dx
-1 -1 -1
By solving the linear algebraic system AK,.. = G, we have

0.0128x°> — 0.2489x* + 0.9712x3 + 0.2112x% + 2.0129x — 0.0198

B [O.OOOOXS —0.0234x*+ 0.0099x3 + 1.0220x2 — 0.3387x — 0.0021

Table (3.4) contains both the exact and the numerical solutions of system (3. 4).

Table 3.4

A comparison between the exact and the numerical solutions using the Galerkin method
with Laguerre polynomials for system (3.4)

S Q §% <] 3 g— ®
c o S5 S5 3 S >
= [T ~ = = = = 3 o = oo
< o X N o O o o = = D
S =2 9 5 X S X 2 @ o 2
=2 = = 3 o 3 <o pig=t

) S R 3 RJRT S ~
1 3 0.6667 2.9394 0.6677 0.0606 0.0010
0.75 1.9219 0.3125 1.9427 0.3155 0.0208 0.0030
0.5 1.1250 0.0833 1.1457 0.0838 0.0207 0.0005
0.25 0.5156 -0.0208 0.5108 -0.0228 0.0048 0.0020
0 0 0 -0.0198 -0.0021 0.0198 0.0021
-0.25 -0.5156 0.1458 -0.5260 0.1462 0.0104 0.0004
-0.5 -1.1250 0.4167 -1.1108 0.4201 0.0142 0.0034
-0.75 -1.9219 0.8125 -1.9022 0.8152 0.0197 0.0027
-1 -3 1.3333 -3.0544 1.3253 0.0544 0.0080
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Figure (3.4.a) compares the exact solution f (x) and the approximate solution with m = 5.

Figure (3.4.b) compares the exact solution f, (x) and the approximate solution with m = 5.
As shown in appendix A page 56
3.2.2 Chebyshev collocation method:

Take m = 4,n = 2, then we have

4

fi(x) = ZairTr(x) ;0=

r=0

1,2

fi (x) = T(X)Ai

where
T(x)=1[1 x 2x2—-1 4x3—3x 8x*—8x2+1]
AT = [a,, a;; %z Gz Qi
then
F(x)= T(x)A
_ T(x) 0 _ A
TG = [ 0 T(x)] A= [Az]
and
Y (x0) 0
K(x,) 0 .. 0 0 Y(x,) {ﬁ“g"ﬂ
g=|0 KGO0y vy 0 b e 7Y
: : ) : 0 G 911 (x4)
0 0 K(x,) ; : e
0 Y(x,). 21\

Hence, solving the liner algebraic system WA = G we have

—0.0002x*+ 0.9995x3 + 0.0001x2 + 2.0005x + 0.0002

F= 4 3 2
0.0005x*+ 0.0002x* + 0.4995x“ — 0.3333x + 0.0001
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and if we take m = 7, we will get a more accurate answer

~ [-0.0072x7 - 0.0006x° + 0.0095x° — 0.0005x* + 0.9956x% — 0.0004x? + 1.9987x — 0.0018]
~ 1-0.0013x7 — 0.0051x® — 0.0008x> + 0.0038x* — 0.0007x> + 0.9982x% — 0.3344x — 0.0008

Table (3.5) contains both the exact and the numerical solutions of system (3. 4)

withm = 4.
As shown in appendix B page 61

Figure (3.5.a) compares the exact solution f, (x) and the approximate solution with m = 4.

Figure (3.5.b) compares the exact solution f, (x) and the approximate solution with m = 4.

Figure 3.5.a
A comparison between the exact solutions f, and the numerical solutions using Chebyshev
collocation method with m = 4 for system (3.4)
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Figure (3.5.b
A comparison between the exact solutions f, and the numerical solutions using Chebyshev
collocation method with m = 4 for system (3.4)
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Table (3.6) contains both the exact and the numerical solutions of system (3. 4)
withm =7

Table 3.6

A comparison between the exact and the numerical solutions using the Chebyshev collocation
method with m = 7 for system (3.4)

» M 2 o @0 g >
= & =3 =5 Z 2>
= m ~ Q =3 = S o =2 o T
< o X N, S o o O = E_ = 8
oo = 9 X o X = @ o 2
>a XRE ~ 3 >3 o v g
S = LB % B 5 &°
N7 S RaJliL) - @ = ~
1 3 0.6667 2.9933 0.6589 0.0067 0.0078
0.75 1.9219 0.3125 1.9180 0.3095 0.0038 0.0030
0.5 1.1250 0.0833 1.1221 0.0816 0.0029 0.0017
0.25 0.5156 - 0.5134 -0.0220 0.0022 0.0012
0.0208
0 0 0 -0.0018 -0.0008 0.0018 0.0008
-0.25 -0.5156 0.1458 -0.5171 0.1452 0.0014 0.0006
-0.5 -1.1250 0.4167 -1.1260 0.4162 0.0010 0.0004
-0.75 -1.9219 0.8125 -1.9226 0.8124 0.0008 0.0001
-1 -3 1.3333 -2.9999 1.3333 0.0001 0.0000

Figure (3.6.a) compares the exact solution f, (x) and the approximate solution
withm = 7.
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Figure (3.6.b) compares the exact solution f,(x) and the approximate solution
withm =7

Figure 3.6.a
A comparison between the exact solutions f, and the numerical solutions using Chebyshev

collocation method with m = 7 for system (3.4)
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Figure 3.6.b
A comparison between the exact solutions f, and the numerical solutions using Chebyshev

collocation method with m = 7 for system (3.4)
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3.2.3 Bernstein's approximation method:

take m = 4,n = 2 then we have
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4

fia(x) = Z a;, P, (x),wherei=1,2

r=0

. Xq
Tl = | ki (rqt) b0 e
1

G = lgi(x)]= l9,(x0),9:(x1), 0, g1 (xs) G2 (xg) o G2(x)]"

ij ij

s s
s s , 00 04 - .
11 12 . .
S = [ ]s” =1: . ., where sl =TY
521 522 P .. qr qr
ij ij
Sgp o S

Hence, solving the liner algebraic system A = G + SA we have

F= [0.0012x4 +1.0004x* — 0.0012x* + 2x 4 0.0002
—0.0002x* — 0.0004x> + 1.0014x* — 0.3336x

Table (3.7) contains both the exact and the numerical solutions of system (3. 4).

Table 3.7
A comparison between the exact and the numerical solutions using the Bernstein’s

approximation method for system (3.4)

7 m 0 7 >
=] = S8 S5 o @
m -5 5% - DTS- -
v o X N % o o o = < = 2
S o < O X S X @ o =
> Qa R E ~ 3 ot 3 2 o =1
= g =B Ok 3 &°
S S \b_-e/ @ S o 2
1 3 0.6667 3.0006 0.6672 0.0006 0.0005
0.75 1.9219 0.3125 1.9219 0.3129 0.0000 0.0004
0.5 1.1250 0.0833 1.1250 0.0835 0.0000 0.0002
0.25 0.5156 -0.0208 0.5158 -0.0208 0.0002 0.0000
0 0 0 0.0002 0 0.0002 0.0000
-0.25 -0.5156 0.1458 -0.5155 0.1460 0.0001 0.0002
-0.5 -1.1250 0.4167 -1.1251 0.4172 0.0001 0.0005
-0.75 -1.9219 0.8125 -1.9221 0.8136 0.0003 0.0011
-1 -3 1.3333 -3.0002 1.3352 0.0002 0.0019

Figure (3.7.a) compares the exact solution f, (x) and the approximate solution with m = 4.

Figure (3.7.b) compares the exact solution f, (x) and the approximate solution with m = 4.

As shown in appendix A page 57
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3.3 Example:

In this example we consider the following system

Bx—8)f,(x) + (—2x+ 5)f,(x) = g,(x) + fx(x +t)f, () + xt f,()dt

dxf(x) + (x = 5)f,(x) = g,(x) + f Cx—-t)f,(t) + (t+xt)f,(t)dt
0

(3.5)

where
g,(x) =5e* — 2x — 9sinx — x?e* + 2xcosx — xe* + 3xsinx
g,(x) = —3x — 4e* +sinx — x%e* + xcosx + xe* + 4xsinx — 1

x € [0,2]

The exact solution of system (3. 3) is f,(x) = sinx,and f,(x) = e*
We implement the aforementioned numerical methods for solving system (3.5).
3.3.1 Galerkin method with Laguerre polynomials:

Take m = 4 ,n = 2 then we have

fi(x)=Lx4, , i=12
where
L(x) = [Ly(x) Ly(x) L,(x) L;(x) L,(x)]
A= la, ay @ %3 Gu]T
and
F(x) = AL(x)
such that
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o= 1ol =[]

2X1

and the integral part

A j K, DL(O)de
0

where

K(x,t) = x+t xt ]

2x—t t+xt

then we have

G(x) = CLOAL(Y) — 1A f K0 Lt

0

_[Bx—8 —2x+5
C(x)—[ 4x x—75

After multiplying both sides by £(x) and integrating the resulting equation with respect
to x over the interval [0,2], We get

X

2 2 T 2 T
j G(x)TL(x)dx =Af (C(x)L(x)) L(x)dx — AA.[ <f K(x,t)L(t)dt) L(x)dx
0 0 o \Jo

then we get

AK

rs

where

A= yp Ay Gz %3 a14]
2%

Ao Az Q2 %23 Goal, .

o tysiraa | o[

K, = j (Cw L) Ldx— 2 j 2( j K, t)L(t)dt> L(x)dx
0 0 0

By solving the linear algebraic system AK,, = G, we have
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F= [0.0327%4 — 0.2166x% + 0.0337x% + 0.9911x + 0.0005
0.1138x*+ 0.0217x3 4+ 0.6127x2 + 0.9678x + 1.0022

Table (3.8) Contains both the exact and the numerical solutions of system (3. 5)

Table 3.8
A comparison between the exact and the numerical solutions using the Galerkin method

with Laguerre polynomials for system (3.5)

8 T €2 83 = o
Sm =3 £ £ .8 38
< Sz =g 3¢ 8§88 <% g
S8 EE -5 55 ES S E
~ = —_ D —~ Q = = @
® S =8 &8 3 <
0 0 1 0.0005  1.0022 0.0005 0.0022
0.2 0.1987 1.2214 0.1984  1.2206 0.0003 0.0008
0.4 0.3894 1.4918 0.3893 1.4917 0.0001 0.0002
0.6 0.5646 1.8221 0.5647  1.8229 0.0001 0.0008
0.8 0.7174 22255 0.7174  2.2263 0.0000 0.0007
1 0.8415 2.7183 0.8414  2.7182 0.0001 0.0001
1.2 0.9320 3.3201 09319  3.3193 0.0002 0.0008
1.4 0.9854 4.0552 0.9854  4.0547 0.0001 0.0005
1.6 0.9996 49530 0.9996  4.9539 0.0001 0.0008
1.8 0.9738 6.0496 0.9737  6.0506 0.0001 0.0009
2 0.9093 7.3891 0.9079  7.3830 0.0014 0.0061

Figure (3.8.a) compares the exact solution f, (x) and the approximate solution with m = 4.

Figure (3.8.b) compares the exact solution f, (x) and the approximate solution with m = 4.
As shown in appendix A page 58
3.3.2 Chebyshev collocation method:

Since the integrals are bounded in the range [0,2], then solutions can be got through the
shifted Chebyshev polynomials.s, = 2(x, +1)/2 wherex,, r=0,1,2,3,4 are

Chebyshev Gauss points of order m in interval [—1,1] .

Take m = 2,n = 2 then we have

2

fi(x) = zairTr(x) , i=12

r=0
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fi (x) = T(X)Ai

where
T(x)=1[1 x 2x%2-1]
Al = [a;p a;;  ag]
then
F(x)= T(x)A
T(x) 0 A,
TG = [ 0 T(x)] A= [AZ]
and
Y (x,) 0 1
911 (xo)
K (xy) 0 0 0 Y0x) |[921 (xo)}
R=| 0 Kk&xp o |, y={YGD 0 b |71 7|
0 0 K(x,) O Y(xl) .911(x2)J
0 Y(XZ)_ 921(x2)

Hence, solving the liner algebraic system WA = G we have

F —0.4306x2 + 1.2742x — 0.0000
~ 1 1.3501x% + 0.3759x + 1.0000
and if we take m = 5, we will get a more accurate answer

0.0025x° + 0.0184x*— 0.1869x% + 0.0072x%+x — 0

F =
0.0191x° + 0.0199x*+ 0.1864x3 + 0.4901x%+ 1.0027x + 1

Table (3.9) contains both the exact and the numerical solutions of system (3. 5).

withm = 2
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Table 3.9
A comparison between the exact and the numerical solutions using the Chebyshev collocation
method with m = 2 for system (3.5).

S = 8 £ @
v oip -85 5% »szf 2%
8 S8 =®E8 ®E3 S5 ®B3E o2
— > 53 — 3 ) ok
o @ R ~
0 0 1 0 10000 0.0000  0.0000
02 01987 12214 02376 11292 00389  0.0922
04 03894 14918 04408 13664 00514  0.1254
06 05646 18221 06095 17116 00449  0.1105
08 07174 22255 07438 21648 00264 00608
1 08415 27183  0.8436 27260 00021  0.0077
12 09320 33201 09090 33952 00231 00751
14 09854 40552  0.9399 41725 00455 01173
16 09996 49530 09364 50577 00632 01047
18 09738 6049 08984 60509 00754 00013
2 09093 7.3891  0.8260 71522 0.0833  0.2369

Figure (3.9.a) compares the exact solution f; (x) and the approximate solution with m = 2.

Figure (3.9.b) compares the exact solution f, (x) and the approximate solution with m = 2.

Figure 3.9.a
A comparison between the exact solutions f1 andthe numerical solutions using Chebyshev
collocation method with m = 2 for system (3.5)
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Figure 3.9.b
A comparison between the exact solutions f, andthe numerical solutions using Chebyshev

collocation method with m = 2 for system (3.5)
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Table (3.10) contains both the exact and the numerical solutions of system (3. 5).

withm=>5

Table 3.10
A comparison between the exact and the numerical solutions using the Chebyshev
collocation method with m = 5 for system (3.5).

8 Y o I Z o

Sm =3 B3 =S <& 32
x S 3 =8 S g S £ ~ 5 o 8

=8 8 S 33 B of

~ = —~ D ~ Q 3 % @

a =) R 3 R T o ~

— 5 — ~ =
0 0 1 0 1.0000 0.0000 0.0000
0.2 0.1987 1.2214 0.1988 1.2217 0.0001 0.0003
0.4 0.3894 1.4918 0.3897 1.4921 0.0003 0.0003
0.6 0.5646 1.8221 0.5648 1.8224 0.0002 0.0003
0.8 0.7174 2.2255 0.7173 2.2257 0.0001 0.0002
1 0.8415 2.7183 0.8412 2.7182 0.0003 0.0001
1.2 0.9320 3.3201 0.9318 3.3199 0.0002 0.0002
1.4 0.9854 4.0552 0.9854 4.0550 0.0000 0.0002
1.6 0.9996 4.9530 0.9997 4.9532 0.0001 0.0002
1.8 0.9738 6.0496 0.9737 6.0497 0.0001 0.0001
2 0.9093 7.3891 0.9080 7.3866 0.0013 0.0025
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Figure (3.10.a) compares the exact solution f, (x) and the approximate solution

withm = 5.

Figure (3.10.b) compares the exact solution f, (x) and the approximate solution

withm = 5.
As shown in appendix A page 59

3.3.3 Bernstein's approximation method:

take m = 4,n = 2 then we have

4

fia(x) = Z a;P,.(x),wherei=1,2

r=0

where

. Xq .
T = [ kg ) B @ e ¥ = ) PrnCe)

a
where

A= [a;]= [A10, 115 ) Q1y Apg) Apy s Aoy |7

T

G = [g;(x)]= [91(x0), 91 (x1), -, 91(x4), 92 (), g5 (%), -, G2 () |

11,12
— |z z _[s s
Z= [ Zzz] and § = [521 522

11 12]
Z21

and the matrix ~ zY, s%Yfori,j = 1,2 are defined with following elements:

ij ij
|Zee - Zo B B
zH= |1 , Where zg =Y,

ij ij

Zyy e Zg,

ij ij
%50~ S B B
sU=1: : , Wwhere s =T,

ij ij

S40 S44
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Hence, solving the liner algebraic system ZA = G + SA we have

F= 0.0311x*—0.2112x3 4+ 0.0276x? + 0.9940x
0.1117x* 4 0.0296x> + 0.6018x2 + 0.9752x + 1

Table (3.11) contains both the exact and the numerical solutions of system (3. 5).

Table 3.11
A comparison between the exact and the numerical solutions using Bernstein's

approximation method for system (3.5)

» m 8 o 8 o

5 5 Z% % > S»

= ~- 9 = 3 = 3 ® © o oo
x S8 =g S £ S g - 28 28

=g R =3 =1 RSE o g

® g & =& O

— S N —
0 0 1 0 1 0 0
0.2 0.1987 1.2214 0.1983 1.2195 0.0004 0.0019
0.4 0.3894 1.4918 0.3893 1.4911 0.0001 0.0007
0.6 0.5646 1.8221 0.5647 1.8226 0.0001 0.0005
0.8 0.7174 2.2255 0.7175 2.2262 0.0001 0.0007
1 0.8415 2.7183 0.8415 2.7183 0.0000 0.0000
1.2 0.9320 3.3201 0.9321 3.3196 0.0000 0.0005
14 0.9854 4.0552 0.9856 4.0551 0.0002 0.0001
1.6 0.9996 4.9530 0.9998 4.9542 0.0002 0.0012
1.8 0.9738 6.0496 0.9734 6.0504 0.0005 0.0008
2 0.9093 7.3891 0.9064 7.3816 0.0029 0.0075

Figure (3.11.a) compares the exact solution f, (x) and the approximate solution with
m= 2.
Figure (3.11.b) compares the exact solution f, (x) and the approximate solution with
m=2.

As shown in appendix A page 60

3.4 Conclusion

In this thesis several numerical methods have been implemented namely, Galerkin
method with Laguerre polynomials, Chebyshev collection method, and Bernstein’s
approximation method to solve a system of Volterra Integral equations. Numerical

results show that the convergence and accuracy of these methods are in good agreement
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with the analytical solution. However, according to the comparison of these methods,
the conclusions were:

1- The results for example (3.1) show clearly that Galerkin method with Laguerre
polynomials is more efficient in comparison with Chebyshev collection method,

and Bernstein’s approximation method. since the kernel is polynomial.
2- The results for examples (3.2) and (3.3) show clearly that Bernstein’s

approximation method is more efficient in comparison with the other methods

since the kernel is not polynomial.
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Appendices

Appendix A

Figure3.1.a
A comparison between the exact solution f; and the numerical solution using Galerkin method
with Laguerre polynomials for system (3. 1)
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Figure 3.1.b
A comparison between the exact solution f, and the numerical solution using Galerkin method

with Laguerre polynomials for system (3. 1)
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Figure 3.1.c
A comparison between the exact solution f3 and the numerical solution using Galerkin method
with Laguerre polynomials for system (3. 1)
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Figure 3.2.a
A comparison between the exact solutions f, and the numerical solutions using Chebyshev

collocation method for system (3.1)
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Figure 3.2.b
A comparison between the exact solutions f, and the numerical solutions using Chebyshev

collocation method for system (3.1)
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Figure 3.2.c
A comparison between the exact solutions f3 and the numerical solutions using Chebyshev

collocation method for system (3.1)
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Figure 3.4.a
A comparison between the exact solutions £ and the numerical solutions using Galerkin

method with Laguerre polynomials for system (3.4)
3 -

#  approximate selution
exact solution

f1(x)

AT

ok

3

-1 08 06 04 02 0 02 04 h 00 1

Figure 3.4.b
A comparison between the exact solutions f, and the numerical solutions using Galerkin

method with Laguerre polynomials for system (3. 4)
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Figure 3.7.a
A comparison between the exact solutions f1 and the numerical solutions using Bernstein's

approximation method for system (3.4)
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Figure 3.7.b
A comparison between the exact solutions f, and the numerical solutions using Bernstein's

approximation method for system (3.4)
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Figure 3.8.a
A comparison between the exact solutions f4 and the numerical solutions using Galerkin
method with Laguerre polynomials for system (3.5)
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Figure 3.8.b
A comparison between the exact solutions f, and the numerical solutions using Galerkin
method with Laguerre polynomials for system (3.5)
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Figure 3.10.a
A comparison between the exact solutions f4 andthe numerical solutions using Chebyshev
collocation method with m = 5 for system (3.5)
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Figure (3.10.b
A comparison between the exact solutions f, andthe numerical solutions using Chebyshev
collocation method with m = 5 for system (3.5)
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Figure3.11.a

A comparison between the exact solutions f1 and the numerical solutions using Bernstein's

approximation method for system (3.5)
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Figure3.11.b

A comparison between the exact solutions f, and the numerical solutions using Bernstein's

approximation method for system (3.5)
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Appendix B

Table 3.5

A comparison between the exact and the numerical solutions using Chebyshev collocation

method with m = 4 for system (3.4)

8 U S o 8 o >

“n | w2 | 5T cs | .8 | 3z
" 28 |8 | 2% | 23 |8F | it

= s | =8 ok s | &7

— > N ~ =
1 3 0.6667 | 3.0001 0.1670 0.0001 0.4997
0.75 | 1.9219 0.3125 | 1.9222 0.0212 0.0003 0.2812
0.5 1.1250 0.0833 | 1.1254 -0.0416 0.0004 0.1250
0.25 | 0.5156 -0.0208 | 0.5159 -0.0520 0.0003 0.0312
0 0 0 0.0002 0.0001 0.0002 0.0001
-0.25 | -0.5156 0.1458 | -0.5155 0.1146 0.0001 0.0312
-0.5 ]-1.1250 0.4167 | -1.1250 0.2916 0.0000 0.1250
-0.75 [ -1.9219 0.8125 | -1.9218 0.5311 0.0001 0.2814
-1 -3 1.3333 | -2.9999 0.8332 0.0001 0.5001
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Appendix C

MATLAB code for Galerkin method with Laguerre polynomials

system (3.1)

syms x t ;

LO0=1;

Ll=1-x;

L2=0.5*(2-4*x+x"2) ;
L3=(1/6)*(6-18*x+9*x"2-x"3);
LOt=1;

Llt=1-t;

L2t=0.5* (2-4*t+t"2);
L3t=(1/6)*(6-18*t+9*t"2-t"3);
Lt=[LO0t L1t L2t L3t];

L=[LO0 L1 L2 L3];
p=zeros(1l,4);
LLt=[Lt p p;p Lt
LLx=[L p p;p L p;
kll= x"2 - 2*t;
kl2 = t°2 - x;
k1l3= 2*t;

k21=t* (x+1) ;
k22=t*x* (x"2 +1);
k23=2*t"2 +x"3;
k3l=t-x;

k32=t"2 - x"3;
k33=2*t*x+t"2;
K=[k1l1l k12 k13; k21 k22 k23; k31 k32 k331;

Kr=int (K*LLt,t,0,x);

krs=Kr'*LLx;

Krs=int (krs, 0,2) ;

cll=2*x"2 +3;

cl2=0;

cl3=0;

c21=0;

c22=1-3*x"2;

c23=0;

c31=0;

c32=0;

c33=3*x"2 +6;

C=[cll cl12 cl13;c21 c22 c23;c31 c32 c33];

Cr=C*LLx;

crs=Cr'*LLx;

Crs=int (crs,0,2);

w=Crs-Krs;

v=inv (w) ;

gll=(-1/15)*(6*x"5 + 35*x"4 - 95*x"3 - 270*x"2 - 225*x - 360);
g21=(-1/30)* (15*x"7 + 10*x"6 -33*x"5 +275*x"4 +115*x"3 -390*x"2 +150) ;
g31=(1/60)* (40*x"6 -66*x"5 -175*x"4 +250*x"3 +780*x"2 +360*x +360);
G=[gll;g21;931];

p/p
PP

gs=G'*LLx;
Gs=int (gs,0,2);
A=Gs*v;
Lx= [ 1, 0,0;
1 - (X)I 010;
(x)"2/2 - 2*(x) + 1, 0,0;
(3*(x)"2)/2 - 3*(x) - (x)"3/6 + 1, 0,0;



0, 1,0;
OI 1 - (X)/O;
0, (x)"2/2 = 2*(x) +
0, (3*(x)"2)/2 - 3*
o, 0, 1;
0, O, 1 - (x);
0, 0, (x)"2/2 - 2*(x) +
0, 0, (3*(x)"2)/2 - 3*
F=A*Lx;
x=linspace(0 , 2 ,50);
fal=5*x + 8;
fa2=2*x.722 - 5;
fa3=x."2 + x + 1;
fel=5*x + 8;
fe2=2*x.722 - 5;
fe3=x."2 + x + 1;
el=fel-fal;
e2=fe2-faz;
e3=fe3-fa3;
figure
hold on
plot(x,fal,'*");
plot(x,fel, 'z");
xlabel ('x'");
ylabel ('fl(x)"');
legend (' approximate solution', 'exact solution');
grid on
hold off
figure
hold on
plot(x,fa2,'*");
plot(x,fe2,'r");
xlabel ('x'");
ylabel ('f2(x)"');
legend (' approximate solution', 'exact solution');
grid on
hold off
figure
hold on
plot(x,fa3,'*");
plot(x,fe3,'r");
xlabel ('x');
ylabel ('f3(x)");
legend (' approximate solution', 'exact solution');
grid on
hold off

1
(

Moo~

system (3.2)

syms x t ;

LO=1;

Ll=1-x;

L2=0.5*%(2-4*x+x"2) ;

L3=(1/6)*(6-18*x+9*x"2-x"3);

L4=(1/24)* (24-29*x+72*x"2-16*x"3+x"4) ;
L5=(1/120)*(120-600*x+600*x"2-200*x"3+25*x"4-x"5) ;
LOot=1;

Llt=1-t;

L2t=0.5*(2-4*t+t"2);
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L3t=(1/6)*(6-18*t+9*t"2-t"3);

L4t=(1/24)* (24-29*t+72*t"2-16*t"3+t"4);
L5t=(1/120)*(120-600*t+600*t"2-200*t"3+25*t"4-t"5) ;
Lt=[L0t L1t L2t L3t L4t L5t];

IL=[LO L1 L2 L3 L4 L5];

p=zeros(l,6);

LLt=[Lt p;p Lt];

LLx=[L p;p L];

kll=sin (x-t);

kl2 =exp(x-t);

k21l=cos (x-t);

k22=3*t.*x."2;

K=[k1ll k12 ; k21 k22];

Kr=int (K*LLt,t,-1,x);

krs=Kr'*LLx;

Krs=int (krs,-1,1);

cll=1;
cl2=0;
c21=0;
c22=1;
C=[cll cl2 ;
Cr=C*LLx;
crs=Cr'*LLx;
Crs=int (crs,-1,1);
w=Crs—-Krs;

c2l c22];

W=[0.9093 1.4161 2.0522 2.8671 2.5017 5
-1.0907 -0.9665 -1.0116 -2.1120 -1.5277;
0.4024 1.7416 3.1379 4.7227 2.8913 9
-1.5976 -1.6518 -1.8903 -2.7090 -2.9029;
0.0248 2.2683 4.5644 7.1331 3.9348 13.
-2.3085 -2.5728 -3.0637 -3.6794 -4.7758;
-0.2733 3.0280 6.4380 10.2815 5.6757 20.
-3.2733 -3.7979 -4.6219 -5.0898 -7.2949;
0.8794 3.1537 5.8513 9.2004 7.1073 18.
-3.1373 -3.4957 -4.2192 -5.3594 -6.8000;
-0.8014 5.4223 12.0412 19.6784 11.6135 40.
-6.2181 -7.5036 -9.3433 -9.5954 -15.0221;
-4.3891 -2.3891 -1.2503 -0.7690 -6.3709 -1
2.4000 2.8190 3.6571 4.9349 6.6937;
-6.3891 -3.7224 -2.2503 -1.7023 -9.3153 -2
3.4476 4.4476 6.0963 7.3923 11.6218;
-9.2503 -5.5836 -3.6087 -2.9535 -13.5698 -4
4.9714 6.6857 9.4116 11.1335 18.3973;
-13.1763 -8.1096 -5.4311 -4.6249 -19.4432 =7
7.0825 9.7089 13.8681 16.4196 27.5643;
-12.8334 -7.7445 -5.0524 -4.2335 -19.0957 -6
6.9934 9.1804 12.9718 16.7274 26.0199;
-25.2743 -15.8553 -10.999¢6 -9.7424 -37.6496 -15
13.6449 18.9900 27.5268 33.0600 55.82311;

v=inv (W) ;

gll=5/3 -exp(x+l)

g21=1/12%* (

48 -

4*x

-11*x."2

+ 4*x.75

+ 23/3*x + x.”2 + 3*cos(x+1)-sin(x+1);
- 9*x.7%6

36*sin (x+1));
G=[gll;g21];
gs=G'*LLx;
Gs=int (gs,-1,1);
a=Gs*v;
A=[-0.8970
-3.2473
Lx=[1,0;

-2.6211
2.1902

2.7524
-0.5622

1.6829
-0.00017;

0.5941 -1

-1.1524
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.2640

.0004

9936

6232

9092

6782

.1867

.6009

.5395

.1656

.7281

.3086

-1.4161

-1.7416

-2.2683

.0280

.1537

.4223

2.4000

3.0667

4.2095

5.8952

6.3553

11.2939

12*cos (x+1) -

.5311

2.7697



0;
(2-4*x+x"2),0;

6)* (6-18*x+9*x"2-x"3),0;

24)* (24-29*x+72*x"2-16*x"3+x"4),0;

120) *(120-600*x+600*x"2-200*x"3+25*x"4-x"5),0

5* (2-4*x+x72) ;

1/6)* (6-18*x+9*x"2-x"3) ;

1/24)* (24-29*x+72*x"2-16*x"3+x"4) ;
1/120)*(120-600*x+600*x"2-200*x"3+25*x~4-x"5)1;

=linspace(-1 , 1 , 50);

1 0.75 0.5 0.25 0 -0.25 -0.5 -0.75 -11;
=xX."3 + 2*x;

fe2=x."2 -x/3;

£fal=0.0128*x.75 - 0.2489*x.74 + 0.9712*x.73 + 0.2112*x.72+2.0129*x -

0.0198;

£a2=0.0000*x.75 - 0.0234*x.74 + 0.0099*x.73 + 1.0220*x."2

0.0021;
el=fel-fal
e2=fe2-fa2

figure

hold on

plot(x,fal,'*");

plot (x,fel, 'r'");
xlabel ('x");
ylabel ('fl(x)");
legend (' approximate solution', 'exact solution');
grid on

hold off

figure

hold on

plot(x,fa2,'*");

plot(x,fe2,'r");
xlabel ('x');
ylabel ('f2(x)"');
legend (' approximate solution', 'exact solution');
grid on

hold off

system (3.3)

syms x t ;

LO=1;

Ll=1-x;

L2=0.5%*(2-4*x+x"2);

L3=(1/6)* (6-18*x+9*x"2-x"3) ;
L4=(1/24)*(24-29*x+72*x"2-16*x"3+x"4) ;
Lot=1;

Llt=1-t;

L2t=0.5% (2-4*t+t"2);
L3t=(1/6)*(6-18*t+9*t"2-t"3);
LAt=(1/24)*(24-29*t+72*t"2-16*t"3+t"4) ;
Lt=[L0t L1t L2t L3t L4t];

L=[L0 L1 L2 L3 L4];

p=zeros(1l,5);

LLt=[Lt p;p Lt];

LLx=[L p;p LI;
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kll=x+t;

kl2=x*t;

k21=2*x-t;

k22=t+t*x;

K=[k1ll k12 ; k21 k221;

Kr=int (K*LLt,t,0,x);

krs=Kr'*LLx;

Krs=int (krs,0,2);

cll=3*x-8;

cl2=-2*x +5;

c2l=4*x;

c22=x-5;

C=[cll cl12 ; c21 c22];

Cr=C*LLx;

crs=Cr'*LLx;

Crs=int (crs,0,2);

w=Crs-Krs;

v=inv (w) ;

gll=5*exp (x)-2*x -9*sin (x)-x."2*%exp (x)+2*x*Ccos (X) -x*exp (x) +3*x*sin (x);
g2l=-3*x-4*exp (x)+sin(x) -x."2%exp (x) +x*cos (x) +x*exp (x) +4*x*sin(x) -1;
G=[gll;g21l];

gs=G'*LLx;

Gs=int (gs, 0,2);

a=Gs*v;

A=[ -1.04067 1.8246 0.8774 -1.8396 0.7848 -1.5692
7.1092 18.0059 -11.0571 2.7318];

Lx=[1,0;

1-x,0;

0.5%(2-4*x+x"2),0;

(1/6)*(6-18*x+9*x"2-x"3),0;
(1/24)*(24-29*x+72*x"2-16*x"3+x"4),0;

0,1;

0,1-x%;

0,0.5*%(2-4*x+x"2);

0, (1/6)*(6-18*x+9*x"2-x"3) ;

0, (1/24)*(24-29*x+72*x"2-16*x"3+x"4)1];

F=A*Lx;

x=linspace(0 , 2 , 50);

fel=sin (x);

fe2=exp (x);

fal=0.0327*x.74 -0.2166*x.73 +0.0337*x.72+ 0.9911*x + 0.0005;
fa2=0.1138*x.74+ 0.0217*x.73 +0.6127*x.72 +0.9678*x +1.0022;
el=fel-fal;

ez2=fe2-faz;

figure

hold on

plot(x,fal, '*");

plot(x,fel, 'z");

xlabel ('x'");

ylabel ('fl(x)"');

legend (' approximate solution', 'exact solution');
grid on

hold off

figure

hold on

plot(x,fa2,'*");

plot(x,fe2,'r");

xlabel ('x");

ylabel ('f2(x)");

legend (' approximate solution', 'exact solution');
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grid on

MATLAB code for Chebyshev collocation method

System (3.1)

syms x xs tr t;

tr =[2.0000 1.8090 1.3090 0.6910 0.1910 01
kll= xs.”"2 - 2*tr;

kl2 = tr.”"2 - xs;

k1l3= 2*tr;

k21l=tr* (xs+1) ;

k22=tr*xs* (xs.”2 +1);

k23=2*tr."2 +xs."3;

k31l=tr-xs;

k32=tr.”2 - xs."3;

k33=2*tr*xs+tr.”"2;

K=[k1ll k12 k13; k21 k22 k23; k31 k32 k331;
TO = [1 1 111 17;

Tl= tr-1 ;
T2=2* (tr-1) .72 -1;
T3=4* (tr-1) .73 -3*(tr-1);

T4=8* (tr-1) .74 -8* (tr-1) .72 +1;
T5=16* (tr-1) ."5-20* (tr-1) ."3 +5* (tr-1);
Tt=[1,t-1,2*(t-1)"2-1,4*(t-1) ."3-3*(t-1),8*(t-1).74-8*(t-
1) .72+1,16*(t-1) .7"5=-20* (t-1) ."3+5* (t-1)1;
t=[TO0' T1' T2' T3' T4' T5'];
z=zeros (6,0) ;
tt=[t z z; 2z t z;z z t];
n=zeros (1, 6);
T=[TO0 n n;
n TO n;
n n TO;
Tl n n;
n Tl n;
n n Tl;
T2 n n;
n T2 n;
nn T2;
T3 n n;
n T3 n;
n n T3;
T4 n n;
n T4 n;
n n T4;
T5 n n;
n T5 n;
nn T5];
Kxs=K *inv (tt);

K1=[1.9999 -1.9999 0.0001 -0.0001 0.0000 -0.0000 -0.4999

1.9999 0.4999 0.0000 0.0000 0.0000 2.0001 1.9999
0.0001 0.0001 -0.0000 0.0000

3.0001 2.9999 -0.0001 0.0001 -0.0000 0.0000 10.0004
9.9996 -0.0003 0.0003 -0.0001 0.0000 11.0001 3.9999

0.9999 0.0001 0.0000 0.0000

-1.0000 1.0000 -0.0000 0.0000 -0.0000 0.0000 -6.4999
1.9999 0.4999 0.0000 0.0000 0.0000 5.5002 5.9998

0.4998 0.0002 -0.0000 0.000071;
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K2=[ 1.2724 -1.9999 0.0001 -0.0001 0.0000 -0.0000
0.3089 1.9999 0.4999 0.0000 0.0000 0.0000 2
1.9999 -0.0001 0.0001 -0.0000 0.0000
2.8091 2.8089 -0.0001 0.0001 -0.0000 0.0000 7
7.7286 -0.0003 0.0002 -0.0001 0.0000 8.9201 3
0.9999 0.0001 0.0000 0.0000
-0.8090 1.0000 -0.0000 0.0000 -0.0000 0.0000 -4
1.9999 0.4999 0.0000 0.0000 0.0000 5.1182 3
0.9999 0.0001 0.0000 0.00001;
K3=[ -0.2866 -1.9999 0.0001 -0.0001 0.0000 -0
0.1911 1.9999 0.4999 0.0000 0.0000 0.0000 2
1.9999 -0.0001 0.0001 -0.0000 0.0000
2.3091 2.3089 -0.0001 0.0001 -0.0000 0.0000 3
3.5518 -0.0001 0.0001 -0.0000 0.0000 5.2431 3
0.9999 0.0001 0.0000 0.0000
-0.3090 1.0000 -0.0000 0.0000 -0.0000 0.0000 -0
1.9999 0.4999 0.0000 0.0000 0.0000 4.1182 4
0.4998 0.0001 -0.0000 0.0000];
K4=[-1.5226 -1.9999 0.0001 -0.0001 0.0000 -0
0.8091 1.9999 0.4999 0.0000 0.0000 0.0000 2
1.9999 -0.0001 0.0001 -0.0000 0.0000
1.6911 1.6909 -0.0001 0.0001 -0.0000 0.0000 1
1.0209 -0.0000 0.0000 -0.0000 0.0000 3.3301 3
0.9999 0.0001 0.0000 0.0000
0.3090 1.0000 -0.0000 0.0000 -0.0000 0.0000 1
1.9999 0.4999 0.0000 0.0000 0.0000 2.8821 3
0.4999 0.0001 -0.0000 0.0000];
K5=[ -1.9636 -1.9999 0.0001 -0.0001 0.0000 -0
1.3091 1.9999 0.4999 0.0000 0.0000 0.0000 2
1.9999 -0.0001 0.0001 -0.0000 0.0000
1.1911 1.1910 -0.0000 0.0000 -0.0000 0.0000 0
0.1980 -0.0000 0.0000 -0.0000 0.0000 3.0071 3
0.9999 0.0001 0.0000 0.0000
0.8090 1.0000 -0.0000 0.0000 -0.0000 0.0000 1
1.9999 0.4999 0.0000 0.0000 0.0000 1.8821 2
0.4999 0.0001 -0.0000 0.000071;
K6=[-2.0001 -1.9999 0.0001 -0.0001 0.0000 -0
1.5001 1.9999 0.4999 0.0000 0.0000 0.0000 2
1.9999 -0.0001 0.0001 -0.0000 0.0000
1.0000 1.0000 -0.0000 0.0000 -0.0000 0.0000
0 0 0 0 0 3.0001 3.9999 0
0.0001 0.0000 0.0000
1.0000 1.0000 -0.0000 0.0000 -0.0000 0.0000 1
1.9999 0.4999 0.0000 0.0000 0.0000 1.5001 1
0.4999 0.0000 0.0000 0.0000];
v=zeros (3,18);
KK=[Kl v v v v Vv;
v K2 v v v v;
v v K3 v v v;
v v v Kd v v;
v v v. v. K5 v;
v vvvv Kel;
yt=Tt'*Tt;
y=int (yt, 0,xs);
Yl=][ 2, 0, -2/3, 0, -2/15, 0;
0, 2/3, 0, -2/5, 0, -2/21;
-2/3, 0, 14/15, 0, -38/105, 0;
0, -2/5, 0, 34/35, 0, -22/63;
-2/15, 0, -38/105, 0, 62/63, 0;
0, -2/21, 0, -22/63, 0, 98/991;
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Y2=[1.8090
-0.1728
-0.7893
-0.0534
-0.1152

0.0754

Y3=[1.3090
-0.4523
-0.6227

0.3659
0.1682
0.0288

Y4=[0.6910
-0.4523
-0.0440

0.3659
-0.3015
0.0288

Y5=[ 0.1910

-0.1728
0.1227
-0.0534
-0.0182
0.0754

-0.1728
0.5098
-0.1131
-0.4522
0.0110
-0.0329
-0.4523
0.3432
-0.0432
-0.2273
0.1973
-0.0091
-0.4523
0.3235
-0.0432
-0.1727
0.1973
-0.0861

-0.1728

0.1568
-0.1131
0.0522
0.0110
-0.0623

Y6=zeros (6,6);

Y=[Y1l z z;
z Y1l z;
z z Y1;
Y2 z z;
z Y2 z;
z z Y2;
Y3 z z;
z Y3 z;
z z Y3;
Y4 z z;
z Y4 z;
z z Y4;
Y5 z z;
z Y5 z;
z z Y5;
Y6 z z;
z Y6 z;
z z Y6]
gll=(-1/15)
g21=(-1/30)
+150) ;

7
*
*

.7893
.1131
.8469
.0487
.3700
.0271
.6227
.0432
.7386
L2117
.4045
.1552
.0440
.0432
.1948
L2117
.0426
.1552

0.1227

-0.
0.
-0.
0.
0.

1131
0864
0487
0081
0271

(6*xs”5 + 35*xs"4
(15*xs”7 + 10*xs”™6

g31=(1/60)* (40*xs"6

+360) ;

G=[126.5333;
-180.4667;

64.1333;
114.7954;
-105.3881;
54.8811;
80.2950;
-18.9782;

36.0378;

44.4543;

-2.0480;

16.9623;

-66*xs"5

-0.0534
-0.4522
-0.0487
0.9292
-0.0326
-0.3691
0.3659
-0.2273
-0.2117
0.5613
-0.2539
-0.2818
0.3659
-0.1727
-0.2117
0.4101
-0.2539
-0.0674
-0.053
0.0522
-0.0487
0.0422
-0.0326
0.0199

95*xs"3

-175*xs"4
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-0.1152
0.0110
-0.3700
-0.0326
0.9301
-0.0648
0.1682
0.1973
-0.4045
-0.2539
0.6840
-0.1696
-0.3015
0.1973
0.0426
-0.2539
0.3001
-0.1696
4 -0.0182
0.0110
0.0081
-0.0326
0.0541
-0.0648

- 270*xs"2

+250*xs"3

0.0754;
-0.0329;
0.0271;
-0.3691;
-0.0648;
0.8954];
0.0288;
-0.0091;
0.1552;
-0.2818;
-0.1696;
0.64791];
0.0288;
-0.0861;
0.1552;
-0.0674;
-0.1696;
0.3420];
0.0754;
-0.0623;
0.0271;
0.0199;
-0.0648;
0.0945];

- 225*xs - 360);
-33*xs”5 +275*xs”4 +115*xs"3

+780*xs"2

-390*xs"2

+360*xs



27.5626;
-4.5644;
7.6452;
24;

_5;

6];
cll=2*xs"2 +3;
cl2=0;
cl3=0;
c21=0;
c22=1-3*xs"2;
c23=0;
c31=0;
c32=0;
c33=3*xs"2 +6;
c=[cll cl12 c13;c21 c22 c23;c31 c32 c33];

h = zeros(3,3);
cl=[11 0 0
0 -11 0
0 0 181];
c2=[ 9.5450 0 0
0 -8.8174 0
0 0 15.8174];
c3=[ 6.4270 0 0
0 -4.1404 0
0 0 11.14047];
c4=[ 3.9550 0 0
0 -0.4324 0
0 0 7.43247;
c5=[3.0730 0 0
0 0.89006 0
0 0 6.1094];
co=[ 3 0 0
0 1 0
0 0 6];
C=[ h h h h h;

cl

h ¢c2 h hh h;

h h ¢3 h h h;

h h h c4 hh;

h h h h ¢c5 h;

h h h h h c6];

w=C*T-KK*Y;

s=inv (w) ;

A=s*G;

Tx=[1,x-1,2*(x-1)"2-1,4* (x-1) .~"3-3*(x-1),8*(x-1)."4-8* (x—

1) .724+1,16* (x-1) ."5=-20* (x-1) ."3+5* (x-1)1;

Txx=[Tx n n;n Tx n;n n Tx];

F=Txx*A;

x=linspace (0 , 2 ,50);

fal =0.0352*x."5 - 0.1696*x.74 + 0.2650*x.7"3 - 0.1504*x.72+ 5.0229*x +
8.0000;

fa2 =-0.1463*x.”5 + 0.7065*x.74 - 1.1203*x.7"3 + 2.6520 *x.72 -
0.1003*x - 5.0000;

fa3d3 =0.5769*x.75 - 2.4425*x."4 + 3.3321*x.7”3 - 0.6230*x.72 + 1.2037*x
+ 1.0000;

fel=5*x + 8;

fe2=2*x.7"2 - 5;

fe3=x."2 + x + 1;

el=fel-fal;

e2=fe2-faz;
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e3=fe3-fa3;
figure

hold on
plot(x,fal, '*");
plot(x,fel,'r");
xlabel ('x'");
ylabel ('fl(x)"');

legend (' approximate solution', 'exact solution');

grid on

hold off

figure

hold on
plot(x,fa2,'*");
plot(x,fe2,'r");
xlabel ('x");
ylabel ('f2(x)");

legend (' approximate solution', 'exact solution');

grid on

hold off

figure

hold on
plot(x,fa3,'*");
plot(x,fe3,'r");
xlabel ('x'");
ylabel ('f3(x)"'");

legend (' approximate solution', 'exact solution');

grid on
hold off

system (3.2) form =4

syms X Xs tr t;
tr = [1 0.7071 0 -0.7071 -1];
kll=sin(xs-tr);
k12 =exp (xs-tr);
k21l=cos (xs-tr);
k22=3*tr.*xs."2;
K = [ k11 k12;k21 k22];
TO = [1 1 1 1 17;
Tl= tr ;
T2=2*tr.”2 -1;
T3=4*tr."3-3*tr;
T4=8*tr."4-8*tr."2+1;
Tt=[1 t 2*t"2-1 4*t"3-3*t 8*t"4-8*t"2+1];
t=[TO0' T1' T2' T3' T4'];
z=zeros (5,5);
tt=[t z ; =z
T=[TO0 0 0 O ;
0 00O 0;
TL 0 0 0 0 O;
00 0O0O0TI1;
T2 0 0 0 0 0 ;
000O0O0T2;
T3 0 0 0 0 O;
000O0O0T3;
T4 0 0 0 O Oy
00 0O0O0T4];
Kxs=K *inv (tt);
Kl=[ 0.6439 -0.4755 -0.1934 0.0209
3.0725 0.7382 -0.1220 0.0149
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0.4134 0.7406 -0.1242 -0.0325 0.0027 0.0000 3.0000

-0.0000 0.0000 -0.0000];
K2= [ 0.4971 -0.6691 -0.1493 0.0294 0.0032 2.5677 -
2.2924 0.5507 -0.0910 0.0111

0.5817 0.5717 -0.1747 -0.0251 0.0038 0.0000 1.5000
-0.0000 0.0000 -0.0000];
K3=[ -0.0000 -0.8801 0.0000 0.0386 0.0000 1.2661 -
1.1303 0.2716 -0.0449 0.0055

0.7652 0.0000 -0.2298 0.0000 0.0050 0 0
0 0 017
K4=[-0.4971 -0.6691 0.1493 0.0294 -0.0032 0.6243 -
0.5573 0.1339 -0.0221 0.0027

0.5817 -0.5717 -0.1747 0.0251 0.0038 0.0000 1.5000
-0.0000 0.0000 -0.0000];
K5=[ -0.6439 -0.4755 0.1934 0.0209 -0.0042 0.4658 -
0.4158 0.0999 -0.0165 0.0020

0.4134 -0.74006 -0.1242 0.0325 0.0027 0.0000 3.0000
-0.0000 0.0000 -0.0000];

v=zeros (2,10);

KK=[Kl v v v Vv;
v K2 v v v;
v v K3 v v ;
v v v K4 v;
v v v v K5];

yt=Tt'*Tt;
y:int (yt,-1,xs);
Yl=[ 2.0000 0 -0.6667 0 -0.1333
0 0.6667 0 -0.4000 0
-0.6667 0 0.9333 0 -0.3619
0 -0.4000 0 0.9714 0
-0.1333 0 -0.3619 0 0.98411];
Y2=[1.7071 -0.2500 -0.8047 0.0000 -0.0195
-0.2500 0.4512 -0.1250 -0.4121 0.0833
-0.8047 -0.1250 0.8438 -0.0417 -0.3560
0.0000 -0.4121 -0.0417 0.8999 -0.0833
-0.0195 0.0833 -0.3560 -0.0833 0.84001;
Y3=[ 1.0000 -0.5000 -0.3333 0.5000 -0.0667
-0.5000 0.3333 0 -0.2000 0.1667
-0.3333 0 0.4667 -0.3333 -0.1810
0.5000 -0.2000 -0.3333 0.4857 -0.1667
-0.0667 0.1667 -0.1810 -0.1667 0.49211];
Y4=[0.2929 -0.2500 0.1381 0.0000 -0.1138
-0.2500 0.2155 -0.1250 0.0121 0.0833
0.1381 -0.1250 0.0895 -0.0417 -0.0059
0.0000 0.0121 -0.0417 0.0716 -0.0833
-0.1138 0.0833 -0.0059 -0.0833 0.14417];

Y5=zeros (5,5);

YY=([(Yy1l1 z ; =z Y1 ; Y2 2z ; =z Y2 ; Y3 2z ; z Y3 ; Y4 z ; =z Y4 ; Y5 z ; =z
Y5];

gll=5/3 -exp(xs+l) + 23/3*xs + xs.”2 + 3*cos(xs+l)-sin(xs+1);
g21=1/12*(48 - 4*xs -11*xs.”"2 + 4*xs.”5 - 9*xs.”6 - 12*cos(xs+l) -
36*sin(xs+1));

G=[0.7865;0.0216;0.6764; 0.4349;-0.2722;0.9353;,-2.0112;1.8011;-
3.0000;1.33331;

w=T-KK*YY;

s=inv (w) ;

A=s*G;

tx=[1 x x"2-1 4*x.73-3*x 8*x."4-8*x."2+1];

r=zeros(1l,5);
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Tx=[tx r ; r tx];

F=Tx*A;

x=linspace (-1 , 1 , 50);

fel=x.7"3 + 2*x;

fe2=x."2 -x/3;

fal= - 0.0002*x.74 + 0.9995*x.73 + 0.0001*x.7”2 + 2.0005*x + 0.0002;
fa2= 0.0005*x.74 + 0.0002*x."3+ 0.4995*x.72 - 0.3333*x +0.0001;
el=fel-fal;

e2=fe2-fa2;

figure

hold on

plot (x,fal, "*");

plot (x,fel, 'r'");

xlabel ('x");

ylabel ('fl(x)");

legend (' approximate solution', 'exact solution');
grid on

hold off

figure

hold on

plot(x,fa2,'*");

plot(x,fe2,'r");

xlabel ('x'");

ylabel ('f2(x)"');

legend (' approximate solution', 'exact solution');
grid on

hold off

system (3.2) form =7

syms X Xs tr t;
tr = [1.0000 0.9010 0.6235 0.2225 -0.2225 -0.6235 -
0.9010 -1.00007;
kll=sin(xs-tr);
k12 =exp(xs-tr);
k21l=cos (xs-tr);
k22=3*tr.*xs."2;
K = [ k11 k12;k21 k22];
TO = [1 11 111117;
Tl= tr ;
T2=2*tr.”2 -1;
T3=4*tr."3-3*tr;
T4=8*tr."4-8*tr."2+1;
T5=16*tr.”"5-20*tr."3+5*tr;
T6=32*tr.”6-48*tr.”4+18*tr."2-1;
T7=64*tr."7-112*tr."5+56*tr."3-7*tr;
Tt=[1 t 2*t"2-1 4*t"3-3*t 8*t"4-8*t"2+1 16*t.”5-20*t.”"3+5*t 32*t."6-
48*t . "MN4+18*t."2-1 64*t."7-112*t . "5+56*t."3-7*t];
t=[TO0' T1' T2' T3' T4' T5' Toe' T7'];
z=zeros (8,8);
tt=[t z ; z t];
h=zeros (1, 8);
T=[TO0 h;
h TO;
Tl h;
h T1;
T2 h;
h T2;
T3 h;
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h T3;

T4 h;

h T4;

T5 h;

h T5;

To h;

h T6;

T7 h;

h T7];
Kxs=K *inv (tt);
Kl=[ 0.6440 -0.4756 -0.1934 0.0212 0.0042 -0.0003 -
0.0000 0.0000 3.4420 -3.0728 0.7377 -0.1204 0.0148 -
0.0013 0.0000 0.0000

0.4133 0.7406 -0.1241 -0.0330 0.0027 0.0004 -0.0000
-0.0000 -0.0005 3.0003 0.0003 -0.0001 0.0001 -0.0001
0.0001 -0.00007;
K2=[ 0.6000 -0.5464 -0.1802 0.0243 0.0039 -0.0003 -
0.0000 0.0000 3.1176 -2.7832 0.6682 -0.1090 0.0134 -
0.0012 0.0000 0.0000

0.4749 0.6900 -0.1426 -0.0307 0.0031 0.0004 -0.0000
-0.0000 -0.0004 2.4356 0.0003 -0.0001 0.0001 -0.0001
0.0000 -0.00001;
K3=[0.4469 -0.7146 -0.1343 0.0318 0.0029 -0.0004 -0.0000
0.0000 2.3621 -2.1088 0.5062 -0.0826 0.0101 -0.0009
0.0000 0.0000

0.6211 0.5139 -0.1865 -0.0229 0.0040 0.0003 -0.0000
-0.0000 -0.0002 1.1664 0.0001 -0.0000 0.0000 -0.0001
0.0000 -0.000071;
K4=[0.1690 -0.8585 -0.0508 0.0382 0.0011 -0.0005 -0.0000
0.0000 1.5818 -1.4121 0.3390 -0.0553 0.0068 -0.0006
0.0000 0.0000

0.7463 0.1942 -0.2241 -0.0086 0.0048 0.0001 -0.0000
-0.0000 -0.0000 0.1485 0.0000 -0.0000 0.0000 -0.0000
0.0000 -0.00007;
K5=[-0.1687 -0.8585 0.0506 0.0382 -0.0011 -0.0005 -
0.0000 0.0000 1.0137 -0.9049 0.2172 -0.0355 0.0043 -
0.0004 0.0000 0.0000

0.7464 -0.1942 -0.2242 0.0086 0.0048 -0.0001 -0.0000
0.0000 -0.0000 0.1485 0.0000 -0.0000 0.0000 -0.0000
0.0000 -0.000071;
Ke=[ -0.4467 -0.7146 0.1341 0.0318 -0.0029 -0.0004
0.0000 0.0000 0.6788 -0.6060 0.1455 -0.0237 0.0029 -
0.0003 0.0000 0.0000

0.6213 -0.5139 -0.1866 0.0229 0.0040 -0.0003 -0.0000
0.0000 -0.0002 1.1664 0.0001 -0.0000 0.0000 -0.0001
0.0000 -0.00007;
K7=[ -0.5998 -0.5464 0.1801 0.0243 -0.0039 -0.0003
0.0000 0.0000 0.5143 -0.4591 0.1102 -0.0180 0.0022 -
0.0002 0.0000 0.0000

0.4752 -0.6900 -0.1428 0.0307 0.0031 -0.0004 -0.0000
0.0000 -0.0004 2.4356 0.0003 -0.0001 0.0001 -0.0001
0.0000 -0.0000];
K8=[-0.6438 -0.4756 0.1933 0.0212 -0.0042 -0.0002
0.0000 0.0000 0.4658 -0.4159 0.0998 -0.0163 0.0020 -
0.0002 0.0000 0.0000

0.4135 -0.7406 -0.1243 0.0330 0.0027 -0.0004 -0.0000
0.0000 -0.0005 3.0003 0.0003 -0.0001 0.0001 -0.0001
0.0001 -0.000071;

v=zeros (2,16);
KK=[Kl v v v V. Vv V Vv;
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v K2 v vvvv v
vvK3Ivvvvv;
v vvUEK4vvv v,
v v vvI KSbvv Vv
v vvvv Kev v;
v v vvvv K7 v;
v vvvvvv K8];
yt=Tt'*Tt;
y=int (yt,-1,xs);
Yl=[ 2.0000 0
0.0571 0
0 0.6667
-0.0444
-0.6667 0 0
0
0 -0.4000
-0.0768
-0.1333 0 -0
0
0 -0.0952
-0.3403
-0.0571 0 -0
0
0 -0.0444
0.9949];
Y2=[1.9010 -0.0941
0.0377 0.0396
-0.0941 0.5771 -0.
-0.0084
-0.7467 -0.0764 0.
0.0260
-0.0587 -0.4564 -0
-0.0657
-0.1661 -0.0321 -0
-0.0066
-0.0056 -0.1019 -0
-0.3646
-0.0377 0.0170 -0
-0.0392
0.0396 -0.0084 0.
0.94506];
Y3=[ 1.6235 -0.3056
0.0651 0.0079
-0.3056 0.4141 -0.
-0.0173
-0.7952 -0.1188 0.
0.0674
0.0680 -0.3670 -0
0.0113
0.0612 0.1371 -0
0.0561
0.2062 0.0632 0.
-0.3687
0.0651 0.1070 -0
-0.1273
0.0079 -0.0173 0.
0.8076];
Y4=[1.2225 -0.4752 -0
0.0255

-0.6667

0 -0
.9333

0 0
.3619

0 -0
.0825

0 -0
-0.7467
0764 -0
8674 -0
.0499 0.
.3922 -0
.0096 -0
.0726 -0
0260 -0

-0.7952

1188 -0.
8424 -0
.0497 0.
.3651 -0
0379 -0
.0192 -0
0674 0.
.5485 0.

0
.4000
0 -0
.9714
0 0
.3492
0 -0
.0768
-0.0587
.4564 -0.
.0499 -0
9317 -0
.0273 0.
.3629 -0
.0005 -0
.0657 -0
0.0680
3670 0.
.0497 -0.
8443 -0.
.1489 0.
.4474 -0
.0018 -0
0113 0.
4282 0.
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.3619

.9841

0321

.3922

.0273

9609

.0182

.3560

.0066

1371

3651

1489

7619

.1886

L4170

0561

1273

1333 0
-0.0952
0 -0
-0.3492
0 -0
0.9899
0 0
-0.3403
.1661 -0.0056
-0.1019 0.
-0.0096 -0
-0.3629 -0
-0.0182 -0
0.9678 -0
-0.0243 0.
-0.3646 -0
0.0612 0
0.0632 0.
0.0379 -0
-0.4474 -0
-0.1886 -0
0.7924 -0
-0.1308 0.
-0.3687 -0
-0.0548 -0

.0825

.3434

.9930

0170

.0726

.0005

.3560

.0243

9593

.0392

.2062

1070

.0192

.0018

L4170

.1308

8407

.1273

.1901



-0.4752
-0.0422
-0.5485
0.0014
0.4282
0.0194
0.1273
0.1839
-0.0548
-0.2593
-0.1901
-0.1980
0.0255
0.60811];
Y5=[0.7775
0.0255
-0.4752
-0.0022
-0.1182
0.0014
0.4282
-0.0962
-0.2607
0.1839
-0.0548
-0.0810
0.1329
-0.1980
0.0255
0.3868];
Y6=[0.3765
0.0079
-0.3056
-0.0272
0.1286
0.0674
0.0680
-0.0880
-0.1946
0.0561
0.2062
0.0283
-0.1223
-0.1273
0.0079
0.18731;
Y7=[0.0990
0.0396
-0.0941
-0.0360
0.0800
0.0260
-0.0587
-0.0110
0.0328
-0.0066
-0.0056
0.0242
-0.0195
-0.0392

.3370

.0235

.2106

.1867

.0314

.0147

.0422

.4752

.3297

.0235

.1894

.1867

.0639

.0147

.0022

.3056

.2525

.1188

.0330

L1371

.1584

.1070

.0272

.0941

.0895

.0764

.0564

.0321

.0067

.0170

.0235

.6749

.2650

.3693

.2268

.1165

.0014

.1182

.0235

.2584

.2650

.0074

.2268

.1990

.0014

.1286

.1188

.0910

.0497

.0032

.0379

.0633

.0674

.0800

.0764

.0659

.0499

.0303

.0096

.0099

-0.2106
-0.2650
0.5162
-0.2249
-0.2214
0.2429
0.0194
0.4282
-0.1894
-0.2650
0.4552
-0.2249
-0.1278
0.2429
-0.0962
0.0680
-0.0330
-0.0497
0.1271
-0.1489
0.0982
-0.0018
-0.0880
-0.0587
0.0564
-0.0499
0.0398
-0.0273
0.0137

-0.0005
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.1867

.3693

.2249

.6641

.2088

.3185

.1839

.2607

.1867

.0074

.2249

.3201

.2088

.0249

.1839

.1946

L1371

.0032

.1489

.2222

.1886

.0735

.0561

.0328

.0321

.0303

.0273

.0232

.0182

.0126

.0314

.2268

L2214

.2088

.5670

.2678

.2593

.0548

.0639

.2268

.1278

.2088

L4229

.2678

.0810

.2062

.1584

.0379

.0982

.1886

.1975

.1308

.0283

.0056

.0067

.0096

.0137

.0182

.0221

.0243

.0147

.1165

.2429

.3185

.2678

.6262

.1980

.1329

.0147

.1990

.2429

.0249

.2678

.3668

.1980

L1223

.1070

.0633

.0018

.0735

.1308

.1523

L1273

.0195

.0170

.0099

.0005

.0126

.0243

.0337



0.0396 -0.0360 0.0260 -0.0110 -0.0066
0.0492];
Y8=zeros (8, 8);
Y=[Y1l z;

z Y1;

Y2 z;

z Y2;

Y3 z;

z Y3;

Y4 z;

z Y4;

Y5 z;

z Y5;

Y6 z;

z Y6;

Y7 z;

z YT,

Y8 z;

z Y8];

0.0242

gll=5/3 -exp(xs+l) + 23/3*xs + xs.”2 + 3*cos(xs+1l)-sin(xs+1);

g21=1/12* (48 - 4*xs =-11*xs.”2 + 4*xs.”5 - 9*xs.76
36*sin(xs+1));
G=[0.7865;
0.0216;
.7749;
.2385;
.6081;
.4800;
.1103;
0.7194;
-0.7292;
1.2113;
-1.7597;
1.7430;
-2.6468;
1.6654;
-3;
1.33331;
w=T-KK*Y;
s=inv(w) ;
A=s*G;

O O O O o

12*cos (xs+1)

-0.0392

Tx=[1 x 2*x"2-1 4*x"3-3*x 8*x"4-8*x"2+1 16*x."5-20*x."3+5*x 32*x."6-

48*x . MM+18*%x.72-1 64*x."T7-112*x.75+56*x."3-7*x];
TTx=[Tx h;
h Tx];
F=TTx*A;
x=linspace (-1 , 1 , 50);
x=[1 0.75 0.5 0.25 0 -0.25 -0.5 -0.75 -11;
fel=x.7"3 + 2*x;
fe2=x."2 -x/3;

fal=-0.0072*x."7 - 0.0006*x.76 + 0.0095*x.75 -
0.9956*x.73 - 0.0004*x.72 + 1.9987*x - 0.0018;
fa2= -0.0013*x."7 -0.0051*x.%6 - 0.0008*x.”5 +

0.0007*x.73 + 0.9982*x.72 - 0.3344*x - 0.0008;
el=fel-fal;

ez2=fe2-fa2z;

figure

hold on

plot(x,fal, '*");

plot(x,fel, 'r");
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xlabel ('x");

ylabel ('fl(x)"');

legend (' approximate solution', 'exact solution');
grid on

hold off

figure

hold on

plot(x,faz,'*");

plot(x,fe2,'r");

xlabel ('x');

ylabel ('f2(x)");

legend (' approximate solution', 'exact solution');
grid on

hold off

system (3.3) form =2

syms X xXs tr t;

tr =[2 1 0],
kll=(xs)+(tr);
k1l2=(xs) * (tr);

k21=2* (xs)-(tr);
k22=(tr)+ (tr) * (xs);

K = [ k11 k12;k21 k22];
TO = [1 1 17;

Tl= tr-1 ;

T2=2* (tr-1) .72 -1;
Tt=[1, t-1 ,2*(t-1)"2-1];
t=[TO0'" T1' T2'];
z=zeros (3,3);

tt=[t z ; z tl;
n=zeros (1, 3);

T=[TO0 n;
n TO;
Tl n;
n T1;
T2 n;
n T271;
Kxs=K *inv (tt);
Kl=[ 3 1 0 2 2 0
3 -1 0 3 3 0];
K2=[ 2 1 0 1 1 0
1 -1 0 2 2 01;
K3=[ 1 1 0 0 0 0
-1 -1 0 1 1 0];

v=zeros (2,6);
KK=[K1l v v ;
v K2 v ;
v v K3 ];

yt=Tt'*Tt;

y=int (yt, 0, xs);

Yl=[ 2, 0, -2/3;

0, 2/3, 0;

-2/3, 0, 14/151;

Y2=[( 1, -1/2, -1/3;
-1/2, 1/3, 0;
-1/3, 0, 7/1571;

Y3=zeros (3, 3);
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Y=(Y1 z ; 2z Y1 ; Y2 z ; z Y2 ; Y3 z ; z Y3 1;
gll=5*exp(xs)-2*(xs) -9*sin(xs) - (xs) ."2*exp(xs) +2* (xs) *Ccos (xXs) —
(xs) *exp (xs) +3* (xs) *sin (xs) ;

g21=-3*(xs) -4*exp(xs) +sin(xs) -

(x8) ."2%exp (xs)+(xs) *cos (xs) + (xs) *exp (xs) +4* (xs) *sin (xs) -1;
G=[-15.7815; -43.9830; 2.1866; -10.1255;5;-5];
cll=3*(xs)-8;

cl2=-2*(xs) +5;

c21=4* (xs);

c22=(xs)-5;

c=[cll cl2;c2l c22];

h = zeros (2,2);

cl=[-2 1

8 -31;
c2=[-5 3

4 -4];
c3=[-8 5

0 -51;

C=[cl h h;h ¢c2 h ; h h c3];

w=C*T-KK*Y;

s=inv (w) ;

A=s*G;

Tx=[1 x-1 2*(x-1)"2-1 0 0 0 ; 0 0 0 1 x-1 2*(x-1)"2-11;
F=Tx*A;

x=linspace (0 , 2 , 50);

fel=sin (x);

fel2=exp (x) ;

fal=1.2742*x - 0.4306*x.72 - 0.0000;
fa2=1.3501*x.72 4+ 0.3759*x + 1.0000;

el=fel-fal;

e2=fe2-faz;

figure

hold on

plot(x,fal,'*");

plot(x,fel,'r");

xlabel ('x'");

ylabel ('fl(x)"');

legend (' approximate solution', 'exact solution');
grid on

hold off

figure

hold on

plot(x,fa2,'*");

plot(x,fe2,'r");

xlabel ('x'");

ylabel ('f2(x)");

legend (' approximate solution', 'exact solution');
grid on

system (3.3) form =5

syms X Xs tr t;

tr =[2.0000 1.8090 1.3090 0.6910 0.1910 017
kll=xs+tr;

kl2=xs*tr;

k21=2*xs-tr;

k22=tr+tr*xs;

K = [ k11 k12;k21 k22];

TO = [1 1 111 17;
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Tl= tr-1 ;
T2=2* (tr-1)."2
T3=4* (tr-1).

T4=8* (tr-1) .4

-1;

"3 =3*(tr-1);
-8* (tr-1) .72 +1;

T5=16* (tr-1) .75-20* (tr-1) .73 +5* (tr-1);

Tt=[1,t-1,2%(t-1)"2-1

P 4% (t-1)

LA3-3*(t-1),

8* (t-1) .74-8* (t-

1) .72+1,16*(t-1) .7"5=-20* (t-1) ."3+5* (t-1)1;
t=[TO0' T1' T2' T3' T4' T5'];
z=zeros (6,0) ;
tt=[t z ; z tl;
n=zeros (1, 6);
T=[TO0 n;
n TO;
Tl n;
n T1;
T2 n;
n T2;
T3 n;
n T3;
T4 n;
n T4;
T5 n;
n T5];
Kxs=K *inv (tt);
K1=[3.0000 1.0000 -0.0000 0.0000 -0.0000 0.0000
1.9999 -0.0001 0.0001 -0.0000 0.0000
3.0000 -1.0000 0.0000 -0.0000 0.0000 -0.0000
2.9999 -0.0001 0.0001 -0.0000 0.0000];
K2=[2.8090 1.0000 -0.0000 0.0000 -0.0000 0.0000
1.8089 -0.0001 0.0001 -0.0000 0.0000
2.6180 -1.0000 0.0000 -0.0000 0.0000 -0.0000
2.8089 -0.0001 0.0001 -0.0000 0.0000];
K3=[ 2.3090 1.0000 -0.0000 0.0000 -0.0000
1.3091 1.3090 -0.0000 0.0000 -0.0000 0.0000
1.6180 -1.0000 0.0000 -0.0000 0.0000 -0.0000
2.3089 -0.0001 0.0001 -0.0000 0.00007;
K4=[1.6910 1.0000 -0.0000 0.0000 -0.0000 0.0000
0.6910 -0.0000 0.0000 -0.0000 0.0000
0.3820 -1.0000 0.0000 -0.0000 0.0000 -0.0000
1.6909 -0.0001 0.0001 -0.0000 0.0000];
K5=[1.1910 1.0000 -0.0000 0.0000 -0.0000 0.0000
0.1910 -0.0000 0.0000 -0.0000 0.0000
-0.6180 -1.0000 0.0000 -0.0000 0.0000 -0.0000
1.1910 -0.0000 0.0000 -0.0000 0.0000];
K6=[1.0000 1.0000 -0.0000 0.0000 -0.0000 0.0000
0 0 0 0 0
-1.0000 -1.0000 0.0000 -0.0000 0.0000 -0.0000
1.0000 -0.0000 0.0000 -0.0000 0.0000];
v=zeros (2,12);
KK=[Kl v v v Vv Vv;
v K2 v v v v;
v v K3 v v v;
v v v Kd v v;
v v v v K5 v;
v v vvv Ko];
yt=Tt'*Tt;
y=int (yt, 0, xs);
Y11= 2, 0, -2/3, 0, -2/15, 0;
0, 2/3, 0, -2/5, 0, -2/21;
-2/3, 0, 14/15, 0, -38/105, 0;
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0, -2/5, 0, 34/35, 0, -22/63;

-2/15, 0, -38/105, 0, 62/63, 0;
0, -2/21, 0, -22/63, 0, 98/991;

Y2=[1.8090 -0.1728 -0.7893 -0.0534 -0.1152 0.0754;
-0.1728 0.5098 -0.1131 -0.4522 0.0110 -0.0329;
-0.7893 -0.1131 0.8469 -0.0487 -0.3700 0.0271;
-0.0534 -0.4522 -0.0487 0.9292 -0.0326 -0.3691;
-0.1152 0.0110 -0.3700 -0.0326 0.9301 -0.00648;

0.0754 -0.0329 0.0271 -0.3691 -0.0648 0.89547];

Y3=[1.3090 -0.4523 -0.6227 0.3659 0.1682 0.0288;
-0.4523 0.3432 -0.0432 -0.2273 0.1973 -0.0091;
-0.6227 -0.0432 0.7386 -0.2117 -0.4045 0.1552;

0.3659 -0.2273 -0.2117 0.5613 -0.2539 -0.2818;
0.1682 0.1973 -0.4045 -0.2539 0.6840 -0.1696;
0.0288 -0.0091 0.1552 -0.2818 -0.1696 0.6479];

Y4=[0.6910 -0.4523 -0.0440 0.3659 -0.3015 0.0288;
-0.4523 0.3235 -0.0432 -0.1727 0.1973 -0.0861;
-0.0440 -0.0432 0.1948 -0.2117 0.04206 0.1552;

0.3659 -0.1727 -0.2117 0.4101 -0.2539 -0.0674;
-0.3015 0.1973 0.04206 -0.2539 0.3001 -0.1696;
0.0288 -0.0861 0.1552 -0.0674 -0.1696 0.34207;

Y5=[ 0.1910 -0.1728 0.1227 -0.0534 -0.0182 0.0754;

-0.1728 0.1568 -0.1131 0.0522 0.0110 -0.0623;
0.1227 -0.1131 0.0864 -0.0487 0.0081 0.0271;
-0.0534 0.0522 -0.0487 0.0422 -0.0326 0.0199;
-0.0182 0.0110 0.0081 -0.0326 0.0541 -0.0648;
0.0754 -0.0623 0.0271 0.0199 -0.0648 0.0945];
Yo=zeros (6,6) ;
Y=[(Y1 z ;
z Y1 ;
Y2 z ;
z Y2 ;
Y3 z ;
z Y3 ;
Y4 z;
z Y4;
Y5 z;
z Y5;
Yo z;
z Y6];
gll=5*exp (xs)-2*(xs) -9%sin(xs) - (xs) ."2*exp (xs) +2* (xs) *cos (xs) —

(xs) *exp (xs) +3* (xs) *sin (xs) ;
g21=-3* (xs) -4*exp(xs) +sin (xs) -
(xs) ."2%exp (xs) +(xs) *cos (xs) + (xs) *exp (xs)+4* (xs) *sin(xs) -1;
G=[-15.7815;

-43.9830;

-8.4412;

-32.2013;

0.4811;

-14.8721;

2.9150;

-7.6984;

4.1702;

-5.7054;

5;

-51;
cll=3*xs-8;
cl2=-2*xs +5;
c2l=4*xs;
c22=xs-5;
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c=[cll cl2;c21 c22];
h = zeros(2,2);
cl=[-2 1
8 -31;
c2=[ -2.5730 1.3820
7.2360 -3.1910];
c3=[-4.0730 2.3820
5.2360 -3.6910];
c4=[-5.9270 3.6180
2.7640 -4.3090];
c5=[-7.4270 4.6180
0.7640 -4.8090];

e Re e B

h
w=C*T-KK
s=inv (w) ;

A=s*G;
Tx=[1,x-1,2*(x-1)"2-1,4* (x-1) ."3-3*(x-1),8*(x-1).74-8* (x-
1) .72+1,16*(x-1) ."5-20* (x-1) ."3+5* (x-1) ];
Txx=[Tx n;n Tx];
F=Txx*A;
x=linspace (0
x=[0 0.2 0.4
fel=sin (x);
fe2=exp (%) ;
fal=0.0025*x."5 + 0.0184*x.74 - 0.1869*x.”3 + 0.0072*x.72 4+ 1.0000*x -
0.0000
fa2=0.0191*x.”5 + 0.0199*x.74 + 0.1864*x.”3 + 0.4901*x.72 + 1.0027*x
+ 1.0000
el=fel-fal
e2=fe2-fa2
figure
hold on
plot(x,fal,'*");
plot (x,fel, 'r'");
xlabel ('x'");
ylabel ('fl(x)");
legend (' approximate solution', 'exact solution');
grid on
hold off
figure
hold on
plot(x,fa2,'*");
plot(x,fe2,'r");
xlabel ('x'");
ylabel ('f2(x)"');
legend (' approximate solution', 'exact solution');
grid on

’

, 2 , 50)
0.6 0.8 11.21.41.6 1.8 2];
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MATLAB code for Bernstein's approximation method

System (3.1)

syms X t xXg xr;

sxqg= 0 0.5000 1.0000 1.5000 2.0000
p04= nchoosek (4,0)*(1-t)."4;

pl4= nchoosek (4,1)*t*(1-t)."3;

p24= nchoosek (4,2)*t"2* (1-t) ."2;
p34= nchoosek (4,3)*t"3*(1-t);

p44= nchoosek (4,4)*t"4;

p04xg= nchoosek(4,0)* (1-xq) ."4;
pl4dxg= nchoosek (4,1) *xg* (1-xq) ."3;
p24xg= nchoosek (4,2) *xg"2* (1-xq) ."2;
p34xg= nchoosek (4,3) *xg"3* (1-xq) ;
p44xg= nchoosek (4,4) *xg"4;

pO04x= nchoosek (4,0)* (1-x)."%4;

pldx= nchoosek(4,1)*x*(1-x)."3;
p24x= nchoosek (4,2) *x"2* (1-x) ."2;
p34x= nchoosek (4,3) *x"3* (1-x);

p44x= nchoosek (4,4)*x"4;

kll= xg"2 - 2*t;

kl2 = t"°2 - xqg;

k13= 2*t;

k21=t* (xg+l) ;

k22=t*xg* (xg™2 +1);
k23=2*t"2 +xg"3;

k31=t-xqg;

k32=t"2 - xg”"3;
k33=2*t*xg+t"2;

K=[k11l k12 k13; k21 k22 k23;
prd4=[p04 pld p24 p34 p4d4d]l;
prixg=[p04xqg pldxg p24xqg p34xqg p44dxqgl;

k31 k32 k33];

prix=[p04x; plix; p24x; p34x; p4didx];
Tll=int (k1ll*pr4,0,xq);
s11=[{0 0 0 0 0;

-0.0109 -0.0469 -0.0437 -0.0198 -0.0036;

0.1333 0.0667 0 -0.0667 -0.1333;

0.3797 0.3656 0 0.7594 -0.3797;

0.8000 0 3.2000 -4.2667 4.2667];
T12=int (kl1l2*pr4,0,xq);
s12=[0 0 0 0 0O;

-0.0895 -0.0670 -0.0371 -0.0128 -0.0020;

-0.1905 -0.1714 -0.1429 -0.1048 -0.0571;

-0.2873 -0.3134 -0.0362 -0.6509 0.1627;

-0.1143 -2.7429 7.3143 -11.2762 5.4857];
T13=int (k13*pr4,0,xq);
s13=[0 0 0 0 0;

0.0594 0.0875 0.0688 0.0292 0.0052;
0.0667 0.1333 0.2000 0.2667 0.3333;
0.0844 -0.1125 1.5188 -3.0375 3.7969;

0.8000 -6.4000 22.4000 -34.1333 21.33331;

T21=int (k21*pr4,0,xq);

s21=[0 0 0 0 0;
0.0445 0.0656 0.0516 0.0219 0.0039;
0.0667 0.1333 0.2000 0.2667 0.3333;
0.1055 -0.14006 1.8984 -3.7969 4.7461;
1.2000 -9.6000 33.6000 -51.2000 32.00001;

T22=int (k22*pr4,0,xq) ;
s22=[0 0 0 0 O;
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0.0186 0.0273 0.0215 0.0091 0.0016;
0.0667 0.1333 0.2000 0.2667 0.3333;
0.2057 -0.2742 3.7020  -7.4039 9.2549;
4.0000 -32.0000 112.0000 -170.6667 106.6667];

T23=int (k23*pr4, 0, xq) ;
s23=[0 0 0 0 0;

0.0390 0.0489 0.0384 0.0166 0.0030;
0.2190 0.2571 0.3143 0.3905 0.4857;
0.7403 0.0904 4.2308 -7.7565 10.0075;

4.5714 -24.6857 91.4286 -137.7524 87.77147;
T31=int (k31*pr4,0,xq);
s31=[0 0 0 0 O;

-0.0672 -0.0375 -0.0156 -0.0042 -0.0005;
-0.1667 -0.1333 -0.1000 -0.0667 -0.0333;
-0.2672 -0.2250 -0.2531 0 -0.3797;
-0.4000 0 -1.6000 2.1333 -2.1333];

T32=int (k32*pr4, 0, xq) ;
s32=[0 0 0 0 O;

-0.0169 -0.0060 0.0004 0.0013 0.0003;
-0.1905 -0.1714 -0.1429 -0.1048 -0.0571;
-0.6740 -0.5243 -1.3018 1.2475 -2.6849;
-2.5143 6.8571 -31.0857 46.3238 -32.9143]1;

T33=int (k33*pr4, 0, xq) ;
s33=[0 0 0 0 O;

0.0371 0.0580 0.0473 0.0205 0.0037;
0.0762 0.1619 0.2571 0.3619 0.4762;
0.1487 -0.3134 3.2545 -6.7259 8.1362;

2.2857 -18.7429 64.9143 -98.7429 60.95247;

cll=2*xg"2 +3;

cl2=0;

cl3=0;

c21=0;

c22=1-3*xg"2;

c23=0;

c31=0;

c32=0;

c33=3*xg"2 +6;

C=[cll cl2 c13;c21 c22 c23;c31 c32 c33];
yll=cll*prixqg;

z11=[3 0 0 0 0;
0.2188 0.8750 1.3125 0.8750 0.2188;
0 0 0 0 5;
0.4688 -5.6250 25.3125 -50.6250 37.9688;
11 -88 264 =352 1761;

yl2=cl2*pri4xqg;
zl2=zeros (5,5);
y13=cl3*pridxqg;
z13=zeros (5,5);
y2l=c2l*pridxqg;
z21l=zeros (5,5);
y22=c22*pridxqg;

z22=[1 0 0 0 0;
0.0156 0.0625 0.0938 0.0625 0.0156;
0 0 0 0 -2;
-0.3594 4.3125 -19.4063 38.8125 -29.1094;
-11 88 -264 352 -176];

y23=c23*prixq;
z23=zeros (5,5);
y31l=c3l*prixq;
z31l=zeros (5,5);
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y32=c32*prixq;
z32=zeros (5,5);
y33=c33*prixq;

z33=[6 0 0 0 0;
0.4219 1.6875 2.5313 1.6875 0.4219;
0 0 0 0 9;
0.7969 -9.5625 43.0313 -86.0625 64.5469;

18 -144 432 =576 288];

S=[s1ll s12 s13;s21 s22 s23;s31 s32 s33];
Z2=[z11 z12 213;2z21 222 2z23;z31 232 z33];
w=2Z
v

xg=[0 0.5 1 1.5 2];
gll=(-1/15)* (6*xgq.”"5 + 35*xg.”4 - 095*xq.”3 - 270*xqg.”2 - 225*xq -
360);
g21l=(-1/30)* (15*xg.”7 + 10*xg.”6 -33*xg.”5 +275*xg.”"4 +115*xg."3 -
390*xg."2 +150);
g31=(1/60)* (40*xg."6 -66*xq."5 -175*xqg."4 +250*xg."3 +780*xg."2
+360*xgq +360) ;
G=[gll';g21"';g31"];
A=v*G;
Al=[8.0000 9.2502 10.5001 11.7500 12.9999];
A2=[-5.0000 -4.9959 -4.6648 -3.9998 -3.000371;
A3=[1.0000 1.2500 1.6667 2.2500 2.99991]1;
fl1=Al*prix;
f2=A2*prix;
f3=A3*prix;
x=linspace (0 , 2 ,50);
x=[0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2];
fal =-0.0003*x.74 + 0.0012*x.73 - 0.0018*x.72 + 5.0008*x + 8
fa2 =- 0.0063*x.74 + 0.0276*x.73 +1.9620*x.72 +0.0164*x - 5
fa3 = 0.0001*x.74 - 0.0004*x.73 +1.0002*x."2 + x + 1
fel=5*x + 8;
fe2=2*x.%2 - 5;
fe3=x."2 + x + 1;
el=fel-fal
e2=fe2-fa?2
e3=fe3-fa3
figure
hold on
plot (x,fal, "*");
plot (x,fel, 'r'");
xlabel ('x");
ylabel ('fl(x)"');
legend (' approximate solution', 'exact solution');
grid on
hold off
figure
hold on
plot(x,fa2,'*");
plot(x,fe2,'xr");
xlabel ('x'");
ylabel ('f2(x)"');
legend (' approximate solution', 'exact solution');
grid on
hold off
figure
hold on
plot(x,fa3, '*");
plot(x,fe3,'r");
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xlabel ('x'
("£3

ylabel

legend (
grid on
hold off

) 7

(x) ")

System (3.2)

syms t xr xg x;

$xg=[-1 -0.5 0 0.5 1]
p40=(1-t) ."4;
pdl=4*t*(1-t)."3;
p42=6*t"2* (1-t) ."2;
p43=4*t"3* (1-t);

péd=t"4;

p04=(1-xq) ."4;

pl4=4*xg* (1-xq) ."3;
P24=6*xg"2* (1-xq) ."2;
p34=4*xg"3* (1-xq) ;
pddx=xgq"4;

pd4r=[p40 p4dl p42 p43 p4d];
pr4=[p04 pld p24 p34 p4d4dx];
kll=sin (xg-t);

k12 =exp (xg-t);

k21l=cos (xg-t) ;
k22=3*t.*xq."2;

k=[k11l k12;k21 k22];
Tll=int (k1ll*pdr,-1,xq);

sl1l=[{0, 0, 0, 0, O;
1.4124 -2.6019 1.8067
3.8589 -6.5954 4.34406
5.6685 -9.1022 5.8869
6.1221 -9.3235 6.0549
T12=int (kl2*pdr,-1,xq);
sl2=[{0, 0, 0, 0O, O;
6.6273 -11.8193 7.9790
12.7463 -21.2388 13.8581
21.2910 -34.8105 22.9658
35.1124 -57.3373 38.0060
T21=int (k21*pdr,-1,xq);
s21=[{0, 0, 0, 0O, O;
4.6233 -8.1019 5.3812
4.6234 -6.9899 4.2941
2.3882 -2.8152 1.7838
-0.6160 1.9278 -1.1633
T22=int (k22*pdr,-1,xq);
sz22=[0, 0, 0, 0, O;
-2.9152 5.2203 -3.5367
o, 0, 0, 0, 0O;
-3.2027 5.5828 -3.6492
-12.8000 22.4000 -14.4000
cll=1;
cl2=0;
c21=0;
c22=1;
C=[cll cl2;c21 c22];
yll=cll*pr4;
z11=[16 -32 24 -8 1;
5.0625 -6.7500 3.3750

.5602
-1.2950
-1.7169
.6613

-2.4142
-4.1119
-6.7373

-10.8936

-1.6040
-1.2193
-0.4120
0.6170

1.0734

1.1109
4.8000

-0.7500
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approximate solution', 'exact solution');

.0654;
.1467;
.1930;
.2240]7;

O O O O

0.2760;
0.4645;
0.7727;
1.5015]1;

0.1809;
0.1331;
0.0527;
0.1438];
-0.1230;

-0.1230;

0.0625;



1 0 0 0 0;
0.0625 0.2500 0.3750 0.2500 0.0625;
0 0 0 0 11;

yl2=cl2*pr4;

zl2=zeros (5,5);

y2l=c2l*pré4;

z2l=zeros (5,5);

y22=c22*pr4;

z22=[16 -32 24 -8 1;
5.0625 -6.7500 3.3750 -0.7500 0.0625;
1 0 0 0 0;
0.0625 0.2500 0.3750 0.2500 0.0625;
0 0 0 0 11;

S=[sll sl1l2 ; s21 s22];
Z2=[z11 z12 ; z21 z22];
w=2
v

xg=[-1 -0.5 0 0.5 1];

gll=5/3 -exp(xg+l) + 23/3*xg + xg.”"2 + 3*cos(xg+l)-sin(xg+l);
g21=1/12* (48 - 4*xq -11*xg.”2 + 4*xgq.”5 - 9*xg.”6 - 12*cos(xg+l) -
36*sin (xg+l));

G=[gll';g21"'];

A=v*G;

A1=[0.0002 0.5002 1.0000 1.7497 3.00061;

A2=[-0.0000 -0.0834 0.0001 0.2504 0.66721;
prix=[(1l-x)."4;

4+ x* (1-x)."3;

0*x"2* (1-x) ."2;

4+ x"3% (1-X) ;

x"~47];

fl1=Al*prix;

f2=A2*prix;

x=linspace (-1 , 1 , 50);

fal=0.0012*x.74 + 1.0004*x.7”3 - 0.0012*x.72 + 2*x + 0.0002;
fa2=- 0.0002*x.74 - 0.0004*x.73 + 1.0014*x.72 - 0.3336*x;
fel=x."3 + 2*x;

fe2=x."2 -x/3;

el=fel-fal;

e2=fe2-fa2;

figure

hold on

plot (x,fal, "*");

plot(x,fel, 'r");

xlabel ('x");

ylabel ('fl(x)");

legend (' approximate solution', 'exact solution');

grid on

hold off

figure

hold on

plot(x,fa2,'*");

plot(x,fe2,'r");

xlabel ('x');

ylabel ('f2(x)"');

legend (' approximate solution', 'exact solution');

grid on

hold off
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System (3.2)

syms X t xg xr;
sxg= 0 0.5000 1.0000 1.5000
p04= nchoosek (4,0)*(1-t)."4;
pl4= nchoosek (4 l)*t*(l t) ."3;
p24= nchoosek (4,2)*t"2*(1-t) ."2;
p34= nchoosek (4,3)*t"3*(1-t);
pr44= nchoosek (4,4)*t"4;
pO04xg= nchoosek (4,0)* (1-xq) ."4;
pldxg= nchoosek (4 ) *xg* (1-xq) ."3;
p24xg= nchoosek (4,2)*xg"2* (1-xq) ."2
p34xg= nchoosek (4, 3) *xg”"3* (1-xq) ;
(4,4)
4,

p44xg= nchoosek (4,4) *xg"4;

p04x= nchoosek (4,0)* (1-x)."4;
pl4x= nchoosek(4,1) *x* (1-x)."3;
p24x= nchoosek(4,2) XN2*% (1-x) ."2;
p34x= nchoosek (4, 3)* A3*( -X);
p44x= nchoosek(4,4)*

kll=xqg+t;

kl2=xg*t;

k21=2*xqg-t;

k22=t+t*xq;

=[k1l1 k12 ; k21 k22];
pr4=[p04 pld p24 p34 p4d4d];
prixg=[p04xg pldxg p24xqg p34xqg p44dxqgl;
prix=[p04x; pldx; p24x; p34x; pddx];
Tll=int (kll*pr4,0,xq);

sl1=[0 0 0 0 0 ;

2.0000

81/640, 1/8, 27/320, 1/30, 11/1920;

7/30, 4/15, 3/10, 1/3, 11/30;

45/128, 9/80, 567/320, -243/80, 2673/640;

6/5, -32/5, 24, -544/15, 352/15]
T12=int (kl2*pr4,0,xq);
sl2=[0 0 0 0 O ;

19/1280, 7/320, 11/640, 7/960, 1/768;

1/30, 1/15, 1/10, 2/15, 1/6;
81/1280, -27/320, 729/640, -729/32
4/5, -32/5, 112/5, -512/15, 64/3];
T21=int (k21*pr4,0,xq);
s21=[0 0 0 0 0O;

21/128, 19/160, 21/320, 11/480, 7/1920;

11/30, 1/3, 3/10, 4/15, 7/30;
369/640, 63/160, 81/64, -243/160,
6/5, -16/5, 72/5, -64/3, 224/15]
T22=int (k22*pr4,0,xq);
s22=[0 0 0 0 O ;

0, 729/256;

1701/640;

57/1280, 21/320, 33/640, 7/320, 1/256;

1/15, 2/15, 1/5, 4/15, 1/3;

27/256, -9/64, 243/128, -243/64, 1215/256;

6/5, -48/5, 168/5, -256/5, 32];

cll=3*xqg -8;

cl2=-2*xqg +5;

c2l=4*xqg;

c22=xg-5;

C=[cll cl2;c21 c22];

yll=cll*pridxqg;

z11l=[ -8 0 0 0 0;
-0.4063 -1.6250 -2.4375 -1.
0 0 0 0 -5;

6250

-0.4063;



-0.2188 2.6250 -11.8125 23.6250 -17.7188;

-2 16 -48 64 -32]1;
yl2=cl2*pri4xqg;
z12=[ 5 0 0 0 0;
0.2500 1.0000 1.5000 1.0000 0.2500;
0 0 0 0 3;
0.1250 -1.5000 6.7500 -13.5000 10.1250;
1 -8 24 -32 161;

y21=c2l*prixqg;
z21=[0 0 0 0 O;

0.1250 0.5000 0.7500 0.5000 0.1250;
0 0 0 0 4;
0.3750 -4.5000 20.2500 -40.5000 30.3750;
8 -64 192 -256 12871;
y22=c22*prixq;
z22=[-5 0 0 0 0;
-0.2813 -1.1250 -1.6875 -1.1250 -0.2813;
0 0 0 0 -4;
-0.2188 2.6250 -11.8125 23.6250 -17.7188;
-3 24 =72 96 -481;

S=[sll sl12 ; s21 s22];

Z2=[z11 z12 ; z21 z22];

w=7Z-S;

v=inv (w) ;

gll=5*exp (xq) -2*xg -9%sin (xq) -xg."2*exp (xq) +2*xg*cos (xq) -
xg*exp (xq) +3*xg*sin (xq) ;

g2l=-3*xg-4*exp (xq) +sin (xq) -

Xg. 2*%exp (xq) +xg*cos (xq) +xg*exp (xq) +4*xg*sin (xq) -1;
G=[5;3.2890; 2.1866;-1.6744;-15.7815; -5;-6.8056; -10.1255;-19.6995;-
43.98301];
A=v*G;
Al=[0 0.2485 0.5016 0.7065 0.8415];
A2=[1.0000 1.2438 1.5879 2.0397 2.7183];

fl1=Al*prix;

f2=A2*prix;

x=linspace (0 , 2 , 50);

fal=0.0311*x.7%4 - 0.2112*x.73+ 0.0276*x.72+ 0.9940*x;
fa2=0.1117*x."4 +0.0296*x.73 + 0.6018*x.72 + 0.9752*x + 1;
fel=sin (x);

fe2=exp (x);

el=fel-fal;

e2=fe2-fa2;

figure

hold on
plot(x,fal, '*");
plot(x,fel, 'r");

xlabel ('x'");

ylabel ('fl(x)"');

legend (' approximate solution', 'exact solution');
grid on

hold off

figure

hold on
plot(x,fa2,'*");
plot(x,fe2,'r");

xlabel ('x");

ylabel ('f2(x)");

legend (' approximate solution', 'exact solution');
grid on
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