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Abstract

The integral Fredholm-Hammerstein integral equation has many applications in various
areas of mathematical physics, including heat transfer problems fluid dynamics and

quantum mechanics.

In this thesis, we focus on the numerical treatment of the Fredholm-Hammerstein

equations using the Galerkin method and the shifted Chebyshev Polynomial method.

To test the efficiency and the accuracy of this method, one numerical example with
known exact solution is presented. Numerical results show that the conveyance of this
method is in good agreement with the exact solution. Moreover, we conclude that the in

Galerkin method and shifted Chebyshev method provides very accurate results.

Keyword: Hammerstein Equations; Nonlinear Fredholm Integral Equation; Shifted

Chebyshev Polynomials; Taylor Expansion; Galerkin Method.



Chapter One

Introduction and Review of Integral Equations

1.1 Introduction

The integral equation method is widely used for solving many problems in
mathematical physics and engineering such as potential theory, Dirichlet problems,
electrostatics, contact problems, astrophysics problems and radiative heat transfer
problems [14-23]. these equations appear naturally in inverse problems, fluid dynamics,

potential theory and spread of interdependent epidemics, elasticity [1-3].

Integral equations have many types including the Hammerstein-type equation. This type
is one of the principal tools in various areas of applied mathematics, physics and
engineering that is encountered in a variety of applications in many fields [4]. it arises
from the reformulation of boundary value problem associated with partial or ordinary

differential equations.

Hammerstein-type integral equations play an important role in physical problems and
are often used to reformulate or rewrite mathematical problems. For example, the
propagation of mono-frequency acoustic or electromagnetic waves over flat
nonhomogeneous terrain [5]. In addition, these equations appear in nonlinear physical
phenomena such as electromagnetic fluid dynamics, reformulation of boundary value
problems with a nonlinear boundary condition [6-8]. For instance, one of the most
important domains of applications of the ideas and methods of nonlinear functional
analysis and also the theory of nonlinear operators of monotone type is integral
equations of the Fredholm—Hammerstein [7-8].

This equation is defined as following

u(®) — f) k(& Mu)™dy = () (L.1)

where f(t) € L2 [a,b] and k(t,y) € L? [a, b] X [a, b] are known functions, u(t) is the
unknown function to be determined , t € I = [a, b] and m > 1 is a positive integer [9].
Since we use the shifted Chebyshev polynomials and these polynomials are an
orthogonal set on the interval [0,1], throughout this article, without loss of generality.

Numerous numerical methods have been proposed for approximating the solution of

1



above Fredholm— Hammerstein integral equations [10].Kumar and Sloan [11] have
considered the solution of the Fredholm—Hammerstein integral equations and presented
a collocation-type method to solve it. Brunner [12] used this method for the numerical
solution of nonlinear Volterra integral and integro-differential equations. Elnagar and
Kazemi [13] investigated the Chebyshev spectral method to an equivalent equation of
nonlinear Volterra—Hammerstein integral equations and discussed some convergence

results.
This thesis is organized as follows:

Chapter one defines the integral equations, classifies their types including Voltera
integral equations, Fredholm integral equations and Singular integral equations. It also
defines the Linearity of integral equations and provides examples of their types. In
addition, the chapter touches upon the difference between the homogeneous and non-

homogeneous integral equations.

Chapter two contains the types of the Chebyshev Polynomials and provides the shifted
Chebyshev Polynomials. It also provides the power of x in terms of Chebyshev

Polynomials. Then, the chapter concludes with the Galerkin method.

Chapter three provides two numerical examples of Fredholm integral equations. The
first example assumes M = 2,4, 6 while the second example assumes M = 2,4. Then,
the chapter shows the use of Chebyshev Polynomials and the Galerkin method to get a
matrix system. This system is solved by Python programming language to get constant
values of ¢ to find the numerical solutions. Then, the difference is found between the

exact solutions and the numerical solutions to get the errors.

Chapter four shows the results of the difference between the exact solutions and the

numerical solutions.

Many applications in applied mathematics can be represented by an integral equation.



1.2 Classifications of Integral Equations

Definition (1.2) [15]: An integral equation is an equation in which the unknown

function u(x) appears under an integral sign.

u(x) = £() + 2 [ g(x, u(t)de (1.2)

Where u(x) is unknown function, f(x) is a given function, B(x) and a(x) are the
limits of integration that can either be constants or variables or mixed, A is a constant
parameter, g(x, t) called the kernel of the integral equation is a function of two

variables x and t .

1.2.1 Types of Integral Equation
a. Volterra integral equation [16]:

We introduce the Fredholm integral equation and following formula represent the

equation.
v@ulx) = fF(x) + 4[] g(x, Hu(t)dt (1.3)

Where g(x, t) called the kernel of the integral equation linear or nonlinear is a function

of two variablesx and t, limits of integration of variable x and constant s.
Formulas of Volterra integral equations take many forms, including:

1. Volterra Integral Equation of The First Kind:

Assumu(x) = 0, the equation (1.2) written as:
fG) + [ gCx, Hu(®)dt =0 (1.4)

The unknown function u (x) appears only under the integral.

2. Volterra Integral Equation of The Second Kind:

Assumu(x) = 1,the equation (1.2) written as:

u(x) = f(x) + A [ glx, Hu(t)de (1.5)

3



The unknown function u(x) appears under the integral and outside it as well.

b. Fredholm Integral Equation

We introduce the Fredholm integral equation and following formula represent the

equation
v(ulx) = f(x) + Afscg(x, u(t)dt ,s<x ,t<c (1.6)

Where g(x, t) called the kernel of the integral equation linear or nonlinear is a function

of two variables x and t, Integration limits fixed numbers s and c.

a. Fredholm Integral Equation of The First Kind

Assumuv(x) = 0,the equation (1.5) written as:
Whenv(x) = 0, then (1.5) becomes

fx) + Afscg(x, Hu(t)dt=0 ,s<x,t<c (1.7)
The unknown function u (x) appears only under the integral.

3. Fredholm Integral Equation of The Second Kind

Assumu(x) = 1,the equation (1.b) written as:
u(x) = fx) + [ glx,Hu(®dt ,s<x ,t<c (1.8)
The unknown function u(x) appears under the integral and outside it as well.

c. Volterra-Fredholm Integral Equations

Formula of Volterra-Fredholm integral equations is given as:

u(x) = () + A f, g1 (x, Du@®dt + 4, [ g, (x, Hu()dt (1.9)
Which is a combination of (1.2) and (1.5), appears in one integral equation.

c. Integro-Differential Equations [15, 16]



The derivative of the unknown function u(x) appears on one side, where r is the
number of times the derivation and u (x) is under the integral and appears on the other

side, the formula of the previous Integral Equations is given as follows:
1. Volterra Integro-Differential Equations
uM(x) = f(x) + 4, glx, Du(t)dt (1.10)
2. Fredholm Integro-Differential Equations
u™(x) = f(x) + Afscg(x, Hu(t)dt ,s<x ,t<c (1.11)
3. Volterra-Fredholm Integro-Differential Equations
u™ () = f(x) + A4 [y g1, Du(®)dt + A, [ g, e, Hu(®)de (1.12)
Example of the Volterra-Fredholm integro-differential equations are given by:
W (x) = 24x +x* + 3 — [T (x — Hu(®)dt — [ tu(t)dt, u(0) =0

e. Fredholm—Hammerstein integral equation

A Fredholm-Hammerstein Intergral equation has the standard formula

u(t) = [7 k(& uO)]™dy = £(t) (1.13)

where f(t) € L? [a,b] and k(t,y) € L?[a, b] X [a, b] are known functions, u(t) is the

unknown function to be determined, t € I = [a, b] and m > 1 is a positive integer [9]

1.2.2 Singular Integral Equations

Definition (1.2) [16,15]: An Integral equation is called singular if one of the limits of
integration a(x), B(x) or both are infinite or the kernel has singularities within the

range of integration, Examples of such singular Integral Equations are given as:

the limits of integration a(x), S (x) both are infinite
u(x) =1+ x2 +% IZ (x + Hu(t)de (1.14)

the lower limit a(x) of integration are infinite



u(x) =x+ % f_Ooo cos(x + t) u(t)dt (1.15)
The upper limit of integration are Infinite
u(x) =2x+6 fooo sin(x — t) u(t)dt (1.16)

weakly singular integral equations

fo) = [ —=u®)dt 0<z<1 (1.17)

(x—t)*

1.2.3 Linearity of Integral Equations

Definition (1.3)[17,18]: The integral is linear if an unknown function u(x) under the
integral is raised to the power of 1, and nonlinear if the unknown function u(x) is raised
to a power other than 1 or a nonlinear function such as sinh u, cos u, In(1 + u),
u?(x) ,sin(u(x)), e*™ .

Examples of linear integral
u(x) =1 - [ (x - Hu(t)dt (1.18)
u(x) = 1— [ (x — Hu(t)dt (1.19)

Examples of nonlinear integral
u(x) = 2x — [ (x — Hu?(t)de (1.20)
u(x) =1+ f(f cos(x — t)u(t)dt (1.21)

1.2.4 Homogeneity of integral equations [17,16,15]

The integral equation is called homogeneous if f(x) =0 otherwise it is

nonhomogeneous

homogeneous integral equation

ulx) = f01 xu(t)dt (1.22)

u(x) = fox(x + Hu(t)dt



nonhomogeneous integral equation

u(x) = 2x — [ (x — HuP(t)de (1.23)

1.2.5 The Existence of a Unique Solution []

Some integral equations has a solution and some other has no solution or that it has an
infinite number of solutions, the following theorems state the existence and uniqueness
among the solution of Fredholm integral equation of the second kind.

Note: It is important to say that we will discuss the analytical methods in the space

x = [a, b] with ||. || -

Theorem 1.1 (Fredholm Alternative Theorem)

If the homogeneous Fredholm integral equation

f) =B [} K(x, O)f (t)dt (1.24)

has always a unigue solution. This theorem is known by the Fredholm alternative

theorem.

has only the trivial solution f(x) = 0 then the corresponding nonhomogeneous

Fredholm equation

f) =g +B [ K Of (D)dt (1.25)

has always a unigue solution. This theorem is known by the Fredholm alternative

theorem.
Theorem 1.2 (Unique Solution)

If the kernel k(x, t) in Fredholm integral equation (1.23) is continuous, real valued
function, bounded in the squarea < x < band a <t < b, and if g(x) is a continuous
real valued function, then a necessary condition for the existence of a unique solution

for Fredholm integral equation (2.3) is given by
IBIN(b —a) <1 (1.26)

where



IK(x,t)| < N € R (1.27)

On the contrary, if the necessary condition (2.3) does not hold, then a continuous
solution may exist for Fredholm integral equation.To illustrate this, we consider the

Fredholm integral equation
FO) =2=3x+ [](3x + O)f (t)dt (1.28)
Itis clearthat =1, |[K(x,t)| <4 and (b — a) = 1. This gives
IBIN(b—a) =4 <1 (1.29)
However, the Fredholm equation (1.26) has an exact solution given by

f(x) = 6x (1.30)



Chapter Two
Numerical methods for solving Fredholm- Hammerstein Integral

Equations

2.1 Chebyshev Polynomials

Chebyshev Polynomials are important in numerical analysis and approximation theory
in some quadrature rules on these Polynomials [ 28]. There are four types of Chebyshev

polynomials.

2.1.1 The First-Kind Polynomial E,,,

Definition 2.1 [20.26] The Chebyshev polynomial E;,, (x) of the first kind is a

polynomial in x of degree m, defined by the relation
E,,(x) = cos m® when x = cos @ (2.1)

If the variable x belongs to the period [-1,1], then the corresponding variable ® belongs

to the period [0, m], elementary equations:

cos (00) =1

cos (1) = cos ®

cos (20) = 2cos*d -1

cos (3®) = 4cos3® — 3cos P

cos(4®) = 8cos*®d — 8cos?®d + 1
cos(5®) = 16 cos> @ — 20 cos® @ + 5cos®

cos(6®) = 32cos® P — 48 cos* d + 18cos? P — 1

We may immediately deduce from equation (2.1), that the first few Chebyshev

polynomials are

Letm=0



Letm=1

But x = cos®

Letm =2

But x = cos®

Letm =3

But x = cos®

Letm =4

But x = cos®

Letm =5

Ey(x) = cos(09) =cosO =1

E,(x) = cos (1®)

Ei/(x)=x

E,(x) = cos(2®) = 2 cos?*d - 1

E,(x)= 2x%-1

E;(x) = cos(3®) = 4 cos® ® — 3cosP

Es(x) = 4x3 — 3x

E,(x) = cos(4®)

=8cos*® — 8cos*d + 1

E,(x) = 8x* — 8x%2 + 1

Es(x) = cos(5®)

= 16 cos?*® — 20 cos® ® + 5cos®

10



But x = cos®
E<(x) =16x% — 20x3 + 5x
In the same way we find that
Ey(x) =1
Ei(x)=x
E,(x) = 2x%-1
E; (x) = 4x3 — 3x
E,(x) = 8x* — 8x? + 1
E<(x) =16 x? — 20 x3 + 5x

Ec(x) =32x% — 48x* +18x2—1 (2.2)

By combining the trigonometric identity we find the general formula for E,, (x)

elmdb + e—lmd—"

cos(m®) = 5

ei(m—l)(b + e—i(m—l)db

= > (')

i(m-1)® | —i(m-1)®
=elm te ™ (e + ei® — e7i?)

2
i(m—-1)® —-i(m-1)® i(m-2)® —i(m-2)®
=e‘ + et .(ei¢+ei¢)—el + et
2 2

cos(m®) = 2cos®cos(m — 1)@ —cos(m — 2) P
With definition (2.1) we find

cos m® = E,,(x)

11



cosd® =x

Form =m-—1

cos(m—-—1)® =E,,_,(x)
For m =m-—2

cos(m—2)® =E,,_,(x)
The general form of the basic recurrence relation

E,(x) = 2xE,,_1(x) — E,,_,(x),m = 2,3, ..., (2.3)

which together with the initial conditions
Ey(x) =1
Ei(x)=x (2.4)

2.1.2 The Second-Kind Polynomial Q,,
Definition 2.1.2 [21] The Chebyshev polynomial Q,,,(x) of the second kind is a

polynomial of degree m in x defined by

sinlm + 1)@
sin®

Qm(x) = ,  whenx = cos® (2.5)

If the range of the variable x is the interval [—1, 1], then the range of the corresponding

variable @ can be taken as [0, ] , elementary formulae:
sin (1) = sin @

sin (2@) = 2sin® cos @

sin (3®) = sin @ (4 cos?® — 1)

sin(4®) = sin® (8 cos® ® — 4 cosP)

12



So that the ratio of sine functions (2.5) is indeed a polynomial in cos @, and we may

immediately deduce that
letm=0

sin(0 + D& sind "

Qo(x) = sin @ Csin®
m=1

sin(1 + 1)@
Q:(x) = T r—

_sinZ(D _Zsinecosd)

= = = 2cosP
sin @ sin® cos

Butx = cos®

s Qi (x) = 2x

In the same way we find that
Qo) =1

Q:(x) = 2x

Q,(x) = 4x? — 1

Q;(x) = 8x3 — 4x

(2.6)
By combining the trigonometric identity we find the general formula for Q,,, (x)
sin(m + 1) ® = sin(m®) cos @ +sin ® cosmP
sin(m — 1) @ = sin(m®) cos ® —sin @ cos mP
combine the ends of the two equations to get
sin(m + 1)@ +sin(m — 1)@ = 2cos P sinmP (2.7)

13



with Definition (2.1.2),we find the general formula for Q,,,(x)
X = cosP
sinlm + 1)@ =sin @ Q,,(x)
Form=m-1
sin(m) @ = sin ® Q,,,_,(x)
Form=m— 2
sin(m —1)® =sin ® Q,,,_,(x)
We substitute in the trigonometric congruence (2.7)
sin® Q,,(x) +sin® Q,,_,(x) =2cos®sin® Q,,,_,(x)
general formula for Q,,, (x)
Qm(x) = 2xQp—1(x) — Qim—2(x)
m = 2,3,... (2.8.1)
which together with the initial conditions
Qo(x) =1
Q:(x) = 2x (2.8.2)

provides an efficient procedure for generating the polynomials. A similar trigonometric
identity

sin(m + 1)@ — sin(m — 1)@ = 2sin ® cos (mP)
leads us to a relationship
Qm(x) = Qm-2(x) = 2E(x) (2.9)

m= 2,3,..

14



2.1.3 The Third-Kind Polynomials N,

Definition 2.1.3 [21] The Chebyshev polynomial N,,, (x) of the third type is a

polynomial which are related to E,, , but which have trigonometric definitions involving

the half angle% (where x = cos @ as before) defined by the relation

2
1
cosiqb

cos(m +l)¢

N, (x) = (2.10)

when X =cosP

If the range of the variable x is the interval [—1, 1], then the range of the corresponding

variable @ can be taken as [0, 7r],formulae :

Letm=0
cos(O +%)CD cos%db
Ny(x) = 1 = 1 =1
cos » (o) cos 5 (o)
m=1
cos (1 +%)cb
Ny(x) =
cos 5 )]
1 1
3= — =
_ 4cos 2<D 3COSZCD
1
cos 5 0]
1
= 4cos*=® — @
2
= 2cos® —1
But x = cos® become
N,(x) =2x—1

In the same way we find that

15



No(x) =1
Ni(x) =2x — 1
No(x) = 4x? — 2x — 1
Ny(x) =8x3 — 4x? — 4x + 1
(2.11)

By combining the trigonometric identity we find the general formula for N,,, (x)
1 1 1
cos(m + E)d) + cos(m — 2 + E)tb =2cos®cos(m—1+ E)tb
with Definition (2.1.3),we find the general formula for N, (x)

1 1
cos(m +§)<D = cos > ® N,,(x)

X =cosP

Form=m-1

1 1
cos (m— 1 +§)CD = COSECD N1 (%)

For m=m—2

1 1
cos (m— 2 +§)CD = cosECD N2 (x)

1 1 1
cos > ® N, (x) + COSECP Np_p(x) = 2x coszdb N1 (x)

it immediately follows that
Vi (x) = 2xVy_1(x) = Vi () m= 2,345, ...
which together with the initial conditions

No(x) =1

16



Ni(x) =2x — 1

2.1.4 The Fourth-Kind Polynomials R,,,

Definition 2.1.4 [21] The Chebyshev polynomial R,,,(x) of fourth-kind is a polynomial

which are related to Q,,, but which have trigonometric definitions involving the half

angle % (where x = cos @ as before) defined by the relation

sin(m +%)cp

R (x) = (2.12)

.1
sin sz

If the range of the variable x is the interval [—1, 1], then the range of the corresponding

variable @ can be taken as [0, 7r],formulae :

Letm=0
sm(o+-%)¢
Ro(.X') = 1
sin 7d)
_ sin%(b
sin %cb
Ro(x) =1
m=1

sin(1 + %)CD

1
smicb

R1(x) =

1 .31
351n7d>—4sm E(D

1
smicb

1
=3 —4sin?—@
Sin )

= 2cos®P+1
17



But x = cos® become
=2x+1
In the same way we find that
Ry(x) =1
R, = 2x +1
Ry(x) =4x*+ 2x — 1

Ry(x) =8x3+ 4x? — 4x— 1
(2.13)

By combining the trigonometric identity we find the general formula for R,,,(x)
1 1 1
sin(m + E)(D +sin(m—2+ E)tb =2cos®sin(m—1+ E) @
with Definition (2.1.4),we find the general formula for R,,, (x)

1 1
sin (m + 2 )q) = sinichm(x)

X =cosP

Form=m-1

1 1
sin (m -1+ 3 ><15 = siniqum_l(x)

Form=m—2

1 1
sin (m -2+ 3 )d) = sinE(DRm_z(x)

1 1 1
sinszRm(x) + sinit,‘DRm_2 (x) = 2x sinzchm_l(x)

it immediately follows that

R, (x) = 2xRy_1(x) — Rypp_p(x) , m = 2,345, ...
18



which together with the initial conditions
Ro(x) =1
Ri(x)=2x+1

2.2 Shifted Chebyshev Polynomials
2.2.1 The Shifted Polynomials E};, @y, Ny, Ry,

[19,22,28,29] Since the range [0, 1] is quite often more convenient to use than the range
[—1,1], we sometimes map the independent variable x in [0, 1] to the variable a in

[—1, 1] by the transformation

1
a:2x—10rx=§(1+a) (2.14)

From the previous (2.14) leads to shifted Chebyshev polynomial (of the first kind)
Ex(x) of degree min x on [0, 1] given by

EX(x) = Ep(a) = En(2x — 1) (2.15)

Thus we have new polynomials of equations (2.2)

Let m=0
E¥() =1
Let m=1

EX(x) = E;(a) = E;(2x — 1)
=2x—1

Let m = 2

EX(x) = E,(a) = E,(2x — 1)
=2(2x—1)2 -1

2(4x* —4x+1) -1

19



=8x?—-8x+1

Let m=3
E3(x) = E3(a) = E3(2x — 1)
=4(2x - 1) —3(2x — 1)
=4(8x3—12x2+6x—1)—6x+3
=32x3—48x?+18x—1

Let m=4

Ef(a) = E,2x—1)

=8(2x —1)* —8(2x — 1) +1

= 128x* — 256x3 + 160x? —32x + 1
In the same way we find that
Ef(x)=1

EX(x) =8x?—-8x+1

E¥(x) =32x3—48x?> +18x -1

EX(x) = 128x* — 256x3 + 160x? — 32x + 1

(2.16)
From the equations (2.16) and (2.15) we deduce the relationship E; in the form:
EX (x) = 2(2x — DE}_1(x) — E 3 _,(x) (2.16.1)
with initial conditions
Ey(x)=1
EX(x) =2x—1 (2.16.2)

20



Let m=5
ES (x) = 2Q2x — DE; (x) — E5_,(x)

Es (x) = 2(2x — DEf(x) — E3(x)

EX (x) = 2(2x — 1)(128x* — 256x3 + 160x% — 32x + 1) — (32x% — 48x2 + 18x

-1)
EX¥(x) = 512x°> — 1280x* + 1120x3 — 400x2 + 50x — 1
Let m =6
Eg (x) = 2(2x — DEg_1(x) — E §_5(x)
Eg (x) = 2(2x — DES(x) — EX(%)

EX (x) = 2(2x — 1)(512x5 — 1280x* + 1120x3 — 400x2 + 50x — 1) — (128x*

—256x3 +160x%2 —32x + 1)

EX(x) = 2048x% — 6144x> + 6912x* — 3584x3 + 840x2? — 72x + 1
Let m=7

E7 (x) = 2(2x — DE7,(x) — E 7,(x)

EF (x) = 2(2x — DES(x) — E5(%)

E7 (x)

(4x — 2)(2048x° — 6144x> + 6912x* — 3584x3 + 840x2 — 72x + 1)
— (512x° — 1280x* + 1120x3 — 400x? + 50x — 1)

E¥(x) = 8192x7 — 28672x° + 39424x° — 26880x* + 9408x3 — 1568x%2 + 98 — 1
Let m=8
Eg (x) = 2(2x — 1Eg_;(x) — E g_,(x)

Eg (x) = 2(2x — DEF(x) = E§(x)
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EX (x) = (4x — 2)(8192x7 — 28672x° + 39424x5 — 26880x* + 9408x3
— 1568x2 + 98x — 1) — (2048x° — 6144x5 + 6912x* — 3584x3
+840x2 — 72x + 1)

Eg(x) = 32768x8% — 131072x7 + 212992x° — 180224x°> + 84480x* — 21504x3
+2688x% —128x + 1

Let m=9
ES (x) = 2(2x — DE5_;(x) — E 5_,(x)
E§ (x) = 2(2x — DEF(x) — E7(x)

EX* (x) = (4x — 2)(32768x% — 131072x7 + 212992x° — 180224x5 + 84480x*
— 21504x3 + 2688x% — 128x + 1) — (8192x7 — 28672x°
+39424x5 — 26880x* + 9408x3 — 1568x2 + 98x — 1)

= 131072x° — 589824x8 + 1105920x” — 1118208x° + 658944x°> — 228096x*
+ 44352x3 — 4320x% 4+ 162x — 1

Let m =10
Efy (x) = 2(2x — DEfy_1(x) — E To_(x)
Efo (x) = 2(2x — DEG(x) — Eg(x)

EX (x) = (4x — 2)(131072x° — 589824x8 + 1105920x7 — 1118208x°®
+ 658944x°> — 228096x* + 44352x3 — 4320x% + 162x — 1)
— (32768x8 — 131072x7 + 212992x° — 180224x> + 84480x*
— 21504x3 + 2688x% — 128x + 1)

Efy(x) = 524288x1°—2621440x°4+5570560x8 — 6553600x” + 4659200x°
—2050048x° + 549120x* — 84480x3 + 6600x2 — 200x + 1

Let m =11
Efy ()= 2(2x — DEfy_1(x) — E :afl—z(x)

Efy () = 2(2x — DE{(x) — E5(x)
22



Ef (x) = (4x — 2)(524288x1°-2621440x°+5570560x8 — 6553600x’
+ 4659200x° — 2050048x° + 549120x* — 84480x3 + 6600x?
—200x + 1) — (131072x° — 589824x8 + 1105920x” — 1118208x°
+ 658944x> — 228096x* + 44352x3 — 4320x% + 162x — 1)

E (x) = 2097152x1 — 11534336x1°+27394048x°—-36765696x°
+ 30638080x” — 16400384x° + 5637632x° — 1208064x*
+ 151008x3 — 9680x2 + 242x — 1

Let m =12
EY (x) = 2(2x — 1)Ef,_4(x) — E 15_5(x)
Efy (x) = 2(2x — DEf(x) — E fo(x)

EX (x) = (4x — 2)(2097152x! — 11534336x1°+27394048x°—36765696x°
+30638080x7 — 16400384x° + 5637632x5 — 1208064x*
+151008x3 — 9680x2 + 242x — 1)

— (524288x1°—2621440x°+5570560x® — 6553600x7
+ 4659200x° — 2050048x5 + 549120x* — 84480x3 + 6600x>
—200x + 1)

E¥ (x) = 8388608x12 — 50331648x1!
+ 132120576x°—199229440x°+190513152x8 — 120324096x”
+ 50692096x° — 14057472x° + 2471040x* — 256256x3
+ 13728x2% — 288x + 1

By the equations (2.1) and (2.13) we derive another special property of the polynomial
Em(x)

E;pm(x) = cos2m® = cosm(2P)
= E,,(cos 29)
= E,(2x*> — 1) = EX (x?)
so that
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Eym(x) = Ej, (x?) (2.17)
By the equations (2.1) and (2.17) we get the form
EX (x) = cos2m® whenx = cos?® (2.18)

We assume that @ = %to become this relationship in the following form

* — ﬂ - 2 g
Ey(x) = cosZm2 ,Whenx = cos (2)

1
E}(x) = cosme ,whenx = coszgz 5(1 + cos@). (2.19)

From the equations (2.15) and (2.19) we get the final Formula

E) (x) = E,,(a) = cosme
1
whena = 2 (E(l + cos cp)) -1

. a = cosQ (2.20)

in precisely analogous ways may be defined Shifted polynomials Q.5, N,», R of the
second, third and fourth kinds [21]

If from (2.14) and (2.6) we get Q},

Qm(x) = Qm(a) = Qn(2x — 1)
letm=20

Qo (x) = Qo(@)
=Q,2x—-1) =1

letm=1

Qr () =0Q:(a) = Q:(2x - 1)

=2(2x—1) = 4x —4
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letm =2
Q7 (x) = Qz(a) = Q(2x — 1)
=4(2x —1)2 -1
=4(4x?—4x—-1)—-1
=16x%—16x—5
In the same way we find that
Q (x)=1
Qf (x) =4x —4
Q¥ (x) =16x*—16x—5
Q¥ = 64x3 —96x2% + 40x — 4
(2.21)
If from (2.14) and (2.11) we get N3,
N (x) = N (a) = N,,(2x — 1)
letm=0
No'(x) = No(@) = No(2x — 1) =1
letm=1
N¥(x) = Ny(a) = N;(2x — 1)
=202x—-1)—1
=4x —3
In the same way we find that
NF(x) =1

25



N¥(x) =4x -3

Ny (x) = 16x% —20x — 3

(2.22)
If from (2.14) and (2.13) we get F},
Ex(x) = E,(a) = E,2x—1)
letm=20
Ff(x) =Fy(a) =Fy2x—1) =1
letm=1
F¥(x) =F(a) = F(2x — 1)
=22x-1)+1
=4x —1
In the same way we find that
Ff(x) =1
F¥(x) =4x -1
F¥(x) =16x2 —12x + 1
(2.23)

2.3 Powers of x in terms of Chebyshev Polynomials
2.3.1 Powers of x in terms of {E,,,(x)}[21]

In the section we wanted to refer to x and x™and to derive for formula we refer to
To express x = cos® using the equations (2.24.2) and (2.25.2) we find that
2cosd = el® 4 i®

We add the power m to both sides of the previous equation to become
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(2cosP)™ = (e!® + e IP)™
Or
(2)"(cos )™ = (e +e~i?)m (2.26)

We find ((e!® + e~'*)™) using the equation (2.24.2)

m

(eitb + e—i(b)m — Z (T:) (ei¢>)m—n(e—id>)n (2'27)

n=0

For n=20
= () ey
— eimcb
Forn=1
= (T) (ei®)ym-1(g=i®)t
= (T) e(Mm-2)i®
Forn =2
m
Z (r:) (eicb)m—n(e—icb)n — (1;) (eid’)m—z(e—kb)z
n=2
= (TZ) e(M—4)i®
Forn=3

= (3) @iy’

= (7:) (e(m—e)iqb)
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(m _ 3) (eicb)m—(m—3) (e—icb)m_g,

= (mri 3) @3i® g —(m-3)id

=( 8 )(e_(m—G)icp)

m—3

(m _ 2) (eiP)ym=(m=2) (g=i®)(m=2)

= (mri 2) 21 o (2-m)id

= (mni 2) e~ (m-9)io

For n=m-— 1
m . .
= (™) ey mnerinym-D
m — 1)

- (mﬂi 1) gi® g=(m-1ie

Forn=m

= (Z) (eidb)m—m(e_id,)(m)
— g mi®

By summing up the previous terms, the equation becomes (2.27)

(el® + emi®YM = gim® 4 (T) p(M-2)iv 4 (7;) o (m-4)io
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n (7:) (em=6)ioy 4 .. 4 (mrf 3) (e~(m=6)iv)

+ ( " )e‘(m—4)i¢+ ( " 1) e~ (M-2)i® | g-mi® (2.28)

m— 2 m—

From the equations (2.24.4) and (2.28), we find that

By grouping terms with equal coefficients

m

(e'® + e~i®)ym = gim® 4 (1

) e(m=2)io 4 (T;l) p(M—4)id
+ (7:) (em=0)i®y 4 ... (7:) (e~ (m=6)ivy | (7;‘) o-(m-a)id (T) o~ (M=2)i® | ,-mid

or

(e!® + e~i®)m = (eimqb_l_e—micb) n (T) (e(m—z)i¢>+e—(m—2)i<1>) (T;l) (e(m—4-)id>

te-(m-vivy 4 (Tj:’l) (e(m=)i® | o=(m-6)iey 4 ...

m

o, i MY oL ey M)
= (e +e™@)" + () (e +e™) " 4

) (ei¢+e—i¢)(m—4)
m . i
+ (3) (el® + e~i®)m=6) 4 ... (2.29)
The number of such terms will be

m
—+1
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We deduce from (2.26) and, (2.29)

2Mm=1cos @™ =

NgEE

(r:) cos(m — 2n)®

n=0

Hence, from the definition (2.1.1) of E,,(x)

m
2
m
x™m = 2—-(m-1) E (n) E(m—Zn)(x)

n=0

The first few powers are

Form=0
x%=1=Ey(x)
Form=1
x = E;(x)
Form =2
2
2
2
x%2 =2-@D Z ( >E(z—2n)(x)
n=0 n
1
=2 ) ()
= n (2—2n)(x)
n=0
= L3 E + 2 E
=5 (o) E00+ (1) o0
1
= 5 Ex(0) + Eo(x)
Form =3

30
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3
2 3
x3 =276 Z (n) E(3—2n)(x)

n=0

1
13

=22 Z (i) Eiz—2n)(X)

n=0

4 (@ (o)

1 3
= ZEs(x) +ZE1(X)

Form =4

4
2 4
x* = 2" Z (n) E—2n)(x)

n=0

=273 Z (") Eamam(®)

n=0

o (e (oo (o)

1
= (E4(x) + 4B, (x) + 3Eo(x))

2.3.2 Powers of x in terms of {E}y (x)}

[25,26,27] We have the following formula in terms of shifted Chebyshev polynomials

for x™
m-1
1/2m 2m
LM = g-@m-1) {E( " )Eg*(x) + Z ( n )Ef‘m_n)(x)} m=1 (2.31)
n=0

The first few powers are

Form=1
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! = 2-CW-D) {% (2(11)) EX*(x) + f (ZS)) E¥ (%) }
n=0
Xt =2 <1>{ (})Eao + Z (; )E(l_n)(x)}

e i
= ZEF() 45 B3 ()

Form =2

x? = 2-(2(@- 1){ (2(2)) ZZ( )E@_n)(X)}
X2 =2 <3>{ ( )Es (x>+2( )E@_n)(x)}

= %((;}) EX(x) + (i) E¥(x) + %(:) Eg(x))
= %E;‘(x) + gEf*(x) + %Eé“(x)

Form =3

_ 312 ((g) EX(x) + (f) EF(x) + (;) E* (%) + %(:) E2(x))

= %E3 (%) +35 6 E2 (x) + 15E1 F(x) +EE0 o (x)
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Form =4

4-1

xt = 2-@®-1) {% (2(44)) Eg(x) + (2;4)) Ezi-n)(x)}

n=0

3

=l Q@+ ()eino]

n=0

= s () B @+ () B + () 2o + () Br0a + () B

LE4 2 (x) +iE3 Y (%) + — 28 EX(x) +iE1 (%) +3—5E0 X(x)

128 128 128 128 128
Form =5
1,2(5) < /2(5)
5 = 2-(5)-D) {E( : )Ea*(x)+ ( . )E?‘e—n)(")}
n=0

4

45 = p~(10-D) {% (150> E¥(x) + Z (1710) B (%) }

n=0

== () B+ (V) B+ () B+ () e+ () e
* % (150) Es ()

1E()+10E()+45E +120E( 210 , 26E()
=512 B D g EE ) + 5 EF () + g B2 () + g B () + oo B (x
Form =6

x6 = 2-)- 1){ (2(6))E0() 62( )E(a—m(x)}
X6 = 2(11){( )Eo(x)"‘Z( )E(6_n)(x)}
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_ ﬁ((loz) EX(x) + (112) EX(x) + (122) EF(x) + (132) EF(x) + (142) E5 (x)

L(Bszr e} (D

L (1) o B () + o EF () + ok B () + oo B (1)
2048 2048 2048 2048 2048
* 2709428 EFCO + 2406428 g ()
Form=7
x7 = 2-@M-1 {l (2(7)) EX(x) + N (2(7)) X (x)}
2\ 7 )7° L\ n (7-m)

6

L7 = 2-13) {%(174) EX(x) + Z (1:) Eg;_n)(x)}

n=0

- ﬁ ((104) E*(x) + (114) E*(x) + (124) EX(x) + (134) Ex(x) + (144) E3 (x)
(e () e 5 (0BG
- 81192 4 8132 Ee () + 82;2 200 + o0 EF G + o B2 (0

8192 8192
2002 3003 1716

+ 5107 B2 (0 + 5105 BT (1) + 5757 E5 ()

Form =8

x8 =2-@®-1 {2 (2(88)) E5(x) + Z( ER) E(s—n)(x)}
n=0

8 = =019 {% (186) EX(x) + Z (1:) E¥_ (%) }

= () @+ (V)Ero + () B2+ () B + () Er 6o

00

(2)esco s (2)azco s (2)szco 31 mron
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E
~ 32768 Eg () + 32768 E7 (o) + 32768 Eg () + 32768 ES(x) + 32768 + ()

, 4368 b )+_8008 - )4-114405*( )+_6435
32768 3 Y’ T 3276872 Y T 337681 Y T 32768

Eg (x)

Form=9

9-1

209
ez ),

() eieno |
X% =2" “”{ ( )Eb(x)+-22( )Eé—m(x)}

:13&w2¢ﬁ3E§@)+(?3E§Q)+(§3E$Q)+(§3Eg@)+(ﬁwE§@)

+<§3E§@)+<§3E§@)+<5§E§@)+(§3Ef@)

n=0

+%(§3E§@D

18
=— X —_EX E — _EX
131072 55 O + 137072 56 () + 37072 57 () + 31977 B ()
3060 8560 18564 31824
131072 ES(x) + 131072 E3 () + 131072 E3 (0 + 131072 £z ()
43758 24310
+ 131072 51 ) * 31072 B0 )
Form =10
10—-1
2(10) 2(10)
x10 = 2700~ {2< 10 )E())}g(x) + Z ( n )Eéo—n)(x)
n=0

x10 =2 (19){ ( ) ()"‘Z( >E?10—n)(x)}
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=Sm;88(%5EﬁUQ+(?5E§@)+<§5E§@)+<§5E§&)+(33E§Q)

+ (250> EX(x) + (26()) E¥(x) + <270) EX(x) + <280) EX(x)

+(5) 100 +3(0) B

20 0
= 524288 L1000 + 550085 B9 () + 5o maa B (0) + o as B7 (1)
4845 15504 38760 77520
524288 Eg () + 524288 E5(x) + 524288 E3 (o + 524288 E3 ()
125970 ‘() + 167960 () + 92378 ‘()
524288 & 524288 Ex 524288 Eo
Form =11
11-1
2(11) 2(11)
1 = p-(an- 1){2( 1 )E§(x)+ Z ( . )E?‘ll—n)(x)
n=0
TR (21){ (11>Eg*( )+ Z( )Eg*n_n)(x)}

m ((202> Efi(0) + (212) Efo(x) + (222) ES(x) + (232) E¥(x) + (242) E¥ (%)

+ (252) EX(x) + (262) EX(x) + (272> EX(x) + (282> E*(x)
22 22 1,22
+'(9)E;(x)*’(10)Ef&(")*‘§(11>5'3“(x))

540

2
2097152 b1 () + 557755 Elo(0) + 550omes B5 () + 5705 B ()
7315 26334 74613
v _eOOOT x _rOL9 k
2097152 &7 ) * 2097152 £ () + 5597152 5 )
17544 )+ 319770 )+ 497420 .
+ 2007152 Es 2097152 s (x 2097152 B2 x
646646 352716
- - e px
2097152 1 ) * 309715, Fo ()
Form =12
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2 =2 amz)jjiz(z(lz)) iz ( 212 ))Eéz_n)(x)}

n=0

11
o |1 /24 24
R LTI Y R
n=0

= W;OS ((204> Ef(x) + (214) EY (x) + (224> Ef(x) + (234> Eg(x) + (244) E(x)

+ (254) E7(x) + (264) Eg(x) + (274) EX(x) + (284) EX (%)

24 24 24 1,24
* % * - *
+(9:)E3(x)+(10)E2(x)+(11>E1(x)+2(12>E°(x))
24 6 2024
8388608 -12™) * 5388608 “11 ™) * 5388608 F10 ™) * 5388508 £ )
10626 42504 134596
+ 3388608 Eg () + 8388608 E7(x) + 8388608E€( %)
, 346104 o)+ 735471 )+ 1307504 _ -
8388608 Es 8388608 Ea 8388608 By (x
1961256 2496144 1352078
- - - P:3
+ 5388608 2 ™ T 8388608 21 ) * 83883608 20 )

2.4 Galerkin Method [25]

The remaining weighted method, the basic idea of which is can be approximated the
unknown function u(t) in the sum of m + 1 trail functions b;(t) If applied to Equation

(1.e) we get
u(t) = Ugpp = 2}1;10 ¢ b(t) (232)

And by assuming that the function u,,, is a linear combination of b ;(¢), its xpansion

coefficients c; are to be determined uniquely. Substituting the approximate solution

given by equation (2.32) into equation (1.e), the result is the residual function defined

by
E(t,¢;) = Llugpy| — f(©) (2.33)

Where
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L[uapp] = Uapp — fab k(@ y)[u()]"dy (2.34)

Since the residual function is identically equal to zero for the exact solution, the
challenge is to choose the coefficients ci so that the residual function is minimized. In
integral form, this can be achieved with the following condition

ff w;(DE(t, ¢;))dt = 0 (2.35)

where w;(t) is the weight function. The Galerkin approach makes the residual E(t, c;)
orthogonal to m + 1, given the independent function on the domain [a, b]. In this

approach, the weighting function is chosen to be identical to the trail functions.

Main results

Consider the approximate solution given by equation (2.32) which is b ;(t) = t*, that is
Uapp = o 1 (2.36)

Then, by equation (1.e), we have

(2.37)

m()’:“()’)) = [uapp]n = [z C; yi

=0

Can be written by Taylor expansion from m(t, y) about zero
9]
n (y,u@®) = m(y =0,u@)) + @m(y =0,u() |y

1 9?2 24 1
<2'a m(y O,u(y))>y (%a m (y =0, U(y))>
1 0®
+...+(ﬁay—®m(y=0,u(ﬂ)>y®

Where D = m.n then ,we have
n (y,u@®)) =

(20 ey =0+ (2ER0cy' ") y+ (3o [ERocy' ") y*+

y=0 210y? y=0
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(L2 rym .in) my ..
(mlaym[ }=0C-}y] y=0y + +

1 aD .
(an_fb[ ?:locs;y*]n)y_oyb (2.38)

Moreover, since

9 T
3y Z ciy"] =0 (2.39)

i=a+1

We obtain the following expansion for the above relation

2 n
d 1 92 .
() = (el + (5l +eyl) y+ m—yzlzc;y*] %
y=0 i=0
y=0
1 93 100 [ ]
i 4
+ 319y3 z }}I] Za—y“lzcﬂl y
y=0 =0 =0
m
N 1 9™ Z ; m
e Oc*y y
= y=0

1 gm+1 [ n
i +1

1 0° [&
| === E Gy y®
D! oy?® !
=0 _
Therefore, we can write

[uapp]n = 2?;0 Ui y;

Where
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a

( )

1 9@ ,]"
* —
T Ava Zciy ,fora=0,1,..,m
aldy = -
Vg = 4 ot T >
aldya ZC;Y* Jfora=m+1,..,D
\ i=0 o )

(2.40)

Now, by transformations of orthogonal polynomials based on formula (2.31), we will

obtain an efficient method to solve equation (1.e). This method is as follows
Algorithm

Step 1. Choose ugy, = Xt and [ugy,]™ = 2013y

Step 2. Use formula (2.31) and set ug,,, = X% a; E*(t)

And [ugyy]™ = 20BER)

Step 3 Apply Galerkin method and solve the following nonlinear:

V% = 2oBK;=fi ,j=0,..,m i=0,..,D

Where

1

fi= [ oo

0

K, = f f (Ot ) EF () EF (©)dy dt

.

w(t) = ﬁ , (weight function on the interval[0,1])

, J=0
, J#+0

NIR gy
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(2.42)

(2.43)

(2.44)
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1)

Chapter Three

Numerical Examples and Results

In this chapter, two numerical examples of Fredholm-Hammerstein integral equations
are provided . The first example assumes M=2, 4, 6 while the second example assumes
M=2, 4. Then, Chebyshev Polynomials and the Galerkin method are used to get a
numerical solution through using Python programming language that. Finally, the
difference is found between the exact solutions and the numerical solutions to get the

errors. These errors are represented in tables and figures based on using Python.
Examples (3.1):

Consider the following nonlinear Fredholm-Hammerstein integral equation
u(t) = —; (t — 4et +te?) + [ ty[u()]*dy (3.1)

With exact solution (t) = et .

To solve the above problem using the First Kind shifted Chebyshev Polynomials

method, we assume M = 2,4,6 Then , we construct trail space as follows

whenM =2 ,n=2 , D=4

2
Ugpp = Z c tt
i=0
Ugpp = Co + ¢4t + Ct? (3.2)

Similarly
4
[uapp]z = z Ui yi
i=0
[Uapp]® = Vo + V1Y + v2y? + v3y° +v,y* (3.3)
We find v; from (2.40)

Vo = Co
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v = Tiay = (co+ay)? g

:i 2+2 2.,2
%1 ay (Co C0C1y+cly )y=0

= 2c,cq + 2c12y1y=0 = 2¢,0;

10 ,
vy = 213y So(co+ay +ey®)?,
1 92

— 2N\2
—za—yz(%‘FCl)"Fcz)’ )0

19 2 2 212
= Za_yz((c" + 1Y)+ 2(co + 1Y)y +H(c257) ) y=0

62

2'6 - (c2 + 2cocyy + c2y? + 2¢,0,¥% + 2¢,0,y3+c2y )y 0

d
=5 3y — (2coc1 + 2cfy + 4cpcpy + 6c10,y% +H4c5y3) 20

1
= E(chz +4c,cp + 12¢100y + 12¢5y%),20 = ¢f + 2¢,C;

1 0 2
V3 = ia_yg(co tayteay),

19 ,

3

S ((co + c1¥)* + 2(co + 1Y) 2y > +(c2Y*)?) y=0

1 93
= 31y7 (6 + 26000y + fy? + 26002° + 26162 +ey )y

1 02 2 2 2,,3
= 33y2 (2¢¢y + 2¢2y + 4c,cay + 6¢10, Y2 +4c2y3) g
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3' 3y (2C1 + 4c,cy + 12¢10y + 12C2y )y 0

1 24,1
= 5(126'16‘2 + 24C2y )y=0

1
= 8(12C1C2) = 2C1C2

10 232
Vg = Za_y“(co + 1y +62y°) y=0

1 4
= 31557 (Co e + ¢2¥%)%,_4

1 o0*
= dy —— (¢, + c1y)? 4 2(co + c1y)c2y? +H(c25*) )y =0

4
= T1gy* (66 + 260cry + cfy® + 2c062y" + 2e162y 2y )y

103 2 24 42+,3
~ 419y3 (2¢o¢y + 2¢{y + 4coCy + 6C1C,y°+H4¢3Y°) Y=o

2

= qiayz (2f +4coc, + 12016y +1263y%),

10

4'6 — (12¢;¢; + 24c5y1) =0

1

and using formula (2.31 ),we have u,,, = %2 a; E*(t)

Ofo = Cy +§C1 +§C2

1 4
a, = Ecl +§c2
1
@ =1, (3.5)
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and using formula (2.31 ),we have

4
[uapp]2 = Z Bi En(v)
=0

Where , Y&, B

1 3 10 35
EO =7y +—v1 +_v2 +_v3 +

21T gV2 T3 Vs T oghs

1.4 15 56
Br=5vitgvat3yvs t g
1 6 28

,82 = §U2 +3—2U3 +?8U4_

1 4 8
Bs=35va t1og v
1
Pa EW
So,w have

o EX () — fol ty[Yico B EX (0)]dy = —%(t — 4e’ +te?)

(3.6)

(3.7)

Now, we multiply both sides of the above relation with {w(t)E* (£)}j =012 ; from the

orthogonality of shifted Chebyshev polynomials, we obtain the following nonlinear

equation from equation (2.40)
)/]CZJ — ;l-=0 BiKi,j = f:l ,j = 0, ...,2, i= 0, ,4

From (2.44) we find

na,

A

_al
;i = |2
]/] ] T
22

From equation (2.43) we find the values of K ;
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Kij = J, [y 0@k, ME*OEF©)dy dtj=0,...,2, i=

tyEX(Y)EF(H)dydt,  j=0,...2, i

N
Il
o —
o _
-

t—t2

1 1
1
Ko,o:ff ZtyES*(y)E;’*(t)dydt
s V-t
11
—ff ! v ayde="
= - yay =2
00
11 1
Koq = f ] —— YE (DET (Ody de
00 -
1 1
—JJ ! ty(2t — 1)d dt—n
0 Vit — t2 Y Y 8
1 1 1
Ko,zsz — tyEy (y)ES (t)dy dt
00

1
t—t2

ty(8t2 — 8t + 1)dydt =10

Il
o —
o

1
t—t2

tyEf (W)ES (t)dy dt

e

°

Il
oY .
o

1
t—t2

1 1 s
tJ’(Z}’_l)dydt=€f tdt = —

Il
o
o—-_

e
I

11

1

f f =tyE7 (V)Er (H)dy dt
t—t

00



11 1
1 1
= JJ t(2t —1)y(y — 1)dydt = —f
t —t2 6
00 0
11 1
Ko = | [ = B 0IB: @y
00 t-t
11 1
= ff - t(8t?2 — 8t + 1)y(2y — 1)dydt
00 t—t
1
1 1
=—J t(8t?2 —8t+1)dt =0
6J vVt —t2
0

1
t—t2

o\»—\

N
5

tyE> (Y)ES (t)dy dt

o

1
t—t2

o

ty(8y? — 8y + 1)dydt

o\n—x

dt =

12

1

ﬁt(Zt —1dt = il
t—t

24

The rest of the values of K; ; were founded in the same way [See the appendix] in order

to find the following matrix

T T T
[4 12 12 20
Ky, =|m ™ T T
8 24 24 40
0 O 0 0

From equation (2.42) we find the values of f;

1

f = j wOFOEFDd ]

0

i
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1
1
| _Z _ Aot 2\
_J s ({4 HeDE O dt
0

11
£, :f—Zm(t—4et+tez)E§(t) dt

1
11
:f__ (t — 4et + te?) dt = 2.21406
4Vt — 2
0

1
1 1 t 2 *
fi= ~a t_tz(t—4e + te®)Ef(t) dt
0

1
1 1
= J - (t — 4e* + te?)(2t — 1) dt = —0.311395
4t —¢2
0

1
1 1 t 2 %
0

1
11
_ j -2 _ (¢ — 4et + te?)(8t — 8t + 1) dt = 0.165261
t—t
0

2.21406
l (2.11)

fi = l—o.311395
0.165261

We substitute the equations (3.9),(3.10),(3.11) in equation (3.8) we obtain the following

matrix system

T, nom _m _m T [Po]

Ea 4 12 12 20 60 ﬁl 221406

|-z . _m _m TR =[—0.311395] (3.12)
E 8 24 24 40 120 0.165261

2 %2 0 0 O 0 o ||Ps

We substitute equations (3.5),(3.6) in the system matrices to obtain
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- 3 10 35 -

UO+—U1+§U2 +§U3+EU4
non o_no_x it iv v,
4+ 12 12 20 eo|l2 %7 %27 128 2.21406
T _mT T _ T zvt=v3t+—1, —0.311395
8 24 24 40 120 81 328 128 0.165261
0 0 0 0 0 l|Ltv,+2u,

32 128

1

L 128 4 .

(3.13)

We substitute equation (3.4) in the previous Matrix system to obtain

— 1 3 —
(cy + Ecl +§cz)

/1 4
5(5“562)

/1
5Ge)

1 3 10 35 ]
c5 + E(Zcocl) + g(c1 + 2¢,¢5) + (2C1C2) +— 1

28
1 4, 15 56 s
n. T T _mT _Tj E(Zcocl) +§(c1 + 2¢,C5) + (2c1c2)+ 178°
-t r T T _L| 5(612+20062)+—(2c102)+mc§
8 24 24 40 120J g
0O 0 0 0 0 5
( €162) + =5 128¢
1
-2
128
2.21406
[—0.311395]
0.165261

Therefore we get

983
€ =975

533
“1 = 628
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C_
2 7 2899

Table 1

The table contains the exact and the numerical solutions assuming M = 2 when t = [0 1] and

shows the difference between them.

t

Numerical solutions

Exact solutions

|Exact — Numerical|

0.00
0.05
0.10

0.15
0.20
0.25

0.30
0.35
0.40
0.45

0.50
0.55
0.60

0.65
0.70
0.75
0.80

0.85
0.90
0.95
1.0

1.008205128205128
1.052745607790665
1.101494435082307

1.154451610080055
1.211617132783909
1.272991003193868

1.338573221309933
1.408363787132103
1.482362700660379
1.560569961894760

1.642985570835247
1.729609527481839
1.820441831834537

1.915482483893341
2.014731483658250
2.118188831129264
2.225854526306385

2.337728569189610
2.453810959778941
2.574101698074378
2.698600784075921

1.000000000000000
1.051271096376024
1.105170918075648

1.161834242728283
1.221402758160170
1.284025416687741

1.349858807576003
1.419067548593257
1.491824697641270
1.568312185490169

1.648721270700128
1.733253017867395
1.822118800390509

1.915540829013896
2.013752707470477
2.117000016612675
2.225540928492468

2.339646851925991
2.459603111156950
2.585709659315846
2.718281828459045

0.008205128205128
0.001474511414641
0.003676482993340

0.007382632648228
0.009785625376261
0.011034413493873

0.011285586266070
0.010703761461154
0.009461996980892
0.007742223595409

0.005735699864881
0.003643490385556
0.001676968555972

0.000058345120555
0.000978776187773
0.001188814516589
0.000313597813917

0.001918282736381
0.005792151378008
0.011607961241468
0.019681044383125
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Figurel
shows both exact and numerical solutions using M = 2 when t = [0.1]

Comparison of Numerical Solution and Exact Solution

2.8
| —— Numerical Solution

= = Exact Solution
2.6

2.4

2.2

Values

Figure 2
shows the error between exact and numerical solutions using M = 2 When t = [0.1]

Absolute Error between Numerical Solution and Exact Solution

0.02

0.015

0.01

Absolute Error

0.005

2)whenM =4,n=2 , D=8
4
Ugpp = Z Gt
i=0
Ugpp = Co + €1t + Cpt?+c3t® + cyt?

Similarly
50



8

[uapp]2 = Z U yi

=0
We find v; from (2.40)

Vo = Cp

d 2
v = a_y(co + Cly) y=0

(2 ay (c5 CoC1y T C1Y )y=0

= 2¢,01 + 2cfyt,_ = 2600

10 22
v2=§a—y(co+cly+62y )

62
_ 2\2
= Za_yz(co + 1y + 62y°) y=0

1 92 2 2 2y2
= 51557 ((Co +cy)® + 2(co + c1y)e2y*+(c2y))y=0

1 0?

- 55_}’2(&% +2¢oc1y + ¢fy? + 2¢,02y% + 2¢16y3 +e5y*)y 0

10

= 13y (2Cocs + 2ety + dcocry + 6e12y> +4cEy ) mo

1
= 5(2c12 +4c,cy +12¢10y + 12¢5Y%) o0 = ¢f + 2,0,

03

_ 2 312
V3 _56_)/3(% tay+ay”+ay),

1 63 2 2 3 2 3\2
- ﬁa_y?’((c" + 1) + 2(co + 1Y) (¥ +e3y?) + (9% + c39%) )y
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3

=3 % (cZ + 2cocry + c2y? + 2¢,¢,y?

+ 2¢oc3y342c10,y3 + 2¢ic3y* + eyt + 20,0397 + ¢5¥0)20

1 02 5
= §a_yz (2¢cpc1 + 2¢iy + 4c,cy

+ 6¢oCc3y%+60,0,V% + 8cic3y3 + 4c2y3 + 10c,c5y* +6c3ys)y=0

3'6 — (2¢? + 4c,c,

+ 12cc3y+12¢10y + 24ci63y% + 12¢5y% + 40,03y + 30c5y*) -0

1
= 5(12C0C3+12C1C2 +48c;c3yt 4 24c5y 4+ 120c,c3y% + 120c5y3) =0

1
= 5(126‘06'3 + 120102)

= 2COC3 + 2C1C2

1 0*

U4:aa—y4

(co+ 1y + 2y +c3y° +cay™?

3

= 3y3 ——2(c, ty + ¥ + 3y + ey ey + 26,y + 3c3y? + 4cyy?)y0

1 02
= E(’)—yz(z(co + 1y + y? + Y3 + cuyH) ey + 6c3yt + 12¢,¥%) + 2(cy + 2,91

+3c3y% + 4c,y?)(c1 + 2c,y + 303y + 4csy?)y=0

~ 4oy (Z(Co + 01y + 6%+ c3y® + ey (603 + 24c,y")

+ 2(cy + 2¢,y1 + 3392 + 4c,v3) (2c, + 6c3y + 12¢,y2)
+ 2(cy + 2c,y + 3392 + 4¢,v3) (2c, + 6c3y + 12¢,¥2) + 2(2¢,
+ 603yt + 12¢,¥2)(c1 + 2¢,y + 33y + 4c,y%)y=0
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10

=n 6 (1200c3+48coc4y + 8cicy + 36,03V + 96¢, Y2 + 4cicy + 24¢3y

+ 72c,¢3y% + 160c,c,y3 + 24c¢,c,y? + 80c,¢,y3 + 180c3¢,y*
+336¢3y° + 12¢1c3y + 48c,03y% + 120c2y® + 240c3¢,5*) y=0)

1
= 5(48%64 + 36¢,¢c3 + 192¢,¢c,y + 24622 + 144c,c3y + 480c204y2 + 48cic,y

+ 240c,c,y% + 720c3¢,y3 + 1680c2y* + 12¢,c5 + 96¢,¢3y
+360c2y? + 960c5¢,y%)y=0)

1
= 5(486004 + 48c c3 + 24c2) = 2cocy + 2¢4C3 + €3

10°
Vs = 515y 5 (Gt ay+ oy +eyd +ayh)?,

4

5, dy - 2(co+ 1y + Czy + C3y + C4}’4)(C1 + 2¢,y + 3cay® + 4C4)’ )y 0

1 3
= 56—},3)(2(60 + oy + % + c3y3 + o yH2cy + 603yt + 12¢,y2) + 2(cy + 2¢,y1

+3c3y? + 4c,y?)(cq + 26,y + 3c3y® + 4cyy?) -0

192 2 3 4 1
= Ea_yz(z(co + 1y + cy% + 3y + cuy*)(6c5 + 24c,yY)

+ 2(c; + 2¢,y + 3c3y? + 4c,y3)(2¢, + 6c3yt + 12¢,y2)
+ 2(cy + 2¢,y + 3392 + 4c,v3) (2c, + 6c3y + 12¢,¥2) + 2(2¢,
+ 603yt + 12¢,y2)(c1 + 2¢,y + 33y 4+ 4c,y?) 50

1 02
=g 3y - (12C0C3+48C0C4y + 8cicy + 36¢,c3Y + 96¢,¢,y% + 4cicy + 24¢3y
+ 72¢,¢3y% + 160c,c,y3 + 24c¢,¢,y2 + 80c,¢,y3 + 180c3¢,y*
+336¢3y° + 12¢1c3y + 48c,03y% + 120c2y® + 240c3¢,5*) y=0)
10

=3 6 (480064 + 36¢,¢3 + 192¢,c,y + 24c2 + 144c,c3y + 480c,¢,y% + 48c,c,y

+ 240c,c,y% + 720c3¢,y3 + 1680cZy* + 12¢,c3 + 96¢,c3y
+360c2y? + 960c5¢,y%)y=0)
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1
= 5(192c1c4 + 144c,c53 + 960c,c,y + 48c¢,cy + 480c,¢,y + 2160c5¢,y2

+6720c2y> + 96¢,¢3 + 720c2y + 2880c5¢4y?)y=0)

1
= _(192C1C4_ + 144‘C2C3 + 4‘8C1C4_ + 96C2C3)
5!

1
=130 (240c, ¢y + 240c,c3 ) = 2¢4€4 + 2C505

1 9

Vs = §iays (co + 1y +c2y? +c3y° +cay™)?

1 65 2 3 4 2 3
= Ea_ys 2(co + 1y + 2¥° + 3y +cy™) (e + 2¢,y + 3¢5y + 4cy°)y=0o

4

= ——(2(c, + 1y + 3¥% + c3¥3 + €y (2c, + 6¢3y1 + 12¢,¥?) + 2(cq + 2,9t
6! dy*

+3c3y% + 4c,y?)(c1 + 2c,y + 3c3y® + 4esy?) g0

103

= 3y - (12C0C3+48C0C4y + 8c¢icy + 3613y + 96¢,¢,y% + 4cic, + 24¢3y

+ 72¢,¢3y% + 160c,c,y3 + 24c¢,¢,y? + 80c,¢,y3 + 180c3¢,y*

+336¢5y° + 12¢1c3y + 48c,¢3y% + 120c2y® + 240c3¢,5%) =)

1 02

=3 ay - (48C0C4 + 36¢,c3 + 192¢,c4y + 24¢2% + 144c,c3y + 480c,¢,y2 + 48c,c,y

+ 240c,c,y% + 720c3¢,y3 + 1680c2y* + 12¢,c5 + 96¢,¢3y
+360c2y? + 960c30,y%)y-0)

10

=3l ay (192C1C4 + 144cyc5 + 960c,c,y + 48c¢icy + 480c,¢,y + 2160c5¢,y?

+6720c3y® + 96¢,¢3 + 720c3y + 2880c5¢,Y%)y=0)

1
= E( 960c, ¢y + 480c,c, + 4320c5¢4y + 20160cZy? + 720c% + 5764c3¢4Y)y=0)

1
= ﬁ(1440C2C4 + 720c¢2) = 2cyc4 + €3
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19 2 3 452
vy =ﬁa—y7(C0+C1y+Czy + c3y” +cy”) y=0

6
= 3y’ ——2(c, + iy + ¥ + 3y + e,y (e + 2¢,y + 3c3y® + 4cyy?) 0

1 0°
= 715y (2(co + €1y + cy% + 33 + .M (2c, + 603yt + 12¢,y2) + 2(cy + 2¢,97

+ 3c3y + 4C4y )(c1 + 2¢c,y + 3633/ + 4c4y )y=0

1 0*
= 713yt (12coc3+48coc,y + 8cicy + 36¢1¢3y + 96¢1¢4y? + 4eycy + 24c2y

+ 72cyc39% + 160c,¢,y3 + 24¢,c,v% + 80c,yc,y3 + 180c3¢,v*

+ 336¢2y° + 12c,c3y + 48c,c3y% + 120c2y3 + 240c3c4y4)y=0)

1 03
=7 ay a3 (4800c4 + 36¢,c3 + 192¢,¢c4y + 24¢5 + 144c,c3y + 480c,¢,y2 + 48c,c,y

+ 240c,c,y% + 720c3¢,y3 + 1680c2y* + 12¢,c5 + 96¢,¢3y
+360c2y? + 960c50,y%)y=0)

1 02
= ﬁa_yz (1920104 + 144cyc3 + 960c,c,y + 48c,cy + 480c,¢,y + 2160c5¢,y2

+6720c3y® + 96¢,¢3 + 720c3y + 2880c5¢,Y%)y=0)

10

=7 ay (960c2c4 + 480c,c, + 4320c5¢,y + 20160c2y? + 720c3

+ 5760c3¢4Y)y=0)

1
= %(4320c3c4 +40320cZy + 5760c5¢4)y=0)

= 2040 ——(10080c5¢,) = 2¢3¢,

1 08
Vg = 813y 5 (Gt ay+ oy’ ey’ +ayh)?

7
=3l 3y ——2(c, + iy + c¥? + 3y + e, y*) (1 + 26,y + 3c3y? + 4cyy?)y0
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1 6
= 819y6 (2(co + €1y + cy% + 33 + c,y*) (2cy + 603yt + 12¢,y2) + 2(c1 + 2¢,971

+3c3y% + 4c,y?)(cr + 2¢,y + 303y + 4cyy?)y=0

1 5
= ga—ys (2(c, + 1V + c3¥% + c3¥3 + ¢, y*) (6¢5 + 24c,yY)
+ 2(cy + 2¢,y + 3c3y? + 4c,y3)(2¢, + 6c3yt + 12¢,y2)
+ 2(c; + 2¢,y + 3c3y? + 4c,y3)(2¢, + 6c3yt + 12¢,¥2) + 2(2c,
+ 603yt + 12¢,¥2)(c1 + 2¢,y + 33y + 4c,y?) 50

10°
=3 3y - (120063+4860c4y + 8cyc, + 36¢,c3y + 96¢,c,y% + 4cycy + 24¢35y
+ 72¢,¢3y% + 160c,c,y3 + 24c¢,¢,y? + 80c,¢,y3 + 180c3¢,y*
+ 336¢2y° + 12c,c3y + 48c,c3y% + 120c2y3 + 240c3c4y4)y=0)
1 0*
= 89yt (48cocy + 36¢1¢5 + 192¢5 ¢4y + 24¢5 + 144c,c5y + 480c,¢,y% + 48cyc,y
+ 240c,c,y% + 720c3¢,y3 + 1680c2y* + 12¢,c5 + 96¢,¢3y
+360c2y? + 960c5¢,y%)y=0)
1 03
= §O_y3 (1920104 + 144cyc3 + 960c,c,y + 48c,cy + 480c,¢,y + 2160c5¢,y2
+6720c3y° + 96¢,¢3 + 720c2y + 2880c5¢4Y2) o)
1 02 5 )
= ga—yz ( 960c,c, + 480c,c, + 4320c3¢,y + 20160csy? + 720c3

+ 576Oc3c4y)y=0)

= 813y (4320c3c4 +40320cZy + 5760c3¢4)y=0)

1
= g(40320c§)y=0)

1
= 540320& = c?

We get v;
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v, = c?

v, = 2¢,Cq

v, = ¢? + 2c,cy

V3 = 2¢oC3 + 2¢4C;

vy = 2¢oC4 + 20403 + C2

Vs = 2014 + 2C5C3

Vg = 2C,C4 + €2

Vy = 20304

vg = C2

and using formula (2.31 ),we have u,,, = i, a; EX(t)

1 3 10 35
aO = CO +_C1 +_C2 +3_2C3 +EC4

24173
1 4 15
(11 =Ecl +§C2 +3—2C3 +mC4
1,6 28
% T 82Tz T g%

1 8
CZB =§C3 +mC4
-1
@y = 1285

and using formula (2.31 ),we have
8
[tappl® = ) B EAE)
=0
Where , Y8, 5
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_ 1.3 10 35 0 126 462 1716 6435
Bo=vot 30+ gve t3avat g T oo Vs T opus Ve T 5192 V7 T 32768

_1 4 15 56 0 210 792 3003 11440
Br=gvitgvatavs t ogV Y55V Y 50287 T 8192 Y7 T 32768 U

1,6 .2 120 495 2002 8008
Bo=gvat35Vs ¥ 58V Y 515V T 30287 T 819277 T 32768 "

_1 .8 . 45 220 1001 4368
Bs=33vs 128" 5125 T 2048 Ve T 819277 T 32768 °

_ 1 10 66 364 1820
b= 128" T 51275 T 20287 T 8192V T 32768

_ L 12 91 560
Bs =513V T 2048V T 81927 T 32768

_ 1 1 120
Bs = 30287 * 8192V T 32768 ®

_ 116
b7 = 81927 * 32768 V"

1
Ps = 32768 Vg (3.16)
We get

4 1 8 1
Za;Ef*(t)—fty[ BEX)|dy = —Z(t—4et+te2)
0

=0 0

i=

Now, we multiply both sides of the above relation with {w(£)E/* (t)}j =o,1,2,3,4 » from the
orthogonality of shifted Chebyshev polynomials, we obtain the following nonlinear

equation
v —ZioBiKij=f; ,j=0,..4 i=0,..,8 (3.17)

From equation (2.44) we get
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T
z a
2 1

Vs
v =|2% (3.18)

T[a
2 3
na
5 @a)

From equation (2.43) we get the values of K ;

K= [, [] ok, VE*OEF®)dydt, j=0,..4, i=0,..,8 (3.19)

11

1

K= tyEX (V)E (t)dy dt, j=0,..,4 i=0,..,8
s 5 V= t2

11

1

kso = | | =B 0)E; Ody
00

11
1
= —ty(512y° — 1280y* + 1120y3 — 400y? 4+ 50y — 1)dy dt

11

1

Kss = | | =5 00E2 0)Br ©Ody
00

11
1
= jJ - ty(512y° — 1280y* + 1120y3 — 400y? + 50y — 1)(2t — 1)dy dt
t—t
00

1
! (2t—1)tt_—7r
42 ) Jr—¢z 168
0

Ks,z =

1

1

| = wE 0B @y e
t—t

0

O\r—»
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vVt —t?
+ 1)dy dt

1
1
j ty(512y° — 1280y* + 1120y3 — 400y2 + 50y — 1)(8t2 —
0

!

tdt =0

f (8t2 —8t + 1)

Vit —t2

1
1
tyEX(Y)EX(t)dy dt
.Of\/ti y 5 y 3 y

o\na

1
1

f ty(512y°> — 1280y* + 1120y3 — 400y? + 50y — 1)(32t3 — 48t?

0

f

~
I

~
N

+ 18t — 1)dy dt

j (32t3 — 48t + 18t — 1)
Ve—t2

tdt =0

The rest of the values of K; ; were founded in the same way [See the appendix] in order

to find the following matrix

From the previous K values and the K Values in (3.10) we find the Matrix K

-T -T -7 -T -7 = =TT
12 20 60 84 140 180 252
-T -T -7 -T -7 -7 -7
K8,4 — 24 40 120 168 280 360 504 (320)

o 0o 0 o0 o o0 o0
o 0o o0 o0 o o0 O
o 0 o0 o o 0 o

o ocoRlag|a

S o owlasld

From equation (2.42) we get the values of f;

1
fi = fw(t)f(t)Ej”*(t) dt ,j=0,..4
0

1
=J—l ! (t —4e +te?)EX(t) dt
4t —t2 g

0
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1
Vi

(t —4et + te?)EX(t) dt

e B

-
0

1
1
f_Z (t — 4e’ +te®) dt = 2.21406
Vt—t2
0

(t —4et + te?)EfF(t) dt

II
oY
|
-M»—*

1
11
_ J -2 (t — 4et + te?)(2t — 1) dt = —0.311395
0

1
1 1
fo = j - (t —4et + te®)EX(t) dt
4 _ +2
, Vt—t

1
11
_ f -3 (t — 4et + te?)(8t% — 8t + 1) dt = 0.165261
0

1
fz = f L (t — 4et + te®)EX(t) dt
4 Y
. Vt—t

1
= J —l ! (t — 4et + te?)(32t3 — 48t% + 18t — 1) dt = 0.0137007
) Tave—e

1
1 1 t 2 *
ﬁ}:f—z (t — 4et + te?)EX(¢) dt
0

= 0.000853629
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2.21406
[ —0.311395 l

We substitute the equations (3.18),(3.20),(3.21) In Equation (3.17) Let's get the

following matrix system

'Zao' T m —-m -7
- al 4 12 12 20
721 n w -T -T
S| _|8 24 24 40
i 0 O 0 0
-

2 3 0 0 0 O
s

5 ay | 0 0 0 O

We substitute the values «
(3.22) to obtain

[n n - —-m - —T -7
4 12 12 20 60 84 140
m m —-m - —m -—T -7

-8 24 24 40 120 168 280

[ 221406

| —0.311395 |
=| 0.165261 |
[ 0.0137007 J
0.000853629

[

60
-7

120

0
0
0

fa=1 0.165261 (3.21)
0.0137007J
0.000853629
_ﬁo_
e A
84 140 180 252 B 2.21406
B A A | 2 —0.311395
188 280 38" 584 B.[=| 0.165261 (3.22)
o 0 0 o Bs 0.0137007J
o o o ollPs 0.000853629
b7
| Bs.

and g of and from equations (3.15) and (3.16) into system

126 462

51275 Y 20287 T
792

1716

8192 "7
3003

L35 6435
128

L5620
3273 T 128" " 51275 T 20486 T 81927
,28 120~ 495 2002 8008
8 1287 75127 " 2048”6 " 81927 T 32768 *°
Lo, 8 45 220 1001 4368

3273 T 128" 51275 T 20487 T 81927 T 32768 ¢

r 1 3 10
Vo +EU1 +§172 +§U3
15 11440

4
v +=-v, + 32768”8

2 8

1 6
=V, +§U3

Lo 10 66 364 1820
1287 T 51275 " 2048 " 819277 " 32768 ®
L1z o1 560

51275 T 2048 T 8192 "7 T 32768 "°
L1120

2048 T 819277 " 32768 "¢

Lo, 16

8192 "7 T 32768 "%

1
132768

62

32768 ¢




Cocoxlasla

[
|
|

10 35

— 1 3 —
m(cog+=¢c; +=¢c, +—c: +—c
(02182 3231284)
(1 4 15 56
—l=¢c; +=-c, +=c +—c)
2 (2 1T g~2 73273 7 12874
(1 6 28
|zt +—c) -
2 (8 2 T 3373 1 12874
mf1 8
—=c, + c)
2 (32 3 7 1284
n(l c
2 \128 * ]
-r -t - -—° - ~—® T
12 20 60 84 140 180 252
- -1 -1 -1 —TT -1 -1

120 168 280 360 504
o 0o o 0 O o0 O

0o 0 o0 o0 O
0o 0 o0 o0 O

cocofRlal]a
[\
S
N
o

2.21406
—0.311395 ‘

0.165261
0.0137007 J

0.000853629

S o oo oCco o o =

SO OO OO O NIRNIR

63

OO OO OCOWIRId®IW

cocoococoy|~y|a

126

512
210

512
120

512
45

512
10

512

512

462 1716 6435 -
2048 8192 32768
792 3003 11440
2048 8192 32768
2002 2008
495 2002
495 32768
2048 4368
1001
220 1001
220 32768
2048 1820
e 364
66 —— 32768
2048 650
12 91
12 —— 32768
2048 120
[ 32768
2048 8¥32 16
0o -
PP 32168
0 o
32768




2.21406
—0.311395

=1 0.165261
0.0137007

—

L0.000853629

We substitute values from equations (3.14) into the previous system to obtain

|

64

- 1 3 10 35 -
T[( +EC1+§C2+§C3+EC4)
n(l +4 +15 N )
221 T g2 T3 T g%

n(l +6 28 )
ACKEEVRETT i
n(l +8 >
232 T 128°¢

”(1 :)

2 \12

T T T T T T T T

4Uo+6”l?1+8172+10v3 +EU4+EU5+1_6U6+EU7+%U8
T T T T T T T T

_ gvo +EU1 +1—6U2 +EU3 +ﬁ174+2—8175 +3—2U6+£U7+EU8

0
0
0

2.21406

—0311395}

=| 0165261

0.0137007 J
10000853629

- 1 3 10
n(co+§c1+§cz ﬁc +mc4>
n<1 +4 +15 4 )
221 T g2 T3 T g%
n(l +6 +28 )
2\82 T35 T 8%
n(l 8 )
2\326 T 128
2 (535%)

[ 2 \128“

LR S SR U N N :
MGV t g1t glat Vs ¥ 5V T 170 T 156 T 1507 T 55 7)
1 1 1 1 1 1

_ Z(Zv"+gv1+8v2 Ev +EV4+ﬁV5+EV6+EV7+%V8)

0
0
0




I 1 3
H(Co +EC1 +§C2

2\2
w1
2@t

n(l
2\32

2 (35)
[ 2\128“

8

L8
€T 128

n(l +4 +1
(41 C2 3253

6 28
563 +—

10

5 +56 )
128
128

)

[
.
L

2.21406

N L35
32 T 128

—0.311395

0.165261
0.0137007

0.000853629J

——

i

EENE]

O O O™

m m mw W W W W W
6 8 10 12 14 16 18 20]
m mw W W W W T T
12 16 20 24 28 32 36 40
o 0 0 O O 0O 0 O
o 0 0 O O 0O 0 O
0o 0 0 O O 0O 0 O

From the solution of the previous system we find the values of ¢

1.0000259490980368

0.9987134401259607

0.5099581670678115

0.13998759200049835

0.06955986064131846
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2
2¢,01

¢ + 2cyc,

2¢oc3 + 2c40y
2coCy + 2¢1¢5 + ¢2
2¢1¢4 + 2c5c3
2c,¢4 + 2

2c3¢4
| 2




Table 2

The table contains the exact and the numerical solutions assuming M = 4 when

t = [0 1] and shows the difference between them.

t

Numerical solutions

Exact solutions

|Exact — Numerical|

0.0
0.05

0.1
0.15
0.2
0.25

0.3
0.35
0.4
0.45

0.5
0.55
0.6

0.65
0.7
0.75
0.8

0.85
0.9
0.95
1.0

1.0000259490980368
1.0512544497201333

1.1051438183593754
1.16181603189719

1.2213981603189719
1.2840357189019032

1.349879316027136
1.4190913292737
1.4918445701997205
1.5683222843424196

1.6487181512181146
1.7332362843222207
1.8220912311292474

1.9155079730928029
2.013721925645588
2.116978938199404
2.225535294145144

2.3396577108528005
2.4596233396714613
2.585719765929309
2.718245008933626

1.0
1.0512710963760241

1.1051709180756477
1.161834242728283

1.2214027581601699
1.2840254166877414

1.3498588075760032
1.4190675485932571
1.4918246976412703
1.568312185490169

1.6487212707001282
1.7332530178673953
1.8221188003905089

1.9155408290138962
2.0137527074704766
2.117000046612675
2.225540928492468

2.3396468519259908
2.45960311115695
2.585709659315846
2.718281828459045

2.594909803677048e-05
1.664665589085068e-05

2.709971627234964e-05
1.954604987508546€e-05
4.597841197995223e-06
1.030221416176147e-05

2.0508451132883465e-05
2.3780680442841984e-05
1.9872558450151345¢e-05
1.0098852250672863e-05

3.119482013591579e-06
1.673354517461867e-05
2.7569261261461975e-05

3.285592109336655€e-05
3.07818248858161e-05
2.1078413270814167e-05
5.6343473238129604e-06

1.0858926809742542e-05
2.0228514511444473e-05
1.0106613463012337e-05
3.681952541922939¢e-05
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Figure3
Shows both exact and numerical solutions using M = 4 when t = [0.1]

Comparison of Numerical Solution and Exact Solution

2.8
| == Numerical Solution

=+== Exact Solution
2.6

2.4

2.2

Values

Figure 4
Shows the error between exact and numerical solutions using M = 4 When t = [0.1]

Absolute Error between Numerical Solution and Exact Solution

35

30p

25p

20p

Absolute Error

15

i0u

5u

3whenM =6,n=2 ,D =12

— i
uapp = Z Cit

6
=0
Ugpp = Co + 1t + Cpt2+c3t® + cat*+cst® + ¢4t ®
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Similarly

12
[uapp]2 = Z Ui yi
i=0

We find v; from (2.40)

v, = c2

vy = a_y(co + C13’)2y=0

23 2 2 24,2
%1 ay (Co + C0C1y+C1y )y=0

= 2¢,c; + 2c12y1y=0 = 2¢,¢4

10 ,
vy = 213y So(co+ay +ey®)?,
1 92

— 2N\2
—za—yz(%‘FCl)"Fcz)’ )0

1 2
~ 210y? ((co + c1¥)? + 2(co + 1Y) Y% +(c27%) ) y=0

62

2' 3y - (c2 + 2coc1y + c2y? + 2¢,¢,9% + 2¢,0,y3 +czy4)y 0

=5 3y — (2coc1 + 2cfy + 4cpcpy + 6c10,y% +H4c5y3) 20

1
= 5(2612 +4c,cp + 12¢10y + 12¢5y%), 20 = ¢f + 2¢,C;

1 9° 2 342
V3 :ia_yg(co taytey +6y)T

1 3
=3 dy — ((co + ay)? 4 2(co + 1Y) (cy?+c3y?) + (2% + c39°)?) =0
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3

=3 % (cZ + 2cocry + c2y? + 2¢,¢,y?

+ 2¢oc3y342c10,y3 + 2¢ic3y* + eyt + 20,0397 + ¢5¥0)20

1 02 5
= §a_yz (2¢cpc1 + 2¢iy + 4c,cy

+ 6¢oCc3y%+60,0,V% + 8cic3y3 + 4c2y3 + 10c,c5y* +6c3ys)y=0

3'6 — (2¢? + 4c,c,

+ 12cc3y+12¢10y + 24ci63y% + 12¢5y% + 40,03y + 30c5y*) -0

1
= 5(12C0C3+12C102 +48c;c3yt 4 24c5y 4+ 120c,c3y% + 120c5y3) o

1
= 5(12606'3 + 120102) = ZCOC3 + 26102

4
vz—a—(c + 1y + cy? 4 c3y3 + e yh)?
4 41 gy* 0 1Y T Y 3y 4Y ") y—

3

=u 3y3 —2(co + 1y + ¥ + 3y + e y*) (1 + 26, + 3c3y? + 4cyy?)y0

1 0%
= EW(Z(CO + 1y + cy?% + c3y® + cuyH) ey + 63yt + 12¢,v2) + 2(cq + 2¢,y1

+3c3y% + 4c,y?)(c1 + 2¢,y + 303y + 4csy?) g0

(Z(Co + oy + cy? + 3y + eyt (63 + 24c,y")

4' dy
+ 2(cy + 2¢,y 4+ 3c3y? + 4cyy®) (2¢, + 6¢3y1 + 12¢4y2)
+ 2(cy + 2¢,y + 3392 + 4¢,v3) (2c, + 6c3y + 12¢,¥2) + 2(2¢,
+ 603yt + 12¢,¥2)(c1 + 26,y + 33y + 4¢, %) 50

10

= 6 (1200c3+48coc4y + 8cicy + 36,03y + 96¢, Y2 + 4cicy + 24¢3y

+ 72¢,¢3y% + 160c,c,y3 + 24c¢,¢,y% + 80c,¢,y3 + 180c3¢,y*
+336¢y° + 12¢1c3y + 48c,03y% + 120c2y® + 240c3¢,5*) y=0)
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1
= z(48c0c4 + 36¢,c5 + 192¢,c,y + 24¢2 + 144c,c3y + 480c,¢,y% + 48c4c4y

+ 240c,c,y% + 720c3¢,y3 + 1680cZy* + 12¢,c3 + 96¢,c3y
+360c2y? + 960c30,y%)y-0)

1
= 5(4800c4 + 48c 3 + 24¢%) = 2cocq + 2¢105 + C3

1 0° ) 3 4 512
v5=§0_y5(co+cﬂ’+czy tesyt eyt Hesy)

65
= aa—ys (c, + 1y + cy2 + c3y3 + ¢yt

+0s5y°)(Co + a1y + y* + ey + eyt + sy

10° 2 2 3 4 5 2.2
= EO_yS(co +CoC1Y + CoCY° + CoC3Y° + CoCay™ + CoCsY> + CoC1Y + 1Yy
+ 03yt +c10,y® + 0165y + o0 y? F 0y + 3yt + cye3y”
+0204Y° + ca65Y7 + o033 + 103yt + cp03y° + 5y 4 30,y
+ 0305Y8 + CoCayt + 10y Y° F 200y F c304y7 + 5B + cycsy®
+ CoCsy® + €105y 4 C205y7 + c305y8 4 a5y + 2y,
10 2 3 4 5 4 2.2
= EO_yS(CO + 2¢,C1y + 2¢,CV% + 2¢,c3Y° + 2¢,6,y" + 2¢,C5y° + LY
+ 2¢,6,Y3 + 2¢1039* + 2¢1¢4y° + 20105y8 + 2yt + 2¢,05y°
+ 2¢,¢,Y% + 2¢,¢5y7 + 2y + 2c3c4Y7 + 2¢305y8 + c2y® + 2c4c5y°
+ Cg}’lo)y=o
64
=515yt (2c,¢1 + 4cycyy + 6¢,03V% + 8cycay® + 10c,c5v* + 2¢2y + 6¢10, Y2
+ 8c,c3y3 + 10c,c,y* + 12¢5¢5y° + 4c2y® + 10c,039* + 12¢,¢,y°
+ 14cyc5y8 + 6¢2y° + 14c3¢,y° + 16c5¢5y” + 8c2y” + 18c,c5y°
+1062%)y00
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1 03
= E(,j—yg(zlcoc2 +12¢,c3y + 24cyc,y? + 40c,c5y3 + 2¢2 + 12¢,¢,y

+ 24c,c3y% + 40c Y3 + 60cicsy* + 12¢2y? + 40c,c3y3
+ 60cyc,y* + 84c,c5y° + 30c2y* + 84c3¢,y° + 112¢5¢5y°
+42cZy° + 144c,c5y” +90cZy®), -0
1 02 5 5
= ga—yz (12¢,c3 +48c,cyy + +120c,c5y° + 12¢1¢5 + 48cic3y + 120c, ¢4y
+ 240c,c5y3 + 12¢2y + 120c,¢3y2 + 240c,¢,y3 + 420c,c5y*
+ 120c2y3 + 420c3c,y* + 672c3¢5y° + 336¢2y° + 1008c,c5y°

+720¢5y7) 50

0
= 5@(48%% + 240c,csy + 48¢,c3 + 240c¢,¢,y + 720c,c5y? + 12¢2

+ 240c,c3Y + 720c,¢,v% + 1680c,c5y3 + 360c2y? + 1680c3¢,y°
+3360c3¢5y* + 1680cZy* + 6048c,c5y° + 5040c2y®),

1
= 5(240c005+2406104 + 1440c,c5y + 240c,c3 + 1440c,¢,y + 5040C2C5y2

+ 720c2y + 5040c5c,y3? + 13440c3c5y° + 6720c¢2y3
+30240c,c5y* + 30240c2y>), ¢

1
= —(240c,c5 + 240c; ¢4 + 240cy¢3) = 2¢,C5 + 2¢1C4 + 20505
5| o5

1 0°

Ve = aa_yé(co toy+ oy +oyd eyt + C53’5+Cﬁy6)2y=0

1 9

Ve = aa_yﬁ (co + 1y + ¥% + 393 + cuy* + c5y°

+c6y®) (o + 1y + Cy* + c3y® + eyt + sy + )0
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1 0°
Ve = 613y° ((€oCo) *+ CoC1Y + CoC2Y? + CoC3Y° + CoCay* + CoC5Y°
+ CoCeY P HCocry + c1y(c1y) + cy*(c1y) + 3y (c1y) + cay*(c1y)
+csy° (1Y) + ¢y ®(c1y) + co % + c1y (%) + cy%(c2y?)
+c3y3(c2y?) + ¥ (c2¥?) + 5y°(02%) + c6y°(c2¥?) + coe3Y°
+1y(c3y®) + 6% (c3?) + 3y (e3¥°) + cay*(c3y®) + cs5y°(c3?)
+c6y°(c3y®) + cocay® + 1y (cay®) + cay?(cay™) + c3¥° (cay®)
+ gy (cay™) + cs¥°(ca¥*) + c6y°(cay™) + co05¥° + €1y (c5y°)
+cay?(csy®) + c3¥°(csy®) + cay*(csy®) + csy°(csy®) + cey°(csy®)
+¢oC6y° + ¢1¥(c6¥®) + 27 (c6Y®) + c3y°(c6y®) + cay*(c6y®)
+ cs5y°(cey®) + c6¥°(c6¥®))y=0
_19° 2 3 4 5 6
= 6laye (€5 + €oC1Y + CoCoY° + CoC3Y° + CoCaY™ + CoC5Y” + CoCeY” + CoC1Y
+ c2y? + c10y3 + cre3yt + cieay® + ci0sY8 + i,y + cpcpy?
+co01 Y% + 5yt + €03y + €a04Y° + o5y + ca06y° + Co3Y3
+e163y* + ca03y° + c5Y® + c3cay” + c305Y° + c3c6y° + cocayt
+C16aY° + €204Y° + 307 + cZy® + cacsy® + cacey™® + cocsy®
+¢165y° + caesy” + c36sy® + cacsy® + iyt + cscey ™t + cocey®
+ 1667 + 2668 + c366Y° + cacey® + csceytt + cEy ') o0
19, 2 3 4
= 56_376 (c5 + 2c,c1y + 2¢c,cy° + 2¢c,c3y° + 2¢,C4Y
+ 2¢,c5y°+2¢,¢6y° + c2y? 4 2¢10,V3 + 2¢i03y* + 2¢4¢,y°
+ 2¢105Y8 + 2¢1c6Y7 + c2y* + 2c,¢3y° + 2¢,¢,y° + 2¢,¢5y7
+ 2¢,¢6y8 + c2y° + 2c5¢4Y7 + 2¢305Y8 + 2¢3¢4y8 + c2y® + 2c4c5y°
+ 20466y + 2yt + 2¢5c6y™t 4 ¢y 0
5
= 519y8 (2¢c,¢1 + 4cyCy + 6C,c3y% + 8c,cay® + 10c,c5y* + 12¢,c6y°
+ 2¢2y + 6¢,¢,y% + 8c1c3y3 + 10cic,y* + 12¢¢5y° + 14c¢,c6Y°
+ 4c2y3 + 10c,c3y* + 12¢,¢,y° + 14c,05y° + 16c,¢5y7 + 6¢2y°
+ 14c3c,y° + 16c3¢5y7 + 18c3¢5y8 + 8c2y” + 18c,¢5y® + 20c,c45y°
+10c2y® + 22¢5¢6y™ + 12¢2y™) o0
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1 0%
= REE (4cycy + 12¢,c3y + 24c,c4v% + 40c,c5y3 + 60c,c6y* + 262 + 12¢,¢c,y

+ 24c,c3y% + 40c Y3 + 60cicsy* + 84cicey® + 12¢2y?

+ 40c,c3y3 + 60c,c,y* + 84c,c5y° + 112¢,¢5y° + 30c3y*

+ 84c3c,y° + 112c3¢5y8 + 144c3¢5y” + 56¢2y° + 144c,c5y7
+ 180c,c6y® + 90c2y® + 220cs5¢6y° + 132¢£y*%), 20

1 03
= aa—yg(12c0c3 + 48c,c,y + 120c,c5y? + 240c,c5y3 + 12¢,¢, + 48¢,c3y
+ 120c¢,c4y? + 240c,c5y3 + 420c,cgy* + 242y + 120c,c3y3
+ 240c,c,y3 + 420c,c5y* + 672¢,c4y° + 120c2y3 + 420c5c,y*
+ 672c3¢5y° + 1008c¢3¢4y® + 336¢2y° + 1008c,c5y° + 1440c,c5y”
+720cZy” 4+ 1980cscqy® + 1320cZy°)y—o
1 02
= 613y (48c,cy + 240c,csy + 720c,c5y? + 48c,c3 + 240¢,c,y + 720¢,c5y?

+ 1680c;cgy® + 24c3 + 360c,c3y2 + 720c,¢,y? + 1680c,c5y3
+ 3360c,csy* + 360c3y? + 1680c3¢,y3 + 3360c53¢5y*

+ 6048c3c.y° + 1680c2y* + 6048c,c5y® + 10080c,c4y°
+5040cZy® + 15840cs5c6y” + 11880c¢y®), -0

9]
= 56—y(240c065 + 14400c,cqy + 240c, ¢, + 1440c¢,c5y+5040c¢;cey?

+ 720c,¢5y + 1440c,c,y + 5040c,¢5y? + 13440c¢,¢5y3 + 720c3y
+ 5040c3¢,y? + 13440c3¢5y3 + 30240c5¢4y* + 6720cy3

+ 30240c,c5y* + 60480c,cqy> + 30240cZy° + 110880c5csy®
+95040¢¢y7)y =0

1
= 5(14400066 + 1440c;,c5 + 10080c¢,¢cgy + 720c¢,¢53 + 1440¢,¢4 + 10080c¢,¢5y

+ 40320c,c4y?% + 720c¢2 + 10080c3c,y + 40320c3¢5y2
+ 120960c3¢,y3 + 20160ciy? + 120960c,c5y> + 302400c,c4y*
+151200cy* + 665280c5¢5y° + 665280c5y°), 0

1
= 5(14400066 + 1440c,cs + 720c,c3 + 1440c,c4 + 720c2)
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= (2¢,Cq + 2¢1C5 + Co03 + 205¢4 + €2)

7
v, = la_(c +c6y+ Czyz + 033’3 + c4y4 + C5y5+C6}’6)2
71ay7 +° y=0
7
v =la—(c + 1y + cy? 4 c3y® + eyt +cgy®
7 719y7 o 1Y T Y 3y 4y 5Y
+c6y®)(co + 1y + ¥ + 3y + eyt + o5y + Y% y0
1 97

Uy = ﬁa_}ﬂ((coco) +CoC1y + COCZyZ + COC3y3 + C0C4y4 + COCS)/S

7

_10°
~ 7109y"

+ CoCey®Hcoc1y + 1y (1Y) + 2y (1Y) + c3y3 (ery) + cay*(c1y)

+ sy (1Y) + ey ®(cry) + oy * + c1y(c2y?) + cy2(cy%)

+ 0373 (e2y?) + cay*(2y?) + csy°(c29?) + ¢y °(c2y?) + coC3y°
+¢1y(c3y%) + 2y%(c3y%) + c3y%(c3¥%) + cay*(c3y) + c5y°(c3y%)
+¢6y°(c3y°) + cocay* + cry(eay®) + c2y%(cay®) + c3y3 (cay®)

+ ey (™) + csy®(cay™) + ey (cay®) + cocsy® + c1y(c5y°)

+ % (esy®) + c3¥3(esy°) + cay*(csy®) + csy°(esy®) + c6y°(c5y°)
+ CoCeY° + 1y (c6y®) + 2y%(c6¥®) + 3y (c6y®) + cay* (coy®)
+cs5y°(cey®) + c6¥°(c6¥®))y=0

(c3 4+ 2c,c1Y + 2¢,C9% + 2,033 + 2c,c4y* + 2¢,¢5y°+2¢,c6y°

+ c2y2 + 2¢,0,3 + 2¢103y* + 2¢1¢4Y° + 2¢1¢5y8 + 2¢1c6y7 + 2yt
+ 2¢,¢3Y% + 2¢,¢,y% + 2¢,¢5y7 + 2¢,¢6y8 + €2y6 + 2¢5¢,y7

+ 2c3¢5y8 + 2¢3¢6y8 + c2y8 + 2c405V° + 20406y + c2ytO

+ 2cscey™ + c€yt?)y=0

(2c,cq + 4cycpy + 6¢,03V2% + 8cycay® + 10c,c5v* + 12¢,¢6y°

+ 2¢2y + 6¢1¢,y% + 8ci03y3 + 10c;c,y* + 12¢,c5y° + 14c,c6y°
+ 4c2y3 + 10c,c3y* + 12¢,¢,y° + 14cyc5y8 + 16c,¢5y7 + 6¢2y°
+ 14c30,y° + 16c3¢5y7 + 18c3¢6y8 + 8c2y7) 0
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= ﬁa—yss(ALcoc2 + 12¢,c3Y + 24c,c4Y? + 40c,c5y3 + 60c,cey* + 2¢ + 12¢4¢,y
+ 24c,c3y% + 40c c,y® + 60cicsy* + 84c,cgy® + 12c2y?
+ 40cyc3y3 + 60cyc,y* + 84cyc5y° + 112¢,¢5y° + 30c2y*
+ 84c3c,y° + 112¢3¢5y° + 144c3¢5y” + 56¢2y° + 144c,c5y7
+ 180c,c6y8 + 90c2y® + 220cs5¢6y° + 132¢2y*0), - + 18c4c5y°8
+20c4¢6y° + 10c2y® + 22c5c6y™° + 12¢8y), 20

1 0*
= %a—}ﬂ(lzcoq + 48c,c,y + 120c,c5y% + 240c,c6y3 + 12¢1¢5 + 48c,c3y
+ 120c;c,y? + 240c,c5y3 + 420c,cgy* + 24c2y + 120c,c3y3
+ 240c,c,y3 + 420c,c5y* + 672c,c4y° + 120c2y3 + 420c5¢,y*
+ 672c3¢5y° + 1008c3¢,y° + 336¢2y° + 1008¢,c5y° + 1440c,¢6y”
+720cZy” 4+ 1980cscqy® + 1320cZy°) =
1 03

= 71353 (48c,cq + 240c,csy + 720c,c5y? + 48c,c3 + 240¢,c,y + 720¢,csy?

+ +1680c,cey3 + 24c¢2 + 360c,c3y2 + 720c,¢,y2 + 1680c,c5y3
+ 3360c,csy* + 360c3y? + 1680c3¢,y3 + 3360c53¢5y*

+ 6048c3c.y° + 1680c2y* + 6048c,csy° + 10080c,c4y°
+5040cy® + 15840cscsy” + 11880cfy®),-g

1 02
= %G_yz (240c,cs + 14400c,cqy + 240c,c4 + 1440c;,c5y + 50406166y2 + 720c¢,¢5

+ 1440c,c,y + 5040c,¢5y% + 13440¢,¢c4y3 + 720¢2y + 5040c5¢,y°
+ 13440c5c5y3 + 30240c5¢c5y* + 6720c2y3 + 30240c,c5y*
+ 60480c,cqy° + 30240cZy> + 110880c5¢5y° + 95040¢y7), -0

d
= ;6—y(14406066 + 1440c;c5 + 10080c¢;cey + 720c,¢5 + 1440c,¢, + 10080c,c5y

+ 40320c,c4y?% + 720c¢2 + 10080c3¢,y + 40320c3¢5y2
+ 120960c3¢,y3 + 20160ciy? + 120960c,c5y> + 302400c,c5y*
+151200cy* + 665280c5¢5y° + 665280c5y°), 0
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1
= %(10080c1c6 + 10080c¢;,c5 + 80640c,c6y + 10080c3¢, + 80640c5¢c5y

+ 362880c5¢,y? + 40320c2y? + 362880c,c5y? + 1209600c,c4y3
+ 604800c2y3 + 3326400c5cy* + 3991680c2y5),_,

1
= 5(1008001% + 10080c,c5 + 10080c¢3c,) = 2¢1¢4 + 2¢505 + 2¢5¢4)

08
Vg = Qa_yg(co toay+ ey’ +oyd eyt + c5y5+c6y6)2y=0

1 68 2 3 4 5
vs=§a—y8(co+cly+czy + c3y° +cyy” + sy

+c6y®) (o + 1y + y* + c3y® + eyt + sy + )0

1 08

Vg = ga—yg((coco) + €001y + €oC2Y% + oC3y? + cocay* + cocsy® + cocey®
+coe1y + 1y (ery) + c2y%(€1y) + c3¥° (e1¥) + cay* (1Y)
+c5y° (1Y) + c6y®(c1y) + coc2y? + c1y(cy?) + ey (c2¥7)
+c3y3(c2y?) + ¥ (€2¥?) + c5¥°(020%) + c6y°(c2¥?) + coe3Y°
+c1y(c3y%) + 2¥2(c3y®) + c37° (3¥°) + cay*(c3y®) + c5y°(c3y*)
+c6Y®(c3y?) + cocay* + 1y (cay™) + cy?(cay®) + c3y° (cay™)
+ gy (cay™) + cs¥°(cay*) + c6y°(cay™) + co05¥° + €1y (c5y°)
+ oy (esy°) + c3¥3(csy®) + cay*(csy®) + csy°(csy°) + c6y°(csy°)
+CoC6Y° + 1Y (C6Y®) + c2¥%(c6¥®) + c3¥°(c6¥®) + c4y*(c6¥®)
+cs5y°(cey®) + c6¥°(c6¥®))y=0

— 1 68 2 2 3 4 5 6

= 8ay® (€5 + CoC1y + CoCay ™ + CoC3Y~ + CoCaY™ + CoCsY” + CoCeY° + CoC1Y
+ c2y? + c10,y3 + cie3yt + ey + ciesy® + ey + cocpy?
+ a0 y% + 5yt + €03y + €304Y° + sy + ca¢6y° + Co3Y°
+ i3yt + cpe3y® + c2y® + czcuy” + c3e5Y8 + c3c6y® + cpeuyt
+0164Y° + C6aY° + c36,Y7 + 5y + cacsy® + cacey® + cocsy®
+¢165Y°® + cac5y” + c305y® + cacsy? +cdyt0 + cseytt + cocey®

+ci106y7 + cac6Y® + 306Y° + cucey® + cscey™ + Gy 0
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8
(c3 + 2¢oc1Y + 2¢,Cy% + 2¢,03Y3 + 2c,c4y* + 2¢5c5y° + 2¢,¢6Y°

= 81378
+ +c2y? + 2¢c,0,y3 + 2¢103v* + 2¢1¢4Y° + 20105y° + 2¢4¢6y7
+ 2yt + 20,03Y° + 20504V + 2¢,05Y7 + 2¢,c6y8 + c2y® + 2c3¢,y7
+ 2¢3¢5y8 + 2¢3¢6y8 + c2y8 + 2c405y° + 2c4c6y10 + c2yt0
+ 2c5c6y™t + nglz)yzo
1 97
= 813y7 (2c,cq + 4cycpy + 6C,03y2 + 8c,c,y3 + 10c,c5y* + 12¢,¢45y°

+ 2c2y + 6¢,¢,9% + 8c1c3y3 + 10c,c,y* + 12¢,¢5y° + 14c,cy°

+ 4c2y3 + 10c,c3y* + 12¢,¢,y° + 14c,05y° + 16c,¢5y7 + 6¢5y°

+ 14c3c,y® + 16c5¢5y7 + 18c5¢6y8 + 8cZy” + 18c,¢5y® + 20c,c4y°
+10cdy® + 22¢5¢5y™ + 12¢8y™) 0

1 0°
= 81376 (4c,cy + 12¢,c3y + 24c,c4y% + 40c,c5y® + 60c,c6y*
+ 2c2 + 12¢,c,y + 24c,c3y? + 40c,¢,y3 + 60c,csy* + 84c,cy®
+ 12c2y? + 40c,c3y3 + 60cyc,y* + 84c,c5y° + 112¢,¢4y°
+ 30c2y* + 84c3c,y° + 112¢3¢5y° + 144c3c4y7 + 56¢2y°
+ 144c,c5y” + 180c,c6y® + 90c2y® + 220cs5¢5y° 4+ 132¢8y1%) 20
1 0°

~ 8lays (12coc3 +48c,c4y + 120¢,¢5y% + 240c,c6y>

+ 12¢,¢, + 48cyc3y + 120c,¢,y? + 240c¢,c5y3 + 420c,cey* + 24c3y
+ 120c,c3y3 + 240c,c,y3 + 420c,c5y* + 672¢,c4y° + 120c2y3

+ 420c5¢,y* + 672c5¢5y° + 1008c3¢4y® + 336¢2y° + 1008c,c5y°
+ 1440c,c6y” + 720cy” + 1980c5¢6y® + 1320¢Zy°) -0

4

= 8ioy* (48c,cy + 240c,c5y + 720c,c6y? + 48c,c3 + 240,y + 720¢; c5y?
+ 1680c,cy® + 24c¢2 + 360c,c3y2 + 720c,¢,y% + 1680c,c5y3
+ 3360c,cey* + 360cZy? + 1680c5c,y3 + 3360c3¢5y*
+ 6048c5c5y° + 1680ciy* + 6048c,c5y° + 10080c,c6y°

+5040c2y® + 15840cscsy” + 11880cZy®), g
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1 3

=3 3y —— (240¢,c5 + 14400c,¢6y + 240¢, ¢4 + 1440¢,c5y + 5040c¢,csy? + 720c,¢5
+ 1440cyc,y + 5040c,¢5y2 + 13440c,c4y3 + 720¢2y + 5040c5¢,y 2
+ 13440c5c5y3 + 30240c5¢c5y* + 6720c2y3 + 30240c,c5y*
+ 60480c,c6y° + 30240cZy> + 110880c5c5y° 4+ 95040y 7)o

1 92
= ga—yz (1440c,cq + 1440c,c5 + 10080c;cgy + 720c,¢5 + 1440c,c, + 10080c¢,c5

+ 40320c,c5y?% + 720c% + 10080c5¢,y + 40320c5¢5y?
+ 120960c3¢y3 + 20160ciy? + 120960c,c5y> + 302400c,c4v*
+151200cZy* + 665280c5c6y> 4+ 665280c2y°), -0

0
=3 ay —(10080c¢ ¢ + 10080c,c5 + 80640c,csy + 10080c3c,

+ 80640c5csy + 362880c3¢,y? + 40320cy + 362880¢,c5y?
+ 1209600c,csy3 + 604800cZy3 + 3326400c5csy*
+3991680c2y®),—,

1
= 5(806400206 + 80640c;5cs + 725760c5c4y + 40320c¢2 + 725760c,csy

+ 3628800c,cqy? + 1814400cZy? + 293305600c5csy>
+19958400c2y*),_,

1
= 5(806400206 + 80640c5cs + 40320¢2) = 2c,¢6 + 203¢5 + €2

19°
s = 315y o5 (Co + 01y + 2% + c3¥° + cay* + ey Heey©)?)
9
Vo = s (€ 1y + Gy + oy +Cyt ey
1)

+c6y®) (o + 1y + y* + c3y® + eyt + sy + c¥6)y0
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1 0°
Vg = 913y° ((€oCo) + CoC1Y + CoC2Y? + CoC3Y° + CoCay* + CoC5Y°
+ CoCeY P HCocry + c1y(c1y) + cy*(c1y) + 3y (c1y) + cay*(c1y)
+csy° (1Y) + ¢y ®(c1y) + co % + c1y (%) + cy%(c2y?)
+c3y3(c2y?) + ¥ (c2¥?) + 5y°(02%) + c6y°(c2¥?) + coe3Y°
+1y(c3y®) + 6% (c3?) + 3y (e3¥°) + cay*(c3y®) + cs5y°(c3?)
+c6y°(c3y®) + cocay® + 1y (cay®) + cay?(cay™) + c3¥° (cay®)
+ gy (cay™) + cs¥°(ca¥*) + c6y°(cay™) + co05¥° + €1y (c5y°)
+cay?(csy®) + c3¥°(csy®) + cay*(csy®) + csy°(csy®) + cey°(csy®)
+¢oC6y° + ¢1¥(c6¥®) + 27 (c6Y®) + c3y°(c6y®) + cay*(c6y®)
+ cs5y°(cey®) + c6¥°(c6¥®))y=0
_19 2 3 4 5 6
= 919y° (€5 + CoC1Y + CoCoY° + CoC3Y° + CoCaY™ + CoC5Y” + CoCeY” + CoC1Y
+ c2y? + c10y3 + cre3yt + cieay® + ci0sY8 + i,y + cpcpy?
+co01 Y% + 5yt + €03y + €a04Y° + o5y + ca06y° + Co3Y3
+e163y* + ca03y° + c5Y® + c3cay” + c305Y° + c3c6y° + cocayt
+C16aY° + €204Y° + 307 + cZy® + cacsy® + cacey™® + cocsy®
+¢165y° + caesy” + c36sy® + cacsy® + iyt + cscey ™t + cocey®
+ 1667 + 2668 + c366Y° + cacey® + csceytt + cEy ') o0
1, 2 3 4
= aa—yg (c5 + 2¢coc1y + 2¢,Cy% + 2¢,C3Y° + 2¢,CaY
+ 2¢,c5y°+2¢,¢6y° + c2y? 4 2¢10,V3 + 2¢i03y* + 2¢4¢,y°
+ 2¢105Y8 + 2¢1c6Y7 + c2y* + 2c,¢3y° + 2¢,¢,y° + 2¢,¢5y7
+ 2¢,¢6y8 + c2y° + 2c5¢4Y7 + 2¢305Y8 + 2¢3¢4y8 + c2y® + 2c4c5y°
+ 20466y + 2yt + 2¢5c6y™t 4 ¢y 0
1 08
= 915y° (2c,¢q + 4cycpy + 6¢,03V% + 8,y
+ 10c,csy*+12¢c,cy° + 2¢2y + 6¢1c,y% + 8c1c3y3 + 10c, ¢yt
+ 12¢;¢5y° + 14cic6y® + 4c2y3 + 10c,c3y* + 12¢5¢,y° + 14c,c5Y°
+ 16c,¢6y7 + 6¢2y° + 14c3¢,y° + 16c5¢5y7 + 18c3¢4y8 + 8¢y’
+ 18c4c5y8 + 20c,c6y° + 10c2y® 4+ 22¢5c6y™° + 12¢¢y™) 0
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10

7

= 513y7 (4cycy + 12¢,c3y + 24c,c4y?

1 0%
9! gy®

5

+ 40c,c5y3+60c,cey* + 2¢ + 12¢1¢,y + 24¢,c3y? + 40c¢,c4y3
+ 60c;csy* + 84cicey® + 12¢2y? + 40c,c3y3 + 60c,c,y*

+ 84c,yc5y® + 112¢,¢5y° + 30c2y* + 84c3c,y® + 112c5¢5y°

+ 144c3c5y” + 56c2y° + 144c,c5y7 + 180c,c6y8 + 90cZy®) -

(12¢,c3 + 48c,csy + 120c,c5y% + 240c,c4y>

+ 12cy¢, + 48cyc3y + 120c,¢,y% + 240c¢,c5y3 + 420c,coy* + 24c¢2y
+ 120c,c3y3 + 240c,c,y3 + 420c,c5y* + 672c,c4y° + 120c2y3

+ 420c3¢,y* + 672c3¢5y> + 1008c3¢,y° + 336¢2y° + 1008c,c5y°
+ 1440c,cy” + 720cZy” + 1980cs¢6y® + 1320cZy?), -0
+220cs¢6y° + 1326020

= Ea_ys (48c,cy + 240c,csy + 720c,c5y? + 48¢c5

19
~ 9lgy3

4

3

+ 240c,c,y + 720c,c5y? + 1680c,c6y3 + 24c% + 360c,c5y2

+ 720c,¢,y% 4+ 1680c,¢5y3 + 3360c,c4y* + 360c2y? + 1680c5¢,y3
+ 3360c3csy* + 6048c3c4y° + 1680c2y* + 6048c,c5y°
+10080c,c6y® + 5040cZy® + 15840c5¢5y7 + 11880cy®), 0

(240c,c5 + 14400c,c65y + 240c¢,cy + 1440c,c5Yy

+ 5040c;cgy? + 720c,c3y + 1440c¢,¢,y + 5040¢,c5y?

+ 13440c,c4y3 + 720c2y + 5040c5c,y? + 13440c5¢5y3

+ 30240c5c4y* + 6720c2y3 + 30240c,c5y* + 60480c,c4y°
+30240cZy® + 110880c5¢5y° + 95040cZy7) -0

(1440c,cq + 1440c,c5 + 10080c¢;cgy + 720c,c5 + 1440c;,c,

+ 10080c,csy + 40320c,c4y% + 720c¢2 + 10080c3¢,y
+ 40320c3c5y% + 120960c3¢,y3 + 20160c2y? + 120960c,c5y3
+302400c,cy* + 151200cZy* + 665280c5¢5y° + 665280¢y°), -0
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1 2

=3 3y —— (10080¢; ¢ + 10080c;,¢5 + 80640¢,¢6y + 10080c¢3¢4 + 80640c3¢5y
+ 362880c3c,y? + 40320c2y + 362880c,c5y? + 1209600c,c.y3
+ 604800cZy3 + 3326400csc y* + 3991680062y5)y=0

9]
=3 3y — (80640c,c¢ + 80640c3c5 + 725760c3¢,y + 40320c3 + 725760c,cs5y

+ 3628800c,c5y? + 1814400c2y? + 293305600¢5cey>
+19958400cZy*), -0

1
= 57 (725760c3¢, + 725760c4¢5 + 7257600¢,¢6y + 3628800c3y

+879916800c5csy? + 79833600c¢y*), -0

1
= 57 (725760c3¢, + 725760¢4¢5) = 2€5C6 + 2¢4Cs

1 610

V1g = Tmm(co +oy+ eyt ey oyt + oy ey®)?

610

Vio = Tmm(co + oy + 6y +cy? + oyt + sy’

+c6y®)(Co + 1y + 0y% +c3y® + eyt + csy® + Csy6)y=o
1 910

V10 = o1 By10 ((€oCo) + CoC1Y + CoCaY? + CoC3Y° + CoCay* + CoC5y®
+ CoCeY P HCoCry + ey (c1y) + cy*(c1y) + 3y (c1y) + cay*(c1y)
+csy° (1Y) + cgy®(c1y) + cocy% + c1y (%) + cy%(c2y?)
+c3y° (6% + cay(cy?) + c5y°(c20?) + 6y ° (%) + coc3y°
+c1y(esy®) + 022 (c3y?) + c3y3(c3y®) + cay*(e3y°) + c5y° (c3¥%)
+c6y°(c3y®) + cocay® + 1y (cay®) + cay?(cay™) + c3¥° (cay®)
+ gy (cay™) + cs¥°(ca¥*) + c6y°(cay™) + co05¥° + c1¥(c5y°)
+ 2% (c5¥°) + ¢33 (c5y°) + cay*(c5¥°) + c5y°(c5¥°) + c6y°(c5y®)
+¢,66Y° + c1¥(c6¥®) + c2¥%(c6¥®) + 373 (c6¥®) + cay*(c6y®)
+ c5y°(cy®) + c6¥®(c6Y®))y=0

81



— 1 610 2 2 3 4 5
= 1073370 (€6 + Cotry + o2y + Colsy® + Cocuy® + CoCsy

+ c,cyltc ey + c2y? 4 cicy3 + cie3yt + cicuy® + ey’

+ c107Y7 + o y? + 013 + 2yt + 3y + cp0,y8 + cpcsy

+ ccy® + o33 + i3yt + cp03y® + €2y0 + c3c,y7 + c3c5y8
+¢366Y° + CoCay* + 104y + €2¢4Y° + 30,7 + cZy® + cacsy”®
+€4CeY ™ + CoC5Y° + €1C5y° + o5y + c3¢5y® + cacsy® + ey

+ Y™+ CoCeY° + CiCeY” F a6y ® + c3¢6y° + cacey ™ + cscoy ™

+ C62y12)y=0

1 610
= 101510 (c& + 2c,c1Y + 2,092 + 2c,c3y3 + 2c,c4y*

+ 2c,c5y°+2¢,¢6y° + c2y? + 2¢c,6,y3 + 2¢,c3v* + 2¢,¢,y°

+ 2¢,05Y8 + 2¢1c6Y7 + 2yt + 2c,¢3y° + 2¢,¢,y° + 2¢,¢5y7

+ 2¢,¢6y8 + c2y° + 2c3¢4Y7 + 2¢305Y8 + 2¢3¢4y8 + c2y® + 2c4c5y°

+ 20466y + 2yt + 2c5c6y™t 4 2y 0

1 9°

= ma—yg(Zcocl + 4COC2y + 6C0C3y2 + 8COC4_y3 + 10C0C5y4 + 12C0C6y5

+ 2¢2y + 6¢,¢,y% + 8c1c3y3 + 10c;c,y* + 12¢,¢5y° + 14c,c6y®

+ 4c2y3 + 10c,c3y* + 12¢,¢,y° + 14,058 + 16c,¢5y7 + 6¢2y°

+ 14c5c,y° + 16c5¢5y” + 18c5¢6y8 + 8cZy” + 18c,¢5y® + 20c,c6y°
+10c2y® + 22¢5¢6y™ + 12¢2y™) 0

1 08
= 1—0'6—}’8(4%62 + 12c,c3y + 24c,cay? + 40c,c5y3 + 60c,cey* + 2¢2

+ 12¢,¢,y + 24c¢,03Y% + 40c,¢,y3 + 60c,csy* + 84ccey® + 12¢2y?

+ 40c,c3y3 + 60c,c,y* + 84c,c5y° + 112¢,¢5y° + 30c3y*

+ 84c3c,y° + 112¢3¢5y° + 144c3c5y” + 56¢2y° + 144c,c5y7

+ 180c,c6y® +90csy® + 220cs5¢5y° + 132¢5y%), =0
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1 97
= 1—0'6—y7(126003 + 48¢,c,y + 120c,c5y? + 240c¢,¢6y3

+ 12¢,¢, + 48cyc3y + 120c,¢,y? + 240c¢,c5y3 + 420c,coy* + 24c3y
+ 120c,¢5y3 + 240c,c,y3 + 420c,c5y* + 672¢,c4y° + 120c2y3

+ 420c3¢,y* + 672c3¢5y° + 1008c3¢,y° + 336¢2y° + 1008c,c5y°
+ 1440c,c6y” + 720cy” + 1980c5¢6y® + 1320¢Zy°) -0

1 0°
= Wa—w(48coc4 + 240c,c5y + 720c,cqy? + 48c¢;¢5
+ 240c,c,y + 720c,c5y? + 1680c,cgy3 + 24c% + 360c,c5y?
+ 720c,¢,y% 4+ 1680c,¢5y3 + 3360c,c4y* + 360c2y? + 1680c5¢,y3
+ 3360c3c5y* + 6048c3c4y° + 1680c2y* + 6048c,csy°
+10080c,c6y® + 5040cZy® + 15840c5¢5y7 + 11880cy?®), 0
5
= ﬁa_ys(MOCOCS + 14400c¢,cqy + 240c¢ ¢4 + 1440c,c5y

+ 5040c;cgy? + 720c,c3y + 1440c¢,¢,y + 5040¢,c5y?

+ 13440c,c4y3 + 720c2y + 5040c5¢,y? + 13440c5c5y3

+ 30240c3cy* + 6720c2y3 + 30240c,c5y* + 60480c,cqy°
+30240cZy> + 110880c5c6y® + 95040cZy7), -0

04
= ﬁa—y‘}(léMOcocé + 1440c¢;c5 + 10080c¢,¢cgy + 720c,¢3 + 1440c¢,c,
+ 10080c,c5y+40320c,c6y? + 720cZ + 10080c3¢,y + 40320c¢5¢5y?
+ 120960c3¢,y3 + 20160c2y? + 120960c,csy> + 302400c,c5v*
+151200cy* + 665280c5¢5y° + 665280c5y°), 0
1 3
= Wa—yg)(100806166 + 10080c¢;,c5 + 80640c,c6y + 10080c3¢, + 80640c5¢c5y
+ 362880c3csy? + 40320c2y + 362880c,c5y% + 1209600c,¢.y3

+604800c2y? + 3326400c5¢5y* + 3991680c2y®), -0

62
= T013y7 (80640c2¢ +80640csc5 + 725760cscey + 40320c + 725760c,c5y
+3628800c,c6y° + 1814400c¢y® + 293305600c5¢6y*

+19958400¢2y*) =g
83



= Toray (72576003c6 + 725760c,cs + 7257600¢,c5y + 3628800c2y

+879916800c5c4y? + 79833600c¢y*), -0

1
= — (7257600c,cq + 3628800c2 + 1759833600c5c6y* + 239500800c2y2),—,

10!

1
= —(7257600c,cs + 3628800c2) = 2c,cq + C2

10!

V11 =

V11 =

V11

11 9yt (o

11 9yt (o

all
+oy + ey ey oyt +osytey®)?

all
+ 1y + ¥?% + 3y + eyt + ey®

+c6y®)(co + 1y + ¥ + 3y + eyt + o5y + %) y0

1 611

= ann ((coCo) + CoCrY + CoC V% + coc3V3 + coay® + coesy®

+ CoCeY°+Cocry + ey (1) + c2y%(c1y) + c3y3(c1y) + cay*(e1y)
+c5y° (1Y) + cey®(c1y) + coc2y? + c1y(c2y?) + ey (e2y?)

+ 3% (c2y?) + cay*(c2y?) + c5¥° (2y?) + c6y°(c2y?) + coC3Y°
+1y(c3y®) + c2y%(c3y®) + c3y° (e39%) + cay*(e3y®) + csy°(e3y°)
+c6y°(c3y°) + cocay® + c1y(eay™) + c2y? (cay™®) + c3y3 (cay®)

+ cay*(cay®) + csy°(cay™) + cey®(cay™®) + €oCsy° + €1y (csy°)

+ 2% (esy°) + 3¥° (csy°) + cay*(5y°) + c5y°(c5¥°) + c6y°(c5y°)
+¢oCey° + c1y(c6y®) + 2% (cs¥®) + c3¥°(c6¥®) + cay*(c6y®)
+cs5y°(c6¥®) + c6¥®(€6¥®))y=0

1 611
11'6 11

(€5 + €oC1Y + CoCa¥% + CoC3y> + CoCay* + CoCsY® + CoC6Y°® + CoC1Y

+ c2y? + c10y3 + i3yt + ey + ciesy® + ey + oy’
+ 001y + 3yt + a3y + a0y + a5y + cac6y® + co03y°
+eiesyt + ce3y® + 3y + czesy’ + cacsy® + cacgy’ + coeuy®
+C16aY° + €2¢3Y° + 307 + Y8 + cacsy® + cacey™® + coCsy?
4 c105Y° + cr¢5Y7 + c3¢5y8 + cucsy® + 2V + cscgytt + cocey®
+ 166y + €206Y° + c3¢6Y° + cacey™® + csceyt + €y )y
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1 611
(c3 4+ 2¢,c1y + 2¢,C2y% + 2,033 + 2c,c,y* + 2¢,05y°

= gy
+ 2¢,¢6y® + c2y? + 2¢10,Y3 + 2¢i03y* + 201¢,y° + 2¢4¢5y°
+ 2cic6y7 + 2yt + 2c503y° + 205¢,8 + 205057 + 20,68 + c2y°
+ 20304y 4 2¢3¢5y8 + 2¢3¢6y8 + c2y® + 2c,c5y° + 2c4c4y1°
+ 5y + 2ese6y™t + €8y ) y=0
1 910

= E_aylo (2C0C1 + 4‘C0C2y + 6C0C3y2 + 8C0C4y3 + 1OCOC5y4 + 12C0C6y5

+ 2¢2y + 6¢,¢,y% + 8c1c3y3 + 10cic,y* + 12¢,¢5y° + 14c¢,c5y°

+ 4c2y3 + 10c,c3y* + 12¢,¢,y° + 14,058 + 16c,¢5y7 + 6¢2y°

+ 14c3¢,y° + 16c3¢5y” + 18c304y8 + 8cZy” + 18c,c5y8 + 20c,c4y°
+10c2y® + 22¢5¢6y™ + 12¢2y™) 0

10
~ 11!0y°

(4c,cy + 12¢,c3y + 24c,c,y% + 40c,c5y3 + 60c,ccy* + 2¢2
+ 12¢,0,y + 24c¢,c3y% + 40c, ¢,y + 60cicsy* + 84c,cgy® + 12¢2y?
+ 40c,c3y3 + 60c,c,y* + 84c,05y° + 112¢,c4y° + 30c3y*
+ 84c3c,y° + 112¢3¢5y° + 144c3c4y” + 56¢2y° + 144c,c5y7
+180c,4¢6y® + 90cy® + 220c5¢5y° + 132¢2y™%) o
8
= Ea—ys(12c063 + 48c,cyy + 120c,c5y% + 240c¢,¢6y° + 12¢4¢, + 48¢4c3y
+ 120c;c,y? + 240c¢,c5y3 + 420c,cgy* + 24c2y + 120c,c3y3
+ 240c,c,y3 + 420c,c5y* 4+ 672¢,c4y° + 120¢2y3 + 420c5c,y*
+ 672c3¢5y° + 1008c3¢,y° + 336¢2y° + 1008¢,c5y°® + 1440c,c.y”
+720cdy” +1980cscsy® + 1320¢Zy®) -0

1 97
= Ea—y7(48coc4 + 240c,c5y + 720c,csy? + 48cic3 + 240c, ¢,y + 720c¢,c5y?

+ 1680c, ¢y + 24c¢2 + 360c,c3y2 + 720c,¢,y2 + 1680c,c5y3
+ 3360c,cey* + 360csy? + 1680c5c,y3 + 3360c3¢5y*

+ 6048c5c.y° + 1680c2y* + 6048c,c5y° + 10080c,c4y°
+5040cy® + 15840cscsy” + 11880cfy®),—g
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1 6
=10 3y —— (240c¢,c5 + 14400c,¢6y + 240c¢ ¢4 + 1440c¢;c5y + 5040c;cgy?
+ 720c,c3y+1440c,¢,y + 5040c,c5y% + 13440c,c4y3 + 7202y
+ 5040c3¢,y? + 13440c3¢5y3 + 30240c3¢y* + 6720c2y3
+ 30240c,csy* + 60480c,csy° + 30240c2y° + 110880c5csy®
+95040¢¢y7)y =0
5
= Ea_y5(1440€0c6 + 1440c¢,c5 + 10080c¢, ¢y + 720c,c3 + 1440c,¢4
+ 10080c,csy + 40320c,c4y% + 720c¢2 + 10080c3¢,y
+ 40320c5c5y% + 120960c3¢,y3 + 20160c2y? + 120960c,c5y3

+302400c,cy* + 151200cZy* + 665280c5¢5y° + 665280cy°), -0

4

= Ea_y“(mOSOCl% + 10080c;,¢5 + 80640c,¢c6y + 10080c¢3¢4 + 80640c3¢5y
+ 362880c3¢,y? + 40320c2y + 362880c,csy? + 1209600c,c4y3
+604800cZy? + 3326400c5¢5y* +3991680c8y°), 0

63

= Ea—}ﬁ(8064002c6 + 80640c5cs + 725760c5c4y + 40320¢2 + 725760c,csy

+ 3628800c,csy? + 1814400cZy? + 13305600c5csy>

+19958400cZy*), -0

1 02
= Ea_yz(72576063c6 + 725760c,c5 + 7257600c,cqy + 3628800c2y

+39916800cs5c6y? + 79833600c2y>) 0

)
= T1gy (7257600csc5 + 3628800cZ + 79833600c5cy* + 239500800¢2y2),—

1
—79833600c5cq = 2¢5¢4

1
—(79833600c5¢cq + 47900160066y)y 0 =17

T 11

012

Vi = EW(CO +ay+ eyt + oy’ oyt + oy tey®)?
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1 612
Viz = ﬁm(co + ey +ey? ey + oyt +esy®

+c6y®)(co + 1y + ¥ + c3y® + eyt + o5y + %) y0
1 912

Viz = ﬁm((co%) +CoC1Y + CoCY% + CoC3Y% + coCay* + CoCsy®
+ €oC6y°+coc1y + c1y(cry) + c2y% (1Y) + c3y°(cry) + cay*(e1y)
+c5y° (1Y) + c6y®(c1y) + coc2y? + c1y(cy?) + % (c2y?)
+c37%(c2¥%) + cay*(c2y®) + csy®(c2¥?) + cey®(c2y?) + co3y°
+c1y(c3y?) + cay?(c3y?) + csy3(cay®) + cay*(csy?) + csy°(csy?)
+c6y°(c3¥°) + cocayt + 1y (cay®) + c2y%(cay™) + 3% (c4y™)
+cay*(cay®) + csy®(cay®) + cey®(cay®) + cocsy® + c1y(csy®)
+c2y?(csy®) + c3¥°(csy°) + 4y (csy®) + csy°(csy°) + c6y°(csy®)
+¢oC6¥° + €1Y(c6¥®) + 2% (c6Y°®) + c3¥°(c6y°) + cay*(c6¥®)
+ csy°(cey®) + c6Y°(c6¥®))y=0

612

= T2y (€6 + Cotuy + Cocay + Colsy® + Cocuy® + Cocsy®

+ coceyltc,ciy + c2y? 4 cicy3 + cio3yt + cicuy® + ciesy®
+C167y7 + €y + 01y + c5y*t + a3y + cp0ay® + Cocsy’
+CaC6Y° + CoC3y + c103y* + cae3y® + c5YC + ey + cacsy®
+¢366Y° + CoCay* + 104y + €204Y° + 30,y + cZy® + cacsy”®
+€4C6Y ™0 + CoC5Y° + €1C5y° + o5y + c3¢5y® + cacsy® + ey
+CsCey '+ CoCeY® + CiCYT + gy ® + c3c6Y” + cacey ™ + csceytt
+ Cezylz)y=o

612

= ﬁayu (C(z) + 2¢co01y + ZCOCZ)/Z + 2C063y3 + ZCOC4y4

+ 2¢,c5y°+2¢,¢6y° + c2y? + 2¢10,V3 + 2¢i03y* + 2¢4¢,y°

+ 2¢165Y8 + 2¢1c6Y7 + C2y* + 2¢,¢3y° + 2¢,¢,y° + 2¢,¢5y7

+ 2¢,¢6y8 + c2y° + 2c5¢4Y7 + 2¢305Y8 + 2¢3¢4y8 + c2y® + 2c4c5y°
+ 20466y + 2yt + 2¢5c6y™t 4 ¢y 0
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1 611
= 21 (2¢c,cq + 4cy ey + 6C,03y2 + 8c,c,y3

+ 10c,csy*+12¢,cy° + 2¢2y + 6¢1c,y% + 8cic3y3 + 10c,cuy*

+ 12¢1c5Y° + 14cicey® + 4c2y3 + 10c,c3y* + 12¢,¢,y° + 14c,05Y°

+ 16c,c6y7 + 6¢2y5 + 14c3¢,y° + 16c3c5y7 + 18c3¢5y® + 8c2y”

+ 18c4¢5y® + 20c,c6y° 4+ 10cZy® 4+ 22¢5¢y™° + 12¢2y™) 0

1 610
= ﬁm(4c0c2 + 12c,c3Y + 24c,cqy? + 40c,c5y2 + 60c,c5y* + 2¢2 + 12¢,c,y

+ 24c,c3y% + 40c ¢y + 60c,csy* + 84cicey® + 12¢2y?

+ 40c,c3y3 + 60c,c,y* + 84c,05v° + 112¢,c4y° + 30c3y*

+ 84c3c,y° + 112¢3¢5y° + 144c3¢,y7 + 56¢2y° + 144c,c5y7

+ 180c,c6y® + 90c2y® + 220cs5¢5y° + 132¢£y*%), -0

1 9°
= ﬁa—yg(lzcocg, + 48c,c,y + 120c,c5y?% + 240c,c6y3 + 12¢4¢, + 48¢, ¢35y

+ 120c;c,y? + 240c,c5y3 + 420c,cgy* + 24c2y + 120c,c3y3

+ 240c,c,y3 + 420c,c5y* + 672¢,¢c4y° + 120¢2y3 + 420c5c,y*

+ 672c3¢5y° + 1008c3¢,y° + 336¢2y° + 1008¢,c5y°® + 1440c,c.y”

+720cdy” +1980c5¢6y® + 1320cZy®) -0

1 08
= ﬁa—ys(48C0C4 + 24‘OCOC5y + 720COC6y2 + 4‘8C1C3 + 24‘0C1C4y + 720C1C5y2

+ 1680c,csy® + 24c¢2 + 360c,c3y2 + 720c,¢,y% + 1680c,c5y3
+ 3360c,cey* + 360c2y? + 1680c5c,y3 + 3360c3c5y*

+ 6048c5c5y° + 1680ciy* + 6048c,c5y° + 10080c,c6y°
+5040c2y® + 15840cs5c5y” + 11880cZy®), g

7

= ﬁa—}ﬂ(240coc5 + 14400c,cqy + 240c, ¢, + 1440c¢,c5y + 5040¢,cgy?
+ 720c,¢5y + 1440c,c,y + 5040c,¢5y? + 13440c¢,¢5y3 + 720c3y
+ 5040c3¢,y? + 13440c3¢5y3 + 30240c5¢4y* + 6720cy3
+ 30240c,csy* + 60480c,cqy° + 30240cZy° + 110880c5csy®

+95040¢¢y7)y =0
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6

= 12176 —(1440c,cq + 1440c;c5 + 10080c¢c; ¢y + 720c,¢5 + 1440c,¢,

+ 10080c,c5y + 40320c¢,¢c4y% + 720¢2 + 10080c¢5¢,y
+ 40320c5¢5y% 4+ 120960c5¢,y3 + 20160c2y? + 120960c,¢5y3
+302400c,cey* + 151200c2y* 4+ 665280c5c6y° + 665280cZy©), -
1 5
=12 3y ——=(10080c¢; ¢ + 10080c;,¢5 + 80640c,¢c6y + 10080c5¢4 + 80640c3¢5y
+ 362880c3c,y? + 40320c2y + 362880c,c5y? + 1209600c,c.y3
+ 604800cZy3 + 3326400cscsy* + 3991680062y5)y=0
1 4
= ﬁa—y4(80640czc6 + 80640c3cs + 725760c3¢5y + 40320cZ + 725760c,¢5y
+ 3628800c,cqy? + 1814400c2y? + 13305600c5c.y>
+ 199584000%3/4)3,:0
63
= ﬁa—y?,(7257600366 + 725760c,c5 + 7257600c,cqy + 3628800c2y
+39916800cscsy* + 79833600c£y>)y =0

2

=5y (7257600c,cq + 3628800cZ + 79833600cscsy? + 239500800c2y2), g

2
1215 (79833600c5c; + 479001600¢2y),—o

1

= —479001600cZ = c? (3.23)
and sing formula (2.31 ),we have ug,,, = S o EX(t) u

1 3 10 35 126 462
CZO :CO +EC1 +§C2 +3_2C3+128C4+51265+2048C6

S +56 210 792
=50 tghtyy it gt tss 0%

&9



1,6 28 120 495
2782 T35 T 8% T 512 T 20486

1 8 45 220

#3 =356 T 128% T512% T 3048

1 10 66

Y T 1284 T 512 T 20486

_ 1 12
% T 512 T 20486

1
a =—oc
6~ 2048 ©

and using formula (2.31 ),we have

12
[uapp]2 = Z Bi Ex(y)
=0

Where , Y12, B,

(3.24)

10 35 126 462 1716 6435

ﬁo :vo +—U1+—U2 +—‘U3 +—

ZV1tgV2a T3Vt gV 5oV T 5048V T 519277 T 3276878

L 24310 92378 352716 1352078
131072 7° T 524288 "1° T 2097152 "1 T 3388608 ' 12

15 56 210 792 3003 11440
Br=3vitgvet33vs T gV Y53V Y 5028 % Y 81927 T 32768 U
43758 167960 646646 2496144
T 131072 7° T 524288 7° T 2097152 V' * 3388608 12

1 6 28 120 495 2002 8008 31824

ﬁz 25172 +3_2173 +

125970 497620 1961256
524288 "1° T 2097152 ' T 8388608 ' 12

_ 1,8 45 220 1001 4368 18564
Bs =33V o8V t512% T 2008 % T 819277 T 3276878 T 131072 ¥
77520 319770 1307504

+ 524288 V10 T 2097152 " * 8388608 2
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1287+ T 51275 T 20487 T 819277 T 3276878 T 131072 %°



1 10 66 364 1820 18568 38760

B =128" 512V Y 20286 T 81927 T 32768 V¢ T 131072 V0 T 524288 10
L 17544 735471
2097152 “** T 8388608 ' 12
_ 1,12 91 560 3060 15504
Bs =512Vt 204876 T8192 "7 T 32768 7% T 131072 V0 T 522288 V10
L 74613 346104
2097152 "'t T 8388608 " 12
_ 1,14 120 . Bl6 4845 26334
Bs = 302876 T 819277 T 32768 "8 T 131072 ° T 524288 ° T 2007152 *1!
, 134596
8388608 12
_ 1 .16 153 1140 7315
Br=8192"7 * 3276878 T 131072 *° T 524288 *° T 2097152 ' 1t
, 42504
8388608 12
! ,_18 , 190 , 1540 , 10626
Bs = 3576878 T 131072 7 T 524288 ° T 2097152 V' + 8388608 12
1 ,_ 20 231 , 2024
Bo=131072"° T 524288 ° T 2097152 V' * 8388608 V12
~ 22 , 276
Bro = 550288710 T 2097152 V1t * 8388608 V12
~ L2
B = 5097152 711 * 3388608 V12
1
P12 = 5388608 V12 (3-25)
6 1 12
P3 X 1 t 2
Y aB - [ty BEO)|dy =t - 4t + te?)
=0 0 i=0

Now, we multiply both sides of the above relation with {w(t)EJ-”* ()} =0,1,2,3,4 ; from
the orthogonality of shifted Chebyshev polynomials, we obtain the following nonlinear

equation
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- Y% BK;=f ,i=0,..6 i=0,..,12

From equation (2.44) we find that

j ,T

We find the valuesof k j = 0, ...,6, i =0, ..., 12 for from equation (2.43)

1 . .
K= [, [] o®kt,VE*OEF(®)dydtj=0,..,6, i=0,..,12

11
1

Jf tyEX (V)E (t)dy dt, j=0,..,6, i=0,..,12

00

—
1 1
_ Oj Oj \/tlityEg*(y)ES*(t)dydt
1 1
:Of,of\/ti—tzty(l31072y —589824y8+1105920y — 1118208y

T
t P —
Vit — t2 308
1

11
00

92
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1

1

j —ty(131072y° — 589824y° + 1105920y” — 1118208y°
t—t

0

1
oJ
+ 658944y° — 228096y* + 44352y3 — 4320y2 + 162y — 1)(2t

—1)dydt

1
1 2t—1
=—— tdt = ———
154 ) t —¢2 616
0

1
t—t2

tyEs (y)E5 ()dy dt

‘5

Il
o
o——_

1
t—t2

ty(131072y° — 589824y8 + 1105920y’ — 1118208y°

Il
o\»—\
o\r—\

+ 658944y5 — 228096y* + 44352y3 — 4320y2 + 162y — 1)(8t2
— 8t + Ddydt

1 1
= ——f t(8t? —8t+ 1)dt=0
t—t2

1
t—t2

tyEs' (y)E3F (t)dy dt

‘ﬁ

Il
o —
o

1
t—t2

ty(131072y° — 589824y8 + 1105920y’ — 1118208y°

Il
o
o\’_\

+ 658944y5 — 228096y* + 44352y3 — 4320y2 + 162y — 1)(32t3
—48t%2 + 18t — 1)dy dt

1
1 1
= ——J t(32t3 —48t2+ 18t —1)dt =0
15 t—t2

0

The rest of the values of K; ; were founded in the same way [See the appendix] in order

to find the following matrix

Kize =
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~TT T T T T T T Vs T T T T T
4 12 12 20 60 84 140 180 252 308 396 468 572
s T s T s T T Vs T T T T s
8 24 24 40 120 186 280 360 504 616 792 936 1144
0 0 0 0 0 0 0 0 0 0 0 0 0
o0 0o o0 ©0 0 0O 0 0 0 0 0 0
o0 o o ©0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
(3.28)

We find the values of f; from equation (2.42)

fi = fw(t)f(t)E;“(t) dt ,j=0,..,6
0

(t —4e* + te?)EF(t) dt

E5 (t) dt

(t —4et + te?)(512t> — 1280t* + 1120t3 — 400t + 50t — 1) dt

-Mv—‘

1
of
=0.0000425928
1
f 1
4.t —¢2
0

_f 1 1
T Jo 4vt—t2
72t + 1) dt =0.0000425928

— B () de

(t — 4et + te?)(2048t° — 6144t> + 6912t* — 3584t3 + 840t —

We find the matrix of f, to f, values from the previous equations and from

equations (3.21)
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We substitute the equations (3.29),(3.28),(3.27) in equation (2.26) we obtain the

following matrix system

_nao_
T[(Z
2 1
T[(X
2 2
T[(X
2 3
T[a
2 4

na
2 45

3

|
R
o

-2

T T
12 20

24

SCoocoomlasla
cocococofRlag|a

cocococo
ooooo_hl
g

2.21406
—0.311395
0.165261
0.0137007
0.000853629
0.00000425928
0.00000177207

fe =

2.21406
—0.311395

0.165261
0.0137007
0.000853629

0.00000425928

0.00000177207-

Y V1 T
T 140 180 252
T s s
T 280 360 504
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

95
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Substituting equations (3.24), (3.25) into the system (3.30) we obtain

T -
m
-a
!
T
-«a
S %2
s
-a
=
s
-a
S %4
s
-a
S s
T
-a
5 %]
_TT s T m s m T s m m m s Y[
4 12 12 20 60 84 140 180 252 308 396 468 572
s s m m s m T s m m T s T
8 24 24 40 120 186 280 360 504 616 792 936 1144
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
-0 0 0 0 0 0 0 0 0 0 0 0 0 -
L1030 10 035 0 126 462 1716 6435 24310 92378 352716 1352078
Vo 1T g2 T35V T 128V T 51275 T 20487 T 819277 " 32768° T 131072 ° " 524288 "1° T 2097152 '*! T 8388608 1
4, 15 56 210 792 3003 © 11440 43758 167960 646646 2496144
2TV T3 Vs T 128 51275 T 2048 ¢ T 819277 T 32768"° " 131072 *° " 5242881 T 2097152 "' " 8388608 2
L6 .28 120 495 2002 - 8008 31624 ~ 125070 497620 1961256
872732V T 128V T 51275 T 204876 T 81927 " 32768 T 131072 *° " 524288 "1° T 2097152 '1! " 8388608 12
L .8 45 220 - 1001 4368 18564 77520 319770 1307504
3272 128" T 51275 T 204876 T 8192 7 " 32768 "% T 131072 ° " 524288 "1 " 2097152 ' " 8388608 12
L 10 - 66 364 1820 8568 38760 17544 735471
1287 T 5125 T 2048V T 81927 T 32768 *® T 131072 *° " 524288 "° " 2097152 "1 T 8388608 12
L.tz 91 560 3060 15504 74613 346104
51275 " 204876 " 8192 77 " 32768 "% T 131072 ° " 524288 *° " 2097152 "' " 8388608 12

1 14 120 816 4845 26334 134596
20487 T 819277 32768 7 T 131072 7° * 524288 "0 T 2007152 "* * 5388608 V12

1
819277 327687 Y 131072 7 524288 V*° T 2097152 ' T 5388608 V12
1 10626

18 19
327688 T 131072 ° Y 524288 "° * 2007152 V1 * 5388608 12
1

231 2024
V11

20
131072 * 524288 "0 T 2007152 V1 * 8388608 V2

22
524288 "*° * 2097152 " T 8388608 12
1 4

2
2097152 "1 * 388608 "2
1

8388608 12

[ 221406
| -0311395 |
0.165261
=| 0.0137007
0.000853629
0.00000425928
0.00000177207
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T
2

2
T

-2

-nao_
T[(X
2 1
na
2 2
na
2 3
_a4
V[

—-a

—0.311395

0.0137007
0.000853629

0.00000425928
-0.00000177207-

<=ErEEENE
cocococoi|asla
coocoohl|laxla
cocoococol|az]a
cocoococofRlal]a

6

2.21406

0.165261

cocococ of|akr|a

cocococoflar|a

cocoococoR|ak]a

cooco oi|all|a

cocococoR|aN|a

cocoococoF|a|a

ococ oo ofaR]a

Substituting equation (3.23) into the system (3.30) we obtain

T,
T
5051 T T W WM W W T
Ea 4 6 8 10 12 14 16
2 2 LS [ S | S | S S (A (4
Ea 8 12 16 20 24 28 32
23%—-lo0 0o 0 0 0 0 O
Ea O 0 0 O O o0 O
274 10 0 0 0 0O 0 O
n O 0 0 O O o0 O
s
2 L0 0 0 O O o0 O
T
_E%_
2.21406
[ —0.311395 }
0.165261
= 0.0137007
0.000853629
0.00000425928
0.00000177207
We get
co = 0.9999999618141961
c; = 0.9999958479761861
c, = 0.5000596328436286
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coc oo odlagla

(3.31)

2
2¢,Cq

et + 2¢,c,

2¢cyc3 + 2¢4¢y

2¢oCy + 2¢1¢5 + €2

2¢oCs + 2c1¢4 + 2C505
2¢oCe + 2¢1C5 + 2¢5¢4 + €3
2¢1Cq + 2¢5C5 + 2c30,
2¢,Cq + 2¢3C5 + C2

2¢3C¢ + 2¢4C5

2c4ce + C2

2¢5¢q

| ¢2




c3 = 0.16631362575458639
c, = 0.04264979251921536

cs = 0.006951834132615619

ce = 0.002310420070439772

Table 3

The table contains the exact and the numerical solutions assuming M = 6 when t = [0 1] and
shows the difference between them.

t

Numerical solutions

Exact solutions

|[Numerical — Exact|

0.0 0.9999999618141961 1.6487212707001282 3.8185803852286426e-08
0.5 1.6487209543952168 1.1051709180756477 3.163049113741323e-07
0.1 1.1051707933740191 1.1051709180756477 1.2470162857880496e-07
0.15 1.1618341349160235 1.161834242728283 1.0781225956435492e-07
0.2 1.221402637851053 1.2214027581601699  1.20309111689109303e-07
0.25 1.2840252549833333 1.2840254166877414 1.6170440808593867e-07
0.3 1.3498585916309316 1.3498588075760032 2.159450716021638e-07
0.35 1.4190672832845534 1.4190675485932571 2.653087036730284¢e-07
0.4 1.4918243992585634 1.4918246976412703 2.983827069868994e-07
0.45 1.5683118723342337 1.5683121856490169 3.1315593518321805e-07
0.5 1.6487209543952168 1.6487212707001282 3.163049113741323e-07
0.55 1.7332526980552454 1.7332530178673953 3.1981214987375495e-07
0.6 1.8221194642780568 1.8221188003905089 3.3611245209286267e-07
0.65 1.9155404559895446 1.9155408290138962 3.730243516297804e-07
0.7 2.013752277682134 2.0137527074704766 4.297883426929161e-07
0.75 2.116999521011385 2.1170000161612675 4.95601289784986e-07
0.8 2.2255403763848203 2.225540928492468 5.52107647600053e-07
0.85 2.3396462705429797 2.3396468519259908 5.81383011066805e-07
0.9 2.4596025301327002 2.45960311115695 5.810242496018247e-07
0.95 2.5857090712726194 2.585709659315846 5.880432265570334e-07
1.0 2.718281115110909 2.718281828459045 7.13348136116565e-07
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Figure 5
Shows both exact and numerical solutions using M = 6 when t = [0.1]

Comparison of Numerical Solution and Exact Solution

2.8
__— Numerical Solution

- - Exact Solution

2.6

2.4

2.2

2

1.8

Values

1.6

1.4

1.2

Figure 6
Shows the error between exact and numerical solutions using M = 6 When t = [0.1]

Absolute Error between Numerical Solution and Exact Solution

700n

600n

500n

400n

300n

Absolute Error

200n

100n

Examples (3.2):
— ot 1 2 11 2
u(t) =tet —-—(3+e*)t + J, tylu?dy (3.32)

With exact solution (t) = tet .
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To solve the above problem using our method, we assume M = 2,3 then, we construct

trail space as follows

1) whenM =2 ,n=2 , D=4

2
Ugpp = z ¢t
i=0
Ugpp = Co + €1t + Cpt? (3.33)
Similarly
4
[uapp]z = z Ui yi

i=0

[Uapp]? = Vo + V1Y + v,¥2 + v3y° + vyy* (3.34)

We find v; from (2.40)
Uy = Cp
10 5
v = g5y o e

= 2c,cq + 2c12yly=0 = 2c,0;

- 2N\2

1
= E(ch2 +4c,cp + 12¢10y + 1265Y%) o0 = ¢f + 2¢,0,

1 93 2
V3 = 56_}/3(% tay+tay),

1
= 8(12C1C2) = 2¢4C,

1 0*

_ 242
Vy = Za_y‘*(c" tay+tey),,

100



1
~ (24C22)y=0 = C22

and using formula (2.31 ),we have ug,, = Y2 o, EX(t)

1 3
0{0 = CO +EC1 +§C2
1 4
(11 Ecl +§Cz

and using formula (2.31 ),we have

[uapp]2 = Z Jo E#l(}’)

Where , Y8 B,

1 3 10 35
ﬂo—v0+2vl+8v2 32 +mv4

15
ﬁl =§v1 +§v2 +§v3 +m174

1,6 . 28
Ba=gv2t 3503 T 1550
1 8
Bs = 35va+ 158 v
1
Ps = EW
We get
2
D aE(©) - —ty [Z BE )
i=0

dy = tet —ﬁ(3+e

(3.35)

(3.36)

(3.37)

Now, we multiply both sides of the above relation with {w(£)E/* (t)}j =0,1,2,3,4 » from the

orthogonality of shifted Chebyshev polynomials, we obtain the following nonlinear

equation
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a—YioBKij=f ,j=0,..2 1=0,..,4 (3.38)

From equation (2.44) we get

s
v = Zal (3.39)

From equation (2.43) we get the values of K; ;

1,1 . .
= [, J, o@©k(t, VEFWEF(t)dydtj=0,..2, i=0,..,4 (3.40)
11 1
= —tyEF(V)E (t)dy dt, i=0,..2 1i=0,..,4
Ojbf\/ti yES Y y J

11
1 1
Koo =3¢ | | =5 ES 0IES )y e
00

1 1
1 1
Kyp = — j j s VB O (O)dy
00
1

1 1
—JJ L - Ddydi=—
=) | =3t )dydt =g
00

1 1
—tyEX(y)E>(t)dy dt

‘5

Il
oY
0\’_\

! 1t 8t2 —8t+1)dydt=0
——367 ( )dy dt =

o\n—\

Il
o—_
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1 1
1 1
Ky, = j j L EFOEX(Ddy dt
00

vVt —t236
1 1
| [t ey -vaya-
= ’—t—t236Y(y ) dy =132
00
1 1
K, , = t 1 EX(VEX*(t)dyd
00
1 1
—Jf ! 1t2 12t — 1) dydt =
= T_tz%y(y )( )dy = 861
00

11

1 1

_ . % *
00

11
1 1
=—ff ty(2y — 1)(8t? — 8t + 1) dydt =0
00

36 t —t2
11
K,, = ! ! EX(Y)EX(t)dyd
2,0_fjm£ty 2(3’) O(t) y t
00

11

jj ! ty(8y? — 8y + 1) dy dt = — —
t_tzy(y y+Ddydt=—7—7

00

11

1 1

_ = % %
00

The rest of the values of K; ; were founded in the same way [See the appendix] in order

to find the following matrix

s s _m _m T
|144 432 432 720 2160|
Ki,=| T n T T T (3.41)
l288 864 864 1440 4320J
0 0 0 0 0
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From equation (2.42) we find the values of f;

1

fi = fw(t)f(t)Ef“(t) dt ,j=0,..,2

1
1
_ t __ 1 2 *
_ f (te* — L3+ eDDEF (B) dt
0

1
f, = f — (tet — %(3 +e?)t EX(t) dt
0

1

1

_ (134 ed)edt =

_J —— (te" ~ 535(3 + €*)t dt = 3.3420952591
0

288

fi= J ! (tef - 13+ ez)t) EX(t) dt
0

1
1
= f (tet — —(3 4 e)t)(2t — 1) dt = 2.03474845557
0

t — tZ 288

1 1 )
fo= f (tet — TG e )t)EF(t) dt
0

1
1
= J (tet — -1 (3 + e2)t)(8t2 — 8t + 1) dt = 0.39676382882
t— tZ 288
0

33420952591
l (3.42)

fi = l2.03474845557
0.39676382882

We substitute the equations (3.39),(3.41),(3..42) in equation (3.8) we obtain the

following matrix system
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T n m n ™ 1|82 2.03474845557

T (3.43)
0.39676382882

288 864 864 1440 4320 ,83

na) (o _x _x __xq[f]

L. ‘ 1144 432 432 720 2160 | | 1 [ 3.3420952591 l
1| — =

0 0 0 0 0

Ba

We substitute equations (3.36),(3.37) in the system matrices to obtain

_ 1 3 .
T[(CO + Ecl + §C2)

/1 4
5(5“562)

T/l
5(57)

o L 3 10 35
Vo1 T2 T35V T g™
15
T T T T . m Ev1+§v2+3—2v3+mv4
144 432 432 720  2160||] . ”
—| = moon mT ||y, t—v e,
288 864 864 1440  4320] % 328 128
0 0 0 0 0 L
327° 128 *
1
| 128

2.03474845557

[ 3.3420952591 ]
0.39676382882

We substitute values from equations (3.14) into the previous system to obtain

- 1 3 ,
(¢ +oa +§cz) [ s s T om s -|[Co 1
/1 4 144 216 288 360 432|[2%c0c
E(Ecl + §Cz> -7 ®™ ®m™ w7+ 20
1 288 432 576 720 864||2cc,

— (= o 0 0 o0 0.2

—2(862) i c;

2.03474845557

[ 3.3420952591 l
0.39676382882

From the solution of the previous system we find the values of ¢
co = 0.02104856
¢, = 0.57002061

¢, = 2.0207015871
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Table 4

The table contains the exact and the numerical solutions assuming M = 2 when t = [0 1] and

shows the difference between them.

t

numerical solutions

exact solutions

[numerical — exact|

0.0
0.05
0.10
0.15

0.20
0.25
0.30
0.35

0.40
0.45
0.50
0.55

0.60
0.65
0.70
0.75

0.80
0.85
0.90
0.95
1.0

0.021048560000000001
0.054601344467750001
0.098257636871000018
0.152017437209750028

0.215880745484000020
0.289847561693750033
0.373917885839000097
0.468091717919750072

0.572369057936000125
0.686749905887750089
0.811234561775000021
0.945822125597750141

1.090513497356000228
1.245308377049750170
1.410206764679000191
1.585208660243750067

1.770314063744000244
1.965522975179750276
2.170835394551000164
2.386251321857750352
2.611770757099999951

0.0
0.052563554818801206
0.110517091807564777
0.174275136409242498

0.244280551632033993
0.321006354171935349
0.404957642272801011
0.496673642007640137

0.596729879056508206
0.705740483470576052
0.824360635350064097
0.953289159827067523

1.093271280234305642
1.245101538859032519
1.409626895229333821
1.587750012459506088

1.780432742793974343
1.988699824137092786
2.213642800041255132
2.456424176350054278
2.718281828459045091

0.021048560000000001
0.002037789648948796
0.012259454936564759
0.022257699199492470

0.028399806148033974
0.031158792478185315
0.031039756433800914
0.028581924087890065

0.024360821120508080
0.018990577582825963
0.013126373575064076
0.007467034229317382

0.002757782878305415
0.000206838190717651
0.000579869449666370
0.002541352215756021

0.010118679069974100
0.023176848957342511
0.042807405490254968
0.070172854492303927
0.106511071359045140
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Figure 7
Shows both exact and numerical solutions using M = 2 when t = [0.1]

Comparison of Numerical Solution and Exact Solution

__— Numerical Solution
= = Exact Solution

Values

Figure 8
Shows the error between exact and numerical solutions using M = 2 When t = [0.1]

Absolute Error between Numerical Solution and Exact Solution

0.08

0.06

Absolute Error

0.04

0.02

2)whenM =4,n=2 , D=8

— i
uapp = C; t

NgE

i=0

Ugpp = Co + €1t + Cpt?+c3t® + cyt?

Similarly
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8

[uapp]2 = Z Ui yi

i=0

We find v; from (2.40)
Vo =€
vy = 2¢,04

vy = cZ + 2¢,0y

V3 = 2¢oC3 + 2¢4C,

Vg = 2CoC4 + 204C3 + 3

Vg = 2¢1C4 + 2C5C3

Vg = 2C,C4 + €3

Uy = 2030,

vg = C2

and using formula (2.31 ),we have u

app

3 10
a,=C+5¢ +5Ct5563+

21T g2 T30 T g%

1 4 15 56
al =§C1 +§C2 +§C3 +EC4

1 6 28
CZZ :§C2 +§C3 +F8C4_

1 8
CZ3 :3—2C3 +F8C4_
_ 1
a4 —ECAI_

and using formula (2.31 ),we have

=Yoo EX(Y)
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8
[tappl® = ) B EAG)
i=0

Where , Y8 B,

_, L .3 .10 35 0 126 462 1716 6435
Bo=vo+ 51+ gva+ 55V T g e+ 55 Vs T o Ve Y a19; V7 t 35768 U

_1 .4 15 5 210 792 3003 11440
Br=gvitgratoovs+ gVt 5o Vs oV Y519, V7 t 35768 U

1,6 28 120 495 ~ 2002 8008
Ba=gv2 T3Vt o Ve T 5 Vs Y o0ag Ve Y 819277 T 32768 V0
_1. .8 45 220 1001 4368
Bz =337 T 128V T 5127 T 204876 Y 8192 77 T 32768 °
_ 1,10 66 364 1820
Br=T28V 51275 T 2048 % T 8192 V7 * 32768 "
_ 1,12 91 560
Bs =512 T 20486 Y 8192 V7 T 32768 ®
_ 1o 14 120
Bs = 20487 T 81927 T 32768 U
_ 1,16
b7 = 51927 T 32768
Bs = — (3.46)
8 = 32768 '8 '
We get
4 1 8
Z a; EX(t) — ity Z,B- EX(y)|dy = tet — L(3 + et
£, N T Vo 288
1= 0 1=

Now, we multiply both sides of the above relation with {w(t)E* (£)};-0,1,2,3,4 ; from the

orthogonality of shifted Chebyshev polynomials, we obtain the following nonlinear

equation

]/]CZJ — i8=0 BiKi,j = f:l ,j = 0, ...,4, i= 0, ,8 (347)
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From equation (2.44) we get

_nao_

Za

2 1
a

Y@ = |2 2 (3.48)

Za

5 @3

T[Of
[5 @4

From equation (2.43) we get the values of K ;

K, = [ [} okt )EX@EF©)dydt, j=0,...,4, i=0,...,8 (3.49)
11
K, = L o o)E*©dyd j=0,..4 i=0,..,8
i,j—Jf t_tzgtyi(y)j(t)y tt j=0,..,4 i=0,..,
00
11
K ! ! EX(WEZ(t)dyd
00

1728

11
1
= J. f - ty(512y°> — 1280y* + 1120y3 — 400y? + 50y — 1)dy dt =
t—t

00

1

1

| = wE 0B @dy
t—t

0

11
1 1
= —f j ty(512y° — 1280y* + 1120y3 — 400y? + 50y — 1)(2t — 1)dy dt
00

36) J vt — t2
_ —TT
6048
11
1 1 * *
Ksz = tyEs (y)EZ (t)dy dt
36 t —t2
00
11
— i 1 5 __ 4 3 _ 2 _ 2 _
=36 2ty(512y 1280y* + 1120y° — 400y~ + 50y — 1)(8t“ — 8t
t—t
00

+1)dydt=0

110



11
1 1
Ks3 =+ tyEs (y)E3 (t)dy dt
36 t —t2
00

11
1
= J. .f ty(512y° — 1280y* + 1120y3 — 400y? + 50y — 1)(32t3 — 48t
00

t—t2

+18t — 1dydt = 0

The rest of the values of K; ; were founded in the same way [See the appendix] in order

to find the following matrix

- T T -1 -1 —TT —TT -1 —TT —T A

144 432 432 720 2160 3024 5050 6480 9072

T T -1 —TT —TT —TT -7 —TT [

Ky, = 288 864 864 1440 4320 6048 10080 12960 18144
' 0O 0 0 O 0 0 0 0 0
0O 0 0 O 0 0 0 0 0
L0 0 0 O 0 0 0 0 0

From equation (2.42) we get the values of f;

1

fi = fw(t)f(t)Ej”*(t) dt ,j=0,..4

0

1
t_ 1

(B+e*)EF(t)dt

Il
o

A :j ! (tet — (3 + et EX(¢) dt
0

1
t—t2

(tet — %(3 + e?)tdt = 3.3420952591

Il
o

1

1

fi= J — (tet —%8(3 + ez)t) EX(t)dt
0

1
t—t2

(tet — (3 +e?)t)(2t — 1) dt = 2.03474845557

Il
o—
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i

1

1

£, = ] (o' ~ 553 + EF (D dt
0

288

1
1
= f (tet —-L(3 +e2)t)(8t2 — 8t + 1) dt = 0.39676382882
0

o~
I

o~
N

1
fz= f ! (tet —%(3 + ez)t) EX(t)dt
0

1
fz= f (tet — (3 + e?)t)(32t3 — 48t% + 18t — 1) dt = 0.0483791
— 2 288
. Vt—t
1

(tef — %(3 + ez)t) EX(t) dt

1
1
= f = (te’ — (3 +e))(128t* — 256t% + 160t? — 32t + 1) d
t—t
0

= 0.00386263

[ 3.3420952591 ]
2.03474845557‘

fa = ‘0.39676382882
l 0.0483791 J

0.00386263

(3.51)

We substitute the equations (3.48),(3.50),(3.51) In Equation (3.47) Let's get the

following matrix system

112



_T[ao_
na
21
”a
5 2
na
2 3
T

-
5 X4

(e N e Ne)

T
144

E

288

[ee] N
OOO0\|=|w|=|
5N N

0.39676382882

0.0483791

3.3420952591
[2.03474845557]

0.00386263

—T

432
-

864
0
0
0

-1 -1 —TT —T -1

720 2160 3024 5050 6480 9072 ||P2

_x |P

-1 -1 —TT —T -1

1440 4320 6048 10080 12960 18144

0
0
0

0 0 0 0
0 0 0 0
0 0 0 0

We substitute equations (3.46),(3.45) in the system matrices to obtain

10

3

1 3
Gt t+zc

LA 15 6
g2 T35 T8

—
P TR

NIERE]

28
C;+==cC3 +mc4)

8
c3+ m64)

( 1
m“)

@] =
w
N

NTERSIE]
w
N

L1035 )
2 TgeT e 12864)

y

m T -mT -7 -1

144 432 432 720 2160 3024 5050

y T -mT -7 -1

—1288 864 864 1440 4320 6048 10080

0 0 0 0
0 0 0 0
0 0 0 0

3.3420952591
2.03474845557
=10.39676382882
0.0483791
0.00386263

0
0
0

-
-
0

0
0

-1

-1

-
6480
-

-1

9072
-

1 3 35 126 462
Vo +sv +ov,

1 4

EV1+§VZ+3_2V3+E8V4+
6 .28 120 495 2002
327 " 128" T51275 T 204876 " 8192 "7

1,8 45 220 1001 4368
3273 T 128"™

1
§U2+

0
0
0

12960
0

0
0

1 10 66 364 1820
18144

0
0
0

128" Y 512V5 T 2048V T 519277 32768 7
Lo 12 91 560
51275 204876 " 81927 " 32768 "¢
L1 120
20486 T 819277 T 32768 *
1 16
819277 T 32768 "®
1
32768 "°

2 tgletyy Vst g tea Vs T ooag e t
15 56 - 210~ 792 3003 11440
51275 T 2048"° T 81927 T 32768 *®

51275 T 2048 T 819277 Y 32768 7

—7_11Bs
Ba| =
0 |16
B
0 6

1716 6435
8192”7 " 32768

We substitute values from equations (3.44) into the previous system to obtain
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o 13 10 35
m(eo +56 +gc 350+ 1550)
n(l +4 +15 +56 )
221 T g2 T3 T g%
ml 6 28
7§ T3¢ T 135
n(l 4 8 )
2\32 T 128
(35
12\128
_Cg
- i T w i i i s T 4| 26C1
cZ + 2c,cy
144 216 288 360 432 504 576 648 720
s s T T s s 4 T s 2coc3 + 2¢4Cy
— 1288 432 576 720 864 1008 1152 1296 1440||2cocs + 2¢ics + 2
O 0 O0 0 0 0 0 0 0 ||2¢,c, + 2¢,c4
o 0 O0 0 0 0 0 0 0 ||2c,c0 + 2
Lo 0 o0 0 0 0 0 0 0 | 2eer
[ c2
3.3420952591
[2.03474845557]
=10.39676382882
[ 0.0483791 J
0.00386263

From the solution of the previous system we find the values of ¢

co = —0.007291503681
¢, = 1.081202021308
¢, = 0.935789449023
c3 = 0.3560601145160

¢, = 0.314755408811
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Table 5
The table contains the exact and the numerical solutions assuming M = 4 when t = [0 1] and
shows the difference between them.

t

numerical solutions

Exact solutions

|[numerical — Exact|

0.0 -0.007291503681 0.00000000000000 0.007291503681

0.05 0.0491545474481833 0.05256355481880120 0.003409009073982873
0.1 0.1105741286043062 0.11051709180756478 5.7036796741447016e-05
0.15 0.1773051099503333 0.17427513640924244  0.003029973541090858
0.2 0.2497325681470909 0.244280551632034 0.005452016515056973
0.25 0.3282887948700923 0.32100635417193535 0.007282440698156978
0.3  0.4134532951061721 0.40495764227280096 0.00849565283337117
0.35 0.5057527871534871 0.49667364200763997  0.009079145145847178
0.4 0.6057612026215156 0.5967298790565082 0.009031323565007354
0.45 0.7140996864310574 0.7057440483470576 0.008359202960481316
0.5 0.8314365968142343 0.8243606353500641 0.007075961464170222
0.55 0.95848750531449 0.9532891598270675 0.005198345487422484
0.6 1.0960151967865897 1.0932712802343052 0.0027439165522844533
0.65 1.24482966939662 1.2451015388590325 0.0002718694624124218
0.7 1.405788134619898  1.4096268952293336 0.003838760607343783
0.75 1.57979501725143 1.587750012459506 0.007954995208076188
0.8 1.7678019553849926 1.7804327427939743 0.012630787408981714
0.85 1.9708078004340501 1.9886998241370921 0.017892023703041993
0.9 2.1898586171213004 2.213642800041255 0.023784182919954766
0.95 2.4260476834807587 2.4564241763500534 0.03037649286929467
1.0 2.680515490857766  2.718281828459045 0.0377663376012789
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Figure 9
Shows both exact and numerical solutions using M = 4 when t = [0 1]

Comparison of Numerical Solution and Exact Solution

= Numerical Solution
- = Exact Solution

Values

Figure 10
Shows the error between exact and numerical solutions using M = 4 When t = [0 1]

Absolute Error between Numerical Solution and Exact Solution

0.035
0.03
0.025

0.02

Absolute Error

0.015

0.01

0.005
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Chapter Four

Discussion and Conclusion

4.1 Conclusion

In this thesis, we applied the algorithm method for solving the Fredholm— Hammerstein
Integral equations using the shifted Chebyshev Polynomials and Galerkin method.
Through this method, we got approximate results of numerical and exact solutions. The
results show that the more the value of M increases the less the errors are. Thus, we got
more accurate results. In the first example, the results of the errors resulted from the
difference between the exact solution and the numerical solution where M = 2,4,6 are
apparent in the tables 1, 2, 3 respectively. However, the results of the second example
where M = 2,4 are presented in tables 4, 5 respectively. The values of M are presented
in figures 1-10. On the one hand, the curves of the exact and numerical solutions were
very approximate in figures 1,3,5,7,9. On the other hand, the curves of the errors
showed an inverse relationship between the values of M and the values of the errors. In
other words, when the values of M increase the values of the errors decrease.
Accordingly, we recommend using the algorithm method for solving the Fredhilm-
Hammerstein integral equations using the shifted Chebyshev Polynomials and Galerkin

methods due to its effectiveness and feasibility.
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Appendices

Appendix A

The values of K

1
1
| == uE e @y
0

ty(8y? — 8y + 1)(8t? — 8t + 1)dy dt

— 12

Il
o

o Y—nw00
o~

[ [
o~

(8t3 —8t2 +t)(8y® —8y%2 + y)dydt =0

Il
O\H
o\»—\

t—t2

1
t—t2

tyEX (y)ES (t)dy dt

i
IS
Il
oY
o\na

1,01 1 .
= [y Jy ==ty(32y — 48y? + 18y — dydt = -

K3,1 =

1
1
| =B e ©ay
0

O'\H

11
1
= ty(32y3 —48y? + 18y — 1)(2t — 1)dy dt
ojoth_tz
1 2 1
s
= —— t(2t - 1)dt = ——
10,[ t—tz( ) 40
0

1
1
| = uE e @y @
0

1

1

j - ty(32y3 —48y? + 18y — 1)((8t? — 8t + 1)dy dt
t—t

0
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O\H

1
k=
10
0

t((8t2 8t+1)dt=0

11
o= [ [ == wEroE Oyt
) Ve —t2
—f fowty(IZSy — 256y3 + 160y? —32y+1)dydt———

1 1
1
= f f tyEy (y)EY (t)dy dt
00

Vit — t2
1
f L (128y% — 2563 + 160y% — 32y + 1)(2t — D)dy dt = — —
T 128y y? y? =32y + 1)( )dy 120
0

o~
I

Lon
N

1

1
j tyEF ()ES (D dy dt
0

o\»—\

—_

ty(128y* — 256y3 + 160y? — 32y + 1)(8t> — 8t + 1)dydt =0

1
1
j EYEF (Y)EF (©)dy dt
0

ty(32t3 — 48t? + 18t — 1)dy dt = 0

1

1
f tyEX (Y)EF (D) dy dt
0

1

1
f ty(128t* — 256t3 + 160t? — 32t + 1)dydt =0
0
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_t2

o~

1
1
j' tyEF (y)EX (O)dy dt
0

2
I
o

1

1

f =ty(2y — 1)(32t3 — 48t% + 18t — 1)dy dt
t—t

0
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o

1

1
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t—t

0

11

1

ko= | [ =0k 0E ©dy
00

11
1
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t—t
00

~

1

1 1
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0
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1 1
1
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00
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