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Interpolation of Radial Basis Functions 

 Using Trapezoidal Fuzzy Numbers 

By 

Alia Mufeed Mohammed Al-Saifi     

Supervisors 

Dr. Hadi Hamad 

Dr. Mohammed Borini Yasin 

Abstract 

Interpolation is one of the important and widespread problems in different 

scientific technical fields such as image processing, visualization of 

computational graphics, geometric modeling, design and many others. It is 

used to create a new determined or estimated data points between known data 

points on a graph (or the discussed issue).  

In this thesis, a new radial basis function’s (RBF’s) methodology is 

interpolating a function by using trapezoidal fuzzy numbers (TFNs) through 

the Gaussian RBFs. The methodology uses two approximation 

errors:  𝐸𝑐  (root mean forecast error) and  𝐸ℓ  (root mean square error) to 

measure the performance of the methodology in approximating the 

interpolation function to the original function. 

Finally, using two numerical examples, results made it possible to conclude 

that as  the number of  RBF’s centers is increased, the accuracy of  the 

interpolation is increased which is measured through two common metrics: 

the 𝐸𝑐  and 𝐸ℓ errors by using MATLAB software.  
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Preface 

One of the most interesting and important problems in mathematical field of 

numerical analysis is interpolation; which is a type of estimation. It is widely 

used in processing images, neural networks, surface reconstruction, numerical 

solution of partial differential equations … etc.  

The interpolation problem of fuzzy data was first introduced by Zadeh in 1965 

[39] and can be formulated as: 

“ Suppose we are given 𝑛 + 1 points 𝑥0, … , 𝑥𝑛 ∈ ℝ and for each of these 

points a Fuzzy Value in ℝ; then, it is possible to construct some function on 

ℝ, rather than a crisp one to define some kind of smooth function in ℝ with 

the given  𝑛 + 1  points?”. Lowen investigated a fuzzy Lagrange interpolation 

in [20]. Later, Kaleva [14] proposed some properties of Lagrange 

interpolation by using cubic spline approximation. Wang and Li gave the 

definition of simple fuzzy numbers and the expressions of their membership 

functions in [33]. Different types of fuzzy sets [4] are defined in order to clear 

the vagueness of the existing problems.  

The concept of fuzzy numbers is the generalization of the concept of real 

numbers. A fuzzy number [17], is a quantity whose values are imprecise, 

rather than exact as in the case with single-valued function. Recently in 1978, 

additional important works on the concepts of fuzzy numbers have been 

written by Nahmias [24]. Dubois and Prade has defined fuzzy number as a 

fuzzy subset of the real line [6]. So far, fuzzy numbers like triangular fuzzy 

numbers,  trapezoidal fuzzy numbers, Pentagonal fuzzy numbers, Hexagonal, 
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Octagonal and pyramidu fuzzy numbers have been introduced with their 

membership functions [26]. These numbers have got many applications [19] 

particularly in nonlinear equations, risk analysis and reliability. A defined set 

of operations [3,8,11] are implemented on fuzzy numbers. 

Radial basis functions (RBFs) are a special class of functions. Their 

characteristic feature is that their response decreases (or increases) 

monotonically with distance from a central point; that is a function defined 

on an Euclidean space ℝ𝑑 whose value at each point depends only on the 

distance between that point and the origin, (to view and expand more see 

[9,27,32,36]). 

This thesis is organized as follows: Chapter one is divided into two parts; 

Frist, review some basic concepts of fuzzy sets and related concepts including 

fuzzy points, fuzzy functions and their properties. Second, study a special 

type of fuzzy sets, namely, fuzzy numbers and Operations on Fuzzy numbers. 

While chapter two will describe RBFs method for fuzzy interpolation. 

Chapter three, in this thesis, MATLAB software will be used for RBFs 

techniques for solving trapezoidal fuzzy numbers. Also a comparison of these 

numerical schemes will be presented in chapter four. 
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Chapter One 

Introduction to Fuzzy Sets 

Introduction 

The word fuzzy was first introduced by zadeh in his famous paper "Fuzzy 

Sets" [39]. He used this word to generalize the mathematical concept of set to 

fuzzy set or fuzzy subset, where in a fuzzy set, a membership function is 

defined for each element of the referential set (in Boolean algebra1 this 

concept is usually called the Characteristic function). The membership 

function takes its values in the interval [0,1] ⊂ ℝ instead of {0,1} as in 

Boolean algebra. The applications of this theory can be found in almost every 

scientific field as artificial intelligence, expert systems, logic, management 

science, operations research, robotics, and others. 

This chapter contains some definitions and basic operations about fuzzy sets, 

fuzzy functions and fuzzy numbers. 

1.1   Crisp Sets 

Definition (1.1.1) [28]: A Classical, or a Crisp set 

 The set which assigns grades of membership of either 0 or 1 to objects within 

their universe of discourse. In other words, objects either belong to or do not 

belong to the set; or objects either posses a certain property, or they do not; 

                                                      
1  A Boolean algebra is an algebraic structure defined on a set of elements (0 and 1), two 

binary operators:  + (OR), *  (AND). 
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there is no middle ground; which leads to a new definition of a characteristic 

function, 

i.e    𝜇𝒜(𝑥) = {
1    if  𝑥 ∈ 𝒜,            
0    if  𝑥 ∉ 𝒜.            

 

1.2    Fuzzy Sets 

Zadeh in [39] extended the definition of the characteristic functions by 

replacing the set {0,1} by the closed interval [0,1] which is the bases to the 

new definition of fuzzy sets. The classical and fuzzy sets are shown in Figure 

1.1. 

Definition (1.2.1)[4]: Fuzzy set 

A fuzzy set 𝜇𝒜(𝑥)  of 𝑋 is a function from 𝑋 to [0,1], where 𝜇𝒜(𝑥) is called 

the degree of membership of 𝑋 in 𝒜, it is obvious that a regular (crisp) subset 

is a special case of fuzzy subset.  

 

                               (𝑎)                                                                               (𝑏)                                     
Figure 1.1: Illustration of a Crisp and a Fuzzy set. 

Example (1.1): 

Consider the regular set 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} and let 𝜇𝒜 be the fuzzy subset of 𝑋 

that maps 𝑋 to [0,1] by the following mapping as shown in Figure 1.2: 

𝑎 → 1, 𝑏 → 0.3, 𝑐 → 0.2, 𝑑 → 0.8, 𝑒 → 0.5 
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or  𝜇𝒜 can be written as the set of ordered pairs: 

𝜇𝒜 = {(𝑎, 1), (𝑏, 0.3), (𝑐, 0.2), (𝑑, 0.8), (𝑒, 0.5)}, 

also can be represented as 

 𝜇𝒜 = {𝑎1 , 𝑏0.3 , 𝑐0.2 , 𝑑0.8 , 𝑒0.5}. 

which is presented graphically as in Figure 1.2:   

 

Figure 1.2: Graphical representation of the fuzzy membership of Example (1.1). 

Remark:  

If 𝑋 = {𝑎}, then the set of all subsets of 𝑋 is denoted as 2𝑛, 𝑛 means, the 

number of all elements in 𝑋 are either {𝑎} or 𝜙, while fuzzy subsets of 𝑋 are 

{𝑎0.2}, {𝑎0.19}, {𝑎0.4}, …… (infinite number of fuzzy subsets). 

Definition (1.2.2) [18]: Normal fuzzy sets 

A fuzzy set 𝒜 on ℝ is normal if its maximal degree of membership is unity 

(i.e. there must exist at least one 𝑥 ∈ 𝑋 for which 𝒜(𝑥) = 1). Of course, non-

normal fuzzy sets have maximum degree of membership less than one (see 

Figure 1.3). 
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                                   (𝑎)                                                                                    (𝑏)                     

Figure 1.3: Normal and nonــNormal fuzzy sets. 

Definition (1.2.3) [25]: Convex fuzzy sets  

A fuzzy subset 𝒜 ⊂ ℝ  is convex if and only if every ordinary subset 

𝒜𝛼 = {𝑥 ∈ ℝ:𝒜(𝑥) ≥ 𝛼, 𝛼 ∈ (0,1]} 

is convex; that is, if it is a closed interval of ℝ, (see Figure 1.4). 

 

                               (𝑎)                                                                               (𝑏)                                     

Figure 1.4: Convex and non ــ Convex fuzzy sets. 

1.3      Operations on Fuzzy Sets 

Definitions of operations on sets extend from ordinary set theory to fuzzy sets. 

In most cases, there are various ways to extend these  

operations. This section presents the basic definitions of fuzzy intersection, 

union and complement, in addition to definitions of some other operations 

used in this thesis [41]. 
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Definition (1.3.1): Intersection of fuzzy sets 

 The membership function of the intersection of two fuzzy sets 𝒜 and ℬ is 

defined as the minimum so: 

(𝒜 ∩ ℬ)(𝑥) = 𝑚𝑖𝑛{𝒜(𝑥), ℬ(𝑥)}, ∀𝑥 ∈ 𝑋. 

Or, in notation form (𝒜 ∩ ℬ)(𝑥) = 𝒜(𝑥) ∧ ℬ(𝑥).  

Definition (1.3.2): Union of fuzzy sets 

The membership function of the union of two fuzzy sets 𝒜 and ℬ is defined 

as the maximum so: 

(𝒜 ∪ ℬ)(𝑥) = 𝑚𝑎𝑥{𝒜(𝑥), ℬ(𝑥)}, ∀𝑥 ∈ 𝑋. 

Or, in notation form (𝒜 ∪ ℬ)(𝑥) = 𝒜(𝑥) ∨ ℬ(𝑥).  

Definition (1.3.3): Complement of fuzzy sets 

The membership function of the complement is defined as:  

                𝒜𝑐(𝑥) = 1 −𝒜(𝑥), ∀𝑥 ∈ 𝑋. 

Definition (1.3.4) [19]: The containment  

A fuzzy set 𝒜 is contained in a fuzzy  set ℬ. If 

𝒜(𝑥) ≤ ℬ(𝑥), ∀𝑥 ∈ 𝑋. 

In symbols, (𝒜 ⊆ ℬ) ⇔ 𝒜(𝑥) ≤ ℬ(𝑥), ∀𝑥 ∈ 𝑋.   

The previous definitions are illustrated by the following examples. 
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Example (1.2): 

Take 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} and the fuzzy subsets  

𝒜 = {𝑎0.4 , 𝑏0.5, 𝑐0.9 , 𝑑0.7 , 𝑒1}, ℬ = {𝑎0.2 , 𝑏0.1 , 𝑐0.8 , 𝑑0.6 , 𝑒0.3} 

Then 

 𝒜 ∩ ℬ = {𝑎0.2 , 𝑏0.1, 𝑐0.8 , 𝑑0.6 , 𝑒0.3}. 

  𝒜 ∪ ℬ = {𝑎0.4 , 𝑏0.5, 𝑐0.9, 𝑑0.7, 𝑒1}.   

   𝒜𝑐 = {𝑎0.6 , 𝑏0.5, 𝑐0.1 , 𝑑0.3 , 𝑒0}. 

This shows that ℬ ⊆ 𝒜, also notice that it is possible to have  𝒜 ∪𝒜𝑐 ≠ 𝑋 and 

 𝒜 ∩𝒜𝑐 ≠ 𝜙. 
 

The following example is given for the continuous graph case:  

Example (1.3): 

Take  𝑋 = [0,10],𝒜(𝑥) and ℬ(𝑥) are defined as follows in Figure 1.5.a. 

Then their union and intersection is interpreted in Figure 1.5.b,c, respectively. 
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           (𝑎) 
 

 

                              (𝑏)                                                                                 (𝑐)       
Figure 1.5: (a) Two fuzzy sets, (b) Union and (c) Intersection of fuzzy sets, 

                            respectively. 

Some important properties of fuzzy sets (1.3.5)[34]:  

Let 𝒜 and ℬ be two fuzzy subsets of 𝑋, then: 

1. 𝒜 ∪ ℬ = ℬ ∪𝒜 and 𝒜 ∩ ℬ = ℬ ∩𝒜. (Commutativity)  

2. {
(𝒜 ∪ ℬ)𝑐 = 𝒜𝑐 ∩ ℬ𝑐 ,
(𝒜 ∩ ℬ)𝑐 = 𝒜𝑐 ∪ ℬ𝑐 .

    (De Morgan's laws). 

 



11  

Proof: 

1. (𝒜 ∪ ℬ)(𝑥) = 𝑚𝑎𝑥{𝒜(𝑥), ℬ(𝑥)} 

                                 = 𝑚𝑎𝑥{ℬ(𝑥),𝒜(𝑥)} 

                                = (ℬ ∪𝒜)(𝑥). 

             ∴  𝒜 ∪ ℬ = ℬ ∪𝒜.   

And similarly can prove 𝒜 ∩ ℬ = ℬ ∩𝒜.   

2. (𝒜 ∪ ℬ)𝑐(𝑥) = 1 − (𝒜 ∪ ℬ)(𝑥) 

                                 = 1 − 𝑚𝑎𝑥{𝒜(𝑥), ℬ(𝑥)} 

                                   = {
1 −𝒜(𝑥)  if  𝒜(𝑥) ≥ ℬ(𝑥),
1 − ℬ(𝑥)  if  ℬ(𝑥) ≥ 𝒜(𝑥).

 

                               = {
1 −𝒜(𝑥)  if  1 − 𝒜(𝑥) < 1 − ℬ(𝑥),
1 − ℬ(𝑥)  if  1 − ℬ(𝑥) < 1 −𝒜(𝑥).

 

                                = 𝑚𝑖𝑛{1 −𝒜(𝑥), 1 − ℬ(𝑥)}  

                               = 𝑚𝑖𝑛{𝒜𝑐(𝑥), ℬ𝑐(𝑥)} 

                                   = (𝒜𝑐 ∩ ℬ𝑐)(𝑥), ∀𝑥 ∈ 𝑋.  

        ∴ (𝒜 ∪ ℬ)𝑐 = 𝒜𝑐 ∩ ℬ𝑐. 

And similarly can prove (𝒜 ∩ ℬ)𝑐 = 𝒜𝑐 ∪ ℬ𝑐 . 

Definition (1.3.6) [8]: The Support of a fuzzy set 

The support of a fuzzy set 𝒜 defined on 𝑋 is a crisp set defined 

as 𝑆𝑢𝑝𝑝(𝒜) = {𝑥 ∈ 𝑋:𝒜(𝑥) > 0}. 
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The support of 𝒜 is the open interval (𝑎1(0), 𝑎2(0)),which is shown in 

Figure  1.6.  

 

Figure 1.6: Support of a fuzzy set. 

Definition (1.3.7)[40]: 𝜶 − 𝐂𝐮𝐭 

An 𝛼 − Level set of a fuzzy set 𝒜 of 𝑋 is a non-fuzzy set denoted by 𝒜𝛼 and 

is defined as follows: 

𝒜𝛼 = {
𝑥 ∈ 𝑋 ∶ 𝒜(𝑥) ≥ 𝛼        if  𝛼 𝜖(0,1],

Cl(Supp(𝒜))                 if  𝛼 = 0.    
 

where Cl(Supp(𝒜)) = Closure of the Support of 𝒜. 

Using 𝛼 − cut one can get the following crisp range according to Figure1.7: 

Minimum value of a crisp range 𝑥1 is = 𝑎𝛼. 

Maximum value of a crisp range 𝑥2 is = 𝑏𝛼. 

 

Figure 1.7: Illustration of an 𝜶 − 𝐜𝐮𝐭. 
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Example (1.4): 

𝒜 is a fuzzy subset of ℝ defined by 

𝒜(𝑥) = {

𝑥2      if   0 ≤ 𝑥 ≤ 1
4−𝑥

3
    if   1 ≤ 𝑥 ≤ 4 

0        elsewhere      

 , 

 let  𝛼 = 0.1.  Find 𝒜𝛼 and  in general 𝛼 − cut values for 0 < 𝛼 ≤ 1.

 Solution: 

The 0.1 level of this fuzzy set is 𝒜0.1 = {𝑥 ∈ 𝑋:𝒜(𝑥) ≥ 0.1} is shown in 

the following, Figure 1.8. 

In the first interval, the function is defined as: 

 𝑦 = 𝑥2  

Hence, 

 0.1 = 𝑥2 → 𝑥 = ±√0.1 → 𝑥1 ≅ 0.31623      

while in the second interval of the function 

  𝑦 =
4−𝑥

3
 

0.1 =
4 − 𝑥

3
→ 𝑥2 = 3.7 

 ∴  𝒜0.1 = [𝑥1, 𝑥2] = [0.31623 , 3.7] 
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Figure 1.8: 𝟎. 𝟏 − 𝐜𝐮𝐭 of the semi triangular fuzzy number (Example 1.4). 

In general, for any  0 < 𝛼 ≤ 1 the 𝛼 − cut can be found for this example as 

follows: 

In the first side 

𝑦 = 𝑥2 

𝛼 = 𝑥2 → 𝑥 = ±√𝛼  → 𝑥1 = √𝛼 

In the second side  

𝑦 =
4 − 𝑥

3
 

𝛼 =
4 − 𝑥

3
→ 𝑥2 = 4 − 3𝛼 

 ∴ 𝒜𝛼 = [𝑥1, 𝑥2] = [√𝛼 , 4 − 3𝛼] 

1.4 Fuzzy Functions 

A fuzzy function is a generalization of the concept of a classical function, 

which was defined between two families of fuzzy subsets corresponding to a 

function between two regular sets (i.e. we also extend any function 𝑓 between 

any two regular sets; 𝑓: 𝑋 → 𝑌; to a fuzzy function 𝑓∗ between two families 

of fuzzy subsets; 𝑓∗: 𝔽(𝑋) → 𝔽(𝑌)). 
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Definition (1.4.1) [19]: 

 Let  𝑋 and 𝑌 be two sets, 𝔽(𝑋), 𝔽(𝑌), denote the family of all fuzzy subsets 

of 𝑋 and 𝑌, respectively. For any crisp function 𝑓: 𝑋 → 𝑌 there exist a 

function (fuzzy function) such that: 

𝑓∗: 𝔽(𝑋) → 𝔽(𝑌)  

defined by: for any 𝒜 ∈ 𝔽(𝑋),  𝑓∗(𝒜) is a fuzzy subset of 𝑌 where: 

[𝑓∗(𝒜)](𝑦) = {
𝑚𝑎𝑥{𝒜(𝑥): 𝑥 ∈  𝑓−1(𝑦)}       if   𝑓−1(𝑦) ≠ 𝜙,

 0                                                    if    𝑓−1(𝑦) = 𝜙.
  

and, if 𝐿 is a fuzzy subset of 𝑌 then  (𝑓∗)−1(𝐿) is defined by: 

(𝑓∗)−1(𝐿)(𝑥) = 𝐿(𝑓(𝑥)). 

Example (1.5): 

Let  𝑋 = {𝑎, 𝑏, 𝑐}, 𝑌 = {𝑢, 𝑣, 𝑤},  

       𝑓: 𝑋 → 𝑌           ,                     𝒜: 𝑋 → [0,1]           and          𝐿: 𝑌 → [0,1]     

           𝑎 → 𝑢                                        𝑎 → 0.4                                      𝑢 → 0.3 

           𝑏 → 𝑣                                         𝑏 → 0.9                                     𝑣 → 0.8 

        𝑐 → 𝑣                                         𝑐 → 0.2                                      𝑤 → 0.4 

Find  𝑓∗(𝒜), (𝑓∗)−1(𝐿). 

 

 

 

 

 



16  

Solution: 

Then 𝑓∗(𝒜) be fuzzy subset of  𝑌 defined as: 

           𝑓∗(𝒜): 𝑌 → [0,1] 

                         𝑢 → 0.4 

                        𝑣 → 𝑚𝑎𝑥{0.9,0.2} = 0.9 

                        𝑤 → 0 

And  (𝑓∗)−1(𝐿) be fuzzy subset of  𝑋 defined as: 

           (𝑓∗)−1(𝐿): 𝑋 → [0,1] 

                                𝑎 → 0.3 

                                𝑏 → 0.8 

                               𝑐 → 0.8 

Theorem (1.4.2) [1]: 

Let 𝑓: 𝑋 → 𝑌 be a function  
  

1. If 𝐿  and 𝑀 are fuzzy subsets of  𝑌, then: 

a.  (𝑓∗)−1(𝐿 ∪ 𝑀) = (𝑓∗)−1(𝐿) ∪ (𝑓∗)−1(𝑀) 

b.  (𝑓∗)−1(𝐿 ∩ 𝑀) = (𝑓∗)−1(𝐿) ∩ (𝑓∗)−1(𝑀) 

2. If 𝒜 and ℬ are fuzzy subsets of 𝑋, then:  

a. (𝑓∗)(𝒜 ∪ ℬ) = (𝑓∗)(𝒜) ∪ (𝑓∗)(ℬ) 

b. (𝑓∗)(𝒜 ∩ ℬ) ⊆ (𝑓∗)(𝒜) ∩ (𝑓∗)(ℬ) 
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Proof: 

1.  

a.     (𝑓∗)−1(𝐿 ∪ 𝑀) = (𝑓∗)−1(𝐿) ∪ (𝑓∗)−1(𝑀) 

 (𝑓∗)−1(𝐿 ∪ 𝑀)(𝑥) = (𝐿 ∪ 𝑀)𝑓(𝑥) for any 𝑥 ∈ 𝑋 

= 𝑚𝑎𝑥{𝐿(𝑓(𝑥)),𝑀(𝑓(𝑥))} 

                                = 𝑚𝑎𝑥{(𝑓∗)−1(𝐿)(𝑥), (𝑓∗)−1(𝑀)(𝑥)} 

                                = ((𝑓∗)−1(𝐿) ∪ (𝑓∗)−1(𝑀))(𝑥). 

Hence, the equation is true for all 𝑥  

(𝑓∗)−1(𝐿 ∪ 𝑀) = (𝑓∗)−1(𝐿) ∪ (𝑓∗)−1(𝑀). 

b. And similarly can prove (𝑓∗)−1(𝐿 ∩ 𝑀) = (𝑓∗)−1(𝐿) ∩ (𝑓∗)−1(𝑀). 

2. 

a.   (𝑓∗)(𝒜 ∪ ℬ) = (𝑓∗)(𝒜) ∪ (𝑓∗)(ℬ) 

for any 𝑦 ∈ 𝑌  if  𝑓
−1(𝑦) = 𝜙 then  (𝑓∗(𝒜 ∪ ℬ)(𝑦)) = 0   

Now (𝑓∗(𝒜) ∪ 𝑓∗(ℬ))(𝑦) = 𝑚𝑎𝑥{(𝑓∗(𝒜))(𝑦), (𝑓∗(ℬ))(𝑦)} 

                                                   = 𝑚𝑎𝑥{0,0} = 0  

⟹ (𝑓∗(𝒜 ∪ ℬ)(𝑦)) = (𝑓∗(𝒜) ∪ 𝑓∗(ℬ))(𝑦) 

∴   (𝑓∗)(𝒜 ∪ ℬ) = (𝑓∗)(𝒜) ∪ (𝑓∗)(ℬ). 

If  𝑓−1(𝑦) ≠ 𝜙 and let  𝑓−1(𝑦) = {𝑥1, 𝑥2, ……… , 𝑥𝑛} 

(𝑓∗(𝒜 ∪ ℬ)(𝑦)) = 𝑚𝑎𝑥{(𝒜 ∪ ℬ)(𝑥1), (𝒜 ∪ ℬ)(𝑥2), …… , (𝒜 ∪ ℬ)(𝑥𝑛)} 
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 = 𝑚𝑎𝑥{𝑚𝑎𝑥{𝒜(𝑥1), ℬ(𝑥1)},𝑚𝑎𝑥{𝒜(𝑥2), ℬ(𝑥2)}, … ,𝑚𝑎𝑥{𝒜(𝑥𝑛), ℬ(𝑥𝑛)}} 

Where 𝒜(𝑥1) = 𝜆1, ℬ(𝑥1) = 𝑟1, 𝒜(𝑥2) = 𝜆2, ℬ(𝑥2) = 𝑟2, …… , 𝒜(𝑥𝑛) =

𝜆𝑛, ℬ(𝑥𝑛) = 𝑟𝑛. 

                = 𝑚𝑎𝑥{𝑚𝑎𝑥{𝜆1, 𝑟1},𝑚𝑎𝑥{𝜆2, 𝑟2}, …… ,𝑚𝑎𝑥{𝜆𝑛, 𝑟𝑛}} 

But (𝑓∗(𝒜) ∪ 𝑓∗(ℬ))(𝑦) = 𝑚𝑎𝑥{(𝑓∗(𝒜))(𝑦), (𝑓∗(ℬ))(𝑦)} 

= 𝑚𝑎𝑥{𝑚𝑎𝑥{𝒜(𝑥1),𝒜(𝑥2),…𝒜(𝑥𝑛)},𝑚𝑎𝑥{ℬ(𝑥1), ℬ(𝑥2), … , ℬ(𝑥𝑛)}} 

                   = 𝑚𝑎𝑥{𝑚𝑎𝑥{𝜆1, 𝜆2, … , 𝜆𝑛},𝑚𝑎𝑥{𝑟1, 𝑟2, … , 𝑟𝑛}} 

                   = 𝑚𝑎𝑥{𝑚𝑎𝑥{𝜆1, 𝑟1},𝑚𝑎𝑥{𝜆2, 𝑟2}, …… ,𝑚𝑎𝑥{𝜆𝑛, 𝑟𝑛}} 

⟹ (𝑓∗(𝒜 ∪ ℬ)(𝑦)) = (𝑓∗(𝒜) ∪ 𝑓∗(ℬ))(𝑦) 

∴  (𝑓∗)(𝒜 ∪ ℬ) = (𝑓∗)(𝒜) ∪ (𝑓∗)(ℬ). 

b.    To show (𝑓∗)(𝒜 ∩ ℬ) ⊆ (𝑓∗)(𝒜) ∩ (𝑓∗)(ℬ) 

for any 𝑦 ∈ 𝑌  if  𝑓
−1(𝑦) = 𝜙 ⟹  (𝑓∗(𝒜 ∩ ℬ)(𝑦)) = 0   

Now (𝑓∗(𝒜) ∩ 𝑓∗(ℬ))(𝑦) = 𝑚𝑖𝑛{(𝑓∗(𝒜))(𝑦), (𝑓∗(ℬ))(𝑦)} 

                                                   = 𝑚𝑖𝑛{0,0} = 0  

i. e    (𝑓∗(𝒜 ∩ ℬ)(𝑦)) = (𝑓∗(𝒜) ∩ 𝑓∗(ℬ))(𝑦) 

If  𝑓−1(𝑦) ≠ 𝜙 and let  𝑓−1(𝑦) = {𝑥1, 𝑥2, ……… , 𝑥𝑛} 

(𝑓∗(𝒜 ∩ ℬ)(𝑦)) = 𝑚𝑎𝑥{(𝒜 ∩ ℬ)(𝑥1), (𝒜 ∩ ℬ)(𝑥2), …… , (𝒜 ∩ ℬ)(𝑥𝑛)} 

= 𝑚𝑎𝑥{𝑚𝑖𝑛{𝒜(𝑥1), ℬ(𝑥1)},𝑚𝑖𝑛{𝒜(𝑥2), ℬ(𝑥2)}, … ,𝑚𝑖𝑛{𝒜(𝑥𝑛), ℬ(𝑥𝑛)}} 
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Where 𝒜(𝑥1) = 𝜆1, ℬ(𝑥1) = 𝑟1, 𝒜(𝑥2) = 𝜆2, ℬ(𝑥2) = 𝑟2, …… , 𝒜(𝑥𝑛) =

𝜆𝑛, ℬ(𝑥𝑛) = 𝑟𝑛. 

                  = 𝑚𝑎𝑥{{𝜆1 ∧ 𝑟1}, {𝜆2 ∧ 𝑟2}, …… , {𝜆𝑛 ∧ 𝑟𝑛}} 

                = (𝜆1 ∧ 𝑟1) ∨ (𝜆2 ∧ 𝑟2) ∨ …… (𝜆𝑛 ∧ 𝑟𝑛) 

let 𝜆0 = 𝑚𝑎𝑥{𝜆1, 𝜆2, … , 𝜆𝑛} 

𝑟0 = 𝑚𝑎𝑥{𝑟1, 𝑟2, … , 𝑟𝑛} 

(𝜆1 ∧ 𝑟1) ≤ (𝜆0 ∧ 𝑟0) 

(𝜆2 ∧ 𝑟2) ≤ (𝜆0 ∧ 𝑟0) 

   ⋮ 

   ⋮ 

(𝜆𝑛 ∧ 𝑟𝑛) ≤ (𝜆0 ∧ 𝑟0) 

   ∴    (𝜆1 ∧ 𝑟1) ∨ (𝜆2 ∧ 𝑟2) ∨ ……… (𝜆𝑛 ∧ 𝑟𝑛) ≤ (𝜆0 ∧ 𝑟0) 

But (𝑓∗(𝒜) ∩ 𝑓∗(ℬ))(𝑦) = 𝑚𝑖𝑛{(𝑓∗(𝒜))(𝑦), (𝑓∗(ℬ))(𝑦)} 

= 𝑚𝑖𝑛{𝑚𝑎𝑥{𝒜(𝑥1),𝒜(𝑥2),… ,𝒜(𝑥𝑛)},𝑚𝑎𝑥{ℬ(𝑥1), ℬ(𝑥2),… , ℬ(𝑥𝑛)}} 

                      = 𝑚𝑖𝑛{𝑚𝑎𝑥{𝜆1, 𝜆2, … , 𝜆𝑛},𝑚𝑎𝑥{𝑟1, 𝑟2, … , 𝑟𝑛}} 

                     = 𝑚𝑖𝑛{{𝜆1 ∨ 𝜆2 ∨ …𝜆𝑛}, {𝑟1 ∨ 𝑟2 ∨ …𝑟𝑛}} 

                    = 𝑚𝑖𝑛{𝜆0, 𝑟0} = 𝜆0 ∧ 𝑟0 

⟹ (𝑓∗(𝒜 ∪ ℬ)(𝑦)) ≤ 𝜆0 ∧ 𝑟0 = (𝑓
∗(𝒜) ∪ 𝑓∗(ℬ))(𝑦) 

In general (𝑓∗)(𝒜 ∩ ℬ) ⊆ (𝑓∗)(𝒜) ∩ (𝑓∗)(ℬ). 
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1.5 Fuzzy Points 

As a special case of fuzzy subsets of  𝑋 are the fuzzy points. They were 

defined by Wong [35], later on, other definitions were presented by Pu Ming 

and Liu Ming [23] as well as and made their contribution. 

Definition (1.5.1) [35]: 

A fuzzy point in 𝑋 call it 𝑃,  𝑃 = 𝑎𝜆 where  𝑎 ∈ 𝑋 , 𝜆 ∈ (0,1]  

such that 𝑎 goes to 𝜆, 𝑋 − {𝑎} goes to 0,  

   i.e   𝑃 = 𝑎𝜆: 𝑋 → [0,1] 

                              𝑎 → 𝜆 

                              𝑏 → 0 

                              𝑐 → 0 

Definition (1.5.2) [35]: 

Let  𝑃 = 𝑎𝜆 be a fuzzy point and 𝒜 a fuzzy subset of 𝑋, then we may say 𝑃 

in 𝒜 or 𝒜 contains 𝑃 denoted by: 𝑃 = 𝑎𝜆 ∈ 𝒜 ⟺ 𝜆 ≤ 𝒜(𝑎). 
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Example (1.6): 

Let  𝑋 = {𝑎, 𝑏, 𝑐}, 𝒜 = {𝑎0.4, 𝑏0.3, 𝑐0.1}  

𝑃 = 𝑎0.15 ∈ 𝒜 ? 

      𝑃: 𝑋 → [0,1]          𝒜: 𝑋 → [0,1]          

             𝑎 → 0.15                 𝑎 → 0.4  

             𝑏 → 0                      𝑏 → 0.3 

             𝑐 → 0                     𝑐 → 0.1 

∴  𝑎0.15 ∈ 𝒜. 

Theorem (1.5.3) [38]: 

1. 𝑃 = 𝑎𝜆 ∈ 𝒜 ∪ ℬ  if and only if  𝑃 ∈ 𝒜 or 𝑃 ∈ ℬ.  

Proof:  

𝑃 = 𝑎𝜆 ∈ 𝒜 ∪ ℬ ⟺ 𝜆 ≤ (𝒜 ∪ ℬ)(𝑎) 

                                ⟺ 𝜆 ≤ 𝑚𝑎𝑥{𝒜(𝑎), ℬ(𝑎)} 

                            ⟺ 𝜆 ≤ 𝒜(𝑎) or 𝜆 ≤ ℬ(𝑎)  

                        ⟺ 𝑃 = 𝑎𝜆 ∈ 𝒜  or 𝑃 = 𝑎𝜆 ∈ ℬ 

∴  𝑃 = 𝑎𝜆 ∈ 𝒜 ∪ ℬ ⟺ 𝑃 ∈ 𝒜 or 𝑃 ∈ ℬ. 

2. 
 
In a simillar way, one can prove 

 𝑃 = 𝑎𝜆 ∈ 𝒜 ∩ ℬ ⟺ 𝑃 ∈ 𝒜 and 𝑃 ∈ ℬ. 
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Definition (1.5.4) [23]:  

Let 𝒜 and ℬ be two fuzzy subsets of  𝑋, then 𝒜 and ℬ are quasi-coincident 

(we write 𝒜ℚℬ) to mean ∃𝑎 ∈ 𝑋 such that  𝒜(𝑎) + ℬ(𝑎) > 1 and if 𝑃 = 𝑎𝜆 

is a fuzzy  point then write 𝑃ℚ𝒜 to mean  𝜆 + 𝒜(𝑎) > 1. 

Example (1.7): 

Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑},𝒜 = {𝑎0.4, 𝑏0.7, 𝑐0.5, 𝑑0.1} and 

 ℬ = {𝑎0.5, 𝑏0.4, 𝑐0.2, 𝑑0.9}.  

Is  𝒜ℚℬ ? 

the answer is yes, because 𝒜(𝑏) + ℬ(𝑏) = 0.7 + 0.4 = 1.1 > 1.    

Is 𝑎0.55ℚℬ ? 

the answer is yes, because 𝜆 + ℬ(𝑎) = 0.55 + 0.5 = 1.05 > 1. 

Remark: 

It is clear that:  𝑎𝜆ℚ𝒜 ⇔  𝑎𝜆 ∉ 𝒜
𝑐 .  

Proof: 

  𝑎𝜆ℚ𝒜 ⇔ 𝜆 +𝒜(𝑎) > 1 

                                          ⇔ 𝜆 > 1 −𝒜(𝑎) = 𝒜𝑐(𝑎) 

     ⇔ 𝜆 > 𝒜𝑐(𝑎) 

   ∴ 𝑎𝜆 ∉ 𝒜
𝑐 . 

This means that 𝑎𝜆 is said to be quasi – coincident with 𝒜 if and only if  

   𝜆 > 𝒜𝑐(𝑎), or  𝜆 +𝒜(𝑎) > 1. 
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1.6 Fuzzy Numbers (FNs) 

A Fuzzy Number is a special form of fuzzy sets on the real line ℝ. FNs play 

a fundamental role in fuzzy mathematics, analogous to the role played by the 

ordinary numbers in classical mathematics. The concept of fuzzy numbers 

was introduced by Zadeh [39] in 1965 and by several other authors who have 

investigated properties and proposed applications of fuzzy number. 

Definition (1.6.1) [37]: Fuzzy Numbers 

A fuzzy number is a mapping 𝑢: ℝ → [0,1] such that it is normal and 

convex; an example is shown in Figure 1.9, satisfying the following  

properties: 

 𝑢(𝑥) is an upper semi-continuous function on ℝ.     

 𝑢(𝑥) = 0 outside some interval  [𝑎1, 𝑎4] ⊂ ℝ.   

 There exist real numbers 𝑎2 and 𝑎3 such that 𝑎1 ≤ 𝑎2 ≤ 𝑎3 ≤ 𝑎4 with 

1. 𝑢(𝑥) a monotonic increasing function on [𝑎1, 𝑎2].  

2. 𝑢(𝑥) a monotonic decreasing function on  [𝑎3, 𝑎4]. 

3. 𝑢(𝑥) = 1, for all 𝑥 ∈ [𝑎2, 𝑎3]. 

 

Figure 1.9: A fuzzy number. 
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1.7    Types of Fuzzy Numbers 

Most common types of fuzzy numbers are triangular and trapezoidal ones. 

Other types of fuzzy numbers are possible, such as bell-shaped or gaussian 

fuzzy numbers. Here, the most popular types of fuzzy numbers are discussed 

namely: 

1. Trapezoidal Fuzzy Numbers (TFNs)  

A trapezoidal fuzzy number, 𝒜 = (𝑎1, 𝑎2, 𝑎3, 𝑎4) is described as any fuzzy 

subset of the real line ℝ, with the membership function  𝝁𝓐 is expressed as 

follows [2]: (this is shown in Figure 1.10). 

𝜇𝒜(𝑥) =

{
 
 

 
 
𝑥 − 𝑎1
𝑎2 − 𝑎1

 ,        𝑎1 ≤ 𝑥 ≤ 𝑎2  

1   ,                   𝑎2 ≤ 𝑥 ≤ 𝑎3   
𝑎4 − 𝑥

𝑎4 − 𝑎3
,         𝑎3 ≤ 𝑥 ≤ 𝑎4   

0 ,                    otherwise       

 

 

Figure 1.10: A Trapezoidal fuzzy number. 

2.  Triangular Fuzzy Numbers 

For a triangular fuzzy number 𝒜 = (𝑎1, 𝑎2, 𝑎3), it can be represented with 

the membership function 𝜇𝒜(𝑥) given as [5], (this is shown in Figure 1.11). 
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              𝜇𝒜(𝑥) =

{
 
 

 
 
𝑥 − 𝑎1
𝑎2 − 𝑎1

 ,        𝑎1 ≤ 𝑥 ≤ 𝑎2  

𝑎3 − 𝑥

𝑎3 − 𝑎2
,         𝑎2 ≤ 𝑥 ≤ 𝑎3 

0 ,                     otherwise     

 

 

Figure 1.11: A Triangular fuzzy number. 

1.8 Operations on Fuzzy Numbers 

1.8.1   Addition of Fuzzy Numbers: 

In this section [31] it is showed how to add two fuzzy numbers with intervals 

of confidence. Let 𝒜 and ℬ be two fuzzy numbers and their intervals of 

confidence for the level of presumption 𝛼 , 𝛼 ∈ (0,1], then: 

                 𝒜𝛼 (+) ℬ𝛼 = [𝑎1
𝛼 , 𝑎2

𝛼](+)[𝑏1
𝛼, 𝑏2

𝛼] 

                                           = [𝑎1
𝛼+𝑏1 

𝛼 , 𝑎2
𝛼 + 𝑏2

𝛼]. 

Example (1.8): 

Let 𝒜 = [1,2,4] and ℬ = [3,5,6] be two fuzzy numbers whose membership 

functions are: 

𝒜(𝑥) = {

𝑥 − 1         if 𝑥 ∈ [1,2]    
4 − 𝑥

2
        if 𝑥 ∈ [2,4]   

0                elsewhere     

     ℬ(𝑥) = {

𝑥 − 3

2
        if 𝑥 ∈ [3,5]    

 6 − 𝑥         if 𝑥 ∈ [5,6]      
 0                 elsewhere      

 

To  determined 𝒜 +ℬ  use 𝒜(𝑥) and ℬ(𝑥)  respectively 
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𝑥 − 1 = 𝛼 ⟹ 𝑥 = 𝛼 + 1 ⇒ 𝑎1
𝛼 = 𝛼 + 1 

 And  

4 − 𝑥

2
= 𝛼 ⟹ 𝑥 = 4 − 2𝛼 ⇒ 𝑎2

𝛼 = 4 − 2𝛼 

Then  

𝒜𝛼 = [𝑎1
𝛼 , 𝑎2

𝛼] = [𝛼 + 1,4 − 2𝛼] 

Also for  ℬ𝛼 as 

𝑥 − 3

2
= 𝛼 ⟹ 𝑥 = 3 + 2𝛼 ⇒ 𝑏1

𝛼 = 3 + 2𝛼             

6 − 𝑥 = 𝛼 ⟹ 𝑥 = 6 − 𝛼 ⇒ 𝑏2
𝛼 = 6 − 𝛼 

Then  

  ℬ𝛼 = [𝑏1
𝛼 , 𝑏2

𝛼] = [3 + 2𝛼, 6 − 𝛼] 

To calculate addition of the fuzzy numbers 𝒜 and ℬ by adding the 

 𝛼 − cuts of 𝒜 and ℬ using the interval of confidence. 

(𝒜 + ℬ )𝛼 = [𝛼 + 1 + 3 + 2𝛼, 4 − 2𝛼 + 6 − 𝛼] = [4 + 3𝛼, 10 − 3𝛼]  

To find (𝒜 + ℬ )(𝑥) = 𝐶(𝑥) then 𝑐1
𝛼  and 𝑐2

𝛼 respectively 

𝑐1
𝛼 = 4 + 3𝛼, 𝛼 ∈ [0,1],  

when 𝛼 = 0 then 𝑐1
0 = 4 → 𝑥1 = 4 

when 𝛼 = 1 then 𝑐1
1 = 4 + 3(1) = 7 → 𝑥2 = 7 

replace 𝑐1
𝛼 by 𝑥 and 𝛼 by 𝑦 then 𝑐1

𝛼 = 4 + 3𝛼 becomes 
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𝑥 = 4 + 3𝑦 → 𝑦 =

𝑥 − 4

3
, 𝑥 ∈ [4,7] 

𝑐2
𝛼 = 10 − 3𝛼, 𝛼 ∈ [0,1],  

when 𝛼 = 0 then 𝑐2
0 = 10 → 𝑥1 = 10 

when 𝛼 = 1 then 𝑐2
1 = 10 − 3(1) = 7 → 𝑥2 = 7 

replace 𝑐2
𝛼 by 𝑥 and 𝛼 by 𝑦 then 𝑐2

𝛼 = 10 − 3𝛼 becomes 

𝑥 = 10 − 3𝑦 → 𝑦 =
10 − 𝑥

3
, 𝑥 ∈ [7,10] 

             𝐶(𝑥) = (𝒜 + ℬ)(𝑥) =

{
 
 

 
 
𝑥 − 4

3
         if 𝑥 ∈ [4,7]    

10 − 𝑥

3
       if 𝑥 ∈ [7,10]  

0                  elsewhere     

 

The summation of  the two fuzzy numbers is shown in Figure 1.12.   

 

Figure 1.12: Addition of two linear triangular fuzzy numbers (Example 1.8). 

Example (1.9): 

Let 𝒜 = [1,2,4,6] and ℬ = [3,5,7] be two fuzzy numbers whose 

membership functions are defined as follows (Figure 1.13) 

𝒜(𝑥) =

{
 
 

 
 
𝑥 − 1     if 𝑥 ∈ [1,2]

   1          if 𝑥 ∈ [2,4] 
6 − 𝑥

2
   if 𝑥 ∈ [4,6]

0            elsewhere 

     ℬ(𝑥) =

{
 
 

 
 
𝑥 − 3

2
      if 𝑥 ∈ [3,5]

7 − 𝑥

2
        if 𝑥 ∈ [5,7] 

0                elsewhere 
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 To find 𝒜 +ℬ, go through the following steps.  

In case 𝒜(𝑥), let  𝑎1
𝛼 = 𝛼 + 1       and      𝑎2

𝛼 = 6 − 2𝛼, from which  

                     𝒜𝛼 = [𝑎1
𝛼 , 𝑎2

𝛼] = [𝛼 + 1,6 − 2𝛼]                                    (1.1) 

In case ℬ(𝑥), let  𝑏1
𝛼 = 3 + 2𝛼      and     𝑏2

𝛼 = 7 − 2𝛼, from which  

                   ℬ𝛼 = [𝑏1
𝛼 , 𝑏2

𝛼] = [3 + 2𝛼, 7 − 2𝛼]                                  (1.2) 

Adding (1.1) and (1.2) gives 

 𝒜𝛼 (+) ℬ𝛼 = [𝑎1
𝛼+𝑏1 

𝛼 , 𝑎2
𝛼 + 𝑏2

𝛼]     

= [𝛼 + 1, 6 − 2𝛼](+)[3 + 2𝛼, 7 − 2𝛼] 

                     = [𝛼 + 1 + 3 + 2𝛼, 6 − 2𝛼 + 7 − 2𝛼] = [4 + 3𝛼, 13 − 4𝛼] 

From  

               𝑎1
𝛼+𝑏1 

𝛼 = 4 + 3𝛼 

and 

           𝑎2
𝛼 + 𝑏2

𝛼 = 13 − 4𝛼 

 

Thus obtain 

                   (𝒜 + ℬ)(𝑥) =

{
 
 

 
 
𝑥 − 4

3
            if 𝑥 ∈ [4,7]

1                    if 𝑥 ∈ [7,9]
13 − 𝑥

4
         if 𝑥 ∈ [9,13]

0                     elsewhere
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Figure 1.13: Addition of linear triangular and trapezoidal fuzzy numbers 

                             (Example 1.9). 

1.8.2   Subtraction of Fuzzy Numbers: 

The definition of addition can also be extended to the definition of 

subtraction, which is expressed as [17];  

𝒜𝛼(−)ℬ𝛼 = [𝑎1
𝛼 , 𝑎2

𝛼](−)[𝑏1
𝛼, 𝑏2

𝛼], ∀𝛼 ∈ [0,1] 

= [𝑎1
𝛼−𝑏2 

𝛼 , 𝑎2
𝛼 − 𝑏1

𝛼]. 

Now an example is given involving subtraction (see Figure 1.14). 

Example (1.10): 

Let 𝒜 = [1,2,4] and ℬ = [2,5,6] be two fuzzy numbers whose membership 

functions are  

𝒜(𝑥) = {

𝑥 − 1     if 𝑥 ∈ [1,2]
4 − 𝑥

2
     if 𝑥 ∈ [2,4] 

0            elsewhere  

     ℬ(𝑥) = {

𝑥 − 2

3
        if 𝑥 ∈ [2,5]

6 − 𝑥        if 𝑥 ∈ [5,6]
0               elsewhere 

 

Then 𝒜 −ℬ can be calculated as follows: 

Redefine the components of  and ℬ. 

Now using 𝒜(𝑥) and ℬ(𝑥), then 

            𝑎1
𝛼 = 𝛼 + 1   ,    𝑎2

𝛼 = 4 − 2𝛼   and   𝑏1
𝛼 = 2 + 3𝛼  ,   𝑏2

𝛼 = 6 − 𝛼.    
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Hence,  

 𝒜𝛼 = [𝑎1
𝛼 , 𝑎2

𝛼] = [𝛼 + 1,4 − 2𝛼] and  ℬ𝛼 = [𝑏1
𝛼 , 𝑏2

𝛼] = [2 + 3𝛼, 6 − 𝛼] 

Now 

(−ℬ)𝛼 = [−𝑏2
𝛼 , −𝑏1

𝛼] = [−6 + 𝛼,−3𝛼 − 2] 

Using  −𝑏2
𝛼 and −𝑏1

𝛼 to define (−ℬ)  

−𝑏2
𝛼 = −6 + 𝛼, 𝛼 ∈ [0,1], when 𝛼 = 0 then −𝑏2

0 = −6 → 𝑥1 = −6 

when 𝛼 = 1 then −𝑏2
1 = −6 + (1) = −5 → 𝑥2 = −5 

replace −𝑏2
𝛼 by 𝑥 and 𝛼 by 𝑦 then −𝑏2

𝛼 = −6 + 𝛼 becomes 

           𝑥 = −6 + 𝑦 → 𝑦 = 𝑥 + 6, 𝑥 ∈ [−6,−5] 

−𝑏1
𝛼 = −2 − 3𝛼, 𝛼 ∈ [0,1], when 𝛼 = 0 then −𝑏1

0 = −2 → 𝑥1 = −2 

when 𝛼 = 1 then −𝑏2
1 = −2 − 3(1) = −5 → 𝑥2 = −5 

replace −𝑏1
𝛼 by 𝑥 and 𝛼 by 𝑦 then −𝑏1

𝛼 = −2 − 3𝛼 becomes: 

𝑥 = −2 − 3𝑦 → 𝑦 =
−2 − 𝑥

3
, 𝑥 ∈ [−5,−2] 

             ∴ (−ℬ) = [−6,−5,−2] 

To calculate addition of the fuzzy numbers 𝒜 and (−ℬ) by adding the 

 𝛼 − cuts of 𝒜 and (−ℬ) using the interval of confidence. 

     (𝒜 − ℬ )𝛼 = [𝑎1
𝛼−𝑏2 

𝛼 , 𝑎2
𝛼 − 𝑏1

𝛼] 

                     = [𝛼 + 1 − 6 + 𝛼, 4 − 2𝛼 − 2 − 3𝛼] 

                           = [−5 + 2𝛼, 2 − 5𝛼] 
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Finally, 

           (𝒜 − ℬ)(𝑥) =

{
 
 

 
  
𝑥 + 5

2
         if 𝑥 ∈ [−5,−3]

2 − 𝑥

5
         if 𝑥 ∈ [−3,   2]

0                 elsewhere         

 

 

 

Figure 1.14: Subtraction of two fuzzy numbers (Example 1.10). 

Remark: 

 Notice that   ℬ + (−ℬ) ≠ 0. 

Proof: 

         (ℬ)𝛼 = [𝑏1
𝛼 , 𝑏2

𝛼], (−ℬ)𝛼 = [−𝑏2
𝛼 , −𝑏1

𝛼]    

       [ℬ + (−ℬ)]𝛼 = [𝑏1
𝛼−𝑏2 

𝛼 , 𝑏2
𝛼 − 𝑏1

𝛼] ≠ 0 

1.8.3   Multiplication of Fuzzy Numbers: 

Now consider two fuzzy numbers 𝒜 and ℬ where 

 (𝒜)𝛼 = [𝑎1
𝛼 , 𝑎2

𝛼], (ℬ)𝛼 = [𝑏1
𝛼 , 𝑏2

𝛼]; 

define 𝒜 ∙ ℬ by using the definition  (𝒜 ∙ ℬ)𝛼 = [𝑎1
𝛼 ∙ 𝑏1

𝛼 , 𝑎2
𝛼 ∙ 𝑏2

𝛼], [19]. 
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Example (1.11): 

Let 𝒜 = [2,3,5] and ℬ = [3,5,6] be two fuzzy numbers, which are defined 

by   

 𝒜(𝑥) = {

𝑥 − 2         if 𝑥 ∈ [2,3]
5 − 𝑥

2
      if 𝑥 ∈ [3,5]

0               elsewhere  

     ℬ(𝑥) = {

𝑥 − 3

2
       if 𝑥 ∈ [3,5]

6 − 𝑥         if 𝑥 ∈ [5,6] 
0                elsewhere 

 

 to apply the multiplication operation using their membership functions, for 

the level 𝛼 in Figure 1.15 and using 𝒜(𝑥), ℬ(𝑥) we have 

𝑎1
𝛼 = 𝛼 + 2 and  𝑎2

𝛼 = 5 − 2𝛼. Hence 𝒜𝛼 = [𝑎1
𝛼 , 𝑎2

𝛼] = [𝛼 + 2, 5 − 2𝛼]. 

 Also, 

𝑏1
𝛼 = 3 + 2𝛼   and 𝑏2

𝛼 = 6 − 𝛼. Hence ℬ𝛼 = [𝑏1
𝛼 , 𝑏2

𝛼] = [3 + 2𝛼, 6 − 𝛼]. 

Thus the multiplication result gives 

         (𝒜 ∙ ℬ )𝛼 = [(𝛼 + 2) ∙ (3 + 2𝛼), (5 − 2𝛼) ∙ (6 − 𝛼)] 

 = [2𝛼2 + 7𝛼 + 6, 2𝛼2 − 17𝛼 + 30] 

Now, two equations to solve, namely,   

𝑥 = 2𝛼2 + 7𝛼 + 6 replace 𝛼 by 𝑦 then becomes 𝑥 = 2𝑦2 + 7𝑦 + 6 

by Quadratic Formula solve the equation  2𝑦2 + 7𝑦 + 6 − 𝑥 = 0 

𝑦 =
−7 ± √49 − 4 ∙ 2 ∙ (6 − 𝑥)

4
=
−7 ± √1 + 8𝑥

4
 

then the root 𝑦 =
−7+√1+8𝑥

4
  such that 𝛼 ∈ [0,1]  
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and the other root 

𝑥 = 2𝛼2 − 17𝛼 + 30  replace 𝛼 by 𝑦 then become 𝑥 = 2𝑦2 − 17𝑦 + 30 

by Quadratic Formula  2𝑦2 − 17𝑦 + 30 − 𝑥 = 0 

𝑦 =
17 ± √289 − 4 ∙ 2 ∙ (30 − 𝑥)

4
=
17 ± √49 + 8𝑥

4
 

then the root 𝑦 =
17−√49+8𝑥

4
  such that 𝛼 ∈ [0,1] 

Finally, 

       (𝒜 ∙ ℬ)(𝑥) =

{
 
 

 
 
−7 + √1 + 8𝑥

4
          where 𝑥 ∈ [6,15]         

17 − √49 + 8𝑥

4
       where  𝑥 ∈ [15,30]       

  0                                   elsewhere             

  

The resulting multiplication curve is shown in Figure 1.15. Note that 

𝒜(∙)ℬ does not yield a triangular shape. 

 

Figure 1.15: Multiplication of two fuzzy numbers (Example 1.11). 
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1.8.4    Division of Fuzzy Numbers: 

Division of two fuzzy numbers is defined by [17]; 

  𝒜𝛼(: )ℬ𝛼 = [𝑎1
(𝛼)
, 𝑎2
(𝛼)
] (: ) [𝑏1

(𝛼)
, 𝑏2
(𝛼)
] = [𝑎1

(𝛼)
/𝑏2

(𝛼)
, 𝑎2
(𝛼)
/𝑏1

(𝛼)
] 

where support of ℬ > 0, ∀𝛼 ∈ [0,1].  

Example (1.12): 

Let us now look  at the example illustrated in Figure 1.16, where 𝒜 =

[1,2,4]  and ℬ = [2,3,5] be two fuzzy numbers whose membership 

functions are: 

   𝒜(𝑥) = {

𝑥 − 1         if 𝑥 ∈ [1,2]
4 − 𝑥

2
        if 𝑥 ∈ [2,4]

0               elsewhere  

     ℬ(𝑥) = {

𝑥 − 2          if 𝑥 ∈ [2,3]
5 − 𝑥

2
         if 𝑥 ∈ [3,5] 

0                elsewhere   

 

Find  
𝒜

ℬ
 . 

To compute the intervals of confidence for each level 𝛼 in Figure 1.16, 

which will be described by a functions of 𝛼, is illustrated in the following 

manner: 

From 𝒜(𝑥): 

𝑎1
(𝛼)

= 1 + 𝛼   and   𝑎2
(𝛼)

= 4 − 2𝛼 

Hence, the interval of confidence at the level 𝛼 is given by 

𝒜𝛼 = [𝑎1
(𝛼)
, 𝑎2
(𝛼)
] = [1 + 𝛼, 4 − 2𝛼] 

From ℬ(𝑥): 

 𝑏1
(𝛼)

= 2 + 𝛼   and   𝑏2
(𝛼)

= 5 − 2𝛼 
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Therefore 

ℬ𝛼 = [𝑏1
(𝛼)
, 𝑏2
(𝛼)
] = [2 + 𝛼, 5 − 2𝛼] 

Thus  

(𝒜(: )ℬ)𝛼 = [1 + 𝛼, 4 − 2𝛼](: )[2 + 𝛼, 5 − 2𝛼] 

                     = [
1 + 𝛼

5 − 2𝛼
,
4 − 2𝛼

2 + 𝛼
] 

I obtain 

(
𝒜

ℬ
) (𝑥) =

{
 
 

 
 
5𝑥 − 1

2𝑥 + 1
          if 𝑥 ∈ [

1

5
,
2

3
]

4 − 2𝑥

2 + 𝑥
         if 𝑥 ∈ [

2

3
, 2]

0              elsewhere   

 

 

 

Figure 1.16: Division of two fuzzy numbers (Example 1.12). 

Remark:  

Notice that: dividing a fuzzy number by itself, it is not always equal to 1. 

That is  
𝒜

𝒜
≠ 1. 
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Proof: 

 𝒜(𝛼) = [𝑎1
(𝛼)
, 𝑎2
(𝛼)
] ,  (

1

𝒜
)
𝛼

= [
1

𝑎2
(𝛼)
,
1

𝑎1
(𝛼)
] 

∴    (
𝒜

𝒜
)
𝛼

= [
𝑎1
(𝛼)

𝑎2
(𝛼)
,
𝑎2
(𝛼)

𝑎1
(𝛼)
] ≠ 1. 
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Chapter Two 

Radial Basis Functions 

Introduction 

 Radial basis functions (RBFs) interpolation, which is the topic of this thesis, 

can be used in [13] cartography, Geodesy and digital terrain models 

applications in order to reduce error in data interpolation, it has been 

successfully used in a variety of applications. Some examples of RBFs are: 

measurements of the earth’s temperature from meteorological stations 

situated at scattered sites and learning application areas including pattern 

recognition, medical imaging, image warping and specially neural networks. 

While interpolating multidimensional scattered data, the RBF has been 

developed in the literature [27,32].  

The history of RBFs goes back to 1970s by Rolland Hardy [12]. It uses 

multiquadric method to interpolate as a linear combination of translations of 

a radially symmetric basis function. The multiquadric method was 

generalized to other “radial functions”, such as the thin plate spline [7], the 

gaussian, the cubic, ... etc, and the method was called the RBFs method. 

Franke in 1982 [10] was concerned in the evaluation of methods for scattered 

data interpolation. In the 1990s, multiquadric is used as the spatial to 

approximate scheme for parabolic, hyperbolic and the elliptic Poisson's 

equation [15,16]. Skala in 2016, described novel approaches based on RBFs 

for data interpolation and approximation generally in d-dimensional space 

[30]. The authors in [21] introduced a comparison of RBFs approximation 

methods which are made with respect to the stability and accuracy of 
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computation. A method to approximate a fuzzy function by using RBFs 

interpolation was presented in [9]. This chapter will give an introduction to 

the interpolation method using RBF’s. 

2.1    Radial Basis Function Formulation  

The RBFs are based on input-output relation on linear combinations of 

terms, which include a single bivariate function2. Applying RBFs to 

interpolate a fuzzy function, a linear system will be obtained by defining 

coefficient vector, target function will be interpolated by the formula: 

𝑠(𝒙) =∑𝛼𝑖𝜙(‖𝒙 − 𝑡𝑖‖)                                                      (2.1)

𝑀

𝑖=1

 

where 𝒙 = [𝑥1, … , 𝑥𝑑]
𝑇 is the input, 𝛼𝑖 are weights, and the radial function ϕ 

on ℝ𝑑  is defined through a univariate function 𝜙: [0,∞) → ℝ in such a way 

that  𝜙(𝒙) = 𝜙(‖𝒙‖)2, where ‖. ‖ is the usual Euclidean norm in ℝ𝑑 , and 𝑡𝑖 

are called the centers. A set of commonly used types of RBFs are given in 

Table (2.1). 

Suppose given a set of 𝑀 points {(𝑥1, 𝑓1), … , (𝑥𝑀, 𝑓𝑀)}, the centers are placed 

at the observed points, 𝑡𝑖 = 𝑥𝑖 , for 𝑖 = 1, … ,𝑀. Our goal is to find an 

interpolant 𝑠(𝒙), 𝒙 ∈ ℝ𝑑 , satisfying: 

         𝑠(𝑥𝑖) = 𝑓𝑖 , 𝑖 = 1,… ,𝑀.                                                           (2.2) 

From equation (2.1), the problem follows that 

                                                      
2 A function of two variables. 
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    ∑𝛼𝑖𝜙(‖𝑥𝑗 − 𝑥𝑖‖) = 𝑓𝑖 ,   𝑖, 𝑗 = 1,… ,𝑀.                                        (2.3)

𝑀

𝑖=1

 

Also, the formula can be rewrite in matrix form    

(

𝜙(‖𝑥1 − 𝑥1‖) 𝜙(‖𝑥2 − 𝑥1‖) ⋯ 𝜙(‖𝑥𝑀 − 𝑥1‖)

𝜙(‖𝑥1 − 𝑥2‖) 𝜙(‖𝑥2 − 𝑥2‖) ⋯ 𝜙(‖𝑥𝑀 − 𝑥2‖)
⋮ ⋮ ⋱ ⋮

𝜙(‖𝑥1 − 𝑥𝑀‖) 𝜙(‖𝑥2 − 𝑥𝑀‖) ⋮ 𝜙(‖𝑥𝑀 − 𝑥𝑀‖)

)(

𝛼1
𝛼2
⋮
𝛼𝑀

) = (

𝑓1
𝑓2
⋮
𝑓𝑀

)    (2.4)  

Or the linear system of equation (2.4) can be expressed in the form:  

𝝓𝜶 = 𝒇.                                                     (2.5) 

The matrix 𝜙 is of order 𝑀 ×𝑀, symmetric3, nonsingular (𝑑𝑒𝑡(𝜙) ≠ 0)4 and 

our system is well-posed (i.e. ∃ a unique solution).  

If matrix 𝜙 is said to be Strictly Diagonally Dominant (SDD) when |𝑎𝑖𝑖| >

∑ |𝑎𝑖𝑗|
𝑛
𝑗=1,𝑖≠𝑗  for each 𝑖 = 1,2, … , 𝑛, then 𝜙 is nonsingular, hence the 

system 𝝓𝜶 = 𝒇5 , for any 𝛼, has a unique solution. 

Some classical choices of smooth basis functions for RBFs can be found in 

(Table 2.1 and Figure 2.1). It is important to notice that the basis functions 

depend on parameter 𝜀 that determines the width of the basis functions and it 

is also used to scale the input of the radial kernel.  

 

 

 

                                                      
3  A matrix 𝜙 = [𝑎𝑖𝑗] is Symmetric (i.e. 𝑎𝑗𝑖 = 𝑎𝑖𝑗  for all possible values of  𝑖 and 𝑗.       
4   Nonsingular matrix – a matrix whose determinant is not zero. 
5  The Problem will be Well-Posed (i.e. the interpolation matrix 𝜙 is non- singular). 
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Table 2.1: A List of commonly used RBFs. 

Type of basis function 𝜙(𝑟), (𝑟 ≥ 0) 

Gaussian (GA) 𝜙(𝑟) = 𝑒−(𝜀𝑟)
2
 

Inverse quadratic (IQ) 𝜙(𝑟) =
1

1 + (𝜀𝑟)2
 

Inverse multiquadric (IMQ) 𝜙(𝑟) =
1

√1 + (𝜀𝑟)2
 

Multiquadric (MQ) 𝜙(𝑟) = √1 + (𝜀𝑟)2 

Polyharmonic spline (PS) 
𝜙(𝑟) = 𝑟𝑘, 𝑘 = 1,3,5, .. 
𝜙(𝑟) = 𝑟𝑘𝑙𝑛(𝑘), 𝑘 = 2,4,6, ..

 

 

(𝑎)                                       (𝑏)                                    (𝑐) 
Figure 2.1: Infinitely smooth RBFs for interpolation. 

Example (2.1): one Dimension 

Suppose we have 4 datapoints: 𝑥1 = 1, 𝑥2 = 3, 𝑥3 = 3.5, 𝑥4 = 4 and also 

given the 4 function values: 𝑓1 = 1, 𝑓2 = 0.2, 𝑓3 = 0.1, 𝑓4 =

2 , using the RBF 𝜙(𝑟) = 𝑒−(𝑟)
2
. To calculate our interpolant 𝑠(𝑥) we need 

to calculate 𝛼 for the matrix as in equation (2.3) which is plotted in Figure 

2.2, using our dataset we have: 

(

 

𝜙(‖1 − 1‖) 𝜙(‖3 − 1‖) 𝜙(‖3.5 − 1‖) 𝜙(‖4 − 1‖)

𝜙(‖1 − 3‖) 𝜙(‖3 − 3‖) 𝜙(‖3.5 − 3‖) 𝜙(‖4 − 3‖)

𝜙(‖1 − 3.5‖) 𝜙(‖3 − 3.5‖) 𝜙(‖3.5 − 3.5‖) 𝜙(‖4 − 3.5‖)

𝜙(‖1 − 4‖) 𝜙(‖3 − 4‖) 𝜙(‖3.5 − 4‖) 𝜙(‖4 − 4‖) )

 (

𝛼1
𝛼2
𝛼3
𝛼4

) = (

1
0.2
0.1
2

) 
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(

1 0.02 0.002 0.0001
0.02 1 0.78 0.37
0.002 0.78 1 0.78
0.0001 0.37 0.78 1

)(

𝛼1
𝛼2
𝛼3
𝛼4

) = (

1
0.2
0.1
2

) 

To determine the inverse of  matrix 𝜙: 

𝜙 = (

1 0.02 0.002 0.0001
0.02 1 0.78 0.37
0.002 0.78 1 0.78
0.0001 0.37 0.78 1

) 

First, set up the matrix ( 𝜙 | Ι ): (use the Gauss method for the multiplicative 

inverse, which has finally the form ( Ι | 𝜙−1)). 

(

1 0.02 0.002 0.0001
0.02 1 0.78 0.37
0.002 0.78 1 0.78
0.0001 0.37 0.78 1

|

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

) 

Next, using elementary row operations on the matrix( 𝜙 | Ι ) to 

get ( Ι |𝜙−1).Thus, 

(

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

|

1.0013 −0.0713 0.0846 −0.0397
−0.0713 4.0624 −5.0974 2.4729
0.0846 −5.0974 8.9497 −5.0947
−0.0397 2.4729 −5.0947 4.0589

) 

Solving the system by using the formula 𝛼 = 𝜙−1𝑓 which is an exact 

interpolation of the dataset. 

(

𝛼1
𝛼2
𝛼3
𝛼4

) = (

1.0013 −0.0713 0.0846 −0.0397
−0.0713 4.0624 −5.0974 2.4729
0.0846 −5.0974 8.9497 −5.0947
−0.0397 2.4729 −5.0947 4.0589

)(

1
0.2
0.1
2

) 

gives the solution 
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(

𝛼1
𝛼2
𝛼3
𝛼4

) = (

0.916
5.177
−10.229
8.063

) 

This means that our interpolating RBF is  

𝑠(𝑥) = 0.916 𝜙(‖𝑥 − 1‖) + 5.177 𝜙(‖𝑥 − 3‖) − 10.229 𝜙(‖𝑥 − 3.5‖)

+ 8.063 𝜙(‖𝑥 − 4‖). 

This basic RBF interpolation with 𝜀 = 1 is plotted in Figure 2.2, it shows how 

the interpolant 𝑠 interpolates 𝑓 by using Gaussian basis functions. It can be 

seen that 𝑠 interpolates 𝑓exactly at the points{1, 3, 3.5, 4}. 

 

Figure 2.2: Basic RBFs interpolation with Gaussian basis functions 

                 where 𝜺 = 𝟏, interpolating 𝝓(𝒓) = 𝒆−(𝒓)
𝟐
at {𝟏, 𝟑, 𝟑. 𝟓, 𝟒}. 
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Figure 2.3, shows an example for 2D and 3D data, which uses an interpolation 

radial function and gives a result similar to the original function, as explained 

in section 3.4. 

 

                         Original data            86% data loss            RBF interpolation 

 

          Stanford bunny                         RBF interpolation 

Figure 2.3: Illustrations of RBFs in 2D and 3D. 

2.2   Stability 

The condition number of a matrix plays an important role when discussing 

RBF interpolation, as observed by Schaback [29] there is a trade-off  between 

the accuracy of the interpolation and the condition number of the matrix 𝜙 in 

equation (2.5). The condition number of  the nonsingular matrix 𝜙 relative to 

a norm ‖∙‖ which is defined as: 

𝑘(𝜙) = ‖𝜙‖ ⋅ ‖𝜙−1‖.                                                     (2.6) 

If 𝜙 is normal (a matrix 𝜙 is normal, if 𝜙∗𝜙 = 𝜙𝜙∗ where 𝜙∗ is the conjugate 

transpose6 of 𝜙.) and  the 2-norm (Euclidean norm) of a matrix is given by 

                                                      
6  If 𝜙 is an 𝑚 × 𝑛 matrix with entries from the field 𝔽, then the conjugate transpose of  𝜙 

is obtained by taking the complex conjugate of each entry in 𝜙 and then transposing𝜙. 
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‖𝜙‖2 = √𝜌( 𝜙

∗𝜙)  (the spectral norm) is chosen, (2.6) becomes   

𝑘‖∙‖2(𝜙) = |
𝜆max (𝜙)

𝜆min (𝜙)
|,                                                 (2.7) 

so the condition is the ratio of the biggest to the smallest eigenvalue of 𝜙.                 

In order to improve the accuracy of the interpolant one can change the shape 

parameter 𝜀 to control the condition of the resulting interpolation matrix, which 

leads to a more ill-conditioned problem since the condition number of the matrix 

𝜙 increases (a matrix 𝜙 is ill-conditioned when 𝑘(𝜙) is significantly greater than 

1). This trade-off  has been called the uncertainty principle, and a matrix 𝜙 is 

well-conditioned if 𝑘(𝜙) is close to 1. 

Example (2.2): 

Determine the condition number for the matrix 

𝜙 = (
2 0 −1
2 3 5
0 −4 3

) 

Solution:  

First, calculate 𝜌(𝜙∗𝜙) the eigenvalues(𝜆) of 𝜙∗𝜙. 

𝜙∗𝜙 = (
2 2 0
0 3 −4
−1 5 3

)(
2 0 −1
2 3 5
0 −4 3

) = (
5 −1 −3
−1 38 3
−3 3 25

) 

Then  𝜆1 = 4.550,  𝜆2 = 24.712, 𝜆3 = 38.738 

Hence  𝜌(𝜙∗𝜙) = 𝑚𝑎𝑥{4.550, 24.712, 38.738} = 38.738 

 ‖𝜙‖2 = √38.738 ≈ 6.224 

Also,  𝜙−1 = (
0.439 0.061 0.046
−0.091 0.091 −0.182
−0.121 0.121 0.091

) 
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Then,   (𝜙−1)∗ 𝜙−1   

= (
0.439 −0.091 −0.121
0.061 0.091 0.121
0.046 −0.182 0.091

)(
0.439 0.061 0.046
−0.091 0.091 −0.182
−0.121 0.121 0.091

) 

          = (
0.199 −0.043 −0.042
−0.043 0.050 0.006
−0.042 0.006 0.038

) 

 Eigenvalues of (𝜙−1)∗(𝜙−1): 

𝜆1 = 0.026,  𝜆2 = 0.041,  𝜆3 = 0.220   

Hence  𝜌((𝜙−1)∗(𝜙−1)) = 𝑚𝑎𝑥{0.026, 0.041, 0.220} = 0.220 

 ‖𝜙−1‖2 = √0.220 ≈ 0.469 

and for the Euclidean norm,  𝑘(𝜙) = (6.224)(0.469) ≈ 2.919, is ill-

conditioned when 𝑘(𝜙) is significantly greater than 1. This is called 

uncertainty principle. 

From previous example we notice that: for small values of condition number 

and small values of errors this provide high accuracy interpolation. 
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Chapter Three 

Interpolation of Radial Basis Functions 

Using Trapezoidal Fuzzy Numbers 

3.1   What is Interpolation? 

Interpolation is a method of using data points with known values or sample 

points to estimate unknown values. The interpolation problem is to construct 

a base function that passes exactly through these points (see Figure 3.1). 

       (a) Given Points.                                            (b) The interpolated function. 

Figure 3.1: Interpolation. 

In this chapter, matlab program is used to implement the algorithms which are 

presented to solve numerically two examples through the Trapezoidal Fuzzy 

functions interpolation by smoothies method in functional spaces to show the 

efficiency of the method. 

3.2    Basic Concepts 

In this section, some definitions are presented about methods for constructing 

functional spaces generated by RBFs which will be used throughout this 

thesis. 
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Denfinition (3.2.1)[22]: Lebesgue spaces 

 The space of functions which are Lebesgue integrable on Ω to the power 

of  𝑝 ∈ [1,∞) is denoted by: 

‖𝑢‖𝐿𝑝(Ω) = (∫ |𝑢|𝑝(𝑥)𝑑𝑥
Ω

)

1 𝑝⁄

< ∞ . 

Denfinition (3.2.2)[22]: Sobolev spaces 

 Let  Ω ⊂ ℝ𝑑(𝑑 = 1,2,3) be an open set and 1 ≤ 𝑝 < ∞, the Sobolev 

space 𝐻𝑘,𝑝(Ω) consists  of function 𝑢 ∈ 𝐿𝑝(Ω) such that for every multi – 

index 𝛼 with |𝛼| ≤ 𝑘, the partial derivative 𝐷𝛼𝑢 exists and 𝐷𝛼𝑢 ∈ 𝐿𝑝(Ω) 

thus:  

   𝐻𝑘,𝑝(Ω) ≔ {𝑢 ∈ 𝐿𝑝(Ω): 𝐷𝛼𝑢 ∈ 𝐿𝑝(Ω), ∀𝛼 with |𝛼| ≤ 𝑘} 

Denfinition (3.2.3):  

A function 𝑓 from 𝑆 ⊂ ℝ𝑛 into ℝ𝑚 is Lipschitz continuous at 𝑣 ∈ 𝑆 if 

there is a constant 𝑐 such that: 

‖𝑓(𝑢) − 𝑓(𝑣)‖ ≤ 𝑐‖𝑢 − 𝑣‖ 

for all 𝑢 ∈ 𝑆 sufficiently near 𝑣. 

Denfinition (3.2.4): Positive Definite Matrices 

An 𝑀 ×𝑀 matrix 𝜙 is positive definite, if it is symmetric (𝜙𝑇 = 𝜙) 

and 𝑥𝑇𝜙 𝑥 > 0 for any 𝑀 − dimensional vector 𝑥 ≠ 0. 
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Theorem: 

 If 𝜙 is an 𝑀 ×𝑀 positive definite matrix , then: 

    𝜙 has an inverse (nonsingular).     

    𝑎𝑖𝑖 > 0 for each 𝑖 = 1,2, … ,𝑀. 

   max
1≤𝑘,𝑗≤𝑀

|𝑎𝑘𝑗| ≤ max
1≤𝑖≤𝑀

|𝑎𝑖𝑖|. 

   (𝑎𝑖𝑗)
2
< 𝑎𝑖𝑖𝑎𝑗𝑗  for each 𝑖 ≠ 𝑗. 

3.3    Description of the Method 

Given a set of  𝑀 distinct points {𝑥𝑖}𝑖=1
𝑀  , the RBF interpolant is given as 

described in the following equation: 

  ∑𝜶𝒊𝝓(‖𝒙𝒋 − 𝒙𝒊‖) = 𝒇𝒊,   𝒊, 𝒋 = 𝟏,… ,𝑴              (3.1) 

𝑴

𝒊=𝟏

  

when we interpolate the data values (𝑓𝑖) at the scattered node locations 𝑥𝑖 ,  

 𝑖 = 1,2, …𝑀 in 𝑑 dimensions (𝑑 = 1,2), where ‖. ‖ denote the Euclidean 

norm and 𝑥𝑖  is the center of RBF. 

We obtain the expansion coefficients 𝛼𝑖 by solving a linear system defined 

as:   

 𝝓𝜶 = 𝒇,                                                                       (3.2) 

based on the interpolation conditions, the estimated function will be 

 𝒔(𝒙𝒊) = 𝒇𝒊.                                                                     (3.3) 
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The system takes the form 

(

𝜙(‖𝑥1 − 𝑥1‖) 𝜙(‖𝑥2 − 𝑥1‖) ⋯ 𝜙(‖𝑥𝑀 − 𝑥1‖)

𝜙(‖𝑥1 − 𝑥2‖) 𝜙(‖𝑥2 − 𝑥2‖) ⋯ 𝜙(‖𝑥𝑀 − 𝑥2‖)
⋮ ⋮ ⋱ ⋮

𝜙(‖𝑥1 − 𝑥𝑀‖) 𝜙(‖𝑥2 − 𝑥𝑀‖) ⋮ 𝜙(‖𝑥𝑀 − 𝑥𝑀‖)

)(

𝛼1
𝛼2
⋮
𝛼𝑀

) = (

𝑓1
𝑓2
⋮
𝑓𝑀

),   (3.4)  

where 𝜙 is called a distance matrix or interpolation matrix. In conclusion, to 

ensure a unique solution to the interpolation problem,  the RBF requires to be 

conditionally positive definite of order 𝑀 on ℝ𝑑(𝑑 = 1,2). 

Let Ω be an open bounded connected nonempty subset of  ℝ𝑑 , with Lipschitz 

- continuous boundary. Also using the classical notation 𝐻𝑘(Ω) to denote the 

usual Sobolev space of all distributions 𝑢𝑖 , 𝑖 = 1, … ,𝑀, whose partial 

derivatives, up to order 𝑘, are the Classial Lebesgue space 𝐿2(Ω) (see 

Definitions 3.2.1 - 3.2.3).  

Let us give an arbitrary finite set {𝑏1, … , 𝑏𝑀} ⊂ ℝ of 𝑀 distinct interpolation 

points and a set of fuzzy numbers 𝕌 = {𝑢1, 𝑢2, … , 𝑢𝑀} be defined such as  𝑢𝑖 =

{𝑢𝑖1, 𝑢𝑖2, 𝑢𝑖3, 𝑢𝑖4}, 𝑖 = 1,… ,𝑀 
is a trapezoidal fuzzy number (𝕋𝔽ℕ), i.e. 𝕌 ⊂

𝕋𝔽ℕ. Also require a set of knots (center points) {𝛼1, … , 𝛼𝑀} and for each of 

them a radial function 𝜙(∙ −𝑎ℓ) with 

 ℓ = 1,… ,𝑀.  

After this introduction, we come to the main goal of this section which is to 

solve the following interpolation problem: Given the interpolating data 

set {(𝑏𝑖 , 𝑢𝑖), 𝑖 = 1,… ,𝑀} ⊂ ℝ ∗ 𝕋𝔽ℕ. To obtain a fuzzy function 

𝑠 ∈ 𝐻𝑇 , let 𝐻𝑇 be the set of  functions satisfying the following 

conditions, 𝑠: Ω ⟶ 𝕋𝔽ℕ.  such that 𝑠(𝑥𝑖) = 𝑢𝑖 , 𝑖 = 1, … ,𝑀. expressed as: 
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𝑠(𝑥) =∑𝛼ℓ

𝑀

ℓ=1

𝑤ℓ(𝑥)       

where 𝑤ℓ(𝑥) = {𝜙𝜀(∙ −𝑎ℓ), ℓ = 1,… ,𝑀} and  [𝛼1, … , 𝛼𝑀]
𝑇 ∈ 𝕋𝔽ℕ 

 is the solution of the linear system 𝒜𝛼 = 𝑏 where
 

                 𝒜 = (𝑤𝑖(𝑏𝑗)) , 𝑖 = 1,… ,𝑀,  𝑗 = 1,… ,𝑀. 

𝛼 = (

𝛼1
⋮
𝛼𝑀
) ∈ (ℝ4)𝑀,  

that is the usual Gaussian function  
𝜙
𝜀
(𝑟) = 𝑒−(𝜀𝑟)

2
, 𝜀 ∈ ℝ+, 𝑟 ≥ 0.  𝑏 = {𝑢𝑖1, 𝑢𝑖2, 𝑢𝑖3, 𝑢𝑖4}, 𝑖 = 1,… ,𝑀. 

The interpolation matrix is nonsingular since it is a positive definite matrix, 

so we have the unique existence of the coefficients 

𝛼 = (𝛼1…𝛼𝑀)
𝑇 ∈ (ℝ4)𝑀. 

In order to verify and analyze the fuzzy data interpolation using RBFs, 

consider two approximation error estimaters that are appropriate normalized 

of the discrete version of the usual norms in ℂ(Ω)
 
and 𝐿2(Ω)  respectively, 

defined by the expressions: 

𝐸𝑐 =
max
𝑖=1,…,𝑀

|𝑓(𝑎𝑖) − 𝑠(𝑎𝑖)|

max
𝑖=1,…,𝑀

|𝑓(𝑎𝑖)|
 

𝐸ℓ = √
∑ (𝑓(𝑎𝑖) − 𝑠(𝑎𝑖))

2𝑀
𝑖=1

∑ (𝑓(𝑎𝑖))
2𝑀

𝑖=1

 

where 𝑓 is a given function, and 𝑠 is the interpolating RBF. 

    Two examples of  RBF approximation are presented in the following. 
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3.4 Numerical Examples and Results 

In this section, we want to test our method by choosing two examples of fuzzy 

functions in order to analyze the presented fuzzy radial basis interpolation 

method. 

Example (3.1):  

In this example we consider  𝑓1: [0,
𝜋

4
] → 𝕋𝔽ℕ  

  and used  𝑓1(𝑥) = (𝑎1(𝑥), 𝑎2(𝑥), 𝑎3(𝑥), 𝑎4(𝑥))                                              

                              = (𝑒−0.5𝑥, 0.2 𝑠𝑖𝑛(4𝜋𝑥), 0.5 𝑐𝑜𝑠(4𝑥), 𝑠𝑖𝑛(5𝑥))                  

The next figure (Figure 3.2) shows the radial basis interpolation of the 

function  𝑓1 with increasing number of centers: 50,100, 150, 200, respectively. 

 

 

ــــــ Original ------Interpolation 

Figure 3.2: Radial interpolation of the function 𝒇𝟏 for a) 50, b)100, c)150, d)200 

                       centers ( Example 3.1). 
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On the following Table (Table 3.1), which describes the two approximation 

errors:  𝐸𝑐 and 𝐸ℓ between the original and the interpolated function 𝑓1 which 

are decreasing when the number of centers increases. 

Table 3.1:  Error estimates for RBF interpolation of  Example 3.1. 

𝑡𝑖 = 𝑥𝑖 
Error 

 𝐸𝑐                            𝐸ℓ 

50 1.818𝑒−05 1.286𝑒−04 

100 9.091𝑒−06 9.091𝑒−05 

150 6.061𝑒−06 7.423𝑒−05 

200 4.546𝑒−06 6.429𝑒−05 

 

On the following figure (Figure 3.3), which shows the results of the two 

approximation errors: 𝐸𝑐  and  𝐸ℓ for 𝑓1, and it’s RBFs interpolation,  

which are decreasing when the number of centers increases. 

 

   

Figure 3.3: Pareto front of 𝑬𝒄, 𝑬𝓵 errors vs. number of centers for 𝒇𝟏(𝒙). 
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Example (3.2):  

In this example we consider 𝑓2: [0,1] → 𝕋𝔽ℕ  

and used 𝑓2(𝑥) = (𝑎1(𝑥), 𝑎2(𝑥), 𝑎3(𝑥), 𝑎4(𝑥))                                           

                   = (𝑒0.1𝑥, 0.1𝑠𝑖𝑛(3𝜋𝑥), 𝑐𝑜𝑠(3𝑥), 𝑒𝑥
2
)     

This fuzzy function 𝑓2 is interpreted in Figure 3.4 to show the radial basis 

interpolation when increasing the number of centers: 50, 100, 150, 200, 

respectively. 

 

 

 Original ------Interpolationــــــ

Figure 3.4: Comparison between original function and interpolation function in 

                      Example 3.2 for a)50, b)100, c)150, d)200  centers. 

 



56  

On the following Table (Table 3.2), which describes the two approximation 

errors:  𝐸𝑐 and 𝐸ℓ between the original and the interpolated function 𝑓2 which 

are decreasing when the number of centers increases. 

Table 3.2:  Error estimates for RBF interpolation of Example 3.2. 

𝑡𝑖 = 𝑥𝑖 
Error 

 𝐸𝑐                            𝐸ℓ 

50 1.125𝑒−04 7.955𝑒−04 

100 5.625𝑒−05 5.625𝑒−04 

150 3.750𝑒−05 4.593𝑒−04 

200 2.813𝑒−05 3.978𝑒−04 

 

On the following figure   (Figure 3.5), which shows the results of the two 

approximation errors: 𝐸𝑐and 𝐸ℓ for 𝑓2, and it’s RBFs approximation, 

which are decreasing when the number of centers increases. 

 

   

Figure 3.5: Pareto front of 𝑬𝒄, 𝑬𝓵 errors vs. number of centers for 𝒇𝟐(𝒙). 

 

 

 



57  
 

 

 

 

 

 

 

Chapter Four 

Conclusions and Suggestions 

 

 

  



58  
Chapter Four 

Conclusions and Suggestions 

4.1  Conclusions  

Interpolation using RBF appears very attractive in many applications as in 

image reconstruction, GIS systems, computer graphics, optics, fuzzy systems 

… etc. The RBF interpolation was originally introduced by [13] and is defined 

by the function: 

𝑓𝑖 =∑𝛼𝑖𝜙(‖𝑥𝑗 − 𝑥𝑖‖)                                             

𝑀

𝑖=1

 

where the coefficients 𝛼𝑖  are computed such that: 

                                    𝑠(𝑥𝑖) = 𝑓𝑖  for 𝑖 = 1,… ,𝑀.  

 𝑀 is the number of interpolation points, and 𝜙 is the RBF. 

 The interpolation errors: 𝐸𝑐  (RMFE)  and 𝐸ℓ (RMSE) are computed for  the 

following two functions: 

𝑓1(𝑥) =  (𝑒
−0.5𝑥, 0.2 𝑠𝑖𝑛(4𝜋𝑥), 0.5 𝑐𝑜𝑠(4𝑥), 𝑠𝑖𝑛(5𝑥))  and 

 𝑓2(𝑥) = (𝑒
0.1𝑥, 0.1𝑠𝑖𝑛(3𝜋𝑥), 𝑐𝑜𝑠(3𝑥), 𝑒𝑥

2
),  

where 𝑓 is defined on Ω ⊂ ℝ to the  𝕋𝔽ℕ𝑠 set and visualized results in 

Figures 4.1 and 4.2. which shows the interpolation error is reduced rapidly as 

the number of centers increases actually implementing the following number 

of centers: 50, 100, 150, 200, respectively. One can conclude from small error 

values, that the interpolated function is close to the original data. These results 
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where implemented by MATLAB. 

 
Figure 4.1: Plot of the errors with respect to the number of centers for 

             𝒇𝟏(𝒙) = (𝒆
−𝟎.𝟓𝒙, 𝟎. 𝟐 𝒔𝒊𝒏(𝟒𝝅𝒙), 𝟎. 𝟓 𝒄𝒐𝒔(𝟒𝒙), 𝒔𝒊𝒏(𝟓𝒙)). 

 

 
Figure 4.2: Plot of the errors with respect to the number of centers for 

                        𝒇𝟐(𝒙) = (𝒆
𝟎.𝟏𝒙, 𝟎. 𝟏𝒔𝒊𝒏(𝟑𝝅𝒙), 𝒄𝒐𝒔(𝟑𝒙), 𝒆𝒙

𝟐
). 

A conclusion can be drawn after the analysis of the results mentioned in 

section 3.4, by revising the errors: 𝐸𝑐 and 𝐸ℓ  that the interpolation of radical 

function of Gaussian type presentes a simillar behavior to the original 

function. 
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4.2  Suggestions for Further Work 

The work of this thesis can be extended in the following areas: 

1-  The one dimension problem can be modified and replaced by two or three 

dimensional problems. 

2-  This technique can be used for other types of fuzzy numbers  rather than 

𝕋𝔽ℕ𝑠. 

3-  Investigating the influence of replacing the gaussian with other types of 

radial function (see table 2.1). 
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  لخصالم 
في المجالات التقنية العلمية المختلفة مثل معالجة  نتشرةلمواة المهم  المشاكل الاستيفاء هو أحد 

إنشاء نقاط حيث يُستخدم في  ، وغيرهاالهندسي والتصميم الحسابية، النمذجة اتالرسوم ،ورالص
 .بيانيا   الاقتران بين نقاط البيانات المعروفة ويمكن أن يمثلبيانات جديدة محددة أو مقدرة 

 منعدد ضبابي  باستخدام ((Gaussian من النوع منهجية الراديال في هذه الأطروحة، تم عرض
 (𝐸𝑐: root mean forecast error   نيالخطأ تخدمواسُ  (TFNs)شبه منحرف النوع 

 (and 𝐸ℓ: root mean square error مقترحة فاء في المنهجية الالاستيدقة في قياس جودة و
 مع الاقتران الأصلي. بالمقارنة

 المراكز دد، وتبين أنه عند زيادة ععددين ، قدمنا مثاليننجاعتهاو  وأخيرا ، لفحص فعالية الطريقة

(RBF centers)، فإن ذلك ينعكس على أداء أفضل بتقليل الخطأ و زيادة الدقة للقيم المقدرة 

𝐸𝑐) باستخدام مقارنة مع الاقتران الأصلي و الذي تم قياسها    and 𝐸ℓ)مستخدمين  

 .MATLABبرنامج  

 

 


