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SOLUTION OF SYSTEM OF FREDHOLM INTEGRO-DIFFERENTIAL
EQUATIONS

By
Ansam Mohammad Zaidan
Supervisor

Prof. Naji Qatanani

Abstract

Background: System of Fredholm integro-differential equations is a hot topic in applied
mathematics; in particular, the field of signal processing, neural networks and the devel-

opment of telecommunications.

Aims: This thesis presents some numerical methods based on matrix polynomials to
solve system of Fredholm integro-differential equations. These methods are: Laguerre

polynomials, Bessel functions and Legendre polynomial.

Methods: In this study, we use Matlab software to implement these methods in form of

algorithms to solve some numerical examples.

Results: Numerical results show that the convergence and accuracy proprieties of these

methods are in good agreement with the exact solution.

Conclusion: A comparison of numerical results illustrated in tables and figures shows that
the Laguerre polynomials method provides more accurate results than the other methods

and therefore more effective.

Keywords: solution of system, fredholm, integro-differential, matlab, numerical meth-

ods, integrodifferential.



Chapter One

Introduction

The system of integro-differential equations is used in the study of processes in chemistry,
physics like the theory of signal processing and neural networks, biology and economy.
It also presents a survey of the earlier works that deal with the boundary value and initial
problems of the Fredholm and Volterra integro-differential models. Many authors discuss
the solvability of different problems and the methods that can be used to find their solu-
tions. Much research was based on finding easy and simple ways to solve these equations,

but a lot of research was limited to solving one equation[34, 27, 9].

More research have been carried out to solve systems of Integral equations and system
of integro-differential equations. This include: Hybrid orthogonal Bernstein[4], Rational-
ized Haar Functions Method[29], Adomian decomposition method[33, 7], Galerkin meth-
ods with Hybrid Functions[19], Homotopy perturbation method[5], Differential Trans-
form method[25], Tau method[28], Modified Decomposition method[21], Bessel matrix
method[38, 24], the block pulse functions method[20], Fibonacci polynomials method[23,
30], Sinc Collocation Method[16], Bernoulli Polynomials Operational Matrix[18, 15],
spectral collocation matrix method[26], Exponential spline method[32] and Reconstruc-

tion of Variational Iteration method (RVIM)[14, 13].

Most of the aforementioned methods were implemented to find an approximate solution
to systems of integral equations and systems of integro-differential equations and then

compare the solution with some existing methods that appeared in the literature.

Zaffer Elahi et al [8], presents a framework that combines the operations of Laguerre oper-
ational matrix and Fredholm linear frameworks to solve the system of integrated variable
equations (IDEs). The results of the study indicate that the Laguerre approach is more

accurate than the other methods.

In applied mathematics, many problems lead to the following linear system of Fredholm
integro-differential equations. A system of Fredholm integro-differential equations is a set

of equations in which the unknown functions appear inside an integral sign and contains



ordinary derivatives, given as

n T b T
Z Z Uqu(x)yék) () = fplz) + / Z K q(@, 1)y,(t)dt,

o a=1 —" (1.1)
p=12....r, 0<a<ux<D,

subject to the initial conditions:

[y

n—

(@ (@) + 0 gD 0) =y, p=0,1,...,n—1, k=1,2...,r, (12)

<
Il
=)

where y,(z) is the unknown solution and o

o> Kpq(z, 1), fp(x) are known functions de-

fined an interval [a, b], the kernel function K, ,(z,t) can be expanded using Maclaurin

: ko pk
series and also a,, ., by ., fix are real constants.

In this work we present some numerical methods based on matrix polynomials to solve
system of Fredholm integro-differential equations. These methods are: Laguerre polyno-
mials, Bessel functions and Legendre polynomial. We use Matlab software to implement
these methods in the form of algorithms to solve some numerical examples. A comparison

between the methods will be carried out.

1.1 Thesis Organization

Chapter one contains some mathematical preliminaries and some basic concepts of sys-
tem of integro-differential equations and their solvability. In chapter two, we present
three numerical methods for solving systems of integro-differential equations, these in-
clude: laguerre polynomials, Bessel functions and legendre polynomials. In chapter three,
the proposed methods are implemented using Matlab software to solve some numerical

examples with known analytical solutions.



Chapter Two

Mathematical Preliminaries

In this chapter, we introduce some basic concepts of systems of integro-differential equa-
tions and their solvability.

2.1 Classification of systems of Integro-Differential Equations

2.1.1 System of Volterra Integro-Differential Equations

A system of Volterra integro-differential equations can be written as[1]:

8

(@) = fule) + [TE (e, Oy t) + K@, ya(t) + e + Ky, ty; (1)dt,
(@) = fole) + [T (Ko, )y (1) + Kaa(@, O)ya(t) + cooeees + Ko, £)y; (1))dt,

" (x) )+ [ (K, Oy (1) + Ko, 8)ya(t) + oo + Koy (2, 8)y; (1)),
2.1)
The functions y; (), y2(z), ..., y;(x) are to be determined, the kernels K;;(z,t),
Kis(x,t),..., K;;j(z,t) and the functions f;(z) are real-valued functions.

2.1.2 System of Fredholm Integro-Differential Equations

A system of Fredholm integro-differential equations can be expressed as:

g (@) = fi(z) + [PEn (e, )y (t) + Ki(a, Oys(t) + ..o.... + Ky, )y, (2))dt,
s (@) = fol) + [ (Ko (2, )y (t) + Koa(@, 0)y2(1) + oo + Ko, 1)y; (1)),

2.1.3 System of Volterra-Fredholm Integro-Differential Equations

A system of Fredholm integro-differential equations appears in the form [35]:

b
W (@) = fila) + / (K (, )y (8) + Kia(a, )ya(t) + - - + Koj(w, t)y;(t))dt

+ /t(KUn(IJ)yl(t) + Kvia(z,t)y2(t) + - - + Kvyy(z,t)y;(t))dt,



b
ys (x) = fala) + / (K1 (2, t)y1(t) + Koo, t)ya(t) + - - - + Kaj(x, t)y;(t))dt

T / (B ()3 (£) + o, Da(£) + -+ Koy, )y (1)),

y(n)(x) = fi(z) + / (K (2, t)yi (t) + Ko, t)ya(t) + - - - + Ky, t)y;(t))dt

+/ (K (2, )y (1) + Ko (2, 0)ya(t) + - - - + K, t)y; (1)) dt,

2.2 Linearity[31]

The system of integro-differential equations

h(z) N
" (x) = fiz) + / () Kijlw, )y;(£))dt,0 < i < N, (2.3)
g(z) j=1
is linear if the functions y;(z) and all it’s derivatives do not contain nonlinear functions

of y;(z) like (sinw, coswu, sinhu, coshu, expu,...).

2.3 Homogeneity[31]

The system of integro-differential equations in equation (2.3) is homogeneous if f;(x) is

identically zero for all <.

2.4 Matrix Relation for polynomials methods to solve the system of Fredholm Integro-

Differential equations (FIDE)

Matrix methods is widely used as numerical methods to find augmented matrix of the
system like [17, 10, 2, 3, 36].
The following system of linear Fredholm Integro-differential Equations is to be consid-

ered:

>3 ok (@) / A )

k=0 ¢=1

(2.4)



subject to the initial conditions:

n—1
S (ak y? (@) + 0 P (1) = piny,
=0 (2.5)

where y, () is the unknown and o*

oo Kpq(z, 1), fo(x)are the known functions defined in

the interval [a, b], the kernel function K, ,(x,t) can be expanded using Maclaurin series

koopk
and also a;, bp7 g Mk p are real constants.

Taking y,(x) as the approximate solution of equation (2.4) in terms of truncated Laguerre

series yields

N
Yp() :Zamen(x), p=12,...,r, a<uxz<b, (2.6)

n=0
where o, ,, are the unknown Laguerre coefficients, to be determined forn = 0,1,2,..., N

and L, (x) be the Laguerre polynomials.

This can be expressed in matrix form as:

yQ<x) :L<$)Aq, q: 1,2,...,T, (27)
where,
A, = (g0, g1, aqn)t (2.8)
or from equation (2.8)
yq(r) = S(2)y Ay, g=1.2,...,r (2.9)

Assume that the polynomials L,,(x) has a matrix form given by the following matrix:



(O (% coo YrINa1 (W

v=| : : s . N (2.10)
Yni Unz oo UNN-1 UNN
L(z) = S(x) ™, (2.11)
where;
L) = (Lo(w) Li@)  Lo() Ly() ).
sw)=(1 = o ),

The relation between the matrix S(z) and it’s first and second derivatives are:

S@(2) = SV(@)B, 8W(x) = S(x)8, SO(z) =S(x), (2.12)
where,
0 1 0 0
0 0 2 0
g=1: i . (2.13)
o 0 0 ... N
o 0 0 ... 0

It follows from equations (2.11) and (2.12) that
S¥(z) = SP~V(2)B = S(x)(B)", p=0,1,2,...,n, (2.14)

L) (z) = S (2)yT = S(2)(B)"y7, p=0,1,2,...,n (2.15)



The following recurrence relation is obtained using equations (2.14) and (2.15)

yép)(:E) = L(p)(x)Aq

= S® ()T A
! (2.16)
=S(x) (8" A,
p=0,1,2,...,n,q=1,2,... 7.
Hence, the matrices y®) () can be expressed as
y?(z) = S(x)(B)PYA, p=0,1,2...n, (2.17)
where,
v () Ay
(p)
x A
y(p) (X) _ Y ( ) : A — 2 ’
yﬁp)(w) A,
S(x) 0 0
~ 0 S(z 0
Sy — | () |
0 0 S(x) .
I6] 0 Pt 0 0
~ 0 . 0 ~ 0 T 0
e I TR B
0 0 . g 0 0 e T
TXT
The matrix form of the system can be defined in equation (2.4) is as follows
Y Pu(a)y?(x) = f(z) +1(z), (2.18)
p=0



where,

u” (x) filx) I(x)
(p)
x x Ir(z
y(p)(x) _ Ya ( ) 7 £f— f2( ) ’ I— 2( ) ’
u’ (@) (@) L(x)
ori(z)  ols(@) o1, (z)
o (z ob,(x ob (x
Pp(x) — 2,1.( ) 2,2( ) 2,7‘( ) ’
oti(x)  ola(a) ot (x)
KLl(ZE,t) KLQ(.’ﬂ,t) K1’7»<33,t)
Koq(z,t Koo(x,t o Ko(xt b
K(z,t) = 2’1_( ) “F ) . > ( ) I(z) = / K (2, H)u(t)dt,
Knl(ZL’,t) Kng(w,t) Ce KT7T(I‘,t)
b T
L) = [ 3 Kpale ) @19
a qzl
Using truncated Taylor and Laguerre/Bessel series to approximate the kernel K, ,(z, )
yields
N N
K, ,(z,t) = Z Z kl,s"t"
m=0 n=0
N N (2.20)
Fpo(z,t) =Y ) kb Lon(z)La(t),
m=0 n=0
where,

;1 9™"K(0,0)

Pa Il 9smotr

m,n=0,1,2,....N, p,gq=0,1,2,....,r. (221)
Equation (2.20) can be put into the matrix form, as

Kyo(r.t) = S(0)KLST(1), K, = (k). (2.22)



and
Kpq(z,t) =L(x)K, L'(t), K. = (k). (2.23)
Substituting equations (2.16) and (2.23) in equation (2.19) to get the matrix form of the

integral part yields

where,

Q= | LY#®)S(t)y*dt

= [ wST()S(t)0Tdt = yMy",

b
M= [ ST#)S(t)dt = (myj), (2.24)

a

_ pitil gt .
Wheremij—w, 2,]—0,1,2,...,]\7.

r

L(z) =) S(z)¢"K. QA,. (2.25)
q=0

In order to determine the system of equations in matrix form, we substitute the collocation

points into equation (2.18) to equation (2.27) defined by

b _
s=a+—%% +=0,1,2,...,N, (2.26)
N
leads to .
> Py(z)y P (z) = f(z) + I(z,) 2.27)
p=0



or

Y PYP =F+1,
p=0

where
Py (z0) 0
p _ 0 Pp(.xl)
0 0
¥ (o) f (o)
v y(p)'(“) . F-— f(g.“) and 1=
y® (zy) f(zn)

Using the collocation points in equation (2.17) yields

y®(2,) = S(x,) (B)"PA,
p=0,1,2,...,r7,

which can be written as

where
S(ao) S(@) 0
g_ S(_xl) 8 = 0 S(_xt)
S(zy) 0 0
where;

t=20,1,2,...,N,
p=0,1,2,...,7

10

t=0,1,2,...

(2.28)
0
0
Pylex) (2.29)
()
()
I(xy)
M N7
(2.30)
2.31)
0
(2.32)
S(z)



Substituting the collocation points defined in equation (2.25) leads to

L(z) =Y S)W"K,QA, t=0,12..N, p=012...7 (233)

q=0

Similarly, substituting the collocation points into the matrix I(x) of equation (2.18) and

using equation (2.33) yields

I(z,) = S(z)vK,QA,  t=0,1,2,....N, p=0,1,2,...,r, (2.34)
where
[1 (l't) S(l’t> 0 0
L(x ~ 0 S(z 0
)= | | S = (@) |
[r(xt) 0 0 S(.Tt)
O | R K, K, .. K.,
i 0o T ... 0 K K, K, .. K,
0 0 YT K, K, K!,
Q 0 0 A,
~ 0 A
Q= Q and A = 2
0 0 Q A,

I(z - o~
I— _ = SUK,QA. (2.35)
I(SUN)

By substituting equations (2.30) and (2.35) into the fundamental matrix equation (2.18)

11



of the system (2.4) gives:

(ZP S(B)"Y — szZQ> A=F. (2.36)

r(N+1) xr(N+1)and r(N + 1) x 1 are the dimensions of the respective matrices P,,
S, (E)p, ¥, K;, Qand A, F.

Moreover, matrix equation (2.36) is written as

WA =F, or (W;F), (2.37)

W = (W) = P,,S(E)%Z— SJKIQ, m,n=1,2,....,7r(N+1). (2.38)

The conditions defined in equation (2.5) can be expressed in the following matrix form:

~1
b (@) + 0, (1)) =

3

q=0
n—1
(2 07(@) + 85 0)] = o,
4=0 (2.39)
n—1
[ap P (@) + Uy, P (0)] = piryp
q=0

12



or

gt (@) + byt ()] = (2.40)
q=0
n—1
27 (a) + 028" ()] = g, (241)
q=0
(2.42)
n—1
[y @ (a) + by (b)] = o, (2.43)
q=0
briefly;
n—1
[agy @ (a) + bey'? (b)] = p, (2.44)
q=0
MP:O ag,q b]g,q
a? b¥
Hp = /JJZ:J ) as = 1:711 5 bg = b s
p
Hpn—1 nx1 an—l,q nx1 bﬁ_l’q nx1
p = 17 27 7T
1 1
where Aq 0 0 b, 0 0
0 ag 0 0 b? 0
a’q = . 7bq = )
0 0 ag ) 0 0 by o
M1
M2
n= )
fir

rx1

Substitute the values of 4@ (a) and y@(b) from equation (2.17) into equation (2.39)

13



yields:

or briefly

where

—_

<
Il
o

V:

@,S(a) +b,S()| (B)dA = p

VA = por (V;p),

n—1

Ji
=)

[2,S(a) +5,50)| (H)*5

(2.45)

(2.46)

(2.47)

The matrix form of the conditions of equation (2.46) defined in equation (2.4). By re-

placing the augmented matrix in equation (2.46) with the augmented matrix in equation

(2.37) yields:

WA =F.

(2.48)

The augmented matrix of system (2.48) can be obtained by replacing the n-rows of the

matrix W as follows:

If ]W! # 0, the solution must be found; else, the solution does not exist.

Wi,1

Wy (N-n+1),1

V1,1

/Ur,l

vnr, 1

2.5 Error analysis

wi,2

Wr(N—n+1),2

V1,2

Ur, 2

Unr,2

W1,r(N+1)

Wy r(N+1)

Wr(N—n+1),r(N+1)

V1,r(N4+1)

/U’I’,T‘(N+1)

Ungr(N41)

14

f1($0)
fr(x0>

fr (fon)
K10

H1n-1

Mrn—1

(2.49)




Equation (2.6) is the approximate solution of the system defined in equation (2.4). So,
when substituting y,(z) by y, n(x), p = 1,2,... ,r in equation (2.4), the absolute error

forz = x; € [a, b],7=0,1,2,... can be expressed as:

ZZ“M )y (1) = fplas) / o(i, )ypn (£)dE] 220,

k=0 gq=1

p=12,...,r

E,(z;) <107, where k; is a non negative integer.

For max 10~%: # 107*, the error can be evaluate by the function below:

2) =Y af (2)yiP(z) / (. t)y,()dt =0 (2.50)

k=0 q=1

p=12,....r

The error will be decreasing, if £, y(z) — 0, for enough large N.

15



Chapter Three
Numerical Techniques For Solving Systems of Fredholm

Integro-Differential Equations(FIDEs)

3.1 Laguerre polynomials method

The main objective is to show how to use the Laguerre matrix method for solving the
system of linear FIDE:s.
Taking y,(z) as the approximate solution of system (2.4) in terms of truncated Laguerre

series yields

N
yp(x):Zamen(:c), p=12...,r, a<x<hbh, (3.1)

n=0
where o, ,, are the unknown Laguerre coefficients to be determined forn = 0,1,2,..., N

and L, (z) is the Laguerre polynomials defined by the relation defined in equation (3.1).

These Laguerre polynomials L,,(x) has a matrix form given by:

L(z) = S(z) ¢, (3.2)
where;
L) = ( Loe) L) L) Ly(x) ).
S(x) = ( 1 x x? N ) ,
Yo(r) = S(x)Y A, ¢=1,2,...,7 (3.3)

no\k
Ln(a:)zzﬂ " zF, 0<z<b< 0. (3.4)

16



These polynomials satisfy the following recurrence relation:

Lo(x) =1, Li(z)=1—ux,

1
Lyia(z) = n——|—1[<2n +1—2)L, — (n)Ly_1(x)], n=1,2,... (3.5)

This can be expressed in matrix form as: The polynomials is defined in equation (3.4).

This can be expressed in matrix form as

le(x) :L<x) Aq7 q= 1,2,...,7’, (36)
where
Ay = (g0, Qg5 - -+ Qg N)
0
C1e 0 0 0
Lo
e [ 1 1 0 0
0! 1! et
0 1
Ll ISV co [ 2 e [ 2 0
o! 1! 21
0 1 P
e [V o [N 2 [ NV oy [N
| 1 !
0! O 1! 1 2! 2 N! N
(3.7)

The Laguerre polynomials have the following properties:
© Ly(x).Ly(x) = [ e Ly(x)Ly(x) =0, wherep # q
o ||[L,(x)||=1, ¢=0,1,2,...

3.2 Bessel functions method

The Bessel matrix method is used for solving the system of linear Fredholm IDEs[38].

Taking y,(x) as the approximate solution of system (2.4) in terms of truncated Bessel

17



series yields

N
yp(x):ZapmAn(x), p=1,2....r, a<xz<b, (3.8)
n=0

where «, ,, are the unknown Bessel coefficients.
n=0,1,2,...,N,and A,(x) be the Bessel functions.

These Bessel functions A, (z) has a matrix form given by equation (3.2):

A(z) =S(z) v, (3.9)
where;
Ao = ((Mofa)  Aile)  Aofa) An(@) ),
S(x) = ( 1 x x? v ) ;
or from equation (3.12)
yo(r) =S(x) Ay, qg=1,2,...,7. (3.10)

The explicit from of these functions is in the from

2
(_1)k T\ 2k+n 0<z< o0
M) =3 o (5) o
%k!(k;—i—n)!(Q) n=1,2,3....

The polynomials is defined in equation (3.8). This can be expressed in matrix form as:
yq(x) :A(:C)Atp q= 1727"'77’7 (312)

where,

A, = (ag0,aq1,--- ,aq,N)T.
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When N is odd;

N—-1
— -1z
0!01!20 0 1!1!122 (%()!(N;1 12N -1 0
N—-1
—1) 2
0 0!11!21 0 0 (NT—(I)I()%)!QN
0 0 _1 (*1)¥ 0
w 012122 (%)I(N—l)lgN—l
)
0 0 0 ce N (N—T)Z T 0
0 0 0 0 e
Gz
When N is even;
w0 0 S
0!0!2 1112 (T—)[(;_l)IQN
1 (-1)"z
O 0'1'21 0 .« .. O w
1 (1) 2
0 0 0|2'22 o .. O W
w —
1)
0 0 0 ca (N=D) (NN =T 0
0 0 0 0 oy
(N+1)x (N+1)
(3.14)

3.3 Legendre polynomials method[37, 6, 12]

Going back to system (2.4), we implement the matrix Legendre polynomials for solving
system of FIDE.
Since y, () is the approximate solution of system (2.4), then the truncated Legendre series

yields

N
yp(x):Zap,nGn(w), p=12,....,r, a<uxz<b, (3.15)
n=0

where «, , are the unknown Legendre coefficients.

n=0,1,2,..., N, and G,(z) be the Legendre polynomial.
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These Legendre polynomials GG,,(x) has a matrix form given by:

G(z) = S(z)¥", (3.16)
where;
G(z) = ( Go(z)  Gi(z)  Gi(z) Gy(z) ) 7
S(z) = ( 1 T x? v ) )
or from equation (3.19)
yo(r) = S(x)Y A, ¢=1,2,...,7 (3.17)

The explicit from of these polynomials is in the from:

[n/2]
1 n 2n — 2k
Gul) = o > (=1t 2" p=0,1,..., (3.18)

k=0 k? n

where;

a1 5,... neven
51=9 .,
=2 ... nodd

The polynomials is defined in equation (3.18). This can be expressed in matrix form as

ys(x) =G(z)A,, ¢q=1,2,...,m, (3.19)

where,

Aq = (a(LO? Ag1y - - - 7aq,N) .

20



When N is odd;

o [0 0
( 2%)) 0 0
0 0
w1 2
0 ch 0
0 1
o[22 0 coe (2[4
21 22
1 2 0 2
3 4
Y= 0 (7271;)1 0
1 3
o [ N—1 N
_ /2
0 s 0
AL
e [N N cove [N N+2
2=t N 0 2N N-2
g N 5 N
0 0 0
0 0 0
0 0 0
3 6
Sk 0 0
0 3
oy N-1 N +2 e N -1 2N — 2 .
% N -1 0 N -1
N 2N
0 0 (S
0 N

(3.20)
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When N is even;

0 0
0 0
0 0
0 0
Cp [ N1 2N — 2 .
9N—-1
0 N -1
i [N 2N
0 SN
0 N

(3.21)
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Chapter Four

Numerical Examples & Results

4.1 Examples

In this chapter, we will solve some numerical examples of a system of Fredholm integro-
differential equations using the Laguerre polynomials method, Bessel functions method

and legendre polynomials method.

Example 4.1

Consider the following system of Fredholm integro-differential equation:

D (z) = g + /01 {%yl(t) + iyz(t)} dt

(2)(x)—6x—x—+/l i () — Zp(t) Sdt,  0<a<1
y2 - 18 0 691 3y2 3 = = 4

4.1)

subject to the initial conditions:
yi(0) =0, y"(0) =4,

1(0) =0, y5”(0) = —1.

System (4.1) has the exact solution:

yi(z) = % + % and yo(x) = 2°

—z
Solution of system (4.1) using Laguerre polynomials method:

Applying the method of Laguerre polynomials on this example using Matlab in Appendix
A, the results of the approximate solution is:

y1(t) = 0.5 2% + 0.33333333333333333333559208785934 =

yo(t) = 23 — 0.5 2.

Table (1) contains both the exact and the numerical solutions of system (4.1).
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Table 1
Summary of approximate results of solving Example.l using Laguerre polynomials.

Solution of ; (z)

x Yezact Yapp Absolute error|Yeqact-Yapp|
0 0 0 0
0.1 3.8333x107%%  3.8333x10~ 2.2588x 10722
0.2 8.6667x107?  8.6667x107%2 4.5175x10722
0.3 1.4500x107°"  1.4500x 10" 6.7763x10~22
0.4 2.1333x107°"  2.1333x10°" 9.0350x 1022
0.5 29167x107°"  2.9167x10" 1.1294x10-%
0.6 3.8000x107%  3.8000x107° 1.3553x1072¢
0.7 4.7833x107°"  4.7833x 10" 1.5811x10~2
0.8 5.8667x107°"  5.8667x 10" 1.8070x 102!
0.9 7.0500x107%  7.0500x107° 2.0329x1072¢
1.0 8.3333x107°'  8.3333x10°" 2.2588x10721
Solution of y,(z)
x Yewact Yapp Absolute error|Yezact-Yapp |
0 0 0 0
0.1 -4.9000x107%2 -4.9000x10~2 0
0.2 -9.2000x107%2 -9.2000x 10~ 0
0.3 -1.2300x107° -1.2300x 10" 0
0.4 -1.3600x107°" -1.3600x10~°! 0
0.5 -1.2500x107" -1.2500x10~%! 0
0.6 -8.4000x107°% -8.4000x10%2 0
0.7 -7.0000x107°2 -7.0000x 102 0
0.8 1.1200x107°"  1.1200x 10" 0
0.9 2.7900x107°'  2.7900x 10~ 0
1.0 5.0000x107%  5.0000x107° 0

The maximum error corresponding to y; and ¥, is F; ~ 2.2588 x 107! and £y = 0

respectively for z € [0, 1]
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Figure la compares the exact solution y;(x) and the approximate solution with N=3.
Figure 1b shows the error in the approximate solution of y; ().
Figure lc compares the exact solution ys(x) and the approximate solution with N=3,

Figure 1d shows the error in the approximate solution of y,(z).

Figure 1
The solution of system (4.1) using Laguerre polynomials.
09r 25107
B
081 Exact Solution /
07F ol
0.6
05 15
3; 04 g
> [
03F b
0.2;
0.1 \\\ 05t
T XK***
70.1-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 0»1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
X X
(a) (b)
The approximate and the exact solution of The absolute error of approximate solution of
() y1()
05 * 1r
|
04r Exact solution 08
03 / 06l
#
02t / 0.4 F
01 o 0zl
Z o g o
> o
-0.1 -021
/ —k
0.2 / 0.4 f
03F f 06
/
04/ 08
/
70."—1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 4—1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
X X
(¢ (d
The approximate and the exact solution of ~ The absolute error of approximate solution of
y2(z) y2(x)
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Solution of system (4.1) using Bessel functions method:

To solve system (4.1) by the Bessel functions method we use algorithm in Appendix B

and MATLAB software to get:

y1(z) = 0.4999999999999999993698074872428

+ 0.33333333333333333333559208785934 x

yo(z) = 0.99999999999999999997663711077905 2° — 0.5 x

compared to the exact solution:
2
yi(x) = % 4 § and yp(x) = -2

Table (2) contains both the exact and the numerical solutions of system (4.2).
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Table 2

Summary of approximate results of solving Example.l using Bessel functions.

Yexact

Solution of y; ()

yapp

Absolute error |Yezact — Yapp|

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0
0.038333333333333
0.086666666666667
0.145000000000000
0.213333333333333
0.291666666666667
0.380000000000000
0.478333333333333
0.586666666666667
0.705000000000000
0.833333333333333

0
0.038333333333333
0.086666666666667
0.145000000000000
0.213333333333333
0.291666666666667
0.380000000000000
0.478333333333333
0.586666666666667
0.705000000000000
0.833333333333333

0
6.276698876157836x 10
2.510674035925717x 1020
5.649012444929801x 10~
1.004268511462803x 10~
1.569169204502042x 10~
2.259603323610696x 101
3.075570868788764 x 10~
4.017071840036247x 10~
5.084106237353145x 10717
6.276674060739459x 1017

Yewxact

Solution of y,(x)

Yapp

Absolute error |Yepact — Yapp|

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0
-0.049000000000000
-0.092000000000000
-0.123000000000000
-0.136000000000000
-0.125000000000000
-0.084000000000000
-0.007000000000000
0.112000000000000
0.279000000000000
0.500000000000000

0
-0.049000000000000
-0.092000000000000
-0.123000000000000
-0.136000000000000
-0.125000000000000
-0.084000000000000
-0.007000000000000
0.112000000000000
0.279000000000000
0.500000000000000

0
2.336288922094771 x 1023
1.869031137675817 x 1022
6.307980089655882 x 1022
1.495224910140654 x 102!
2.920361152618464 x 102!
5.046384071724706x 10~2L
8.013471002785065x 102!
1.196179928112523 x 1020
1.703154624207088 x 10~2°
2.336288922094771 x 10~2°

The maximum error corresponding to y; and 1, is E; ~ 6.276674060739459 x 10~ and

Ey = 2.336288922094771 x 1072° respectively for z € [0, 1]
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Figure 2a compares the exact solution y;(z) and the approximate solution with N=3.
Figure 2b shows the error in the approximate solution of y; ().
Figure 2c compares the exact solution yy(x) and the approximate solution with N=3.

Figure 2d shows the error in the approximate solution of ().

Figure 2
The solution of system (4.1) using Bessel functions method.
3r 310"
| pomromatesuin it
25 / 25+ |
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-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2
X X
(a) (b)
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y1(x) solution
8r 2107
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-2 -1.5 -1 -0.5 0 0.5 1 15 2 -2 -1.5 -1 -0.5 0 0.5 1 15 2
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(© (d
The approximate and the exact solution of Absolute Error in the approximate ys(t)
y2(x) solution

Solution of system (4.1) using Legendre polynomials method:

To solve system (4.1) by the Legendre polynomials method we use algorithm in Appendix
C and MATLAB software to get:

For N=3 is:
y1(z) = 0.000000000000004107986531079017034914467692814 x3
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+ 0.49999999999921101387720046194953 22

+ 0.33333333333333333333333305760646 = and

ya(x) = 1.0000000000000117770463439506405 x>

— 0.00000000000001137448959233696035243104400348 2* — 0.5

Table (3) contains both the exact and the numerical solutions of system (4.1).
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Table 3

Summary of approximate results of solving Example.l using Legendre polynomials.

Yexact

Solution of y; ()

yapp

Absolute error |Yezact — Yapp|

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0
0.038333333333333
0.086666666666667
0.145000000000000
0.213333333333333
0.291666666666667
0.380000000000000
0.478333333333333
0.586666666666667
0.705000000000000
0.833333333333333

0
0.038333333333325
0.086666666666635
0.144999999999929
0.213333333333207
0.291666666666470
0.379999999999717
0.478333333332948
0.586666666666164
0.704999999999364
0.833333333332548

0
7.885753241491874x 10715
3.152658101978804 x 1014
7.089783541570200x 10~ 14
1.259748685100473 x 1013
1.967330323836375x 10713
2.831476791172861 x 10~13
3.851941607918065x 10~'3
5.028478294880125x 1013
6.360840372867174x 10713
7.848781362687347 x 10713

T

Yewxact

Solution of y,(x)

Yapp

Absolute error |Yepact — Yapp|

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0
-0.049000000000000
-0.092000000000000
-0.123000000000000
-0.136000000000000
-0.125000000000000
-0.084000000000000
-0.007000000000000
0.112000000000000
0.279000000000000
0.500000000000000

0
-0.049000000000000
-0.092000000000000
-0.123000000000001
-0.136000000000001
-0.125000000000001
-0.084000000000002
-0.007000000000002
0.111999999999999
0.278999999999999
0.500000000000000

0
1.019678495794190x 1016
3.607632129418733x 1016
7.057238120236591 x 1016
1.066187368761073x 101
1.371491605090410x 1015
1.550974242947967 x 10~1%
1.533973004270041 x 10~15
1.249825610992927 x 1015
6.278697850529210x 1016
4.025567516136801 x 1016

The maximum error corresponding to y; and y, is F; ~ 7.848781362687347 x 10~'* and

FEy = 1.550974242947967 x 10~ respectively for z € [0, 1]
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Figure 3a compares the exact solutiony; (x) and the approximate solution with N=3. Fig-

ure 3b shows the error in the approximate solution of ().

Figure 3¢ compares the exact solution y» () and the approximate solution with N=3. Fig-

ure 3d shows the error in the approximate solution of y(x).

Figure 3

The solution of system (4.1) using Legendre polynomials method.
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Example 4.4

Consider the following system of Fredholm integro-differential equations:

y2 (@) — oy (@) — (@) = (2 — 2) sin(z) + / v cos(t)y (£)dt — / rsin(t)ya(t)dt

—2zy\V (2) 4y (@) 4y (2) = =22 cos(x)+/0 sin(z) cos(t)yl(t)dt—/o sin(z) sin(t)y,(t)dt,

4.2)

subject to the initial conditions:

n(0)=0, yM0)=1, w0)=1, "(0) =

System (4.2) has the exact solution:
y1(z) = sin(x) and yo(z) = cos(x).

Solution of system (4.2) using Laguerre polynomials method:

Applying the method of Laguerre polynomials on this example using Matlab in Appendix:

A, the results are:

when N=3;

y1(r) = x — 0.16380480174553502424540825377353 2

yo(x) = 0.026737218335614209524386542795801 2> — 0.5 2% + 1.0
when N=4;

y1(x) = 0.010274735667402386412002307297317 x*

— 0.16992984622837251434891887857948 2° + x

yo(x) = 0.040305681942432110993881693924989 x*

+ 0.00067096735562544843422617424648271 2% — 0.5 2% + 1.0
when N=10;

y1(x) = —0.00000010692104302800623173491724510896 x:'°
+ 0.0000029553290860476085604388113024108 z°

— 0.00000021123132063660411846281745879589 x®

— 0.00019827416866797536290028492072016 x”

— 0.000000057881749905671456222507011263688 2:°
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+ 0.0083333484824510613128597098743164 2°

— 0.0000000023438342130262680012816768992354 z*

— 0.16666666672345213966586921321145 2% + z

yo(x) = —0.0000002531436701337305896 7378850705968 x:'?
— 0.000000056128171722453100799384584165011 z*

+ 0.000024868406458945722158805555363151 2®

— 0.000000046618941449735141043909969751585 x7

— 0.0013888686994811417494183453081279 x°

— 0.0000000054644197138721828840661342505632 2:°

+ 0.041666667513867466847292972496192 z*

— 0.00000000029145969131553171871384932956062 2* — 0.5 2% + 1.0

Table (4) contains both the exact and the numerical solutions of system (4.2).
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The maximum error at N=3 corresponding to y; and s is £} ~ 0.005275786553432 and
Ey = 0.013565087532526 respectively for x € [0, 1].

The maximum error at N=4 corresponding to y; and ys 1s £; ~ 0.001126095368867 and
FEy = 6.743434299178420 x 10~ respectively for x € [0, 1].

The maximum error at N=10 corresponding to y; and - is £} ~ 0.013565087532526 and
Fy = 2.939571576874493 x 109 respectively for z € [0, 1]

Figure 4a compares the exact solution y; (=) and the approximate solution with N=3,4,10.
Figure 4b shows the error in the approximate solution of y;(x).

Figure 4c compares the exact solution y, () and the approximate solution with N=3,4,10.

Figure 4d shows the error in the approximate solution of y(x).

Figure 4
The solution of system (4.2) using Laguerre polynomials method.
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Solution of system (4.2) using Bessel functions method:

Applying the method of Laguerre polynomials on this example using Matlab software in
Appendix: B, the results are:

when N=3;

y1(r) = x — 0.16380480174553502427590143987468 2

yo(x) = 0.026737218335614209498552037904545 3 — 0.5 2% + 1.0

when N=4;

y1(z) = 0.010274735667402390567334188290101 x*

— 0.16992984622837250077945106356558 ° + x

ya(z) = 0.040305681942432115340854779234059 x*

+ 0.00067096735562546190907776207410862 2° — 0.5 2° + 1.0

When N=10;

y1(z) = —0.00000010692104300740636069373089315885 2™
+ 0.0000029553290861367048928521889297931 z”
— 0.00000021123132087010147602373924420964 2°
— 0.0001982741686678776197417860250959 "
— 0.000000057881750090611416456899093405944 2:°
+ 0.0083333484824510200121684764650726 x°
— 0.0000000023438342146312042381041154822564 x*

— 0.16666666672345215229004825908954 x° + =
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ya(z) = —0.00000025314367013730277086808346753537 '
— 0.000000056128171808928822326088944050901 z*
+0.000024868406458400532747423722114354
— 0.000000046618941402204326885926633702935 =7
— 0.0013888686994812025349378600000763 x°
— 0.0000000054644197140184691213862705559531 z°
+ 0.041666667513867462994140095436379 x*

— 0.00000000029145970242681392577633067262247 2> — 0.5 22 + 1.0

Table (5) contains both the exact and the numerical solutions of system (4.2).
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The maximum error at N=3 corresponding to y; and s is £} ~ 0.005275786553432 and
Ey = 0.013565087532526 respectively for x € [0, 1].

The maximum error at N=4 corresponding to y; and ys 1s £; ~ 0.001126095368867 and
FEy = 6.743434299178599 x 10~ respectively for = € [0, 1].

The maximum error at N=10 corresponding to y; and ys is £ ~ 2.664275625956884 x
107 and E, = 2.939578212901901 x 10~ respectively for z € [0, 1].

These approximate solutions are illustrated as follows;

Figure 5a compares the exact solution y; (=) and the approximate solution with N=3,4,10.
Figure 5b shows the error in the approximate solution of y; ().

Figure 5S¢ compares the exact solution y, () and the approximate solution with N=3.,4,10.

Figure 5d shows the error in the approximate solution of ().

Figure 5
The solution of system (4.2) using Bessel functions method.
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Solution of system (4.2) using Legendre polynomials method:

Applying the method of Legendre polynomials on this example using Matlab software in

Appendix C, the results are: when N=3;

y; = —0.16380480174553507585004353229452 2°
— 0.00000000000000000023886329112571269561726694519166 2

-+ 1.0z 4+ 0.000000000000000000013552527156068805425093160010874

Yo = 0.026737218335614157855376760283481 z°

— 0.50000000000000000024394548880924 2 + 1.0

When N=4;

y1(z) = 0.010274735667402140702779143638552 x*
— 0.16992984622837332158825827087278 x°
— 0.000000000000000000024616895029578103604173122676002 2* + 1.0 2

+ 0.000000000000000000013552527156068805425093160010874

yo(z) = 0.040305681942431853546687705452944 x*
+ 0.00067096735562464660671263085890692 2°
— 0.50000000000000000002710505431214 x*

— (0.0000000000000000000033881317890172013562732900027186 « + 1.0

When N=10;
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y1(z) = —0.00000010690380799803443799248320234304 "
+0.0000029553142790127693410343186889711 z”
— 0.00000021118474800411586776706810907103 2®
— 0.00019827405078127163931028309155219 x”
— 0.000000057867474824248628755223399059571 2°
+ 0.0083333495324761449795556805765148 z°
— 0.0000000023432247739794501742029092592867 x*
— 0.1666666614540424909681544558826 z°
— 0.0000000000000000067351031657704823675054086471516 2°
+ 0.99999999999999999709975918860128 x

— 0.0000000000000000012508559048577880257191452528787

ya(z) = —0.00000025311893555874002676479636955432 ™
— 0.000000056157128749225896141323854266723 2
+ 0.00002486847041621783747417431688134 2°
— 0.00000004643138197003284844997713628139 2"
— 0.0013888686800960780539548486357728 2°
— 0.0000000044157648785877192659884060612491 2°
+ 0.041666667514691865863786556303805 =*
+ 0.0000000049779340533128017353317715416872 2*
— 0.49999999999999998806022357550338 2
-+ 0.0000000000000000050775101834726090057722772846439 x

+ 1.000000000000000002168404344971

Table (6) contains both the exact and the numerical solutions of system (4.2).
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The maximum error at N=3 corresponding to y; and s is £} ~ 0.005275786553432 and
Ey = 0.013565087532526 respectively for x € [0, 1].

The maximum error at N=4 corresponding to y; and ys 1s ££; ~ 0.001126095368868 and
FEy = 6.743434299167827 x 10~ respectively for = € [0, 1].

The maximum error at N=10 corresponding to y; and ys is £ ~ 6.234779277224345 x
1072 and Fy = 6.291595204158371 x 107 respectively for z € [0, 1].

These approximate solutions are illustrated as follows;

Figure 6a compares the exact solution y; (=) and the approximate solution with N=3,4,10.
Figure 6b shows the error in the approximate solution of y; ().

Figure 6¢ compares the exact solution y, () and the approximate solution with N=3.,4,10.

Figure 6d shows the error in the approximate solution of ().

Figure 6
The solution of system (4.2) using Legendre polynomials method.
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Example 4.3:

Consider the following system of Fredholm integro-differential equations:

3x 1
yP (@) + y () = 32° + = + 8- / 2xt{y1(t) — 3ya(t) }dt
10 o 43)

W)+ =210+ 3 = [ 3204 D)) - 2m(0)at

subject to the initial conditions:
y1(0) + 917(0) = 1,0 (1) + 31 (1) = 10,32(0) + 57 (0) = 1, 9a(1) + 95" (1) = 7.
System (4.3) has the exact solution:

y1(x) = 322 + 1 and yp(z) = 2® + 22 — 1.

Solution of system (4.3) using Laguerre polynomials method:

The procedure yields the approximate solutions of the system of equations for N=3 is:
y1(x) = 322 + 1 and y»(z) = 2® + 22 — 1 which are exactly the same as the exact one.

Table (7) contains both the exact and the numerical solutions of system (4.3)
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Table 7

Summary of approximate results of solving Example.3 using Laguerre polynomials.

Solution of y; ()

Solution of y,(x)

T Yesact Yapp Yezact Yapp
0.0 1.000000 1.000000 -1.000000 -1.000000
0.1 1.030000 1.030000 -0.799000 -0.799000
0.2 1.120000 1.120000 -0.592000 -0.592000
0.3 1270000 1.270000 -0.373000 -0.373000
0.4 1.480000 1.480000 -0.136000 -0.136000
0.5 1.750000 1.750000 0.125000 0.125000
0.6 2.080000 2.080000 0.416000 0.416000
0.7 2.470000 2.470000 0.743000  0.743000
0.8 2.920000 2.920000 1.112000 1.112000
0.9 3.430000 3.430000 1.529000  1.529000
1.0 4.000000 4.000000 2.000000  2.000000

These approximate solutions are illustrated as follows;

Figure 7a compares the exact solution y; (x) and the approximate solution with N=3.

Figure 7b compares the exact solution y,(z) and the approximate solution with N=3.

Figure 7

The solution of system (4.3) using Laguerre polynomials method.
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Solution of system (4.3) using Bessel functions method:

To solve system (4.3) by the Bessel functions method we use algorithm in Appendix B
and MATLAB software, the procedure yields the approximate solutions of the system of

equations for N=3 as follows:

y1 () = —0.000000000000000091819911542270250672721196341747 2 + 3.0 2% + 1.0

Yo () = 0.99999999999999920305719311452997 x*
— 0.00000000000000068088281447065726366872309255885 22 + 2.0 x — 1.0

compared to the exact solution:

yi(z) =322 + 1 and yo(x) = 2 + 2z — 1.

Table (8) contains both the exact and the numerical solutions of system (4.3).

Table 8

Summary of approximate results of solving Example.3 using Bessel functions.

Solution of y; (x)

Solution of y,(x)

T Yewzact Yapp Absolute error Yewact Yapp Absolute error
|Yewact = Yappl |Yewact = Yappl
0 0 0 0 -1.0000 -1.0000 0
0.1 1.0300 1.0300 4.4710x107* -7.9900x107°" -7.9900x107°" 3.9368x10~'"
0.2 1.1200 1.1200 2.9111x107*® -5.9200x107" -5.9200x107% 1.7255x10716
0.3 1.2700 1.2700 9.0759x10~* -3.7300x107" -3.7300x107% 4.2218x1071°
0.4 1.4800 1.4800 2.0626x1071" -1.3600x107%" -1.3600x107 8.1088x10~16
0.5 1.7500 1.7500 3.9244x107'7 1.2500x107°" 1.2500x107°' 1.3613x107'°
0.6 2.0800 2.0800 6.6616x107'7 4.1600x107°"  4.1600x107°" 2.0960x10~1°
0.7 24700 2.4700 1.0442x107' 7.4300x107°"  7.4300x107°" 3.0376x10~'°
0.8 2.9200 2.9200 1.5435x107'6 1.1120 1.1120 4.2088x1071°
0.9 3.4300 3.4300 2.1809x10'6 1.5290 1.5290 5.6321x10°%
1.0 4.0000 4.0000 2.9731x10°'¢ 2.0000 2.0000 7.3303x1071

The maximum error at corresponding to 3; and v, is E; ~ 2.9731 x 1071% and E, =

7.3303 x 107 respectively for z € [0, 1].
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These approximate solutions are illustrated as follows;

Figure 8a compares the exact solution y;(z) and the approximate solution with N=3.

Figure 8b shows the error in the approximate solution of y; ().

Figure 8c compares the exact solution y,(x) and the approximate solution with N=3.

Figure 8d shows the error in the approximate solution of ().

Figure 8

The solution of system (4.3) using Bessel functions method.

4

h

y,09

2

15

— % — Approximate solution
Exact Solution

/

1

25+ \
108

/
\ //
. . ke g ¥ . . . |
-06 -04 -02 0 0.2 0.4 0.6 0.8 1

(ax)

The approximate and the exact solution of

Y, (X)

y1(x).

— % — Approximate solution
Exact solution

(cx)

The approximate and the exact solution of

Y2 ().

3 x1071® ”
/
25 1\
\
2} \ /
\ /
\
15} \\ ’r/
’ \ /
\ /
1 \\ /
\ /
\ /
05F \\ /
R /
0 L L Ly L i

I I I ]
-1 -08 -06 -04 -02 0 02 04 06 08 1

(b)

Absolute Error in y1(t) approximate solution.

error

g 10715
The error of Yy solution
7t
/
61 /
/
5 /
/
/
4r /
/
3r /
/
2r /
1k
T -

-1 -0.8 -06 -04 -02 0 02 04 06 08 1

@)

Absolute Error in y2(t) approximate solution.

Solution of system (4.3) using Legendre polynomials method:

To solve system (4.3) by the Bessel Legendre method we use algorithm in Appendix C

and MATLAB software to get: Applying the algorithm in appendix C, the procedure



yields the approximate solutions of the system of equations for N=3 is:

y; = —0.00000000000000028067063850031810375695099516938 >

4 2.9999999999999999833574966523475 2% + 1.0

2 = 1.0000000000000037705298952528388 x°

+ 0.0000000000000035597686661810752061875287175083 2° + 2.0 x — 1.0

compared to the exact solution y; (z) = 3z* + 1 and yo(x) = 2 + 22 — 1.

Table (9) contains both the exact and the numerical solutions of system (4.3).

Table 9
Summary of approximate results of solving Example.3 using Legendre polynomials.

Solution of y; (x)

Solution of y,(x)

T Yezact Yapp  Absolute error Yezact Yapp Absolute error
|Yewact = Yappl |Yewact = Yappl
0 0 0 0 -1.0000 -1.0000 0
0.1 1.0300 1.0300 4.4710x107* -7.9900x107°" -7.9900x107°" 3.9368x10~'"
0.2 1.1200 1.1200 2.9111x107*® -5.9200x107°" -5.9200x107% 1.7255x10716
0.3 12700 1.2700 9.0759x107'® -3.7300x107°" -3.7300x107" 4.2218x10716
0.4 1.4800 1.4800 2.0626x107'" -1.3600x107°" -1.3600x107 8.1088x10~16
0.5 1.7500 1.7500 3.9244x107'7 1.2500x107°" 1.2500x107°" 1.3613x107'°
0.6 2.0800 2.0800 6.6616x107'7 4.1600x107°"  4.1600x107°" 2.0960x10~!°
0.7 24700 24700 1.0442x107' 7.4300x107°"  7.4300x107°" 3.0376x10~'°
0.8 2.9200 2.9200 1.5435x1071'¢ 1.1120 1.1120 4.2088x1071°
0.9 3.4300 3.4300 2.1809x107'6 1.5290 1.5290 5.6321x107%
1.0 4.0000 4.0000 2.9731x107'¢ 2.0000 2.0000 7.3303x1071

The maximum error at corresponding to y; and ys is £

7.3303 x 107 respectively for z € [0, 1].

These approximate solutions are illustrated as follows;
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Figure 9a compares the exact solution y;(z) and the approximate solution with N=3.

Figure 9b shows the error in the approximate solution of y; ().

Figure 9¢c compares the exact solution y,(x) and the approximate

solution with N=3.

Figure 9d shows the error in the approximate solution of ().
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4.2 Conclusion

In this thesis, we have solved systems of Fredholm integro-differential equations using
several numerical methods. These include the Laguerre polynomials method, Bessel
functions method and legendre polynomials method. These numerical methods were im-
plemented in the form of MATLAB code to solve some numerical examples.

From the numerical results shown in tables and illustrated in figures, we see clearly that
the Laguerre polynomials method is one of the most effective numerical method for solv-

ing system of Fredholm integro-differential equations.
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Appendices
Appendix A

Solving Example 1 by Laguerre polynomials method

clc

clear;Co=3;Vk=2;

Psi=zeros (Co+1l,Co+1l);

for ic=1:Co+1l

for Jc=ic:2:Co+tl

Psi(ic,Jdc)=(((-1) "Jc)/factorial (Jc))*com(ic,Jc);
end

end

format rational

Psi

Psi=-100001/20000-1/6 0000 1/24

format rational
a=0;b=1;

ic=0:Co;
col=a+ (b—a) xic/Co;
Z=zeros (Co+1,Co+1);
for ic=1:Co
Z(ic+l,ic)=ic;

end

Z

2=0000100002000030

Syms xs

for ic=1: (Co+l);
Lxs (ic)=xs” (ic-1);
end

Lxs

Lxs =

(1 rs s> :1353)

LLxs=kron (eye (Vk), Lxs) ;
D=kron (eye (Vk) ,Psi’)

D=-1000000001200000000-1/6000000001/2400000000-100000000
1/200000000-1/600000000 1/24

Z=kron (eye (Vk), Z");
pOxs=[0 0;0 0];plxs=[0 0;0 0];p2xs=[1 0;0 1];
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p3xs=[0 0;0 0];p4d4xs=[0 0;0 0];
gxs=[8/9;6xxs—(1/18) xxs"2]
PO=kron (eye (Co+l) ,p0xs);

for Jc=1:(Co+l);

for ic=Jc*Vk-(Vk-1) : Jc*xVk;

PO (ic, :)=subs (PO (ic, :),col (Jc));
end

end

Pl=kron (eye (Co+l),plxs);

for Jc=1: (Co+l);

for ic=Jc*Vk-(Vk-1) : Jc*xVk;

Pl (ic, :)=subs (Pl (ic, :),col (Jc));
end

end

P2=kron (eye (Co+l) ,p2xs);

for Jc=1: (Co+l);

for ic=Jc*Vk—-(Vk-1) : Jc*xVk;

P2 (ic, :)=subs (P2 (ic, :),col (Jc));
end

end

P3=kron (eye (Co+1l) ,p3xs);

for Jc=1:(Co+l);

for ic=Jc*Vk—-(Vk-1) : Jc*xVk;
P3(ic, :)=subs (P3(ic, :),col (Jc));
end

end

P4=kron (eye (Cotl) ,p4dxs);

for Jc=1:(Co+l);

for ic=Jc*Vk-(Vk-1) : Jc*xVk;

P4 (ic, :)=subs (P4 (ic, :),col (Jc));
end

end

for Jc=1:(Co+l);

for ic=Jc*Vk—-(Vk-1) : Jc*xVk;
Ga(ic,1l)=subs(gxs(ic—(Jc-1)*Vk,1),col (Jc));
end
end
Ga
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for Jc=1:(Co+l);
for ic=Jc*Vk—-(Vk-1) : Jc*xVk;
X (ic, :)=subs (LLxs (ic—-(Jc—-1)*xVk, :),col (Jc));

end
end
X
100 0 0O0O0 O
000 0 100 O
1 1 1
1 35 % 000 0
000 0 1 & § &
2 4 8
1 5 5 % 000 0
000 01 2 35 &
1111 000 O
000 0 1 1 1 1
syms xs t
£11=1/3;

for row=0:Co
for column=0:Co

k1l (row+l,column+l)=(1/(factorial (row) *factorial (column))) ...

subs(diff(diff (f11, xs,row),t,column), {xs,t}, {0,0});
end

end

k11;
Kl1l=(Psi"—-1)’'xkl1llx(Psi"-1);
£f12=1/4;

for row=0:Co
for column=0:Co

k12 (row+1l,column+1l)=(1/ (factorial (row) *xfactorial (column))) ...

subs(diff(diff (f12,xs,row),t,column), {xs,t}, {0,0});
end

end

k12;

Kl112=(Psi"—-1)’'xkl12x (Psi”-1);

f21=x5"2/6;

for row=0:Co

for column=0:Co

k21 (row+l,column+1l)=(1/ (factorial (row) *xfactorial (column))) ...

subs (diff (diff (£f21, xs,row),t,column), {xs,t}, {0,0});
end
end
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k21;

K121=(Psi"—-1)'xk21x (Psi"-1);

f22=-xs5"2/3;

for row=0:Co

for column=0:Co

k22 (row+1l, column+1l)=(1/ (factorial (row) *xfactorial (column))) ...
subs (diff (diff (£f22,xs,row),t,column), {xs,t}, {0,0});
end

end

k22;

K122=(Psi"—1)’xk22x (Psi"-1);

K1f=[K111l K112;K121 K122];

M=zeros (column+1, column+1) ;

for ic=1: (column+1)

for Jc=1: (column+1l)

M(ic,Jdc)=(b" (ic+Jc-1)-a” (ic+Jc-1))/ (ic+Jc-1);

end

end

M

M=1121/31/41/21/31/41/51/3 1/4 1/5 1/6 1/4 1/5 1/6 1/7

Q=Psi*M*Psi’

Q=1-1/41/18-1/96 -1/4 1/12 -1/48 1/240 1/18 -1/48 1/180 -1/864 -1/96 1/240 -1/864 1/4032

Qp=kron (eye (Vk) ,Q) ;

I=X*D*K1lfxQp;
W=PO*X*D+P1*X*xZ*D+P2+xX*Z " 2+D+P3+xX*Z " 3+D+P4xX*Z"4+D-1I;
t0=0;yt0=0;

t1=0;yt1=1/3;

t2=0;yt2=0;

t3=0;yt3=-1/2;

LO=ytO

Ll=ytl

L2=yt2

L3=yt3;
UO=subs (LLxs
Ul=subs (LLxs
U2=subs (LLxs
U3=subs (LLxs
W(Vkx (Cot+tl) —
W (Vk* (Co+1)
W (Vk* (Co+1)
W (Vk* (Co+1)
WW=W

PN W~~~ —~
~

;)
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1 1 _1r 1 1 _1 1 _ 1
3 12 54 288 4 16 72 384
0o 0 0 0 o 0 -3 0
1 1 _17 23 1 _1 1 _ 1
3 12 54 288 4 16 72 384
o1 1 1 1 1 163 207
54 216 972 5184 27 108 486 2592
-1 0 0 0 0 0 0 0
0o 3 0 0 0 0 0 0
0 0 0 0 -1 0 0 0
0 0 0 0 0 1 0 0

Ga (Vk* (Co+1)-3 , :)=[L01;

Ga (Vk* (Co+1)-2, :)=[L1];

Ga (Vkx (Co+1)-1 ,:)=[L2];

Ga (Vk* (Co+1), :)=[L3];

GaGa=Ga

A=WW\GaGa;

syms XS

y=vpa (LLxs*Dx*A,12) ;

y_1=y (1)

0.5z + 0.33333333333333333333559208785934 x's

y_2=y(2)

xs3 —0.5zs

y1=Q@ (xs) (1/2)*xs"2+(1/3)*xs;
y2=Q (xs) xs"3-xs/2;
error_yl=abs (yl-y_1);
error_y2=abs (y2-y_2);
c=0;
approxsimatesolutionl=zeros(1,10);
approxsimatesolution2=zeros(1l,10);
Error_yl=zeros(1l,10);
Error_y2=zeros(1,10);
c=0;
for ic=0:0.1:1

c=c+1;

cou(c)=ic;
approxsimatesolutionl (c)=subs(y_1,1ic);
exsactsolutionl (c)=yl (ic);

approxsimatesolution2 (c)=subs(y_2,1ic);
exsactsolution2 (c)=y2 (ic);

Error_yl (c)=subs (error_yl,ic);
Error_y2 (c)=subs (error_y2,1ic);

end

figure

hold on

fplot(y_1,[-1 1], ——xb’")
fplot(yl, [-1 11,'x")

60




xslabel ('xs’);

ylabel ('y_1(xs)’);

legend (' Approxsimate solution’,’Exsact Solution’);
grid on

hold off

figure

hold on

fplot (error_vyl,[-1 1],"'r")

xslabel ("xs’);

ylabel (’error’);

legend (' The error of y_1 solution’);

grid on

hold off

xslabel ("xs’);

ylabel ('y_2(xs)’);

legend (' Approxsimate solution’,’Exsact solution’);
grid on

hold off

figure

hold on

fplot (error_y2,[-1 1]1,’r")

xslabel (’'xs’);

ylabel (’error’);

legend (' The error of y_1 solution’);

grid on

hold off

Names={ ’'t’;’Approxsimate y_1(t)’; ’'Exsact yl(t)’;...
"Error y_1';'Approxsimate y_2(t)’; ’'Exsact y_2(t)’;’'Error y_2'}

Names = 7xs1 cell 't *Approxsimate y; (t)” Exsactyl(t)” Errory) Approxsimateys(t)” Exsactys(t)” Errorys

format shortE

Result=[ cou; exsactsolutionl;approxsimatesolutionl;...
Error_yl;exsactsolution?2;approxsimatesolution2;Error_y2].’;
$Result=Result.’;

result=table (Result)

clc

clear;Co=3;Vk=2;

Psi=zeros (Co+1l,Co+1l);

for ic=1:Co+1l

for Jc=ic:2:Co+tl

Psi(ic,Jdc)=(((-1) "Jc)/factorial (Jc))+com(ic, Jc);
end

end

format rational

Psi

Psi=-100001/20000-1/60000 1/24
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format rational
a=0;b=1;

ic=0:Co;

col=a+ (b-a)*ic/Co;
Z=zeros (Co+1,Co+1l);
for ic=1:Co

Z (ic+1l,1ic)=ic;

end

Z

Z2=0000100002000030

Syms Xs
for ic=1: (Co+1l);
Lxs (ic)=xs" (ic-1);
end

Lxs

Lxs = (1 rs xS :c53)

LLxs=kron (eye (Vk), Lxs) ;
D=kron (eye (Vk) ,Psi’);
LLxs

1 xs xs*2 zs3 0 0 0 0 )
3

LLxs = (O 0 0 0 1 zs xs® xs

Z=kron (eye (Vk),Z2");

p0xs=[0 0;0 0];plxs=[0 0;0 0];p2xs=[1 0;0 1];
p3xs=[0 0;0 0];pd4xs=[0 0;0 0];
gxs=[8/9;6+xs—(1/18)*xxs"2]

8
gXs = ( 6%39—%2 )

PmO=kron (eye (Co+l),p0Oxs);

for Jc=1: (Co+l);

for ic=Jc*Vk—-(Vk-1) : Jc*xVk;

PmO (ic, :)=subs (PmO (ic, :),col (Jc));
end

end

Pml=kron (eye (Cot+l),plxs);

for Jc=1: (Co+l);

for ic=Jc*Vk-(Vk-1) : Jc*xVk;

Pml (ic, :)=subs (Pml (ic, :),col (Jc));
end

end

Pm2=kron (eye (Co+l),p2xs);

for Jc=1:(Co+l);

for ic=Jc*Vk-(Vk-1) : JcxVk;

Pm2 (ic, :)=subs (Pm2 (ic, :),col (Jc));
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end

end

Pm3=kron (eye (Co+1l),p3xs);

for Jc=1:(Co+l);

for ic=Jc*Vk-(Vk-1) : Jc*xVk;

Pm3 (ic, :)=subs (Pm3(ic, :),col (Jc));
end

end

Pmd4=kron (eye (Co+l),p4dxs);

for Jc=1:(Co+l);

for ic=Jc*Vk-(Vk-1) :JcxVk;

Pm4 (ic, :)=subs (Pm4 (ic, :),col (Jc));
end

end

for Jc=1:(Co+l);

for ic=Jc*Vk-(Vk-1) : Jc*xVk;
Ga(ic,1)=subs (gxs (ic—(Jc-1)*Vk,1),col (Jc));

end
end
Ga
8
9
0
8
a3
_ 162
Ga= §
9
322
81
8
9
107

b
o]

for Jc=1:(Co+l);
for ic=Jc*Vk-(Vk-1) :JcxVk;

X (ic, :)=subs (LLxs (ic—(Jc—-1) *xVk, :),col (Jc));

end

end

X
1 0 0 0 00 0 O
00 0 0 1 0 0 O

1 1 1

SRR EREE
00 0 0 1 3z =z =

X = 5 4 % 3 9 27
15480000
00 0 0 1 5 5 77
1 1.1 1 00 0 O
00 0 0 1 1 1 1

syms xs t
f11=1/3;

for row=0:Co
for column=0:Co

k1l (row+1l,column+l)=(1/(factorial (row) *factorial (column))) ...

subs(diff(diff (f11, xs,row),t,column), {xs,t}, {0,0});
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end

end

k1l1;

Kl1l=(Psi 1)’ xkllx(Psi”-1);

£12=1/4;

for row=0:Co

for column=0:Co

k12 (row+1l, column+1l)=(1/ (factorial (row) *xfactorial (column))) ...
subs (diff (diff (f12, xs,row),t,column), {xs,t}, {0,0});
end

end

k12;

Kl112=(Psi"—-1)'xkl12x (Psi"-1);

f21=x5"2/6;

for row=0:Co

for column=0:Co

k21 (row+1l,column+1l)=(1/ (factorial (row) *xfactorial (column))) ...
subs (diff (diff (£f21, xs,row),t,column), {xs,t}, {0,0});
end

end

k21;

K121=(Psi"—1)’xk21x (Psi"-1);

f22=-xs5"2/3;

for row=0:Co

for column=0:Co

k22 (row+1l, column+1l)=(1/ (factorial (row) *xfactorial (column))) ...
subs (diff(diff (£f22, xs,row),t,column), {xs,t}, {0,0});
end

end

k22;

K122=(Psi”"-1)'xk22x (Psi"-1);

K1f=[K111l K112;K121 K122];

M=zeros (column+1l, column+1) ;

for ic=1: (column+1)

for Jc=1:(column+l)

M(ic,Jdc)=(b" (ic+Jc-1)-a” (ic+Jc-1))/ (ic+Jc-1);

end

end

M

M=1121/31/41/21/31/41/51/3 1/4 1/5 1/6 1/4 1/5 1/6 1/7

Q=PsixMxPsi’

Q=1-1/41/18 -1/96 -1/4 1/12 -1/48 1/240 1/18 -1/48 1/180 -1/864 -1/96 1/240 -1/864 1/4032

Qp=kron (eye (Vk), Q) ;

I=X*D*K1fxQp;

W=PmO+*X+*D+Pml *XxZ+*D+Pm2+Xx7 " 2+D+Pm3+*X*Z " 3+xD+Pmld«X+72"4+xD-1I;
t0=0;yt0=0;

t1=0;yt1=1/3;
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t2=0;yt2=0;
t3=0;yt3=-1/2;
LO=ytO0;

Ll=ytl;
L2=yt2;
L3=yt3;
UO=subs (

Ul=subs (LLxs
U2=subs (LLxs
U3=subs (LLxs

LLxs (

(

(

(

W (Vkx (Co+l) - 3,
-2

-1

1,:)
1,:)
2,:),t
2,°)
W(Vk* (Cotl)—
W(Vk* (Co+1l) -
W (Vk* (Co+1)
WW=W

~ ~

14

Ju—

SR

D
‘Hw\le‘H

O~

(e

=
= O

—_
=
oY
w

3 E\H
~
N

3
o
(=]

WW =

[
|
© oy

o oo | grw- cwr
oo o
oo oo

|
S~

=

- o o ogl-
co o os

[V
=0

[\
~Jco
W~

oo o oB

[an

1
384

|~

V)

Ga (Vk* (Co+1)-3 ,:
Ga (Vk* (Co+1)-2, :)
Ga (Vk* (Co+1)-1 ,:
Ga (Vkx (Co+1l), :)=
GaGa=Ga

w
oo O ol

3
N

QOw~= OO

GaGa =

pl—

A=WW\GaGa;

Syms Xs

y=vpa (LLxs*Dx*A,12) ;
y_1=y(1);

y_2=y(2);
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Appendix B

Solving Exsample 1 by Bessel polynomials method

clc

clear; Co=3;Vk=2;

Psi=zeros (Co+1l,Co+1l);

kk=0;

row=0;

p=0;

sg=0;

for ic=1:Co+l
p=ic-1;

kk=ic-1;

for Jc=ic:2:Co+l

Psi(ic,Jdc)=((-1) " (sqg))/ (factorial (row) xfactorial (p)*2~ (kk));

row=row+1l;

p=p+l;

kk=kk+2;

sg=sg+1;

end

end

Psi

a=0;b=1;

ic=0:Co;

col=a+ (b—a) xic/Co;

Zz=zeros (Co+1l,Co+1l);

for ic=1:Co

Z(ic+l,ic)=ic;

end

Z

Syms Xxs

for ic=1:(Co+l);

Lxs (ic)=xs” (ic-1);

end

Lxs

LLxs=kron (eye (Vk), Lxs) ;

D=kron (eye (Vk) ,Psi’)

LLxs

Z=kron (eye (Vk),Z");
pOxs=[0 0;0 0];plxs=[0 0;0 0];p2xs=[1 0;0 171;
p3xs=[0 0;0 0];pd4xs=[0 0;0 0];

gxs=[8/9;6+«xs—(1/18)*xs"2]
PmO=kron (eye (Co+1l),p0xs) ;
for Jc=1:(Co+l);

for ic=Jc*Vk—-(Vk-1) : Jc*xVk;
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PmO (ic, :)=subs (PmO (ic, :),col (Jc));
end
end

Pml=kron (eye (Co+l),plxs);

for Jc=1:(Co+l);

for ic=Jc*Vk-(Vk-1) : Jc*xVk;

Pml (ic, :)=subs (Pml (ic, :),col (Jc));
end

end

Pm2=kron (eye (Co+1l),p2xs);

for Jc=1:(Co+l);

for ic=Jc*Vk-(Vk-1) : Jc*xVk;

Pm2 (ic, :)=subs (Pm2 (ic, :),col (Jc));
end

end

Pm3=kron (eye (Co+1l),p3xs);

for Jc=1:(Co+l);

for ic=Jc*Vk—-(Vk-1) : Jc*xVk;

Pm3 (ic, :)=subs (Pm3 (ic, :),col (Jc));
end

end

Pmd4=kron (eye (Co+1l),p4xs);

for Jc=1:(Co+l);

for ic=Jc*Vk—-(Vk-1) : Jc*xVk;

Pm4 (ic, :)=subs (Pm4 (ic, :),col (Jc));
end

end

for Jc=1: (Co+l);

for ic=Jc*Vk-(Vk-1) : Jc*xVk;

Ga(ic, 1) =subs (gxs (ic—(Jc-1)*Vk,1),col (Jc));
end

end

Ga

for Jc=1:(Co+l);

for ic=Jc*Vk—-(Vk-1) : Jc*xVk;

X (ic, :)=subs (LLxs (ic—(Jc—-1)*xVk, :),col (Jc));
end

end

X

syms xs t

£11=1/3;

for row=0:Co

for column=0:Co

k1l (row+1l,column+1l)=(1/ (factorial (row) *factorial (column))) ...

subs (diff (diff (f11, xs,row),t,column), {xs,t}, {0,0});
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end

end

k11;
Kl1l=(Psi 1)’ xkllx(Psi”-1);
£12=1/4;

for row=0:Co
for column=0:Co

k12 (row+1l, column+1l)=(1/ (factorial (row) *xfactorial (column))) ...

subs (diff (diff (f12, xs,row),t,column), {xs,t}, {0,0});
end

end

k12;

Kl112=(Psi"—-1)'xkl12x (Psi"-1);

f21=x5"2/6;

for row=0:Co

for column=0:Co

k21 (row+1l,column+1l)=(1/ (factorial (row) *xfactorial (column))) ...

subs (diff (diff (£f21, xs,row),t,column), {xs,t}, {0,0});
end

end

k21;

K121=(Psi"—1)’xk21x (Psi"-1);

f22=-xs5"2/3;

for row=0:Co

for column=0:Co

k22 (row+1l, column+1l)=(1/ (factorial (row) *xfactorial (column))) ...

subs (diff(diff (£f22, xs,row),t,column), {xs,t}, {0,0});
end

end

k22;

K122=(Psi”"-1)'xk22x (Psi"-1);

K1f=[K111l K112;K121 K122];

M=zeros (column+1l, column+1) ;

for ic=1: (column+1)

for Jc=1:(column+l)

M(ic,Jdc)=(b" (ic+Jc-1)-a” (ic+Jc-1))/ (ic+Jc-1);
end

end

M

Q=PsixMxPsi’

Qp=kron (eye (Vk), Q) ;

I=X*D*K1fxQp;

W=PmO+*X+*D+Pml *XxZ+*D+Pm2+Xx7Z " 2+*D+Pm3+*X*Z " 3+xD+Pm4«X*Z2"4+xD-1;
t0=0;yt0=0;

t1=0;yt1=1/3;

t2=0;yt2=0;

t3=0;yt3=-1/2;

LO=yt0

Ll=ytl

L2=yt2

L3=yt3;
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UO=subs (

Ul=subs (LLxs
U2=subs (LLxs
U3=subs (LLxs

LLxs (

(

(

(

W (Vk* (Co+1) -3, :
-2

-1

*
)

.
7 .

*
N
*
g

s

1,:)
1,:)
2,1),
2,:)

*
)

7 .

~.

W (Vkx (Co+1) —
W (Vk* (Co+1) —
W (Vkx (Co+1)
WW=W

a(Vk#* (Co+1)-3 ,
Ga (Vk* (Co+1) -2,
Ga (Vk* (Co+1) -1
Ga (Vk* (Co+1), )
GaGa=Ga
A=WW\GaGa;

Syms xs
y=vpa (LLxs*Dx*A,12) ;
y_1=y (1)
y_2=y(2)
y1=Q@ (xs) (1/2)*xs"2+(1/3)*xs;%the exsact solution
y2=Q (xs) xs"3-xs/2; %the exsact solutionb
error_yl=abs(yl-y_1);

~e

N RO wNh R o
*
N
*
g

~.

e = s

)
r )=
1=
[

w,ﬁ.ﬁ.ﬁ

r )=

~e

. ~— .o

” ~

I — 1
T
= = B

D — O
e

~ ~

I~
.

= o~
w

~e

error_y2=abs (y2-y_2);
c=0;
approxsimatesolutionl=zeros(1l,10);
approxsimatesolution2=zeros(1l,10);
Error_yl=zeros(1l,10);
Error_y2=zeros(1,10);
c=0;
for ic=0:0.1:1

c=c+1;

cou(c)=ic;
approxsimatesolutionl (c)=subs(y_1,1ic);
exsactsolutionl (c)=yl (ic);
$error_yl (c)=abs (approxsimatesolutionl (c) —exsactsolutionl (c)) ;
approxsimatesolution2 (c)=subs(y_2,1ic);
exsactsolution?2 (c)=y2(ic);

Error_yl (c)=subs (error_yl,ic);

Error_y2(c)= subs(error_yZ,ic),

$error_y2 (c)=abs (approxsimatesolution2 (c) —exsactsolution2 (c));
end

figure

hold on

fplot(y_1,[-1 1], ——%Db")

fplot (y1l, [-1 1],"'c")

xslabel ('xs’);

ylabel ('y_1(xs)’);

legend (' Approxsimate solution’,’Exsact Solution’);
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grid on

hold off

figure

hold on

fplot (error_yl, [-1 1],"'r")

xslabel ("xs’);

ylabel (’error’);

legend ('’ The error of y_1 solution’);
grid on

hold off

figure

hold on

fplot(y_2,[-1 1], ——xb’")

fplot(y2,[-1 1]1,"'xr")

xslabel ("xs’);

ylabel ('y_2(xs)’);

legend (' Approxsimate solution’,’Exsact solution’);
grid on

hold off

figure

hold on

fplot (error_y2, [-1 11,"r")
xslabel (’xs’);

ylabel (’error’);

legend ('’ The error of y_1 solution’);
grid on

hold off

Names={ ’'t’;’Approximate y_1(t)’; ’'Exsact yl(t)’;...

"Error y_1';"Approximate y_2(t)’; '"Exsact y_2(t)’;’Error y_2"}
format shortE

Result=[ cou; exsactsolutionl;approxsimatesolutionl;...
Error_yl;exsactsolution?2;approxsimatesolution2;Error_y2].’'
$Result=Result.’;

result=table (Result)
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Appendix C
Solving Example 1 by Legendre polynomials method

clc

clear; Co=3;

Psi=zeros (Co+1l,Co+1l);
syms Vk

column=0;

for ic=1:Co+1

for Jc=1:1:Co+l

if mod(column, 2)==0
Psi(ic,Jdc)= (1/2"column) *symsum(com(column,Vk) *...
com (2+xcolumn—-2+Vk, column),Vk, 0, column/2) ;
else
Psi(ic,Jdc)= (1/2"column) *symsum (com(column,Vk) *...
com (2*column—-2*Vk, column), Vk, 0, (column-1)/2);
end
column=column+1;
end
end
Psi
Vk=2;
a=0;b=1;
ic=0:Co;

col=a+ (b-a)*ic/Co;
Z=zeros (Co+1l,Co+1l);
for ic=1:Co

Z (ic+1l,1ic)=ic;

end

Z

Syms Xs

for ic=1: (Co+l);

Lxs (ic)=xs" (ic-1);
end

Lxs
LLxs=kron (eye (Vk), Lxs) ;
D=kron (eye (Vk) ,Psi’)
LLxs

Z=kron (eye (Vk) , 2" );
pOxs=[0 0;0 0];plxs=[0 0;0 0];p2xs=[1 0;0 11];
p3xs=[0 0;0 0];pd4xs=[0 0;0 0];

gxs=[8/9; 6xxs—(1/18) *xs5"2]

PmO=kron (eye (Co+1l),p0xs) ;
for Jc=1:(Co+l);
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for ic=Jc*Vk-(Vk-1) : Jc*xVk;

PmO (ic, :)=subs (PmO (ic, :),col (Jc));
end

end

Pml=kron (eye (Co+l),plxs);

for Jc=1: (Co+l);

for ic=Jc*Vk—-(Vk-1) : Jc*xVk;

Pml (ic, :)=subs (Pml (ic, :),col (Jc));
end

end

Pm2=kron (eye (Co+l),p2xs);

for Jc=1:(Co+l);

for ic=Jc*Vk—-(Vk-1) : Jc*xVk;

Pm2 (ic, :)=subs (Pm2 (ic, :),col (Jc));
end

end

Pm3=kron (eye (Co+l),p3xs);

for Jc=1:(Co+l);

for ic=Jc*Vk-(Vk-1) :JcxVk;

Pm3 (ic, :)=subs (Pm3 (ic, :),col (Jc));
end

end

Pm4=kron (eye (Co+l) ,péxs);

for Jc=1:(Co+l);

for ic=Jc*Vk-(Vk-1) :Jc*xVk;

Pm4 (ic, :)=subs (Pm4 (ic, :),col (Jc));
end

end

for Jc=1:(Co+l);

for ic=Jc*Vk—-(Vk-1) : Jc*xVk;

Ga(ic,1l)=subs (gxs(ic-(Jc-1)*Vk,1l),col (Jc));
end

end

Ga

for Jc=1:(Co+l);
for ic=Jc*Vk-(Vk-1) :JcxVk;
X (ic, :)=subs (LLxs (ic—(Jc—-1) *xVk, :),col (Jc));

end

end

X

syms xs t
f11=1/3;

for row=0:Co
for column=0:Co

k1l (row+1l,column+l)=(1/(factorial (row)*factorial (column))) ...
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*subs (diff (diff (f11,xs, row),t,column), {xs,t}, {0,0});
end

end

k11;

Kl1ll=(Psi"-1)'xkllx (Psi"-1);
f12=1/4;

for row=0:Co
for column=0:Co

k12 (row+1l, column+l)=(1/ (factorial (row) *factorial (column))) ...

*subs (diff (diff (f12,xs, row),t,column), {xs,t}, {0,0});
end

end

k12;

K112=(Psi"-1)'xkl12x (Psi"-1);
f21=xs"2/6;

for row=0:Co
for column=0:Co

k21 (row+1l, column+l)=(1/ (factorial (row) *factorial (column))) ...

*subs (diff (diff (f21,xs, row),t,column), {xs,t}, {0,0});
end

end

k21;

K121=(Psi"-1)’*k21x (Psi"-1);

f22=-xs5"2/3;

for row=0:Co

for column=0:Co

k22 (row+1l, column+l)=(1/ (factorial (row) *factorial (column))) ...

*subs (diff (diff (f22,xs, row),t,column), {xs,t}, {0,0});
end

end

k22;

K122=(Psi”"—1)'"xk22* (Psi"-1);

Kl1f=[K111l K112;K121 K122];

M=zeros (column+1l, column+1) ;

for ic=1: (column+1)

for Jc=1: (column+1)

M(ic,Jdc)=(b" (ic+Jc-1)-a” (1ic+Jc-1))/ (ic+Jc-1);
end

end

M

QO=PsixMxPsi’

Qp=kron (eye (Vk), Q) ;

I=X*D*K1fxQp;

W=PmO*X*D+Pml *X*Z+*D+Pm2+X*Z 2+*D+Pm3+xX*Z "~ 3*D+Pm4+«X+Z"4+D-1I;
t0=0;yt0=0;

tl1=0;ytl1=1/3;

t2=0;yt2=0;

t3=0;yt3=-1/2;

LO=ytO

Ll=ytl

L2=yt2
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L3=yt3;
UO=subs (

Ul=subs (LLxs
U2=subs (LLxs
U3=subs (LLxs

LLxs (

(

(

(

W (Vk* (Co+1) - 3,
-2

-1

*
w}

s

*
N
*
)

7 .

1,:)
1,:)
2,1),
2,%)

*
w}

7 .

~e

W(Vkx (Cotl) —
W (Vk* (Co+1) -
W (Vk* (Co+1)
WW=W
Ga (Vk* (Co+1)-3 ,:)=
Ga (Vk* (Co+1) -2, :)=1[
Ga (Vk«* (Co+1) -1 =
Ga (Vk* (Co+1), :)
GaGa=Ga
A=WW\GaGa;
Syms xs
y=vpa (LLxs*Dx*A,12);
y_1=y (1)
y_2=y(2)
y1=Q@ (xs) (1/2)*xs"2+(1/3)*xs;%the exsact solution
y2=@Q (xs) xs"3-xs/2; %the exsact solutionb
error_yl=abs(yl-y_1);
error_y2=abs (y2-y_2);
c=0;
approxsimatesolutionl=zeros(1l,10);
approxsimatesolution2=zeros(1,10);
Error_yl=zeros(1l,10);
Error_y2=zeros(1,10);
c=0;
for ic=0:0.1:1

c=c+1l;

cou(c)=ic;
approxsimatesolutionl (c)=subs(y_1,1ic);
exsactsolutionl (c)=yl (ic);

~.
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— g agg oo
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$error_yl (c)=abs (approxsimatesolutionl (c) —exsactsolutionl (c)) ;
approxsimatesolution2 (c)=subs(y_2,1ic);

exsactsolution2 (c)=y2(ic);

Error_yl (c)=subs (error_yl,ic);

Error_y2 (c)=subs (error_y2,1ic);

$error_y2 (c)=abs (approxsimatesolution?2 (c) —-exsactsolution?2(c));

end

figure

hold on

fplot(y_1,[-1 11,"——%b")
fplot(yl,[-1 1],'x")
xslabel ("xs’);

ylabel ('y_1(xs)");

74




legend (’ Approxsimate solution’,’Exsact Solution’);
grid on

hold off

figure

hold on

fplot (error_yl, [-1 1],’r")

xslabel ("xs’);

ylabel (’error’);

legend ('’ The error of y_1 solution’);
grid on

hold off

figure

hold on

fplot(y_2,[-1 1], ——*b")

fplot(y2,[-1 11,'x")

xslabel ("xs’);

ylabel ('y_2(xs)’);

legend (’ Approxsimate solution’,’Exsact solution’);
grid on

hold off

figure

hold on

fplot (error_y2,[-1 1]1,’r")

xslabel ("xs’);

ylabel (’error’);

legend ('’ The error of y_1 solution’);

grid on

hold off

Names={ ’'t’;’Approxsimate y_1(t)’; ’'Exsact yl(t)’;’Error y_1'
R

"Approxsimate y_2(t)’; 'Exsact y_2(t)’;’Error y_2'}

format shortE

Result=[ cou; exsactsolutionl;approxsimatesolutionl; ...

Error_yl;exsactsolution?2;approxsimatesolution2;Error_y2].’'

$Result=Result.’;

result=table (Result)
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