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ABSTRACT 

The main focus of this study is on the Linear Dynamic Systems With Zero Initial 

Conditions. Also the following topics are presented: Optimal control, state space 

representation, Lyapunov equations, controllability, observability and their Gramians. 

Some model order reduction methods are also proposed, specifically balanced 

truncation and singular perturbation approximation.  

For the optimal control problems, the study used Feedback control strategies, numerical 

solution methods and their implementation with various illustrative applications. 

A linear quadratic regulator (LQR) is introduced to develop an optimal control that 

minimizes the quadratic cost function by employing the formal asymptotic solution for 

the underlying algebraic Riccati equation. This final optimal control was delivered by 

implementing three types of singular perturbation approximation to test the best 

performance in closed-loop conditions.  

A few numerical examples were given to illustrate one type of singular perturbation 

approximation and show how the reduced-order may be used to approach the optimal 

control of the original system. 

Numerical results for the clamped beam model and the RLC circuit have shown that 

singular perturbation approximation method is one of the most efficient methods for 

model order reduction. 

Keywords: Dynamic systems, Model Order Reduction, Singular Perturbation 

Approximation, Optimal Control. 
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Chapter One 

Preliminaries 

1.1 Introduction  

Optimal control theory is an outcome of the calculus of variations, with a history 

stretching back over 360 years, but interest in it mushroomed only with the advent of 

the computer, launched by the stunning successes of optimal trajectory prediction in 

aerospace applications in the early 1960s [1]. 

The modeling of many physical, chemical, or biological phenomena resulting from 

discretized partial differential equations leads to the famous representation of a linear 

time-invariant (LTI) dynamic system [2],[3]: 

 ̇( )    ( )    ( ) 

                                                     ( )    ( )    ( )                                            (1-1) 

 (  )     

Where, 

 ( )     is called the system state 

 ( )      is called the system input 

 ( )     is called the system output  

 (  ) represents the initial condition of the system      

                           are constant matrices 

Where, 

  is the state matrix 

  is the input matrix 

  is the output matrix  
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  is the feed through matrix  

  is the order of the system 

Model Order Reduction (MOR) is used in the proposed approach to reduce the number 

of system states and the computing effort with a minor loss of accuracy in the numerical 

solutions. 

Model order reduction is an essential feature for analyzing and designing modern 

control systems. The reduced order system should have the properties of the original 

system. Moreover, the approximation error between the reduced order and the original 

system is required to be small for the entire frequency range. 

Model order reduction for linear systems offers an adequate foundation for many 

approximation methods, such as easily calculable error bounds. Model reduction's 

overall goal is to limit the system to the subspace of easily observable and controlled 

states, which may be identified by the system's Hankel singular values [4], [5].  

In this thesis, the focus is laid on the description of finite-dimensional continuous linear 

and time-invariant systems (FDLTI), described by linear differential equations with zero 

initial conditions, and the necessary conditions of optimality derived respectively [2]. 

Two methods of reducing the order in linear time-invariant systems are as follows: 

balance truncation method (BT) and singular approximation technique (SPA). These 

methods lead to a stable reduced system and guarantee the upper limit of error 

reduction. 

Balanced truncation (for standard state space system) is a popular scheme for this 

purpose since it preserves stability and has frequency response error bounds. The 

fundamental principle of balanced truncation (BT) is determining the states that are 

simultaneously hard to reach and hard to observe. In other words, these states require a 

lot of energy to steer from zero as well as generate very little output energy. 

Furthermore, it preserves stability and provides guaranteed error bounds [6], [7]. 

In [8] a generalized reciprocal transformation method to reduce the infinite-dimensional 

system is presented. This fact motivates the generalization (SPA) method of finite 
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dimensional systems to obtain reduced-order models that perform well at low 

frequencies. 

In [9], It has been found that, At high frequencies, reduced systems by balanced 

truncation have smaller errors and a larger error than at low frequencies. In contrast, 

reducing the systems using singular perturbation approximation method is showing a 

reversal of behavior, i.e., the error goes to zero at low frequencies and tends to be large 

at high frequencies. It also has been shown that the continuous-time results on the 

singular perturbation approximation of balanced systems are easily extended to the 

discrete-time case.  

For finite time-horizon optimal control problems, among the most actively investigated 

singularly perturbed optimal control problems is the linear quadratic regulator problems. 

Most of these approaches are based on the singularly perturbed differential Riccati 

equations [10]. 

The linear quadratic regulator (LQR), one of the most significant techniques for solving 

control problems will be discussed in this thesis for a closed-loop to develop an optimal 

control that minimizes the quadratic cost function by employing the formal asymptotic 

solution for the underlying algebraic Riccati equation. A formal calculation shall be 

supported by numerical experiments, and the theoretical results presented with a test 

case in order to demonstrate their validity, after showing how it is possible to 

approximate original system's optimal control using reduced order. 

This thesis is organized as follows: 

In Chapter 1, state space representation is given for dynamic systems, stability, 

controllability, observability matrices and Gramians, Lyapunov equations as well as 

vector and matrix standards. 

The topic of model order reduction is covered in Chapter 2, the balancing of linear 

systems using balanced truncation, the singular perturbation approximation, and a 

discussion of the transfer function.  

Chapter 3 proposes the error bounds using ‗balanced truncation method‘ (BT), ‗singular 

perturbation approximation‘ (SPA), and ‗reciprocal system‘ (RS) methods. All these 
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methods give stable reduced systems and guarantee the upper bound of the error 

reduction, i.e., that is      . 

In Chapter4, the Linear Quadratic Regulator (LQR), one of the most crucial techniques 

for solving control problems, is presented. The quadratic cost function is minimized 

using feedback optimal control, and balanced truncation using the so-called 

Hamiltonian Function and the underlying algebraic Riccati equation is also achieved. 

Chapter 5 illustrates the performance of these techniques using a numerical experiment. 

1.2 Dynamic System 

Linear differential equations that can simulate entrainment and synchronization 

behavior are among the most useful tools for dynamic systems modelers and the term 

"dynamic" refers to something active or changing over time. 

SISO (single input single output) systems are dynamic systems that have a single input 

(   ) and a single output (    ); otherwise, they are known as MIMO (multiple 

input multiple outputs) systems [5]. 

1.3 State Space Representation of Dynamic Systems 

The state-space representation of a linear dynamic system is given in the following form 

[5]: 

                                                    ̇( )    ( )    ( )                                             (1-3) 

                                                    ( )    ( )    ( )                                             (1-3) 

 (  )     

Where, 

 ( )     is called the system state 

 ( )      is called the system input 

 ( )    is called the system output  

 (  ) represents the initial condition of the system      
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                            are constant matrices 

Where, 

  is the state matrix 

  is the input matrix 

  is the output matrix  

  is the feed through matrix  

  is defined to be the order of the system  

Equation (1-2) is a set of  -coupled first-order linear differential equations and called 

the state equation, where 

 ̇  
  

  
 

denotes the time derivative of each state variable and is expressed in terms of the state 

variables   ( ), . . . ,   ( ) and the system inputs    ( ), . . . ,   ( ). 

Equation (1-3) is the output equation for the linear continuous dynamic system  

The physical quantities that can be measured are called the outputs of the system and 

are denoted by    ( ), . . . ,   ( ). These represent the response of the system. In most 

dynamic systems,        is the null matrix, so the form of state space representation 

transforms into:  

 ̇        

                                                                                                                             (1-4) 

 (  )     
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Definition (1.1) [4]:    .
  
 

/ is a linear system in state space representation 

additionally, it has the same dimension as the system described in the state space 

description, i.e. 

   ( )    

Rewriting the system (1-4) in compact matrix form as: 

(
 ̇
 
*  .

  
 

/ .
 
 
/ 

Where  

.
  
 

/ 

Is a block matrix. 

1.4 Stability, Controllability, and Observability 

This subsection examines the foundational notions of stability, controllability, and 

observability which are commonly dealt with in continuous FDLTI systems and control 

theory. 

1.4.1 Stability 

Definition (1.2) [3]: A matrix   is a stable matrix if and only if the eigenvalues of   

have strictly negative real parts (  (  )   ), where    is the eigenvalue of   and 

       . 

Theorem 1 [3]: The system is asymptotically stable if and only if all eigenvalues of   

have negative real parts (  (  )   ), Where    is the eigenvalue of   and (  

     ). 

Controllability and observability are two dual concepts and are closely related to the 

cancellation of a pole and a zero in the system transfer function. 
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1.4.2 Controllability 

One of the key ideas in modern mathematical control theory is the reduced dynamic 

system, which is closely related to the concept of controllability.  

Definition (1.3) [13]: A state    is controllable at time    if, for some finite time    

 , there exists an input   ( ) that transfers the state  ( ) from    to a desired last state 

   at time    such that the solution of (1-3) satisfies  (  )    . 

Definition (1.4) [14]: A system is called controllable at time    if every state    in the 

state space is controllable. 

Theorem 2 [14]: A dynamic system (1-4) is controllable if and only if  

      (   )    (i.e.,  (   ) has full row rank) 

where, 

 (   )  ,                   - 

is a controllable matrix.  

Theorem 3 [5], [4]: The following are equivalent: 

1. The pair (   ),               is controllable. 

2. The rank of the controllable matrix is full, i.e.,       (   )     

3. The controllability Gramian is positive definite i.e.,   ( )   , for some           

1.4.3 Observability (Output Controllability) 

Observability generally means that we can steer the output of a dynamic system 

independently of its state vector.  

Definition (1.5) [14]: 

A system with an initial state    is observable if and only if the system output  ( ) can 

be used to estimate the initial state's value on ,    - that has been observed through 

finite time. 
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Theorem 4 [14]: 

Dynamic system (1-4) is observable if and only if  

    ,                       -    

Definition (1.6) [14]: 

The observability matrix of the system (1-3) is defined as:  

 (   )  

(

 
 

 
  
   

 
     )

 
 

 

Where   is a positive integer. 

Theorem 5 [5], [4]: The following are equivalent: 

1. The pair (   ),               is observable. 

2. The rank of the observable matrix is full, i.e.,       (   )     

3. The observability Gramian is positive definite, i.e.,   ( )   , for some       

1.5 Lyapunov Equations 

This section aims to give a brief of Lyapunov equations. The solutions of them and their 

connections with system stability, controllability, observability, and so on are discussed. 

Definition (1.7) [3]: the continuous Lyapunov equation has the form: 

          

Where           and     is a symmetric matrix. 
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Theorem 6 [5]: Assume that   is stable, then the following statements are equivalent: 

1)   ∫   
      

 

 
  . 

2)                            

3) If      then (   ) is observable if and only if       

Definition (1.8) [3]: Given a stable matrix  , a pair (   ) is controllable if and only if 

the solution to the following Lyapunov equation: 

       
        

is positive definite where,  

    ∫         
   

 
   

is The Controllability Gramian.  

Similarly, a pair (   ) is observable if and only if the solution to 

               

is positive definite and  

    ∫   
        

 

 
   

is The Observability Gramian. 

Theorem 7 [15], [16]: The observability Gramian is a unique solution to the Lyapunov 

equation  

              

Proof [17]: 

         (∫   
        

 

 

  )     (∫   
        

 

 

  ) 

 ∫   
         

 

 

   ∫     
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 ∫ (  
              

        )
 

 

   

 ∫
 

  
(  

        )
 

 

   

      

               

This proves that the observability Gramian is an actual solution of the Lyapunov 

equation. 

To prove the uniqueness, suppose that there are two different solutions for  

              

Given by     and   . 

 So, 

(       )    (       )    

Thus, multiplying the equation by   
   from the left and by     from the right gives 

  
  ,(       )    (       )-  

     

Taking the integral from         for both sides to have 

∫ (  
  ,(       )    (       )-  

  )
 

 

     

∫ (
 

  
  

  (       )  
  )  

 

 

   

  
  (       )  

   
 
 
   

  (       )    

So, 
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This means that    is unique. 

1.6 Vector and Matrix Norms  

  -norm is a method for calculating the difference between the system‘s outputs for 

arbitrary input signals to measure how far two linear systems are from each other. 

1.6.1 Vector Norm 

Let   be a vector space,       is a norm of   if it satisfies the following properties [5]: 

1.           for every   and           if and only if      . 

2. |    |            , for any real    

3.                               for every    and     

4.                              

Let     . Then the    norm of   is  

|   |
 
 (∑    

 

 

   

+

 
 

               

A norm of a vector is a measure of a vector length, for example,         (   norm) is the 

Euclidean distance of the vector   from the origin [5]. 

And the    norm (the infinity or uniform norm) given by: 

|   |
 
    

 
      

1.6.2 Matrix Norm 

We denote the norm of a matrix by       which satisfies the same properties as the 

vector norm. Consider the    matrix norm given by [5]: 

           
 

∑|   |
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Then    matrix norm is defined as: 

        (∑∑|   |
 

 

   

 

   

)

 
 

 

 

Finally, the    matrix norm stated as: 

           
 

∑|   |
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Chapter Two 

Model Order Reduction 

2.1 System Energy 

Reducing the order of a dynamic system by model order reduction makes the system 

use a small amount of controlled energy and produce a large amount of observed 

energy.  

Consider a dynamic system 

                                                             ̇                                                                

                                                                                                                             (2-1) 

                                                              (  )     

Which is assumed to be asymptotically stable, controllable, and observable. 

The energy of the system is calculated and estimated using the observability and 

controllability gramians. 

Lemma (2.1) [18]: A linear dynamic system's controllability and observability 

functions are given as follows: 

  (  )     
  (    )

 (  )     ( )  

  
 

 
∫ ‖ ( )‖     

 

  

 

  (  )  
 

 
∫ ‖ ( )‖     

 

 

 

 ( )      ( )          

The following quadratic forms can be used to approximate the controllability and 

observability functions [20]: 

   
 

 
    

          and        
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The controllability and observability Gramians, which are the only positive definite 

solutions to the Lyapunov equations, are represented by    and    , respectively. 

       
        

               

2.2 Transfer Function 

Given the state space matrix(     ), the transfer function of the system can be written 

as: 

                                           ( )     (      )                                              (2-2) 

Definition (2.1) [21]: 

The transfer function G(s) is defined as: 

                                                          ( )  
 ( )

 ( )
                                                    (2-3) 

In this case,  ( ) and  ( )  are the Laplace transforms of the system's output  ( ) and 

input  ( ), respectively. 

The transfer function  ( ) in (2-2) can be written as:  

  .
  
  

/   ( )    
 ( )

 ( )
 

2.3 Balanced Truncation method 

Consider a linear system  

 ̇        

                                                                                                                         (2-4) 

 (  )     

Where      ,              , we assume that (2-4) is stable, controllable, and 

observable. 
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Theorem 1 [18], [22]: There exists a state space transformation     ̃, (  is a non-

singular matrix) for the system (2-4) such that the transformed system  

 ̇̃   ̂ ̃   ̂  

                                                             ̃   ̂ ̃                                                         (2-5) 

Is in balanced form, i.e.,  

  ̃    ̃    = [
    
   
    

] 

with               where   ̃        ̃ are the controllability and 

observability Gramians of the transformed system, with 

  ̃    ̃ =      
           

Here, the singular values of the system's Hankel operator, are given by   
     

       . 

The Hankel singular value (HSV) for linear systems is defined as the square root of the 

eigenvalues of the product of the controllability and observability Gramians [22]: 

  ( )  √  (    ) 

Proof. [23] [24] 

Since      ̃  , then    ̇    ̃ ̇    and   ̃ ̇      ̇               

Let‘s start with the state equation: 

                                                     ̇                                                                  (2-6) 

Equation (2-6) from the left is multiplied by     to produce 

    ̇              

    ̇        ̃  +      

 ̇̃   ̂ ̃   ̂  
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 And  

 ̃     

 ̃     ̃ 

 ̃   ̂ ̃ 

Where,  

 ̂       ,  ̂      , and   ̂     

In addition, the two Lyapunov equations are satisfied by the controllability and 

observability Gramians. 

  ̂         
   ̂      ̂ ̂      

    ̂ 
       ̂          ̂  ̂      

Notice that the transformed Gramians satisfy the Lyapunov equations   

  ̃        
   

  ̃       . 

Lemma (2.2) [4], [23]: The balancing transformation   and its inverse     are 

expressed in terms of the Singular Value Decomposition (SVD) as follows: 

      
 
  

                                                               
 

                                               (2-7) 

Where  

  
 
      ( 

 

√  
  

 

√  
      

 

√   
 ) 

Using Cheloskey Decomposition to decompose the two Gramians according to 
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 such that  

          

Where   and   are orthogonal transformations such that:  

       and        

Then the state space model of the balanced system is (  ̂  ̂  ̂) with 

 ̂        

 ̂       

 ̂     

2.4 The reciprocal system of a linear dynamic system 

The linear continuous dynamic system is represented by: 

                                                      ̇                                                                

                                                                                                                     (2-8)  

The balanced reciprocal system ( ̅  ̅  ̅  ̅)  is indicated as [25], [26]: 

 ̅      

                                                                ̅                                                           (2-9) 

 ̅        

 ̅          

And, the system's initial condition is given as follows: 

 ̅(  )      (  ) 

 



 

18 

 

The system ( ̅  ̅  ̅  ̅) is also asymptotically stable and the Lyapunov equations are 

given by:  

 ̅    ̅   ̅ ̅    

  ̅   ̅    ̅  ̅    

The reciprocal system ( ̅  ̅  ̅  ̅) is also controllable and observable and has the same 

diagonal Gramian matrix   [27]. 

Theorem 2 [25]: Let  ̅ be the transfer function of the reciprocal system ( ̅  ̅  ̅  ̅), 

that is, 

 ̅   ̅(    ̅)   ̅    ̅          

In the case of zero initial condition, the relation with two transfer functions   and  ̅ is 

then indicated as follows::   

 ( )   ̅(
 

 
) 

Proof: 

 ( )    (      )      

  (      )          

  (         )         

   
 

 
(
 

 
    *

  

        

   (
 

 
        ) (

 

 
    *

  

       

            (
 

 
    *

  

       

       (
 

 
    *

  

                

  ̅(
 

 
  ̅)   ̅      ̅ 

        ̅ .
 

 
/                                                        (2-10) 
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From this, it follows that if  ( ) has a dominant high-frequency behavior, then  ̅( ) 

will have a dominant low-frequency behavior and vice versa 

It's noteworthy to observe that the equation (2-9) changes in our case if the high-order 

balanced system is strictly proper such that     . 

 ̅      

 ̅       

 ̅        

 ̅         

Lemma (2.3) [28]: ― Let the system (     ) be the minimal and balanced realization 

with Gramian   of a linear, time-invariant, and stable system, then the reciprocal system 

( ̅  ̅  ̅) is also stable and balanced with the same Gramian   ‖ 

Proof:  

Since   satisfies the Lyapunov equation 

                 

                 

Multiplying the first equation from the right by     and from the left by     gives 

   (            )      

                                

        (    )(    )    

Equation (2-9) values are substituted, resulting in 

 ̅    ̅   ̅ ̅    

Similar to equation (2-9), the second Lyapunov equation is multiplied by      from the 

right and by      from the left to get 

  ̅   ̅    ̅  ̅    
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The nth-order reciprocal system ( ̅  ̅  ̅) and the Gramian   are separated as: 

 ̅  (
 ̅   ̅  
 ̅   ̅  

)   ̅  (
 ̅ 
 ̅ 
)   ̅  (  ̅   ̅)         (

   
   

*  

Pick an integer   that is positive and such that         with  

             (  ,  ) 

 

Where, 

       (         )            (           ) 

According to lemma (2.3), we have the following [7]:  

The reciprocal system ( ̅  ̅  ̅) with    and    as the controllability and observability 

Gramians of the system, respectively, can be subjected to the balanced truncation 

approach. 

Where, ( ̅    ̅    ̅) and ( ̅    ̅    ̅) are  th-order and (   )th-order subsystems, 

respectively. And the diagonal Gramians           can be associated with the 

balanced subsystems ( ̅    ̅    ̅)      . 

The subsystem ( ̅    ̅    ̅) is called the ‗strong‘ subsystem, and the subsystem 

( ̅    ̅    ̅) is called the ‗weak‘ subsystem [27], [6]. 

The reciprocal system ( ̅  ̅  ̅) should be balanced truncated, assume that the HSVs 

  
             are distinct and                     

with      , then the  th-order truncated system of ( ̅  ̅, ̅) is given by ( ̅    ̅ ,  ̅) 

with the subspace equation:  

 ̇̅   ̅   ̅   ̅   

                                                          ̅    ̅ ̅                                                            (2-11) 

 

 



 

21 

 

Where  ̅  ,  ̅   and    ̅  can be computed from equation (2-9), and are defined as: 

 ̅   (          
     )

  
 

 ̅  (          
     )

  
(         

    ) 

  ̅  (        
     )(          

     )
  
                                       )2-12) 

The transfer function  ̅  for the reciprocal reduced system is defined as: 

 ̅ ( )    ̅(    ̅  )
   ̅  

2.5 Singular perturbation approximation method (SPA)  

The linear dynamic system has the following form: 

(
 ̇

 ̇
*  (

      
      

* .
 

 
/  (

  
  
*   

Here, once again                        and 

  (  )  (
  
  

* 

is the initial condition. 

This system's output equation is: 

  (    ) .
 

 
/ 

We select       in such a way that the reduced system is provided as: 

  ̇̆   ̆ ̆   ̆  

                                                             ̆   ̆ ̆                                                     (2-13) 

Where,  

 ̆            
      

 ̆  (      
    ) 

     ̆  (        
     )                                      (2-14) 
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The equations (2-11), (2-12) and (2-14) lead to the following results: 

 ̅   (          
     )

  
 

 ( ̆)
  

 

                         ̅  (          
     )

  
(         

    )                          (2-15) 

 ( ̆)   ̆ 

  ̅  (        
     )(          

     )
  

 

   ̆( ̆)   

And also through singular perturbation approximation ( ̆  ̆, ̆),  ̆  is the transfer 

function of the           model. 

 ̆   ̆(    ̆)   ̆ 

And consider that  ̅  is the reduced reciprocal system's transfer function ( ̅    ̅ ,  ̅).  

 Using equation (2-15) connects the transfer functions  ̆  of the reduced SPA system 

and  ̅  of the reduced reciprocal system. 

 ̆ ( )    ̆,(    ̆)
  

  ̆  - ̆ 

   ̆ ̆  (
 

 
   ̆  *

  

 ̆   ̆ 

  ̅ .
 

 
/                                                           (2-16) 
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Chapter Three 

Error Bounds of Model Order Reduction Methods 

3.1 An error bound using balanced truncation model reduction (BT) 

Take into consideration the following linear, time-invariant, finite-dimensional state 

space system:  

 ̇        

                                                              (3-1) 

 ( )     

The associated transfer function is given by: 

 ( )    (      )    

 State space model (     ) presented by  

 ( )  .
  
  

/ 

Is a realization of  ( ) which is minimal if and only if  (   ) is observable and (   ) 

is controllable [5]: 

Definition (3.1) [7]: 

Let       the system (3-1) with the balanced system (     ), and the matrices 

      are partitioned as  

  (
      
      

*    (
  
  
*         (    ) 

  (
   
   

*  

With                            (       )            (         ) 
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The order of the     is     as well as the order of    and (   )  (   ) is the 

order of    , where the original system‘s order matches the order of the other block 

matrices.  

Let         a balanced truncation (BT) produces a system of lower order   defined 

by: 

 ̇            

        

Applying balanced truncation to the balanced system yields a reduced     order system 

with a transfer function: 

  ( )    (      )
     

Lemma (3.1) [10]: The matrices             are asymptotically stable, i.e., 

  (  *   +    )            

if there are no diagonal elements in common between           then the subsystem 

(         ) is also observable and controllable. 

The         between the original and reduced order systems can be used as an error 

criterion.  

Definition (3.2) [9]: 

The         of the transfer function is defined as  

‖ ‖      
   

    ( (  ))     
 

‖ (  )‖  
‖ (  )‖  

    
 

‖ ‖ 
‖ ‖ 

 

Where    
   

 is the least upper bound over all real-valued frequencies and, ‖ ‖   and  

‖ ‖  are the          of  ( )  ( ) respectively. 
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The         (the maximum of the frequency response) of the error system is 

bounded above by twice the sum of the neglacted singular values  (         ). 

Theorem 1 [4], [7]: 

For the zero-initial condition,    is stable, and satisfies   

‖    ‖    ∑   

 

     

 

Where      is the first deleted Hankel singular value of  ( ). 

And  ‖ ‖      *‖ (  ‖     + denotes the     norm. 

Remark: 

if 

‖    ‖    ∑      

 

     

 

then  

‖    ‖  ( ∑   )

 

     

‖ ‖  

proof: 

since  

‖ ‖      
   

    ( (  ))     
 

‖ ‖ 
‖ ‖ 

 

Then                                   ‖ ‖  ‖ ‖  ‖ ‖  

So, 

‖    ‖  ‖    ‖  ‖ ‖  ( ∑   )

 

     

‖ ‖  
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3.2 An error bound of the Reciprocal system 

The balanced system's reciprocal system is represented by 

 ̇̅   ̅   ̅  

   ̅   ̅  

With 

 ̅     ,  ̅      ,  ̅         and  ̅         

And the transfer function of the reciprocal system( ̅  ̅, ̅  ̅) is defined as: 

 ̅   ̅(    ̅)   ̅          

Lemma (3.2) [28]: The     norm is invariant under the reciprocal transformation, 

i.e., 

‖ ( )‖   ‖ ̅( )‖   

Lemma (3.3) [7], [29]: The reduced reciprocal system's error bound is presented as 

follows for zero initial conditions: 

‖   ̅ ‖    ∑   

 

     

 

Thus, a direct duality exists between the balanced and reciprocal elimination of 

subsystems through the reciprocal transformation. 

3.3 Error Bound for the Singular Perturbation Approximation with Zero Initial 

Condition 

The singular perturbation approximation approach ( ̆  ̆, ̆) reduces the system to: 

 ̇̆   ̆ ̆   ̆  

 ̆   ̆ ̆ 
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where,  

 ̆            
      

 ̆  (      
    ) 

 ̆  (        
     ) 

And also through singular perturbation approximation,  ̆  is the transfer function of the 

          model. 

 

 ̆   ̆(    ̆)   ̆ 

Utilize the reciprocal system technique and expand it using the singular perturbation 

approximation to obtain such an error bound. 

Theorem 2 [4], [7]: 

 The error bound shall be given as follows in the form of the     norm:  

‖   ̆ ‖  
  ∑   

 

     

 

In particular, ‖ ( )   ̆( )‖
  

            

Proof [16], [25] : 

From equation (2-10), equation (2-16), and lemma (3.3) 

‖ ( )   ̆( )‖
  

 

      ‖ ( )   ̅ (
 

 
*   ̅ (

 

 
*   ̅ (

 

 
*   ̅ (

 

 
*   ̆( )‖

  

 

      ‖ ( )   ̅ (
 

 
*‖

  

 ‖ ̅ (
 

 
*   ̅ (

 

 
*‖

  

 ‖ ̅ (
 

 
*   ̆( )‖

  

 

      ‖ ̅ (
 

 
*   ̅ (

 

 
*‖

  

       ∑   
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Chapter Four 

Optimal Control 

One of the key techniques for handling control issues is covered in this chapter, using 

the fundamental Algebraic Riccati Equation and the Hamiltonian Function, the Linear 

Quadratic Regulator (LQR) is developed to discover an optimal control that minimizes 

"The quadratic cost function," with regard to the restrictions on the states and the inputs. 

4.1 Linear Quadratic Regulator (LQR) 

Consider the following continuous linear dynamic system: 

 ̇        

        

 ( )                                                             (4-1) 

Where,   and   are the state and the input of the system, respectively. 

Assume that the system is controllable and observable, as one of the most useful 

applications of dynamic programming, consider the general quadratic cost linear control 

problem. 

The following equation defines the quadratic cost function  : 

    
 

 
∫ (        )  

 

 

 

or, equivalently 

    
 

 
∫ (         )  

 

 

 

While the positive definite matrix     is used to represent the cost penalty of the 

input  , the positive semi-definite matrix         is used to represent the cost 

penalty of the states  . 

selecting the optimal control   that satisfies the requirement and minimizes the 

quadratic cost function  . 
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 ̇         

The optimal control can be indicated by   such that: 

 (  )   ( )                      

Substitute    in the constraint equation and the optimal solution of this equation   , 

gives: 

 ̇         

To find the optimal control, we apply the maximum principle theorem by computing the 

Hamiltonian  : 

  
 

 
(         )    (     )  

where      are functions of time and are often referred as the costate variables. 

Theorem 1 [30] (Maximum Principle): 

 If (     ) is optimal, then there exists       such that  

 ̇  
  

   
           ̇  

  

   
 

Let   be a differentiable function, consider  
  

  
   which is a necessary condition for 

the optimal input. A little computation shows that the minimum occurs at:  

                                                                                                                              (4-2) 

Applying the maximum principle and equation (2) to obtain the necessary conditions: 

                                          ̇  
  

  
                        ( )     

                                               ̇   
  

  
                                                                    (4-3) 

This is a coupled system, linear in   and   of order        . 
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The optimal control is found by solving a two-point boundary value problem using the 

initial condition  ( )  and the final condition  ( ). Unfortunately, it is not simple to 

figure out how to solve systems like this or how to establish the relationship between   

and   in the form: 

                                ( )    ( ) ( ) where  ( )                                                   (4-4)          

 In the linear quadratic regulator issue, there is a crucial differential equation known as 

the Matrix Riccati Equation (MRE), which begins with (4-4) and applies the essential 

conditions as follows: 

      

 ̇    ̇    ̇ 

         ̇   (          ) 

          ̇                 

 ̇                           

 ̇                                                           (4-5) 

Since        over an infinite time horizon, it follows that [30]: 

   
   

 ̇    

It suggests that the unique positive definite solution to the algebraic Riccati equation 

(ARE) might be used to replace   in equation (4-5).  

                     

Once the function   has been computed and stored, the best optimal control   by 

reducing   is represented by: 

                                                                                                                    (4-6) 

This represents a constant gain            where   is the solution of the (ARE) is 

completely determined in the feedback form.  

Finally, the optimum trajectory is the solution of: 

                                        ̇  (        )                                                            (4-7) 
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4.2 Optimal Control for Reduced Order Model  

4.2.1 Optimal Control for a Reduced System type 1 

Think about the dynamic system that is linear and time-invariant that has the following 

definition [10] 

.
 ̇
 ̇
/  (

      
 

 
   

 

 
   

+ .
 
 
/  (

  
  
*   

                                              (    ) .
 
 
/                                                                         (4-8) 

In another form: 

 ̇                

 ̇  
 

 
     

 

 
         

                           ̇                                           

          

Thus,  

 ̇                

                                                   ̇                                                                 (4-9) 

          

Assuming that     is stable and that    
  

 exists, set      to produce the equation 

shown below: 

 ̇                

  ̇                 

            

                                                   ̆      
      ̆                                                    (4-10) 
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Here is the reduced system which was got by substituting equation (4-10) in the system 

described by (4-9): 

 ̇̆   ̆ ̆   ̆  

                                                             ̆   ̆ ̆                                                           (4-11) 

Where, 

       ̆            
      

 ̆     

       ̆          
      

Let‘s start by defining the quadratic cost function   for the original system (4-8) as: 

    
 

 
∫ (         )  

 

 

 

Where         and     

                (  
   

 ) .
 
 
/ 

The matrix   is the solution of the following (ARE): 

                     

Substituting the matrices     and   gives: 

 (
      
 

 
   

 

 
   

)  (
   

  

 
   

 

   
  

 
   

 
)    (

  
  
*   (  

   
 )  

(
  

 

  
 ) (    )                                                                                 (4-12) 

To avoid unboundedness,     the solution is requested as follows: 

  (
       

     
     

* 
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So equation (4-12) becomes 

(
       

     
     

* (

      
 

 
   

 

 
   

+  (
   

  

 
   

 

   
  

 
   

 
,(

       

     
     

*

 (
       

     
     

* (
  
  
*   (  

   
 ) (

       

     
     

*

 (
  

 

  
 ) (    )    

(
                          

     
                

           
*

 (
   

         
    

 
    

        
    

   
        

     
     

        
    

)

 (
            

     
          

*   (  
        

     
    

        
    )

 (
  

     
   

  
     

   
)    

Obtain the following set of equations: 

                 
        

     
  

                       (            ) 
  (  

        
     

 )    
       

                  
        

     

 (            ) 
  (   

        
    )    

      

     
               

        
     

  

 (    
          ) 

  (  
        

     
 )    

      

     
                

        
     

 (     
          ) 

  (   
        

    )    
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Let     in the previous equations, the following reduced system Riccati Equations 

are obtained: 

                 
        

     
        

    
       

      

(4-13) 

                 
       

      

(4-14) 

          
        

     
    

      

(4-15) 

          
       

      

(4-16) 

writing  ̿   and  ̿   
  in equations (4-14) and (4-15) in terms of  ̿   and  ̿   as 

follows: 

 ̿    ( ̿         
  ̿     

   )   
  

                                                           (4-17) 

 ̿   
   (   

 )  ( ̿         
  ̿     

   )                                                 (4-18) 

Equation (4-16) can be expressed in another form: 

   
 (   

 )   ̿         
  ̿     

          
 (   

 )    
      

          (4-19) 

Using equations (4-17), (4-18), and (4-19) to obtain: 

                                  ̿   ̆   ̆  ̿    ̿    ̆ ̿
   ̆  ̿    ̆  ̆                        (4-20) 

where 

 ̆            
      

 ̆     

 ̆          
                                               (4-21) 
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Theorem 2 [31], [32]: 

Applying the implicit function theorem, if ( ̆  ̆)  is controllable and ( ̆  ̆)  is 

observable, then 

     ̿    ( )          

Assuming the pair ( ̆  ̆) is controllable, then the values of     and  ̿           

satisfy theorem 2. 

substitute  ̿   for       rewriting the feedback optimal control  : 

      (  
   

 ) (
 ̿    ̿  

   ̿  

 
  ̿  

) .
 
 
/ 

      (  
  ̿      

  ̿  )     (   
  ̿      

  ̿  )                       (4-22) 

Therefore, the modified version of the original system defined by equation (4-9) is: 

 ̇  (       
  (  

  ̿      
  ̿  ))  (       

  (   
  ̿      

  ̿  ))  

  ̇  (        
  (  

  ̿      
  ̿  ))  (        

  (   
  ̿   

   
  ̿  ))                                                                                                                             (4-23) 

If the new dynamic system is asymptotically stable and theorem 2 is fulfilled, then there 

is a solution  ( ) and  ( ) within the  ( ) for this system. 

Let  

 ̿    
 

 
∫ ( ̿  ̿   ̿  ̿ ̿)  

 

 

 

or, equivalently 

 ̿    
 

 
∫ ( ̿  ̿ ̿   ̿  ̿ ̿)  

 

 

 

Where  ̿   ̿  ̿    and  ̿        

be the reduced system's quadratic cost function in equation (4-11). 
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Additionally, the following is the definition of the optimal feedback control for the 

linear dynamic system's reduced order model: 

                                                  ̆    ̿   ̆  ̿ ̆                                                       (4-24) 

Where  ̿ is the (ARE) solution for the reduced order linear dynamic system, which is 

represented by: 

                                ̿       
  ̿   ̿    ̿

    
  ̿    

                            (4-25) 

From [9], [32],  ̿ and  ̿   are both identical. 

Thus, the reduced system (4-11) is given by substituting   in (4-24) and  ̿ in (4-25) 

 ̇̆   ̆ ̆   ̆ ̿   ̆  ̿ ̆ 

                                                     ̇̆  ( ̆   ̆ ̿   ̆  ̿) ̆                                         (4-26) 

 ̆   ̆ ̆ 

Where, 

       ̆            
      

 ̆     

       ̆          
      

By finding a solution to the new reduced system described by equation (4-26), 

With the assistance of  ̆( ), the feedback optimal control  ̆( ), that must be determined 

in order to identify the quadratic cost function's least value  ,̿ is discovered. 
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4.2.2 Optimal Control for a Reduced System type 2 

Consider the full linear time-invariant dynamic system: 

.
 ̇
 ̇
/  (

      

   

 

 
   

+ .
 
 
/  (

  
 

 
  
+  

                                             (    ) .
 
 
/                                                         (4-27) 

A different way to express the original system (4-27) is as follows: 

 ̇                

                                                 ̇                                                      (4-28) 

          

Then, set     to obtain the following equation: 

 ̇                

  ̇                       

           

      
      

 ̇             
          

 ̇       (         
    )  

                                                              
                                             (4-29) 

Here is the reduced system which was got by substituting equation (4-29) in the system 

described by (4-28): 

 ̇̆   ̆ ̆   ̆ ̆ 

                                                             ̆   ̆ ̆   ̆ ̆                                                 (4-30) 
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where, 

 ̆      

 ̆           
     

 ̆     

 ̆        
     

For the initial system (4-27), the quadratic cost function   is defined as: 

    
 

 
∫ (        )  

 

 

 

or, equivalently 

    
 

 
∫ (         )  

 

 

 

For the optimal system, we define the optimal control   as follows: 

                (  
  

 
  

 * .
 
 
/ 

The matrix   is the solution of the following (   )  

                     

Substituting the matrices     and   gives: 

 (
      

   
 

 
   

)  (
   

    
 

   
  

 
   

 )    (
  
 

 
  
)   .  

  

 
  

 /  

(
  

 

  
 ) (    )                                                                                                                  (4-31) 

To avoid unboundedness,     the solution is requested as follows: 

  (
       

     
     

* 
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So equation (4-31) becomes 

(
       

     
     

* (

      

   

 

 
   

+  (
   

    
 

   
  

 
   

 )(
       

     
     

*

 (
       

     
     

* (

  
 

 
  
+   (  

  

 
  

 * (
       

     
     

*

 (
  

 

  
 ) (    )    

Thus, the following set of equations is obtained: 

                  
         

     
  

 (           ) 
  (  

       
     

 )    
       

                  
         

     

 (           ) 
  (   

       
    )    

      

     
                

        
     

  

 (    
         ) 

  (  
       

     
 )    

      

     
                

        
     

 (     
         ) 

  (   
       

    )    
      

Let     in the previous equations, the reduced system Riccati equations is given as: 

          
     (           ) 

  (  
       

     
 )    

      

              (           ) 
  (  

    )    
      

   
        

     
  (     ) 

  (  
       

     
 )    
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Then, the following     reduced equation for  ̿   : 

          
           

    
       

      

Another     equation for  ̿   is obtained when we express  ̿   and     
  in terms of 

 ̿   and  ̿  , this equation takes the form: 

                      ̿   ̆   ̆  ̿    ̿    ̆ ̿
   ̆  ̿    ̆  ̆                                    (4-32) 

If  ( ̆  ̆) is controllable and ( ̆  ̆) is observable, then theorem 2 is satisfied by the 

values of     and  ̿          . 

 Substituting   ̿   for      to rewrite the feedback optimal control  : 

      (  
  

 
  

 *(
 ̿    ̿  

   ̿  

 
  ̿  

) .
 
 
/ 

      (  
  ̿     

  ̿  )     (   
  ̿     

  ̿  )                            (4-33) 

The original system's modified form, as given by equation (4-28), is then: 

 ̇  (       
  (  

  ̿     
  ̿  ))  (       

  (   
  ̿     

  ̿  ))            

  ̇  (        
  (  

  ̿     
  ̿  ))  (       

  (   
  ̿   

  
  ̿  ))                                                                                                                (4-34) 

If the new dynamic system is asymptotically stable and it fulfilled theorem 2, then there 

is a solution  ( ) and  ( ) within the  ( ) for this system. 

Let  

 ̿    
 

 
∫ ( ̿  ̿   ̿  ̿ ̿)  

 

 

 

or, equivalently 

 ̿    
 

 
∫ ( ̿  ̿ ̿    ̿  ̿ ̿ ̿   ̿  ̿ ̿)  
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where  ̿   ̿  ̿    and  ̿     ̿  ̿      

be the reduced system's quadratic cost function in equation (4-30). 

Additionally, the following is the definition of the optimal feedback control for the 

linear dynamic system's reduced order model: 

                                          ̆    ̿   ̆  ̿ ̆                                                               (4-35) 

Where  ̿ is the reduced order linear dynamic system's constant (ARE) solution, which 

is defined as: 

                            ̿       
  ̿   ̿    ̿

    
  ̿    

                                (4-36) 

From [9], [32],  ̿ and  ̿   are both identical. 

The Feedback Optimal Control  ̆ in equations (4-35) and  ̿ in equations (4-36) are 

substituted into the reduced system (4-30), and the result is: 

 ̇̆  ( ̆   ̆ ̿   ̆  ̿) ̆ 

                                                     ̆   ̆ ̆   ̆ ̆                                                         (4-37) 

where, 

 ̆      

 ̆           
     

 ̆     

 ̆        
     

Assume that the pairs ( ̆  ̆) and ( ̆  ̆), are observable and controllable respectively as 

well as that the matrix  ̆   ̆ ̿   ̆  ̿ is stable. 

Finding the minimal value of the quadratic cost function   ̿ requires the optimal control 

 ̆, which can be obtained by finding a solution  ̆( )  to the new reduced system denoted 

by equation (4-37). 
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4.2.3 Optimal Control for a Reduced System type 3 

Consider the full linear time-invariant dynamic system: 

.
 ̇
 ̇
/  (

   
 

 
   

      

+ .
 
 
/  (

  
  
*   

  (    ) .
 
 
/                                                       (4-38) 

The original system (4-38) is also represented by the following alternative form: 

 ̇       
 

 
         

                                             ̇                                                             (4-39) 

          

Then, set     to obtain the following equation: 

  ̇                   

       

    

 ̇           

      

Here is the reduced system: 

 ̇̆   ̆ ̆   ̆ ̆ 

                                         ̆   ̆ ̆                                                     (4-40)  

Where, 

 ̆      

 ̆     

 ̆     
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The original system's (4-38) quadratic cost function   is as follows: 

    
 

 
∫ (        )  

 

 

 

or, equivalently 

    
 

 
∫ (         )  

 

 

 

Our optimal control   is specified as the following for the original system: 

                (  
   

 ) .
 
 
/ 

The matrix   is the solution of the following (ARE): 

                     

Substituting the matrices     and   gives: 

 (
   

 

 
   

      

)  (
   

    
 

 

 
   

 
   

 +    (
  
  
*   (  

   
 )  

(
  

 

  
 ) (    )                                                                                                       (4-41) 

To avoid unboundedness,     it requested the solution as follows: 

  (
       

     
     

*. 

So equation (41) becomes 

(
       

     
     

* (
   

 

 
   

      

+  (

   
    

 

 

 
   

 

   
 
)(

       

     
     

*

 (
       

     
     

* (
  
  
*   (  

   
 ) (

       

     
     

*

 (
  

 

  
 ) (    )    
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Thus, the following set of equations is obtained: 

                  
         

     
  

                       (            ) 
  (  

        
     

 )    
                                      

 

 
                   

         
     

 (            ) 
  (   

        
    )    

      

     
             

 

 
   

         
     

  

 (    
          ) 

  (   
        

     
 )    

      

    
                

         
     

 (     
          ) 

  (   
        

    )    
      

Let     in the previous equations, the reduced system Riccati equations is given as: 

          
           

    
       

                                                    (4-42) 

         

   
        

   
        

       
      

Assumption 1  [6] :        
    

  ̿   is stable since the pair (      ) is 

controllable and  ̿   is the only positive semi-definite solution for equation (4-42). 

If  ( ̆  ̆) is controllable and ( ̆  ̆) is observable, then theorem 2 is satisfied by the 

values of     and  ̿          . 
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Substituting   ̿   for      to rewrite the feedback optimal control  : 

      (  
   

 ) (
 ̿    ̿  

   ̿  

 
  ̿  

) .
 
 
/ 

      (  
  ̿      

  ̿  )     (   
  ̿      

  ̿  )                          (4-43) 

The original system given by equation (4-39) has the following updated form: 

  ̇  (         
  (  

  ̿      
  ̿  ))  (        

  (   
  ̿   

   
  ̿  ))   

 ̇  (       
  (  

  ̿      
  ̿  ))  (       

  (   
  ̿   

   
  ̿  ))                                                                                                                             (4-44) 

If the new dynamic system is asymptotically stable and theorem 2 is fulfilled, then there 

is a solution  ( ) and  ( ) within the  ( ) for this system. 

Let  

 ̿    
 

 
∫ ( ̿  ̿   ̿  ̿ ̿)  

 

 

 

or, equivalently 

 ̿    
 

 
∫ ( ̿  ̿ ̿    ̿  ̿ ̿ ̿   ̿  ̿ ̿)  

 

 

 

Where  ̿   ̿  ̿    and  ̿     ̿  ̿      

be the reduced system's quadratic cost function in equation (4-40). 

Additionally, the following is the definition of the optimal feedback control for the 

linear dynamic system's reduced order model: 

                                                  ̆    ̿   ̆  ̿ ̆                                                       (4-45) 
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where  ̿ is the constant solution of the (ARE) for the reduced order linear dynamic 

system and defined as: 

                            ̿       
  ̿   ̿    ̿

    
  ̿    

                                (4-46) 

From [9], [32],  ̿ and  ̿   are both identical. 

Then 

 ̇̆  ( ̆   ̆ ̿   ̆  ̿) ̆ 

                                                     ̆   ̆ ̆                                                                   (4-47) 

where, 

 ̆      

 ̆     

 ̆     

Assume that the pairs ( ̆  ̆) and ( ̆  ̆), are observable and controllable respectively as 

well as that the matrix  ̆   ̆ ̿   ̆  ̿ is stable. 

Finding the minimal value of the quadratic cost function   ̿ requires the optimal control 

 ̆, which can be obtained by finding a solution  ̆( )  to the new reduced system denoted 

by equation (4-47). 
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Chapter Five 

Numerical Examples 

This chapter describes how to build a low order model using the singular perturbation 

approximation approach. 

5.1 Clamped Beam Model 

To test our results, we take the following example, namely clamped beam model [33], 

which has 348 states, (i.e.,      ), which is single input single output system. 

According to Figure 1, the input  ( ),  is the force   that is applied to the structure at 

the free end, and the output  ( )  is the consequent displacement   . 

Figure 1 

mechanical analysis of the single clamped cantilever beam [34] 

 

First, we approximate the system with zero-initial conditions ( ( )   ) using the 

singular perturbation approximation approach. 

For testing purposes, we apply the results obtained in equations (4-35) and (4-45) from 

sections (4.2.2) and (4.2.3), and compute the    norm, for the two types, between the 

optimal control   and  ̆ of the original system and reduced one respectively. The 

reduced model has a     size. The value of   is determined via the computation of 

the full system's solution to the Riccati equation  . Applying the techniques from 

section (4.2), we first determine  ̿, the reduced system's Riccati equation solution, and 

then  ̆, its optimal control. 

Figure (2) represents the Hankel singular values (HSVs) for the clamped beam model 

for type 2 when    . 
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Figure (3) represents the plots of the two optimal controls  ,  ̆ and the difference 

between them (   ̆) using type 2 in section (4.2.2) when    . 

Table (1) contains the values of ‖   ̆‖
  

by applying the SPA to the clamped beam 

model using type 2 in section (4.2.2). 

Figure 2 

HSVs of the clamped beam model for type 2 
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Table 1 

The   norm of    ̆ of clamped beam model of type 2 

  ‖   ̆‖
  

 

2              

3              

4              

5              

6              

7              

8              

9              

10              

11              

 

Figure 3 

The optimal controls of the clamped beam model (type 2)(r=3)  

 

Figure (4) represents the plots of the two optimal controls  ,  ̆ and the difference 

between them (   ̆) using type 3 in section (4.2.3) when    . 
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Figure (5) represents the Hankel singular values (HSVs) for the clamped beam model 

for type 3 when    . 

Table (2) contains the values of ‖   ̆‖
  

by applying the SPA to the clamped beam 

model using type 3 in section (4.2.3). 

Table 2 

The    norm of     ̆ of clamped beam model of type 3 

  ‖   ̆‖
  

 

2        

3 0.0620 

4        

5        

6        

7        

8             

9             

10             

11             
 

Figure 4 

The optimal controls of the clamped beam model (type 3)(r=3) 
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Figure 5 

HSVs of the clamped beam model for type 3 
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5.2 RLC Circuit 

Figure 6 

RLC series circuit 

 

An RLC circuit is an electrical circuit in which there is a resistor ( ), an inductor ( ), 

and a capacitor ( ). these may be connected in series or in parallel. The RLC circuit in 

Figure (6) has a current   which varies with time   when subject to a step input of   and 

is described by: 

           

With    
   

  
  and     

  

  
 

So  

      
  

  
    

Then  

  

  
 
 

 
  

 

 
  

 

 
   

And  

   
  

 
 

 
 

We now that       ,      ,          ,           and       then we get: 

 ̇  
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And  

 ̇  
 

 
  

 

 
   

 

 
   

The last two equations are the differential equations of the RLC circuit and described in 

the matrix form as: 

(
 ̇ 
 ̇ 
*  (

 
 

 

 
 

 
 
 

 

,(
  
  
*  (

 
 
 
+  

(
  
  
*  .

  
  

/ (
  
  
* 

Then the state space representation of the RLC circuit is: 

                                                              ̇                                                                

                                                                                                                     

Where 

  (
 

 

 

 
 

 
 

 

 

) ,   (
 
 

 

* and   .
  
  

/ 

5.2.1 The singular perturbation approximation method on the RLC circuit  

In this section we show all results obtained by the SPA method to determine the optimal 

control for RLC circuit. 

For type 2: 

Figure (7) represents the plots of the two outputs  ,  ̆ and the difference between them 

(   ̆) when    . 

Figure (8) represents the Hankel singular values (HSVs) for the RLC circuit when   

 . 

Table (3) contains the values of ‖   ̆‖
 

by applying the SPA to the RLC circuit. 
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Figure 7 

The outputs of the RLC circuit for SPA 

 

Figure 8 

HSVs of the RLC circuit for SPA 
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Table 3 

The    norm of    ̆ of RLC circuit for SPA 

  ‖   ̆‖
 

 

2              

3              

4              

5              

6              

7              

8              

9              

10              

11              
 

5.3 Conclusion 

In this thesis, new techniques for finding the optimal control for a closed loop system 

were investigated. Singular perturbation approximation and balanced truncation 

methods were used to obtain the reduced optimal control. These methods have been 

successfully applied to systems with zero-initial conditions.  

The quadratic cost function   is minimized by the linear quadratic regulator LQR. The 

calculations were validated by numerical experiments, illustrating that the reduced order 

systems can be used to approximate the optimal control of the original system. Finally, 

error bounds for two types of SPA were derived, and numerical results for a specific 

example were presented to support the theory. It has been noticed that although the two 

types result in smaller errors at low frequencies, type two is more efficient than type 

three. This is due to the fact that the    norm of type two converges to zero faster than 

that of type three. 
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 ة النجاح الهطنيةــــــــامعــــج
 كميـــــة الدراســــــــات العميــــــا

 

 

    يناميكية الخطية بذروطانظمةة الدلل  التحكم الأمثل
 أولية صفرية

 

 إعداد

 يافا نظهاد عبد العفه عبد العزيز
 

 إشراف

 د. عدنظان دراغةة

 

 
 

 

كمية ، من استكةالا لةتطمبات الحرهل عمى درجة الةاجدتير في الرياضيات الةحهسبة الرسالةقدمت هذه 
 فمدطين. –في جامعة النجاح الهطنية، نظابمس  ،الدراسات العميا

 

0202 



 

 ب 
 

 يناميكية الخطية بذروط أولية صفريةانظمةة الدلل  التحكم الأمثل
 

 إعداد

 يافا نظهاد عبد العفه عبد العزيز

 إشراف

 دراغةةد. عدنظان 
 

 الةمخص

 .التحكم الأمثل في الأنعطة الجيظاميكية الخطية بشخوط أولية صفخية تبحث ىحه الخسالة في

تطثيل الطتجيات الفضائي ومعادلة ليابهنهف، بالإضافة إلى قابلية التحكم وقابلية الطلاحعة ناقشت الجراسة 

 والجخاميان الخاص بكل مظيطا. 

تم طخح متحكم تخبيعي خطي للهصهل إلى تحكم أمثل يقلل دالة التكلفة التخبيعية من خلال تطبيق حل 

 مقارب لطعادلة ريكاتي الجبخية ذات الصلة.

انية من طخيقة تقخيب الاضطخاب الطفخد أعطت تحكم أمثل أفضل ثوقج أظيخت الظتائج العجدية أن الحالة ال

 ع مثبت وعلى دائخة الخنين التهافقي.اتطبيقيا على نطهذج شعمظو في الحالة الثالثة عظج 

 الظعم، تقخيب الاضطخاب الطفخد، التحكم الأمثل.تقليص درجة  ،الأنعطة الجيظاميكية: الكمةات الةفتاحية

 


