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ABSTRACT

The main focus of this study is on the Linear Dynamic Systems With Zero Initial
Conditions. Also the following topics are presented: Optimal control, state space
representation, Lyapunov equations, controllability, observability and their Gramians.
Some model order reduction methods are also proposed, specifically balanced

truncation and singular perturbation approximation.

For the optimal control problems, the study used Feedback control strategies, numerical

solution methods and their implementation with various illustrative applications.

A linear quadratic regulator (LQR) is introduced to develop an optimal control that
minimizes the quadratic cost function by employing the formal asymptotic solution for
the underlying algebraic Riccati equation. This final optimal control was delivered by
implementing three types of singular perturbation approximation to test the best

performance in closed-loop conditions.

A few numerical examples were given to illustrate one type of singular perturbation
approximation and show how the reduced-order may be used to approach the optimal

control of the original system.

Numerical results for the clamped beam model and the RLC circuit have shown that
singular perturbation approximation method is one of the most efficient methods for

model order reduction.

Keywords: Dynamic systems, Model Order Reduction, Singular Perturbation

Approximation, Optimal Control.



Chapter One
Preliminaries

1.1 Introduction

Optimal control theory is an outcome of the calculus of variations, with a history
stretching back over 360 years, but interest in it mushroomed only with the advent of
the computer, launched by the stunning successes of optimal trajectory prediction in

aerospace applications in the early 1960s [1].

The modeling of many physical, chemical, or biological phenomena resulting from
discretized partial differential equations leads to the famous representation of a linear

time-invariant (LTI) dynamic system [2],[3]:
x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t) (1-1)
x(to) = xo
Where,
x(t) € R™is called the system state
u(t) € R” is called the system input
y(t) € R™ is called the system output
x(t,) represents the initial condition of the system
A € R™™ B € R™",C € R™™, D € R™ "are constant matrices
Where,
A is the state matrix
B is the input matrix

C is the output matrix



D is the feed through matrix
n is the order of the system

Model Order Reduction (MOR) is used in the proposed approach to reduce the number
of system states and the computing effort with a minor loss of accuracy in the numerical

solutions.

Model order reduction is an essential feature for analyzing and designing modern
control systems. The reduced order system should have the properties of the original
system. Moreover, the approximation error between the reduced order and the original
system is required to be small for the entire frequency range.

Model order reduction for linear systems offers an adequate foundation for many
approximation methods, such as easily calculable error bounds. Model reduction’s
overall goal is to limit the system to the subspace of easily observable and controlled
states, which may be identified by the system's Hankel singular values [4], [5].

In this thesis, the focus is laid on the description of finite-dimensional continuous linear
and time-invariant systems (FDLTI), described by linear differential equations with zero

initial conditions, and the necessary conditions of optimality derived respectively [2].

Two methods of reducing the order in linear time-invariant systems are as follows:
balance truncation method (BT) and singular approximation technique (SPA). These
methods lead to a stable reduced system and guarantee the upper limit of error

reduction.

Balanced truncation (for standard state space system) is a popular scheme for this
purpose since it preserves stability and has frequency response error bounds. The
fundamental principle of balanced truncation (BT) is determining the states that are
simultaneously hard to reach and hard to observe. In other words, these states require a
lot of energy to steer from zero as well as generate very little output energy.

Furthermore, it preserves stability and provides guaranteed error bounds [6], [7].

In [8] a generalized reciprocal transformation method to reduce the infinite-dimensional

system is presented. This fact motivates the generalization (SPA) method of finite



dimensional systems to obtain reduced-order models that perform well at low

frequencies.

In [9], It has been found that, At high frequencies, reduced systems by balanced
truncation have smaller errors and a larger error than at low frequencies. In contrast,
reducing the systems using singular perturbation approximation method is showing a
reversal of behavior, i.e., the error goes to zero at low frequencies and tends to be large
at high frequencies. It also has been shown that the continuous-time results on the
singular perturbation approximation of balanced systems are easily extended to the

discrete-time case.

For finite time-horizon optimal control problems, among the most actively investigated
singularly perturbed optimal control problems is the linear quadratic regulator problems.
Most of these approaches are based on the singularly perturbed differential Riccati

equations [10].

The linear quadratic regulator (LQR), one of the most significant techniques for solving
control problems will be discussed in this thesis for a closed-loop to develop an optimal
control that minimizes the quadratic cost function by employing the formal asymptotic
solution for the underlying algebraic Riccati equation. A formal calculation shall be
supported by numerical experiments, and the theoretical results presented with a test
case in order to demonstrate their validity, after showing how it is possible to

approximate original system's optimal control using reduced order.
This thesis is organized as follows:

In Chapter 1, state space representation is given for dynamic systems, stability,
controllability, observability matrices and Gramians, Lyapunov equations as well as

vector and matrix standards.

The topic of model order reduction is covered in Chapter 2, the balancing of linear
systems using balanced truncation, the singular perturbation approximation, and a

discussion of the transfer function.

Chapter 3 proposes the error bounds using ‘balanced truncation method’ (BT), ‘singular

perturbation approximation’ (SPA), and ‘reciprocal system’ (RS) methods. All these

3



methods give stable reduced systems and guarantee the upper bound of the error

reduction, i.e., that is x, = 0.

In Chapter4, the Linear Quadratic Regulator (LQR), one of the most crucial techniques
for solving control problems, is presented. The quadratic cost function is minimized
using feedback optimal control, and balanced truncation using the so-called

Hamiltonian Function and the underlying algebraic Riccati equation is also achieved.
Chapter 5 illustrates the performance of these techniques using a numerical experiment.

1.2 Dynamic System

Linear differential equations that can simulate entrainment and synchronization
behavior are among the most useful tools for dynamic systems modelers and the term

"dynamic" refers to something active or changing over time.

SISO (single input single output) systems are dynamic systems that have a single input
(r =1) and a single output (m = 1); otherwise, they are known as MIMO (multiple

input multiple outputs) systems [5].

1.3 State Space Representation of Dynamic Systems

The state-space representation of a linear dynamic system is given in the following form

[5]:

x(t) = Ax(t) + Bu(t) (1-2)
y(t) = Cx(t) + Du(t) (1-3)
x(to) = xg

Where,

x(t) € R™is called the system state
u(t) € R” is called the system input
y(t) € R™is called the system output

x(t,) represents the initial condition of the system

4



A €R™™ B e R™",C € R™"™ D € R™ are constant matrices
Where,

A is the state matrix

B is the input matrix

C is the output matrix

D is the feed through matrix

n is defined to be the order of the system

Equation (1-2) is a set of n-coupled first-order linear differential equations and called

the state equation, where

dx

X=E

denotes the time derivative of each state variable and is expressed in terms of the state

variables x,(t), . . ., x,(t) and the system inputs u,(t), ..., u,(t).
Equation (1-3) is the output equation for the linear continuous dynamic system

The physical quantities that can be measured are called the outputs of the system and
are denoted by y,(t), ..., ¥, (t). These represent the response of the system. In most
dynamic systems, D € R™" is the null matrix, so the form of state space representation

transforms into:

x = Ax + Bu
y =Cx (1-4)
x(to) = xg



Definition (1.1) [4]: Z = ‘Z,l B) is a linear system in state space representation

additionally, it has the same dimension as the system described in the state space

description, i.e.
Dim(Z)=n

Rewriting the system (1-4) in compact matrix form as:
X\ (A B\/(x
(y) - (C )(u)
Where
A B
c )
Is a block matrix.

1.4 Stability, Controllability, and Observability

This subsection examines the foundational notions of stability, controllability, and
observability which are commonly dealt with in continuous FDLTI systems and control

theory.

1.4.1 Stability

Definition (1.2) [3]: A matrix A is a stable matrix if and only if the eigenvalues of A
have strictly negative real parts (Re(4;) < 0), where A; is the eigenvalue of A and

i=1,..,n.

Theorem 1 [3]: The system is asymptotically stable if and only if all eigenvalues of A
have negative real parts (Re(4;) < 0), Where A; is the eigenvalue of A and (i =
1,..,n).

Controllability and observability are two dual concepts and are closely related to the

cancellation of a pole and a zero in the system transfer function.



1.4.2 Controllability

One of the key ideas in modern mathematical control theory is the reduced dynamic

system, which is closely related to the concept of controllability.

Definition (1.3) [13]: A state x, is controllable at time t, if, for some finite time t; >
0, there exists an input u(t) that transfers the state x(t) from x, to a desired last state

x, at time t; such that the solution of (1-3) satisfies x(t;) = x;.

Definition (1.4) [14]: A system is called controllable at time t, if every state x, in the

state space is controllable.
Theorem 2 [14]: A dynamic system (1-4) is controllable if and only if
Rank C(A,B) = n (i.e., C(4, B) has full row rank)
where,
C(A,B) = [B AB A%’B .. A" 1B]
is a controllable matrix.
Theorem 3 [5], [4]: The following are equivalent:
1. The pair (4,B), A € R™™, B € R™" is controllable.
2. The rank of the controllable matrix is full, i.e., Rank C(A, B) = n.
3. The controllability Gramian is positive definite i.e., W.(t) > 0, forsome t >0

1.4.3 Observability (Output Controllability)
Observability generally means that we can steer the output of a dynamic system
independently of its state vector.

Definition (1.5) [14]:

A system with an initial state x, is observable if and only if the system output y(t) can
be used to estimate the initial state's value on [0, t;] that has been observed through

finite time.



Theorem 4 [14]:
Dynamic system (1-4) is observable if and only if
rank[CB CAB CA®B ... CA" Bl =n

Definition (1.6) [14]:

The observability matrix of the system (1-3) is defined as:

C
CA

0(C,4) =k cA? |

CA;I—l
Where n is a positive integer.
Theorem 5 [5], [4]: The following are equivalent:

1. The pair (C,A), A € R™", C € R™ ™ is observable.

2. The rank of the observable matrix is full, i.e., Rank 0(C,A) = n.

3. The observability Gramian is positive definite, i.e., W, (t) > 0, for some t > 0

1.5 Lyapunov Equations

This section aims to give a brief of Lyapunov equations. The solutions of them and their

connections with system stability, controllability, observability, and so on are discussed.

Definition (1.7) [3]: the continuous Lyapunov equation has the form:

AX + XAT = —M

Where A,M € R™™, and X € R™is a symmetric matrix.



Theorem 6 [5]: Assume that A is stable, then the following statements are equivalent:
1) X = fOOOeATtMeAt dt.

2) X>0if M>0and X =0if M > 0.

3) IfM > 0, then (M, A) is observable if and only if X > 0.

Definition (1.8) [3]: Given a stable matrix A, a pair (4, B) is controllable if and only if

the solution to the following Lyapunov equation:
AW, + W AT + BBT =0
is positive definite where,
W, = [ eMBBTed  dt
is The Controllability Gramian.
Similarly, a pair (C, A) is observable if and only if the solution to
W,A+ATW, +CTC =0
IS positive definite and
W, = [ eA"tCTCet dt
is The Observability Gramian.

Theorem 7 [15], [16]: The observability Gramian is a unique solution to the Lyapunov

equation
W,A+ ATW, = —CTC

Proof [17]:
W, A+ ATW, = <f eATtCT CeAt dt)A + AT (f eATtCT CeAt dt)
0 0

=f eATtCTCeAtAdt+f ATeATtCT CeAt gt
0 0

9



= f (eAECTCe A + ATe ' tCTCet) dt
0
“d
- f a(eATfCTCe"“) dt
0
=—C"C
W,A+ ATW, + CTC =0

This proves that the observability Gramian is an actual solution of the Lyapunov

equation.
To prove the unigueness, suppose that there are two different solutions for
W,A+ ATW, = —CTC
Given by W,, andW,,,.
So,
(Wo1 = Wo)A + AT (Woy — Wpp) = 0
Thus, multiplying the equation by eAt from the left and by e4t from the right gives
4 [(Woy — Wop)A + AT Wy — Wyp)] et = 0

Taking the integral from 0 to oo for both sides to have

f (AT Wy — Wip)A + AT (W, — W] e4t) dt = 0
0

“ d
[ et W = Wan) eyt = 0
0

et Woy — Woz) €] ' = 0
0— Wy, —Wy2) =0
So,
Wo1 = W2

10



This means that I, is unique.

1.6 Vector and Matrix Norms

£ -norm is a method for calculating the difference between the system’s outputs for

arbitrary input signals to measure how far two linear systems are from each other.

1.6.1 Vector Norm

Let X be a vector space, ||x|| is a norm of X if it satisfies the following properties [5]:
1.||x|| = Oforeveryxand ||x|| = Oifandonlyifx = 0.

2. |lax|| = |al ||x|], for any real a.

3% + 22|l < [1x1l] + ||x2]|| for every x; and x,.

A xg e X2l < [lxal] [l

Letx € C™. Then the £, norm of x is

1
” Z
el = (Y bl ) L fori<pse
i=1

A norm of a vector is a measure of a vector length, for example, [|x|| , (£, horm) is the

Euclidean distance of the vector x from the origin [5].
And the £, norm (the infinity or uniform norm) given by:

|Ix[, = max |x;|

1.6.2 Matrix Norm

We denote the norm of a matrix by ||A]|| which satisfies the same properties as the

vector norm. Consider the £, matrix norm given by [5]:
n

14113 = max ) |ay|

i=1

11



Then £, matrix norm is defined as:

IAl| , = |ay;|”

.M3
NgE

Finally, the ., matrix norm stated as:

n
14]] o, = max ) [y
=1

12
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Chapter Two

Model Order Reduction

2.1 System Energy

Reducing the order of a dynamic system by model order reduction makes the system
use a small amount of controlled energy and produce a large amount of observed

energy.

Consider a dynamic system
X =Ax + Bu
y =Cx (2-1)
x(to) = Xo

Which is assumed to be asymptotically stable, controllable, and observable.

The energy of the system is calculated and estimated using the observability and

controllability gramians.

Lemma (2.1) [18]: A linear dynamic system's controllability and observability

functions are given as follows:

. 1(°
RO =  anin, ) @I d
x(—00)=x0,x(0)=0 %

1 oo
Boli) =5 [ IO de
0

x(0) =xp,u(t) =0,0<t <o

The following quadratic forms can be used to approximate the controllability and

observability functions [20]:

1 — 1
E. =-x"W, x and E,= SxTWox

13



The controllability and observability Gramians, which are the only positive definite

solutions to the Lyapunov equations, are represented by W, and W, respectively.
AW, + W,AT + BBT =0
W,A+ATW, +CTC =0

2.2 Transfer Function

Given the state space matrix(4, B, C), the transfer function of the system can be written

as:
G(s) = C(sl — A)7'B (2-2)
Definition (2.1) [21]:

The transfer function G(s) is defined as:

G(s) = % (2-3)

In this case, Y (s) and U(s) are the Laplace transforms of the system's output y(t) and

input u(t), respectively.

The transfer function G (s) in (2-2) can be written as:

2= (412) = 6(s) = 2

cl|0 U(s)
2.3 Balanced Truncation method
Consider a linear system
x =Ax + Bu
y =Cx (2-4)
x(to) = %o

Where x € R™, u € R"and y € R™, we assume that (2-4) is stable, controllable, and

observable.

14



Theorem 1 [18], [22]: There exists a state space transformation x = Tx, (T is a non-

singular matrix) for the system (2-4) such that the transformed system

A% + Bu

=N

X

A~

(2-5)

<
Il
=N

Is in balanced form, i.e.,

oo 0 O
W=W=%=[0 - 0]
0 0 o,

with o, >0, > >0, >0,where W.and W,are the controllability and

observability Gramians of the transformed system, with
W.=W,=T""W,TT=TTW,T =3

Here, the singular values of the system's Hankel operator, are given by o;'s, i =
1,2,..,n.

The Hankel singular value (HSV) for linear systems is defined as the square root of the

eigenvalues of the product of the controllability and observability Gramians [22]:
0;(2) = VAW We)
Proof. [23] [24]
Since x =T% ,then x=T% and ¥ =T 'x
Let’s start with the state equation:
X = Ax + Bu (2-6)

Equation (2-6) from the left is multiplied by T~ to produce

T lx=T1Ax + T 'Bu

T '%x =T 'AT% +T'Bu

¥ = A% + Bu
15



And

y=Cx
j = CTX
y=Cx

Where,
=T AT, B=T"'B,and € =CT

~

A

In addition, the two Lyapunov equations are satisfied by the controllability and

observability Gramians.
TAT*W, + W.T-TATTT + TBB'TT = 0

W,TAT = + T TATT™W, + T-TC"CT 1 =0

Notice that the transformed Gramians satisfy the Lyapunov equations

We=T'W,T"
W, =TTW,T.

Lemma (2.2) [4], [23]: The balancing transformation T and its inverse T~1 are
expressed in terms of the Singular Value Decomposition (SVD) as follows:

1
T =UYL2
(2-7)

T-1 = 57T

Where
1 1 1
)

1
Y2=digg(—=,—, . ,
Vo Vo o

Using Cheloskey Decomposition to decompose the two Gramians according to

W.=UUT", W, = LLT
16



such that
LTU =XxxYT
Where X and Y are orthogonal transformations such that:
XTX=1and YTY =1

Then the state space model of the balanced system is ( 4, B, ) with

A=T71AT
B=T"1B
C=cCT

2.4 The reciprocal system of a linear dynamic system

The linear continuous dynamic system is represented by:
x =Ax + Bu
y=Cx+Du (2-8)

The balanced reciprocal system (4, B, C, D) is indicated as [25], [26]:

A=A"1
B=4A"B (2-9)
C=—-CAt
D=D-CA™'B

And, the system's initial condition is given as follows:

x(to) = A™"x(to)

17



The system (4, B, C, D) is also asymptotically stable and the Lyapunov equations are

given by:
AT+ AT + BBT =0
SA+ATE+CTC=0

The reciprocal system (4, B, C, D) is also controllable and observable and has the same

diagonal Gramian matrix X [27].

Theorem 2 [25]: Let G be the transfer function of the reciprocal system (4, B, C, D),
that is,

G=C(sl—A)™B+ D

In the case of zero initial condition, the relation with two transfer functions G and G is

then indicated as follows::
1
G() =G

Proof:

G(s)= C(sl — A)'B+D
=C(sl — A)"'AA"'B+D
=C(sIA™Y = D"'A"B+D
11 -1
= —C—(— — A"l) A B+ D
S \S

-1

I I
= —C(E —At+ 4™ (E - A‘1> A"B+D

I -1
=—CA'B-cA? (; - A_l) AT'B+D

-1

I
= —CA™? (; — A_l) A"'B+ D—-CA™'B

_A)'B +D

Il
o)
v |~

(

(

Il
Q)

) (2-10)

18



From this, it follows that if G(s) has a dominant high-frequency behavior, then G(s)

will have a dominant low-frequency behavior and vice versa

It's noteworthy to observe that the equation (2-9) changes in our case if the high-order

balanced system is strictly proper such that D = 0.

A=4"1
B=A"'B
C=-CA"1
D=-CA™'B

Lemma (2.3) [28]: « Let the system (4, B, C) be the minimal and balanced realization
with Gramian X of a linear, time-invariant, and stable system, then the reciprocal system

(4, B, C) is also stable and balanced with the same Gramian X ”
Proof:
Since X satisfies the Lyapunov equation
A+ XAT+BBT =0
ATY +3A +CTC =0
Multiplying the first equation from the right by A~ and from the left by A~T gives
A1 (AT + sAT+BBTHA T =0
ATIAZATT + ATIZATATT + A7IBBTATT =0
A+ A2 +(ATB)YATIB)T =0
Equation (2-9) values are substituted, resulting in
AT +ZAT + BBT =0

Similar to equation (2-9), the second Lyapunov equation is multiplied by A~T from the

right and by A= from the left to get

YA+ ATT+CTC =0
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The nth-order reciprocal system (4, B, C) and the Gramian X are separated as:

- (A A\ 3 B\ - = A <E1 0 )
A= - _ ,B=(-],C=(C,; C,) and X =
(A21 Azz Bz ( ! 2) 0 22

Pick an integer r that is positive and such that o, > 7, with
We = W, =X =diag(Z,.X)
Where,
¥, =diag(oy, ... ,0,)and £, = diag(Gy41, ... ,0n)
According to lemma (2.3), we have the following [7]:

The reciprocal system (4, B, C) with W, and W, as the controllability and observability
Gramians of the system, respectively, can be subjected to the balanced truncation

approach.

Where, (A1, B;,C;) and (A,,, B, C,) are rth-order and (n — r)th-order subsystems,
respectively. And the diagonal Gramians X;i = 1,2, can be associated with the

balanced subsystems (4;;, B;, C;),i = 1,2.

The subsystem (A,;,B;,C;) is called the ‘strong’ subsystem, and the subsystem
(A,,, B,, Cy) is called the ‘weak’ subsystem [27], [6].

The reciprocal system (4, B, C) should be balanced truncated, assume that the HSVs

o;'s, i =1,2,..,raredistinctand o, > 0o, > - >0, >0, >0

with £, > 0, then the rth-order truncated system of (4, B,C) is given by (4,,, B;,C;)

with the subspace equation:

.7‘2 = A_llf + Elu

¥ (2-11)
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Where 4,4, B;, and C; can be computed from equation (2-9), and are defined as:

I‘Tn = (A11 - 1‘1121‘122_11‘121)_1
By = (A11 — A1zAzy " A1) (By — A1z A7 'By)

_ _ _ -1
G = (C1 — (A5, 11421)(“111 — A1247; 1A21) (2'12)
The transfer function G, for the reciprocal reduced system is defined as:
Gr(s) = Ci (s — A1) 'By

2.5 Singular perturbation approximation method (SPA)

The linear dynamic system has the following form:
X\ _ (A A12) x (Bl)
(v’v) B (A21 Az (W) + B, u
Here, once again A € R™*™,B € R™*",C € R™*™ and

=)

is the initial condition.

This system's output equation is:

y=€ ¢ ()

We select r < n in such a way that the reduced system is provided as:

X = AX + Bu
y=Cx (2-13)
Where,
A= Ay — A12A22_1A21
B = (31 - Azz_le)
¢ = (C1 - C2A22_1A21) (2-14)
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The equations (2-11), (2-12) and (2-14) lead to the following results:
I‘Tn = (A11 - 1‘1121‘122_11‘121)_1
-
By = (Ayy — Aizdpy  Az1) (By — ArzAz,'By) (2-15)
= (A)'B
Cy = (€1 = CoAzy " Agt)(Ary — Ay Agy)

= —C(H)™

And also through singular perturbation approximation (4,B,C), G, is the transfer
function of the rth — order model.

G, = C(sI —A)™'B
And consider that G, is the reduced reciprocal system's transfer function (4,,, B;,C,).

Using equation (2-15) connects the transfer functions G, of the reduced SPA system

and G, of the reduced reciprocal system.

=6 (3) (2-16)
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Chapter Three

Error Bounds of Model Order Reduction Methods

3.1 An error bound using balanced truncation model reduction (BT)

Take into consideration the following linear, time-invariant, finite-dimensional state

space system:
x = Ax + Bu
y=Cx (3-1)
x(0) = x,
The associated transfer function is given by:
G(s) = C(sl — A)™'B
State space model (4, B, C) presented by

G(s) = (/C1 ’3’)

Is a realization of G(s) which is minimal if and only if (C, A) is observable and (4, B)

is controllable [5]:
Definition (3.1) [7]:

Let 1 <r < n the system (3-1) with the balanced system (4, B, C), and the matrices

A, B, C are partitioned as

B
A=(A11 A12)’B=( 1) and C = (C, Cy)

Az Az B,
(%0
2=(5 1)
With X, =diag(oy, ...,0,) and X, = diag(Gy41, .., Op)
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The order of the A;; is r X r as well as the order of £; and (n —r) X (n —r) is the
order of A,,, where the original system’s order matches the order of the other block

matrices.

Let g, > 0,4 a balanced truncation (BT) produces a system of lower order r defined

by:
)'Cr = Allxr + Blu
Yr = C1Xy

Applying balanced truncation to the balanced system yields a reduced rth order system

with a transfer function:
Gr(s) = Cy(sI — A1) 7'By
Lemma (3.1) [10]: The matrices A4;;,i = 1,2 are asymptotically stable, i.e.,
Re(2{A;} < 0),i = 1,2,Vj

if there are no diagonal elements in common between X; and Z, then the subsystem

(A;i, B;, C;) is also observable and controllable.

The H,, — norm between the original and reduced order systems can be used as an error

criterion.
Definition (3.2) [9]:

The H,, — norm of the transfer function is defined as

IY (i)l Iyl
|Glly. = supo G(iw)) = sup——————= = su
e = SUP Omax(G(10)) = sup o & = SUp e

Where sup is the least upper bound over all real-valued frequencies and, [|y||, and
wWER

||ul|, are the £, — norm of y(t), u(t) respectively.
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The H,, —norm (the maximum of the frequency response) of the error system is

bounded above by twice the sum of the neglacted singular values 2(o,41, ..., G5,).
Theorem 1 [4], [7]:

For the zero-initial condition, G, is stable, and satisfies

n
16~ Golln, <2 ) o
i=r+1

Where a,.,, is the first deleted Hankel singular value of G (s).

And |G|y, = max{||G(iw]l,: w € R} denotes the H,, — norm.

Remark:
if
n
16 =Grlln, <2 ) o
i=r+1
then
n
Iy =3l <@ > o) lul,
i=r+1
proof:
since
. llyll>
”G”Hoo = sup Umax(G(lw)) = sup
WER u ||u||2
Then Iyl < Gk, llull,
So,

n
1y =yl 16 = Gellllull, < 2 ) o) lul,

i=r+1
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3.2 An error bound of the Reciprocal system

The balanced system's reciprocal system is represented by
X = Ax + Bu
y =Cx+ Du
With
A=A"1B=A"'B,C=-CA',andD = —CA™'B
And the transfer function of the reciprocal system(4, B,C, D) is defined as:
G=C(sl—A)'B

Lemma (3.2) [28]: The H, — norm is invariant under the reciprocal transformation,

ie.,

16 Nln, = G (S)lay

Lemma (3.3) [7], [29]: The reduced reciprocal system's error bound is presented as

follows for zero initial conditions:

Thus, a direct duality exists between the balanced and reciprocal elimination of

subsystems through the reciprocal transformation.

3.3 Error Bound for the Singular Perturbation Approximation with Zero Initial
Condition

The singular perturbation approximation approach (4, B,C) reduces the system to:

X = Ax + Bu
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where,

A=Ay —Apdy  Ag
B = (31 - Azz_le)
C = (C1 - C2A22_1A21)

And also through singular perturbation approximation, G, is the transfer function of the

rth — order model.

-

G,=C(sl—A)'B

Utilize the reciprocal system technique and expand it using the singular perturbation

approximation to obtain such an error bound.
Theorem 2 [4], [7]:

The error bound shall be given as follows in the form of the H,, — norm:

In particular, [|G(s) = G(s)||,, =0 as r— oo

Proof [16], [25] :

From equation (2-10), equation (2-16), and lemma (3.3)

l6) -,

o= e2) 2 2)- )6 ),

e e®-a )
<[e@)-aG,. =22«
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Chapter Four

Optimal Control

One of the key techniques for handling control issues is covered in this chapter, using
the fundamental Algebraic Riccati Equation and the Hamiltonian Function, the Linear
Quadratic Regulator (LQR) is developed to discover an optimal control that minimizes

"The quadratic cost function," with regard to the restrictions on the states and the inputs.

4.1 Linear Quadratic Regulator (LQR)

Consider the following continuous linear dynamic system:

x = Ax + Bu
y=Cx+Du
x(0) = x, (4-1)

Where, x and u are the state and the input of the system, respectively.

Assume that the system is controllable and observable, as one of the most useful
applications of dynamic programming, consider the general quadratic cost linear control

problem.

The following equation defines the quadratic cost function J:
1 ©o
] = —f (vTy + uTRu)dt
2 0
or, equivalently
1 oo
] = EJ (xTQx + uTRu)dt
0

While the positive definite matrix R > 0 is used to represent the cost penalty of the
input u, the positive semi-definite matrix Q = CTC > 0 is used to represent the cost

penalty of the states x.

selecting the optimal control u that satisfies the requirement and minimizes the

quadratic cost function J.
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x = Ax + Bu.
The optimal control can be indicated by u°such that:
J@) <Jw), Vu € L?

Substitute u° in the constraint equation and the optimal solution of this equation x°,

gives:
x = Ax + Bu’®

To find the optimal control, we apply the maximum principle theorem by computing the

Hamiltonian H:
1
H= > (xTQx + uTRu) + AT (Ax + Bu).

where 4 € R™ are functions of time and are often referred as the costate variables.
Theorem 1 [30] (Maximum Principle):
If (x°,u°) is optimal, then there exists 2° € R™ such that

_O0H . _0H
Y=o M THT 5y

Let H be a differentiable function, consider Z—Z = 0 which is a necessary condition for

the optimal input. A little computation shows that the minimum occurs at:
u=—R"1BTA (4-2)

Applying the maximum principle and equation (2) to obtain the necessary conditions:

- :Z_’;:Ax—BR‘lBTA, x(0) = x
. OH _ T -
A== x4 )

This is a coupled system, linear in x and A of order 2n X 2n.
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The optimal control is found by solving a two-point boundary value problem using the
initial condition x(0) and the final condition A(T). Unfortunately, it is not simple to
figure out how to solve systems like this or how to establish the relationship between x

and A in the form:
A(t) = M(t)x(t) where M(t) € R™" (4-4)

In the linear quadratic regulator issue, there is a crucial differential equation known as
the Matrix Riccati Equation (MRE), which begins with (4-4) and applies the essential

conditions as follows:

A= Mx
A= Mx+ Mx
—Qx —A"A = Mx + M(Ax — BR™*BT2)
—Qx — ATMx = Mx + MAx — M BR™*BTMx
Mx + MAx + ATMx — M BR™'B"Mx + Qx = 0
M=—-MA—A"M +MBR™B™™ - Q (4-5)
Since u € L? over an infinite time horizon, it follows that [30]:
limM =0
t—>o0

It suggests that the unique positive definite solution to the algebraic Riccati equation

(ARE) might be used to replace M in equation (4-5).
MA+ AT™™ — M BR™1BTM +Q =0

Once the function M has been computed and stored, the best optimal control u by

reducing J is represented by:
u=—-R'B"Mx (4-6)

This represents a constant gain K = R™1BTM where M is the solution of the (ARE) is

completely determined in the feedback form.
Finally, the optimum trajectory is the solution of:

%= (A—R1BTM)x (4-7)
30



4.2 Optimal Control for Reduced Order Model
4.2.1 Optimal Control for a Reduced System type 1

Think about the dynamic system that is linear and time-invariant that has the following
definition [10]

X
y=€ () (4-8)
In another form:
X =Ay1x +A,w + Biu

1 1
v=—A + -4 + B
w p 21X p 2W 2U

aw = A, x + Apow + aByu
y = (Cix + Cow
Thus,
X =Ay;1x +A,w+ Biju
aw = A, x + A,ow + aByu (4-9)
y = Cix + Cow

Assuming that A4,, is stable and that A,, " exists, set a@ = 0 to produce the equation

shown below:
X =Ay1x + A;w + Biu
aw = Ay1x + Aow + aByu
0=A4,x+A,w

W=—Ay, Ay X (4-10)
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Here is the reduced system which was got by substituting equation (4-10) in the system
described by (4-9):

=
Il
o Y
=
+
oo/
g

(4-11)

<A
Il
N
=

Where,

C= ¢, — CzA22_1A21

Let’s start by defining the quadratic cost function J for the original system (4-8) as:
1 (00}
] = Ef (xTQx + u"Ru)dt
0

WhereQ = CT'C>0andR >0

u=—RB"Mx = -R7'(8," B, M (])
The matrix M is the solution of the following (ARE):
MA+A™ —MBR'BT™M+(Q =0

Substituting the matrices A, B and C gives:

1 T
A11 A12 A11T _A21 B
M(1A L )+ -1 g M—M(Bl)R"l(BlT B, )M +
g 21 g2z Aqa ;Azz 2
c,’
7] (€ CG)=0 (4-12)
¢

To avoid unboundedness, @ — 0 the solution is requested as follows:

_( My, “M12)
M = T
(ZM12 aMZZ
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So equation (4-12) becomes

1
T T
( My, aM12) (1/111 11412 >+ Aqq EAZI ( My, aM12>
aMy,” aM,,)\=4,, =A 1 aM aM

12 22/ \ A1 Az A12T EAZZT 12 22

M aM B M aM
_ ( 11 . 12) (31) R1(B," BzT)( 11 . 12)
aM;, aM,, 2 My, aM,,

c,"
+ T (Cl CZ) =0
o

( My1A11 + Mi3A5, My1A15 + M13A,; )
aM12TA11 + My,A54 aM12TA12 + My,A;,

T
+ (AllTMll + A21TM12 aAllTM12 + AZITM22>
A12TM11 + AZZT M12T aAlZTM12 + AZZTMZZ

MllBl + aMlzBZ _

GG GG _
G'C GG

Obtain the following set of equations:
Mi1Ay + MipAy+Ar My + Ay "My, T
—(M11B, + aM1sz)R_1(B1TM11 + aBzT M12T) + C1TC1 =0

Mi1Ay, + MipAz, + adyy " Mip + Ay "My,

—(My1B; + aMy3B;)R™Y(aBy My, + aBy,"Myy) + C,7C, = 0
aMyy" Ay + MypAny + Ay  Myg + Ay My,"

—(aM;," By + aMy,B)R™Y (B, My, + aB,” Myp™) + C,7C, =0
aMy," Ay + MyyAzy + adsy" Myp + Ayy" My,

_( aM12T31 + aMzsz)R_l(aBlTMlz + aBZTMzz) + CZTCZ = 0
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Let « = 0 in the previous equations, the following reduced system Riccati Equations

are obtained:
My1Ass + MypAgy+A1 " Myg + Apy "My, T—My BiR71B "My + G CL =0

(4-13)
My1A1s + MypAgo+As "My +C,7C, =0

(4-14)
MapAgy + A1 "My + Agy" My," +C,7CL =0

(4-15)
MapAgy + Az My + C,7C, =0

(4-16)

writing M;, and M, T in equations (4-14) and (4-15) in terms of M, and M,, as

follows:
Myy = —(My A1 +Ag, My + €T Co) A, (4-17)
ﬁ12 T = —(AzzT)_l(ﬁzzAm + A12T1711 + CzTC1) (4-18)

Equation (4-16) can be expressed in another form:
Azr" (Ag2") ' MapAgi+Az1 MagAay ™ Apy = —Aa1" (Az2" ) ' Co' Colgy " Apy (4-19)

Using equations (4-17), (4-18), and (4-19) to obtain:

ﬁ11A + ATﬁll - 1711 Bﬁ_IBTﬁll + CVTCV - O (4'20)
where
A= A — A12A22_1A21
B - Bl
¢ = €, — CzA22_1A21 (4-21)
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Theorem 2 [31], [32]:

Applying the implicit function theorem, if (4,B) is controllable and (4,C) s

observable, then

Mij = ﬁl} + 0(05), l,] =1,2.

Assuming the pair (4, B) is controllable, then the values of M;; and 1\71ij, i,j=12
satisfy theorem 2.
substitute M, ; for M;; rewriting the feedback optimal control w:
M aM
B B
aM,, aM,,) W
u = _R_l(BlTﬁll + aBZTﬁlz)x - R_l(aBlTﬁlz + aBzTﬁzz)W (4'22)

Therefore, the modified version of the original system defined by equation (4-9) is:

% = (Ay;—BiR™Y(By"Myy + aB,"My5))x + (Ay, — ByR Y (aBy My, + aB," My, ))w
aw = (A21 - a’BzR_l(BlTﬁll + aBZTﬁlz))x + (AZZ - aBzR_l(aBlTﬁlz +
aBZTﬁZZ))W (4-23)

If the new dynamic system is asymptotically stable and theorem 2 is fulfilled, then there

is a solution x(t) and w(t) within the O (a) for this system.

Let

or, equivalently

Where Q = CT'C > 0and R =R > 0.

be the reduced system's quadratic cost function in equation (4-11).
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Additionally, the following is the definition of the optimal feedback control for the
linear dynamic system's reduced order model:

it = —R1BTMx. (4-24)

Where M is the (ARE) solution for the reduced order linear dynamic system, which is

represented by:
(4-25)

ﬁAll + AllTﬁ - ﬁ BlR_lBlTﬁ + Cchl = 0

From [9], [32], M and M,, are both identical.

Thus, the reduced system (4-11) is given by substituting u in (4-24) and M in (4-25)

= Ax — BR™1BTMx

=0

¥=(A—BR1BTM)x (4-26)

Where,

¢ = €, — CzA22_1A21
By finding a solution to the new reduced system described by equation (4-26),

With the assistance of X(t), the feedback optimal control X(t), that must be determined

in order to identify the quadratic cost function's least value J, is discovered.
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4.2.2 Optimal Control for a Reduced System type 2

Consider the full linear time-invariant dynamic system:

y=( () (4-27)
A different way to express the original system (4-27) is as follows:
X =Ay1x + Ajow + Biu
aw = ady 1 x + Ayw + Bou (4-28)
y = Cix + Cow
Then, set « = 0 to obtain the following equation:
X =Ay1x + A ow+ Biu
aw = al,1x + A,ow + Bou
0=A4,,w+ B,u
w = —Azz_leu
% = Aj1x — AypA, 'Bou 4 Byu
% = A11x + (By — A1pAz2, 'Byu
y = Cix — CA,, 'Bou (4-29)

Here is the reduced system which was got by substituting equation (4-29) in the system
described by (4-28):

=
Il
o Y
=
+
o3
(

=
Il
[
&=
_|_
(
<

(4-30)
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where,

For the initial system (4-27), the quadratic cost function J is defined as:
1 (o]
] = Ef (yTy + uTRu)dt
0
or, equivalently
1 oo
] = Ef (xTQx + u"Ru)dt
0
For the optimal system, we define the optimal control u as follows:

1 X
_ _p-1RT __p-1fpT tpT
u=—R1B"Mx =—R (31 aBZ>M(W)

The matrix M is the solution of the following (ARE):
MA+AT™™M —M BR™'BTM +Q =0

Substituting the matrices A, B and C gives:

A1 Agp A11T A21T B, 1
M 1 + M—-M RY(B,T =B,"\M +
<A21 ;A22> <A12T iAZZT) < Bz> ( 1 a 2 )

(g) €@ C)=0 (4-31)

2

{Ir

To avoid unboundedness, a — 0 the solution is requested as follows:

_( M4 “M12)
M = T
(ZM12 aMZZ

38



So equation (4-31) becomes

T T
( My, aMlZ) A1 1A12 . A1y 1A21 ( M, aM12>
aM;,”  aMyy) \ Ay aAzz A" EAzzT aM;,”  aMy,
My aM (B 1 M
_( 11 12) 1 R-1 (B r 1p T)( 11
aM;,” aM,, EBZ Logm? aM,,"

c," 3
+ <c T) (€, C)=0

2

Thus, the following set of equations is obtained:
Mi1A1q + aMyp Ay +A1, Myg + alyy My, T
—(My1B; + M1,B,)R™Y(By Myy + B," Myi") +€,7C =0
Mi1A1; + MypAz, + adyy" My, + ady, " My,
—(My1By + M1;B;)R™(@By Mz + By My5) + €,/ C; = 0
aM12TA11 + aMy; A1 + A12TM11 + AzzT M12T
—(aMy;" By + My;B)R™ (B, May + By My ) + G C, =0
Q’M12TA12 + M3pA2; + aA12TM12 + AzzTMzz

—(aMy, By + MyyB)R™ (B "My, + B,"My,) + C,7C, = 0

aM,,
aM,,

Let @ = 0 in the previous equations, the reduced system Riccati equations is given as:

My1Ay+Ay, "My —(My1 By + My B)R™Y(By My + B," My,") +C,"C =0

My, A1, + MypAy; — (Myy By + My, Bo)R™1(B,  My,) + €,"C,=0

A "My + A" My," - (Mzsz)R_l(B1TM11 +B," My,") + C,'C, =0

MapAz; + Agy"Myy — My BoR™IB, My, + C,7C, = 0
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Then, the following m x m reduced equation for M, :
MayAzy + Agy" Myy — My BoR™IB, "My + C,7C, = 0

Another n X n equation for M, is obtained when we express M, and M;," in terms of

M,, and M,,, this equation takes the form:
ﬁlllzl’ + ATﬁll - ]711 Eﬁ_léTﬁll + éTé = 0 (4'32)

If (4, B) is controllable and (4, C) is observable, then theorem 2 is satisfied by the

Va|UeS Of MU and ﬁij' l,_] = 1,2

Substituting ﬁij for M;; to rewrite the feedback optimal control u:

U= —R-1 (BlT lBZT)< 171:11 . alzu) (x)
a aMy,  aMy,/ W
u=—RY(B,"My; + B,"My;)x — R"(aBy" My, + B," My,)w. (4-33)
The original system's modified form, as given by equation (4-28), is then:
% = (A;;—B1R™Y(By"Myy + B,"My;))x + (A1, — ByR™Y(aBy" My, + B, My,))w.

O_’W = ((XAZl - BzR_l(BlTﬁll + BZTﬁlz))x + (AZZ - BzR_l(aBlTﬁlz +
B, My, ))w (4-34)

If the new dynamic system is asymptotically stable and it fulfilled theorem 2, then there

is a solution x(t) and w(t) within the O (a) for this system.

Let

or, equivalently
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where Q = C'C >0andR =R+ D'D > 0.
be the reduced system's quadratic cost function in equation (4-30).

Additionally, the following is the definition of the optimal feedback control for the

linear dynamic system's reduced order model:
i = —R1BTMx. (4-35)

Where M is the reduced order linear dynamic system's constant (ARE) solution, which

is defined as:
ﬁAll + AllTﬁ - 1\7 Blﬁ_lBlTﬁ + ClTCI == 0 (4'36)
From [9], [32], M and M,, are both identical.

The Feedback Optimal Control #% in equations (4-35) and M in equations (4-36) are
substituted into the reduced system (4-30), and the result is:

X¥=(A—BRB"M)x
y=Cx+Du (4-37)
where,
A=A,

Assume that the pairs (4, C) and (4, B), are observable and controllable respectively as

0)
well as that the matrix A — BR-1BT M is stable.

Finding the minimal value of the quadratic cost function J requires the optimal control
i, which can be obtained by finding a solution X(t) to the new reduced system denoted
by equation (4-37).
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4.2.3 Optimal Control for a Reduced System type 3

Consider the full linear time-invariant dynamic system:

(D)=( wh) )+ ()

A21 A22

X
y=G &)(]) (4-38)
The original system (4-38) is also represented by the following alternative form:
) 1
X = Allx + EAlzw + Blu
W = Ale + A22W + Bzu (4‘39)
y = Cix + Cow
Then, set @ = 0 to obtain the following equation:
ax = aAy1x + Aj,w + aBju
O == A12W
w=20
W = Ale + Bzu
y = Clx
Here is the reduced system:
W = AX + Bii
y=Cx (4-40)
Where,
A= Az
B == Bz
C‘ == Cl
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The original system's (4-38) quadratic cost function J is as follows:
1 (0]
] = —f vy + uTRu)dt
2 0
or, equivalently
1 (o]
] = Ef (xTQx + u"Ru)dt
0

Our optimal control u is specified as the following for the original system:

u=—-RB"™Mx = —R1(B,” B, )M (;‘V)

The matrix M is the solution of the following (ARE):
MA+A™ —M BR™'BTM+Q =0
Substituting the matrices A, B and C gives:

1

A A A" Ay B
M( g 12>+ LT r M—M(Bl>R-1(BlT B,)YM +
A1 Ay A1 Az 2

(g) € C)=0 (4-41)

2

To avoid unboundedness, @ — 0 it requested the solution as follows:

_( My, “M12>
M= T .
aMlZ aMZZ

So equation (41) becomes

T T
A11 A21

1
(M11 aM12) Ay —A 1T (M11 aM12)
a
aMlZT aMZZ A21 AZZ _A12 AZZT (ZMlzT “Mzz

My, aMi,\ (B _ M, aM;,
(ar an) ()G BED (g o)
avly, aMs, aM;, aMs,

c,’ B
+ (c T) €, C)=0

2
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Thus, the following set of equations is obtained:
My1A11 + aMyp Az +Ay, My + @y My, T

—(My1B; + aMlsz)R_l(B1TM11 +aB," M"Y+ ¢, =0
1
EM11A12 + aM,,A;; + aA11TM12 + aA21TM22
—(My1B; + aMy,B,)R™Y(aB; "My, + aB,"M,,) + C,"C, = 0
T 1 7 T T
aM,, Aiq + aMyyA;, + EA12 My + adyy, My,

—(aM,;,"B; + aM,,B,)R™ (@B, My, + aB,” M;,") 4+ C,"C, =0
My Asy + aMayAzy + Ary" Myy + adyy M,

—(aMy," By + aMy; B)R™H (@B, "My, + aB,"Myy) 4+ C,7C, = 0
Let @ = 0 in the previous equations, the reduced system Riccati equations is given as:
My1A11+A1 Myi—MyiBiIR™' By Myy + €' € = 0 (4-42)
Mi141, =0
A1z My =0
My Ay +As, My +C,7C, =0

Assumption 1 [6] : A;; — B;R™'B,"M,, is stable since the pair (A;y,B;) is

controllable and M, is the only positive semi-definite solution for equation (4-42).

If (4,B) is controllable and (4, C) is observable, then theorem 2 is satisfied by the

values of M;; and M}, i,j = 1,2.
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Substituting M; ; for M;; to rewrite the feedback optimal control u:

u=-R"YB,T BT)< _ _
! 2 aMlZT aM,,/ W

1‘711 “1‘712> (x
u= _R_l(BlTﬁll + aBZTﬁlz)x - R_l(aBlTﬁlz + aBZTﬁzz)W (4'43)
The original system given by equation (4-39) has the following updated form:

ax = (aAy;—aB;R™Y(By"Myy + aB,"My,))x + (A1, — aByR™Y(aBy My, +
aBzTﬁzz))w

W = (Ay; — BoR™Y(By "My + aB,"My,))x + (Ay; — BoR™ (@B, My, +

aB," My,))w (4-44)

If the new dynamic system is asymptotically stable and theorem 2 is fulfilled, then there

is a solution x(t) and w(t) within the O («a) for this system.

Let

or, equivalently

Where Q = C'C >0andR =R+ D'D > 0.
be the reduced system's quadratic cost function in equation (4-40).

Additionally, the following is the definition of the optimal feedback control for the

linear dynamic system's reduced order model:

i = —R1B"Mx (4-45)
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where M is the constant solution of the (ARE) for the reduced order linear dynamic

system and defined as:

ﬁAll + AllTﬁ - ﬁ BlR_lBlTﬁ + Cchl = 0 (4'46)

From [9], [32], M and M, are both identical.

Then
W= (A —BRB"M)x
y=Cx (4-47)
where,
A= Ay
E = BZ
é = Cl

Assume that the pairs (4, C) and (4, B), are observable and controllable respectively as

0)
well as that the matrix A — BR-1BT M is stable.

Finding the minimal value of the quadratic cost function J requires the optimal control
i, which can be obtained by finding a solution X(t) to the new reduced system denoted

by equation (4-47).
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Chapter Five

Numerical Examples

This chapter describes how to build a low order model using the singular perturbation

approximation approach.

5.1 Clamped Beam Model

To test our results, we take the following example, namely clamped beam model [33],
which has 348 states, (i.e., N = 348), which is single input single output system.
According to Figure 1, the input u(t), is the force F that is applied to the structure at

the free end, and the output y(t) is the consequent displacement Ad.

Figure 1

mechanical analysis of the single clamped cantilever beam [34]

First, we approximate the system with zero-initial conditions (x(0) = 0) using the

singular perturbation approximation approach.

For testing purposes, we apply the results obtained in equations (4-35) and (4-45) from
sections (4.2.2) and (4.2.3), and compute the £, norm, for the two types, between the
optimal control U and U of the original system and reduced one respectively. The
reduced model has a r = 3 size. The value of U is determined via the computation of
the full system's solution to the Riccati equation M. Applying the techniques from
section (4.2), we first determine M, the reduced system's Riccati equation solution, and

then U, its optimal control.

Figure (2) represents the Hankel singular values (HSVs) for the clamped beam model

for type 2 when r = 3.
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Figure (3) represents the plots of the two optimal controls U, U and the difference

between them (U — U) using type 2 in section (4.2.2) when r = 3.

Table (1) contains the values of |U — (7||€ by applying the SPA to the clamped beam
2

model using type 2 in section (4.2.2).

Figure 2

HSVs of the clamped beam model for type 2
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Table 1

The £,norm of U — U of clamped beam model of type 2

r [v=al,

5.9517 x 10715
6.0476 x 107>
6.0470 x 107>
6.0470 x 10715
8.5802 x 107>
8.5802 x 107 1>
8.1149 x 10715
8.5005 x 107>
8.5006 x 107>
9.3912 x 10715

© 00 N O O b W N

e
= O

Figure 3

The optimal controls of the clamped beam model (type 2)(r=3)

DB r T T T T T T T T T T ]

The optirmal contral U U™ and U-L*

N6+ .

I || 1 1 1 1 1 1 1 1 1 1
1] 5 10 15 20 25 30 35 40 45 50
the time t

Figure (4) represents the plots of the two optimal controls U, U and the difference

between them (U — U) using type 3 in section (4.2.3) when r = 3.
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Figure (5) represents the Hankel singular values (HSVs) for the clamped beam model
for type 3 when r = 3.

Table (2) contains the values of ||U — U||, by applying the SPA to the clamped beam

model using type 3 in section (4.2.3).

Table 2

The £, norm of U — U of clamped beam model of type 3

0.0048
7.2999e — 005
5.4983e — 004
7.3210e — 005
2.7392e — 004

© 00 N O O &~ W N =N
(=)
)
-
w
[UN

e
— o

Figure 4

The optimal controls of the clamped beam model (type 3)(r=3)
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Figure 5

HSVs of the clamped beam model for type 3
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5.2 RLC Circuit
Figure 6

RLC series circuit

_,_/\/\/\/_Nm_

9 R L

vm(*)
= c

hY|
Z1

An RLC circuit is an electrical circuit in which there is a resistor (R), an inductor (L),
and a capacitor (C). these may be connected in series or in parallel. The RLC circuit in
Figure (6) has a current i which varies with time ¢t when subject to a step input of IV and

is described by:
v=1IR+v, +vu,

Withi = C2€ andv, = L Z
dt dt

So
] di
v=1IR+ LE + v¢
Then
di_ 1 R 1
dac LU LtTLve
And
dve i
dt C

Wenowthatx; =v.,x, =i,y =x; =V¢,Y, = Ri = Rx, and u; = v then we get:

_due 1 x

T TCeTT

52



And

1 R 1
xZ =Zu—zx2—zx1

The last two equations are the differential equations of the RLC circuit and described in

the matrix form as:

()= G )

Then the state space representation of the RLC circuit is:

x = Ax + Bu
y=Cx
Where
A= 0 % B=(?>andC=(1 0)
_% _g ’ I 0 R

5.2.1 The singular perturbation approximation method on the RLC circuit

In this section we show all results obtained by the SPA method to determine the optimal

control for RLC circuit.
For type 2:

Figure (7) represents the plots of the two outputs Y, ¥ and the difference between them
(Y —Y)whenr = 3.

Figure (8) represents the Hankel singular values (HSVs) for the RLC circuit when r =
3.

Table (3) contains the values of ||Y — ¥|| by applying the SPA to the RLC circuit.
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Figure 7

The outputs of the RLC circuit for SPA
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Table 3

The H,, norm of Y — ¥ of RLC circuit for SPA

Iy =¥,

3.7147 x 10723
1.1278 x 10720
2.3938 x 10723
1.7610 x 10721
2.6064 x 10723
7.7775 x 10722
1.3447 x 10723
3.3785 x 10722
1.0582 x 10723
9.6521 x 10723

© 00 N O Ol A W N N

el
= O

5.3 Conclusion

In this thesis, new techniques for finding the optimal control for a closed loop system
were investigated. Singular perturbation approximation and balanced truncation
methods were used to obtain the reduced optimal control. These methods have been

successfully applied to systems with zero-initial conditions.

The quadratic cost function J is minimized by the linear quadratic regulator LQR. The
calculations were validated by numerical experiments, illustrating that the reduced order
systems can be used to approximate the optimal control of the original system. Finally,
error bounds for two types of SPA were derived, and numerical results for a specific
example were presented to support the theory. It has been noticed that although the two
types result in smaller errors at low frequencies, type two is more efficient than type
three. This is due to the fact that the £, norm of type two converges to zero faster than

that of type three.
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