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ABSTRACT

Background: Integro-Differential Equations (IDEs), one of the most important
mathematical tools in both pure and applied mathematics, arise in many physical
problems such as wind ripple in the desert, nano-hydrodynamics, population growth

model, glass-forming process..

They have motivated a huge amount of research in recent years. Many researchers have
developed numerical schemes for solving these IDEs.

Aim: In this work, the researcher proposed three numerical schemes, namely, the
Taylor collocation method, Legendre polynomials method and the Haar wavelets
method, to approximate the solution of Volterra Integro-Differential Equations
(VIDES).

Material and method: These three numerical methods have been applied in the form of
algorithms, and Maple software has been developed/used to solve some numerical

examples.

Results: The numerical results showed that the convergence and accuracy of the
aforementioned methods were in good agreement with the analytical solution.
Comparison of numerical results, mentioned in tables and figures, showed clearly that
the Haar wavelets method provides more accurate results and is, therefore, more

effective than other methods.

Keywords: Volterra integro-differential equations; Taylor collocation; Legendre

polynomials; Haar wavelets.
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Introduction

Importance of Integral Equations:

the subject of IDEs have attracted the attention of many scientists and researchers over
the past few years due to their wide range of applications like wind ripple, hydro-
dynamics, glass-formation, model of population growth and various models in physics,
engineering and medicine, namely the mathematical modelling of epidemics, particular

when the models contains age-structure or describe spatial epidemics [5, 6].

Literature Review

Many numerical schemes for solving VIDES have been constructed and implemented by
many researches. For example, Karamete et al. [19] used collocation method based on
Taylor expansion to solve VIDEs. Khater et al. [20] implemented the Legendre
polynomials method to approximate the solution of VIDES subject to initial conditions.
Ali [2] has applied the Haar wavelets approach to obtain an approximate solution to
VIDEs. Draidi et al. [12] used the product Nystrom in parallel with the sinc-collocation
scheme to solve integral equations with Carleman kernel. Hamaydi et al. [16] solved
fuzzy integral equations using variational iteration and Taylor expansion techniques.
Moreover, Fazeli et al. [14] suggested several numerical schemes to approximate the
solution of VIDEs. Other numerical techniques for solving VIDEs are: variational
iteration [30], Walsh expansion series [26], Chebyshev collocation [1], Nystrom method
[22], differential transform [11], homotopy [25], power series [3] and finite difference
[10]. Burton [7, 8] has investigated in the 1980s some stability results for the VIDEs.
Zhang [31] has also presented some stability results for VIDEs. Tunc [28] and Staffans

[27] proposed a new stability results based on Lyapunov functional for VIDEs.

In this work, we suggest three numerical techniques to solve VIDEs, namely, Taylor
collocation method, Legendre polynomials and Haar wavelets method. The VIDE under

consideration has the form:

P

Y™ (x) =r(x) + f F(x, t)Y(t)dt

a



where

- ary
Yn(X)=ﬁ, neN

subject to the initial conditions:
Y® =a,, s=0,1,2,..,(n—1).

The kernel F(x, t) and the function r(x) are given. The unknown function Y (x) is to be

determined.

A major objective is to compare between these numerical techniques in approximating

the solution of the VIDE by solving some numerical examples.

We organize this work as follows: chapter one deals with some general aspects of
VIDEs together with their solvability. In chapter two, we address all the aforementioned
methods, namely, Taylor collocation, Legendre polynomials and Haar wavelets
methods. We conclude chapter three by solving some VIDEs with known exact solution

by the aforementioned algorithms.



Chapter One

Mathematical Preliminaries

In this chapter we introduce some basic concepts concerning integral equations and

integro-differential equations.
Definition 1.1 [23]

An integral equation is any equation in which the unknown function Y (x) appear inside

an integral.

A standard integral equation can be considered in general as follows:

h(x)

xX)=rx)+A1 j F(x, t)Y(t)dt (1.1

g(x)

where Y (x) is the unknown function, g(x) and h(x) are limits of integration that may
both be variables, constants, or mixed, A is a constant parameter, F(x,t) is a known
function of two variables x and t called the kernel of the integral equation and r(x) is a

given function.
Definition 1.2 [29]

An IDE is an equation in which the unknown function Y (x) appears inside an integral

and is given in the form of derivatives.

A standard IDE can be considered in general as follows:

h(x)
YW ) =r(x) + 1 f F(x, t)Y(t)dt (1.2)
g(x)
where
Y™ (x) = v n=12
- dxn ) - )y



subject to the initial conditions:

Y®W0)=a,, s5s=01,2..,(n—-1),
1.1 Classification of Integro-Differential Equations [29]
1. Volterra integro-differential equation

The VIDE appears in the form:
X
Y™ (x) =r(x) + /1[ F(x, t)Y(t)dt
a

where the upper limit of integration is variable.
2. Fredholm integro-differential equation

The Fredholm integro-differential equation appears in the form:
b
Y™ (x) =r(x) + /1[ F(x, t)Y(t)dt
a

where a, b are constants.

3. Volterra-Fredholm integro-differential equation

The Volterra-Fredholm integro-differential equation appear in two forms, namely:

X b

Y (X)) =r(x) + 44 f Fi(x, )Y (t)dt + A, f F,(x,t)Y(t)dt

a a

and

(1.3)

(1.4)

(1.5)

Y™ (x,t) =r(x,t) + /1[ f H (x, t,&,1,Y(E, ‘t))didr,x, tenNx[0,T] (1.6)
0 0



where r(x,t) and H (x,t, & t,y(& 1)) are analytic functionson D = 2 X [0, T] and £2 is

a closed subset of R, n = 1,2,3.

1.2 Linearity
The IDE
h(x)
YO () = r(x) + A f Fx, )Y (D)t
g(x)

Is said to be linear if the exponent of the unknown function Y (x) inside the integral sign
Is one and the equation does not contain nonlinear functions of Y (x), otherwise, the

equation is called nonlinear.

1.3 Homogeneity

The IDE
h(x)
YO () =r(x) + 2 j F(x, )Y (t)dt,
gx)

is said to be homogeneous if the function r(x) is identically zero, otherwise, it is called

nonhomogeneous.
1.4 Singularity

When one or both limits of integration become infinite or when the kernel F(x,t)
becomes infinite at one or more points within the range of integration, then the equation
is said to be singular.

For example,

o)

Y (x) =r(x) + 1 f F(x,t)Y(t)dt

—00



is a singular IDE
Moreover, if the kernel is of the form

Fx,t) = Lx(x_ tt)

(1.7)

where L(x,t) is differentiable function a < x < b, a <t < bwith L(x,t) # 0, then

the IDE is said to be singular with Cauchy kernel where

b
F(x,t) = j% r(t)d(t)

is understood in the sence of Cauchy Principal Value (CPV) and the notation

P.Vf: % d(t) is usually used. Thus

b xX—& b
L(x,t L(x,t L(x,t
p.v.j @O i) = tim j &0 o+ f 0 el
xX—t xX—oE x—t x—t
a a xX+&

Weakly singular integro-differential equation
If the kernel is of the form

L(x,
Fx,t) = |X(f ;|)“

(1.8)

where L(x,t) is bounded i.e. several times continuously differentiable a < x < b and

a<t<bwithL(x,t) # 0and a is aconstant such that 0 < a < 1.

For example,

X
1
Y<”>=/1f Y()dt, 0<a<l1
lx — t|@
0

is a singular IDE with a weakly singular kernel.



1.5 System of VIDEs [18]

A system of VIDE is one of the form:

X N
Y™ () = 1,(x) +f Y oY@ |at,a<x<hi<isN (19)
a \J=1
subject to the initial conditions

v, ®=qa,, i=123,..,N, s=0,12,..,(n—1) (1.10)

The kernels Fj;(x,t) and the functions r;(x) are given real valued functions and the

unknown functions Y;(x) are to be determined.
1.6 System of Fredholm Integro-Differential Equations

A system of Fredholm integro-differential equation is one of the form:
b/ N
Y, ™) =r(x) + f Fij(x,)Y(t) |dt,a<x<bh1<i<N (1.11)
a \Jj=1

subject to the initial conditions
v,® =a;, i=123,..,N, s=0,12,..,(n—1) (1.12)

The kernels Fj;(x,t) and the functions r;(x) are given real valued functions and the

unknown functions Y; (x) are to be determined.
1.7 Kinds of Kernels
1. Separable kernel

A kernel F(x, t) is said to be separable or (degenerate) if it can be expressed in the form

Fot) = ) g (h(®)

where the functions g;(x) and the functions h;(t) are linearly independent.

7



2. Symmetric (or Hermitian) kernel
A complex-valued function F(x, t)is called symmetric (or Hermitian) if
F(x,t)=F"(x,t)
where the asterisk denotes the complex conjugate. For a real kernel, we have
F(x,t) = F(t,x).
3. Cauchy kernel
If the Kernel F(x, t) is of the form

L(x,t)
x—t

F(x,t) =

where L(x,t) is a differentiable function of (x,t) with L(x,t) # 0, then the integral

equation is said to be a singular equation with Cauchy kernel.
4. Hilbert-Schmidt Kernel

The kernel F(x,t), for each set of values x and t in the square a <x < b and

a <t < b, has the form:

b b
jjIF(x,t)lzdx dt < o
a a

also for each valueof x ina < x < b, is

b
fIF(x,t)lz dt < o
a

and foreach valueof tina <t < b, is

b
JIF(x,t)I2 dx <

a

has a finite value, then we call the kernel F(x, t) a regular kernel.

8



5. Abel’s Kernel
If the kernel F(x, t) is of the form

B L(x,t)
Clx—t]®

F(x,t)

where 0 < @ < 1and L(x, t) is assumed to be several times continuously differentiable

function, then the integral equation is called Abel’s equation.
6. Skew-symmetric kernel
The kernel is of the form

F(x,t) = —F(t,x)



Chapter Two
Numerical Methods for Solving Volterra

Integro-Differential Equations

There are many numerical methods available for solving VIDEs s. In this Chapter, we
will address the following methods: Taylor collocation method, Legendre polynomials

and Haar Wavelets method.
2.1 Taylor Collocation Method [19]

Consider the mt"™-order linear VIDE

Z P)YO(x) = r(x) + 2 f R0y (D)t 2.1)
1=0 a

where the known functions P;(x), r(x), F(x,t) are definedona < x,t < b and A is a

real parameter and Y (x) is the unknown function subject to the initial conditions:

m-—1
j=0

where a < ¢ < b, and a;, b;j, c;; and A; are some appropriate constants.

The approximate solution is expressed in the truncated Taylor series as:

y(m ©

n!

Y(x) = 211\1’=0

(x=o)"; a<x<bh (2.3)

where Y™ (c) are the Taylor coefficients to be determined and N is chosen to be any
positive integer such that N > m. Then the solution (2.3) of equation (2.1) can be

expressed in the matrix form

[Y ()] = XMpA

10



where

X=[1 x—c (x-0¢)?.. (x=0o)N]
A=[YO) YO©) YD>)..YM()]

and

_ 1 -

ol 0 0 0

1
0 T 0 0
MO == 1

0 0 N 0

' 1
0 0 0 ol

To obtain such a solution, we can use the following matrix method, known as Taylor

Collocation method.

Firstly, we substitute the Taylor collocation points defined by

b—a
X, =a+1i N ; 1=01,..,N; xo=a, xy=b>b (2.4)
into equation (2.1) to obtain
m
D PGV O @) = r(x) + 26(x) 25)
=0

such that

G(x;) = JXiF(xi, Y (t)dt

a

Then we can write system (2.5) in the matrix form as

m
poy(O) + ply(l) 4ot PmY(m) = Z PSY(S) =R+ AG (2.6)

s=0

11



where

Pi(x) -+ 0
P, = [ : : ]
0 - Pxp)

7(x0)
Ir(%)‘
r(xy)

[V 0x0)]
ye = I YO @) |

ly® (xN)J
and
G (xo)
G = G (xl)
G (xw)

we assume that the st" derivative of the function Y (x) in (2.3) with respect to x has the

truncated Taylor series expansion defined by equation (2.3), so

N y (c)

P = ~ (n—s)!

(xi—c)"° , a<x<bh
where Y (x) (s = 0,1, .....N) are Taylor coefficients; clearly Y(® (x) = Y(x). Then
substituting the Taylor collocation points into this expression, we get the matrix form

[YO@)] =X,MA (s=0,1,..,N) (2.7)

or the matrix equation

Y =X, M;A (2.8)

12



where

[Xxo] [(xo -0 (=o' .. (xpg—o)

X. = Xy (%1 — c)° (% — ot .. (x — o)V
xXp = : : : :
lXxNJ l(xN -) (xy—o)?t .. (xy-— c)NJ
and
1
0O 0 .. o1 0 0
1
0 0 0 T 0
M = ‘ 1
0 0 0 0
(N —s)!
0 0 0 0 0
0 0 0 0 0

Then we can write the matrix equation (2.6) as

m
<Z PSXxiMS> A=R+AG
s=0

The kernel F(x, t) is expanded in Taylor series in the form

N N
Foo0 =) > fumx == "

n=0m=0

B 1 0™™F(0,0)
T nlm! dxnat™

fnm

(x=c,t=c)
The matrix representation of F(x, t) can be given as

[F(x,t)] = XFTT

13

(2.9)

(2.10)



where

X=[1Gx-0)x=-0c)?..... (x — C)N]
T=[1({—-c)(t—c)..... (t—0c)V]
foo for - fon
F= f%o f11 f1N
fvo far o fan

Moreover, the matrix representation of Y (x) and Y (t) are

[Y(x)] = XMpA, [Y(£)] = TM,A (2.11)

Substituting the equations (2.10) and (2.11) into G (x;), we get

[G(x)] = XxiF]xiMOA

where

Xe,=[1 x;—c (=0 .. (-0

and
Xi

Jr = U] = [ 7770

a

(X- _ C)m+n+1 _ (a _ C)m+n+1
i

m+n+1

jnm

n,m=0,1,...N

Joo(x1) Jo1(xi) - Jon(xi)

Iy = flogxi) jl'l(xi) . jl]\{(xi)

Jno(x)  Jni(x) o Jn(x)
Hence we obtain the matrix as

G=XFM,A (2.12)



where

X, O 0
=0 Hu o 0
0 0 XxN
F 0 0
SN
0 O F
T, 0 0
]_: O ]x1 9
O O ]xN
M,
m, = |10
M,

Finally, substituting equation (2.12) into equation (2.9), we get
m
(Z PX, M, — AXF]E) A=R
s=0
which is the fundamental relation for solving the VIDE.
Therefore, we can write equation (2.13) into the matrix form
WA =R
where

m
W =|w;] = Z P.X,Ms — AXF]M,
k=0

(2.13)

(2.14)

Note that if B, =0, s = 1,2,...,N and |[W| # 0, then the Volterra integral equation has

one solution only, that is

A=WTR
15



Now let us form the matrix representation for the initial conditions. For the initial

conditions (2.2) in the interval a < x < b we have:

m—1
[a;YP (@) + by YD (b) + ¢, YD (O)] = A
j=0

where
i=01..m-1, a<c<b

Using the relation (2.7), we find the matrix representations of the functions at the points

a, b and c in the forms

[YP(a)] = PM;A (2.15)
[rD(b)] = QM;A (2.16)
[YD ()] = SM;A (2.17)

where
P=[1(a-c)la—c)? .. (a—0c)]
Q=[1 (b—-0c)b—-c)? .. (b—0)"]
S=[100 .. 0]
Substituting the matrix representations in equations (2.15), (2.16) and (2.17) into

equation (2.2) we obtain

m—1
j=0

Define Y; as

m-—1
j=0

i=01..m-1
16



So, the matrix form conditions (2.2) is

and the augmented matrices are
[Yi: 4] = [Yio Yix - Yin:4il (2.18)

Consequently, replacing the m*" row matrices (2.18) by the last m rows of the

augmented matrix (2.14), we obtain the required augmented matrix

[Wi: F]
where
WOO W01 WON
Wio Wi Win
W = WN—m,O WN—m,l WN—m,N
YOO YOl YON
| Y10 Y11 Y1y |
r(X)
r(xy)
R= T(n—m)
Ao
L A1
If |W| = 0 then we have
A=W-1R

where the matrix A is uniquely determined. Consequently the IDE (2.1) with conditions
(2.2) has a unique solution in the form (2.3).

2.2 Legendre Polynomials Method
The following second order linear differential equation with variable coefficients is

known as Legendre’s differential equation:

(1—x2)Y"(x) = 2xY'(x) + n(n+ DY(x) =0 (2.19)
17



where n is a non-negative integer.

Equation (2.19) has bounded solutions Y,,(x) on [-1, 1], these are
Y,=L,(x) , n=0

Generating function for Legendre’s polynomials

Theorem (2.1) [4]

1
The function (1 — 2xh + h?) "z is the generating function for the Legendre polynomials

L, (x) such that

1
(1—2xh + h?)"7 = Z L, (x)
n=0

and this series converges for |h| < 1 when |x| < 1.
Orthogonality relations [13]

One of the most common set of orthogonal polynomials are Legendre polynomials. This
set of Legendre polynomials {L,(x),L,(x), ..., L,(x)} is orthogonal on [—1, 1] with

respect to the weight function w(x) = 1, with the following properties:

@) fLm(x)Ln(x)dx=0 if m#*n
-1

(n _f (Ln(x))zdx il —— if m=n

Solving VIDE by Legendre polynomials method [15]

Consider the following linear VIDE

Y® () =7(x) + [) F(x, )Y (t)dt (2.20)
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Subject to the conditions:
Y®W0)=a,, s5s=012,..,(n—1)

The Legendre polynomials L, (x), for =1 < x < 1 and n = 0, are given by the forms

1 o5l _ _
Ly(x) = X2, D'()E )2 =0,1, .. (2.21)
where [%] = % if n is even, otherwise nT_l .

To use the Legendre polynomials for our purposes, it is preferable to map this to the
interval [0,1]. Then we can also define them by the following recursive formula:
Lo(x) =1and L;(x) =2x —1andforn=1,2,...

@2n+ DxL,(x) =+ 1)Ly, (x) + nl,_1(x) (2.22)

then the solution is

Y(x) = Yo anLln(x) (2.23)

if we define
L(x) = [Lo ()L (X) e v Lyg ()]
and
A = [agay o . ayl”
Then
M
Y(x) = ; 4L, (x) = L(x)A (2.24)

Similarly if we define

L'(x) = [L'g(x)L' 1 (%) e oo . L'y (2]
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we have

M

Y'(x) = z a,Ll',(x) = L'(x)A (2.25)

n=0

Using Legendre recursive formula (2.21) for n = 0,1,2,.. M, we obtain the matrix form

as follows
L'(x) =L(x)NT (2.26)

where (2 has two different forms, namely; for odd and even values of M, that is, for odd

values of M we have

0 0 0 O 0 0 0
1 0 0 O 0 0 0
0 3 00 0 0 0
Q=1 0 5 0 0 0 0
0 3 0 7 2M — 3 0 0
1 05 0 0 2M —1 0
and for even values of M we have
0 0 0 O 0 0 0
1 0 0 O 0 0 0
0 3 0 0 0 0 0
Q=1 0 5 0 0 0 0
1 0 5 0 2M — 3 0 0
0 3 0 7 0 2M —1 O

From equations (2.25) and (2.26) we get

Y'(x) =L(x)ATA

Y"(x) = L(x)(27)%A

Y™ (x) = L(x)(2T)"4A
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We use this method to approximate the left hand side of the VIDE (2.20) as follows

Y™ (x) = L(x)(2T)"4
thus

Y™ (x) = S(x)A (2.27)
where
S(x) = [so(x) s1(x) ... sy(x)]

and fori = 0,1,2,.. M, we define

si(x) = L) (@™
To obtain a solution of problem (2.20), for each x, t € [0,1] we define

F(x, t)Y(t) = L(x)F*LT(t)

where F* = [f,,] , and

< L,(x),< F(x,t),Y(t),L,(t) >>
| Ln 12| Ly |2

fnm

We use this method to approximate the right hand side of the VIDE (2.20) as follows

X X

r(x) + f L(x)F*LT(t)dt = r(x) + L(x)F* f LT(t)dt

0 0

Using Legendre formulas

X

f L(tdt = L*

0

we have

P

r(x) + f F(x,t)Y(t)dt = r(x) + L(x)F*L*
0
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Let

g(x) =r(x) + L(x)F*L* (2.28)

then from equations (2.27) and (2.28) we have
S(x)A =g(x) (2.29)

Using the matrix method based on Legendre collocation points defined by
i ,
X, = i i=012,.. M

then by substituting the collocation points into equation (2.29) we have the following

system

Sx)A=g(x;) i=012,...M (2.30)
Equation (2.30) in matrix form is given as

SA=G
where fori = 0,1,2, ..., M
S =1[S(x0)S(x1) ... SCI”
and
G = [g(x1)g(x2)gCa)]”

2.3 Haar Wavelet Method
Haar Wavelet Preliminaries [17]
The scaling function for the family of Haar wavelets is defined on the interval [0, 1) as:

1 x € [0,1)
0 otherwise

h (9 = {
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The mother wavelet for Haar wavelets family is also defined on the interval [0, 1) as:

1 €0 1
X [ ’2)

h,(x) = 1
209 =19 _4 x € [5,1)
kO otherwise

Haar wavelet family for x € [0,1] is defined as

1 forx € [a,f)
hi(x) =1 -1 for x € [8,7) (2.31)
0 otherwise
where
_ s __(s+0.5) _(s+1) .
a—m,ﬁ——m Y == ,i=34,..2M

the integer m = 2/ where j = 0,1, ...,J, M = 2/ and integer s = 0,1, ..., m — 1. Integer
j indicates the level of the wavelet and s is the translation parameter. The maximal level
of resolution is the integer J. The relation between i, m and s is given by i = m + s +
1.

Introducing the following notations:

pia(x) = f h; (x)dx (2.32)
0

X

Piy(x) = f Piv-1(x)dx v =23,.. (2.33)
0

These integrals can be evaluated using equation (2.31) and are given as follows:

X—a forx € [a,B)
pi1(x) = {V —Xx forx € [B,y)
0 otherwise
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(1

> (x — a)? for x € [a, B)
11 ,
Piz(x)=<4m2_§(y_x) forx € [8,7)
1
I forx € [y, 1)
\ 0 otherwise

The v*" order integrals of the Haar function (2.31) can be computed as:

Pny (x) = 3

(%(x—a)” forx € [a, B)
(x —a)? ;2(96—,3)” forx € [B,7)
(x—a)’ —2(x ;,ﬁ)v +2(x—p)” forx € [y, 1)

L o : otherwise

Chen and Hsiao [9] showed that the following matrix equation P, is given as

4 —H

Pawen = o g (2:34)
where 0(,x,) is a null matrix and p(; x4y = 0.5
and they introduced the row vector h, as

R () = [~ ()R (E) wov cvv e e By (B)] (2.35)
where
u=2M = 2/+1
Now we have
x
fo h, (O)dt = pusuyhon () (2.36)

Equations (2.34) and (2.35) can be used to solve first-order differential equations.
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Higher-order equations have to be reduced to a system of first-order equations, but this
increases the order of the Haar matrices and may cause complications of computational

character.
Orthogonality [17]

Haar wavelets are orthogonal on [0, 1) such that
1
f h,(t), h,,(t)dt =0, whenever n +m
0

Function Approximation [24]:

Any function r(t) defined over the interval [0, 1), can be expanded in (h;) functions as

(0]

r () = z aihy(6) (2.37)

i=1

where the function coefficients «; are given as follows

a; = 21'] r(t)h;(t)dt (2.38)
0

Usually, the series in equation (2.37) contains an infinite number of terms. For
approximation purposes we consider J is the maximum level of resolution and also
define the integer M = 2/. With these notations the function r(t) can be approximated

as follows:

2M

() ~ Z a:hy () (2.39)

i=1

We shall divide the interval t € [0, 1] into 2M parts of equal length At = 1/(2M); the

grid points are

=0-DAt  1=12,..2M+1 (2.40)
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Since in the subsequent sections the collocation method is used then we define also the

collocation points

t, = (1 — 0.5)At 1=1.2,..2M (2.41)
Solving VIDE by the Haar wavelets method [21]:

Consider the VIDE

YW (x) =r(x) + ij(x, Y (t)dt (2.42)
0

for0<x<1
subject to the conditions:

Y®0)=a,, s=012,..,(n—1)
the functions F and r are prescribed.

Using the collocation points in equation (2.41) we have

Y (x) =r(x) + J sz(xl, Y (t)dt (2.43)
0

wherel =1, ...,2M .

The function Y™ (¢t) is developed into the Haar series as:

2M

Y (e) = Z a; hy(0) (2.44)

i=1
Integrating equation (2.44) n-times we obtain

2M

YOD@) = 3 apy(®) + YO(0)

i=1
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2M
YD) = 3 4 pau(®) + YOO + YD (0)

i=1

N gyt gy b
Y(t) = ;ai Pn,i(t) +Y71(0) =D + Y72 (0) =2 +--+Y(0) (2.45)

Let
F* =F(x,t)Y(t)

Then we solve the system

X1
—Y®(x) +r(x) + f Fdt=0,l=12,.2M (2.46)
0

Let

X1
o(t) = f F*dt (2.47)
0
and

qp(t) = p1,i(8), kp(t) = p2i(2), Op(t) = pn,i(E)
and consider the subinterval t € [t5,Ts,1], s = 1,2, ...2M where 74 is the st" grid point

defined in equation (2.40). In each subinterval
h,(t) = h,(ts) = const
ap(t) = qp(ts) + (¢ — T5)hy(Es)
Here t, denotes the s* collocation point defined in equation (2.41) and
to = 75 + 0.5At (2.48)
Now we have

Y®(t) = Y®(zy) + (¢t — 1) Y D (¢y)
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Integrating n-times we obtain

tZ
YD) = Y (gt + <3 - Tst> Yo ()

t? t3 t?
Y(n_z)(t) = Y(n) (Ts) 7 + (5 —Ts E) Y(n+1) (ts)

t3  [(t* t3
Y(n_3)(t) = Y(n) (Ts) g + (E —Ts 5) Y(n+1) (ts)

t(n+ 1) n

Y(t) = Y™ (zy) % + (m - T %) Y ()

Introducing the following notations:

8G(x0t, Y (6)) = f ", DY (@t

N

2]
AG(x;, 6, Y (L)) =] F(x, t)Y(t)d

T

(2.49)

(2.50)

Evaluating the integrals (2.47) for each subinterval t € [t,,7s44] , and summing up the

results we obtain

-1
o) = Z AG + AG
s=1

(2.51)

It is convenient to put our results into the matrix form. For this purpose we introduce the

row vectors

R=[rD], ¢=I[p®], Y=l , Y®=["(w)]

We solve the system of algebraic equations
Y™ +R+¢9=0
to get the solution Y (x) of the VIDE
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Chapter Three

Numerical Examples and Results

In this chapter, we will implement the aforementioned methods in chapter two to solve

some numerical examples
Example 3.1

We assume the following VIDE
X
Y'(x) =4e*—-2x -2+ f (x —)Y(t)dt (3.1
0

subject to the initial conditions
Y(0)=0, Y’'(0)=1
Equation (3.1) has the exact solution

Y(x) = xe*
3.1 The numerical treatment of equation (3.1) using Taylor collocation method
To solve equation (3.1) by the Taylor collocation method we implement algorithm 3.1.
Thus for N = 3 we have

F(x,t) =x—t

Y(x) = ag +a;x + ayx? + azx3

2
,xZ=§,X3=1

Wl =

Xo=0,x; =
Algorithm 3.1
Input Mo, My, X, X, ], P,
Input F, F

Calculate W, = Multiply(X,F,], M,)
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Calculate W, = Multiply(Py, Xy, M)
Calculate W = W; — W,

Input R

Calculate A = W~1R

Input initial condition Y; (0), Y,(0)
Input W, R

Calculate A = W'R

Input Ye,qct (), Yapproximate (%)

Define error = |Yexact (x) - Yapproximate (x)l

Plot Yeyqce (), Yopproximate (x)

0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0

0.0
X
Jo = 0.0
0.0

0.0
0.0
0.0
0.0

[0.333333

0.055556
0.012346

10.003086

[0.666667

0.222222
0.098765

10.049383

0.055556
0.012346
0.003086
0.000823

0.222222
0.098765
0.049383
0.026337

0.012346
0.003086
0.000823
0.000229

0.098765
0.049383
0.026337
0.014632

0.003086]
0.000823
0.000229
0.0000651

0.049383]
0.026337
0.014632
0.084824.

0.333333 0.25
0.25 0.2
0.2 0.166667

0.166667 0.142857

0.5
0.333333
0.25
0.2

1.0
J = 0.5
1 710.333333
0.25
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1.0 0.0 0.0 0.0
_lo.0 1.0 0.0 0.0
~ 0.0 00 05 0.0
0.0 0.0 0.0 0.16666667

0.0 0.0 1.0 0.0
0.0 0.0 00 1.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0

1.0 0.0 0.0 0.0
1.0 0.33333333 0.11111111 0.03703704

X T110 066666667 044444444 02962963
1.0 1.0 1.0 1.0
1.0 0.0 0.0 0.0
p. (00 10 00 00
2710.0 0.0 1.0 0.0
00 0.0 0.0 1.0
0.0 0.0 ~1.0 0.0
W — |0055556 0.006173 —0.999486 —0.333299

0.222222 0.049383 -0.991770 —0.665569
0.5 0.166667 —0.958333 —0.991667

2.0
R = 2.915783033
4.457602831
6.87312731

From initial condition:
=1 0 0 0), 4,=0

YZZ(O 1 0 O),Azzl

Hence
0.0 0.0 —-1.0 0.0
W= 0.055556 0.006173 —0.999486 —0.333299

1.0 0.0 0.0 0.0

0.0 1.0 0.0 0.0
2.0

B= 2.915783033

0.0
1.0
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The solution for this system is:

Y(x) = x — 2x2 + 2.73219809057310x3

0.0
1.0
—2.0

—2.73219809057310

Table 3.1 contains both the exact and approximate solutions of equation (3.1) and the

absolute error |Y,,, — Yex| using Taylor collocation method.

Table 3.1

The approximate and the exact solutions of applying Taylor collocation method for equation

(3.1)

Yapp

Ye X

|Y3pp — Yexl

0.0
0.001
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009
0.01

0.0
9.979972678 10~
1.991978142 1073
2.981926231 1073
3.967825139 1073
4949658475 1073
5.927409845 1073
6.901062856 1073
7.870601115 1073
8.836008228 1073
9.797267802 1073

0.0

1.001000500 1073

2.004004002 1073

3.009013515 1073
4.016032044 1073
5.025062605 1073
6.036108216 1073
7.049171899 1073
8.064256688 1073
9.081365598 1073
1.010050167 102

0.0

3.0032322 107°
1.2025860 105
2.7087284 1075
4.8206905 1073
7.5404130 1073
1.08698371 104
1.48109043 10~*
1.93655573 10~
2.45357370 10~*
3.03233868 10~*

Figure 3.1 compares the exact solution with the approximate solution using Taylor

collocation method.
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Figure 3.1

The approximate and the exact solutions of applying Taylor collocation method for
equation (3.1)

0.57

0.3+

0.1

0 L} T v T L)
0 0.02 0.04 0.06 0.08 0.10
s
Red line for exact solution
Blue line for approximation solution

The maximum error corresponding to y,pp, is E ~ 3.03233868 x 10~*

3.2 The numerical treatment of equation (3.1) using Legendre polynomials method

To solve equation (3.1) by the Legendre polynomials method we implement algorithm
3.2.

Thus for N = 3 we have
We write the solution Y(x) into the form

Y(x) = aLy(x) + bL;(x) + cL,(x) + dL;(x)

3 3
LO(x) = 1 ) Ll(x) =X, LZ(x) = Exz Y

L()—153 3
57 3x—3(x X)
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Algorithm 3.2
Define Ly (x), L; (x), Ly(x), L3(x)

Input L, 4, Q

Calculate S = multiply (L, .QT,.QT)
Calculate g, = multiply ( S, A)
Input F

Input L*= integral L

Calculate g, = multiply(L,F, L")
Evaluate g; =R + g,

Fori fromO0to 3

xli] = 5

end do:

Evaluate g, (x[i]) = gz(x[i])

Input initial condition Y; (0), Y,(0)

Solving the system of equations to get a, b, ¢, d
Input Yexace (X)) Yapproximate (X)

Define error = |Yexact (x) — Yapproximate (X)l

Plot Yexact (x): Yapproximate (x)

=
Il
Q O Q
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0.0 0.0 0.0 0.0

1.0 0.0 0.0 0.0
0.0 3.0 0.0 0.0

1.0 0.0 5.0 0.0

We find

2

S=I(x)(QT)
S=[0 0 3 154x]

and we compute the integral:

szL@m
0
X
1
2
L*:= 13_5
2 X T2
5 1
A 2
12 2%

Finally we obtain the exact solution as

{a = 0.9999999999, b = 1.120463527,c = 0.6666666666,}
d = 0.12046352266

Hence the solution of the Volterra integro-differential equation is:

Y :== x > 1.0000000004 x + 0.9999999999 x2 + 0.20077254433 x3

Table 3.2 contains both the exact and approximate solutions of equation (3.1) and the

absolute error |Y,,, — Yex| using Legendre polynomials method.
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Table 3.2

The approxim'ate and the exact solutions of applying Legendre polynomials method for
equation (3.1)

x Yapp Yex |Yapp - Yex|

0.0 0.0 0.0 0.0

0.001 1.001000201 1073 1.001000500 1073 2.99 10710
0.002 2.004001606 103 2.004004002 1073 2.396 10~°
0.003 3.009005421 1073 3.009013515 1073 8.094107°
0.004 4.016012849 1073 4.016032044 1073 1.9195 1078
0.005 5.025025097 1073 5.025062605 1073 3.7508 1078
0.006 6.036043367 1073 6.036108216 1073 6.4849 1078
0.007 7.049068865 1073 7.049171899 1073 1.0303410°7
0.008 8.064102796 1073  8.064256688 1073 1.538921077
0.009 9.0811463631073  9.081365598 1073 2.192351077
0.01 1.010020077 1072 1.010050167 10~2 3.009010~7

Figure 3.2 compares the exact solution with the approximate solution using Legendre

polynomials method.

Figure 3.2

The approximate and the exact solutions of applying Legendre polynomials method for
equation (3.1)

0.57

0.44

0.31

0.1

0 0.02 0.04 0.06 0.08 0.10
3
Red line for exact solution
Blue line for approximation solution

The maximum error corresponding to Yy, is £ =~ 3.0090 X 1077
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3.3 The numerical treatment of equation (3.1) using Haar wavelets method
To solve equation (3.1) by the Haar wavelets method we implement algorithm 3.3.
Thus for M=4 we have

Algorithm 3.3

Define h;, p;, k; fori =1,2,...,2M

Define t[l], t[I]

Input Y (1)

Integral Y’ (1) two times

Define AG(x,t,Y (), AG(x;, £, Y (1))

Calculate (1) = Y11 AG + AG

Input F

Solve the equation =YY" + @ + R =0

InpUt Yexact (x), Yapproximate (x)

Define error = |Yexact (x) - Yapproximate (x)l

P10t Yexace (%), Yapproximate ()
r(x) = 4e* — 2x — 2
R1 = [r(e[1D), 7 (t[2D), r(¢[3]), (t[4D), r (L[SD), r(¢[6]), r ([7]), r (t[8D]"
Y" = [Y"(e[1]), Y (e[2]), Y ([3D), Y" (e[4D), Y"' (¢[5D, Y (¢[6]), Y (¢[7]), Y™ (¢[8])]”
Then we solve the system:

-Y'"+¢9+F1=0
E[1] = =Y1I[1,1] + FI[1,1]+ ¢[1,1] = 0:

E[2] = —Y11[21] + FI[2,1] + ¢[2,1] = 0:
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{a=3.925071313,

E[3] == —YI1[31]
E[4] == —Y11[41]
E[5] := —YI1[51]
E[6] == —YI1[6,1]
E[7] == —YI11[71]
E[8] := —YI1[8/1]

1 E[3], E[4], E[5],

b=-1.232524531,

+FI[3,1]+ ¢
+FI[4,1]+ ¢
+FI[51]+ ¢
+FI[6,1]+ @
+FI[7,1]+ ¢
+FI[8,1]1+ ¢[8,1] =
El6],E[7],E[8]}{a,
c=-0.4004527336,

[3.1] =
[4.1] =
[5.1] =
[6,1] =
[7.1] =
[8,1
|

0
0
0
0:
0
0

b,c,d, e f, g k});

d=-0.8646885785, e=-

0.1590730266, f=-0.2446142819, g=-0.3594240400, k=-0.5101371752}

The solution Y (x) is:

Y := x - 3.925071313 - k; (x) — 1.232524531 - ky(x) — 0.4004527336 - k3(x)

— 0.8646885785 - k,(x) — 0.1590730266 - ks(x) —

0.2446142819

kg (x) — 0.3594240400 - k,(x) — 0.5101371752 - kg(x) + x

Table 3.3 contains both the exact and approximate solutions of equation (3.1) and the

absolute error |Y,,, —

Table 3.3

Yex| using Haar wavelets method.

The approximate and the exact solutions of applying Haar wavelets method for equation (3.1)

* Yapp Yex [Yapp — Yex|

0.0 0.0 0.0 0.0
0.001 1.001066511 1073 1.001000500 1073 6.6011 1078
0.002 2.004266042 1073 2.004004002 1073 2.62040 1077
0.003 3.009598595 1073 3.009013515 1073 5.85080 10~
0.004 4.017064168 1073 4.016032044 1073 1.032124 10~
0.005 5.026662763 1073 5.025062605 1073 1.600158 10~
0.006 6.038394378 1073 6.036108216 1073 2.286162 10~°
0.007 7.052259015 1073 7.049171899 1073 3.087116 10~°
0.008 8.068256673 1073 8.064256688 1073 3.999985 10~°
0.009 9.086387351 1073 9.081365598 1073 5.021753 10~°
0.01 1.010665105 1073 1.010050167 1073 6.14938 10~°

Figure 3.3 compares the exact solution with the approximate solution using Haar

wavelets method.
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Figure 3.3
The approximate and the exact solutions of applying Haar wavelets method for equation(3.1)

0.57

0.3

0.2

0.1

0 0.02 0.04 0.06 0.08 0.10
x
Red line for exact solution
Blue line for approximation solution

The maximum error corresponding to Y, is E ~ 6.14938 x 107°

Figure 3.4 compares the exact solution with the solution of three methods.

Figure 3.4

The solution of three methods and exact solution for equation (3.1)

0.5
0.4-

0.31

0.1' //

—

0 S T T T T "
0 0.02 0.04 0.06 0.08 0.10
%
Red line for exact solution
green line for Haar method
pink line for Taylor method
Blue line for Legendre method
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Example 3.2
We assume the following VIDE

1 1
Y'(x) =e* — 5 COSX — Esinx —3 (cosx)?e* + (cosx)? —sinx — 5 (sinx)2e*

X

+ (sinx)? + f cos(x —t) Y(t)dt (3.2)

0

subject to the initial conditions:
Y(0) =1,Y'(0) =0
Equation (3.2) has the exact solution
Y(x) =e*—x
3.4 The numerical treatment of equation (3.2) using Taylor collocation method
To solve equation (3.2) by the Taylor collocation method we implement algorithm 3.1.
Thus for N=3 we have

F(x,t) = cos(x — t)

Y(x) = ag +a;x + ayx? + azx3
1 2

X0=O, X1=§, X2=§, X3=1
1.0 0.0 -0.5 0.0
F= 0.0 1.0 0.0 -0.1666666667
-0.5 0.0 0.25 0.0

0.0 -0.1666666667 0.0 0.02777777778

0.0 0.0 0.0 0.0
100 0.0 00 0.0
Jo = 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
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0.333333 0.055556
Ji= 0.055556 0.012346
3 10.012346 0.003086

0.003086 0.000823

0.666667 0.222222
Jo = 0.222222 0.098765
3 10.098765 0.049383

0.049383 0.026337

1.0 0.5
J = 0.5 0.333333
17 10.333333 0.25
0.25 0.2
1.0 0.0 0.0
100 1.0 0.0
Mo = 0.0 0.0 0.5
0.0 0.0 0.0
0.0 0.0
0.0 0.0
M, = 0.0 0.0
0.0 0.0
1.0 0.0
|10
Xy = 1.0
1.0 1.0
1.0 0.0
0.0 1.0
Py = 0.0 0.0
0.0 0.0
0.0 0.0
W = 0.326992201391962
0.61220342471495 0.211891818657536

0.798611111086667

0.437499999982667
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0.012346 0.003086
0.003086 0.000823
0.000823 0.000229
0.000229 0.000065
0.098765 0.049383
0.049383 0.026337
0.026337 0.014632
0.014632 0.084824
0.333333 0.25
0.25 0.2
0.2 0.166667
0.166667 0.142857
0.0
0.0
0.0
0.16666667
1.0 0.0
0.0 1.0
0.0 0.0
0.0 0.0
0.0 0.0

0.333333 0.111111 0.037037
0.666667 0.444444 0.296296

1.0 1.0

0.0
0.0
1.0
0.0

0.0
0.0
0.0
1.0

-1.0 0.0

0.0550058002675501 —0.993865781902416 —0.332821217174043
—0.952223482945827 —0.658647320165794
—0.849074074080833 —0.961640211642063



1.0
1.061730391
1.271738488
1.668254269

R =

From initial condition:

=1 0 0 0, 4=1
Y,=(0 1 0 0), 2,=0

Hence
0.0 0.0 -1.0 0.0
—10.326992201391962 0.0550058002675501 —0.993865781902416 —0.332821217174043
w =
1.0 0.0 0.0 0.0
0.0 1.0 0.0 0.0
1.0
A= 1.061730391
1.0
0.0

The solution for this system is:

1.0
0.0
-1.0
0.778578945460895

Y(x) =1 —x2+ 0.778578945460895x3

Table 3.4 contains both the exact and approximate solutions of equation (3.2) and the

absolute error |Y,,, — Yex| using Taylor collocation method.
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Table 3.4

The approximate and the exact solutions of applying Taylor collocation method for equation

(3.2)
Yapp Yex [Yapp = Yex|

0.0 1.0 1.0 0.0
0.001 0.9999990008 1.000000500 1.499 107
0.002 0.9999960062 1.000002001 5.995107°
0.003 0.9999910210 1.000004505 1.3484 107°
0.004 0.9999840498 1.000008011 2.3961 107>
0.005 0.9999750973 1.000012521 3.7424 107>
0.006 0.9999641682 1.000018036 5.3868 107>
0.007 0.9999512671 1.000024557 7.3290 107>
0.008 0.9999363986 1.000032086 9.5687 107>
0.009 0.9999195676 1.000040622 1.21054 104
0.01 0.9999007786 1.000050167 1.49388 10~*

Figure 3.5 compares the exact solution with the approximate solution using Taylor

collocation method.

Figure 3.5

The approximate and the exact solutions of applying Taylor collocation method for

equation(3.2)

0.5

0 0.05

0.10 0.15
z

Red line for exact solution
Blue line for approximation solution

0.20

The maximum error corresponding to Y, is E =~ 1.49388 x 107*

43



3.5 The numerical treatment of equation (3.2) using Legendre polynomials method

To solve equation (3.2) by the Legendre polynomials method we implement algorithm
3.2.

Thus for N=3 we have
We write the solution Y(x) into the form
Y(x) = aLy(x) + bL;(x) + cL,(x) + dL;(x)

3
Lo() =1, Li(x) =x, Lp(x) =5x% -7

L()—153 3
> 3x—3(x X)

In matrix form:

L(x) = [Lo(x) Li(x) Lp(x) L3(x)]

=
Il
Q O Q

0.0 0.0 0.0 0.0

00 3.0 00 0.0
1.0 00 50 0.0

we find

2

S = L(x) (QT)
S=[0 0 3 15x]
And we compute the integral

X

L= f L(t)dt

0
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1
Z .2
=X
r=1,_3
2Y T2
5 1
A2
2" T 2"
Substituting the following values
1 2
Xg = 0,x1 = §,x2 ES §,x3 =1

Finally we obtain the exact solution as

{a = 1.5000000000,b = 0.5199945646,c = 0.3333333333,
d = 0.5199945646}

Hence the solution of the VIDEs is:

Y := x - 1.00000000005 + 1.0399891292 x + 0.49999999995 x?
+ 0.86665760766 x3

Table 3.5 contains both the exact and approximate solutions of equation (3.1) and the

absolute error |Y,,, — Yex| using Legendre polynomials method.

Table 3.5

The approximate and the exact solutions of applying Legendre polynomials method for equation

(3.2)

Yapp Yex |Yapp — Yex|
0.0 1.0 1.0 0.0
0.001 1.001040490 1.000000500 1.039990 1073
0.002 1.002081985 1.000002001 2.079984 1073
0.003 1.003124490 1.000004505 3.119985 1073
0.004 1.004168012 1.000008011 4.160001 1073
0.005 1.005212554 1.000012521 5.200033 1073
0.006 1.006258122 1.000018036 6.240086 1073
0.007 1.007304721 1.000024557 7.280164 1073
0.008 1.008352357 1.000032086 8.320271 1073
0.009 1.009401034 1.000040622 9.360412 1073
0.01 1.010450758 1.000050167 1.0400591 102

Figure 3.6 compares the exact solution with the approximate solution using Legendre

polynomials method.
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Figure 3.6

The approximate and the exact solutions of applying Legendre polynomials method for equation

(3.2)

0 0.05 0.10 0.15 0.20
X
Red line for exact solution
Blue line for approximation solution

The maximum error corresponding to Y,p,p, is E ~ 1.0400591 X 1072

3.6 The numerical treatment of equation (3.2) using Haar wavelets method
To solve equation (3.2) by the Haar wavelets method we implement algorithm 3.3.
Thus for M=4 we have

Then we calculate the values of

i, e, hsCtllD), hs(ell), psCtllD), ps(elll), ks(elU), ks(ellD):

= X — 1 — 1 ] _ 1 2,X 2 o _ = . 2 x
r(x) =e 5 COsX —osinx — o (cosx)“e* + (cosx)“ — sinx > (sinx)“e
+ (sin x)?

R = [r(¢[1]), r(t[2D), r(¢[3]), r(¢[4]), r ([SD, r(¢[6]), (¢ [7]), (t[8D]"

Y = [Y"(e[1D), Y"(¢[2]), Y" (¢ [3D), Y (¢[4D, Y (t[SD, Y (e[6D, Y (e [7D), Y (t[8D)]"
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Then we solve the system:

-Y"+9+R=0
E[1] = =YII[1,1] + R[1,1] + ¢[1,1] = O:
E[2] = =YI11[2,1] + R[2,1] + ¢[2,1] = O:
E[3] == =YI11[3,1] + R[3,1] + ¢[3,1] = 0:
E[4] == =Y11[4,1] + R[4,1] + ¢[4,1] = O:
E[5] :== =Y1I[5,1] + R[5,1] + ¢[5,1] = 0:
E[6] == —Y11[6,1] + R[6,1] + ¢[6,1] = 0:
E[7] = =Y11[7,1] + R[7,1]1+ ¢[7,1] = O:
E[8] := —Y11[8,1] + R[8,1] + ¢[8,1] = 0:

solve({E[1], E[2], E[3], E[4]), E[5], E[6], E[7],E[8]},{a, b, ¢, d, e, f, g, k});

{a=1.247171251, b=-0.1956079221, c=-0.04055846470, d=-0.1610515520,
e=-0.008960311422, f=-0.03253769161, g=-0.06303626163, k=-0.09845368482}

The solution Y (x) is:

Y = x > 1.247171251 - k, (x) — 0.1956079221 - k,(x) — 0.04055846470 - k5 (x)
— 0.1610515520 - k4(x) — 0.008960311422 - ks(x)
— 0.03253769161 - ks (x) — 0.06303626163 - k,(x)
— 0.09845368482 - kg(x) + 1

Table 3.6 contains both the exact and approximate solutions of equation (3.2) and the

absolute error |Yapp — Yex| using Haar wavelets method.
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Table 3.6

The approximate and the exact solutions of applying Haar wavelets method for equation (3.2)

X

Yapp

Ye X

|Yapp _ YeX|

0.0

0.001
0.002
0.003
0.004

0.005
0.006
0.007
0.008
0.009
0.01

1.0

1.000000501
1.000002004
1.000004509
1.000008016

1.000012526
1.000018037
1.000024550
1.000032065
1.000040583
1.000050102

1.0

1.000000500
1.000002001
1.000004505
1.000008011

1.000012521
1.000018036
1.000024557
1.000032086
1.000040622
1.000050167

0.0
1.107°
3.107°
4.107°
5.107°

5.107°

1.107°

7.107°
211078
3.910°8
6.51078

Figure 3.7 compares the exact solution with the approximate solution using Haar

wavelets method.

Figure 3.7

The approximate and the exact solutions of applying Haar Wavelets method for equation (3.2)

The maximum error corresponding to Y,p, is E = 6.5 1078

1.57

0.51

0.05

0.10 0.15
3

Red line for exact solution
Blue line for approximation solution

0.20

Figure 3.8 compares the exact solution with the solution of three methods.
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Figure 3.8
The solution of three methods and exact solution for equation (3.2)

1057

0.51

0 0.05 0.10 0.15 0.20
-
Red line for exact solution
Black line for Haar method
Green line for Taylor method
Blue line for legendre method

Example 3.3

We assume the following VIDE

Y'(x)+ Y(x) = j xe(t‘x)Y(t)dt (3.3)
0

subject to the initial condition
Y(0)=1
Equation (3.3) has the exact solution

Y(x) = e cosh(x)
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3.7 The numerical treatment of equation (3.3) using Taylor collocation method

To solve equation (3.3) by the Taylor collocation method we implement algorithm 3.4.

Thus for N=2 we have

F(x,t) = e

Y(x) = ag + a;x + ayx?

X =O,X1 =0.5,x2 =1
Algorithm 3.4

Input Mo, My, Xy, X, ], Py, P;

Input F, F

Calculate W, = Multiply(X,F,j, M,)
Calculate W; = Multiply(Py, X, M;)
Calculate W, = Multiply(Py, Xy, M)
Calculate W5 = W, + W,

Calculate W = W5 — W,

Input R

Calculate A = W~IR

Input initial condition Y (0)

Input W, R

Calculate A = W~1R

Input Yexact (X)) Yapproximate (X)
Define error = |Yexact (%) = Yapproximate (x)l
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Plot Yexqct (x), Yapproximate (x)

(0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0

W =

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

X =

0.0
0.0
0.0
0.5
0.125

0.04166667

0.0
0.0
0.0

1.0
0.0
0.0

1.0

0.0
0.0
0.0

1.0 1.0 05
F=|-1.0 -10 -05
0.5 05 025
1.0 0.0 00
X, =[1.0 05 0.25
1.0 1.0 1.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.125 0.04166667 0.0 0.0
0.04166667  0.015625 0.0 0.0
0.015625 0.00625 0.0 0.0
0.0 0.0 1 0.5
0.0 0.0 0.5 0.33333333
0.0 0.0 0.33333333 0.25
1.0 0.0 0.0
0.0 1.0 0.0
0.0 0.0 05
1.0 0.0 0.0
M=[00 1.0 0.0
0.0 0.0 05
1.0 0.0 0.0
0.0 1.0 0.0
0.0 00 0.5
0.0 00 0.0 00 00 00 0.0
0.0 1.0 05 025 00 0.0 0.0
00 00 00 00 1.0 1.0 1.0

1.0

0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.33333333
0.25
0.2

[0596354166666667 1.39095052083333 Q606119791666667]
0.166666666666667 1.52083333333333

From initial condition:

R =

0.0
0.0

0.0

Y=1 0 0, 4=1
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Hence

1.0 1.0 0.0
W = [0.596354166666667 1.39095052083333 0.606119791666667
1.0 0.0 0.0
0.0
R=|0.0
1.0

The solution for this system is:

W-IR =

1.0
-1.0

1.31095596133189

Y(x) =1—x+ 1.31095596133189 - x?

Table 3.7 contains both the exact and approximate solutions of equation (3.3) and the

absolute error |Yapp — Yex| using Taylor collocation method.

Table 3.7

The approximate and the exact solution of applying Taylor collocation method for equation
(3.3)

x Yapp Yex |Yapp — Yex|
0.0 1.0 1.0 0.0
0.001 0.9990013110 0.9990009993 3.1171077
0.002 0.9980052438 0.9980039947 1.2491 10°°
0.003 0.9970117986 0.9970089820 2.8166 10~°
0.004 0.9960209753 0.9960159574 5.0179 10~¢
0.005 0.9950327739 0.9950249169 7.8570 10~°
0.006 0.9940471944 0.9940358564 1.13380 1075
0.007 0.9930642368 0.9930487720 1.54648 1075
0.008 0.9920839012 0.9920636598 2.02414 1075
0.009 0.9911061874 0.9910805159 2.56715 107>
0.01 0.9901310956 0.9900993362 3.17594 1073

Figure 3.9 compares the exact solution with the approximate solution using Taylor

collocation method.
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Figure 3.9

The approximate and the exact solution of applying Taylor collocation method for equation
(3.3)

I.Sj
1t
L ———
O'Sj
0 T T T T )
0 0.02 0.04 0.06 0.08 0.10

%
Red line for exact solution
Blue line for approximation solution

The maximum error corresponding to Y,p,, is E ~ 3.17594 X 107°

3.8 The numerical treatment of equation (3.3) using Legendre polynomials method

To solve equation (3.3) by the Legendre polynomials method we implement algorithm
3.5.

Thus for N=2 we have
We write the solution Y(x) into the form

Y(x) = aLy(x) + bL;(x) + cL,(x)

3, 3
LoGO) = 11,00 = %, Lo(¥) = 5x* >
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Algorithm 3.5
Define Ly (x), L;(x), L,(x)

Input L, 4, Q

Calculate S = multiply( L,QT)
Calculate h; = multiply( S+L,A)
Input H

Input L*= integral L

Calculate j, = multiply(L, F,L")
Evaluate j; = R + h,

Fori fromOQto 2

xli] = 5

end do:

Evaluate j; (x[i]) = jz(x[i])

Input initial condition Y (0)

Solving the system of equations to get a, b, ¢

InpUt Yexact (x), Yapproximate (x)

Define error = |Yexact (x) — Yapproximate (X)l

Plot Yexact (x): Yapproximate (x)

L0 = [Lo0) LG Lo(]
d
A= H
C
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we find S

T
S=LX)Q =[x 45x2—45 0]T

and the matrix F:

08616127 3+ 06321205588 b~ 09431608382 083212055882+ 04540407108 b - 04139412940 ¢ -094618083623 - 04139412942b + 1061376508
04540407108 2 0.2642411177 b~ 03963616765 ¢ 026424111772+ 01897995931 b~ D.L730871029 ¢ -0.39636167652 - 0.1730571029h + 0.443680103¢
-1 21530061 a- 0.707276647 b+ LOG0S1497Lc - -0707276647 2~ 050802396330 +04631569192c 1060914971 a+ 04631569192 b~ 1187569060 ¢

X X
f L(t)dt = ( 0.5x2 )
0 0.5x3 — 1.5x

Hence

g(x) = L(x)foLT(t)dt
0

Finally we obtain the exact solution as
{a=-7.051555864, b = 0.222222222, ¢ = -5.367703907}
Hence the solution of the VIDE is:
x = —7.051555864 + 0.222222222 x — 5.367703907 - (1.5)(x% — 1)
Y := x - 0.9999999965 + 0.222222222 x — 8.0515558605 x?

Table 3.8 contains both the exact and approximate solutions of equation (3.3) and the

absolute error |Y,,, — Yex| using Legendre polynomials method.
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Table 3.8

The approximate and the exact solution of applying Legendre polynomials method for equation

(3.3)

Yapp Yex |Yapp — YeX|
0.0 0.9999999965 1.0 3.5107°
0.001 1.000214167 0.9990009993 1.2131677 1073
0.002 1.000412235 0.9980039947 2.4082403 1073
0.003 1.000594199 0.9970089820 3.5852170 1073
0.004 1.000760060 0.9960159574 4.7441026 1073
0.005 1.000909819 0.9950249169 5.8849021 1073
0.006 1.001043474 0.9940358564 7.0076176 1073
0.007 1.001161026 0.9930487720 8.1122540 1073
0.008 1.001262474 0.9920636598 9.1988142 1073
0.009 1.001347820 0.9910805159 1.02673041 102
0.01 1.001417063 0.9900993362 1.13177268 102

Figure 3.10 compares the exact solution with the approximate solution using Legendre

polynomials method.

Figure 3.10

The approximate and the exact solution of applying Legendre polynomials method for equation

(3.3)

0 0.02 0.04 0.06 0.08 0.10
=
Red line for exact solution
Blue line for approximation solution

The maximum error corresponding to Y,pp, is E ~ 1.13177268 X 1072
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3.9 The numerical treatment of equation (3.3) using Haar wavelets method

To solve equation (3.3) by the Haar wavelets method we implement algorithm 3.6.

Thus for M=4 we have

Algorithm 3.6

Define h;, p;, fori = 1,2, ...

Define t[l], t[I]

Input Y'(1)

Integral Y'(1) once

Define AG(x,t,Y (), AG(x;, £, Y (1))
Calculate (1) = Y11 AG + AG
Input F

Solve the equation =Y =Y + @+ R =0
Input Yexqce (%), Yapproximate (X)

Define error = |Yexact (x) - Yapproximate (x)l

Plot Yexact (x)' Yapproximate (x)
R(x) =0
R = [r(t[1]), 7(t[2]), 7 (t[3]), r(t[4]), r(t[5]), r(tl6]), (t[7]), r (t[8])]”

Y' = [Y'(¢e[1]), Y'(e[2D), Y/ (¢[3D), Y/ (¢[4D), Y/ (¢ [S5D), Y/ (¢[6]), Y/ (¢[71), Y (¢ [8D)]”
Y = [Y(e[1]), Y (e[2]), Y (¢[3]), Y (¢[4]), Y (¢[5]), Y (¢[6]), Y (¢[71), Y (¢[8])]"

¢ = array ([[o11]].[o121]. [¢131], [o141]. [o[51]. [0 161]. [o171]. [oL81]] )
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Then we solve the system:

E[1] := —YI[1,1] — Y[1,1] + R[1,1] + ¢[1,1] = O:
E[2] := —-YI[2,1] — Y[2,1] + R[2,1] + ¢[2,1] = O:
E[3] := —-YI[3,1] — Y[3,1] + R[3,1] + ¢[3,1] = O:
E[4] := —YI[4,1] — Y[4,1] + R[4,1] + ¢[4,1] = O:
E[5] := —YI[5,1] — Y[5,1] + R[5,1] + ¢[5,1] = 0:
El6] := —YI[6,1] — Y[6,1] + R[6,1] + ¢[6,1] = O:
E[7] == —-YI[7,1] = Y[7,1] + R[7.1] + ¢[7,1] = O:
E[8] := —YI[8,1] — Y[8,1] + R[8,1] + ¢[8,1] = O:

solve({E[1],E[2],E[3], E[4], E[5], E[6],E[7],E[8]},{a, b, c, d, e, f, g, k});
{a=-0.4294829821, b=-0.1994100106, ¢=-0.1564973539, d=-0.05550281296,
e=-0.09953642127, f=-0.05949646172, g=-0.03543716762, k=-0.02098129873}

The solution Y (x) is:

Y = x - —0.4294829821 - P;(x) — 0.1994100106 - P,(x) — 0.1564973539 - P;(x)
— 0.05550281296 - P,(x) — 0.09953642127 - P5(x)
— 0.05949646172 - Ps(x) — 0.03543716762 - P,(x)
—0.02098129873 - Pg(x) + 1

Table 3.9 contains both the exact and approximate solutions of equation (3.3) and the

absolute error |Y,,, — Yex| using Haar wavelets method.
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Table 3.9

The approximate and the exact solution of applying Haar wavelets methods for equation (3.3)

X Yapp Yex |Yapp — Yoy
0.0 1.0 1.0 0.0
0.001 0.9991150732 0.9990009993 1.140739 104
0.002 0.9982301465 0.9980039947 2.261518 10~4
0.003 0.9973452197 0.9970089820 3.362377 1074
0.004 0.9964602929 0.9960159574 4.443355 104
0.005 0.9955753662 0.9950249169 5.504493 104
0.006 0.9946904394 0.9940358564 6.545830 104
0.007 0.9938055126 0.9930487720 7.567406 10~4
0.008 0.9929205859 0.9920636598 8.569261 104
0.009 0.9920356591 0.9910805159 9.551432 104
0.01 0.9911507323 0.9900993362 1.0513961 1073

Figure Al in Appendix (A) shows the comparison of the exact solution with the

approximate solution using Haar wavelets method.

The maximum error corresponding to Y,pp, is E ~ 1.0513961 X 1073

Figure A2 in Appendix (A) shows the comparison of the exact solution with the

solution of three methods.

Example 3.4

We assume the following VIDE

’ — 1 3 * d
Y(x)—x+gx +f0(x—t)Y(t) t

subject to the initial condition

Equation (3.4) has the exact solution

Y(0) =1

Y(x) =e¥—x
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3.10 The numerical treatment of equation (3.4) using Taylor collocation method
To solve equation (3.3) by the Taylor collocation method we implement algorithm 3.4.
Thus for N=2 we have

F(x,t) = (x—1t)

Y(x) = ag + ayx + ayx?

x0=0,x1=0.5,x2=1

First, we find the matrixes

K, ¥y ], %, F, My, C,W,Y:
r0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.5 0.125 0.04166667 0.0 0.0 0.0
J=10.0 0.0 0.0 0.125 0.04166667 0.015625 0.0 0.0 0.0
0.0 0.0 0.0 0.04166667 0.015625 0.00625 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 1 0.5 0.33333333
0.0 0.0 0.0 0.0 0.0 0.0 0.5 0.33333333 0.25
L0.0 0.0 0.0 0.0 0.0 0.0 0.33333333 0.25 0.2
1.0 0.0 0.0
0.0 1.0 0.0
0.0 0.0 0.5
1.0 0.0 0.0
M=[00 1.0 0.0
0.0 0.0 0.5
1.0 0.0 0.0
0.0 1.0 0.0
0.0 00 0.5
1.0 0.0 0.0
Xy, =[1.0 05 025
10 1.0 1.0

X=100 00 00 1.0 05 025 0.0 0.0 0.0

_ [0 0.0 00 00 0.0 00 00 00 0.0]
0.0 00 00 00 00 00 1.0 1.0 1.0
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0.0 1.0 0.0
W = [—0.125 0.979167 0.497396]
—0.5 0.833333 0.958333

0.0
R =10.520833
1.166667

From initial condition:

Hence

~ 0.0 1.0 0.0
W =|-0.125 0979167 0.497396
1.0 0.0 0.0

i 0.0
R =10.520833
1.0

The solution for this system is:

W-IR =

1.0
0.0

1.298429
Y(x) = 1+ 1.298429 - x2

Table 3.10 contains both the exact and approximate solutions of equation (3.4) and the

absolute error |Yapp — Yex| using Taylor collocation method.
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Table 3.10

The approximate and the exact solution of applying Taylor collocation method for equation

(3.9

Yapp Yex |Yapp — YeX|
0.0 1.0 1.0 0.0
0.001 1.000001298 1.000000500 7.981077
0.002 1.000005194 1.000002001 3.19310°¢
0.003 1.000011686 1.000004505 7.18110°¢
0.004 1.000020775 1.000008011 1.2764107°
0.005 1.000032461 1.000012521 1.9940 107>
0.006 1.000046743 1.000018036 2.8707 107>
0.007 1.000063623 1.000024557 3.9066 107>
0.008 1.000083099 1.000032086 5.1013 107>
0.009 1.000105173 1.000040622 6.4551 107>
0.01 1.000129843 1.000050167 7.9676 107>

Figure A3 in Appendix (A) shows the comparison of the exact solution with the

approximate solution using Taylor collocation method.

The maximum error corresponding to Y,p,, is E =~ 7.9676 X 1075

3.11 The numerical treatment of equation (3.4) using Legendre polynomials
method

To solve equation (3.4) by the Legendre polynomials method we implement algorithm
3.5.

Thus for N=2 we have
We wrrite the solution Y(x) into the form

Y(x) = aLy(x) + bL;(x) + cL,(x)

3, 3
Lo(x) = 1Ly () = x, Lo (x) = 532 =3

In matrix form:

L0 = [Lo0) LG Lo(]
d
A= H
C

+ (00 00 00
Q =(1.0 00 00
0.0 3.0 0.0
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we find S

T
S=LX)Q =[x 45x2—45 0]T

and the matrix F:

~0.125¢- 00833333333 b 0.0125¢- 0083333333350~ 0.0833333333a 0225+ 0.0125b-0.1254
~0.1458333333 ¢+ Le6e666667 10 b+ 0083333333332 0025 ¢- 0.0138886889 b+ 1666666667 107 0.2125¢- 0.025h- 01458333333 2
0.1458333333 D+ 0.125 ~0.05%875 c+0.125 b+0.1458333333 3 ~0075¢- 0059375 b

And we compute the integral fox L(t)dt

X X
f L(t)dt = ( 0.5x?2 )
0 0.5x3 — 1.5x

Finally we obtain the exact solution as
{a=1.110030746, b = -0, c = 0.0733538307}
Hence the solution of the VIDE is:
x = 1.110030746 + 0.0733538307 - (1.5)(x2 — 1)
Y := x > 0.99999999995 + 0.11003074605 x?

Table B1 in Appendix (B) contains both the exact and approximate solutions of

equation (3.4) and the absolute error |Yapp — YeX| using Legendre polynomials method.

Figure A4 in Appendix (A) shows the comparison of the exact solution with the
approximate solution using Legendre polynomials method.

The maximum error corresponding to Yy, is E =~ 3.9164 X 1073
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3.12 The numerical treatment of equation (3.4) using Haar wavelets method
To solve equation (3.4) by the Haar wavelets method we implement algorithm 3.6.
Thus for M=4 we have

Then we calculate the values of

tll], tlll, hstlD, he(zll), psClD, ps(ll)
Then we solve the system:

—Y'+9+R=0

R = array ([[r (1], [ [21], [ [31], [ [41], [ (5], [ (61], [ [71), [ [8]]]) :
¢ = array (|[o[11], [p[21], [0[31], [0141]. [015]]. [pl61], [0[71], [o[81]]):

Y1

= array ([[v1011], [Y1[21], [Y2(3]], [y 2(41], [Y 211], [Y (6]}, [y 217]], [y 1[8]] |):

E[1] == —YI[1,1] + RI[1,1]+ @[1,1] =

E[2] == —=YI[2,1] + R[2,1]+ ¢[2,1] = 0
E[3] == —YI[3,1] + R[3,1] + ¢[3,1] = 0
E[4] == —YI[4,1] + R[4,1] + ¢[4,1] = 0
E[5] := —YI[51] + R[5,1] + ¢[5,1] = O:
E[6] == —YI[6,1] + R[6,1] + ¢[6,1] = 0
E[7] == —=YI[71] + R[7,1] + ¢[7,1] = 0
E[8] := —YI[8,1] + R[8,1] + ¢[8,1] = 0

SOIVC({E[l], E[Z], E[3], E[4']; E[S], E[6], E[7]' E[8]}' {as bs C, ds <, fv g, k})'

{a=0.7176923574, b = -0.4208165660, ¢ = -0.1613974385, d = -0.2659168783, e = -
0.07095533476, f = -0.09106966578, g = -0.1168956508, k = -0.1500560606}
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The solution Y (x) is:

Y :==x = 0.7176923574 - P;(x) — 0.4208165660 - P,(x) — 0.1613974385 - P3(x)
—0.2659168783 - P,(x) — 0.07095533476 - P;(x) — 0.09106966578
* Pg(x) — 0.1168956508 - P;(x) — 0.1500560606 - Pg(x) + 1

Table B2 in Appendix (B) contains both the exact and approximate solutions of

equation (3.4) and the absolute error |Yapp - Yex| using Haar wavelets method.

Figure A5 in Appendix (A) shows the comparison of the exact solution with the

approximate solution using Haar wavelets method.

The maximum error corresponding to Y, is E =~ 5.95063 x 107*

Figure A6 in Appendix (A) shows the comparison of the exact solution with the
solution of three methods.
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Chapter Four
Discussions and Conclusions
Conclusion

In this thesis we have solved VIDEs using three numerical methods. These include the

Taylor collocation method, Legendre polynomial and Haar wavelets methods.

These numerical methods are implemented in the form of algorithms to solve some

numerical examples using Maple software.

The numerical results show clearly that the Haar wavelet method is more efficient for
solving the proposed numerical examples in comparison with the Taylor collocation

method and Legendre polynomials method.
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Appendices

Appendix A
Figures of Study
Figure Al
The approximate and the exact solution of applying Haar wavelets methods for equation (3.3).
1.57
1*\\\
0.5
0 T T T T )
0 0.02 0.04 0.06 0.08 0.10

x
Red line for exact solution
Blue line for approximation solution

Figure A2
The solution of three methods and exact solution for equation (3.3).
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Figure A3

The approximate and the exact solution of applying Taylor collocation method for equation

020

(3.4)
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Figure A4
The approximate and the exact solution of applying Legendre polynomials method for equation
(3.4)
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Figure A5
The approximate and the exact solutions of applying Haar wavelets method for equation (3.4).
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Figure A6

The solution of three methods and exact solution for equation (3.1).
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Appendix B

Tables of Study
Table B1
The approximate and the exact solution of applying Legendre polynomials method for equation
(3.9
X Yapp Yex |Yapp — Yex|
0.0 1.0 1.0 0.0
0.001 1.000000110 1.000000500 3.901077
0.002 1.000000440 1.000002001 1.561107°
0.003 1.000000990 1.000004505 3.515107°
0.004 1.000001760 1.000008011 6.251 107°
0.005 1.000002751 1.000012521 9.770107°
0.006 1.000003961 1.000018036 1.4075 1075
0.007 1.000005392 1.000024557 1.9165 1075
0.008 1.000007042 1.000032086 2.5044 1075
0.009 1.000008912 1.000040622 3.171010°°
0.01 1.000011003 1.000050167 3.9164 1075
Table B2

The approximate and the exact solution of applying Haar wavelets method for equation (3.4).

X Yapp Yex |Yapp — Yo

0.0 1.0 1.0 0.0
0.001 1.000064523 1.000000500 6.4023 1075
0.002 1.000129046 1.000002001 1.27045 1074
0.003 1.000193569 1.000004505 1.89064 10~4
0.004 1.000258092 1.000008011 2.50081 1074
0.005 1.000322615 1.000012521 3.10094 1074
0.006 1.000387138 1.000018036 3.69102 1074
0.007 1.000451661 1.000024557 427104 10~4
0.008 1.000516184 1.000032086 4.84098 10~4
0.009 1.000580707 1.000040622 5.40085 104
0.01 1.000645230 1.000050167 5.95063 104
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Appendix C

Maple Code

Example 1:

Taylor method
x

#u"(x) =4 =2x =2+ (x—2)u(r) dr

0
#u(0) =0, w'(0) =1,u(x) =xe'

with(LinearAlgebra) :
= (xy) = (x—y):
U0 :=proc(k h)
- evalf (D[ 13k 28h] (kk) (0,0) ) ;

end proc:

U(0,0) U0(0,1) UB(0,2) L0(0.3)
UB(1.0) UO(1,1) UB(1.2) UO(1.3)
UB(2,0) U0(2,1) UB(2,2) U0(2.3)
UB(3,0) U0(3,1) UB(3,2) UO(3.3)

0.0,
0. 0.

0.
1
0. 0. 0.
0.

s = =

MM = Ar'mv [n 0.0,0].{0.1,0,0], lo.o. .o] [o.o.o. s] [1.0,0.0],10,1,0,0], lo 0, .o] [ooo‘ GI [1.0.0, o| 10.1.0,0), |o,o. .oI |o.o.o. e } [1,0.0,0],0.1,0,0], Io.o, 1.oI [o,o.o, s”)

3 0,0.0,0,0,0.0,0,0,0].[0,0,0,0.1.0.,0,0,0,0,
.0.0,0.0.0.0.0.00 0,0,0,0,0], [0,0,0,0,0,0,0,0,0,

00.0000] [0.0.0.0.0. .0,0,0,0,0,0,0, 0.0.0] |0,0.0.0.0.0.0.0.0.0.0.0.0.0 0.0] [00000000

0.0,0,0,0,0,0], [0.0.0,0,0,0,0,0.0,0,0,0,0,~1,0,0], [0,0.0,0,0,0,0,0,0,0,0.0,1,0,0,0]. [0,0.0,0,0,0,0,
| HH = Anm [[n 0,0,0,0,0,0,0,0,0,0,0,0.0,0,0], [o 0.0,0,0,0,0,0,0,0,0,0,0,0,0,0]. [0.0,0,0,0,0,0,0,0,0,0.0,0,0,0, 0], [0.0,0,0,0,0,0,0,0,0.0.0,0,0,0,0], Io 0.0, °'T l'—.!'—l " .0,0,0,0,0,0,0, o] Io 0.0,0, - “
| 1 SIS TR 228 4 2.8 4
: 3,‘ ul5.o.o.o.m.o.o.o 0,0.0,0, 1 T ‘m.o.mo.o.n.o.o.o] ‘o 0.0,0, —+— w TR 7L um"" .o.o.o.o.o.ol Io 0.0.0.0,0.0,0. 5 5 5 57 .o.o.o.o|.lo.o.o.o.o.o. 0.0, 2 o=
2 8.4 m nl 2 32 18 111 1111
T 00,0, o] Io.o.o,o,o,o.o.o. T I 000, o] [o,o.o.o,o.o.o,o, T I e 000 o] [o,o,o.o.o.o.o,o,o‘o,o.o.|.-:-,? 7] |o.o,o,o,o.o.o.o.o,o.o.o.7.-,-.T‘—,-].Io.o.o,o,o‘o.
111 L ANy
0.0,0,0,0,0. 4 44 ¢ I.Io.o.o.u‘o.o.o.o.o.o.o.o. e ”]
}w:=.4my[|[Lo‘o.o.o.o,o,o.o.o.o.o.o,o‘o.o].|o.o‘o,o. 1.—;-. %. ?‘;,o‘o.o.o.o.o‘o,ol,!o,o.o,o,o,o.o.o.n.%. %.-211-.0.0,0.0].[0.0.0.0.0.0.0.0.0.0.0‘0.1.l.l.l]]]:
Multiply( PP.KK) :
B = Multiply(A.HH ) :
jm 1= Mudtiply(B.MM ) :
| 1000
|| RO |
i (CXBYCH
0001
100
11
S|
2438/l
39
o010
v LY
“loooo
0000
W2 = P2CMI:
W= W] - W2
f=x—4d -2x-12:
evalf (£(0))
1
ar(s(3))
2
~a(1(5))
evalf(f(1))
0o 0 -1 0
11 1943 9719
18 162 1944 20160
2 4 241 246
9 81 243 3645
11 23 119
206 24 120
2.
2.915783033
4457602831
687312731
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Susmg miial conditional
0. o -1. 0.
11 18 omo
We=| 18 162 1944 29160

1 o o 0
o 1 o o
walf(£(0))
1
Fe= “‘"(’(T]] :
o
1
2915783033 3
0 @
1
(we)™ Fe:
0.
1
Y @
~2.73219809087310
s 5= x—x — 2%’ —2.73219809087310"
yi=x—xe
for 1 from 0 to 10 do.
M:,r[ ;
i), TR | TP,
elw‘f(:[ - )].ml,r[.[ — ]].pmn( )
end do:
for 1 from 0t 10 do.
i i
s v+ 555 ) = e ) )
end do;
with plots);
| animate, animare3d, ve, arraw, ch ds confornal, conformal3d, contorn plorid, coardpiot, nplor, display, isplor, fieldplor, gradplot, gradple ®)
wlicupiot, impliciplor3d. mequal, p wntersectplot, listconsplot, | d. listdensiyplor. lisiplot, listplor3d. loglogplor. logplot, matrtxplot, multiple. odeplot, pareto. plotcompare. poinplot. pointplot3d. polarplor,

polygonplot, polygonploiid. polyhedra_supported, polvhedraplot, rootlocus, semilogplot, setcolors, setopiions, setoptions3d, shadeberween, spacecurve, sparseman-iplot, surfdata, textplot, textplotid, mbeplot]
pl = plor(x-¢.x=0..0.1. color=red):
p2 = plor(x — 2x* — 2.73219808057310+°, x=0..0.1, color=blue):

display( {pl. p2}):

Legendre method
X
Bu(x) =4& —2x—2 +f (x — f)u(r) dr
0

#u(0)=0, u'(0) =1,u(x) =xe
with(LinearAdlgebra) :with(SolveTools) :
PBylx
Pylx) =x:

P = 3 =1):

ps(x) = %(5(3 —3.\:) 5

i 1x%hkq)%bf—3ﬂ

a
b
A= H
c
d
0101
_|oo3o0
W=1000s
0000
(vu)%
§=L (vU)%
S4;
003 0
00015
000 0
000 0
[00315x]
15dx+3c
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hh=x—3c+15x d

x—3c+15xd
for » from 0 to 3 do
for m from 0 to 3 do
1
3 3 1
e = eval I [(x—t)-(a+b-t+c‘(7-tz— —2—) +d-(—3—(5? —3t)])~(pm(t))] dr
0
1
k[n.m] I ( (e)p,(x) )dt s
0
end do:
end do :
k[0.0] &{0.1] K0.2] K0.3]
ko |HUOTHLI HL2) HL3) |
T | H2.01 H2.11 H2.21 H2.31 |
K3,0] K{3.1] K{3.2] K3.3]
x
1
2
L= 1 3 |
¥ T2
5 4_1
Ty
[ [ ~0.04166666665 d — 0.1250000000 ¢ — 0.08333333330 b,0.01250000000 ¢ — 0.08333333335 b — 0.08333333330 — 0.02777777778 d.0.02619047621 d + 02250000000 ¢ + 0.01250000000 b — 0.1250000000 a, -0.009920634925 d @
+ 0.02619047619 ¢ — 0.04166666666.a — 0.02777777778 b].
[ -0.02777777777d — 0.1458333333 ¢ + 1.666666667 107" b + 0.08333333333 4, -0.0 —0.01 b+ 1. 710" a —0.01 4.0.02698412700 d + 0.2125000000 ¢ — 0.02500000000 b — 0.1458333333 0,
0.0003306878283 d + 0.02698412698 ¢ — 0.02777777778 a — 0.01388888889 b .
[0.03124999999 d + 0.1458333333 b + 0.1250000000 a, -0.05937500000 ¢ + 0.1250000000 b + 0.1458333333 @ + 0.02777777778 d, -0.005357142872 d — 0.07500000000 c — 005937500000 b,0.01 785714286 d — 0.005357142859 ¢
+ 0.03125000000a + 0.02777777778b].
[ ~0.03125000000 ¢ + 0.02777777778 b + 0.04166666667 a, ~0.01666666667 ¢ + 0.02083333333 b + 0.02777777778 a + 0.002314814815 d,0.004761904762 d + 0.03125000000 ¢ — 0.01666666667 b — 0.03125000000 a,0.003472222222 d
+ 0.004761904762 ¢ + 0.002314814815 5] ]
F=iEi:
N=LF.
(-0.04166666665 d — 01250000000 ¢ — 0.083333333305) x + % (0.01250000000 c — 008333333335 b — 008333333330 a — 0.02777777778d) +* + (0.02619047621 d + 0. +0.01 b—0.L ) ( % ° “@

- %1] + ( -0.009920634925 d + 0.02619047619 ¢ — 0.04166666666 a — 002777777778 b) ( ix‘ - l_‘l] +x [ (-0.02777777777d — 0.1458333333 ¢ + 1.666666667 10”1 b + 0.08333333333a) x + % ( -0.02500000000 ¢

—001 b+1 10ta—00 d) ® + (0.02698412700 d + 0.2125000000  — 0.02500000000 b — 0.1458333333 a) [71 - i\) + (0.0003306878283 d + 0.02698412698 ¢ — 0.02777777778a

—~ 0.01388888889 5) [ -1 x“)) + (% - %] [ (003124999999 + 0.14S8333333 b +0.1250000000a) x + - (~0.08937500000 ¢ + 0.1250000000& + 01438333333 + 00777777778.) ¥ + (-0.008387142672

~ 0.07500000000 ¢ — 005937500000 5) [ 1.3 .) + (0.01785714286 d — 0.005357142859 ¢ + 0.03125000000 @ + 002777777778 b) (% s-L J]] + [% Q- \) [4 -0.03125000000 ¢ 4 0.02777777778 b

+0 Ta)x 4+ l, { Te 400, 33b + 002777777778 a + 0.002314814815d) Y (0.004761904762 d + 003125000000 ¢ ~ 0.01666666667 b ~ 0.03125000000 a ) [l,l)— %\) + (0.00347222.

+0.004761904762 ¢ + 0.002314814815 b) [ SA-L .‘))

4 —2x-2+N

4 —2x—2 4 ( ~0.04166666665  — 0.1250000000 ¢ — 0083333333305 x + l (0.01250000000  — 008333333335 b — 0.08333333330a — 0.02777777778 d) ¥ + (0.02619047621 d + 0.2250000000 ¢ + 001250000000 b ®
~ 01250000000 ) [71 - ia] + ( ~0.009920634925 d + 0.02619047619 ¢ — 0.04166666666 2 — 002777777778 b) [7; —7: ] n[( 002777777777 d — 0.1458333333 ¢ + 1.666666667 10" Hnmmas:sssa)n%[
-0.02500000000 ¢ — 0.01388888890 b + 1.666666667 1071 a — u.ousll!sswd] °+ (0.02698412700 d + 0.2125000000 ¢ — 0.02500000000 b — 0.1458333333 a) [71 - ilr] + (0.0003306878283 d + 0.02698412698 ¢
— 0.02777777778 a — 0.013888888895) [i . %r‘]) + [ 3p_ —) ((onsu-«mwww 1458333333 b + 0.1250000000a) v + — ( 0.05937500000 ¢ + 0.1250000000 5 + 0.1458333333 a + 0.02777777778d) & + (
-0.005357142872 — 0.07500000000 £ — 0.05937500000 b) [—a - —r] + (0.01785714286.d — 0.008357142859 ¢ 4003125000000 + 0.02777777778 ) [ -1 r]) + [19 - r] [|-n,os|3soooouoc+ 0027TITIIIIE S
+0.04166666667a) x+ - (-0.01666666667 c +0.02083333333 b + 0.02777777778a + 0.002314814815.d) =* + (0004761904762 + 003125000000 ¢ — 00166666667 b — 003125000000 a) [—= -2 ] + (0003472222222

+0.004761904762 ¢ + 0.002314814815 5) [—r‘ L 3]]

for i from 0 to3 do
sil= g
L

end do:

hmx—sdd—2x—2+( d—0.1 — B)x+ 2 (001 c b a—0027TITTITIS -d) 2 4 ( d+0 c+001 5
~ 01250000000 -a) (- = 3-+x] +( d+ o a—00077777778-) (-5t = 52 e ( (002777777777 -~ 0145833333 ¢ + 166666666710 b + 008333333333
-a) <x-|>l( =001 b+1 107" .a—0.01 -d)- P+ 700 -d + 0.21. - b—01 a) [%-r‘-%-x]ﬂomsmmxs-d
+002698412698- ¢ — 00277777778- a — 00138ssssss b) 5 - o))+ 2- 3] - ((om1w99m a+o. b+01 @)t d( 401 b+0;
+002777TTTTTS- d) P + ( 28724 =0 b) -3 3-x) + (001785714286 -d — 0.005357142859-c +003125000000- -+ 002777777778 -b) -x' = 52 | # (5 - ] (¢
-0.03125000000- ¢ + 002777777778 -b + @)t + b +002777TTTTTS a4 815 -d) -+ ( -d -+ 0.03125000000- £ — 0.01666666667- b —0.03125000000
-a) - ( 10-3- x)+(omunmm -d-+0.004761904762 -c + 0.0023 14514815 - b)(—2 e -’]]

q4|=.-%c-o:
E[s]=b—d=1:
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foolve( {E[0]. E[1], E[4]. E[S]}. {a. b, c. d}):
{a=10.9999999999. b = 1.120463527, ¢ = 0.6666666666, d = 0.1204635266 }
u = x — 09999999999 + 1.120463527 x + 0.6666565565«%(:4’ -1)+ 0,1204635266%(5 £ —31):
x—0.9999999999 + 1.120463527 x + 0.6666666666 = (x* — 1) + 0.1204635266 % (52 =3x)
vi=x—xe:
u += x — 1.0000000004 x + 0.9999999999 x> + 0.20077254433 x° :

for 7 from 0 to 10 do
i
e‘”lf( 1000 )

e\'nlf[u[ 10'00 )]:m'ab”[\'(mj):prml(" )5

end do:

for t from 0 to 10 do
an,.(.-\(,l/{,i[ o) "l 5'66} |):
end do;

with(plots);
[ antmate, antmate3d. animatecurve. arrow, changecoords, complexplot, complexplot3d, conformal, conformal3d. contourplot, contourplot3d. coordplot, coordplot3d, densityplor, display, dualaxisplot. fieldplot, fieldplot3d. gradplot, gradplor3d. )
implicitplor, implicitplot3d, inequal, interactive, interactiveparams, intersectplot, listcontplot, listcontplot3d, listdensiyplot, listplor, listplot3d, loglogplot, logplot. matresplot, multiple, odeplot, pareto, plotcompare, pointplot. pomuplot3d, polarplor.

polygonplor, polygonplot3d, polyhedra_supported, polyhedraplor, rootlocus, semilogplor, setcolors, setoptions, setoptions3d. shadeberween, spacecurve, sparsematrixplot, surfdata, textplor, textplot3d, tubeplor)
pl = plot(x-¢, x=0..0.5, color = red) :

p2 = plot(1.0000000004 x + 0.9999999999 » + 020077254433 °, x=0..0.5. color = blue) :
display({pl, p2}):

Haar method O
X

Bu"(x) =4 —2x—2+| (x—1r)u(r)de
0
#u(0)=0,u'(0)=1.,u(x) =_x.ﬂ

I
with( LinearAlgebra ) :
hy == x—piecewise(x < 0.0.0 =x<1,1.x>1.0):

1 1
hy = x—sz'ecewl;ve[x <0.0.0<x< B Il = <x<1l.-l.x>1.0|:

hy :=x4péecewfse[x<0.0.0 <x< Tli]% =x< % -l.x= % .0]
h, = x—piecewise t<—] 0—1 <x<—3 1—3 =x<1-1,x=1,0
4 T XOp b 705 =) R x=1,
h. = x—piecewise r<000<r<f1 l—1 <r<f2 ,1r>72 0
5= Y T T =8
2 2 3 3 4 4
= X—*piecewr. - 0= = - L= - lx=—.0]|:
hg=x pzecmuse{_ << 3 0 3 x < 3 1 3 x = 3 l.x 3 0]
4 4 5 5 6 6
= x P i — — = — = < _— = = .
hy=x paeceurse[_ < 8.0. 3 =x< 8.1 s =x < g l.x = 8.0]
6 6 7 7 8
= X—*piecewl. =0 = Lo =x<.-la=
hg =x pzecmuse{_ << 3 0 3 x < 3 1 3 x = 3 l.x>= 1.0

p; ==x—piecewise(x <0,0,0 =x<1.x.x>1.0):

P !=x—'-ptecmvf.5'e[x< 0,00 £x< %.X. % Zx<Ll—xx> 1.0] :

1 1 11 1
= x—*pi i = X, =X o — —
P3 =X Plé‘c‘e'lllse(x<0.0.0 x < FRE =R i, X, x > 2.0]
= x—piecewise x<—1 0—1 <‘t<—3 x——l —3<r<11—rx>10 :
pyi=x—p 3 7005 = i 3 S . ,01:
‘= x—piecewise r<000<t<—1 x—l <t<—2 2 —xx>—,0]:
P5 = Xx—pi 3 L0.0 =5 g g SF* gy = L0
& 2 3 2 3 4 4 4
1= x—pi e = 0= < —x— = — y< =, = — - .
Pgi=x pzecmuse{x< 8.0. s x < S.X 3" 8 X 33 X.x > 8.0]
4 4 D) 4 5 6 6 6
= x— i WA — — = — — — =<x< —,— — — E
p;i=x paecmuse[x< 8.0. s x < S.X. 3" 8 X 38 x,x > 8.0]
6 6 7 6 7 8
= xX—+pi s -0, — = = — =y = = .
pgi=x pmecmlr.s‘e[x( 8.0. g x < 3 ¥ g g =% 8.l x.x)l.[}]
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r) = x—piecewise| x <0,0,0 <x <1,
2

2
R O 1 ox 1 ) 1 (1—=x)7 _ 1.
Ty -—_1—>p.r,ece1use[.x<0.0.0 ﬁ.x(?.T.?é_x<l.——7..x21.l—}

16 2
1 2
2 ==z
o . . 7 7 1 (x) 1 7 1 1 [2 ] 7 1 1
Iy = X—>piecewise ,x<D.U.OS,x<T 3 .?ﬁl<? i 3 ,\Z?ﬁ
(-3)
- 5 2
o . . _ 1 1 3 2 3 _ 1 (1-x)" _ 1
1, = X piecewise .x<?.0.?£.x<?. 2 .?£.x<l o 2 .le.a
5 2
2 ==x
o ) . _ 1 (x) 1 2 1 [8 ] 2 1
s I= X—piecewise .x<0.0.0£.x{?. 5 .?£x<? 256 3 ‘2? 356
D 1 2
x— — = =1
. o2 2 3 [ S] 3 4 1 [8 ] 4 1
g = X plecewise _x<?.0.?5.x<?. f.?Sx<?. 356 —f..ng. 336
4 2 6 2
4 14 s \ 7 %) s 6 1 3" 6 1
1, = X plecewise '¥<?‘O‘E£x<?‘ f.g£.¥<g. 338 —f.xZE. 356
(-]
== 2
6 6 1 8 8 1 (1—x)° _ 1
Ty = X—piecewise _x<?.0.?£.1<?. f._ﬂl<?. 536 —f.JZl. 236

Tl = (I—1)-
end do:

7
8
for [ from 1 to 9 do
1
8

for [ from 1 to 8 do
t[i] = {[—0.5]-%:
end do:
fors from 1 to8 do
for [ from 1 to 8 do
hh[s. 1] = hs(r[f]) :
ppls. 1] =p/[1]):
s 1] =r([I]):
end do:
end do:

for s from 1 to 8 do
for [ from 1 to9 do
hhl[s, 1] = hs(‘l:[i]) :
ppl[s.1] :=p([1]):
s, 1] = rs('l:[l]] :
end do:
end do:

for [ from 1 to 8 do
ull[l] :=ahh[1,]] +b-hh[2.7] + c-hh[3,/] + d-hh[4.]] + e-hh[5.]] + £hh[6./] + g-hh[7.1] + k-hh[8.]];
ul[l] :==a-pp[1.1] +b-pp[2./] +c-pp[3.!] +d-pp[4.]] +epp[5.1] +fpp[6./] +g-pp[7.1] +k-pp[8.7] +1:
ull] =aw[1L.1] +box[2. 1] +er[3.]] +d-nf4.]] +eo[5.]] + £xe[6,]] + g-or[7.]] + k-rr[8.1] +1-(t[{]):
end do:

for [ from 1 to9 do
wull[I] :=a-hh1[1,7] +b-hh1[2,1] +c-hh1[3,]] +d-hh1[4,]] +e-hh1[5, 7] +£hh1[6.]] + g-hh1[7.7] + k-hh1[8,]]:
uul[1] == a-ppl[1.1] + b-ppl[2.]] +ec-ppl[3.]] +d-ppl[4.]] +e-ppl[5.]] + £ppl[6.1] + g-ppl[7.1] + k-ppl[8.7] +1:
uu[I] = a-rl[1,1] +berrl[2. 7] +c-orl[3,1] + d-oel[4, 1] +errl[5.1] + £201[6,1] + g-101[ 7, 0] + k-rel[ 8, 1] + 1 (<[1]):
end do:

forfrom1 to8 do
for s from 1 to8 do

T[s+1]
2
XY = {{{t[f])*t]-{{uui[s]]-ti» {%71:[P;]-z]-{mrH[s])]]dt:
1[s]
Gs. 1] ==
end do:
end do:
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for [ from 1 to 8 do

1]
2
yy:—[ [((t[i’]]—r]-[(uui[s])-t+ [;——‘t[s]-tj-(uuli[s])j]dﬁ
[
GI[1.1] =

end do:

o[1]=GI[1.1]:
p[2] =G[1.2] + GI[2,2]:
o[3]=G[1.3]+G[2.3] +GI[3.3]:
p[4] =G[1.4] + G[2.4] + G[3.4] + GI[4.4]:
@[5]:=G[1.5] +G[2,5] + G[3.5] + G[4,5] + GI[5.5]:
o[6] =G[1.6] +G[2.6] +G[3.6] + G[4.6] + G[5.6] ++ GI[6.6]:
o[7]=G[1L.7]+G[2.7] +G[3.7] +G[4,7] + G[5.7] + G[6.7] + GI[7.7]:

@[8]:=G[1.8] 4+ G[2.8] + G[3.8] + G[4.8] + G[5.8] + G[6.8] + G[7.8] + GI[8.8]:

fi=x—4d —2x—2:

for ifrom 1 to8 do

fle] =fale])
end do:

Fl=aray([[F11]]. [F12]10- LAI31). LA T41L LALST). L0610, LA L710- [AFI811D)

@:=aray([[2[1]]. [e[2]]. [@[3]1]. [@[4]]. [w[5]]-][:0[[6]]- [e[7]]. [o

Ull =array([[wll[1]]), [adl[2]]. [ull[3]], [wdI[4]]. [ull[5

E[1] =-UN[1. 1] +FI[1.1] + ®[1.1]=0:
E[2] =-UM[2.1] +FI[2.1] + ®[2.1]=0:
E[3] =-UII[3.1] + FI[3.1] + ®[3.1]=0:
E[4] :=-UlI[4.1] +FI[4.1] + ®[4.1]=0:
E[S] =-UII[5.1] + FI[5.1] + ®[5.1] =0:
E[6] =-ULI[6,.1] +FI[6.1] + ®[6.1]=0:
E[7] =-UH[7.1] +FI[7.1] + ®[7.1] =0:
E[8] =-UlI[8.1] + FI[8.1] + ®[8.1]=0:
solve( {E[1).E[2]. E[3).E[4]. E[S).E[6]. E[ 7). E[8]}. {a.b.c.d.e.f.g.k}):

[8111):

1. [ull[6]]. [al1[7]]). [ulI[8]]]):

{a=3.925071313. b= -1.232524531. c= -0.4004527336. d = -0.8646885785. e= -0.1590730266. f= -0.2446142819, g = -0.3594240400. k= -0.5101371752}

u =x—3.925071313- r, (x) — 1.232524531-r,(x) — 0.4004527336-r;(x) — 0.8646885785-r,(x) — 0.1590730266- r5(x) — 0.2446142819-r4(x) — 0.3594240400-r,(x) — 0.5101371752-r¢(x) + x:

v=x—x-e
for i from 0 to 10 do

:r( L),
e/ To00 J*

n-alj(u{—m‘—oa] ]:a-al{[\[To—'daU:prmr(' "):
end do: N )

for i from 0 to 10 do

:b‘(nalf("(ﬁw"[ﬁ]”‘

i)
J= pim[r-e’.x=[]‘.U.l.miarﬁ'ed]:
I= piw(i.?lSU?Bl]‘ l‘l(x:i - 1132524531-1‘1[1] -U.@Mil?ﬂﬁ-i'ﬂll -0.8646335755‘1'4(.\1 -UlSWTJUEﬁﬁ-rj[I) -\ ) -0.3594240—'14]0‘;‘(.\'] -0,

)
dily{{l.p2f:
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Example 2:

Taylor method

=& — L oos[x) sm[x) - % (P £ e = % sin(x)? & + sin(x)% + | cos(x—r)u(r) dr

&

#u(0) =1, u'(0)=0,u(x) =& —x

with(LincarAlgebra) :
= (x.y) = cos(x —y):
U0 :=proc(k h)
locali.j. U0: Ul:= ﬁ evalf (D[ 18k 28k ](kk) (0.0)) ;
end proc:

U0(0,0) U0(0,1) UO(0,2) UO(0.3)
Uo(1,0) UO(1,1) UO(1,2) UO(1.3) |
U0(2,0) U0(2,1) UA(2.2) UO(2.3) |’

)

K=
U0(3.0) U0(3,1) UO(3.2) UO(3.3)
1. 0. -0.5000000000 0.

0. 1 0. -0.1666666667
-0.5000000000 0. 0.2500000000 0.

0. ~0.1666666667 0. 0.02777777778

w:mﬂ[].uun]. [0,1,0,0], [0.0. %.U].ll). 0.0, 1,0,0,0].[0.1,0,0], I0.0. %OI [Il. 0.0, %]])

1.0,0,0].[0.1,0.0). lo. o, nl. [u.o.o. %] [1.0.0.0]. [0.1.0.0]. [u.u. %.ol. lo.a.a. %

.0.0]. [0.0.0.0, 1, 0.-05.0.
~0.5.0.0.0.0.0]. [0.0.0.0.
.0.0.0.0.0.0.0.0,0.0, 1.0,

ILOAG.CI.‘I. IlDAD] [DAILOAGAG. 1.0.-0.! lmmolo‘n‘n‘n.n.n.n,n] [0.0.0.0.-0.5. 0. 0.25.
0.0.0.0. 0. 1.0.-0.1666666667. 0. 0. 0. 0]. [0.0. 0. 0. 0. 0. 0. 0.-0.5. 0, 0.25.0.0.0.0.0]. [0.
-0.1666666667]. [0.0.0.0,0. 0,0, 0.0.0.0.0.-0.5.0,025,0]. [0.0.0.0.0,0.0,0.0.0,0.0, 0.

.0.0,0,0.0], [0.0.0, 0, 0,-0.1666666667, 0. 0.02777777778, 0, 0, 0. 0. 0. 0. 0. 0], [, .
0. 0. 0.-0.1666666667. 0. 0.02777777778. 0. 0. 0. 0]. [ 0. 0. 0. 0. 0, 0. 0. 0. 0. 0. 0. 0. 1. 0.-0.5. 0]. [ 0.
1666666667, 0, 0.027777TTTT8] | ) =

.H'H—A:rm{[[l) 0.0.0,0.0,0,0.0.0.0,0.0,0,0,0], [©.0,0.0,0.0,0,0.0,0,0,0, 0, 0, 0. 0]. [0.0,0.0. 0,0, 0,0, 0, 0.0.0.0.0.0,0]. [0, 0,0.0,0.0,0,0.0,0.0,0,0.0,0.0]. lo 0,003 o 3 557+ 0.0.0.0.0,0.0.0 [o.o.o.a.ll—x.
a1 111 1 1111 228 4 28 4
TRETRE T 0. U‘U.U.U.ILUAU] ID 0.0.0. ——. T m T 437‘.0.0.0.0.0‘0 0. 0] Iﬂ.‘l.l’.l).ﬁ.m. B lsm.‘l.ﬂ.l’.&mmﬂ.ﬂl IU.U.UJLUAUAUAUA? TR T 0.0.0. 0] la.‘l.l’.l).l).[l.ﬂ.ﬂ R TR T
32 4 32 32 1 1 1 1 1 111
ms.a.o.o.o].[o.o.o.o.o o T T 000 a] Io 0.0.0.0.0.0.0, - 2 22 1sm'°‘°‘°‘°l luo.o.o.o.».o.uuo 001445 ].Iuo.o.o.o.o.o.o.o.o.o.a. e I Io.o.a.a.o.o.

1 1 1 1
0.0.0.0.0.0.+.+ 1. —} [o.a.n.o,n.umn,n,n,n,n.— +L T”]
HﬁAﬂ‘d_t[[[l.ﬂ,ﬂAl)ADAILOAGAGAﬂ.ﬂ.I’ADADADAﬂ]. IU‘GAGAO.L%A% zl—T.n.ﬂ,ﬂADADAﬂAQGI Iﬂﬂ.n.ﬂ,llllllﬂ‘l‘% i i . 0.0.0. ﬂI [ﬂ.n.ﬂ,ﬂ,DADADAUAGAGAQ.‘I.]ALIAl]])f

A= Mulriph{ PP, KK) :
B = Mulriph{4.HH ) -
W1 = Multpiy(B.MM ) :

1000
0100
oot
0001

P2=

- wlo w|— o
- ol|a w|- o
»

0010
0001

M=19000

0000
W2:=P2CMI:
W= W= W2,

frm xmd = coa(x) = 3 sin(x) = 3 cos(x) ¢ + cos(n)? = 3 sinlx) ¢ +sin(x)

=
~e(r(3))

avalf(f(1))
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0. 0. -1. 0.
0.326992201391962 0.0550058002675501 -0.993865781902416 -0.332821217174043
0.612203424271495 0.211891818657536 -0.952223482945827 -0.658647320165794
0.798611111086667 0.437499999982667 -0.849074074080833 -0.961640211642063

1.
1.061730391
1271738488
1.668254269

#using intial conditional

0. 0. =i 0.
0.326992201391962 0.0550058002675501 -0.993865781902416 -0.332821217174043
1 0 0 0 :
0 1 0 0
evalf(f(0))
1
wec| (3]
1
0
0. 0. -1 0.
0.326992201391962 0.0550058002675501 ~0.993865781902416 -0.332821217174043
1 0 0 0
0 1 0 0
1.
1.061730391
1
0
(we) ™t Fe;
1
0.
-1

0.778578945460895

§:=x—1 - x° +0.778578945460895 x° :

x
vi=Ex—oE —

for i from 0 to 10 do
ml/[ﬁ];
"”“V[S[ ﬁ] ]:WHTJ”[V[ ﬁ) );prmr(" "):

end do:
for i from 0 to 10 do
i i
s oo sag5 ) = oar ) )
end do;
with( plots):
[ animate, 3d. animatecurve, arrow, changecoords. plexplotid. conformal, conformal3d, contourplot, contornplot3d, coordplot, coordplot3d, d display. d plot. fieldplot. fieldplot3d. gradplor, gradplot3d.
! d, inequal, . 3 wlot, I lor3d, listdensityplor, listplor. listplot3d. loglogplor. logplot. manixplot, multiple. odeplot. pareto. plotcompare. pointplot. pointplot3d. polarplor,
polvgonplot, polvgonplot3d, polvhedra_supported. polvhedraplot, rootlocus. semilogplot. setcolors, setoptions. d, shadeb L spacecurve, sp plot, surfdata, textplot, textplot3d. tubeplot|
vl = plot( € — x.x=0..0.1, color=red):
Pplot(1 — x* +0.778578945460895 x°, x = 0 .0.1. color = blue):
display( {pl.p2}):
Legendre method
X
x_ 1 1. 1 2 x 21 . 2 a0, 2
#u'fx)=¢ — > cos(x) — > sin(x) — > cos(x)” € +cos(x)” — > sin(x)” ¢ +sin(x)” + | cos(x—r)u(r) dr
0

#u(0)=1, u'(0)=0.u(x)
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with(Lineardlgebra) : with(SolveTools) :
po(x] =1:
pyx) =x:

P = 3 =1):

ps(x) = %-(SG - Sx) S

| | I S
P 1.\2(x 1)3(5.\' 3x)

a
b
o
d
0101
0030

0005|°
0000

UU =

(vv)*:
s:=L(vv)%

S4;

hh'=x—3c+15x d

for 7 from 0 to 3 do
for m from 0 to 3 do
1

0

003 0
00015
000 0
000 0

[00315x]
15dx+3¢

x—=3c+15xd

o= era/f“ ((x—r)r[a+b»t+c»(%-12— 3)+a(30s? —sr)))~(p,,,(r))]dzJ:

k[n. m] = j ((e]-pn(.r] )d\ :
0

end do:
end do :

forn from 0 to 3 g]u
for mfrom 0 to 3 do
1

e = evalf L [cos[x— t)- [a-l—b-t +e- [%-tz
1

K[n,m] = L ((e) py(x) )d:

end do:

end do:

K0.0] K[0.1] K0.2] K0.3]
H1.0] K1.1] H1.2] H1.3]
K2.0] k[2.1] 2.2] 2.3] |
{3.0] K[3.1] k[3.2] £[3.3]

3

2

]+d-[%(5r3—3t)]]-(pm[r})]dt

&3



[[0.9193953883 a — 0.9233197516 c — 008315688770  + 04506976941 b, -0.00485723834 d + 0.3038488872 b + 0. a=0. + 1.104958351 ¢ + 0.1572559633 d — 0.3506598156 b, -0.00485723834 b
+0.057737772d — 0.08315688770 a + 0.1572559633 c].
[0.2364534186 5 — 0.4517530184 ¢ — 0.0382: d+0: a0., —0.1763277494 ¢ + 0.1585290152 b — 0.000242997445 d, -0.4517530184 a + 0.0765382148 d — 0.1763277494 b + 0.5346253646 ¢.

~0.03828410909 @ + 0.0765382148 ¢ — 0.00024299745 b + 0.0296427927 d],

[ ~0.4517530184 b + 0.9421211517 ¢ + 008845333815 d — 0.9233197516 0, -0.4517530184 a + 0.0081564036.d — 0.2952389837 b + 0.3506598156.¢.0.9421211517 a — 1136455491 ¢ + 03506598156 b — 0.1610618477 d, ~0.056823370 d
+0 b+ sa-0 7e],

[0.00916452261 d — 0.03828410915 b + 008845333834 ¢ — 0.08315688786 0, -0.03828410915 a — 002418799563 b + 0.001529504071 d + 0.03121853582 ¢, -0.015265755 d + 0.03121853577 b + 0.08845333834 o — 0.1088459803 ¢,

0.00916452260a — 0.015265755 ¢ + 0.001529504071 b — 0.00483620785 ]|

Y=KIL:
N=LY:

b= %-.m -%'—m =L con(r) e # conf)? -% in(x)?¢" 4 sin(x)? 4+ N

¢ =L con(n) = L sin(x) = L con(n) ¢ + con(n)? = - sin(x)? ¢ +sin(x)? - 09, - 770440, B) x4 L (-000485723834d + 030384588725 + 04596976941 0

~0.3506598156¢) +* + ( -0.9233197516.a + 1.104958351 ¢ + 0.1572559633 d — 03506598156 b) (l'x’ = % l] + (-0.00485723834 b + 0.057737772 d — 0.08315688770 @ + 0.1572559633 ¢) (1’_2 - %x’) +x [ (02364534186 b

~ 04517530184 ¢ — 0.0382: d+048 axtL (0 ~ 0.1763277494 ¢ + 0.1585290152 5 — 0.000242997445 d) ¥* + ( 045175301840 + 0.0765382148 d — 0.1763277494 b +0.5346253646 ¢) (%2
-4 ;] +(-0.03828410909.a + 00768382148 ¢ ~ 0.00024299745 b + 00296427927 d) ( % - '73] ] + (i i 1] [ (~04S1730184b + 09421211517 ¢ + 008845333815 d ~ 09233197816 a) x + - (-04S178301840

+0.0081564036 d — 0.2952389837 b + 0.3506598156 ) ¥* + (0.9421211517 @ — 1136458491 ¢ + 03506598156 b — 0.1610618477d) (% ¢- % |) + (-0,056823370d + 0.00815640361 b + 008845333815 0

—0.1610618477¢) [15_‘“ = lxl)) + (%r‘ - l] ((o.ooomsmu-n.on:mmshn.omsmm:-o.mlsmm::) + % (~0.03828410915 a — 0.02418799563 b + 0.001529504071 d + 0.03121883582¢) ¥ + (

3

~0.015265758d + 0.03121883577b + 0.08845333834 0 — 0.1088459803 ¢) [ —;- 2-3 ;) + (000916452260 0 — 0015265755 ¢ +0.001529504071 b — 0.00483620788 d) ( -l’— A-12 ] ]

for i from 0 to3 do

x[l]x%;

end do:

= rms & = - conlx) — 3 sin(x) — - cos(x)7 €+ con(x)? = 3 sin(x) ¢ +sin(x)’ + (0. a0 =0 7040, )+ T (~00048S723834 d + 030388872 5 + 04596576041 @
— 03506598156 -c) +* + (~0.9233197516 -a + 1.1049SSIS] -c +0.1872859633-d — 0350659816 -b) [% $- -x] +(0057737772- d - 0.00485723834 -b + 0.1572589633. ¢ — 008315688770 -a) [ -1 x’] +r (1
003826410910 -+ 023645HISS- b — 0ASITSIOISH- ¢+ OASIOT6DM] ) x + - (023645186 — 063277404 ¢ — D0002U2997HAS - + 01SES2901S2 4)- 1+ (00T6SI2NLS d —O.ATGI2TTAON b~ 0ASITSI0I8H ‘0

3 3 2

&

+0.5346253646- ¢) (% . x] +(~0.03828410909 - + 0.0765382148. ¢ + 0.0296427927 d — 0.000242997445 -b) (l’—J o -% }]) + (7 > % : [(o.ouusmls- d+409021211517- ¢ — 04S17530184- b — 09233197516

1

ca) xt -%' (0.0081564036 -d — 02952389837 -b + 03506598156+ c — 0.4517530184. a) o + (-0.1610618477 -d — 1.136455491 -c + 03506598156 -b + 0.9421211518: a) '[T S —;-x] + (-0.056823367 -d + 0.0081564036 -b

—0.1610618477- ¢ + 0.08845333815 -a) [I’_‘ - % 'I:)] + (% - :] * [ (-0.03828410915- b — 0.08315688786 -a + 0.08845333834 -¢ + 0.00916452261- d) -x + % (-0.03828410915- @ + 0.03121853582 -¢ + 0.001529504071 -d

—0.02418799563 -b) o + (003121853582 -b + 0.08845333834- o — 0.1088459803- ¢ — 0.015265755- d) - [ %x) - % -x] + (0.0091645226 -a — 0.015265755 - — 0.00483620785 -d + 0.001529504071 -b) [ls_‘ - % 'lz] ] :

for 7 from0 to3 do

h(x[a]):

hh(x[1]):

E[1] := h(x[1]) =hh(x[£]):

E[4] ::a*%c:l:
‘E[S] =b—d=0:

Sfolve({E[0]., E[1], E[4]. E[5]}, {a. b, c. d}):
{a=1.500000000, b =0.5199945646, c = 0.3333333333, d=0.5199945646 }

u = x — 1.500000000 + 0.5199945646 x + 0.3333333333-%(){2 -1)+ 0.5199945646-%- (s £-3 x):

x—1.500000000 + 0.5199945646 x + 0.3333333333 % (x* = 1) + 0.5199945646 % (52 -32)

x
vi=x—€ —x
u = x — 1.00000000005 + 1.0399891292 x + 0.49999999995 e + 0.86665760766 x’;

)
)

for i from 0 to 10 do

o))}

with{ plots):

[ amimate, A, ve, arrow, ch ds I lexpl if A, dple dplotid, densinplot, display, Sieldplot, fieldplot3d,
gradplot, gradplot3d, implicimpie licitplot3d, inequal, op tplot, I lot, I lot3d, listdensityplot, listplot, listplot3d, loglogplot, logplot, matrixplot, multiple, odeplot,
pareto, pl ipare, pointplot, lot3d, polarplot, poly le h lot3d, polyhedra_supported, polyhedraplot, rootlocus, logplot, setcolors, 3d, shadeb spacecurve,

sparsematrixplot, swrfdata, textplot, textplot3d, tubeplot)
&
pl = plol(e =x,x=0.0.1, color = ml) :

p2 = plot( 1.00000000005 + 1.0399891292 x + 049999999995 * -+ 0.86665760766 x°, x=0..0.1, color = blue) :
display({pl.p2}):

Haar method

#u'(x) =€ = 1 con(x) = - sin(x) = - cos(x) & + cos(x)* = L sin(x)* ¢ +sin(x)? +[ cos(x—r)ulr) dt
0

#u(0)=1. u'(0) =0.u(x) =¢' —x
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with( LinearAlgebra ) :
hy = x—piecewise(x <0.0.0 <x<1.1.x>10):

hl:x-.pm[x<o.o.o <x<tilercria> l.o):

2 2
h. =x-opmm'u(x<000<x<—:— L %£x<-%‘—l X)T ]
n, .-x—-pm(x<— 0 <%.I.%Sx<l.—l.le.0]:
5=x—~pm(x<0.0.05x<-%-J.%Sx<%.~l‘12%.0):
‘=x—vpnm&[x<%.0.%Sx<%.l.%5x<%.—l.xz%.0]:
h.,=x-m(:<%.0.%$x<%,l.%$x<%.-l.xz%.o]:
h.=x*pm[x<%Ao.%5x<%.l.%Sx<%.—l.x2l‘0):

Py = x—piecewise(x < 0.0,0 Sx < L.x.x>1.0):
pz=x—om[x<0.0.05x<%.:.LSrsl.l—x.x>l.0):
p,=x—0picum'w(x<0 0, 05x<%‘x.—5x5— ——x.x>—.0):

p,:x-p-wn-( <— 0. —Sx<%x—% G SEsLl-xa>1 o]

ps=x—>pimwbo[,t<0.0051<—x.%s,\'s% ?—-x.x>—0)
i gt S Ll =
p—x-pm[x<8. P R e G e S o)
4 s 4 5 6 6 6
p,_x—opmt[x(—O?Sx ?x—T.TSXS?.?—xx To)
7 (e 8
= iecewi = ._< Al el
7 x-»pmwm[« 0. s s S Sasi u>1o]

]
" :=x—~pn'mwm(x<o.o.o <x< L‘T.x> 1.0]:

2 =
-x—’pm(x<0005x<L SIS USRS N & ) S I8

27279 6 2 16
1 2
e e G $
ry i= X~ piecewise| x<0.&0$x<7. 2 'TS"(?‘W- 3 .xZT.az
= :
= is 1,1 3 2} 3 A1 _(-x S|
ry = x—plecewise| x < z.0.z Sx<4‘ 3 oy $x<l.6‘ 3 .le.“
2
1 (x? 1 o, 5y 2001
15 = Xx—>piecewise x<0.0.OSx<T. 2 ,TSx<?.K- ) 'XZ?'W 3
2y 4
2902 PSS &) €Lt B 4 1
= e 1S -— -_—< e _— — —— — v | &
Ts x—‘pnaumx<s.0.x_x<s. 3 'BSX<8'256 3 .st.”‘
o2 6 )
[ 4 s (‘_T] s 6 1 ?_’) 3 1]
= aopecarel X< 0w Sx< s s s Sa< s
6 2
L G S LY s 1 (1-x°
1g i= x—+piecewise| x<—‘0—Sx<T 3 ?sx<? T56 3 )2125—6 :

for  from 1 t09 do
)= -1+

end do:
for / from 1 to8 do

1= (I-o.s)%:
end do:

for s from | to§ do
for/ from 1 to8 do

Bh{s.1) = h(e[]]):

for s from 1 to§ do

for / from | to9 do
hhi[s.0] = h(x{1]):
] =p,(dl]):
mifs. ] =r(e1]):

end do:
end do:
om | to§ do
ull[1] = a-bh[1.1] +b-bh[2.1] + c-bh([3, nu bh[4. /] +e-bh{5.1] + £bh[6./] +g-bh[7.1] + k-hh[8./];
wl{1] = a-pp[1.1] +b-pp[2.1] + c-pp[3.1] +d-pp[4.1] +e-pp[ 5. 1] + F-pp[6.1] +g-pp[ 7. 1] +k-pp[8. 1]:

ull] = L] +bon(2.0] + en3.1] + dn4.1] + en{ S.0] + £n(6.1] + g-n 7.1] +knef 8, 1] + 1
end do:
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for from 1 to9 do
ahbi[1,7] +b-hh1[2,/] +c-hb1[3,7] +d-bh1[4,1] + e-hb1[S, 1] + £hh1[6,1) +g-hh1[7. 1] +k-hh1(8, 1];
-ppL[1,1] 4 b-ppl[2.7) + c-pp1[3.1] + d-ppl[4.1] + e-ppl[S.1] + E-ppl [6.1] +g-ppl[ 7. 1] +k-ppl [8.1]:
a1 0] + b [2.0]) +eml[3.0] +doml[4.0] + el [5.7] + £l [6,/] +gorrl[7.0]] + kerrl[8.7] + 12
end do:

unll(l
uul[1]
1] =

for / from | to§ do
for s from | to8 do

fs+1]
n=[ [om((r[l])~r)-[(uul[-]j-t+ [é —t[l]-l}(lmll[(]]]]dl

sl
Gls.l] =
end do:
end do:

for | from | to8 do

A7)
yy:=[ [m((.’”])-l)'[(ulll[!])'l+ [é —t[l}-l]-(uull[n])]]d::

LUl
GI[L1] =
end do:

®[1]=GI[1.1]:
0[2] = G[1.2] +GI[2.2]:
= G[1.3] +G[2.3] +GI[3.3]:
9[4] = G[1.4] +G[2,4] + G[3,4] + GI[4,4]:
9[5]:=G[1,5] +G[2.5] +G[3. 5] + G[4,5] + GI[5.5]:
6]:=G[1.6] + G[2.6] + G[3.6] + G[4.6] + G[5.6] ++ GI[6.6] :
®[7]=G[1.7] + G[2.7] + G[3.7] + G[4.7] + G[5.7] + G[6.7] + GI[7.7]:
©[8] == G[1.8] +G[2.8] + G[3.8] + G[4.8] + G[5.8] + G[6.8] + G[7.8] + GI[8.8]:

/=x-e’—-%m(x) -—;-n'n(x) = %m(x)’:‘ +m(x)‘--;—.in(x)‘e‘+-‘n(x)’:
for ¢ from | to 8 do
ALl =1(i]) :
end do:

Fl“ﬂ'ﬂ\'(l[ﬂ[l]] LAI1211, [A131). L1410, [A1S1). [A161). LA171L. [F18111) ¢
aray([[9[1]]. [0[2]]. [[3]]. [2[4]]. [@[5]]. [@[6]]). [#[7]]. [#[8]]]) :
un -—mav([[ull[l]] [ul2[2]]. [ul2[3]1]. [ud2[4]]. [ul2[S]]. [ul2([6]]. [ul2[7]]. [ul2[8]]]) :
==UH[1. 1) +FI[1.1] + ®[1,1]=0:
~UII[2,1] +FI[2,1] + ©[2,1] =0:
~ULI[3.1] + FI[3.1] +®[3.1
~ULI[4,1] + FI[4.1] + ®[4,1] =

=-ULI[6,1] + FI[6.1] + ®[6,1]=0:

N7 A1+ FI[7.1] +®[7.1]=0:
E[8 11[8.1) 4 FI[8.1] +®[8,1]=0:

solve( {E[ 1], E[2]. E[3]. E[4]. E[$]. E[6]. E[7). E[8]}. {a. b.c.d. e.£ 8.k} ):

{a=1247171251, b= -0.1956079221, ¢ = -0.04055846470, d = -0.1610515520, e= -0.008960311422, f= -0.03253769161, g = -0.06303626163, k= -0.09845368482 } m

= x—+ 1.247171251- 1y (x) — 0.1956079221 1, (x) — 0.04055846470-r;(x) — 0.1610515520-r,(x) — 0.008960311422- r5(x) — 0.03253769161-r(x) — 0.06303626163 r;(x) — 0.09845368482-rg(x) + 1;
¥ 1.247171251 ry(x) + (=1)0.1956079221 7, (x) + (=1)0.04055846470 ry(x) + (=1):0.1610515520 r,(x) + (=1)-0.008960311422 r¢(x) + (=1)+0.03253769161 r¢(x) + (=1):0.06303626163 ry(x) + (=1) @)
+0.09845368482 rg(x) + 1

with( plots) :

plot(¢ = x.x=0.0.1, color=red):
= plor((1247171251 ry (x) + (~1)0.1956079221 7 (x) + (~1)-0.04055846470 1, (x) + (-1) 016105155207, (x) -+ ( ~1)-0.008960311422 r(x) + (1) -0.03253769161 rg(x) + ( 1) 006303626163 r,(x) + (~1)-0.09845368482 rg(x) + 1.x
=0..0.1. color=blue):
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Example 3:

#Taylor method

#u'(x) +ulx) = | exp(s —x)u(?) df

#u(0)=1.u(x) :Oexp( -x)-cosh(x)

kk = (x.y) = exp(y —x) :

U0 :==proc(k, h)
locali.j, U0: U0 = ﬁ evalf (D[ 18k, 28h](k) (0. 0)) ;
end proc:

1. 1. 0.5000000000
-1 -1 -0.5000000000
0.5000000000 0.5000000000 0.2500000000

100
01 0
1
00
100
01 0
= ) q
007
100
01 0
1
00~
1 1 0.5000000000 0 0 0 0 0 0
-1 -1 -0.5000000000 0 0 0 0 0 0
0.5000000000 0.5000000000 0.2500000000 0 0 0 0 0 0
0 0 0 1 1 0.5000000000 0 0 0
KK = 0 0 0 -1 -1 -0.5000000000 0 0 0
0 0 0 0.5000000000 0.5000000000 0.2500000000 0 0 0
0 0 0 0 0 0 1 1 0.5000000000
0 0 0 0 0 0 -1 -1 -0.5000000000
0 0 0 0 0 0 0.5000000000 0.5000000000 0.2500000000
000 0 O 0 0 0 0
000 0 0 0 0 0 0
000 0 0 0 0 0 0
1 1 1
000 5 & 57 000
11 1
000 & S 27 0 00
HH = 11 1
000 % 10 000
11
0000 0 0 1 -
111
000 0 0 0 — -
111
0000 0 0 - <
10000 0000
11
=10001-—-—000
PP 2 4
00000 0 111
W2 == PP KK HH MM:
0. 0. 0.

0.403645833333333 0.109049479166667 0.0188802083333333
0.833333333333333 0.479166666666667 0.170833333333333
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100
PIl=|010
001

0

Il

- =
- R|= o
- &= e

—

100
010
MO =
00 )
100
PO:=[010
001
010
MI:==]001
000
W0 == PO C MO;
1.0 .0 .0
1.0 5 .1
1.01.0 .5
W1 = P1CMI;
010
01 %
011
W3 := W0+ WI,
1.01.0 0
1.015 .6
102015
W= W3— W2
1. 1. 0.

0.596354166666667 1.39095052083333 0.606119791666667
0.166666666666667 1.52083333333333 1.32916666666667

o
I
oo o

L. 1. 0.
W = 0.596354166666667 1.39095052083333 0.606119791666667
0.166666666666667 1.52083333333333 1.32916666666667

W F:
0.
0.
0.
1. 1. 0.
We = | 0.596354166666667 1.39095052083333 0.606119791666667
1 0 0
0
Fc:= |0
1
(Wc)lec:

L.
-1
1.31095596133189
s = x—1—x+ 1.31095596133189- x* :

v:=x— e “cosh(x) :

88



for i from 0 to 10 do

m‘aﬂ[[ﬁ]:

: eméf[s[ﬁ]} eva.’f(r[ﬁ]}prim( ")
end do:

for i from 0 to 10 do

o))

end do:

with( plots);
[ amimate, amimate3d, animatecurve, arrow, changecoords, complexplot, complexplot3d, conformal, conformal3d, contourplot, contowrplot3d, coordplot. coordplotdd, densitvplot, display. dualaxisplot, fieldplot, fieldplot3d,
gradplot, gradplot3d, implicitplor, implicitplot3d, inequal, interactive, interactiveparans, intersectplot, listcontplor, listc lot3d. lis lot, listplot, listolot3d, loglogplor. logplot, matrixplot, multiple, odeplot,

pareto, plotcompare. poiniplot. poimiplot3d, polarplot. polvgonplor. polvgonplot3d, polvhedra_supported, polvhedr . roorlocus, lot. setcolors. setop oD 3d. spacecurve,
sparsematrixplot, surfdata, texiplot, texiplot3d. tubeplof]
pl = p]af(eﬂ-cﬂsh(x], x=0.02. color= red);
p2 = pfal(l —x + 131095596133189- X{ x=0.02. color= b]ue).
display({pl. p2}):
Legendre method
x
#u'(x) 4 u(x) :j exp(7 —x)u(r) df
0

#u(0) =1.u(x) =exp( -x)-cosh(x)

with(Lineardigebra) :
with(SolveTools) :
a
4:=1b
c
010
Uu=|003
000
S=LUU
[013x]
(S+L)4:
3 2 3
a+(14+x)b+|3x+x —=|c
2 2
3 2 3
hh=x—=a+(1+x)b+ 3x+7x -5 e

for » from 0 to 2 do

for m from O to 2 do
1

2= el L ((exp(z‘—x))-[a PR c{%-ﬁ -2 ))-(pm(t))) a

1

k[n.m] = (e)-p,(x) )dr:
J, (@7,

end do:

enddo |

&9

®)



K[0.0] £[0.1] £0.2]
K= K[1.0] K[L1] K{1.2] |
K[2.0] K[2.1] K2.2]

1.086161270 a + 0.6321205588 b — 0.9481808382 ¢  0.6321205588 a + 04540407108 b — 04139412942 ¢  -0.9481808382 @ — 0.4139412942 b + 1.061376508 ¢
0.4540407108 a + 0.2642411177 b — 0.3963616765 ¢ 0.2642411177 a + 0.1897995931 b —0.1730371029 ¢ -0.3963616765 a — 0.1730371029 b + 0.4436801030 ¢ 3)
-1.215300610 a — 0.7072766470 b + 1060914971 ¢ -0.7072766470 @ — 0.5080239633 b + 04631569192 ¢  1.060914971 a + 0.4631569192 b — 1.187569060 ¢

X
12

—

IL= 2

13 3
— —=x

2 2
T=IEI
H( 1.086161270 a + 0.6321205588 b — 09481808382 ¢) x + ;7 (06321205588 @ + 0.4540407108 b — 0.4139412942 ¢) ¥° + (-0.9481808382 @ — 0.4139412942 b + 1061376508 ) [% @

_i]
2X

[(0,45404[!71080 +0.2642411177 b — 0.3963616765 ¢) x + % (0.2642411177 a 4 0.1897995931 b — 0.1730371029 ¢) s (-0.3963616765 a — 0.1730371029 b

+0.4436801030 ¢) [%ﬁ - %r]]

{( -1.215300610 a — 0.7072766470 b + 1.060914971 ¢) x + % (-0.7072766470 a — 0.5080239633 b + 04631569192 ¢) ot (1.060914971 a + 04631569192 b — 1.187569060 c) (%,\}

|

(1.086161270 a + 0.6321205588 b — 09481808382 ¢) x + % (0.6321205588 a + 0.4540407108 b — 0.4139412942 ¢) e +(-0.9481808382 @ — 0.4139412942 b + 1.061376508 c) [%xa )

1}
I~
B! m‘m

N:

- %r] +x [(0.454[)4{]7’108 a+0.2642411177 b — 0.3963616765 ¢) x + ;— (02642411177 a + 0.1897995931 b — 0.1730371029 ¢) P (-0.3963616765 a — 0.1730371029 b

+0.4436801030 ¢) [%IS - %r]] + [%xz - %} [(—1.2153006]0a —0.7072766470 b + 1.060914971 ¢) x + % (-0.7072766470 a — 0.5080239633 b + 0.4631569192 c) <

+ (1060914971 a + 0.4631569192 b — 1.187569060 ¢) [%xj - %t]}

fori from 0 to 2 do
i

il = S

enddo:

h = x—(1.086161270-a + 0.6321205588-b — 0.9481808382-¢) -x + %-(0.6321205588-& +0.4540407108-b — 0.4139412942-¢) s (-0.9481808382-a — 0.4139412942-b + 1.061376508-¢) :

- [%-13 - %r] +x [(0.4540407108-0 +0.2642411177-b — 0.3963616765-¢) -x + % (0.2642411177-a + 0.1897995931-b — 0.1730371029¢) A (-0.3963616765-a — 0.1730371029-b

2 2 2
+ (1.060914971-a + 0.4631569192-b — 1.187569060-¢) - [

+0.4436801030-c) [%-13 - ix]) + [i-xz - i) ( (-1.215300610-a — 0.7072766470-b + 1.060914971-¢) -x + % (-0.7072766470-a — 0.5080239633-b + 0.4631569192-¢c) o

1 3.
Le-2.):

for i from O to 2 do o
h(x[i]):

hh(x[i]):

E[i] = h(x[]) = hh(x[i]):
end do;

E[3] = a-%c:u

0
a+b—%c
0=a+b—%c

3.143863400 a + 1.622311180 b — 3.098356261 ¢

3 3
a+7b+§c
3
—ec

3.143863400 a + 1.622311180 b — 3.098356261 c=a + %b + A

3.332925333 a + 1.805260225 b — 3.143088324 ¢
a+2b+3c
3.332925333 a + 1.805260225 b — 3.143088324c=a+2b+ 3¢

a—ic:1
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fsolve({E[0]). E[1]. E[3]}. {a. b. c}):

{a=12.77323599, b= -0.9999999998, ¢ = 7.848823993}

¥ — 12.77323599 — 0.9999999998 x + 7.848823993-%()&2 -1):

1= x — 1.0000000005 — 0.9999999998 x + 11.7732359895 %" :

v = x — exp( -x)-cosh(x) :

fori from 0 to 10 do
P
@ ”Zf[ 1000 )

ol o

end do:

for i from 0 to 10 do

ol o))}

end do;

with( plots);

| animate, animate3d, animatecirve, arrow, changecoords, complexplot, complexplot3d. conformal. conformal3d, contourplot. contotrplot3d, coordplot, coordplot3d. densityplot. display. dualaxisplot, fieldplot, fieldplot3d.

gradplot, gradplot3d. implicitplot, implicitplot3d. inequal, iteractive. interactiveparams, itersectplot, listcontplot, listcontplot3d, [istdensityplot, listplot, listplot3d. loglogplot, logplot. matrixplot, multiple, odeplot,

pareto, plotcompare, pointplot, poiniplot3d. polarplot. pohgonplot, polygonplot3d. polyhedra_sipported, polyhedraplot, rootlocus, semilogplot, setcolors. setoptions, setoptions3d. shadebetween, spacecive,

sparsematrixplot, surfdata, textplot. textplot3d, tubeplot]
pl = plot{exp( -x)-cosh(x). x=0..0.2. color=red) :

pl= p]ot{ 1.0000000005 — 0.9999999998 x + 11.7732

display({pl. p2}):

339895 =0.02. color=ble)

#Haar method
#u'(x) + u(x) :J exp(s—x)u(r) dr
0
#u(0) =1.u(x) =exp(-x)-cosh(x)

with( LinearAlgebra ) :
hy = x—piecewise(x < 0,0,0 <x<11.x>10):

.h2 = x—*piecewise[x <0,0,0 £x < %, 1, % <x<1-lLx=1,0]:
h, == x— piecewise| x <0, 0. (J<.!c<L 1 L<.t<L-1x>L 0]:
3 bbbt = 4°7 4 — 2 Y=
h, == x— piecewise[ x < —. 0. L<r<i 1 i<,!c<1-1vc>1 0]:
A 0.5 = b= Ly =1
h, == x—piecewise| x < 0.0 0<r<L 1 L<.!c<l-l vc>l 0]:
5 . 0.0 = g g = 3" =3
h6 ::x—»piecewise(x < %, 0, % <x < %, 1. % <x < %,-I,Y = %, 0) :
h7==x—>piecewfse(x<%,0,%£v<%,l,%£r<%,—l,r2%,0):
hS ::xﬁpiecellr‘ise[x < %, 0, % =x< %, 1, % <x < %,—l,t > 1,0) :
Py = x—piecewise(x < 0.0.0 <x < L.x.x>1.0):
Py = x—)piecewise(x <0,0.0<x< %, X. % <x<lL1l—xx>1, 0)
P, = x—piecewise| x < 0,0 0<x<Lx L<.vc<L L—t T>L0
3 T 47774 77T 272 ) 2”7
1= x—piecewise vc<L 0 L<r<i I\(—L i<vc<1 l-xx>10]:
py = xpiecewise| x < -0, - x < g SY=Ll-wx>10]:
1 1 2 2 2
= iecewi. < —x, - <rx< =, == 2
Ps x—)pleceuzse[x<0,0,0,x< S,X, 3 <x< 3" 8 X, x > 8,0)
P 'Zx—)piecewise(x<%,0,%Sx<%,x—%,%ﬁxﬁ%,%—x,t>%,0)
p7:=x—>piece1lrise(x<%,0,%£x<%,X—%,%iti%,%—v,r>%,0):
6 6 7 6 7 8
= ieceni 20, —< O S
Py x—>prece1use[x< 8,0, 3 <x< S’Y 38 <x < 8,1 t,x>1,0)
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for / from 1 to 9 do
o] = (i=1)—:

3"
end do:

for / from 1 to 8 do
1
tli] =((—05)—:
[1] = (1=05)
end do:
for s from 1 to 8 do
for /from 1 to 8 do
hh[s, /] = h(¢[1]) :
ppls. 1] = p(d1]):
end do:
end do:

for s from 1 to 8 do
for /from 1 to 9 do
Bhi[s, 1] = h(<[1]) :

pplls. 1] = p(dl]) :
end do:
end do:

for /from 1 to 8 do
wl[l] == a-hh[1./] +b-hh[2.7] + ¢-hh[3. ] + d-hh[4. /] + e-hh[5. /] + £hh[6. /] + g-hh[7. /] + k-hh[8. /]
u[l] == a-pp[1.7] + b-pp[2. 7] + c-pp[3.7] +d-pp[4.1] +e-pp[5.1] + £pp[6.1] + g-pp[7.1] +k-pp[8.1] + L
end do:

for /from 1 to 9 do
wul[l] -== a-hhl[1./] + b-hh1[2. /] + c-hh1[3. 7] + d-hhl[4. /] + e-hhl[5. /] + £hhl[6. /] + g bhl[7. 7] + k-hh1[8, /];
uull] == a-ppl[1. 1] + b-ppl[2. 1] + c-ppl[3./] + d-ppl[4. ] + e-ppl[5. ] + £ ppl[6. 1] + g-ppl[7. /] + k-ppl[8.{] + 1;
end do:
for / from 1 to 8 do
for s from 1 to 8 do
Ts+1]

xx :[ ((exp(z = (e[11))) ((ue[5]) + (2 = t[5]) - (wau2[5])) ) lt
T[s]
G[s. 1] = xx;
end do:
end do:
for / from 1 to 8 do
1]
¥y =:[ ((exp(z = (1[21))) - ((auu[s]) + (£ = [s])- (eI [5])) ) dr
<[]
GI[LI] = yy.
end do:
o[1] = GI[1.1]:
o[2] == G[1.2] + GI[2,2]:
o[3] == G[1,3] +G[2,3] + GI[3,3]:
@[4] = G[1, 4]+ G[2.4] + G[3.4] + GI[4,4]:
o[5] == G[1.5] + G[2.5] + G[3.5] + G[4.5] + GI[5.5] :
o[6] == G[1,6] + G[2,6] + G[3.6] + G[4, 6] + G[5,6] ++ GI[6,6]:
o[7] =G[1.7] + G[2. 7] + G[3.7] + G[4. 7] + G[5.7] + G[6.7] + GI[7.7]:
@[8] = G[1.8] + G[2.8] + G[3.8] + G[4. 8] + G[5.8] + G[6.8] + G[7. 8] + Gi[8.8]:

forifrom 1 to 8 do

Fli = sdi]) -

end do :
FI = aray([[F1L). [F1211. LB LFT41L LA L0611 L0710 LA T8I -
@ = array([[@[1]]- [@[2]]- [@[3]]. [@[4]]. [@[5]]. [@[6]]. [@[7]]. [¢[8]]]) :
Ul = arvay([[ul[1]]. [ul[2]]. [wd[3]]. [ud[4]]. [22[S]]. [uZ[6]]. [«2[7]]. [=I[8]]]) :
U == array([[u[1]]. [u[2]]. [u[3]]. [u[4]]. [=[5]]. [u[6]]. [u[7]]. [«[8]]]) :
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1] =-UI[L.1] - U[L 1] + FI[1.1] + @[1. 1] =0:
E[2] =-UI[2.1] - U[2.1] + FI[2.1] + @[2.1]=0:
E[3] =-UI[3.1] - U[3.1] + FI[3.1] + @[3.1] =0:
E[4] =-UI[4.1] - U[4.1] + FI[4.1] + @[4.1] =0:
E[5] =-UI[5.1] = U[5.1] + FI[5.1] + @[5.1] =0:
E[6] =-UI[6.1] - U[6.1] + FI[6.1] + @[6.1]=0:
E[7] =-UI[7.1] - U[7.1] + FI[7.1] + @[7. 1] =0:
E[8] =-UI[8.1] - U[8.1] + FI[8.1] + ®[8.1] =0:

solve({E[1]. E[2]. E[3). E[4]. E[5]. E[6]. E[7). E[8]}. {a.b.c.d e.L g }):
{a=-0.4294829821, b= -0.1994100106. c = -0.1564973539. d= -0.05550281296. e= -0.09953642127, f= -0.05949646172. g = -0.03543716762. k= -0.02098129873}

= x=>-04294829821 p (x) — 0.1994100106.p, (x) — 0.164973539-p,(x) — 0.05550281296:p, (x) — 0.09953642127- p(x) — 0.0SMIE6172-p(x) — 0.0343716762:p; x)
— 0.02098129873-p(x) +1:

v = x — exp( -x)-cosh(x) :
for i from O to 10 do

| mlf(ﬁ);
evalf[u(mlﬁ)); E\’Qlf[v(ﬁ));print(" ")

end do;

for i from O to 10 do

)

end do;

with| plos)
] = plof exp( -x)-cosh(x], x=0.0.1, color=red)
pl= pl'of( 04204829821 pl[x] = 01994100106 -p:[x] = 01364973539 -pj[.t) - 0.05550231296-})4{1‘] —0.09933642127- p!.[x} = (03949646172 -pﬁ{.t] —003343716762-p,(x)

~QUSBI8T3 ) +1.x=0.0.,cor=be:
display{{pL. p2}):
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Example 4:

Taylor method
kk= (x,y) 2 x—y:
U0 =proc(k h)
locali.j, UO: U0 = k'-lh - evalf(D[ 18k, 28h](kk) (0. 0)) =

end proc :

U0(0,0) U0(0, 1) TO(0, 2)
K:=| Uo(1.0) Uo(1,1) Uo(1,2
Uo(2,0) U0(2,1) UO(2,2)

0. -1.0.
1.0
0. 0
100
0L 0
1
005
100
ot o
1
005
100
0L 0
1
00
0-10000000
100000000
000000000
0000-10000
KK:=|000100000
000000000
0000000-10
000000100
000000000
0000 0 O 00 O
000 0 0 0 0 0
0000 0 O 0 0 0
11 1
000 > = S5 000
11 1
000 = - o5 000
HH = 1 1 1
0002 5 160 0
11
000 0 0 0 1 =
111
000 0 0 0 =7
111
000 0 0 0 —-— —
3 4 5
10000 0000
11
PP:= 0001 --000
00000 0111
W2 = PP KK HH MM:;
00 o0
11
8 48 384
111
26
100
PI:=|010
001

o

I
— m|'— o
- &= o

010
MI=]001
000
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W1:= PlCMI

010
1
017
011
W= Wi— W2
o 1 0
_L47 1o
& 48 384
L5 23
2 6 24
0
1 1
F=|2 "8
7
6
0 1 0
_L47 o1
we= |8 48 384
L5 2
2 6 24
wlE
7
27
0
3
9
0 1 0
pee |4 101
8 48 384
1 0 0
0
Foi= 25
48
1
(Wc)’ch;
1
0
248
191
248
s=:xﬁl+m-xz:

vi=x— e —x:

for i from 0 to 10 do

evalf[ﬁ);

”ﬂlf[f[ﬁn; Wﬂlf[v[ﬁn;prmt(" UE

end do;

for i from 0 to 10 do

abs(evalf[s[ﬁ) —v( 10’60 D)

end do;

with{ plofs);

[mu':n:‘,m :m.imale:‘ni animatecurve, arrow, changecoords, complexplot, complexplot3d. conformal, conformal3d, contowrplot, contourplot3d, coordplot. coordplot3d, densityplot, display, dualaxisplot, fieldplot. fieldplot3d. ()
gradplot. gradplot3d. implicitplot, implicitplot3d. inequal, inferactive, iferactiveparams, intersectplot, listcontplot, listconiplot3d, listdensityplot, listplot, istplot3d, loglogplot, logplot. matrixplot, mulfiple, odeplot.
pareto, plotconpare, poimtplot, poiniplot3d. polarplot, polygonplot, polygonplot3d. polyhedra_supported. polvhedraplot, rootlocus, semilogplot, setcolors, setaptions. sefoptions3d. shadebenveen, spacecurve,
sparsematrixplot, surfiata, textplot, teviplot3d. tubeplor]

pl= pla!{eI —x.x=0.03. color=red):

= phl{ 1128 2005, m.'or:bfne]:

191
display{{pl. p2}):
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# Legendre method
with(Lineardlgebra) : with(SolveTools) :

plx) =1
pylx) =x
2
pyx) =S¢ 1)
L= lx%(xz—l)l;
a
A=|Db
c
000
UUu=|100
030
S:=LUU
[.r—xz——ol
SA:

hh::x—>xa+[%x2——)b:

for n from 0 to 2 do

for m from 0 to 2 do
1

&= Gl J [(x—t)-(a+b-t+c-[%-t2—%))-(pm(t)))dt
0
K. m] = [:((e)-p,,(x) Ja

end do:
enddo |

£[0.0] K[0. 1] £[0.2]
K= |k[1,0] k[1.1] k[1,2] |:
K{2.0] K[2.1] k[2.2]

-0.1250000000 ¢ — 0.08333333330 b 0.01250000000 ¢ — 0.08333333335 b — 0.08333333330a  0.225 c+001 b—0.125 a
-0.1458333333 ¢ + 1.666666667 10" b + 0.08333333333 @ -0.025 =001 b+1 7107 4 0.2125000000 ¢ — 0.025 b—0.1458333333 a
0.1458333333 b + 0.1250000000 & -0.05937500000 ¢ + 0.1250000000 b + 0.1458333333 @ -0.07500000000 ¢ — 005937500000 b
X
12
IL = 21
d3.3
3
Y=KIL]
| [( -0.1250000000 ¢ — 0.08333333330b) x + ;— (0.01250000000 ¢ — 0.08333333335 b — 0.08333333330a) ° + (0.225 € +0.0125 b—0.12 a) (%x’ - %r)] )
I(-o,1458333333c+ 1.666666667 10" b + 0.08333333333 a) x + %(-o.u-. =001 b+1 710" a) ¥* + (0.2125000000 ¢ — 0.02500000000 b

2 2

—0.1458333333 a) (l £-3 ,\')
l(o,ussssz;ss b +0.1250000000 a) x + % (~0.05937500000 ¢ + 0.1250000000 b + 0.1458333333 a) ¥* + ( -0.07500000000 c — 0.05937500000 b) [ } - % ']”

N=LE
(~0.1250000000 ¢ — 0.08333333330b) x + —;~ (0.01250000000 ¢ — 0.08333333335 b — 0.083333333304) x° + (0.225 ¢ +0.0125 b—0.125 a) (}ﬁ - %r] ®
+x [(-o.ussms:sc + 1.666666667 10" b+ 0.08333333333a) x + % (-0.025 =001 b+1 666710 a) ¥* + (0.2125000000 ¢ — 0.02500000000 b

—0.1458333333 a) (%x" - %r)) * (%‘x: o %) [(0.!458333333 b+ 0.1250000000 a) x + % (-0.05937500000 ¢ + 0.1250000000 b + 0.1458333333 a) 2+ (-0.07500000000 ¢

— 0.05937500000 b) (%.\} 7 %r))

X+ %x’ +N
x4 %.ﬁ + (-0.1250000000 c — 0.08333333330 b) x + %(o.olzsoooooooc—o.ossmssszsb—o.ossssassssoa)x‘ +(0.22 € +0.0125 b—0.125 a) (%.\"‘ 0)
—%\'] +x ((-0A1453333333c+ 1.666666667 10‘“b+0.083333333330).\'+%(-0.u-. =001 b+ 1.66666666710™" a) x* + (0.2125000000 ¢

— 0.02500000000 b — 0.1458333333 a) (%x’ - % r)] + (% - %) ((0.]458333333 b +0.1250000000 a) x + % (-0.05937500000 ¢ + 0.1250000000 b + 0.1458333333 a) 2+ (

96



x+%x3+N

()

x+ ;—.\"‘ + (=0.1250000000 ¢ — 0.08333333330b) x + % (0.01250000000:—0,08333333335b—0.083333333300).\"‘ +(0.225 c+0.01 b—0.125 a) (

~|—-

-11

- % x] += ((-0,[458333333 ¢+ 1.666666667 10" " b + 0.08333333333 a)x + —;— (-0.02500000000r — 0.01388888890 b + 1.666666667 IO'“a) £+ (0.2125000000 ¢

= 0.02500000000 b — 0.1458333333 a) (;—xi = %\']) + (% - %) (lOA1458333333 b +0.1250000000 a) x + % (-0.05937500000 ¢ + 0.1250000000 b + 0.1458333333 a) 4 (

=0.07500000000 ¢ — 0.05937500000 b) ( %— P - %- \'])
for i from 0 to 2 do

i) =4

enddo:

h=x—x+ % o« + (=0.1250000000 ¢ — 0.08333333330 -b) -x + % (0.01250000000 ‘¢ — 0.08333333335 b — 0.08333333330 -a) o+ (0.2 ‘e +0.012: b

— 0.1250000000 -a) (;— o= —;— x) 4x- ((-0.1453333333 ¢ + 1.666666667 10" b + 0.08333333333 -a) x + % (-0.02500000000- ¢ — 0.01388888890- b + 1.666666667 10" -a)

4 (0.2125000000 ¢ — 0.02500000000 - b — 0.1458333333 -a) ( - 3 r)] + (% P i) [(0.1458333333 b+ 0.1250000000 -a) -x + % +(-0.05937500000 -¢

L
2 2

+0.1250000000 -b + 0.1458333333 -a) - * + (=0.07500000000 - — 0.05937500000 - b) (-,:,— o - % X

for i from 0 to 2 do
h(x[i]):
Hh(x[i]):
E[i] = h(x[i]) = hh(x[i]);
end do:;
E[3] = a—%c=lj

0

9

-3 b
9
0=- 5 b
% —0.3763509114 ¢ — 0.1984836155 b + 0.05566406245 a
1 27
297 g b
25 1 27
T 0.3763509114 ¢ — 0.1984836155 b + 0.05566406245 a = Ear b
% — 0.7145833333 ¢ — 0.1194444444 b + 0.3125000000
a
% —0.7145833333 ¢ — 0.1194444444 b + 0.3125000000 c = a
a— % c=1
fsolve( {E[0]. E[1]. E[3]}. {a. b.c}):
{a=1.110030746. b= -0.. ¢ =0.0733538307} )
u = x — 1.110030746 + 0.0733538307- %(x2 -1):
vi=yx—e —x:
for i from 0 to 10 do
)
ﬂ‘al[[ 1000 ]
i 2o [ ’ " W)
z\wlf(u[ 1000 ]].ﬂalf(\[ 1000 ]}.prlm( ):
end do:
for i from 0 to 10 do
i i y

se{ o (o o0 ) = o))}
end do;
with( plots):
[animate. animate3d. animatecurve. arrow. changecoords. complexplot. complexplot3d. conformal. conformal3d. contourplot. ¢ plot3d. coordplot. coordplot3d. densinplot. display. ©®

TR T N )

fieldplot. fieldplot3d. gradplot. gradplot3d. implicitplot. implicitplot3d. inequal. interactive. interactiveparams. intersectplot. listcontplot. listcontplot3d. listdensitvplot. listplot.
listplot3d. loglogplot. logplot. matrixplot. multiple. odeplot. pareto. plotcompare. pointplot. pointplot3d. polarplot. polygonplot. polygonplot3d. polvhedra_supported. polyhedraplot. rootlocus.
ilogplot. setcolors, i ions 3d. shadebenveen. spacecurve, sparsematrixplot. surfdata. textplot, textplot3d. tubeplot]

pl == plot(e" = x.x=0.0.5, color = red):
p2:= plol[ 1.110030746 + omszssasm%(x2 =1).x=0.0.5, color = b'"e):
display({pl.p2}):
#Haar method

u(x) =x + % 3 +j (x = 1)ur) de
0

#u(0)=1,u(x)=¢"—x
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with( Lineardlgebra ) :
hy = x—piecewise(x <0,0,0 <x<1,1,x>1,0):

hy = x—>pieceu‘f§e(x <0,0,0 <x < 7; o1 % <x<l-l.x2>1 OJ
h, == x—piecewise| x <0.0.0 <x < 1 [ L <x < 1L ~lLx > L L0
3 - 4 4 2 2
h, = x—piecewise ‘(<—1 0—1 <v(<—3 1—3 <x<l-lLx=10]|:
ly = Xx—pie 2 y Vg = 3 g =1, E
h, = x— piecewise \’<000<\’<*1 1—1 <'r<72 —1v>—2 0f:
5 = X—pie R . 0.0 =1 g g =? g bx= g0
2 2 3 3 4 4
= x—piecewise| = = X == = = == > —
hé X prere1use(r<8,0,8,\'<8,l,8,\’<8,1,\’,8,0]
hy = x—‘piereu'fa‘e(x < 7; .0, % <x< % L 7; <x< fg -lLx > % 5 OJ
6 6 7 7 8
= iecewise| 2 = — <) o — <3 —.-lLx>
hg x—>precemse(r< 8,0, z <x < 8,1, Z =x< 3 Lx=1.0

P = x—piecewise(x <0.0.0 <x < 1L.X.x>1.0):

P, = x—»pieceu’ise(x <0,0.0<x < %, X. % <xZ<lLl=—xx>1, 0] :

1 1 1 1 1
= jecewi: 3 < 3 = —<x< —, — —x2 - :
P x—'pieceume(‘r<0,0,0,\'<4,)(,4 ,\’,2,2 ‘r,\'>2,0]
= x—piecewise \’<LOL<Y<lX—Li<\’<11—rY>10 :
Py = x—pie 2 25 =7 4’ 2 g ==L L0
. . 1 1 2 2 2 .
ps-:x—>plermllse(x<0,0,0Sx<?,x,?£xgE,;—x,v>;,0}.
2 2 3 2 3 4 4 4
= jecewise| x < =0, = <x< = x— = T <y<— — — =
P :r—*prere1use(r<8,0,8,\’<8,x 8’87‘(78’8 \',r>8,0]
4 4 5 4 5 6 6 6
= jecevise| x < —. 0. — <x < — X——, — <y < — — —; —.0]:
Py x—»pi?remse[r'(g,o,g,‘(<8,X 8’87Y78’8 Y’Y>8’0]
Py = .\'—»piec‘en'ise(x < %, 0, % <x < %,\’—%, % <x < %, l—x,x> 1,0] :

for/ fl'Ol]l‘ 1to9do

i) = (1= 1) :

end do:
for / from 1 to 8 do
1
tll]] = (I—0.5) —:
[0 = (1-05) 5
end do:

for s from 1 to 8 do
for /from 1 to 8 do
hh[s, 7] = hH(r[[]) :
pols. 1] =p(d1]) :
end do:
end do:

for s from 1 to 8 do
for / from 1 to 9 do

hhlls. ] = h(<[I]) :

ppils. 1) =p(]):
end do:
end do:

for /from 1 to 8 do
ul[l] = a-hh[1. ] 4+ b-hh[2. ] + c-hh[3. 7] + d-hh[4. /] + e-hh[5. /] + £-bh[6. /] + g-hh[7. ] + k-hh[8. {];
u[l] :==a-pp[1.7] +b-pp[2.7] +c-pp[3./] + d-pp[4. ] +e-pp[5.7] + fpp[6.7] +gpp[7.1] + k-pp[8.7] + L
end do:

for /from 1 to 9 do
wul[I] == a-hh1[1./] + b-hh1[2. /] + c¢-hh1[3. /] +d-hh1[4.]] + e-hh1[5. /] + f-hhl[6. 7] + g-hhl[7. /] + k-hh1[8. []:
wull] == a-ppl[L. 7] +bppl[2.1] +c-ppl[3./] +dppl[4.{] + e ppl[5.1] + fppl[6.I] + g ppl[7./] +k-ppl[8./] + 1
end do:
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for / from 1 to 8 do
for s from 1 to 8 do
s+1]
w :I (1) =) (sl s]) + (¢ = ls]) - (um[]) )
1s]
G[s.1] = xx;
end do:
enddo:

for / from 1 to 8 do
1]
y}‘:[ (1) =1)- (Cua[s]) + (¢ = xls]) (el [5]) ) )
]
GI[L1] =
endldo:
o[1] =GI[L1]:
o[2] = G[1.2] + GI[2.2] :
o[3] = 6[1.3] + G[2.3] + GI[3.3]:
o[4] = G[1,4] + G[2, 4] + G[3.4] + GI[4.4]:
o[5] = G[1, 5] + G[2. 5] + G[3.5] + G[4.5] + GI[5.5] :
o[6] = G[1.6] + G[2. 6] + G[3. 6] + G[4, 6] + G[5. 6] + + GI[6. 6] :
o[7] = 6[1,7] + G[2, 7] + G[3,7] + G[4,7] + G[5. 7] + G[6. 7] + GI[7.7]:
@[8] = G[1. 8] + G[2. 8] + G[3.8] + G[4.8] + G[5. 8] + G[6. 8] + G[7. 8] + GI[8.8]:

f::x-»x+%xs:

fori from I to 8 do
Fl=1d):

enddo:

FI= amay([[fTV]], LAT21]. T3]} L7411, [FTS1L, LAT61L. LAT71). LAT8110)-
@ = amay([[o[1]]. [0[2]]. [o[3]]. [0[4]]. [o[5]]. [o[6]]. [o[7]]. [o[8]]])
U1 = arra[ [wl 1]} [wI[2]]. [sd[3]]. [wI[4]}. [w2{5]]. [wl[6]]. [ul[7]]. [w[8]]]) :

E[1] =-UI[1.1] + FI[1.1] + ®[1.1] =0:
E[2) :=-UI[2.1] + FI[2.1] +®[2.1]=0:
E[3] =-UI[3.1] + FI[3.1] + ®[3.1] =0:
E[4] =-Ul[4.1] + FI[4,1] + ®[4.1] =0 :
E[5] =-UI[5.1] + FI[5.1] + ®[5.1] =0:
E[6] :=-UI[6,1] + FI[6.1] + ®[6.1] =0:
E[7] =-UI[7.1] + FI[7.1] + ®[7. 1] =0 :
E[8] =-UI[8. 1] + FI[8.1] + ®[8. 1] =0:
solve({E[1]. E[2]. E[3]. E[4]). E[5]. E[6]. E[7). E[8]}. {a. b.c. d. e.f. g. k} )]

{a=0.7176923574, b= -0.4208165660, c = -0.1613974385, d = -0.2659168783, e = ~=0.07095533476, f= -0.09106966578, g = -0.1168956508, k = -0.1500560606 }
1= x=0.7176923574- p, (x) — 0.4208165660-p, (x) — 0.1613974385 p,(x) — 0.2659168783p,(x) — 0.07095533476- p,(x) — 0.09106966578-p,(x) — 0.1168956508 . (x) — 0.1500560606
Ppglx) +1:
vimy—e —x:
for i from 0 to 10 do

oot i

oo o o

end do;

for i from 0 to 10 do

o )~ )}

wth(plt

pl= p!o!(ex-x..r:()..[l.l cm'or=red);

pl= p!o!(0.717692357~|- py(r) ~ CALOSIGSE60 .(x) - D6T397ASES-px) - D659168783-p, () - L0TOIS53347: ) - O9LOGIT () - 0.UGRIS6508 () - 01500360606
) +Le=0.02 mior=Mue):

diplf L. p2)):
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