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Abstract

This study focuses on the reaction-diffusion process inside a two dimensional (2D) sim-
ple microfluidic channel. The material initially concentrated at the middle of the channel
and was affected by diffusion and a first-order decay reaction. This work aims to in-
vestigate the numerical methods to solve 2D reaction-diffusion systems. We employ the
Finite Difference Method (FDM) and Finite Volume Method (FVM) to solve the govern-
ing equations. The simulations are implemented in Python language, in order to compare
the accuracy of the methods in relation with the analytical solution. The results revealed
that FDM and FVM are in good agreement and suitable with the analytical solution and
indicated that FVM is more practical due to efficiency and maintains lower max error and
L2 norm values in the case of coarse grids, while the efficiency of the FDM is evident
when the mesh is finer. The study concludes that FVM is a better choice for simulat-
ing reaction-diffusion problems where we have complex geometry or coarse mesh, while

FDM is better for fine mesh or regular geometry.

Keywords: Finite Volume Method, Finite Difference Method, Reaction-Diffusion Equa-

tion, Microfluidic, Boundary and Initial Conditions, Partial Differential Equation.
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Chapter One

Introduction

Reaction-diffusion systems, described by partial differential equations (PDEs), govern
countless phenomena in physics, chemistry, and biology where interacting species both
react and spread spatially. In two dimensions (2D), these systems appear in wide range of
applications, from pattern formation in animal coats to the spread of chemical reactions

on surfaces.

From here, a field emerged Microfluidics was in 1990 by A.Manz [[I¥], he described
this field by used the name Micro Total Analysis Systems(MTAS). This field has had
previous research that began in the year 1980 with different names such as "micro fluid"
or "micro-liquid flows". But the research paper for P.Gravesen represented a turning point
and spread after 1993 [12], and he used the word Microfluidics, which was appropriate

because it accurately represents fluid manipulations at the microscopic level.

The Microfluidics is a scientific field that is concerned with the study of fluid flow and
behavior within channels dimensions are extremely small ranging from micrometer to
nanometer [29]. More explicitly, it is the science of analyzing, moving, and directing
fluids within small networks of channels as we see in figure (ITI).
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Figure 1.1: Microfluidic device

The most prominent components of microfluidics systems: Microchannels to control
lengths and shapes as needed, valves to control corridors, reservoirs to store fluids be-
fore or after the experiment, and sensors to contribute to detecting interactions or changes
within the system. The most famous processes that happening inside microfluidic sys-

tems: fluid flow, mixing, chemical reaction, diffusion, separation and filtration. We will



be interested in this work in chemical reaction and diffusion.

Interaction and diffusion processes are described by Reaction-Diffusion Equation [20]
which are a physical and mathematical models that play a crucial role in modeling chem-
ical, physical, and biological phenomena, that are used to describe how concentrations of
one or more substances change over time and space as a result of chemical reaction and
the movement of materials from one place to another [T], Which there described math-
ematically by (PDEs) [7].The reaction-diffusion systems have popular examples involve
the Gierer-Meinhardt model[1U], the Gray-Scott model [173], the Schnakenberg model

(077].

The processes of reaction is interaction between two or more substances within channels,
by transformation or change in materials due to chemical or physical processes, it can
reduce or increase concentrations so that materials can be consumed or produced. This
concept is followed by several types: linear reaction term represents growth or decay or
nonlinear reaction term like logistic reaction, single or multi-species reaction terms for
more than one variable like Activator-Inhibitor systems in turing patterns[8]. While the
diffusion term focus on in the movement of molecules from high concentration regions to
low concentration without mechanical intervention, it is caused by the random movement
of molecules, the Ficks Law used to describe the diffusion [3]. Its classified as linear
(Constant-Coefficient) diffusion , or nonlinear (variable) diffusion, fractional diffusion
and it common in anomalous diffusion, and multi-species diffusion or cross-diffusion for
systems with multiple variables. Its importance appears in transporting drugs, mixing

solutions, and distributing substances within cells.

Analytical solution to the resulted partial differential equation (PDEs) are often impos-
sible, requiring numerical analysis. It is a type of applied mathematics concerned with
built and development of algorithms designed to use numerical approximation to solve
mathematical problems that it cannot easily find exact solutions for it or that we can never
be found [B0]. Previous studies discussed the reaction-diffusion equation with various di-
mensions from 1D to 3D with various kinds of reaction and diffusion for single or multiple

variables and finding analytical solutions if it possible and numerical methods.



In 2001, Pao [23] presented nonlinear reaction-diffusion equations and study the case
of nonlocal boundary conditions, using the numerical algorithm FDM and the method
of lower and upper solutions, investigated the time-dependent and the steady-state sys-
tems by using monotone iterative method, the numerical result for steady-state and time-

dependent solution compared with analytical solution and there compatible.

In 2003, Baroud et al. [] investigate the reaction-diffusion equations in two dimension
and compared with experimental measurements, the results was compatible and good

agreement.

In 2009, Phongthanapanich [26]used the finite volume element method by employing the
concepts of finite volume and finite element method to analyze unsteady scalar reaction-
diffusion problems in two dimensions, the numerical result was stable and presents a

accurate solution.

In 2018, March [19] developed the finite volume method and used second order accuracy
in space to solve multilayer diffusion equation, the results demonstrated a good argu-
ment. In the same year, Zhang [35] focus on the reaction-diffusion equation in multi-
dimensional domain, he performed compact finite difference method(CFDM) for dis-
cretizations in space and compact implicit integration factor method(CIIF) for discretiza-

tions in time, the numerical result show the reliability and efficiency of the scheme.

In 2020, Selmer [28] used FDM and FVM for Mass Transport Model , he examine the
euclidean and maximum norm errors for two numerical methods, the FVM showed a

higher overall accuracy, more efficient and preferable than FDM.

In 2021, Jalghaf [15] developed a new 2-stage explicit unconditionally positive finite dif-
ference scheme(UPFD) to solution the reaction-diffusion-advection equation, using two

term of reaction linear and proportional. he conclude that the method is stable.

In 2022, Kanokwarun [?4] investigated advection-diffusion-reaction equations in water
pollution problems in 1D and 2D, then presented comparison between two numerical
methods FVM and FDM with implicit forward time central space FTCS scheme with

analytical solution, the results is a strong agreement.



In 2023, Heidari et al.[T4] studied the reaction-diffusion equation and used numerical
method a spectral collocation algorithm by used interpolating polynomial, the approxi-
mation results converge to the exact results and efficiency precisely when increases the

number of collocation points.

In 2024, Nyaupane et al.[21]] compared the analytical and numerical solutions in fluid
flow applications. The FDM and FVM were investigated and they found that the FVM

method gives more accurate solutions.

In this work we will investigate the reaction diffusion phenomena in a simple microfluidic
system with a constant diffusion and linear reaction term. Finite Difference Methods
(FDM) and Finite Volume Methods (FVM) will be introduced and will be used to solve

the govern PDEs. Their results will be analyzed and compared.

We will present the governing equation in the beginning mathematically and physically
then begin with explain the mathematical concepts related to governing equation from
initial and boundary condition passing through the classification of differential equation
to arrives the concept of PDE and analytical solution then find the analytical solution of

governing equation.

we will demonstrate the numerical analysis specifically in two methods FVM and FDM
beginning from definition ,grid discretizations and solving governing equation by these

methods.

Applying algorithms and finding the two errors L2 error and max error to decide which
one is more accurate and effective by comparing the results in tables and images, we will

get the result by using the python language.



Chapter Two
Mathematical Formulation of 2D Reaction-Diffusion Equations

2.1 Reaction-Diffusion Equations

Reaction-diffusion equations are a class of partial differential equations (PDEs) that de-
scribe the relation between chemical reactions and diffusion processes [32]. In two di-
mensions, the general form of a single-component reaction-diffusion equation is given
by:

du 5
= = DVu+ f(u) (2.1)

Where u is the concentration of the material, D is the diffusion coefficient, ¢ is the time

and f(u) is the reaction term.

This system describes how the material u reacts and diffuses in both time and space. In
equation (1), the diffusion term (DV?2u) describes the change of concentration due to the
diffusion processes and the reaction term (f(u)) describes the change of concentration due
to chemical reactions. Depending on the specific application the reaction term can take

different forms such as constant, linear and non-linear forms.

In this work, a simple microfluidic system will be considered. With a 2D microfluidic
channel where a chemical component is mid-channel injection, and over time the concen-
tration of the material diffuses in both directions symmetrically with a first-order decay
reaction. In this system we assume there is no advection and the change of concentra-
tion is only due to diffusion and reaction. Then, the system can be described using the
following equation:

du

== DV?u—au (2.2)

Where the linear reaction term (—ou) describes how the material u decays with time

proportionally to its concentration with respect to the positive o.



2.2 Boundary and Initial Conditions

In the filed of differential equations , the analytical solution for (Z2) is usually not unique
[9], the field of initial and boundary conditions play decisive role to specify the unique
solution for analytical solution , hence appear the importance of initial and boundary

conditions.

Initial conditions are specialized in determining the values of the function or the derivative
at the initial time, for PDE the highest-order time derivative is determine the number
of initial conditions for example if the equation has 1st order time we need one initial
condition but if the equation 2nd-order time it needs two initial conditions and so on
[?2]. The boundary conditions deal with the boundary domain by specifying function or

derivatives values at domain. The most common boundary conditions:

* Dirichlet Boundary Condition ( called Fixed Boundary Conditions ): first type of
boundary condition and is refers to the exact solution along the boundary it is require
for elliptic and parabolic equations [3T]. example for Dirichlet BC is determination
the temperature at inlets and outlets of the rod in 1D is 7(0,z) = 0 ,7(l,¢) = 10 and
also to the example if the temperature of rod is 7'(0,¢) = 7T'(/,z) = 0 that is a called
homogeneous conditions [B0].

* Neumann boundary condition: second type of boundary condition, is associated with
rate of change of the solution perpendicular to the boundary it is require for elliptic
and parabolic equations [BT]. For example, the condition on the domain take the form
du(x) = f(x) where n denotes the normal derivative to the boundary, and f is a given
scalar function.

* Robin boundary condition (called convective Boundary Condition): third type of
boundary condition, many name for it, convective BC from their application in heat
transfer problems or impedance BC from their application in electromagnetic problems.
The condition is a weighted combination of Dirichlet and Neumann BC which is a
specification of a linear combination of the values of its derivative on the boundary
of the domain and the values of a function cgy + ¢ % = f, It appears widely in the

solution Sturm-Liouville problems.



In this work, as we describe mid-channel injection, We will adopt the initial conditions
for length L:
X Ty

u(x,y,0) = sin(f)sin(f) (2.3)

And using Dirichlet BC to describe that the concentration is zero on the four sides:

u(x,0,1) = 0,u(x,L,t) =0 (2.4)
0

u(0,y,t) =0,u(L,y,t) = (2.5)

2.3 Analytical Solution

To clarify how we can solve the equation () analytically, we need to clarify the concept
of the differential equation. Therefore, a differential equation is an equation that involves

the unknown function and its derivatives, the classification of differential equation:

* Classification by type: We have two type for differential equation for a function, based
on number of independent variable. if the equation have just one independent variable
then its named ordinary differential equation (ODE), but if the equation have more than
one independent variable then its named partial differential equation (PDE). clearly, the
second type is had more challenge and complex to find solution.

* Classification by degree and order: The exponent of the highest derivative in the
differential equation represents the degree of differential equation. While the highest
derivative contained in the differential equation denotes the order of differential equa-
tion. For example (%)3 + 5y + (%)2 = 0 is of degree 3, which denote the highest
derivative is multiplied three times by itself and it ordinary differential equations of
second order. In other words, which mean the function is differentiated two times.

* C(lassification as linear or non linear differential equation: The linear differential
equation refers to the unknown function like u and its derivatives appear only to the first
power. In other words, the degree is one and its not multiplied together. The general

form of linear differential equation is[I1]:

d"u d"u du
e +a,—1 (x)m +...+a (X)E +ap(x)u = g(x)

an(x)

The differential equation is said to be non-linear if the unknown function and its deriva-



tives is multiplied together which mean the power is greater than one or inside function

appear sin(y) or cos(y) or ¢’ and so on.

In particular, We will talk about standard texts the linear second-order differential equa-
tion and classification of PDEs into elliptic, parabolic, and hyperbolic equations is given

of the form [3T1]:
Aty + 2buy, + cliyy + euy +du, + fu = g.
Where the classification is determined by the sign of the discriminant

ac—b*> >0— hyperbolic
= 0 — parabolic

<0 —>elliptic

Specifically, our equation (Z2) falls under a parabolic equation in particular time-dependent
problems, these equations describe different types of phenomena and need different tech-

niques for their solution both analytically and numerically.

The analytical solution method we can use for ODE and PDE is different because ODEs
have one independent variable but PDEs more than one independent variable. separation
of variables, Fourier transform, method of characteristics, Green function and traveling

wave for solving PDE:s.

Therefore, we will use the separation of variables to solving the PDE equation (Z2).
Firstly, we assume that u(x,y,t) can be written as a product of three other functions, where
two depend on the space x and y respectively with the time t. Such as, we make the

formula
u(x,y,t) = X(x)Y (y)T(t) (2.6)

After that, substituting () into (Z2), we obtain



xrL —DT(YdZX +Xd2Y) aYXT
dr dx? dy?

Which we rewrite by divide by X Y T and separating x , y and t

1dT _D(1d2X+ leY) o
Tdr — ‘Xdx? Y dy?

Therefore, both sides of this equation are independent of both y,x and t and equal to a
constant. Furthermore, the right hand side is independent of t and the left hand side of

this equation is independent of x and y. assuming —t as the separation constant , we got

1d*’X 1d%Y
Saztyge) = H 7
1dT o
Tda  H
Then, the following become
dT
= (u—o)T

And we obtain the three ordinary differential equations , the first

dT
el T=0
dt+(u+a)

Whereas ,The second and third extracted from the formula (212)
1d’Xx 1d°Y  —u
Xdx2 Ydy? D
Thus, we have two ordinary differential equations because the left hand side equal to

constant by assuming y = ([32 +A2) D then

1d’X 14y —(B*+A%)D

X dx? +?dyz N D
1d’X  1d% :
b B A2
Xa’xz%—Ydy2 (B=+2%)

1d’X 1d%Y 5
e Ty - P I
X dx? +Y dy? P



Solving for X, we have:

1d’x

2 R2
X dx? P
’X | )
— X=0
dx? +h
Similarity to Y we obtain:
1 dz_Y =_)2
Y dy?
Thus, The finally equation become
d*Y
—+AY =0
dy? +

As we see, we arrived from the basic equation (Z2) to three main equations: the first de-
pendent on the variable t, the second dependent on the variable x and the third dependent

on the variable y.

We rearrange there in below and we will to solve there one by one in order, let us note
together that the equation second and third is same way solution but their different by the
variable while the first is need to another way to solution. But overall the equations is

ODE with differently solution methods.

(dT
—4+(u+a)T=0 (1)
dt
ax
- X=0 2
d*y
— S 4+AY =0 3

To solve the first ODE linear equation (1) we will using the integrating factor method
which is specialized in 1st order linear ODE by multiplying the equation with the inte-
grating factor to convert it to the derivative of the multiplication[#]. Multiplying both

sides of the Eq(1) by the integrating factor I defined as

[ = o) (uta)dt

— plutay

10



Multiply Eq(1) by I we have

e(u+a)t‘;_7; +elB O (4 )T =0

o)

The left-hand side is the derivative of the multiplication of ded— so by integrating

both sides we got the general solution for the first equation:

d (L+o)e
[ —/0

(u+a) —

T(t) = e (TN (2.8)

Now, we will solve the second equation (2) which is called an ODE eigenvalue problem

and it is a 2nd order linear homogeneous differential equation.

Certainly, the trivial solution X(x) = 0 is a solution, but nontrivial solutions exist only for
values of B2 with corresponding functions X(x) are referred to as eigenvalues and eigen-
functions of the differential equation, to solve this equation we will use the characteristic
equation method which is a method for solving the linear higher order ODEs on condition

constant coefficients.

Assume the solution is

X(x)=¢€"
Where r is a constant
d2 (erx) )
B =0

After substituting into the equation(2) the characteristic equation become
2 e + [32 X _

erX(r2+B2) =0

11



Since "™ # 0, so (> + B? = 0),we are solving for r
rPr=-p* = yrr=-p* = r=7Fip

The Case f = 0 leads to a trivial solution under homogeneous boundary conditions so its

excluded.[5]
In the Case B2 > 0 we substitute. r = +ifx
X (x) = B — €\ eBY 4 CpemiBY
Using the Euler formula (¢/ #* = cos Bx+ i sin Bx) and (e~ B* = cos Bx—i sin Bx)
X (x) = Cy(cos Bx+i sin Bx) + Cy(cos Bx—i sin Bx)
X (x) = Cycos Bx+ Cyi sin Bx+ Cycos Bx — Cai sin Bx
X(x) = (Cy 4+ C)cos (Bx) +i(Cy —C3) sin (Bx)
This leads us to the general solution for the second equation(2)
X (x) = By cos (Bx) +A; sin (Bx) (2.9)

Where By =C; +C, and A| = C| — (.

The finally equation (3) have the form:

d’Y
—+A*Y =0
dy? +
By similarity, we can solving it by the characteristic equation method as we did in the

previous equation, we will beginning with assuming the solution:
Y(y)=e"

Where k is a constant. After substituting into the equation(3) the characteristic equation

become:
dz(e ) 2 k
—2_}_1 =0

12



ke + 22" =0

P +A) =0
Since € # 0, so (k2 +A%= 0), we are solving for k:

=-1" = Jk=\/-1* = k=il
The Case A = 0 is excluded [9].
The Case A2 > 0 substituting k by k = %idy
Y(y) = & = Gy 4+ Cpe™
We will using the Euler formula (¢! *Y = cos Ay+i sin Ay) and (e ' ' = cos Ay—i sin Ay)
Y(y) = Cs(cos Ay+isin Ay) +Ca(cos Ay —i sin Ay)

Y(y) = C3cos Ay + Csi sin Ay + Cycos Ay — Cyi sin Ly
Y(y) = (C3+Cs)cos (Ay) +i(C3 — Cy) sin (Ay)

The general solution is:
Y(y) = By cos (Ay) + Ay sin (Ly) (2.10)
Where By, = C3 +C4 and Ay = C3 — Cy.

Now we want to transformation the general solution to a unique solution by substitution

the conditions.
We will substitute the condition (2-4) into the EQ (EZ10)

u(x,0,/)) =0 = X(x)Y(0)T(r) =0 = Y(0) =0
Y (0) = B; cos (A x0) + A sin (A %0)

0=5;

13



u(x,L,t) =0 = X(x)Y(L)T(1) =0 = Y(L)=0,B, =0
Y(L) =0% cos (AxL)+ A, sin (A*L)

0=A;sin (AxL)

The value of sin(AL) =0 if AL=mn = A = Z% where m=1,2,3 .... so, the solution
is:
_mmy
Yu(y) :Amsm(T) m=1,2,3,..... (2.11)

We will compensation the condition (Z3) into the EQ (ZZ9)

u(0,y,t) =0 = X(0)Y(y)T(t) =0 = X(0)=0
X(0) =By cos (B*0)+A; sin (B *0)

0=1B

u(L,y,t) =0 = X(L)Y(y)T(t) =0 = X(L)=0,B; =0
X(L)=0% cos (B*L)+A; sin (B=L)

0=A;sin(B=L)

The value of sin(BL) = 0if BL =nn = B = “F where n=1,2,3 .... so, the solution is:

X (x) :Ansin(nTm) n=1,23... (2.12)

In EQ(Z®) we will using the assumption g = D(3? + A?) and the values of 8 and A

2+ (5 2.13)
T(r) = e~ (PLCEV+(F)) o (2.14)

Eventually, we want to substitute all solutions(ZT2, D711, °T4) in (ZZ6) to get to the

solution which become

nmx miy

u(x,y,t) Z Z P(Cokes M)z)*a}’(An,m sin (—) sin (—))

n=1m=1 L L

14



When we add the initial condition to determine A, let take the condition u(x,y,0)=sin(2*) sin(%)

n=1m=1 L L
. 7tx X, . ,mmy
sin(—)sin( Apm sin ( ) sin ( )
L nzl mZI L L

This Leads to all coefficients A, ,, = 0 except A;; = 1

(g, t) = P PUCEP PRl (4 in (D7) i (1272
So, the final solution is
u(x,y,t) = e[*ZD(%)La]t( sin (%) sin (%)) (2.15)

15



Chapter Three

Numerical Analysis

In many applications such as mathematics, engineering, physics and computer science we

are having trouble finding the exact solution or it is difficult or impossible to find it.

Consequently, there was a need to develop and analyze algorithms to find approximate
solution for exact solution, which raize the importance of Numerical Analysis[T6]. The
main concepts we have in numerical analysis are direct and iterative methods, where direct
computes the solution to a problem in a finite number of steps but iterative uses an initial

guess successive approximations that converge to the exact solution.

Another concept is numerical stability, during the calculation to find the approximation
the error does not grow to be much larger, this is related with the problem is well-
conditioned which is meaning if small changes in the input lead to small changes in the
output with good accuracy and efficiently. In contrast, instability means small errors in

input leading to incorrect results .

In addition, to solve differential equations numerically, in ODEs we can use Runge-Kutta
methods, Euler method and Multistep methods. But in PDEs we use the finite element
method (FEM), finite difference method (FDM) and finite volume method (FVM), and

there are many methods.

It is important to note that the equation (Z2) is PDEs so to find a numerical solution we
can use any of the methods mentioned above, but in this research we focus on FDM and

FVM and compare their results with the analytic solution.

3.1 Finite Difference Method

This method is called finite difference approximation, it is mainly based on replacing each
of the derivatives in the differential equation with finite difference by creating a grid over

the domain and then using values at discrete points to approximate the solution.
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A three main classification of FDM: approximation, time integration and order of accu-
racy. The case of approximation have three types : the forward difference method is first
order accurate and easy to implement but less precise, the backward difference method
is first order accurate and stable, and the central difference method is second order accu-
rate such that the average of forward and backward and more precise than forward and

backward.

The case of time integration is divided into three types : the Explicit scheme is stability
depends on time step size, the Implicit scheme is computationally expensive but uncon-
ditionally stable, and the Crank-Nicolson scheme is combination of implicit and explicit
method and second order accurate in both space and time and is common for parabolic

PDE.

Finally, The case of order of accuracy start from the first order scheme include forward
and backward with less accurate and computationally cheaper to the second order scheme
include central difference with balance accuracy and computational effort, and more and
more to the higher order scheme by using Taylor series expansion, we can derive the back-
ward, forward, and central difference formulas, along with many other finite difference

formulas for approximating derivatives.

The advantages of Taylor series are used for finite difference formulas for approximating
higher-order derivatives and it provides an estimate for the truncation error in the approx-

imation [[I'7].

3.1.1 Finite Difference Formulas of First Derivative

We have several formulas for approximating the first derivative at point x; which based on
the values of the points near x;. First in one dimension, we assume that we have an interval

[a,b], divide the interval into (n+1) by selecting an integer n > 0, equal sub-intervals where

h=(b-a)/n+1 and the endpoints are the grid points x; = a+ih , for1=0,1,..., n+1.

Two-point forward difference formula for the first derivative : from Taylor series, we

can approximate the value of a function at the point x; | from the value of the function
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and its derivatives at point x;.

1 1 1
u(xivr) = ulx;) +h (x;) + 2—!h2u”(xi) + §h3u'"(x,~) + 4—!h4u(4) (x)+... (3.1

Where h = x; | — x;j, by using two term from Eq (B) it’s can be rewritten as:
u(xip1) = u(x;) +u' (x)h+ O(h?)

Solving for ' (x;) yields:

() = )0 o (3.2)

If the second term on the right-hand side of Eq (B=2) is ignored, the approximate value of

the derivative ' (x;) can be calculated[f].

Two-point backward difference formula for first derivative : from Taylor series, we
can approximate the value of a function at the point x;_; from the value of the function

and its derivatives at point x;.

1 1 1
u(xi—1) = u(x;) —h' (x;) + Ehzu"(xi) — §h3u/"(xi) + Hh4u(4) (xi)—-.. (3.3)

Where h = x; — x;_1, by using two term from Eq (B3) it’s can be rewritten as:
w(xi—1) = u(x;) = (xi)h 4 O(h?)

Solving for /(x;) yields:

W (x;) = —2——"U 4 O(h) (3.4)

If the second term on the right-hand side of Eq (B-4) is ignored, the approximation is

called backward difference approximation.

Two-point central difference formula for first derivative : can be obtained through by
using three terms in the Taylor series expansion, subtracting the Eq (B3) from Eq (B

gives:

u(xinr) — ulxiy) = 20 (x)) + %(h)3u”'(x,~) +o.
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Dividing by 2h
u(xig1) —u(xi-1)
2h

u(xl_)/ _ u(xi+1)2_h”(xi—1) +O(h2)

If h is sufficiently small , we can neglecting the O term which introduces a truncation

1
=u'(x;) + yhzu’”(xi) +...

error, and it is of order of #2. Thus, the Central Difference Approximation is given by

u(Xit1) —u(xi-1)
2h

(3.5)

u(x,-)’ ~

So a comparison of Eqs (B2) and (B-4) shows that in the forward and backward difference
approximation the truncation error is of the order of h, while the Eq (B33) is the central
difference approximation the truncation error is of the order of 42, This indicates that
gives a more accurate approximation of the derivative. So the FDM of first derivative

have three form :

M Forward difference
W (x) ~{ M=) Backward difference
%}"(XH) Central difference

Most problems in science or engineering include a functions of several independent vari-
ables since reallife applications are either two or three-dimensional it’s more than one
dimensional, and in addition may be a function of time. For example, our equation (ZZ2),
the concentration in an object is a function of time with two coordinates used to describe

the domain u(x,y,t).

We can generalize the method of finite difference to include more than one independent
variable. In two space dimensions, we consider a function of two independent variables
u(x,y) by discretizations of the domain we put y; = jk and x; = ih and discrete grid with
grid points and we consider the spacing between the points in each direction is constant
such that & = x;+1 —x; , kK = y;j+1 — i, To clarify further: see figure [B1] which explain
the grid and significantly the coordinate of point (x,y) and the point around it, while the

figure [B2] demonstrate the discretizations of the grid by i and j.

o u(x,y) = u(ih, jk) = u;

19



* u(x+hy) =u(ih+hy) =u((i+1)hy) =ui1,
(x—hy) =u(ih—h,j) = u((i—1)h,j) = ui-1;

* u(x,y—k) =u(i, jk—k) =u(i,(j—1)k) = u;j—

* u(x,y+k) =u(i, jk+k) =u(i,(j+1)k) = u; j+1
(

o u(x+2h,y+k)=u(ih+2h, jk+k) =u(h(i+2),(j+1)k) = uit2 j+1

(x,z+k) (x.+2h, y+k) (i-,j'+1) .(i+2,j+1)
Kt o
\ .
e L] d o o L]
(x-h,y)(x,y) (x+h,y) (-1j) (i) G+1)
o e
(x, y-k) (ilj-1)
i N
Figure 3.1: Discretizations of the Figure 3.2: Discretizations of the
domain by x and y domain by i and j

The method is mainly based on applied for one of the variables, while the other variables
are kept constant, clarifying the approximation for the partial derivative at point (x;,y;)
on two space dimensions with the two-point forward, the two-point backward and central

difference formulas are

du
* uy = 35, where
Uip1,j — Ui .
L — 5 forward difference
u Wi — Ui .
e =~ = -1/ Backward difference
X o
W Central difference
du
* Uy =gy where
W — .
VAR S forward difference
8 u Ui — Uji— .
ty = - = =L+~ Backward difference
y o .
W Central difference
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3.1.2 Finite Difference Formulas for the Second Derivative

The Combination of the forward differences and the backward differences is presented
for approximating the second derivative at a point x;, Three-point central difference

formula for the second derivative in one dimension by adding Eq (Bl) and Eq (B33)

gives:
]’l4
u(xipr) +ulxi—1) = 2u(x;) + h2u” (x;) + W(4) () + ...
An estimate for the second derivative yields:
u(xit1) —2u(x;) +u(xi—
M/I(.xl') — ( l"!‘l) lle) ( 1 1) +0(h2) (36)

While neglecting the O term which is introduces a truncation error of the order of 42,
the Eq (B6) is the three-point central difference approximation. To generalize in two

dimensions the formula become:

_ %
Uy = 57 where )
9% Ui 2wt ui
Hoe = dx? h?

_ 9%
* ly =50 where
e — 0%u Ujj+1— 2u,-,j + U1
yy — a 2 2
y k

Now we want to related variations in space to variations in time by finite difference meth-
ods for time-dependent PDE, as mentioned previously, the time integration is divided into
three types and here we want to use the forward difference scheme, which is an explicit

FDM and depends on estimate time derivatives.

The method is represented by calculated the time step n and n+1, we will use the time

step At where u”" = u(t,) the value at time step n, w1 = u(t, + At) the value at the next

n

time step and At is the size of the time step , let u I u(x,-,y j,tn) represent the numerical

approximation at the point of the grid (x;,y;,t,) and u;’jﬂ ~ u(xi,yj,tn4+1) represent the
numerical approximation at the point of the grid next time. Applying the forward differ-
ence method for time and the central difference method for space, this scheme is called

the FTCS ( Forward Time Central Space), the Eq (Z2) becomes:
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nl_

L] L] 2.n n
T —D(V ui,j) _(X(ui,j) (37)
Where
S T 2 ¥ e s W Ve e/ A e Y (3.8)
LJj hz kz '

If we multiplication all limits of the equation (B72) by A¢, implies

Then arrange the equation through time
u;’jl —uj ;= At(D(Vzqu) — O‘(”?,j))
uﬁl =ui;+ At(D(Vzqu) —of uf‘]))
Then the following become:

n n n
—2ui; iy L Mg

h? k?

—2ut. 4+ul.
oW —a(d) (3.9)

n
ul
ntl _ on i+l
wp = up+ At (D(

3.2 Finite Volume Method

Numerical methods like FDM and FVM play an important role in solution the PDE that
describes the engineering and physical problem. the FVM is common method because it
is provides ability to handle irregular and complex computational domains [33], this is an
advantage over (FDM), and it is also a depends on integration of the equation transport
into finite volume control with applying the law of conservation of quantity, while the
FDM dependent of differential governing equations by taylor expansions using approxi-
mation derivatives, also the FDM find the derivatives in one point exactly, whereas FVM
show small volume (like cell) and formulate the change of rate of quantity inside the small

volume and decide if there the change is enters or exits from the volume.

The beginning of the emergence of this method began in 1971 and was published in
1980 in a book (Numerical Heat Transfer And Fluid Flow)[25]. The method relied on
conversion of mathematical differential equations to linear algebraic equations in order to

solve it numerically.
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The advantages of FVM beginning from preserve the physical quantities, for example
mass, energy and concentration, and another advantage of the FVM technique is it more
flexible with complex domain until irregular shape, because of that its widely used in
engineering and chemical diffusion systems. We will now explain the steps of this method
and in addition to applying it directly to our equation (ZZ2).

Step 1 Generation of the grid

We can generate of the grid by division of the domain into finite control volumes or small
cells, and as we see in figure (B33) we named the nodal point W, P, and E between A and
B. A general nodal point is identified by P, it is bordered in the west side face the control
volume boundaries w and to the east side it is bordered by the control volume boundaries
e, the distances between the nodal point W and P, and between P and E are equal Ax,

similarly to the distances between face w and e.

Ax Control volume
A < > B
| |
® 3 o . o —@
Ax W w p e E Ax
2 2

Nodal point
Figure 3.3: One Dimensional Finite Volume Mesh
In addition, the general grid node P we extended to a two-dimensional grid by adding
neighbors north N and south S which each square represents a cell as we see in figure

(B4) we use the square shape for discretization of space and place the nodal in the center

of each cell.
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Figure 3.4: Two dimensional finite volume mesh

We also point out that we depend on applying the law of conservation of quantity (here
concentration) the rate of change of quantity inside the cell is equal to the amount of
material inside subtracted from the amount of material outside plus internal interaction
[33].

Step 2 Discretizations The Equation

The idea behind this method is integrate the governing equations of fluid flow "here we
consider the EQ() is a governing equations "over each control volume of the domain

to yield a discrete equation at its nodal point P. For take integral over the control volume

this gives:
0
au dV = DV?u— au
ot
al/l 2
/ Uav=1{ pviuav— [ auav
Vp dt Vp Vp
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Where V), = Ax.Ay is the area ( or volume in 2D) of the cell .
/ —au dV = —au,AxAy
Vp

We used Gauss’s divergence theorem to convert the volume integral of divergence into
a surface integral[34]. Which is the physical meaning that is the flux of quantity out of
small surface element, positive if the flux outside and negative if the flux inside. lets solve
the diffusion term and put the expressions for the flux through control volume faces by
using the approximations.
DV*udv = | DV.(Vu)dV
Vp 1A

= ¢ D(Vu).ndS
Sp

We have four faces boundaries of the nodal P the west, east, south, north faces. To ap-

proximation the flux across the west face:

du ul, — u’
Flux, =D.A,.(5)y~D.Ay. YL
o v (8x)w YT Ax
Ay
Flux,, ~ DA_x(u}‘}V —ulp)
Similarly to other faces:
0 A
Flux across east face = DAy(a—Z)e ~ DA—z(u% —up)
) A
Flux across south face = DAx(a—z) S DA—; (us—up)
) A
Flux across north face = DAx(a—i)n ~ DA—i(u]’{, —up)
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no_ .n n_.n n__ . n n_.n
Z Fluxes :DAqu A “p —|—DAqu A “p —l—DAxuS “p —i—DAxuN “p
X X

faces
A A
:DA—i[ ';V—ugﬂ%—ug] +DA—;“ [ug—ugﬂx—uﬂ
A Ax
= DA—i} [u"}v —2up+ u%} —|—DA—y [ug —2up+ u]"\,}

After rearrangement of the equation, we obtain the following:

un—l—l -

pA—tpr = ) Fluxes — ouyV,,

faces

un—!—l —
P P _ n
TAxAy = Z Fluxes — au},AxAy

faces

P P _
At AxAy

unJrl —uh 1
[ Z Fluxes} — au;’,

faces

faces

1
+1 _
uZ — uZ = At (AxAy [ Z Fluxes] — auZ)

1
uZJrl = u’;, + At (AxAy [ Z Fluxes] — au?,)

faces

1 A A
u;Jrl = u)y + At <AxAy [ A—z [M’JV—Zuﬁ—i—u%} +DA—;C [ug—Zu}’,—{—uf’VH —Ocu;l,)

At A Ax
uZH =u)+ Axhy [DA—i [u"}v —2up+ u%] —i—DA—y [ug —2up + u}f,H — Atou,
In the following, we consider the general form:

uy —2up+uy us—2ulp +uy
(Ax)? (Ay)?

ﬁ“=%+0m{ }—Am% (3.10)
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Chapter Four

Numerical Implementation and Comparison

This Chapter shows the solution for the Reaction-Diffusion equation includes two term
exact and numerical results. We used two numerical methods FDM and FVM and com-
parison the results in order to decide if the numerical results closely matches with exact

results, by calculate the absolute error, max error and L2 Norm.

4.1 Analytical and Numerical results

We implemented a simulation in Python that used Jupyter Notebook within Anaconda
navigator environment to solve the equations( T3, B9, B710), we had established values
for the parameter: length of the square domain is L = 1.0, diffusion coefficient D =
0.01, linear decay rate is @ = 0.1, number of grid points in x-direction and y-direction
is Nx=Ny=120 and dr = (total_time —0)/ (Nt — 1), where Nt=1000. And then we built
and tested the code and got the following results at different time steps at total time t=0,

0.5, 1 and 2.

t=0

0 1.0
25 - 0.8
0.6

50 -
0.4
731 0.2
100 : 0.0

0 50 100

(a)

Exact solution

Figure 4.1: The Exact results at total time t=0

The first case at Figure (E1l): Observe that the concentration of material u before pro-
cesses reacts and diffuses is higher in the middle of the mesh and lower in the edge of the

mesh, because material u is injection into the middle channel.
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t=0.5 t=0.5
0 1.0 0 1.0
25 | 0.8 20 4 0.8
0.6 40 0.6
50 4
0.4 60 0.4
751 0.2 80 0.2
100 , 0.0 ' 0.0
0 50 100 0 50
(a) (b)
Exact solution FDM solution
t=0.5
0 1.0
25 - 0.8
50 A 0.6
75 0.4
100 A 0.2
' ' 0.0
0 50 100
(c)
FVM solution
Figure 4.2: The Exact, FDM, and FVM results at total time t=0.5
t=1 t=1
0 1.0 0 1.0
25 0.8 20 4 0.8
0.6 40 - 0.6
50 -
0.4 60 0.4
751 0.2 80 0.2
100 : 0.0 ' 0.0
0 50 100 0 50
(a) (b)
Exact solution FDM solution
t=1
0 1.0
25 - 0.8
50 - 0.6
75 - 0.4
100 A 02
, ' 0.0
0 50 100
(c)
FVM solution

Figure 4.3: The Exact, FDM, and FVM results at total time t=1

Over time, The second and third case at Figure (&2, B3): the concentration of material u

is affected by reacts and diffuses in both space and time. As a result, the concentration is
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changing over time, decreasing in the middle of the grid and it is diffusion and distribute
over space because of movement of molecules from high to low concentration area and

this explain gradual change of concentration from middle to near boundaries.

While the reaction contributes to decay of the concentration over the domain and this
is causes of sign of negative o¢. The numerical result from FD and FV reflecting good
correspondence with analytical result, and observed that solution of FD and FV is free of

oscillations across the domain.

t=2 t=2
0 1.0 0 1.0
25 | 0.8 20 - 0.8
0.6 40 0.6
ol L
0.4 60 - 0.4
751 0.2 80 0.2
100 , 0.0 . 0.0
0 50 100 0 50
(a) (b)
Exact solution FDM solution
t=2

0 1.0

10 - 0.8

20 . 0.6

30 4 0.4

40 0.2

. 0.0

0 20 40
()
FVM solution

Figure 4.4: The Exact, FDM, and FVM results at total time t=2

The last case ( total time t=2): figure (B4)) shows reduction of the peaks in the middle
and distribution over the grid. In addition, the amount of concentration material u reduces
the gradient comparison with the first time. The exact, FD and FV solution demonstrates
a smooth solution and minor difference in the meddle of the computational domain. Now

the following section discusses the error.

4.2 Absolute Error Between Exact Solution & Finite Difference Solution

The absolute error measures the absolute difference between numerical approximation

and exact result, and its evaluated the accuracy of the numerical approximation , from
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here many parameters play a crucial role in the results, the most important parameter is
the time step, as we say previously, we used the forward finite difference to approximation
the derivative of time, which is conditionally stable. We used N; = 1000 and dt=(total
time-0)/( N_t-1). The figure below shows the absolute error of FDM at N, = N, = 120,

t=0.5 t=1
0 0

251 0.00010 25 4 0.00020
50 - 50 0.00015
75 0.00005 75 4 0.00010
100 A 100 A 0.00005
; . 0.00000 . : 0.00000

0 50 100 0 50 100

Figure 4.5: Error at total time t= 0.5 and 1

The Figure (B3) illustrates the error between exact and finite difference solution at many
time we using the Absolute Error = |uexact — uapproximaﬁon]. As times change, at t=0.5 and
t=1 observed the high value of the error in the middle of the computational domain and
the sloping significant difference at the boundary. The figure also indicates that the value
of error is very small which clarifies and explains a reason for strong agreement in the

figure (1, 22, &£73).

The parameters spatial discretizations N, X N, and time discretizations N; influence the
accuracy, convergence, stability and computational cost of the method. In the figures
below show the calculated absolute error while varying the parameter Nt and fixing the

value of Ny x N, = 120 x 120, and fixed total time t =1.

FD solution 10 Absolute error 1e34
. 0

25 0.8 25 -
1.0

50 0.6 50 |
75 0.4 75 4 . 0.5

100 0.2 100
0.0 T T 0.0

0 50 100 0 50 100

Figure 4.6: FD solution and Absolute error at N; = 500 and total time t=1

The size of the time steps N; = 500 in figure (B-6) illustrates the oscillations and instability
results, the CPU time for the speed measurement of the FDM simulation, total= 62.5 ms

at N; = 500.
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FD solution o Absolute error

1.0
25 0.8 25 0.00020
50 - 0.6 50 0.00015
75 4 0.4 75 0.00010
100 0.2 100 A 0.00005
T T 0.0 T T 0.00000
0 50 100 0 50 100

Figure 4.7: FD solution and Absolute error at Ny = 1000 and total time t=1

The time step sizes N; = 1000 in figure (877) illustrate the stability and convergence re-
sults, the CPU time for the speed measurement of the simulation of FDM, total= 78.1 ms
at N; = 1000, the CPU time increased as the time step sizes increased. The FD solution

is close correspondence to the exact solution because the value of absolute error is very

small.
FD solution Absolute error
1.0 0

254 0.8 25 | 0.000100

50 4 06 <0 4 0.000075

75 | 0.4 75 | 0.000050

100 4 0.2 100 4 0.000025

. . 0.0 . : 0.000000

0 50 100 0 50 100

Figure 4.8: FD solution and Absolute error at Ny = 2000 and total time t=1

The time steps sizes N; = 2000 in figure (ER) illustrate the stability and convergence
results, the CPU time for the speed measurement of the FDM simulation, total= 188 ms
at N; = 2000. The absolute error at N; = 2000 is less than at N; = 1000, which gives a

more accurate solution but increases CPU time.

Figure (&6, 77 , B &) demonstrates the effect of the time step sizes on the stability of
the method. The large time step sizes of FDM leads to a stability solution and higher
accuracy, while smaller time step sizes lead to oscillatory solutions. Although increasing

of time step sizes improve accuracy, the computational time is affected by increasing.

4.3 Absolute Error Between Exact Solution & Finite Volume Solution

The precision and efficiency of FVM appear by evaluating the absolute difference between
the FV approximation and the exact solution, we used N; = 1000, Ny = N, = 120 and

dt=(total time-0)/(Nt-1). The figures below show the absolute error of FVM at total time
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t=0.5 and t=1.

t=0.5 t=1 _
0 0 le-5
25 1 0.15 25 4 2.0
50 010 50 15
75 75 4 1.0
0.05
100 - 100 - 0.5
. : 0.00 . : 0.0
0 50 100 0 50 100

Figure 4.9: Absolute error of FVM

Figures (B9) demonstrate the error between exact and finite volume solutions when we
used the Absolute Error = lu_exact - u_approximationl. At t=0.5 and t=1 we observed
the high value of the error in the middle of the computational domain and the sloping
significant difference at the boundary of the grid. The figure also indicates that the value

of error is small which clarifies and explains the reason for the strong agreement in the

figures (BT, B2, B3).

The figures below explain the effect of N; on accuracy, stability, convergence and compu-
tational cost of this method, fixing the values of space discretizations N, x Ny, = 120 x 120
and the total time t = 1.

Absolute errorjep1s

g
o
=}

25 4 0.8 25

‘ 1.0
50 4 0.6 50
75 4 0.4 75 0.5
100 02 100

‘ 0.0 0.0

0 50 100 0 50 100
Figure 4.10: FV solution and Absolute error at Ny = 500 and total time t=1

The time step sizes N; = 500 in figure (E-10) illustrate the instability and oscillatory be-
havior results, the CPU time for the speed measurement of the simulation of FVM, total=

46.9 ms.
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FV solution o Absolute error

1.0
25 A 0.8 25 A 0.00015
50 A 0.6 50 -

0.00010
75 0.4 75
0.00005

100 - 0.2 100 -

_ ' 0.0 ' , 0.00000
0 50 100 0 50 100

Figure 4.11: FV solution and Absolute error at N; = 1000 and total time t=1

The time step sizes N; = 1000 in figure (EIT) illustrate the stability and convergence
behavior results, the CPU time for the speed measurement of the simulation of FVM,
total= 93.8 ms. The increase in N; gives a higher accuracy result, but requires more time

to speed measurement of the simulation.

FV solution Absolute error 1o_5
1.0 0
25 A 0.8 25 2.0
50 A 0.6 50 A 1.5
75 0.4 75 4 1.0
100 | 0.2 100 4 0.5
T . 0.0 : . 0.0
0 50 100 0 50 100

Figure 4.12: FV solution and Absolute error at N; = 2000 and total time t=1

The time step sizes N; = 2000 in figure (E12) illustrate the stability and convergence
behavior results, the CPU time for the speed measurement of the simulation of FVM,
total= 250 ms, increasing N; provide more accurate results but require more computational

time.

The figures explain the effect of time step sizes on the stability and convergence of the
method, the large time step sizes of FVM give to a higher accuracy and maintain stability,
while smaller time step sizes lead to unbounded oscillatory solutions. And also increasing

of time step sizes improve accuracy but increasing of computational time.

The results also indicate that the absolute errors of FDM and FVM pivoted or centered in

the middle of the domain and decreased on the boundary of the domain.
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The CPU times in N; = 1000 and 2000 for FDM is less than FVM. In both cases, the
CPU for the two methods is very small and nearly identical with a slight advantage for
FDM. In the next section, we discuss the type of error specifically Leo & L2 Norm for FD

and FV solution.

4.4 Lo & L2 Norm

The main categories of error: Pointwise Error in one point and Global Error in all field,
from here appear the Leo & L2 Norm. The Lee norm or Max Error measures the worst
error in the domain which is local and indicates stability, the formulais L, =/ zlv Zﬁ-\; el.z, j
whereas L2 Norm or Root Mean Square Error (RMSE) refers to average error in the

domain and is sensitive for every point in the domain, it denotes general accuracy and

numerical __ analytical

rarely to be large and the formula is L., = max |e; ;| where ¢; j = u i,j

The table (El) demonstrates the relationship between the mesh discretizations and Loo
& L2 Norm for FDM and FVM, the time step dt is fixed for all simulations to the mesh
discretization error and is dependent on the a condition of dt= ( total time -0)/ Nt-1 where

Nt=2000 and take total time= 1 for all cases.

Table 4.1: Quantitative Error Comparison

Number of case N, x N, Method Max Error(L-inf) L2 Norm(RMSE)
1 20 x 20 FDM 3.152460e-04 1.507700e-04
FVM 2.831274e-04 1.424405e-04
2 50 x 50 FDM 3.375689¢-05 1.655788e-05
FVM 3.177155e-05 1.590147e-05
3 100 x 100 FDM 4.126707e-06 2.043235e-06
FVM 4.371522e-06 2.186301e-06
4 150 x 150 FDM 1.099896e-05 5.463422e-06
FVM 1.107115e-05 5.536182e-06
5 200 x 200 FDM 1.338611e-05 6.660007e-06
FVM 1.341650e-05 6.708663e-06

In cases 1 and 2, denote the difference between Leo and L2 for FDM and FVM at time
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t=1. The Max Error of FDM is larger than that of FVM, which leads to that FVM stable
performance more than FDM under a low number of grid points. Although the L2 norm
for FVM is smaller than for FDM, both methods yield acceptable results, but FVM is

more overall accurate, this is due to the conservation of quantity.

When varying the parameter values Nx=Ny to equal 100 in case 3, the error indicates that
the value of the max error for FDM is less than before in case 2, and the same error for
FVM decreases compared to the value in case 2. Similarly, the comparison of L2 Norm
with values in case 2, FDM and FVM decreases, this demonstrates that FDM and FVM
improve as the mesh discretizations refinement.The value of L2 Norm and max error to
the FDM is less than FVM with small difference, which means that FVM and FDM are

in good agreement with slight difference.

The next case shows that the error at Nx=Ny= 150, the max error and L2 norm of FDM is
less than the error values of FVM, indicating that FDM improved and gets good agreement

better than FVM as the mesh discretizations increases.

When we increase the grid discretizations to Nx=Ny=200, the results show a significant
reduction in both L2 norm and the max error in the FVM and FDM values, the FDM
outperformed the FVM by a very slight margin. Consequently, FDM gives more efficient

value and reliable results than FVM in this case.

The results of table (B)) indicate that in case 3, the discretizations of the grid to Nx=Ny=
100 is the most favorable case for two methods compared to the other cases with a slight

difference between FDM and FVM.

The small size taken of grid discretizations gives a small error to FVM compared to FDM
because of conservative formulation. However, as the number of grid points is large, the
grid becomes finer, and FDM gives more accurate compared to FVM. In real application,
FVM is more widely used in real life problems because of the ability to coarse grids and
complex problems, whereas FDM preferred under certain conditions regular geometry

and structured grid to give higher accuracy.

In figure (B213) explain the absolute error for FDM and FVM at Nx x Ny = 50 and total
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Figure 4.13: Absolute Error for FDM and FVM

time= 1, the absolute error is the difference between the approximate and exact solution
at each grid point. The FVM absolute error indicates a higher value in the middle, while
a lower value in the near boundaries similarly absolute error for FDM. The value of error
is very small close to zero for two methods, the two methods show close and strong

agreement so both methods are suitable for solving the governing equation (Z2).

Comparison of Solutions along Centerline (y=L/2)
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Figure 4.14: Comparison of analytical, FDM and FVM solution along centerline

In the figure (E14) it take a cross-section includes analytical FDM and FVM solution
and there is good correspondence and free of oscillations, the figure clearly supports the

previous obtained result.
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Chapter Five
Conclusion and Future prospects

5.1 Conclusion

This research focuses on studying the reaction-diffusion equation in two dimensions (2D)
because of the important application in microfluidics filed, clarification behavior of mate-
rial inside microfluidics channels. The analytical solution is usually difficult or impossible
to find. So we used the numerical method finite difference method (FDM) and finite vol-
ume method (FVM). We performed a comparison between the numerical methods and
exact solution, many parameters play a crucial role in the results, discretizations of space
and time and the CPU time of the simulation, these parameters affected to error: Absolute
Error, L2 Norm and Max Error. The results indicate that the FVM and FDM are stable,
accuracy, efficiency and lower CPU time and error, but effectiveness of the FVM appear
in practical situations with coarse grids. Overall, FVM and FDM agree well and provide
a lower error. For structured grids and uniform shapes, FDM gives higher accuracy, while
in real applications, complex geometries and coarse grids, FVM gives lower error and is

more effective.

5.2 Future prospects

We are looking forward to experiencing applying the finite element method (FEM), and
more than that, we can apply machine learning to solve the equation. Also, study the
steady-state behavior of the reaction-diffusion equation to understand the solution after
a long time. We are also looking forward to building a software application that aims
to help researchers who do not have a mathematical and programming background. The
application makes it easier for them to access the results. The app idea is to solve nu-
merically to the reaction and diffusion equation maybe we can also add advection with
using any method the researcher determines. Because there is no direct application that
enables me to write the equation and determine the numerical solution method. As we
know, there are applications and tools similar to this idea, such as: MATLAB and Python,

and there needed to good knowledge of programming codes and the Python language,
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while COMSOL is able to solve the equation, but it does not offer the freedom to choose

between numerical method.
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List of Abbreviations

Abbreviations Meaning
1D One Dimension
2D Two Dimension
BC Boundary Condition
Diffusion Coefficient
a Reaction Coefficient
v? Laplacian
PDE Partial differential equation
ODE Ordinary differential equation
FDM Finite Diference Method
FVM Finite Volume Method
FEM Finite Element Method
FTCS Forward time central space
RMSE Root Mean Square Error
CIIF Compact Implicit Integration Factor
CFDM Compact Finite Difference Method
UPFD Unconditionally Positive Finite Difference
CpU Central Processing Unit
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