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C: Complex plane.
T: Unitcircle {z € C: |z| = 1}.
D: Unitdisc {z € C : |z| < 1} of complex plane.
T,,: Toeplitz operator.
C,: Composition operator.
M ,: Multiplication operator.
S': Shift operator.
S*: Backward shift operator.
m: Lebesgue measure on T normalized so that m(T) = 1.
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by
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Abstract

If o which is analytic and which maps the unit disc to itself. Then we de-
scribe the image of the de Branges-Rovnyak spaces #(b) under the com-
position operator C,, for algebraic functions 0. In this thesis, we answered
partially about what are the conditions on « such that C,, maps H(b) into
itself, which are «’s such that C,, : H(b) — H(b), and which are ’s such

that C,, maps H(b) to H(q).
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Preface

One of the most common examples of the composition operator is the com-
position operator on Hardy space H2. It is well-known that C,, maps H?
into itself boundedly for bounded o on D.

Recently, Emmanuel Fricain, Andreas Hartmann, and William T. Ross,
in [7], gave concrete examples of de Branges-Rovnyak spaces with alge-
braic symbols. We will give more examples of #(b) with algebraic sym-
bols in section 2.3.

In [19], the authors characterized those o’s for which the composition
operators map the model space into itself for the finite dimension case, in
other words, when b is a finite Blaschke product. Then, in [18] the authors
gave some partial results for inner functions. But in our study we will
consider the composition operators on H.(b) for certain choices of b in the
closed unit ball of H*.

Motivated by the fact that: C,, : H(b) :— H?, we will try to find X
as a subspace such that C,,(H (b)) C X.

In chapter one, we give recapitulation about Hardy space, inner and
outer function, reproducing kernel, Toeplitz operator, model space, and
composition operators on H2.

In chapter two, we give an introduction about de Branges-Rovnyak
spaces H(b). We focus here on the case b = ¢” where ¢ is rational and p
1s any positive number, and on the example which Emmanuel Fricain, An-

dreas Hartmann, and William T. Ross derived. In section 2.3 we construct



XI

a new algebraic example.
In chapter three, we describe the image of the composition operator C,
on H(b) spaces for some algebraic functions b in the closed unit ball of

H™>.
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Chapter 1

Preliminaries

In this chapter we will give recapitulation about Hardy space, inner and
outer function, reproducing kernels, Toeplitz operator, model space, and

we will introduce the composition operators on H2.

1.1. Hardy spaces

All definitions and results in this section can be found in [5, [14].

A measurable function defined on T is said to belong to the space

IS

For 1 < p < oo the Hardy space H? is defined as the space of all

LP(T,m) if

analytic functions f in the unit disk ID, for which the norm

1 27 . %
Il = s, (5 [ 1rteeyas) (LD

O<r<1

is finite. The space H > denotes the space of all bounded analytic functions

on the open unit disc D normed by

1flloc = sup |f(z)].

zeD

Fatou’s theorem says that for functions in H? for 1 < p < oo, the



radial limit

f(e") = lim f(re"),

r—1

exists almost everywhere in ¢, moreover f(e") € LP(T,m). So, H? can
be regarded as a closed subspace of L?(T, m).

For any analytic function f on D and for every non-negative integer n,
let f(n) = £ (0)/n!. Then the series 3.°° , f(n)z" is the Taylor series of
f with center at the origin: it converges uniformly on compact subsets of
D to f.

The Hardy space H? is of a special interest, it is the collection of all

analytic functions f with ) I/ (n)|? < oo. The norm in (1.1) becomes
o0 2
[1£1l2 = (Z f(n)2> .
n=0

The Hardy space H? is a Hilbert space with the inner product
(o g)2 =3 Fm)an)  (f.g € H?).
n=0

It is clear that, H> C H?. More generally, if b € H>* and f € H?
then the pointwise product bf € H?, that is to say H> is the set of all
multipliers of H2.

Functions in H? can be factorized in a canonical way, into a Blaschke

product, an inner factor, and an outer function. Here our terms.

Definition 1.1. [5l](a) Let {2;}32, be a sequence in D such that 37~ (1 —



|2j|) < oo, then the Blaschke product with zeros {z;}32yis a function of the

form

_GWH
‘Zjl I ZJ

Of course, B is an analytic function on C with zeros of order m,, at z,.
(b) An inner function is an H* function that has unit modulus almost
everywhere on T.

(c) An outer function is a function f € H' which can be written in the

‘ 1 2 it 6 _
f(re’) = aexp <2 / H—Te.k(e”)dt> :
7T

elit — 7“620

form

for re?’ € D, where k is a real-valued integrable function and |a| = 1.

It is well-known that non-zero functions in H' can be written as f =
B.S.0, where B is a Blaschke product, S a singular inner function, and O
an outer function. This factorization is unique up to constant of

modulus 1.

1.2. Reproducing kernel Hilbert spaces

A Hilbert space of functions on I is called a reproducing kernel space if
the point evaluations f —— f(\) at points of D are continuous.

Note that [[10]],

3 ! ! 1L/l
MY laall A" <O lanl)2 () 1Az = :
3 e < (A b = il

which holds for all A € D and all f in H?2. It follows that for fixed A € D



the point evaluation functionals f — f(\) are bounded on H? and hence,

by the Riesz Representation Theorem, f must be of the form

f()‘) - <ka)\>7

for some k) in H2.

In fact, it 1s not hard to show that

which is called the Cauchy-Szegd kernel or, more frequently, the Cauchy
kernel. In more general terms, one says that the Cauchy-Szeg6 kernel is

the reproducing kernel for H?2.

1.3. Toeplitz operators

Since H? is a closed subspace of L? then the orthogonal projection Py :

LX(T) — HZ%is

0 o0
P E a,e™ | = E a, e,
n=0

n=—oo

The following is the definition of the Laurent operator.

Definition 1.2. [20] Let p € L*>°(T). Then the Laurent (or multiplication



operator) M, : L*(T) — L*(T) is given by
(Myf)(e") = o(e")f(e").

Theorem 1.3. [I]] Let ¢ € L>(T). Then M, is a bounded operator and

its norm is given by ||M,|| = ||¢]|-

Definition 1.4. [20] For p € L>(T), the Toeplitz operator with the symbol
@ is the operator T, : H? — H? is defined by T,f = Pp2(M,f).

Clearly, since ||Pp2|| = 1 and ||M,|| = ||¢||~ We have that T, is a
bounded operator on H? and satisfies ||T},|| < ||¢||. Moreover; one can
prove that ||T},|| = ||¢||~ for every ¢. This was shown in [1]].

If p(z) = 2, we will write S = T, and will call it the shift operator. Its
adjoint S* (which is called the backward shift operator).[l1]] It acts as

f(z)~ 1(0)

z

Sf =

Note that S =T,, S* = T5.
The following are direct properties of the backward shift operator [23]].

If f is analytic on the unit disc D, then

F(z) = f(0)+ 25" f(2) (€ D) (1.2)

I
s

(S F(0) = f(n) (n=0,1,2...). (1.3)



1.4. Model spaces

In this section we will give the definition of model spaces. The first ma-
jor contribution to mode spaces occurred in 1970 with the publication of
the seminal paper of Douglas, Shapiro, and Shields, see [21]. The study
of model spaces is a vast area of research with connections to complex

analysis, operator theory and functional analysis.
Definition 1.5. [9] A subspace E C L?(T, m) will be called invariant with
respect to pointwise multiplication by z if

zFE C F.

Definition 1.6. /9] If u is an inner function, the corresponding model space

K, is defined to be
K, = (uH*)* ={f € H*: (f,uh) = 0Vh € H*} = H* © uH".

Just as the subspace uH? constitutes the non-trivial invariant subspace
for the unilateral shift S f = zf on H?, the subspace K, plays an analogous

role for the backward shift

£(2) — F(0)

z

S*f =

Theorem 1.7. (A. Beurling, H. Helson) [20] Let E C L*(T,m), with

2FE C FE, zE # E. Then there exists a measurable function u (unique



up to a constant) such that |u| = 1 a.e on T and E = uH?>.

The function

1 —u(A
K/\(Z) - 1U’£ 5)\:(2)7 )\7 S ID))

is called the reproducing kernel for K,,.

1.5. Composition operators on Hardy spaces

The composition operator C\, with symbol « is a linear operator defined by
Co(f)=f o a, where f o o denotes function composition. The composition

operator on the function space is

Ch: X =Y

f= foa

where X and Y are function spaces. One of the most important examples
of the composition operator is the composition operator on Hardy space
H?, which appears in [2, 23].

It is well-known that C,, maps H? into itself boundedly [23]. This fact

is a direct consequence of the next Littlewood’s Subordination Principle.

Theorem 1.8. (Littlewood’s Subordination Principle). [25] Suppose o is

a holomorphic self-map of D, with «(0) = 0 Then for each f € H?,

Cof € H? and [|Cof[] < IfIl.



Proof. Let f be in H2,
f= f; fn)z".
Then, n
S f(z) = f;f(n +1)2"

Substitute «(z) for z in (1.2)), to obtain

fla(z)) = F(0) + a2) (5" f)(a(z)) (2 € D),
which is
Cof = f(0)+ M,C,S*f. (1.4)

Since a(0) = 0, the functions on the right hand side of the last equality are

orthogonal, hence

ICfIP = 1F0)]F + |[MaCuS*fI?
< FO)] +[1CuS*FI1%, (1.5)

where the last inequality follows from ||M,f|| < ||f]|, the contraction

property of M,. Now successively substitute S* f, (S*)2f, ... for f in (1.5)
to obtain:

1CaS™ fIP < IS"FO)F + [ Ca(S™)* fII*

1Ca(S™ AP < USSP F O + [|Cal ST I



1Ca (ST FIP < 1(ST)"FO)* + [|Cal(S) A1

Putting all these inequalities together, we get:
ICfI? < Z\ (SO + |Ca(S) I (1.6)

for all integers n > 1.

If f is a polynomial of degree n. Then, (S*)" ™! f = 0, so (1.6)) becomes

1Call? < YIS DO
k=0

= > /K

k=0

= |IfII*

Suppose f is not a polynomial. Define the sequence f,, to be n-th partial
sum of the Taylor series of f. Since f,, — f in the norm of H? so we get

fnoa — foauniformly. So for all fixed 0 < r < 1 we get

My(foa,r) = lim Ms(f,oa,r)

n—aoQ

< limsup || f, o ]
n—-:aoo

< limsup || fol| - ([[fnoaf| < | fal])

n—-:aoo

< Il (LSl < TLAID-
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To complete the proof, let  tend to 1, where

MB(.r) = oo [ 15(re) a0 = 3 | F e
n=0

-7

For general o we have the following theorem.

Theorem 1.9. (Littlewood’s Theorem). [25] Suppose « is a holomorphic

self-map of D. Then C,, is a bounded operator on H?, and

1+ [2(0)]

Coll| < (| ————

Littlewood’s original proof showed that every composition operator
takes H? boundedly into itself, so it is essential in the theory of compo-
sition operators.

The composition operator is intensively studied on various spaces in
the past decades; the list of references is too long, for example [2, 8, [11,
12,113,115, 116} 17, 18,19, 24, 25, 26]].

The composition operator is a concrete example in the operator theory.
So, numerous classical theorems can be understood in the language of the

composition operator.
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Chapter 2

de Branges-Rovnyak spaces

2.1. Introduction to de Branges-Rovnyak spaces

In this section we will introduce the de Branges-Rovnyak spaces H(b),
where b is any function in H>° such that b = {g € H* : ||g|| < 1}. Tt
is S*-invariant inside H2. Our references [6, 23] contain the full treatment
of H(b) spaces, so we will rely on their contents in this section.

The H(b) spaces have a role to play in many questions in function
theory, operator theory, and in the model theory [3, 4]. In spite of all this,
the exact contents of the de Branges-Rovnyak spaces H(b) remain unclear.

A function b in H* with ||b||» < 1is called non-extreme if log(1 —|b|)
is integrable. If b a non-extreme point of 7 (b), then there exists an outer
function a (this function is unique) in the closed unit ball of H* , we
call it the Pythagorean mate for b, such that a is positive at the origin and
la|?> + |b|* = 1 a.e. on T. The pair (a, b) is called the Pythagorean pair.

de Branges-Rovnyak space #(b) may be defined in many different
equivalent ways. It is defined [23] as the reproducing kernel Hilbert space

of the reproducing kernel

1 —b(\)b(2)
1—Xz

kb (2) = Az eD.

Define f()\) = (f,k}); for all f in H(b) and for all \ in the unit disc D,
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where (., .); is the inner product of H(b).

Another definition of H(b) is the range space of (1 —71}T;)"/>H? equipped
with the norm which makes (I — T;7})"/? a partial isometry, where T}, is
the Toeplitz operator on H2.

If ||b||oo < 1, then H(b) is nothing but a renorming version of H2

Suppose T and F are self-adjoint operators on Hilbert space H?, we
say that T > Fif (T'f, f) > (Ff, f), forall f € H?.

The following property of Toeplitz operator was originally proved in

[1], we present the proof for the sake of completeness.

Proposition 2.1. let o be bounded and analytic on D then

T Ts < TaTh.

Proof. Let f € H? then

(T.Taf ) = (Taf Taf)
= ||P(@f)l7e
< laflf:
= |lafI[7:
= |laf|l7e
= ||Ta S5

- <T07T04f7 f>
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[]

For any b in the closed unit ball of H> we can define the space H(b)
as the range space (I — T31;)"/?H?. Proposition 2.1. implies that I —
T;T, < I — T,Ty, that also implies that The space H(b) is contained in

H(b), moreover, the inclusion map is contractive.

Also there are two important function spaces in H(b):
M(a) =T, H* and M(a) = TH
where b is a non-extreme point and « is the Pythagorean mate of b.

2.2. H(b) spaces with algebraic symbols

In the previous section we presented the de Branges-Rovnyak spaces  (b)
for any b in the closed unit ball of H°°. In this section we will study the
H(b) space when b = ¢”, where ¢ is a rational outer function in the unit
ball of H* and p > 0.

Authors in [7] characterized de Branges—Rovnyak spaces with these
algebraic symbols .

If b is rational, or b = ¢”, p > 0, then we obtain the following complete
description of 7 (b) involving the derivatives of the reproducing kernels.

The notation vﬁ’& in the following theorem

dﬂ

L () 1 —q"(&)q"(2)

( | >,z€Dand§i€T. (2.1)

dé
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Theorem 2.2. [[/] Suppose q is a rational outer function in the closed unit
ball of H* and p > 0. Then

(1) H(q") = H(q) as sets.

(2) If a is the Pythagorean mate for q and the zeros &1, ...,&, on T of a

are distinct with corresponding multiplicities ny, . .. ,n,,, then

(i) the functions Uﬁ,z’ = Uﬁ’gi belong to H(q”) for 1 <1 <mand (0 <l <

n; — 1. Moreover, all of them are orthogonal to

aH? = (H(z — fz)”> H?.
i=1
(1i) H(q") is equal to
<H(z§7)"> HQ@\/{U?Z' 0<l<n;—1,1<i<m},
i=1

where the orthogonality is with respect to the inner product in H(q").

Writing v = v ;, the theorem above implies that 7 (¢*) is equal to

N

m},

1=1

where + denotes the (direct) sum and not necessarily orthogonal in the

inner product of H(q”).

Corollary 2.3. [[/] Suppose q is a polynomial outer function of degree t in
the closed unit ball of H*. Let (a, q) be a Pythagorean pair. Let M be the

number of zeros of a on T counted with multiplicities. Then the following
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are equivalent:
(1) H(qg) = M(a) ® Prr—1
(2) M =t.

Proof. Suppose H(q) = M(a) ® Py—1, we want to show that M = t.
Suppose that &1, &, . . ., &, are distinct zeros of a on T with correspond-
ing multiplicities ny, na, ..., ny. SO M =37 n,.

By Theorem(2.2) we get

H(g) = M(a)® \/{v : 0< L <n; — 1,1 < i <m},

where v = v{, € H(q). Let vj(z) = s ( Hl,(we can prove the

previous equation by Leibniz’s rule) where

W) =7 (1- @) ~ g Zki TR~ )

k=1

and notice that w! is a polynomial of degree less than or equal to ¢ + ¢ and
w? is a polynomial of degree  + £. Because v/ € H(q) C H? we can write
wi(2) as (1 — &2)*1@f(2) , where @ is a polynomial of degree less than
or equal to ¢ — 1 and @} is a polynomial of degree ¢ — 1.

Hence v! = @!(2) is a polynomial of degree less than or equal to t — 1
and of degree exactly equal to ¢t — 1 when ¢ = 0.

But if #(q) = M(a) @& Pa—1, then we get

Vvl 0<0<n —1L,1<i<m} =Py,
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Thus v? € Py_1,andsot < M.

14

On the other side, because v; is a polynomial of degree less than or

equal to t — 1, then vf € Pi_q1,thus Pyy1 C Piq,and M < t. So M = t.
Conversely, suppose that ¢ = M. Then, by the same proof as above,

we get \/{vf :0< < n;—1,1<i<m} C Py

Also \/{v! : 0 < £ < my — 1,1 < i < m} and Py, have the same

dimension. Indeed, we can form polynomials p; ¢ s.t
k
ple) =1, pME) =0 1<k <m—1LEk#L

Because polynomials are clearly in H(q), then

1 if k=14
(piss vi')g = PLo(&) =
0 otherwise.

That implies that vf, 0<l<n;—1,1 <1< m,are linearly independent.

Hence,
dim \/{vf : 0 << =1, 1<i<m} =) n; =M.
=1

Hence we get
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Theorem 2.4. (Fejér-Riesz Theorem) [22]] A trigonometric polynomial s(e') =
S cje' which assumes real and nonnegative values for all real t is ex-

pressible in the form
s(e") = |p(e")[?

for some polynomial p(z) = > a;27. The polynomial p(z) can be chosen
so that it has no roots in D, and then it is unique except for a multiplicative

constant of modulus one.

That proof is based on the fact that s(e?) = |p(e')|? satisfies s(1/2) =
s(z). If ¢, # 0, then w(z) = 2"s(z) is a polynomial of degree 2n with
w(0) # 0. The roots of w(z) occur in pairs ¢, 1/p. It follows that

=c][G:- e =)

7=1
for some ¢ > 0 and where ¢, . . ., @y, satisfy |p;| > 1 for 1 < j < m. The
desired polynomial p is
p(z) = \/EH(Z — ¥j)
j=1

Example 2.5. [[/] Let

=) = 5(1+2),

and note that q is rational outer and ||q||~ < 1 on D.Also note that a(z) =

(1 — 2) is the Pythagorean mate for q, and z = 1 is the only zero of a and

D=



18

the zero is of order 1. A computation leads us to

_ 1—q()g(z) 1

By Theorem 2.2
H(q) = (- 1)H*®C.

Because H(q”) = H(q) for p > 0 we get

H(¢”) = (2 — 1)H2—I—(C: (z — 1)H2@C%

Example 2.6. [[7] Suppose a(z) = c[[-1(z — &)™, where the &;’s are
distinct points of T, n; € N and ¢ € C such that ||a||~ < 1. Let (a,q) be a
Pythagorean pair. By Theorem |2.4|we get that q is a polynomial of degree

M :=>"" n;. Then, according to Corollary 2.3, we have
Ha) =[G~ &) H? © Pars.

1=1

Example 2.7. [7)] Let

o) = 51— )1+ 2).

Note that q is rational outer and ||q||~ < 1. A computation leads us to

e2it 4. 1

1 1—i
1 — Jq(e)? = g7+ 2eM + =

S



19

Define
(2) z72 n 22 n 1
s(z)=—4+—+ =
4 4 2
and
4 2 1 1
w(z) = 2%s(2) = ZZ + % + 1= Z(z — i) (2 +14)%
The zeros occur in pair i = % and —1 = % as the proof of Theorem 2.4
Thus
1 . :
a(z) = 5(2 — i) (2 +1).
The function a has two zeros, z = i and z = —1, and both of them are

of order one. And

50 we get
H(g) = (z —i)(z+i)H* & \[{z +i,2 — i}.
Because H(q") = H(q) we get
H(g") = (z —i)(z + D) H* + \/{z +i,2 — i}

Example 2.8. [/] Let

o(z) = 3 + 1)

Note that q in the unit ball of H*> and is rational outer. By the proof of
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Theorem 2.4 note that
) —it it —2it 21t 5
ity € e s
la(<")l L 116 16 "%
Define

and

1
w(z) = 2%s(2) = —E—Z—F?—Z—E = —1—6(—1+Z)2(1+6Z+22).

The zeros of sare at z = 1,z = —3 — 2¢/2 ~ —5.82843, 2 = —3 +

2v/2 ~ —0.171573. Thus (by Theorem 2.4) a(z) = c(z — 1), for some c.

There are one zero of a at z = 1 with order 1. And

0 _z+3
01,1(2) a4
SO
H(q) = (z — 1)H* ® C(Z + 3).
Also

H(¢") = (z — 1)H?* + C(z + 3).

2.3. More examples of 7 (b)

In the previous section we saw the functions of H(b) spaces with alge-

braic symbols which Fricain et al. derived it in [/], in this section we will
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construct some more examples of functions in the de Branges—Rovnyak

spaces.

Example 2.9. Let

dlz) = 51— 2

Note that q is rational outer and ||q||» < 1. Let
L.
a(z) = 5(22 + 1), then
a is the Pythagorean mate for q on T. Indeed, a(0) > 0 and

1 1
a +lal* = 1502+ DP + 150 - i2)P
1 1
= Z\z’cos@—sin0+1\2+Z|1—z’cos€+sin9|2
1 1
= Z(Qsin0+2)+1(2—281n9)

= 1.

And a has only zero z = 1 and is of order one. It is easy to see that

,UO (Z) _ 1 - Q(Z)Q(Z) — 1
L 1+iz 2

In this case by Theorem 2.2

H(q) = (z —i)H* @ C.
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Because, H(q”) = H(q) for r > 0 we have
H(q") = (¢ —i)H? + C.

In the previous example we defined ¢(z) = 3(1 — iz) and

a(z) = 3(iz + 1), but in the following example we replace ¢ by a.

Example 2.10. Let
1. 1 :
q(z) = 5(2’2 +1) and a(z) = 5(1 —iz).

Note that q is rational outer and ||q|| < 1, a(0) > 0, thus a is the
Pythagorean mate for q on T. Notice that a has one zero of order one at

Z = —1.

0 (2) = 1—q(—i)q(z)

U1,—i

, hence according to Theorem 2.2, we get a

—
L.

Y
DO|—

new example of H(b) spaces

H(q) = (2 +i)H* © C.

Because, H(q”) = H(q) for r > 0, we have

H(q") = (z +i)H* + C.

We present the following new examples on H(b) by changing ¢ and a

in Examples 2.5, 2.7.
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Example 2.11. Let

o(z) = 5(1-2)

Note that ||q||~ < 1 and is rational outer, by using Example 2.5
a(z) = L(1+4 2) and a(0) > 0, thus a(z) is the Pythagorean mate for g,

and a(z) has one zero of order one at z = —1. A computation leads us to

_1—g(-=Lg(») 1
v?’_l(z) - 1+ 2 )

Hence

H(q) = (z +1)H*® C.

Because H(q”) = H(q), we have
H(q") = (z+1)H* + C.

Example 2.12. Let

o(z) = 5=~ i)z + )

Note that ||q|| < 1 and is rational outer. According to Example 2.7 let
a(z) = 3(1 — 2)(1 + z), a(0) > 0, hence a is the Pythagorean mate for g,
and a has two zeros of order one at z = 1,z = —1. A computation leads
us to

1 1
v%l(z) = 5(1 +2z) and U(l)ﬁl(z) = 5(1 — 2).

In this case by Theorem 2.2
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Hig) = (= —D)(z+ DH @ \[{1 + 2,1 - z}.

Because H(q”) = H(q), we have

H(¢") = (2 — 1)(2 + 1)H? —i—\/{l +2,1— 2z}
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Chapter 3

Images of composition operators

We know that for any analytic function a with o : D — DD
Co : H(b) — H.

In this chapter we will try to describe the image of the de Branges-Rovnyak

spaces under the composition operator, in other words, we will try to find

X C H? such that C,,(H(b)) C X.

3.1. Composition operator on 7{(b) into itself

In this section we will study the composition operator C,, on H(b) = (z —
¢)H? @ C where « is analytic and maps the unit disc ID into itself, ¢ € T.
We have constructed sufficient conditions on « such that C,, maps H.(b)

into itself in the following theorem.

Theorem 3.1. If H(b) = (z — ()H?> ® C, and if a(¢) = ( then
O,y s H(b) — H(D).

where « is an analytic function which maps the unit disc D into itself, and

¢eT.

Proof. Let f € H(b) suchthat f = (2 —()g+c, g € H? and c s constant,
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then
foa = (a(z) = ()gla(z)) +c
= (2= Qh(z)g(a(z)) + c € H(b),
by Theorem 1.8 g(a(z)) € H?, and h(z) € H*™. []

The following is an application on the previous theorem.

Example 3.2. Let b = 3(1 + z) and suppose that a(1) = 1, then
Co : H(b) — H(b),
where H(b) = (z — 1)H? @ C. Indeed, suppose

f=(-1g+c
Caf = (a(z)—l)g—l—c

= (z—1)hg+c e H(b).

Theorem 3.3. Suppose H(b) = (z —)H?*®C, ¢ € T, and b = 1(1 + z)
such that ~y is constant. Let o be a rational analytic function, such that

o maps the unit disc D into itself, then
Co : H(b) — H(b)

if and only if a(() = C.
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Proof. Suppose C,, : H(b) — H(b). Let

f=ky = 1-b00)b(z)

1
1 1

- ltaar
Ly

= 1-5-5E-C+0)

1
:?(Z—C)—Fl— 3 € H(b),

then

¢y +1
c2

Cof = (=) = O) +1 = 5= € H(b)

therefore, we can write (a(z) — () as (z — {)h, where h € H?, thus a(¢) =

C.
Conversely, suppose «(¢) = ¢, by Theorem [3.1| we get
Co : H(b) — H(b). O

3.2. Composition operator on H(3(1 + z))

In this section we will study the composition operator C,, on H(b) where

the « is the finite Blaschke product B(z), and b = 3(1 + z).

Theorem 3.4. Ifb = (2 + 1) and B(z) = ({2 )2 then

1—az

Co s M1+ 2)) — H(5( = i)(= +9)
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where a is real and |a| < 1

Proof. Let f € H(3(1 + z)) such that f = (2 — 1)g + ¢ where g € H?,

¢ € C then

Cpf = [f(B(2)) = (B(z) —1)9+C
<<1a_azz >g+c
((a—zl_a;—az)2>g+c
S

S

(1 —a?) + z(2a — 2a) + a —1>
g—+c

(1—az)?
(1- ;z_ az()i - a2)) g+c (sinceaisreal)
= (2 - 1)%+C
- (z—l)(z+1)%+c

e 7—[(%(2 — e 4i) = (2= D+ DH2 e \/{1+2,1— 2},

[]

If a = 1, then the expression ('22(1_&2)?&1;22&)%2_1) g + c in the pre-
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vious proof becomes

222 — 4iz — 2 (22 —2iz — 1)
Uiz 70T ¥ g

Similarly for a = —7 we get

Cp 7—[(%(1 +2)) — 7—[(%(1 +i2)).

If @ = id and |d| < 1, then the expression (22(1_5‘)7;(_2253"”“2—1) g+e

from the previous proof becomes

22(1+ d?) + 2(—4id) — (1 + d2)g

- (1+ idz)? ‘
B 4zd ) e
- (1+idz)??
1 Dg
ifd=<) = — -1
(ifd=3) (Z = ) M tiz22 €

B ( ) (z_ 4i5+3> 4(1+5§z/2)2 e

43 and *2 lie on T because |*=2| =

5

note that
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cording to Example 2.5 there is ¢ such that ¢ is a Pythagorean mate for

c (z — 41—5_3) (z — %) , where c is suitable constant, and according to Corol-

lary 2.2, we have H(q) = (= — %22) (z — 2E) H* @ P.

Consequently (z — %) (z — 4i;3) 60 (=5) et % € H(q) and H(q) =

141z /2
(- 529 (s - 55 2 0 P

In general, if a is complex with |a| < 1 it is not necessarily true that
Cp maps H(3(1 + z)) into H(3(z — i)(z + 4)). But it maps H(5(1 + 2))

to another #(b), but until now we do not know what is b.

Theorem 3.5. Ifb = 3(z + 1) and B(z) = =2 - 222 then

l—a1z 1—asz

Cp: H(%(z +1)) — H(%(z —i)(z +1))

where a1, ay are real and |a1| < 1, |as| < 1.

Proof. Let f € H(3(1 + z)) such that f = (z — 1)g + ¢ where g € H?,

c € C then
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Cpf=[f(B(z)) = (B(z)=1)g+c

Z— a1 2 — an
= . — 1
(1—0;_12 1—a3z )g+c
22(1 — a‘la_g) + z(—a1 —ay +ay + a_g) + ajay — 1
(1 —a12)(1 —az2)
2
1— —(1-—
- e e (sinceaisraal
2 _ 1)1 -
_ (Z-) a1a2)9+c
(1 —a12)(1 — ayz)
(1 —ajas)g

= (z—1)(z+ 1)(1 — a12)(1 — ag2) e

€ Hiz(z—i)(z+1)

Theorem 3.6. If'b = (1 + 2) and B(z) = (<=£) then

1-az

Oy ’H(%(l L) — ’H(%(l )

where a is real and |a| < 1.

Proof. Let f € H(1(1+ z)) such that f = (z — 1)g + ¢ where g € H?,

+c


Medad
Typewritten Text
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c € C then

Cpf=[f(B(2)) = (B(z) —1)g+c
_ (1a__;—1>g+c
_ (a_i:;;az)ﬁc

_ (da_pféf_n>g+c

= (z41) <1a__az> g+c (sinceaisreal)
€ ’H(%(l —2)=(+1)H*®C.

[]

But if a is complex, then is not guaranteed C'z maps H(5(1 + z)) into
H((1—2z)). Forexample if a = i, Cp maps H (3 (14 2)) to H(3(1—iz)).

Indeed, ( e ) )) g -+ c in the previous proof becomes

_ (a—w—nfmp—n>g+c

1412
2(—i—1)+i(—i—1)
- ( 1 +1z )g—i—c
N
= (2 )(1+iz) +

e7a;1—m»:4z_nﬂaec

Similarly fora = —i, Cp : H(3(1 + 2)) — H(5(1 + iz)).
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3.3. Composition operator on 7(3(1 — z))

In the previous section we studied the composition operator C,, on H(b)
where « is finite Blaschke product B(z), and b = %( 1 + 2), in this section

(
we will replace b = (14 z) by b = 3(1 — 2).

Theorem 3.7. Ifb = 5(1 — 2) and B(z) = (=2

1_az) then

Cp - M1~ 2) — H(5(1+2))

where a is real and |a] < 1

Proof. Let f € H(3(1 — z)) such that f = (z + 1)g + ¢ where g € H?,

c € C then

Cpf=f(B(z)) = (B(z)+1)g+c

- (1—az )g+c

(a—z+1—az>
= g—|—c
1—az

( —a—1) a—l))
= g—|—c
1—az

—a—1

— (z-1) (W) g+c (sinceaisreal)

c H(%(l + )= (= 1)H2& C.

[]

But if a is complex, then is not guaranteed C'z maps H(5(1 — z)) into
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H(3(1+2)). For example if a = i, Cp maps H(3(1—z)) to H(3(1 —iz)).

l1—az

Indeed, (2(&1)(‘11)) g + ¢ becomes

_ <Z(—1—|—i)+(i+1))g+c

1+122
2(—=141d) +i(=1+74)
- < 14z >g+c
B ~(=1+17)
= B gy ate

e 7—[(%(1 i) = (=) M2 C.

Similarly fora = —i, Cpp : H(3(12)) — H(5(1 + iz)).

Theorem 3.8. Ifb = (1 — 2) and B(z) = z (%) then

—az

Cp: 7—[(%(1 —2)) — H(%(z —1i)(z+1))

where a is real and |a| < 1.

Proof. Let f € H(3(1 — z)) such that f = (z + 1)g + ¢ where g € H?,
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c € C then

Onf = f(B(z)) = (B(z)+1)g+c

a—z
= (Z — +1>g+c
1—az
az—22+1—az
- 1—az gte
—22+(a—a)z+1
- 1—az gte
<1—z2) te (st . )
= g+ c (sinceaisrea
1—oaz
—g
= -1 1
(z—1)(z+ )(1—az)+c

e H(%@ N+ = (=D + )@ C.

3.4. Composition operator on 7(5(z — i)(z + 1))

In this section we will study C,, on H(3(z — i)(z + i)) when « is rational.

Theorem 3.9. Let o be an analytic function which maps the unit disc into
itself, letb = 5(z—1)(z+1), then Co : H(3(z—1)(z+1)) — H(3(1+2))
iff (1) = 1, where H(5(z—i)(2+1)) = (z—1)(z+ 1) H*®\/{1+2z,1—2}
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Proof. Suppose C, : H(3(z —)(z + 1)) — H(5(1 + z)). Let

1 : .
f=k = 1—Z(z+z)(z—z)
= 1—%(22—#1)
3 22
T4 4
_ 3 (-D+D((z+1) -1
4 4
= _Tl(z—l)(erl)Jr%EH(b),
then
—1 1
Col = F(0(2)) = THa(z) ~ D(al) + 1)+ 5
-1, , 1
= T(oz (z)—1)+§
but since =1 (a?(z) — 1) + 1 belong to H(3(1 + 2)),
thus (a?(z) — 1) = (2 — 1)h where h € H?. Hence a(1) = 1.

Conversely, suppose (1) = 1, then

Cof = fla()) = —(a() = Dia(z) +1) + 5

since (1) =1

= 4(2—1)g+;€7-[( (1+2)),

where g € H?.
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1—az

Theorem 3.10. Let b = H(3(z —i)(z + i), let a(z) = B(z) = £=Z, then
1 : : 1 : :
Cp: 7—[(5(2 —i)(z+1)) — 7-[(5(2 —1i)(z +1))

where a is real such that |a| < 1.

Proof. Let f =kl = ZL(z — 1)(z + 1) + 1 € H(b), then

Cuf = (B() = —(BE) = D(BG)+1)+5
= (BEP-1) 4y
1 2

4 (1—az)? 2
-1 (21 —-a)+z(2a —2a) +a* — 1 1
4 (1 —az)? )+§
11 -a*) - (1—d?) 1 , ,
= 1= a2)? )—1—5 (sinceaisreal)
—1 (1—a)

1

4 v (1—az)? 5
o 1-a?) 1
B I(z—l)(z 1)(1—az)2+§

€ H(%(z —1)(2 +1)).
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