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Abstract

Retinal vessels classification into artery / vein is an important issue; since it
helps in early detection of serious retinal diseases, this can avoid blindness.
Many features can be extracted from fundus images to distinguish between
vessels, but some of these features are redundant, disturbing and time
consuming, hence leading to inefficient classification results.

In this work, methods for dimensionality reduction are discussed: Linear
Discernment Analysis (LDA) and Principal Component Analysis (PCA).
We also modified and implemented a two stage method in which PCA is
used first to project data into a lower dimension, then LDA is implemented
on the resulted projected data to obtain a one dimensional data. Through
building a program using MATLAB, all these steps and other image
processing are executed to classify vessels. Images from DRIVE database
are implemented in some preprocessing steps and features are read from the
vessels, then the dimension is reduced using dimensionality reduction
technique. Finally, major voting for three classifiers (K-NN, SVM, and
Naive Bayes rule) are used to classify projected data.

In the final stage of this work, results are measured and evaluated through
sensitivity, specificity and accuracy metrics. Results of the different

approaches showed that both LDA and the two stage method are able to
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reduce the feature space into one dimensional data space and the process
time. Although both techniques enhance the classification but Two-stage
method showed slightly better results. The proposed two stage method
classified the vessels with average accuracy 86.4% on the 14 testing

images.



Introduction

Retina is a very important part of the human body which might be affected
by diseases, early detection of the retinal diseases avoids the risk of
blindness.  Classifying retinal vessels into  Artery/Vein helps
ophthalmologists to notice early signs of some retinal diseases which affect
the vessels itself, one of the symptom is artery becomes narrower in case of
hypertension, so the artery/vein ratio (AVR) decreases which is considered
as an early sing for this disease [52, 53].

Over the years, researchers worked in retinal vessels classification, they
used different features and different classifiers in order to decrease the
misclassification error. In the following paragraph a set of works relevant
to this issue.

C. Muramatsu et al. (2010) considered a method for automatic
measurement of the artery to vein diameter ratio (AVR) in order to evaluate
the hypertension in retinal fundus images. They first apply two methods to
segment images which are black top-hat transformation and double ring
filter, they developed a new method by combining these two methods
simply by taking the average of output, they compared results and find that
the developed method gave best results. Then RGB color information is
extracted from major vessels which are located in Region of Interest (ROI)
which is quarter-disc to one disc diameter. Then the centerline pixels are
classified using LDA. Finally, each sub-segment is assign to be artery or

vein using majority rule. For each pair of vessels that runs parallel to each
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other, AVR was calculated. Using test images from DRIVE dataset, 88.2%
of centerline pixels were correctly assigned as artery or vein [46].
Maheswari et al. (2015) proposed an automated method to classify retinal
vessels into artery or vein, the images are obtained from available database
like DRIVE database. Green or red channels are used with normalized
intensity since vessels in these channels are visible better. Their method
consists of four main steps. First step, is to segment the image using
morphological processes. Second, they extracted the center line using
thinning algorithm. Third step, is to extract features from center line pixels,
these features are: a) red, green and blue intensities in addition to their
means and standard deviation, b) saturation, hue and intensity in addition to
their standard deviation. Finally they implement these features in different
classifiers: Linear Discriminant Analysis (LDA), Quadratic discriminant
analysis (QDA) and k-nearest neighbor (k-NN). [40].

Divya et al. (2014) believed that using only intensity features is not
sufficient for vessels classification so they used the fact that veins rarely
cross veins and arteries rarely cross arteries in their approach. Their method
consists of three main phases: First phase, generating the graph in which
they segmented the vessels and then extracted vessels center line. After
that, the graph is extracted and some modifications are applied. Second
phase, analyzing the graph, four types of intersection points are defined and
then node classification algorithm are used in order to decide the node type.
In final phase, commonly used classifiers (LDA, QDA and K-NN) are

implemented to classify vessels. They noticed that using graph-based
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method with LDA outperform the accuracy of LDA classifier with intensity
features [9].

Another work for Divya with a different team (2015) performed an
automatic method for artery/vein classification by incorporating graph
based algorithm. First they segmented the retinal vessels and then extracted
the graph to analyze it by determining intersection points and vessels
segments. After that a features vector was extracted and finally they
implemented the neural network method for pattern recognition
classification. They compared the result of this work with Divya’s previous
work and found that accuracy performance is improved from 93% by K-
NN to 95% by neural network [10].

Kondermann et al. (2007) compared between two methods to build features
vector. First they applied three preprocessing steps: image enhancement,
extract the skeleton and segment the vessels tree. Then applied two
approaches to build features using either Region of Interest (ROI) in which
they defines a quadratic region around skeleton pixel, or vessel profile in
which they read the vessels profile to a vector along a line crossing the
skeleton vessel. After that, they reduced the dimension of feature vector
using combined multiclass PCA; finally two classification methods are
applied which are Support Vector Machines (SVM) and Neural Network
(NN). This methodology was tested on four 1024x1280 retinal images
containing 10,132 centerline pixels. For SVM four kernels were used
which are: linear, polynomial, radial basis function (RBF) and sigmoidal.

They found that using RBF kernel gave the best results. Finally, they use
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the Knowledge that all pixels between any two crossing points belong to
same class which improved their final result by 6.44 % . Using ROI to
extract feature and then applying NN gave the best classification results
(95.32 % of major vessels were correctly assigned to be artery or vein) [33,
42].

Niemeijer et al. (2009) proposed a supervised, automatic method for
classifying retinal vessels. They obtained the segmented images from
DRIVE database. First thinning algorithm is used for detecting center line
pixels, then the intersection points are removed. After that features are
extracted from each center line pixels and a soft label is assigned to each
centerline indicating it’s being a vein pixel, then the dimension is reduced
by selecting the best features using sequential forward floating in which we
start in empty set of features and then we add or remove feature to enhance
the performance of classifier. Some of these features are: intensity,
normalized vessels’ contrast, normalized average hue, saturation and
intensity. 12 from 24 feature were selected. Finally classifiers such as
LDA, PCA, K-NN and SVM are tested using the fact that connected
centerline pixels in vessel segment are belonging to the same type. They
found that K-NN provided best performance by evaluating the results using
ROC (Receiver Operator Characteristic) where the area under ROC curve
was 0.88 [49].

Classify retinal vessels still an important issue, since small error in
classification may lead to misdiagnosis, so the researchers worked heavily

in this domain to get more and more accurate results.
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Many challenges face this classification, particularly the inhomogeneous
lighting and low contrast in retinal images. Also vessels themselves disturb
the classification since different vessels in different regions in the same or
images might be identical. Moreover, choosing good features is considered
as a basic challenge that faces the classification.
Many features can be used for this classification but some of them are
redundant and disturb the classification results. To keep the most effective
features, either features selection or feature extraction (dimensionality
reduction) methods are used; in this work different dimensionality
reduction techniques are implemented which are Linear Discriminant
Analysis (LDA) and Principle Component Analysis (PCA). Moreover we
modified the Two-stage method (PCA+LDA) as a new dimensionality
reduction technique for retinal vessels classification.
This thesis is organized as follows:
Chapter 1 presents a medical background and an introduction to retinal
vessels segmentation and classification. Moreover it includes an overview
of the related works.
Chapter 2 provides a description for the used dimensionality reduction
techniques which are: LDA, PCA and Two-stage method, in addition to the
following classifiers: Support Vector Machine (SVM), Bayes rule, K-
means and K-Nearest Neighborhood (K-NN).
Chapter 3 covers our methodology for retinal vessels classification with
detailed steps, MATLAP software was used and a program was built to

read different features form the training images, then dimensionality
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reduction techniques are implemented in order to project the data into
lower dimensional space. In the next step, different classifiers are executed
and evaluated.
Chapter 4 reports comparisons between different dimensionality reduction
techniques and the conclusion of this work, in addition to discuss the main

contributions of this research work.



Chapter One

Background
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Chapter One

Background

The eye is a very important and sensitive part of the human’s body; hence
studying diseases that affect this part is an important issue. As some
diseases lead to the risk of blindness, an early detection of diseases will
help in treatment. Ophthalmologists may not be able to observe slight
changes in the retina; consequently, it’s very hard to detect the disease in
the early stage; although researchers suggest methods for this purpose.
Fundus images play a vital role in studying retina since it gives non-
invasive visualization to obviously see the retina and its vessels, it gives an
acceptable amount of information that ophthalmologists may need.

One can say that there is a relationship between eye diseases and changes
appearing in vessel’s structure; this makes studying retinal vessels a very
important task. Many researches interested in retina, some of them study
vessels segmentation: manual, semi-automatic and automatic methods are
proposed over the years. Also, morphological features of vessels are
evaluated; one of the most important parameters that can be measured from
studyimg vessels structure is Artery-Vein ratio (AVR).

AVR is found to be a very useful indicator for early detection of retinal
diseases. Hence, to achieve accurate diagnosis, an accurate measurement of
AVR is required. Classifying vessels into an artery or vein is an important
step for AVR measurement which is an essential, accurate and critical step

that faces many challenges making it a difficult task. Classifying vessels
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into an artery or vein is a critical step since a slight error in classification
makes large influence in final AVR value which in turn leads to

misdiagnosing of eye disease.

1.1 Eye Anatomy

Human eye consists of three major layers: external, intermediate and
internal layer; the first layer consists of sclera (white part of the eye) and
cornea. Cornea is a transparent layer that has two functions: protects the
eyeball and refracts the light, it covers both iris (colored circle) and pupil
(dark circle). Pupil’s color is dark due to absorbing most of light by
pigment epithelium. The second layer is divided into two parts: anterior
part contains iris and ciliary body, and posterior part which is choroid. The
last layer is retina, see Fig. 1.1. The space between the lens and retina filled
by colorless, transparent mass called vitreous.

Iris is a membrane that controls the size of the pupil diameter and hence the
amount of light that reaches retina. In bright light, iris reduces the pupil
size, hence decreasing the amount of light entering the eye, while in dim-
light it enlarges the pupil size, which increases the amount of light entering
the eye [32, 37, 2, 65].

Retina is a sensitive tissue layer located at the back of the eyeball and it’s
only 1 mm in thickness and in which microscopic blood vessels can be seen
distinctly and evaluated. This important part of the eye is served by a
second blood supply which is the choroid. Retina plays an important role in

visualization, and it has two kinds of vessels which are Arteries and Veins.
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In retinal center there is a circular to oval white area with about 1.5 X
2 mm called optic disc (optic nerve), which is the place where retinal
vessels originate and converge, it connects the retina to the brain. From the
center of the optic disc radiate the major blood vessels of the retina. Also,
there is a small extra sensitive area located in the center of retina called
macula, which is responsible for central vision and it has high light
sensitive cells that helps to see small objects clearly. In the middle of
macula there is a circular indentation of the retina of approximately
1.5 mm in diameter and it has no blood vessels which is called fovea; and
it is responsible for sharp vision, see Fig. 1.2 [32, 54].

There are two sources of blood supply to the retina: central retinal artery
and the choroidal vessels. The choroidal vessels supply the outer retinal
layers since they receive the greatest blood flow (65-85 %) while the
remaining (20-30 %) flows to retina through the central retinal artery from
the optic nerve to supply the inner retinal layers [48].

Retina contains photoreceptors that transform captured light ray into neural
signals. There are two types of photoreceptors in retina: Cones which are
primary located in the macula and they are high sensitive to color vision
and they also deal with white and black vision. The other type is Rods
which are sensitive to low level of illumination so they are useful in dim

light and they receive no color information [37, 64].
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Fig. 1.1: Anatomy of human eye
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Fig. 1.2: Human retinal image
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1.2 Retinal Vessels

There are five types of vessels in vivo: Arteries which are very strong
vessels that carrying blood with oxygen and nutrients away from heart
under high pressure. They are subdivided into thinner tubes that give rise to
branched, finer vessels which are called Arterioles. Smaller-dimeter blood
vessels are called Capillaries which connect smallest arterioles to smallest
venules; capillary walls allow the diffusion of blood with high levels of
oxygen and nutrients and allow high levels of carbon dioxide and other
wastes to move from tissue to capillaries. Venules are microscopic vessels
that link capillaries to another type of vessels called veins. Veins carry
blood with carbon dioxide and other wastes again to the heart, see Table
1.1 [44, 60].

Retinal blood vessels are the only part of human circulation that can be
visualized non-invasively. Arteries have a wall that consists of three
distinct layers, also veins wall are similar but they have thinner walls that
are less elastic than artery walls.

Blood pressure is strongest when the blood leaves the heart, so it is highest
in arteries, less in the arterioles, and lowest in the capillaries. Unlikely the
arteries, veins don’t have sufficient pressure to keep blood moving so veins
have valves which open if blood flow toward the heart and close if it

reverses [44].
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Table 1.1: Blood vessels structure

Mean Mean wall Shape
diameter | thickness P
Artery 40mm | 1.0 mm
Arteriole 30,0 um | 6.0 um
[
Capillar 8.0 um 0.5 um "
pillary u 0 L
Venule 200um | 1.0 um o
H & "*\4\\.'
Vein 50mm | 0.5 mm \&(.

* (mm: millimeters, pm: micrometer)

In retina, we need to classify vessels into their two major types: artery or
vein, this step is essential for detecting some retinal diseases. There are

differences between arteries and veins that will be helpful in distinguishing

the vessels, some of the most important ones are:

1- Veins are darker and more reddish whereas arteries are brighter than

veins.

2- Arteries are thinner than the adjacent veins.

3- Near the optic disc veins and arteries usually alternate to each other

before branching out. Far from the optic disc one can find a vein

next to two adjacent arteries.
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4- At least near the optic disc an intersection between two arteries or
two veins is rarely, but both can bifurcate into smaller vessels.

5- Some retinal blood vessels include a light streak, which clearly
appears in high resolution images known as center light reflex that
is found along blood vessel’s center. For Arteries the central reflex
IS more distinctive than veins, it is more common in younger retinas.
It appears as a result of light reflection from the surface of blood
wall. See Fig. 1.3.

Without using structural information which is mentioned above, it is almost

impossible to classify small vessels correctly [2, 55, 35, 59].

Fig. 1.3: Retinal vessels shows with center light reflex
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1.3 History of Retinal Imaging and Processing

Since many important eye diseases appear in retina, researchers were
interested in obtaining retinal images and performing image analysis which
help in studying these diseases. First attempt to image retina was by the
French physician Jean Mery, who showed that: if you immersed a live cat
in water, its retinal vessels will be visible from outside. But this experiment
Is impractical for human, so in 1823 Jan Evangelista Purkyné invented the
principle of ophthalmoscope, and it was first developed in 1845 by Charles
Babbage .Then again developed and reported in 1851 by VVon Helmholtz. The
first image of retina was published in 1853 by Van Trigt, see Fig. 1.4 [1].

Ophthalmoscope is considered as a direct method to obtain images for the
retina but it’s often inaccurate due to non-standardized illumination, low
magnification and subject bias. In addition, ophthalmoscope requires the
physician to come close to the patient face and infectious disease was
prevalent at that time, hence it was necessary to image the eye
photographically. The first useful photographic retinal image was obtained
in 1891 by Gerloff. In 1910, Gullstrand developed the fundus camera
which is still a concept used to image the retina today; it is a complex
optical system used for imaging the retina of the eye and it is capable of
illuminating and imaging the retina simultaneously [37, 1]. Nowadays, it is
easier to capture retinal digital images due to the development of digital

fundus cameras. See Fig. 1.5.



Fig. 1.4: First retinal image taken by Van Trigt in 1853

Fig. 1.5: Non-Mydriatic fundus camera
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Ophthalmology is a specialized field of medicine, where we can directly
visualize the pathology of the eye and treat it accordingly.

In 1973, Matsui et al. published a method for retinal image analysis that
focused primary on vessels segmentation. Their approach was based on
mathematical morphology and they used digitized slides of fluorescein
angiograms of the retina. In 1984, Baudoin et al. described an image
analysis method for detecting microaneurysms, a characteristic lesion of
diabetic retinopathy, it was the first method to detect and segment
abnormal structures. In 1990s the field of retinal image processing
dramatically changed as a result of the development of digital retinal
imaging and the expansion of digital filter-based image analysis techniques
[1].

Fundus imaging helps in documenting the disease process which further

helps in classifying, treating and following up the diseases effectively.

1.4 Fundus Images

Retinal photography or funduscopy or fundus imaging is a technique for
2D projection of 3D retinal tissues onto an imaging plane by using
reflected light rays. The amount of reflected rays appears as intensity
values on the image plane. Fundus image shows retina, optic nerve and
fovea, also one can see the retinal blood vessels in fundus image with no
need for surgery. The fundus imaging helps in diagnosing various ocular
and systemic disorders like diabetic retinopathy and hypertensive

retinopathy. The fundus imaging techniques are classified into several
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categories depending on the type of image, emitted light and acquisition
procedure [1, 2, 65].

Retinal fundus images play an important role in many applications, for
example, they help in diagnosing several eye diseases even it helps in early
detection, also it is used in human recognition. Retinal fundus images are
used in many popular methods to detect vessels structure both manually
and automatically. Vessels structure such as thickness, curvature and
artery-vein ratio (AVR), are used for early diagnosis. A normal fundus

human eye is reddish and clean as it’s shown in Fig. 1.6.

Normal hyifian retina

4
) y

Fig. 1.6: Normal human retina.

Fig. 1.6 shows optic disc which appears as bright region in the image where
all blood vessels are converged, while the dark region in the image is called

macula. The aforementioned properties for retinal vessels can be seen in
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the image, for example artery looks brighter than vein, center light reflex is
clearer in artery etc.
Basically there are two main categories of fundus images, we will
concentrate our work on digital fundus photography, as its easier to obtain
for the physician and the patient which is taken in a short time [5, 42]. See

Fig. 1.7.

(@) (b)

Fig. 1.7: a) Color fundus image, b) RGB image with green filter.

Retinal fundus images are considered as visual records that document
opthalmoscopic appearance of patient’s retina. They also allow the
physician to study patient’s retina in order to help them to identify retinal
changes on follow-up. Due to its safety and cost effective, fundus imaging
remains the basic method of retinal imaging [51].

Retinal images are captured with different field of view and the resolution
can vary from 768x576 pixels to 2948x1536 pixels for different cameras,

high resolution are recommended but it requires large storage capabilities.
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In general, image quality can be affected by a number of factors including

movement of eye, poorly dilated pupils and/or small pupils [37, 64].

1.5 Some Retinal Diseases

Normal retina, as seen in Fig. 1.6, has clean space between vessels and the
background, which as seen the majority of the retinal fundus image is
reddish, clean and does not have any hemorrhages, dots, blots or occlusion
in vessels. The retinopathy or diseases that affect the retina such as
diabetic, glaucoma, stroke and other cardiovascular diseases in adult, and
also retinopathy of prematurity (ROP) in infants, affects the retina, see
Table 1.2. However, ophthalmologists don’t have time to observe
abnormality signs in fundus images, so automatic analyzing of fundus

images is essential.
Table 1.2: Manifestation of some retinal diseases that affect the blood
vessels [48]

Manifestation

Artery |Vein |Artery Artery |Vein Vein
Color |Color |Narrowing|Dilation|Narrowing|Dilation

Disease
NVE |NVD

Choroidal
Neovascularization

Diabetic Retinopathy| 48 | 8 | #

Hypertensive
Retinopathy

Branch Retinal Vein
Occlusion

Central Retinal Vein
Occlusion
Hemi-Central  Retinal
Vein Occlusion
Branch Retinal

Artery Occlusion d
Cilio-Retinal Artery 8
Occlusion
Acrteriosclerotic

Retinopathy »

® &

8
% 8 8 8

88 88 8 8 8
8
8

* (NVD = Neovascularization of the optic disc, NVE = Neovascularization elsewhere).
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Since most of retinal diseases affect the vessels, automated calculation to
find the ratio of artery caliber to vein caliber (AVR) helps ophthalmologists
in diagnosing retinal abnormalities. Accurate diagnoses of retinal diseases
are critical issue, and since part of the diagnoses depend on the AVR,
accurate classification of retinal vessels into arteries or veins is essential.
There are different protocols for AVR calculation, for example, in Japan
they consider the optic disc centered image and the largest adjacent pair of
vessels in the area within 0.25-1 of the optic disc diameter from its margin
are used for AVR calculation [46, 48, 42].

AVR ratio involves several problems such as: localization of the optic
disc, vessels segmentation, accurate measurement for vessels diameter
and classification of vessels into artery / vein. Classification of vessels is
very essential step for AVR and accurate result is really important since
misclassification errors may lead to large errors in final AVR
measurement [42].

Some retinal diseases are mentioned below:-

1.5.1 Diabetes

It’s one of the most influential retinal diseases, it affects the body with
different asymptotes, for example it makes changes in retinal vessels. If
diabetes affects the vascular area of retina, it is named as diabetic
retinopathy which is caused by complication of diabetes that causes
blindness. In general, there are two types of diabetic retinopathy: non-

proliferative and proliferative. In non-proliferative (NPDR) the dilation and
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tortuosity of retinal veins are increased and intra-retinal hemorrhages is
appeared .While in proliferative (PDR) abnormal vessels begin to grow on
the surface of retina or the optic disc, this is called neovascularization, the
wall of these new abnormal vessels are weaker and it can bleed or cause
retinal detachment, see Fig. 1.8. Diabetic retinopathy in early stage can be
treated by laser so that it is very important to regularly test and follow up
retina by ophthalmologist, this reduces the risk of blindness [65, 48, 42,

28].
Nomal Retina Diabetic Retinopathy

. \
Retinal blood EySname Micmar:eet:‘fz:?;.’odema
vesasls Cotton wool
spots
(a) (b)

Fig. 1.8: (a) Normal retina. (b) retina with diabetic retinopathy.
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1.5.2 Vascular Occlusion

There are two types of vascular occlusion: central or branched vein
occlusion and central or branched artery occlusion.

Central/ branch vein occlusion

Central vein occlusion (CVO) affect whole retina since the central vein is
blocked where branched vein occlusion (BVO) affect only a portion of the
retina where the small branch of vein is blocked.

CVO in early stage has the following symptoms: flame-shaped bleedings or
in some cases deep bleeding, slight engorgement of the veins, hyperemia
and swelling of the optic nerve head. See Fig. 1.9.

While the earliest sign for branch vein occlusion (BVO) is slightly
hemorrhages in the region where artery cross the vein or vice versa,
hemorrhages appear in different degrees, often it takes long time (months
up to year) to absorb. Away from this region the veins look dilated,
congested and tortuous. In general, as occlusion occurs nearer to the optic

disc, the size of affected retina will be larger.



(a) (b)

(c) (d)

Fig. 1.9: (a) CVO with heavy bleeding, (b) few bleedings and engorgement of the veins,

(c) vitreous bleeding, (d) dot and plot bleeding

Central/ branch artery occlusion
In central artery occlusion (CAQ) fiber layer becomes thickened and the
region around the macula become whitening, see Fig. 1.10. Arteries

become thinner and weaker, and cherry red spot develops at fovea.



Fig. 1.10: CAO after few hours of occlusion

After weeks, the optic disc become atrophic, neovascularization appear in

iris and rarely appear at the optic disc [28].

1.5.3 Retinopathy Of Prematurity (ROP)

ROP is a disease occurred with premature childhood babies, it can cause
blindness. ROP isn’t only caused by single reason, it is caused by a
combination of several factors. There are two phases of ROP, in the first
stage vessels grow slowly and even some vessels are lost, while in second
phase a neovascularization occurs at the junction between the non-
vascularized retina and vascularized retina, these new vessels are leaky.
ROP affect the posterior pole vascular, it initial caused mild venous
dilation and it followed by tortuosity in arteriole, these vascular changes
developed over years.

There is a virulent type of ROP which is retinopathy of prematurity plus,

this type shows more dilation and tortuosity in arteries. See Fig. 1.11.
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Early detection of diseases protects the child from future blindness, so if we

can classify retinal vessels into artery and vein it becomes easier to notify

these vascular changes [10, 28].

(a) (b)
Fig. 1.11: a) Normal retinal eye, b) retina with plus ROP showing dilation and

tortuosity.

1.5.4 Hypertension

In hypertension, artery become narrower which can be discovered by
calculating the AVR ratio for pair of parallel vessels at specific distance
from the optic disc, this distance change in different protocols e.g., in USA
this distance is defined from half-disc to one disc diameter from the optic
disc margin and from quarter-disc to one disc diameter from the optic disc
margin in Japan, i.e. decreasing in the AVR is an early sign for
hypertension, also vessels tends to be tortuous, the edge of the optic disc

become blurred [46, 54, 28]. See Fig. 1.12.
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Fig. 1.12: (a) Normal retina, (b) retina with hypertension.

1.6 Retinal Vessels Segmentation

Before classifying the vessels into artery or vein there is an essential step
called segmentation of retinal blood vessels which have been heavily
researched over the years. Segmentation can be considered as the heart of
retinal image processing, it plays an important role in retinal disease
detection also as mentioned it is an essential step for retinal vessels
classification, it allows detecting geometrical changes in vessels such as
tortuosity, diameter and/or length. Vessel segmentation is converting the
colored retinal image into binary image by assign each pixel in the retinal
image as vessel or background, see Fig. 1.13, which helps in recognizing
the background in order to dismiss it from the calculation. In binary image,
pixels have only two values either 0 which refers to background pixels or 1
which represent vessels pixels. Retinal vessel segmentation can be obtained

manually or automatically, manual segmentation is very hard and time-
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consuming especially since vascular network is complex and large number
of images that expert need to segment so it was essential to find an

automatic method or at least semi-automatic ones [39].

() (b)

Fig. 1.13: (a) Color retinal image, (b) segmented retinal image

Automatic methods provide consistency and accuracy, they also save time
and effort, and they are very useful since they help in segmenting large
number of retinal images in little time. Moreover, it reduces the workload
on doctors in practical applications, even non-experts can use these
methods, also automatic segmentation can provide good results or even
better than manual ones in some cases [39].

Accurate blood vessels segmentation is a difficult task for several reasons:
low contrast, the presence of noise, irregular widths of vessels and large
variation in retinal images structures such as the optic disc size and

location. The above difficulties and others deteriorate automatic blood
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vessel segmentation. Several factors affect the segmentation such as
choosing the appropriate images for training, feature detection method,
using the global and local features models and prior knowledge.
On the other hand, the safety limitation that used to obtain the image
making the boundary of vessels unclear, also small depth of focus in
camera as well as the motion of the eye cause different degrees of blur.
Moreover, the vessels have a phenomenon called center light reflex which
may make vessels misunderstood as two vessels even retinal lesions which
caused by retinal disease can disturb vessels segmentation. Several image
enhancements such as normalization and denoising techniques have been
developed to tackle these complications [22, 63, 13, 39].
Segmentation of blood vessels is a required step for further analysis that
allows measuring attributes such as length, width, branching factor and
tortuosity, with these indicators it’s possible to classify those vessels into
artery or vein, also it’s possible to diagnose and evaluate the evolution of
several eye diseases [22].
Segmentation methods had attention from a lot of researchers and there are
several techniques to segment retinal blood vessels which are vary in the
results performance and the complexity of the method, for example:
Pattern recognition techniques: each pixel is classified to a vessel or non-
vessel class using some features [39].
Matched filtering: it bases on structural properties for classified objects, in
1989 this method developed for the first time, it uses the knowledge that

the intensity profile for cross sectional vessel can be approximated by
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Gaussian curve. Matched filter method uses 12 different kernels to detect
vessels with different orientations. Most of researchers implement this
algorithm in green channel; that’s because this channel gives the best
contrast between vessels and background [39].

Mathematical morphology: In general, morphology approaches that deal
with structure and form of something, but mathematical morphology is the
part that deals with mathematical theory to extract useful image
components such as features, boundaries and skeleton. It uses some vessels
properties such as the fact that vessels are connected and linear also smooth
vessels curvature and other properties. In medical image segmentation the
popular morphological operators are top-hat transformation and watershed
transformations [39, 64].

Many other methods for images segmentation such as rule-based method,
model based method, vessel tracing/tracking and pixel classification

approach can be used. For more details see [39, 64, 57].

1.7 Retinal Vessels Classification

Retinal vessels classification into artery or vein is a very important topic
since it helps ophthalmologist in diagnosing several eye diseases and it also
represents an essential step to calculate AVR which is considered as an
indicator for some retinal diseases, for instance, diabetic retinopathy. On
the other side, automated classification for vessels has received less

attention than vessels segmentation; that’s because there are many
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challenges that face the classification, such as low contrast and
inhomogeneous lighting which are considered as basic challenges.
Classification of the retinal vessels is based on visual and geometrical
features that help in distinguishing between vessels; the differences
between artery and vein are mentioned previously. But in many cases, these
differences are not enough, for example:

1- The outer regions of image are darker due to inhomogeneous lighting
and this disturbs the classification since arteries look very like veins.

2- Center light reflex might disappear from the outer regions in low
contrast images.

3- Near the optic disc (OD), veins and arteries alternate and rarely cross
each other. But as they branch and go far away from the OD it is
possible that there are two adjacent veins or arteries, it is even
possible that artery cross an artery or vein cross a vein.

So that classification using only these features doesn’t guarantee good

results [42].

Many researchers in this field try to simplify the problem by classifying
only the main vessels, which helps in avoiding the confusion caused by
small ones. Small vessels are very hard to classify as they look very similar
to each other, using tracking method in addition to graph analysis may help

in classifying these small vessels.
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Medical image processing is getting more and more important. As vessel

classification

Is part of it

many researchers working on vessel

classification has published their work and others are trying to improve

methodologies to have high performance. Table 1.3 shows a summary for

researchers work.

Table 1.3: Summary of retinal vessels classification techniques

Classification Evaluation
Reference | Year Features method Database method-Results
Fuzzy
Grisan and 2003 Variance red +| clustering + | 35 fundus | Accuracy —
Rugger [19] mean hue vessel images 87.6%
tracking
505
- segments | True positive
Lietal. [36] | 2003 | Central reflex Mahalanobis| o rate
' in Green distance different | Arteries:2.46%
fundus Veins:89.03%
images
. Mean accuracy
Jelinek et al. Mean and std . 20 fundus 0
[25] 2005 of RGB. H Naive-Bayes images of 7.0/0 over 8
images
Fuzzy AVR
Ruggeri et al. Variance red +| clustering + | 14 fundus .
2007 . —Correlation:
[56] mean hue vessel images
: 0.73-0.83
tracking
Structural:
central Reflex 25 dual True positive
Narasimha Functional: the wavelength rate
lyer et al. [47] 2007 ratio of the SVM fundus |—Arteries: 97%
vessel optical images Veins: 90%
densities
_ ) . Accuracy
Kondermann RGB ~ profile 4 high —95.32% (by
2007 based and MLP quality retina
[33] ROI-based images ROI-based
g features +MLP)
Tramontan et Thresholding| 20 fundus AVR
al. [62] 2008 R contrast + vessel images —Correlation:
' tracking (DCCT) 0.88
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HSI + width,
contrast,
N'g:“‘fgg]r 1 2009 é’;iirjgn KNN DRIVE | AUC - 0.88
derivatives (on
G channel)
Muramatsu et Accuracy —
al. [46] 2010 RGB LDA DRIVE 88.2%
RGB +
Muramatsu et Accuracy —
al. [45] 2011 R,(?/ aclcl)Jr;grast LDA DRIVE 92 8%
HIS + R,G 65 fundus AUC —
Niemeijer et 2011 (colors, LDA images from 0.84Mean AVR
al. [50] averages, and University of| "~ 0.67
maxima) lowa )
Classification
Rothaus and 2011 HSI + 5 model | k-Means MARS the;rrlo?iolf/j Sin
Jiang [55] features clustering 80% of the test
images
42 fundus
Zamperini et 16 color and Linear  |images from Accuracy —
alp[69] 2012 Positional normal Ninewells 93 Wy
' features Bayes Hospital, 70
Dundee
Eight color
features DRIVE + 13|  Accuracy
Mirsharif et (R, G, LAB) + images from DRIVE:
al. [45] 2013 structural LDA Khatam-Al- 90.16%
' features in Anbia Eye Khatam:
post- Hospital 88.18%
processing
Relan et al Mean of (R, G, 35 fundus Accuracy —
"] 2013 H) and GMM-EM |images from| 92% (13.5%
[54]
variance of R ORCADES | unlabeled)
Joshi et al Mean and Fuzzy C- Accurac
" | 2014 | variance of G, means EYECHECK y
[27] : —91.44%
H clustering
. Accuracy —
. Nine feature |\ 1tinle 90.7%
Hatami and extraction classifier AUC — 097
Goldbaum | 2016 methods systems STARE (by Rand
21 RGB.PCA | (cs9) Commitee +
T MS-RI LBP)
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Chapter Two

Linear Discriminant Analysis
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Chapter Two

Linear Discriminant Analysis (LDA)

To classify objects or observations into different classes you need to define
some variables or features to help classification technique and understand
the nature of this observation. Large number of variables (features) of an
observation doesn’t necessary mean good discriminant, some variables are
redundant and irrelevant or maybe noisy, and the solution will be more
effective if we get rid of them, this step is called dimensionality reduction.
Dimensionality reduction becomes a necessary step before applying any
classification algorithm or even it may be considered as preprocessing step
especially if we deal with high dimensional data, see Fig. 2.1, which
represents a three dimensional data with redundant features and how
dimensionality reduction helps in separating the data efficiently. Dealing
with a large number of features requires more storage space and it becomes
computationally more complex, also it requires larger training data as the
number of features is increased [30]. However, overlapping is also a
problem which may interrupt classification in which the inputs of different

classes are mixed.



Fig. 2.1: A three dimensional data (A and B), reduced into a two-dimensional data

making it easier to separate into different classes (C)

To avoid these problems, the data is transformed into a lower dimensional
space (reduce features or variables). There are many methods which deal
with dimensionality reduction for classification; some of these methods are
supervised approaches such as Linear Discriminant Analysis (LDA) and
unsupervised approaches such as Principle Component Analysis (PCA)

[35, 53, 66, 11, 26].

2.1 Fundamental Definitions of Classification

Classification is getting more and more important with the increasing
number of information in the world in many disciplines, to convert this
process into an automatic one we need to define a mathematical model that
manages to define those items with common features in the same group
using distance metrics. We are introducing now some relevant terms to this

topic.
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2.1.1 Pattern

Pattern is defined as quantitative or structural description of objects, it is
represented by a vector in d-dimension, x = [xq, x5, ..., x4], Where
Xq,...,Xg are considered as features which describe the important
characteristics of a given object or data point, a set of extracted features is
called feature vector. Any object can be represented as a point in feature
space, Fig. 2.2 represents a two-dimensional and 3-dimensional feature

space respectively [30].

x1
X2F----1 . X
| X. 1
I I
I 7w
I x3 A
x1 Sl
(a) (b)

Fig. 2.2: (a) Two dimensional space, (b) three dimensional space.

Pattern recognition is considered as a classification problem where the
inputs are assigned to classes, it can be supervised or unsupervised. Pattern
recognition is used in many applications, such as speech recognition,
computer aided design (CAD), finger print, face detection and retinal
vessel classification and segmentation [30, 39].

A set of patterns that fed the algorithm to find specific category of an

output is called the inputs; this input basically consist of feature vectors,
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where the length of these vectors is considered as the dimension of this
input data.
If we consider a pattern x; = [x; 1, ;5 , ..., X; 4] , Where d is the number of
features for a given pattern, then the input will be represented in matrix

form as follows:-

[¥11 X122 xl,d]
x X xz'd
A =| 21 22 . : ‘|
xn,l xn,z xn,d

where n represents the number of patterns and d is the dimension of input

data matrix [30].

2.1.2 Classes

Each set of patterns that share common properties are called a category or
class. The input data matrix is divided into pre-known classes. The goal of
pattern classification is to classify new patterns into distinct classes and
hence the distribution of the classes should be separable, which means each

pattern belong to a unique category [30].



39

2.1.3 Classification

Classification consists of two main stages:

Feature selection or feature extraction: features are considered as distinct
characteristic of an image, and extracting these features helps in classifying
the image. Feature extraction and selection methods are applied to decide
which features are useful to get the best performance. For different feature
extraction or selection methods, different set of feature vectors are
produced, but they always try to minimize the within-class variance and
maximize between-class variance. The input image contains large number
of features which may be redundant or complex information which lead to
errors and misclassification problem, so that it is important to decide which
of these features are useful and give best discriminant between the two
classes.

Feature extraction is considered as a especial type of dimensionality
reduction, in which the most important features are kept by projecting the
data into a lower dimensional feature space, it is very important to choose
appropriate extraction method according to the input dataset. Principal
Component Analysis (PCA) and Linear Discriminant Analysis (LDA) are
considered as feature extraction methods.

Feature selection methods select a subset of features from the original set
of features; these methods omit those features with no effective
information. There are three methods for feature selection which are:

wrappers, filters and embedded.
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In the next stage, the classifier receives a d-dimensional feature vector for a
particular observation then assigns it to one labeled class from a set of
predefined classes. [30, 34, 15].

Pattern classifier is trained using a set of training vectors, (called the
training dataset), and the performance for this classifier is evaluated by
implementing the classifier in some feature vectors from another dataset

called test dataset and evaluate the results.

2.1.4 Supervised / Unsupervised Methods

Mistakes may take place during data analysis or setting the relationship
between multi features. These mistakes and more are efficiently solved
using machine learning in which most of datasets can be represented using
some known features.

Machine learning algorithms are divided into two main types: supervised
and unsupervised learning. Supervised learning assumes that classifiers
have a prior knowledge about the corresponding classes, this knowledge is
integrated in the process. The supervised algorithm learns using a data
which consists of feature vectors and corresponding labels, this data is
called training dataset. But why we learn the algorithm if we already know
the answer? That is because our goal is generalization by discovering
patterns which help in predicting future unknown inputs.

Unlikely; unsupervised learning doesn’t use any prior knowledge, that
means the features vector hasn’t any corresponding labels, it uses the

redundancy in the data to find a best representation that describes them, the
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goal for unsupervised learning is basically to discover the groups for input

data or to predict the class for new data [11].

2.2 Linear Discriminant Analysis (LDA)

Discriminant Analysis (DA) is a statistical technique that provides an
understanding of the differences between objects that belong to different
groups with respect to several variables simultaneously. DA is used when
we have a prior knowledge about classes, and it is used to classify objects
into predefined groups or classes in addition to dimensionality reduction
problems.

The idea behind DA goes back to around 1920 when Karl Pearson
proposed a method to compute between-class distance called coefficient of
racial likeness (CRL). In the 1930s, P. C. Mahalanobis studied another
method to calculate between class distance. R. A. Fisher was the first one
who translated the problem to a linear combination of related features and
it was renamed as linear discriminant analysis (LDA). After Fisher many
extensions and refinements appeared [3].

LDA is used for classification and dimensionality reduction, as a classifier
it assumes normal distribution for distinct groups, identical covariance
matrix for each class and features are independent. But LDA for
dimensionality reduction can break these assumptions. It finds a linear
combination of features, in order to classify observations into two or more
predefined classes, that combination gives the optimal separation between

classes [3, 35, 66, 26].
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Dimensionality reduction is a very important task in pattern recognition, it
aimed to discover meaningful structures and unexpected relationships in
the multivariate data. There are many methods that represent high
dimensional data into lower dimensional space, it can be categorized into
feature selection methods and feature extraction methods. In feature
selection methods only few useful features are kept and the less important
ones are discarded. While in feature extraction methods the original
dimension is reduced by projecting high dimensional data into lower
dimensional space to constrict fewer features from large number of original
features. Linear Discriminant Analysis (LDA), Principal Component Analysis
(PCA) and Factor Analysis (FA), which can be described as an extension of
PCA, are considered as popular methods for feature extraction [41].

There are many advantages for dimensionality reduction, for example, in
low dimensional space the complexity of computation is lower which
reduces the time and space, also the low dimensional data is more reliable
to show actual properties of the original data.

The LDA is used in many different areas; researchers used LDA in face
recognition, bioinformatics, text recognition, speech recognition and
multimedia information retrieval including vessels classification. For
instance in the literature, S.Balakrishnama et al. used LDA to classify
forestry images based on their beauty scenic [7]. H. Yu et al. implemented
direct LDA algorithm in face recognition [68]. C. Muramatsu implemented
LDA in vessels classification to classify center line pixels into artery or

vein, 30 out of 40 pairs of artery and vein was correctly determined [46].
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2.2.1 The idea Behind LDA

LDA is a statistical technique that tries to separate input data by reducing
its dimension; it looks for the best projection to transfer the given data from
high dimensional space to lower one in order to separate the data easily.
The basic idea of LDA is to find an orientation w (weight matrix) that
projects d-dimensional space to [-dimensional space (whered > 1) such
that the classes are well separated in the lower dimensional space, and then

apply a classification technique in [ dimensional space.

2.2.2 LDA for Two Classes in Two Dimensions

Given an n by 2-dimensional dataset A = [x4,x,] of two classes with
labels C;(classl) and C,(class2), where x; is a vector of n dimension, our
goal is to find the direction of a weighted column vector w which separates
the data as well as possible when the data is projected onto w, see Fig. 2.3.

The projection of data point x € R?*! onto w is written by

y=wix (2.1)
6 scatter for 2-D data . scatter for 2-D data
+ classl ¢ class1
5 -
4 4
X2 3 X2 '3
5 S/ overlapping I
1 " ;
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Fig. 2.3: The weighted vector w projects the data: (a) non-conveniently separated, (b)

well separated.

So to find the direction of the weighted vector, define u; and u, as the

dataset mean vectors of C; and C, respectively:

Xi
n = — u; =
ny N,
Xi€C, Xi€Cy

Xi

where n; is the sample size for class i. The projection means m,and m,

are defined as:
m; =w' () (2.2)

and the scatter variance matrices for C,, C, after projection are defined as

S2= ) W' (x—m))’

xl-EC1

SE= ) W(xi— )Y

xiECz

Fig. 2.4 represents the projected means and the scatter variance matrices.
To get best separability between the two classes, we would like to make the
distance between two projected means as large as possible |[m, — m,| and
make both scatter variances as small as possible (SZ + SZ), our problem
becomes to maximize |m; —m,| and minimize (Sf + S%)
simultaneously, i.e. maximize the following ratio:

_ (m, — mz)z
(St +53)

J(w) (2.3)
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Fig. 2.4: Scatter variance matrices S, S, and projected means m,, m,

o

The vector w that maximizes the function () is called Fisher’s linear

discriminant, rewrite the numerator and denominator using equation (2.1)
(m; —my)? = W'y —whp,)?
=w'(uy — pp) Uy — p)"'w
=wliS,w (2.4)

where S, = (u, — 1) (g — )T is defined as the between-scatter matrix.

For the denominator we can rewrite it as:

S2= ) O (- )’

xl-ECl

= Z wh(x; — uy) (x; — py)™w

xiECl

=wl Z;w

where %, is within-scatter for C;, similarly S = wT Z,w and %, is within-

scatter for C,, hence
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Sf +522 :WT (21+22)W
=wl'sS,w (2.5)

where S,, = (2, +X,) is the within-scatter matrix, see Fig. 2.5, our
objective function will be:

wiS,w

Jw) = (2.6)

wris, w

Since wTS,,w is constant our problem becomes a constrained optimization
problem, so we want to maximize w'S,w, assume w’S,w =1, the

solution can be obtained using Lagrangian:
Lw,c) =wl'S,w—c(w'S,,w—1)

where c is the Lageangian constant. Now derive the function with respect

to w and set it equal to zero.

d
o (L(w,c)) = 2S,w — 2¢S,,w = 0
Spw =cS,,w
SoiSpw = cw
Since S, = (uy — pz) (uy — p,)" we get

Sw' (g — ) (g — 1p)"'w = cw

(uy —py)Tis 1x2and wis 2x1, so the multiplication result is a

constant,
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c
Sol(uy — ) = w=w
w T (uy — p)™w
where
1o c
(uy — p)™w

But we are interested in the direction of w no matter what the magnitude is

(letA=1),s0
— ¢—1
w =S5, (| — 12) (2.7)
[4, 41]
. scatter for 2-D data
+ class1
+class meani
el = class2
#Class mean2
aglobal mean
4 L
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1k
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Fig. 2.5: Scatter plot for a two classes data in two-dimensional space, illustrating S,,, S

» M1,z and .
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2.2.3 LDA for Higher Dimensions

Given a data matrix A = [ x4, X3, ..., X,] With n by d-dimensional training

samples (feature vectors) divided into k disjoint classes C;, C,, ..., Cy , €ach

class is a subset of A with mean u; = % , Where n; is the sample size for

4

class i, urepresent the mean for a given data matrix A (global mean),
m; represents the projection for each u; respectively. Each class C; is a
subsetof Aand C;, UC, U ..UC, =A.

The within class scatter for class C; is defined as:

;= z (x; — 1) (x; — ﬂi)T
X;EC;
hence within-scatter matrix can be defined as

k
=5 %

= % zk: z — ) (g — )" (2.8)

and the between-classes scatter matrix S, is defined as:

3|P—‘

k
1
Sp = ; z n; (u; — ) (u; — M)T (2.9)
i=1
Another scatter matrix can be defined; which is called the total scatter

matrix S;, where S; = S, + S},

1
S == Z(x,- — W — w7 (2.10)
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Also we can simplify the formulation of the scatter matrices in equations
(2.8, 2.9, 2.10) through precursors H,, , H, and H;. These formulations can

save memory and simplify eigen- analysis, and they are defined as follows:

1
HW = \/_ﬁ [Cl - ﬂ1(31)T, ey Ck - ”k(ek)T]

1
== [V, (g — ), e V(g — )]

H, = L(X —ce™)
Vn

wheree! = (1,1,..,1)T e R%ande = (1,1, ...,1)T € R®

The within scatter and between scatter matrices can be expressed as

follows:

Sy =H, xHL , S, =H, xHI' 6 S, =H,xH

The projection of the data in lower dimension can be represented by y =
WTx, where W € R, let ||W]| = 1 since the magnitude of W doesn’t
effect the decision, so projected data can be computed along W for every
point, we need to choose W that gives best separation of data. The means
for original data will also be projected into lower dimension, it becomes
m; = WTu; , within and between scatter matrices will be changed as

follows:

WTix - WTu)WTx —wTu)T
A

k
)
< iz (x - uixx—ui)T) w
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SL = WwTS, W
1 k
Sh = ﬁz (W —WTyW T, —wTi)T)

i=1

k
(an((ul (i - m)

SL=wTs,w

SIP—‘

Z((wa W)W, - W)")

( Z<x W) - )" )

St=wTs,w

Using the matrix trace properties, we have

1 k
) = ) lx = il

i=1 x€C;
k

1
o (Sp) =+ ) mallwg — w3

i=1

(2.11)

(2.12)

(2.13)

where tr(A) is the trace of matrix 4, it’s clear that trace of S,, measures the

distance between the data point and its corresponding mean, while trace of

S, measures the distance between the classes mean and the global mean.

Optimal LDA is obtained by simultaneously maximizing the distance

between classes (tr(WTS,W)) and minimizing the within class distance

(tr (WTS,,W)), thereby guaranteeing maximal separability. The following

ratio is defined using equations (2.11, 2.12):
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tr(WTS, W)
tr(WTs,, W)

JW) = (2.14)

the function J(W) can be rewritten using S; since S, = S,, + S,

tr(WTS, W)
tr(WTS,W)

Jw) =

should be maximized by differentiating /(W) function with respect to W
and setting the derivative to be zero. In order to do that; we will use
constrained  optimization. Assume that our problem is to
maximize tr(WTS, W), given tr(WTS,W) is a constant, say 1, the

solution can be obtained using the Lagrangian:
LW, A) =tr(WTS,w) — A(tr(WTS,, W) — 1)

d
W(L(W, 1) = 2S5,W — 2AS,,W =0

Again, we looking for the direction of W so:
SyW = AS,,W (2.15)
SoAS, W =AW (2.16)

Also the optimal W can be calculated by solving the following

optimization problem

W= argmr;lax{slg (Stl)_l}

Note that the weight matrix W has size of d x [ and the rank (S,) is at

most d — 1 so there exist at most d — 1 eigenvectors corresponding to a
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non-zero eigenvalues, and A is a diagonal matrix of d — 1 eigenvalues. The
solution will be the largest [ eigenvalues of S,1S, [26, 23].
LDA can be used to determine the most significant features for the new
data to be classified, in our case we will separate/classify the vessels into

two classes, artery or vein classes.

2.3 Singularity Problem

There are several applications that we can use LDA to solve them, but there
are some applications such as text mining, face recognition, medical image
analysis and microarray data classification comes from a high dimensional
space and all scatter matrices have opportunity to be singular matrices, this
case is called singularity or undersampled problem which is a major
limitation of classical LDA [53, 23].

Over the years, researchers proposed many algorithms to solve the
singularity problem they are considered as LDA extensions, for example,
Regularized LDA (RLDA), Penalized LDA (PLDA), Orthogonal LDA
(OLDA), Uncorrelated LDA (ULDA) and Modified LDA (MLDA), for
more details see [66, 67, 26]

Another method to solve singularity problem is to use more general inverse

which is pseudo-inverse that can be computed even if S, is singular.

2.3.1 Pseudo-Inverse

It is known that the matrix is said to be invertible if it is a non-singular

matrix. Recently, applied mathematics requires the inverse for singular
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matrices, so that mathematicians worked hard until they discovered that
even when the matrix is not invertible it still has either left or right inverse.
Let A € R™*™ be a right invertible matrix (or left invertible matrix), then
there exists a matrix R € R™™ or L € R™™ for right/left invertible

matrix, such that:
AR =1, Or LA=1,

The matrix is said to have generalized inverse if it has some inverse-like
matrix, in general this generalized inverse isn’t used but it is considered as
fundamental basis to create various generalized inverse for particular
purposes. The most important generalized inverse is Moore-Penrose
inverse or pseudoinverse, it is discovered by E. H. Moore (1920) and Roger
Penrose (1950) [38].

Definitionl. [38] If A € R™™ | then there exists a unique A* € R™*™

that satisfies the Moore-Penrose conditions:-
1. AATA=A
2. ATAAT = AT
3. (AAMHH = A4t

4. (ATAHH = A*A
where A denote the conjugate transpose, A* denote the pseudo inverse
[38, 16].
If rank(A) = r then one can decompose A as A = FR where F € R™*",

R € R™"  hence rank(R) = rank(F) = r, and A* can be defined as:
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A* = RH(RRY)~L(FHF)~1FH
There are three special cases:
Case 1: if Ais a full row rank r = m, then A* = AF (44%)~1
Case 2: if A is a full column rank » = n, then A*™ = (474)~1 A"
Case 3: if rank(4A) = m = nthen At = 471

In equation (2.15), if S, is singular we can’t use classical LDA directly, so
considering more general case, where S,, is singular, one can use Moore-
Pseudo invers of S, which denoted by S,}, and then we can use the eigen
decomposition of S;'S, . Note that we can replace S,, by S, since as we

said S; = §,, + S, [38, 16].

2.3.2 LDA Extensions

As mentioned before, the singularity problem is considered as main
problem that faces LDA, the generalized inverse is considered as a solution
for this problem but in spite of the simplicity of using it, it might give an
unstable prediction, so that researcher go towards new methods to solve
this critical problem in addition to have a stable prediction by using LDA
extensions. One of the popular, effective and simple ways to get rid of

singularity is to use Regularized LDA (RLDA).
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Regularized LDA (RLDA)
RLDA has applications in different areas such as face recognition and
medical image analysis, it stabilizes the estimation of sample covariance
matrix and improves the performance of classification using LDA [67].
We add a constant a« > 0 to the diagonal elements of the within scatter

matrix in order to avoid singularity problem:

—_—

Sy =S, +aly (2.17)

where I; is the identity matrix of size d, a is the regularization parameter
[26].

Since S, is a positive semi-definite matrix then S, + al; is positive
definite and hence non-singular [26, 16]

If « is large the information in scatter matrix can be significantly disturbed,
while small @ may not be efficient enough to solve a singularity problem,
so that choosing an appropriate « is critical issue, the common way to get it
is by estimating an optimal « from finite set A = {ay, a5, ..., &}

The computational cost for finding optimal «a can be high especially for
large m. However large m is often desirabled in practice to obtain a good
a [67].

Optimal RLDA can be obtained by solving the following optimization
problem:

RLDA __ trace( GTSbG)
G " trace(GTS,G) (2.18)
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This equation can be solved by applying eigen-decomposition of (g)_lsb
[66, 67, 26].

There are some disadvantages in RLDA, for example, regularization
parameter a chosen by cross-validation might waste time especially if the
data come from a high dimensional data. Moreover, for large number of
features RLDA may be not effective, therefor we need to search for the
optimal « .

Recently, researchers recommended empirical methods to find optimal «,

but still no theoretical justification to support these methods [66].

2.4 Principal Component Analysis (PCA)

PCA is a well know multivariate method for dimensionality reduction, it
can be used as supervised or unsupervised method. PCA tried to reduce the
dimension into lower one in which most of essential information is
preserved by extracting the important information or features and then
express them in new orthogonal variables called principal components.
PCA is considered as the oldest and the most common multivariate method,
it is also known as Karhunen-Loeve methods [41, 20, 8]
PCA goals:

1- Extract the most important information or features from the input

dataset.
2- Decrease the dataset size by keeping only the important variables
3- Simplify the dataset description.

4- Analyze the structure of the features and observation.
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To achieve these goals we need to find new variables obtained from the
linear combinations of features and they are called principal components.
PCA idea:
PCA looks for the direction of the largest variation of data and set the first
axis in the same direction. In order to find the second axis, calculate the
perpendicular line which covers the largest number of reminding points and
so on, these perpendicular lines are called principal components.
Now assume that x is the given data matrix, the projection of x on the
direction of w, which is the first principle component, is

z=wlx (2.19)
PCA maximizes the variance, and for unique solution and to make the

direction the important factor, let ||w|| = 1, using equation (2.19) we get

cov(z) = E(z z7)
=EwW' x(w" x)")
=EWwT xx"w)
=wlE(xx")w
=wlcov (x)w

=wi'l w

It’s clear that E(w) = w since it’s not a data-dependent matrix, and with
wl = w1 we seek w that maximize the var(x) subject to the constrain

that wT w = 1. Writing this using Lagrangian, we have
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maxw'tw — a(ww-1)

Taking the derivative with respect to w and set it equal to zero, we have
aw=Xw (2.20)

which is an eigen-value problem. Since £ € RN*N | then it has N eigen-

values with N corresponding eigen-vectors. We choose the eigenvector

corresponding to the largest eigenvalues for the variance to be maximized.

The second principle component is perpendicular to the first one, and it can

be easily calculated, and so on.

Another method to find the principle component:

First: centralize the given data matrix by finding the mean for each column
then subtract the column element from its center data. This first step is
required in order to shift the center of mass for the data points to the origin.
Second: to find the eigen-values and corresponding eigen-vectors of X, use
the Singular Value Decomposition (SVD) for the resulted data. We get

S =CDCT

where S is the estimator to X , and C is a d x d matrix whose i*"* column
is the eigenvectors and D is a diagonal matrix whose diagonal elements are
the eigenvalues A,,4,,...,44 , to reduce the dimension from d to [,
whered > 1, we pick the Ilargest! eigenvalues with respect to
corresponding eigenvectors [41].
The algorithm of PCA can be reduced in these steps:

1- Find the Covariance matrix of x by computing the centered of the

dataset.
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2- Find the eigen-values and corresponding eigen-vector for the
computed covariance matrix, which can be find using SVD.

3- Pick the largest [ eigen-values and build a matrix W which contains
the eigen-vectors corresponding to the picked eigen-values.

4- Multiply x by W

Differences between LDA and PCA are presented in the following: [7,6]

1- PCA changes both the location and the shape of the data in
transformed space while LDA finds the decision boundary in order
to achieve maximum separability between classes without changing
the location of data.

2- PCA classify features, it transforms data from input data space into
feature space see Fig. 2.6, on the other hand, LDA is used in data

classification to achieve best separability between classes.

(a) (b)
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Fig. 2.6: (a) Input data space, (b) feature space.

Balakrishnama et al. tested four classifiers which are: LDA, PCA, SVM
(Support Vector Machines) and ICA (Independent Components Analysis)
on 478 training and 159 test forestry images, after comparing the results
they found that SVM has lowest miss-classification rate and LDA achieved

better results rather than PCA [7].

2.5 The Implemented Classifiers

After reducing the dimension and get rid of redundant features, one needs
to implement a classification technique in order to classify vessels in the
test dataset into artery or vein. Classifiers are either supervised (need prior
knowledge about class labels) or unsupervised (doesn’t need prior
knowledge). Now we will introduce common classifiers in retinal vessels

classification.

2.5.1 Support Vector Machine (SVM)

Support Vector Machine (SVM) is one of the most popular classification
methods in machine learning, Vapnik was the first one who introduce SVM
in 1992 and since then it came to be popular. SVM work very well in
reasonable dataset and it gives better classification result than other
techniques, but it becomes a high computational cost in extremely large
datasets. To understand this algorithm see Fig. 2.7, it’s clear that the drawn

lines give good separation for the given 2-D data, but surely there is one
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line which gives the best separability, SVM chose the line which separate

the data best [41].

X2 g ! scatter for 2-D data 8 Z scatter for 2-D data

X1 4 X1 ” X1

Fig. 2.7: Three different lines to separate the same data into two classes.

SVM calculates the perpendicular distance from classification line to the
closest data point forms both sides and then draw a region which is
symmetric around the line, it form a rectangle in 2-D space, cylinder in 3-D
space and hyper-cylinder in higher dimensions, see Fig. 2.8, any positive
distance from the decision boundary is known as margin and the best
margin is the largest one and hence SVM looks for the largest margin since
that means better classifier generalization, the closest points to the
classification line known as support vectors and these points are considered

as the most useful points since they are the points that might be wrong.
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Fig. 2.8: SVM classifier.

As we note in Fig. 2.7, the middle classifier has largest margin classifier so
that it is chosen as the best classification line. After training the data and
determine the support vectors, we get rid of all data except these points and
use them in classification.

The classification line has the following equation:

y=w.x+b (2.22)

where w is the weight vector, x is the input vector and b is constant.

In general we say if we implement a given input vector x in the equation
(2.22) and it returns a positive value then x lies above the line or belong to
‘0’ class and under the line otherwise.

SVM doesn’t depend on whether the value is positive or not, it checks this
value with respect to the margin, i.e. for a given value M, we can say, if
w.x + b = M then x belong to circles class while if w.x 4+ b < —M then

x belong to squares’ class. The vector x*which lies on the circles’ class
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boundary is a support vector and it satisfies w.x™ = M. If we want to find
the closest point from the other class which lies on the boundary we will
calculate the perpendicular distance from the boundary line of first class to
boundary line of the second class, the first point we hit is the closest one,
write it as x™ . It is clear that this perpendicular line is equal to 2M, see Fig.
2.8,50 | x~ — x| = 2M and hence:

1 1

M = =
2lw|l 2vw. w

(2.23)

As we said before we want M to be as large as possible, equation (2.23)
says that for largest M we need |w|as small as possible, if that is the only
constrain we consider, then we choose w to be zero, but we need also the
classification line to separate the data into two classes, so our problem is to
find a decision boundary that classify the data well and minimize |w| [41,

4, 8], for more details see Appendix (C).

2.5.2 Bayesian Classifier

Prior probability is defined as the probability of classifying a specific data
as class one or two regardless of the features vector value, and its denoted
by P(C = C,) where C, = 0 for first class and C, = 1 for second one.
Posterior probability calculates the probability of some event after having
new information, it is denoted by P(C|x), Bayes’ rule calculates the
posterior probability using prior probability as follows:

P(C)P(x|C)

P(CIx) = =5
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where P(C) is prior probability which calculates how much each class
appears in our training dataset, P(x|C) denotes the conditional probability
or the likelihood of C with respect to x, while P(x) defines the marginal

probability for x and it is called evidence.
P(x)=Px|C=1)P(C=1)+Px|C=0)P(C =0)

Bayes rule is very important since it allows calculating the posterior
probability with much easier computations, posterior probability helps us in
assigning new observation to a specific class.

For more than two classes C; ,i = 1,2, ..., k, where k defines number of
classes and satisfying P(C;) =0, Y¥,P(C;) =1 then

P(x|C)P(C;)
P(x)

P(Cilx) =

where
k
P() =) PCIPGIC)

We choose C; with maximum posterior probability.
If the independence relationship between features is unknown, we assume
that the features are conditionally independent which gives us a naive

Bayes rule [4], see Appendix (C).

2.5.3 K-Nearest Neighborhood (K-NN)

K-NN is one of the simplest supervised classification techniques in

machine learning algorithms. K-NN tries to classify a new point which
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doesn’t have a label with respect to closest K points from the training
dataset. If K =1, we classify the test point with respect to the closest
labeled point. For two classes case K must be odd number, the distance
from test point to each point in training set are calculated and the

commonly used distance function is Euclidean distance as follows

dty) = =yl = &= = () (=)

l

1/2

K-NN classifier follows two steps process, first training the classifier by
reading the feature vector in training data and read its label, and then it
assigned the unlabeled data with respect to nearest K neighborhood using
the majority voting. See Fig. 2.9 which illustrates the K-NN classifier, as
one can see we have 3 different classes and one unlabeled point (diamond), if
we consider K = 1, the point will be classified as square class, if you
take K = 5, by majority voting the point will be classified as circle, for K =

10 again using majority voting it will be considered as star class [31, 24].

Fig. 2.9: K-NN classifier.
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2.5.4 K-Means

K-means is considered as the most popular clustering algorithm, clustering
divides a given dataset which contains n data point in d dimensional space
into k different clusters (groups), where the data point that belongs to a one
group is more similar to each other from the other points in other groups.
First of all the number of classes or clusters must be determined, let X =
{x1,x,,...,x,} e a data set that have k clusters, C = {cq, ¢, ..., ¢ } be set
of k clustersand S = { sq, s, ..., Si. } Where s; is a set of element of class i .
The K-means algorithm follows the following steps

1- Choose the center of ¢, using random sampling

2- Determine the member of s; according to minimizing the following

distance function
n
F= ) dis((s0 )
i=1

where dis((sy);,c,) defines the Euclidean distance between
elements of s, and the cluster ¢y, .
3- Calculate new c; using
_ iz1(Sk)i
|kl
where |s,| is the number of s, elements.
4- Redo step 2 and 3 until c;, converges.
It is not necessary to have a unique result if we use K-means since it
depend on random sampling to pick up c; for first time. If the initial cluster
is close to the final solution, then K-mean algorithm gives better result.

Hence many algorithms and attempts was proposed in cluster initialization
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problem. One of these methods was proposed by Duda and Hart [11].
Furthermore, Pena et al. compared between different methods for the

cluster initialization problem [29].
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Chapter Three

Implementing LDA in Vessels Classification
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Chapter Three

Implementing LDA in Vessels Classification

3.1 Introduction

Classifying vessels into artery or vein basically depends on the different
properties of vessels, for instance artery is brighter with a bright center
light reflex, on the other hand vein is thicker and darker, for more
illustration see section (1.2). However, these properties are useful in the
regions around the optic disc but they become less useful as we go farther.
Vessels classification faces many challenges influenced by their
inconsistent properties, for example: the low contrast of the images as a
result of the fact that different vessels have different contrast and
inhomogeneous light in the background, also the two types of vessels are
similar in shape and color (for instance the color of vein may by similar to
the color of some artery in another image or even in the same image but in
different region). Consequently, classification methods that use only this
feature are expected not to obtain good results [55].

There are many approaches to classify vessels into artery or vein in fundus
images; a lot of these approaches involve five steps: vessel segmentation,
select the region of interest (ROI), extract features from vessels, classify
the extracted feature vector and finally combine all results to classify each

pixel into artery or vein, see Fig. 3.1 [42].
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vessels segmentation

select ROI

extract features

classification

combine results

Fig. 3.1: Classifying retinal vessels block diagram.

The RGB retinal image is usually used to read features of the vessels, these
features are implemented as training data for the classifier in order to
separate data into groups. Using some decision rule in which an
observation is classified as class one if the feature vector lays above the
decision boundary and as class two otherwise [11]. The most important
issue in this problem is to choose the optimal decision rule which makes

the misclassification error as small as possible.
After introducing the used database in our research, we will discuss the

implemented algorithm in details in the following sections.

3.2 The DRIVE Database

In this work images from DRIVE (Digital Retinal Images for Vessel
Extraction) database are used, which is available for public. It contains 40
colored retinal images, taken by CR5 non-mydriatic 3CCD Canon camera
with 45 degree field of view (FOV), the FOV appears as a circle with 540

pixel diameter. Seven of these retinal images contain pathology such as
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hemorrhages. The images in the data base are divided into training and
testing sets, each set contain 20 images [63, 59].
The training set contains the colored retinal images in addition to their
FOV masks and corresponding manual retinal vessels segmentation see
Fig. 3.2. While in the testing set, there are color retinal images with
corresponding FOV mask in addition to two manual retinal vessels

segmentation done by two different ophthalmologists for each image [59].

(a) (b) (©)

Fig. 3.2: (a) Colored retinal image, (b) manual vessels segmentation, (¢) FOV mask.

The color images in the DRIVE database are saved in TIF format while for
both FOV mask and vessels segmentation are saved in GIF format. The
size for each image is 565 x 584 pixels, and they are obtained from a
diabetic retinopathy screening program in the Netherlands [46].

The aim of our research is to classify vessels into artery or vein, so that we
need a ground truth images in which vein appear as blue and artery as red,

see Fig. 3.3, with the help of an expert ophthalmologist we obtained the
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manual Artery/Vein classification of vessels for the training and testing

images.

Fig. 3.3: Artery/Vein ground truth.

3.3 Methodology

In this section we will discuss in details the structure of our program, we
chose MATLAB software to automatically classify vessels into artery or
vein. We start reading the training images, then some enhancement
techniques are implemented on these images, after that appropriate features
are selected from the region of interest. In the next step, we reduce the
dimension of features to be applied in different classifiers. Finally, we
calculate the accuracy for each used classifier in order to define the best

dimensionality reduction algorithm and the best classifier, see Fig.3.4.
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Fig. 3.4: A block diagram of the implemented retinal vessels classification algorithm.

3.3.1 Preprocessing

Preprocessing is a very essential step before any process technique in order
to improve the results. The main problems that face the classification
algorithm is: the low contrast between vein and artery in retinal images,
non-uniform illumination problem which affects the recognition results.
Also as we said before it is almost impossible to recognize small vessels
correctly. These problems can be avoided using some preprocessing steps.

First, we choose a set of images as training set; 10 images from training
dataset are randomly selected, the retinal images which clearly shows signs
of retinopathy such as hemorrhage are excluded, see Fig. 3.5, since in these
images the disease appears clearly, where the goal of the automatic

classification is to discover the early signs of diseases.



Fig. 3.5: Clear sign of retinopathy in a retinal DRIVE image.

Because of the limited number of training and testing images that we have
(only 14 images) and to get more reliable result, instead of reading only 10
random images as training and 4 as testing, we decided to train the
classifier using 13 images and test it on the rest one. This step is repeated
for all available images, allowing us to train the classifier with larger
dataset and test our classifier 14 times. Then the average results from these
repeated steps are calculated in order to get the final result.

In the second preprocessing step, we try to apply some filters on color
retinal images in order to uniform the illumination and increase the contrast
between veins and arteries. There are many filters in MATLAB, for
example, average filter and Gaussian filter. By using one of these filters we
modify each pixel in an image based on some function of neighborhood,
Images are treated as matrices in MATLAB, binary or gray images are
considered as 2-D matrix. The RGB image is a 3-D matrix, first matrix
represent red channel, second is the green channel while the third one is the

blue channel, see Fig. 3.6. We apply the filters on a specified pixel in
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addition to its neighbor’s pixels. Fig. 3.6 shows the 3x3 window where the

center pixel has 8 neighbors.

(@) (b)

Fig. 3.6: (a) RGB image, (b) the neighborhood of the marked pixel in (a)

The average filter works in some specific window with size m X m in
which it replaces the center pixel by the average of the pixels in that
window by using some kernel function. For example, if we consider 3 x 3
kernel to define the average filter, the value of each pixel will change as

follow:

FGL)) = Z IG+k,j+ 0 hk, D)
k,l

where [ is the image and h is the kernel. Fig. 3.7 shows an example for

applying 3x3 average filter kernel [61].
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Fig. 3.7: Applying average mean kernel on a pixel.

While gaussian filter uses the following equation to find the kernel in m %
m window

1 _@+»

G(i,)) =5—e 20

For example applying this function on 3x3 window with ¢ = 1, we get the

following kernel [61]

0.059 | 0.097 | 0.059

0.097 | 0.159 | 0.097

0.059 | 0.097 | 0.059

but MATLAB used the normalized kernel, so each element is divided by

the sum of all elements, which gives
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0.075]0.124 | 0.075

h*

0.124 | 0.204 | 0.124

0.075]0.124 | 0.075

The following Figure (Fig. 3.8) shows application for 3 x 3 Gaussian filter.

120 | 130 | 122 | 155 | 115

0.075 | 0.124| 0,075 145|160 | 162
102 >
N )"l M e b 158 | 164.5 | 245
0.075 (0124 [ 0.075
o0 100 | 111 | 122
16 | 149 |51 | 115|158
I h f

Fig. 3.8: Applying Gaussian kernel on a pixel.

An example of applying mean and Gaussian filters on a colored image is

shown in Fig. 3.9.

(a) (b) (©)

Fig. 3.9: (a) Original image, (b) 7 x 7 mean filter, (c) 7 x 7 Gaussian filter with o = 1.
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In the third preprocessing step, we remove small vessels as they are not
used in the A/V ratio which is an important diagnostic parameter in
ophthalmic treatment, moreover it is hard to classify small vessels as artery
or vein because both look the same, and they might disturb the classifier.
For removing those small vessels we use the morphological operations in
MATLAB. The key idea is to use the so called Structural elements which
can be defined as a binary templet to produce a new image from old one,
the center pixel in a structural element is called origin and it determines
which pixel in the image will be processed. The MATLAB function “strel”
IS used to define specific structural element, for example:-
se = strel (‘disk’,1) represents a disk structural element with radius = 1, it
looks as a 3x3 matrix

0 1 0

se = [1 1 1]

0 1 0
We used three morphological functions in our program which are:
“imerode”, “imdilat” and “bwareopen” functions. First we apply erosion
to the binary segmented image, it erode the vessels using a specific
structural element, Fig. 3.10 shows a segmented image after applying
erosion with different structural elements, in this step small vessels
disappear or they will be very thin.
As we see in Fig. 3.10 there are some regions with very small areas which
can be considered as noise, so that we need a function to remove those
small areas which is “bwareaopen”, SO we remove the areas which is less

than 30 pixels, and Fig. 3.11 shows the final results.



(c) (d)

Fig.3.10: (a) Original image, images after erosion with: (b) strel('disk’,1), (c)
strel('disk’,2), (d) strel('disk’,3).

(b)

Fig. 3.11: (a) Image after erosion with se= strel(‘disk’,2) (b) then bwareaopen for areas

less than 30.
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The resulted image of the previous preprocessing step shows that the
vessels become very thin so to return the width as the original image we
need to dilate the resulted image with the same structural element. As we

see in Fig.3.12 only the four main vessels are kept.

(@) (b)

Fig. 3.12: (a) The original segment image, (b) the image after the morphological processes.

A new technique is implemented here by dividing the input images into
three slides, in which the first one includes the upper main vessels, the
second one contains the OD region with some small vessels and the third
one includes the lower main vessels. The second slide was excluded
because it contains the OD region where the vessels are not required and it
doesn’t contain fundamental information for diagnostic process.

Histogram matching is implemented as a preprocessing step using different
reference images, but this step disturbs the classification; since the retinal

images color change with human color, which means no perfect reference.
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3.3.2 Features

In the next step we need to define the features for each pixel and decide the
label for each one in the training stage. The work here was done in two
tracks, first read features for main vessels and the other one is to read
features for only the center line pixels. Many features can be used; 30
features which are shown in the following table (Table 3.1) are

implemented in this work:

Table 3.1: All features tested in the algorithm

f1-f3 red, green and blue

f4 Intensity value

f5-8 red, green, blue and intensity with histogram
equalization

9 The ratio between red and green channel

f10-f12 Hue, saturation and value without histogram
equalization

f13-f15 Hue, saturation and value with histogram equalization

f16-f19 Average mean for red, green, grey and hue

f20-23 Gaussian mean for red, green, grey and hue

f24-127 variance for red, green, grey and hue

f28-129 The X, y position

30 The distance between the pixel and OD

As one can see from Fig. 3.6 each pixel in retinal image represented using
three channels, we get information from each channel separately, and form
vectors f1, f2 and f3, Fig. 3.13 shows retinal image using red, green and

blue channels.
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(@) (b) ()

Fig. 3.13: Retinal image (a) red, (b) blue, (c) green, channels

The true colored retinal images are converted into a gray scale one
(intensity image) for f4, as shown in Fig. 3.14. The intensity image shows
how dark or bright the pixel should appear in colored image, MATLAB
deal with two types of images: “double” in which zero shows black pixels,
while 1 shows white ones and hence the intensity levels are between 0 and
1. The second type is “uint8” in which zero still appear as black pixels

while 255 is white, so the intensity levels are between 0 and 255.



Fig. 3.14: Gray scale (intensity) retinal image

For f5, f6, f7 and f8 adaptive histogram equalization function
“adapthisteq” was applied which works in small regions called tiles of the
image by enhancing the contrast for each region it transforms each value
using contrast-limited adaptive histogram equalization (CLAHE), then it
uses bilinear interpolation to combine neighboring tiles [61]. Fig. 3.15

shows three channels after applying “adapthisteq”.

(a) (b)

Fig. 3.15: Apply “adapthisteq” for (a) blue, (b) green and (c) red channels
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While Fig. 3.16 shows the difference between red color feature and red

color after using adaptive histogram equalization, it’s clear that second one

shows more contrast between vessels.

(a) (b)

Fig. 3.16: Red channel (a) without, (b) with, adaptive histogram equalization.

RGB is consider as a main color space but it isn’t the only one, HSV is also
a color space which defined by Hue, Saturation and Value, see Fig. 3.17.
For each channel in this color space, 10, f11 and f12 are calculated, see

Fig. 3.16, then we again used adaptive histogram equalization for each

channel.

Fig. 3.17: Retinal image in HSV color space.



(b) (©)

Fig. 3.18: Retinal image: (a) Hue (b) saturation and (c) value channels.

We note that value channel in HSV color space is exactly the same as red
channel in RGB space, so value channel are excluded in Final feature space
matrix.

For the features: mean and variance, we define the parameter n making the
window size 2n+ 1, then we add 2n zeros vector for both rows and
columns from each surrounding side, finally we find the mean and variance
for the center pixel in window using all members in that window. To find

the mean, the following equation is used:

while to calculate the variance we use the following equation:

N
1 2
var =+w— Z(xi — W
l:

where u is the mean of the window and x; is it" element.
For the mean features a 3 X 3 widow is used while for variance the size

9 X 9 is used.
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3.3.3 Feature Extraction (Dimensionality Reduction)

Dimensionality reduction is the heart of our program. In this section we
implement two methods for dimensionality reduction which are LDA and
PCA. P. Belhumeur et al. used a two-stage linear discriminant method for
face recognition [66], we suggest to apply the same method in retinal
vessels classification then comparing results using only PCA or LDA, in
the two stage method we first reduce the dimension from D to d; using
PCA, in the next stage LDA is used to reduce the dimension again from
ditol.

The LDA and PCA algorithms are discussed in chapter 2, these algorithms
are implemented in MATLAB to accommodate and use them properly for
our method. We prepared a particular program for this task. Optimal w is
calculated as its discussed in 2.2 and 2.4, then we multiply both the training

and also testing data by it, in order to prepare the data for the classifiers.

3.3.4 Classification

Many classifiers are used in retinal vessels classification; three popular
classifiers are chosen to be used in this work, then major voting for these
classifiers is consider as final label.

SVM, K-NN and naive Bayes classifier are chosen to be implemented;
chapter 2 gives an introduction to each one, while appendix(C) gives more
details.

MATLAB defines these classifiers: for SVM, it prepares or train the

classifier by “fitcliner” and then it predicts the labels for a testing data
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using “predict”. K-NN classifier easily uses the command “knnclassify ”,
we enter the training data, predefined labels and testing data. Then we get
the labels for the testing data. Finally naive Bayes are implemented using
“fitcnb ” 1o train the classifier and “predict” commands exactly as in SVM.
K-means which is unsupervised classifier, it doesn’t need any training
data, we enter the testing data in addition to the number of classes and it
gives us the predicted labels for the testing data. K-means fails in retinal
vessels classification, since it works randomly, hence it is excluded.

As we said, the output for each classifier is just a vector with predicted
outputs (labels), but the image is represented by a matrix, so to display the
result we need to build a function in order to convert the vector of labels
into matrix by using the testing vessels segmentation to display artery in

red and vein in blue color, see Fig. 3.19.

Fig. 3.19: Upper main vessels after classification.
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3.3.5 Post-processing

As we see in Fig. 3.19 upper vessels contain some small regions which are
classified incorrectly, that affects the performance, but we can avoid this
problem by some post-processing steps.

First we try to reclassify the incorrect small regions; this enhancement
didn’t improve the result as expected. So we decided to apply majority rule
in each sub-segment. To implement this technique, we first remove the
nodes (bifurcation and crossing points) by defining the skeleton of the
graph then the points with four neighborhood are removed, see Fig. 3.20.
Consequently, we calculate how many pixels are classified as artery/vein
for each sub-segment. Then the whole sub-segment is considered to be

artery if artery’s pixels are more than vein’s pixels, and vice versa to be

vein, Fig. 3.21 shows the result of applying the majority rule.

(a) (b)

Fig. 3.20: (a) Upper vessels, (b) after removing the nodes.

(a) (b)

Fig. 3.21: Classification result (a) before, (b) after applying majority rule.
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As we can realize from Fig. 3.21 there are some regions still incorrectly
classified because we removed the nods with four neighborhoods in the
previous stage.
In the final step, we evaluate the accuracy for each algorithm to decide
which one gives the best classification result. In the next chapter we will

discuss performance and compare the results.
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Chapter Four

Results and Discussion



91
Chapter Four

Results and Discussion

4.1 Introduction

In this work different methods are presented for dimensionality reduction
in addition to classification methods for classifying retinal vessels into
artery or vein. This kind of classification seems to be harder to define
features that can distinguish between vessels rather than between vessels
and non-vessels as in the case of segmentation.

For instance, many properties of vein\artery are similar, one of these
properties: the color of one vein in a fundus image may be identical to
some artery in different image or even to different region in the same
image. Moreover, diseases and age of patient affect vessels’ color and
shape [55].

Accuracy calculation is an important step to compare algorithms and to
decide which one gives the best way to distinguish between vessels. There
are many methods to measure the performance of classification results. M.
Divya et al. [10] used a confusion matrix to find the performance for using
neural network in retinal vessels classification; they achieved 93%
accuracy. K.Rothaus et al. [55] used area under the receiver operating
characteristic (ROC). ROC curve is considered as graphical representation
for the relation between specificity and sensitivity. In this work, accuracy,

specificity and sensitivity are calculated for the different algorithms in
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order to compare them and decide which one gives best discriminant

between vessels.

4.2 Evaluation Metrics

To calculate the performance of implemented algorithms we compare the
result with corresponding ground truth (GT) image, see Fig. 4.1. There are
three types of pixels in the classified image: artery, vein and background.
We excluded the background since it’s not relevant to the performance of
the used methodology and only those vessels appearing in the segmented
images are considered. The remaining pixels are either artery or vein [22].

To calculate the performance we should first decide which class will be the
positive pixel to calculate the accuracy for it. Artery pixels are considered
as positive while vein pixels as negative. Sensitivity measures how well the
method classifies artery, while specificity measures how well the method
classifies vain, where accuracy gives the overall performance for a given

method [12].

(a) (b)

Fig. 4.1: (a) The classified image, (b) ground truth image.
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Pixels which are classified into artery as in GT are called true positive
(TP). However, false positive (FP) represents those pixels which are
classified as artery but actually they aren’t. True negative (TN) counts
those pixels which are not artery in GT and the classifier defines those
pixels as in GT. Finally the pixels which are arteries in GT but are

classified incorrectly are called false negative (FN) see Table 4.1

Table 4.1: Ground truth table

Ground truth
Artery Not-Artery
Method result (output) ':g,:?;tery IIIF\)I _FrPN

Accuracy, sensitivity and specificity are described in the following

equations:
. TP
sensitivity = TP+ FN
TN
specificity = TN T FP
TP + TN
accuracy =

TP + TN + FN + FP

4.3 Comparing Results of the Different Approaches

Through this section different approaches where implemented, actually by
changing features and the dimension of the data. This process led us to

choose the best performance of the algorithm under the used data base.
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The first step, started by studying the result for the classified vessels using
all suggested features, we notes the following:

e The SVM, Bayes and KNN classifier’s results are vary widely, Figs.
(4.2-3-4) illustrates sensitivity, specificity and accuracy for all
testing images respectively. The x-axis represents the testing image
number where the rest images are the training ones.

e The average sensitivity for implemented classifiers (SVM, Bayes
and K-NN) are 78.9 %, 67.8 % and 49.3 %, while the average
specificity are 90.3 %, 70.3 % and 80.3 %, and the average accuracy
are 86.5 %, 71.1 % and 69.7 %, respectively.

e By comparing results of classification for the different classifiers on
the used images, we can notes that inconsistent results influenced by
images properties and the classifier abilities to work properly. This
kind of results didn’t prefer a particular classifier to be used.

e The sensitivity, specificity and accuracy after using major voting for
three classifiers are 69.6 %, 85.8 % and 81.1 % respectively, which
shows better results rather than the average of the three classifiers.

e The program took roughly 700 second to classify vessels using all

features, our used machine is an hp i3 laptop with 4GB RAM.
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Fig. 4.2: Sensitivity rate for all testing images using the three classifiers before reduction.
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Fig. 4.3: Specificity rate for all testing images using the three classifiers before reduction.
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Fig. 4.4: Accuracy rate for all testing images using the three classifiers before reduction.

In the next step, LDA is implemented to reduce the dimension from 27 to
one-dimensional space. As it’s known LDA reduce time of processing, and
for our program the time is reduced from 700 sec to 335 sec.

After applying the LDA, the performance of the three classifiers (SVM,
Bayes and LDA) came to be similar. This is a good advantage that makes
any of these classifiers suitable to be used by itself, which is a kind of
saving resources as shown in Figs. (4.5-6-7). The classifiers after applying
LDA improved their performance approximately to the best classifier. This
reduction is very important as the LDA manages to estimate the effect of
the best features and disregarding those with less influence or confusing

ones.
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Fig. 4.5: Sensitivity rate for all testing images using the three classifiers after implement

LDA.
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Fig. 4.6: Specificity rate for all testing images using the three classifiers after

implement LDA.
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Fig. 4.7: Accuracy rate for all testing images using the three classifiers after implement

LDA.

The sensitivity, specificity and accuracy after applying LDA and using the

three classifiers are represented in the following table (Table 4.2)

Table 4.2: The average performance for the classifiers after

implementing LDA.

sensitivity | specificity | accuracy
SVM |782 % 89.6 % 85.5 %
Bayes | 77.4 % 90 % 85.4 %
KNN |71.3% 85.5 % 80.4 %

After applying the majority voting technique for the three classifiers, the
average metrics came to be: sensitivity 77.9 %, specificity 89.8 % and
accuracy 85.4 %. Comparing averages with and without LDA, all of
sensitivity, specificity and accuracy show improvement in the classification

result, noticing that accuracy is more important for evaluating the method.
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LDA keeps and improves the performance while using only one dimension,
moreover this reduces the process time to the half.
On the other hand, PCA is used to reduce the number of features; we first
tested to reduce the features into one dimensional space. We found that
PCA failed to reduce the dimension since we get the average sensitivity
equal zero. Hence, we try to reduce the dimension ranging from two up to

20 to find the optimal reduced dimension for using PCA, see Table 4.3.

Table 4.3: Performance after applying PCA for different dimensions

with majority voting technique.

Dimension Sensitivity | Specificity | Accuracy
1 0% 100 % 62 %

2 25.8 % 90.6 % 68.6 %
3 31.8 % 89.2 % 69.4 %
4 46.1 % 84.9 % 72 %
5 54.9 % 86.8 % 75.7 %
6

7

8

56.3 % 86.3 % 76 %
58.6 % 87.8 % 77.4%
62.9 % 89.1 % 80 %

9 67.4 % 89 % 81.4%
10 68.4 % 90.1 % 82.6%
11 69.6 % 90.3 % 83.2%
12 70.3 % 90.3 % 83.4 %
13 71.8 % 90.0 % 83.8 %
14 72.2 % 89.7 % 83.7 %
15 71.9 % 89.6 % 83.6 %
16 73.5% 89.6 % 84 %

17 73.1% 89.6 % 84 %

18 72.6 % 89.6 % 83.6 %
19 73.4% 88.9 % 83.4%

20 73.6 % 88.6 % 83.3%
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It’s clear from the table that as the number of dimension approaches 17 the
accuracy gets higher, and as we search for the best performance, it is
preferable to reduce the dimension to 17. Also as in the case of the LDA,
the PCA save processing time, if we reduce the dimension from 27 to 17,
the time needed to classify all the testing images is 584.8 sec, which is less
than using all features.

It’s clear that using LDA to reduce the dimension into one dimensional
space is better and takes less time than using PCA to reduce the dimension
to 17 dimensional space.

We suggested an approach for improving the A/V classification result by
reducing the dimension into one dimensional space using two-stage
method. PCA is implemented in the first stage to reduce the number of
features from 27 to 17; this will avoid those features which contain in-
consistent data in addition to keep those which are more relevant to A/V
classification. In the next stage, LDA is applied to reduce the PCA outputs
into one-dimensional space. Finally, we again apply the classifiers (SVM,
Bayes and KNN) and the results are summarized in Table 4.4. The
Majority voting technique is applied, giving average sensitivity, specificity

and accuracy as 77.3 %, 89.3 % and 84.9 % respectively.

Table 4.4: The average performance of the classifiers after

implementing two-stage method.
sensitivity | specificity | Accuracy
SVM |[77.5% 89.2 % 84.9 %
Bayes | 77.1% 89.4 % 84.9 %
KNN | 70.4% 85 % 79.8 %
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From data shown in Figs. (4.8-9-10) the output of the suggested approach

(Two-stage) came to be slightly better than all previous results in this work.
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Fig. 4.8: A comparison between sensitivity rates for the reduction techniques under the

majority voting.
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Fig. 4.9: A comparison between specificity rates for the reduction techniques under the

majority voting.
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Accuracy
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Fig. 4.10: A comparison between accuracy rates for the reduction techniques under the

majority voting.

As we mention previously, the other approach using the center line pixels
to train and classify the vessels was also implemented. The three
dimensionality reduction techniques (LDA, PCA and Two-stage) are
implemented to reduce the dimension as we explained previously, then we
apply majority voting technique for the three classifiers (SVM, Bayes and

KNN), Table 4.5 represent the result from this process.

Table 4.5: Performance of applying the reduction techniques to classify

center line pixels.

sensitivity | specificity | Accuracy

Without reduction 71% 84.6% 80.6%
LDA 75.7% 88.3% 83.7%
PCA 70% 85.5% 80.3%

Two-stage (LDA+PCA) | 72.8% 87.1% 82%
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We note that, if we use the data of whole vessels it gives better
performance rather than using the center line pixels only. Since the data
used is very small with respect to the first case (whole vessels pixels) so the
required time for process is reduced remarkably, it takes approximatily 250
sec.

A structural enhancement method (majority rule) is implemented after
reducing the dimension and applying the classifiers. We divide the main
vessel into sub-vessels and apply the majority rule to enhance our
classification result. Fig. 4.11 shows the final classification result after we
train the classifiers using 13 training image then applying the major voting
for suggested classifiers, and finally implementing majority rule technique
for each sub-segment. As we expect, sensitivity, specificity and accuracy
are improved. The following Table 4.6 shows the result after apply
majority rule on the average classifiers results. While Figs. (4.12-13-14)

show how results are enhanced after applying the majority rule.

Fig. 4.11: Result of our algorithm.
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Table 4.6: Performance of the reduction techniques after apply

majority rule.

sensitivity | specificity | accuracy
Without reduction | 72.2 % 89.0 % 83.6 %

LDA 81.6 % 922 % 88.5 %
PCA 78.7% 92.2% 87.4%
LDA+PCA 80.8 % 91.9 % 87.4%
Sensitivity
1:2 606 722 437 78.8 77.8 817 77.2 808
60 -
40 -
20 -
0 -
without PCA LDA PCA+LDA
reduction

M befor applying enhancements M after applying enhancements

Fig. 4.12: Sensitivity rate for the reduction technique before and after applying

enhancement.
Specificity
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Fig. 4.13: Specificity rate for the reduction technique before and after applying

enhancement.
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Accuracy
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Fig. 4.14: Accuracy rate for the reduction technique before and after applying enhancement.

4.4 Difficulties Facing the Methodology.

Many difficulties facing our work; the following points are some of these
difficulties:

1- The available GT for the used database are 20 images, 7 of them are
infected and can’t be used in training or testing steps.

2- The nature of fundus images are not very sharp and clear which
affect the ability to get accurate features and hence affect the
classification.

3- Vessels themselves are very similar with high variability in different
images. Also Small vessels are very similar; so it’s not feasible to
classify them especially without structural knowledge. So that we are

interested in classifying only the main vessels.



106
4- We tried to use the structure of the vessels but unfortunately the
available segmentation is not good enough to distinguish between
meeting points, which lead to high misclassification error.
5- Fundus images of different people are with different colors, which

means no standard features.

4.5 Conclusion and Future Work.

In this work we propose a method for classifying retinal vessels into
artery\vein, 13 retinal images are used to train the classifiers and the last
image is used for testing the algorithm. Features are chosen carefully then
three dimensionality reduction techniques are implemented. After we
reduce the number of features, three classifiers are executed and major
voting for these classifiers is considered as the final result.

As we know dimensionality reduction techniques keep the more effective
features, expecting to improve the performance of the classifiers to separate
the data in a good way. We note that the proposed two-stage method
reduces the dimension of data from 27 to one-dimension consequently
reduces the process time. Where in one dimensional space all three
classifier are working very similar to each other. The accuracy results for
the three classifiers (SVM, Bayes and K-NN) after applying the Two-stage
method are 87.3 %, 87.5 % and 87.1 respectively. Also the performance is

enhanced after reducing the dimension as Table 4.7 shows.
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Table 4.7: Classification performance comparison: using all features

and after reducing the dimension by two-stage method.

sensitivity | specificity | accuracy
Without reduction | 72.2 % 89.1 % 83.7 %
Two-stage method | 80.8% 91.2 % 87.4 %

Also we notice that PCA failed to reduce the dimension into one-
dimensional space, while LDA managed to do so.
LDA shows the best classification accuracy result 88.5 %, where the Two-

stage method shows better stability in classifiers results as Table 4.8 shows.

Table 4.8: Performance comparison between using LDA and Two-

stage method

Using LDA method Using Two-stage method

sensitivity |specificity [accuracy|sensitivity |specificity |accuracy
SVM 824% 91.7% 884% 808% 91.2% (87.4%
Bayes [69.1% |71.8% |726% [80.7% |914% |87.5%
K-NN 811% (914% [87.7% 80.1% 91.1% |87.1%

We plan to improve our suggested methodology to classify vessels in
fundus images, through writing a new version of our program in
MATLAB. This can be done first, by getting additional data with GT since
the available database is limited. Secondly, we might improve other
classifiers such as Neural Network (NN) and Fuzzy clustering to improve
our work.

The preprocessing steps are also included to be improved in our future
work, especially removing small vessels technique since in some images a
main part of vessel are excluded, on the other side, non-important

information are kept.
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Finally, we plan to add more features for our algorithm, especially
structural features such as the graph analysis and vessels width. Also new
color space can be added for instance (LAB).
We are looking forward to use our program in ophthalmic section in the Al-

Najah National university hospital in the near future.
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Appendices

Appendix (A): Algebraic Background
A-1: Matrix Transpose.
Let A € R™ " . A transpose matrix of A, which is denoted by A", can be
defined as interchanging it* row by i*" column in the matrix A . In other
words, if A = [a;;|  then A" = [a;;] .
The matrix transpose has some properties [14]:

1- ANDHT =4

2- (A+B)T = AT + BT

3- (cA)T = c AT, where c is a scaler.

4- (AB)T = BTAT

5- If A is a non-singular matrix, then AT is also non-singular and

(A=A

If the entry of A are complex numbers ,which can be written as a = a; +
a,i,where i = v/—1, transpose can be obtained by taking the transpose of
the matrix then take the conjugate for each element, it is called conjugate
transpose and written as A*.
Matrix transpose is a very important definition which has been used to
define other matrix properties, for example: symmetric and skew-
symmetric matrix.
Definition [16]: A matrix A € R™" is said to be symmetric, if AT = A,
and it is said to be skew-symmetric if AT = —A . For a given matrix A €

R™*" - ATA is symmetric matrix and for4 € R™" | A+ AT is also

symmetric.
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Definition [14]: a matrix A € R™ ™ s said to be diagonalizable if it can be
diagonalized, which means that there exist a non-singular matrix S such
that D = S™1A S where D is a diagonal matrix.
Spectral theorem [14]: if Ais a real symmetric matrix, then A is
diagonalizable and has only real eigenvalues also it always has n linearly
independent eigen-vectors. In other words, there exist a matrix V , which is
orthogonal(VT = V1) and consists of eigen-vectors as columns, such
that D = V~1AV , D is a diagonal matrix with the eigen-values of A in its
diagonal.
A-2: Vector and Matrix Derivatives.
Vector derivative with respect to vector [52]

X1 a;

X2 a

Letx= | |, d be p x 1 vectors, and define y = ¥7.d

W)

y == xlal + xzaz + -+ Xpap

aq
T 2
oy _(%y 9y Ooy\ _ _ 3
0x \0x; '0x, " 0x,
ap

where

dy (6y dy 6_y> -

= = =(aqa,,..,a = a
axT  \0x; 0x, " ox, (a1, 8z ., ap)
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The derivative of a 2 X 2 matrix with respect to a vector [52]
- (%1 _ (411 iz . . . .
Let x = (xz) , A= ( ) be a symmetric matrix and define Q =

5 Az,
xTAX
. ai1 412\ (%1
Q - (xl xZ) (alz aZZ) (xz)
Q= a11x12 + 2a4,x,x, + azzxzz
aQ
0Q | ox | _ (2a11x1 + 2a12x2)
ox a_Q — \2ap2%; + 2a5,%;
\axz
aQ R
— =2 Ax
0x
Similarly
J 2xT A
- = 4X
oxT

A-3: Eigen-Values and Eigen-Vectors.

Some problems in applied mathematics require to find a vector ¥ such
that AV = A¥, where Ais a scaler and ¥ is a non-zero vector, which
means that AV parallel tow . The value of A is called eigen-value, where
the eigen-vector ¥ is computed to the associated A.

Finding the value of w and 4 is considered as one of the most important
problem in numerical linear algebra, as they are used in many different
applications.

The eigen-value problem is

which is equivalent to
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gives
det(A—A) = 0
For a given matrix A € R™ ", the det(4) = [[}L,4; , where 4;’s are
the eigenvalues of A.
Computing the eigen-values and corresponding eigen-vectors is a
complex task which is discussed in many numerical analysis books [16,

14].
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Appendix (B): Statistical Background
Statistics is a very important subject which is widely used in many
applications; one of them is in the machine learning world which is based
on statistics. Some basic statistical concepts will be defined in this section.
B-1: Variable
The variable can be defined as a feature which differs from one object to
another. For example, height, width, eye color, skin color and marital
status, are considered as variables. The first two of these give numerical
data, and this type is defined as quantitative variables, while the other ones
are non-numerical data hence defined as qualitative variables.
The data of a studied object are the values of the variables’ collected in a
matrix. The matrix of all individuals called the data matrix or the dataset.
The data matrix organized such as a particular column contains all
observation for a particular feature or variable, and a particular row

consists of all variables for one observation. So the data matrix looks like

X11 X12 o X1n

X X e Xop
A=|"2 72

XK1  Xgo2 e Xgn

where x;;is the value of i"observation with ;" variable, i=
1,2, ...,k (number of the data elements) ,j = 1,2, ..., n (number of features)
[41].

B-2: Averages

Different types of averages are present in statistic, the mean is considered
as the commonly used average which can be calculated by dividing the sum

of all observations in specific dataset by the number of these observations;
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it also describes the central tendency for the data. The mean can be

calculated as:-
_ in
X = ,
n

where x; is the it" observation, x is the mean and n is the number of the
observations. Another average, median, can be calculated by sorting the
given data points in a descending or ascending order and then selecting the
point which lies in the middle. The mode is another average which is the
simplest average, it requires to count how many times each point appears
and choose the most repeated one as a mode [41].

B-3: Variance and Covariance.

Calculating the data center is not sufficient to understand the behavior of
the data, we need to calculate how the data variates around the center. To
do so, there are several methods such as calculating the range, variance and
standard deviation.

The range can be easily computed by subtracting the minimum value from
the maximum one. On the other hand, the standard deviation which is the
most accurate and commonly used method to calculate how the values are

spread out, it is calculated by using the following formula:

- ng;l(xi - %)?

n—1

_ ?:1(951'2 —nx?)
n—1

— \/Z?ﬂxiz - (Z?=1xi )Z/n

n—1
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where x is the sample mean and n sample size. We called the value
of ¥ . (x; — %)% as sum of squared. As the value of the standard deviation
decreases, the data becomes closer to the mean and more tight. While
increasing the value means the data is spreading apart from the mean.
Standard deviation is always a positive number.
The square of S, is considered as sample variance (S,)2.The variance
calculates variation in one variable from the mean, but if we need to study
more than one variable how they vary together, we need to define what we
call covariance matrix.
The covariance calculates if the two variables are dependent or not; if the
covariance equals zero then the variables are uncorrelated and hence
independent. In the case where the covariance is positive the two variables
are directly proportional i.e. one variable increases the other one will also
increase. But if the variables are inversely proportional then the covariance
will be negative.
If we compute the covariance for each pair of variables and then put these
together in a matrix, we will have what we call covariance matrix.
The covariance of two variables x and y can be calculated using this
formula [41]

cov(x,y) = E [(x — ) ] E[(¥ — y)]
recalling that the mean (expectation) of x can be written as E [x] .
The covariance matrix can be used to look at the correlation between all
pairs of variables within a set of data, this covariance matrix X representes

as [41]
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E[(x; —pu)(xg =) ] E (G —p)(xp — pz) | v E (g — 1) (ot — ) |
5 = |E [(x2 _#2?(351 —p)] E[(xz - Iiz?(xz — p2) ] o E [(x; _.UZ).(xn — )]
E [Gn =) (k1 = 1)1 E (G = ) (%2 = 1)1 e E [ = i) (X — ) ]

where x; is the element of i*" variable and y; is it’s mean, the covariance

matrix X can also be written in a matrix form as
Z=E[X-EXDX-EXD"]

Y is a square matrix with trace equals one since the variable must be

dependent and it is a symmetric matrix since cov(x,y) = cov(y, x) [41].

B-4: Gaussian Distribution.

Gaussian or normal distribution is the most well know distribution with one or

more dimension. In the case of one dimension, it has a bell shaped curve as

shown in Fig. B.1, and it can be expressed in the following formula

1 —(x — w)?
f(x) - ;—27_[0_ eXp( 20_2 )

While in higher dimensions it looks like

f&x) =

1 Ty—1
2 22 eXp(—E (x—w'Z (x—u))

where u is the mean , o is the standard deviation, d is the dimension

and X isn X n covariance matrix [41].
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Fig. B.1: Normal distribution in one dimension withuy = 0,0 = 1.
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B-5: Mahalanobis Distance.
Assume we have two datasets with one test point labelled by large ‘X’ as
shown in Fig. B.2, the first one is tightly correlated while in the other one
the data are spread out, the test point lies on the same distance from the
data mean but if we ask: is the test point considered as a part of the data?
we might say no for dataset in Fig. B.2-a and yes to the other one (Fig. B.2-
b), that’s because we can’t only consider the distance from the data mean,
but we should also consider how the data is spread out.
In 1936, the distance which depends on the variance in addition to the data
mean is called Mahalanobis distance and it is defined by:

Dy () = /(= i)TZT (x — )

where pu is the data mean and X is the covariance matrix. If the covariance

matrix equals the identity matrix then it is reduced to Euclidean distance

[41].
p '. I- ] > v m
X ) . X
x  x
(a) (b)

Fig. B.2: Two different datasets with a test point labelled by ‘X’.
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Appendix (C): Classifiers
C-1: Support Vector Machine (SVM)
There are many methods for linear classification; each one makes different
assumptions. Moreover different methods have different bias and different
objective function, this leads to find a different linear discernment.
Consider the case of two classes C; ,C, , and use the labels +1 / —1 for
each class respectively. Given the sample X = {xt,rt}, where rt = +1 if
xtec;, and rt=-1if xtecC,, t=12,..,n(number of
observations). We want to find w, (bias) and w (weight vector), such that

wixt+wy=>+1 , rt=+1

wixt+w, < -1 , rt=-1
This can be rewritten as

rt (wl xt +wy) = +1 (C.1)
Note that we don’t require simply r¢ (w” xt + wy) = 0, which means
that we don’t only want the observations to be on the right side of
hyperplane, but also we want them to be away from this hyperplane in
order to get a better generalization. The distance from this hyperplane to
the closest observation is called the margin. The optimal separation
hyperplane is the one that maximizes the margin [4].

The distance from x* to the liner discriminant is represented by
W' xt +wo| (W xt +wy)

wll lIwli
We want this distance to be larger than or at least equal to some
value p which should be maximized to get optimal separation. So our

problem becomes
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rt wt xt + wp)
lwl|

(€.2)

This inequality has many solutions, so for unique solution we fixed

pllw|l =1, thus to maximize the margin we need to minimize ||w/||

which also means minimize 5 lwl||? , so our minimization problem [4]:

1 2 t (v T it
min > lw|[*, rt(wl xt +wy) = +1 Vvt (C.3)

This is a standard quadratic optimization problem which depends on the
number of dimension, but in some cases we might need to map the problem
to a new space with dimension higher than the original one, as shown in
Fig. C.1, so we need a method whose complexity doesn’t depend on the
dimension of the data. The optimization problem can be rewritten using the

Lagrange multipliers a* as follows

N
1
Ly =5 lIwll* - z at [rEw” xt + wy) — 1]
t=1
1 N N
=5 lIwll? —Zat rtw” xt + wp) +Zat (C.4)
t=1 t=1

This should be minimized with respect to w and w,, while maximized
with respect to a® = 0. Since the main term of the problem is convex and
the linear constrain is also convex, then this problem is called convex

quadratic optimization problem [4].
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Fig. C.1: Separating data by converting it into higher dimension.
Therefor this is equivalent to solving a dual problem using Karush-Kuhn-

Tucker conditions. The dual is to maximize L, with respect to a’, subject

to the constrains that gradient of L, with respect to w and w, are 0 and

also a® > 0:
oL
6_1:::0 - W=Zatrtxt (C.5)
GWO_O - Za rt = (C.6)

Plugging these two equations in equation (C.4) we get [64]

——(w w) — wZarx—wZar +Z
ZZaa rtrs (x)T x5 +z (C.7)

This can be solved using quadratic optimization methods. The set of xt
whose at > 0 are called supported vectors, these vectors lie on the margin.
As we see from equation(C.5) wis written as sum of training instances

that are selected as supported vectors x¢ satisfying:
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rt(whaxt +wy) =1
As we said the supported vectors lie on the margin, so using this fact, w,
can be calculated as follows:
wo =1t —whxt

For testing we calculate g(x) = w® x + wy , then [4]
o if glx)>0
C, otherwise

we choose {
C-2: Naive Bayes Classifier
Naive Bayes assumes that the elements of features vector are conditionally
independent, so for a given class C; , the values of different features don’t
affect each other. It’s called naive because of the previous assumption,
since it tells us that the features are independent, which means if our aim is
to classify vessels, it assumes that intensity and red color are independent,
which clearly isn’t true.
The classifier tries to estimate P(x;|C;) = P(x} ,x7,...,x}'| C; ), where the
superscripts index is the element of the vector, which is equal to the

product of multiplying together all individual probabilities, which is much

easier to compute.
P(x;|C;) = P(x} = a1|C;) x P(x} = a,|C;) X ... x P(x} = a,|C;)

P(xlc) = | | P(xf = ailc)

k

So the classifier rule for the Naive Bayes’ classifier is to select the

class C; which maximizes the following:

P | | PG = alcy)
k
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This is clearly a great simplification over evaluating the full probability, so
it might came as surprise that the Naive Bayes’ classifier has been shown to
have comparable result to other classification methods [4].
C-3: K-Nearest Neighborhood Classifier.
K-nearest neighborhood (K-NN) is one of the simplest classifiers which
has been used since 1970 in many domains like pattern recognition and
statistical estimation. It classifies unlabeled observations by assigning them
to the class of the most similar labeled examples. The distance between test
point and training points are calculated, then the point with lowest distance
is called nearest neighbor.
The method calculates the distance between new observations and the k
nearest labeled observations. There are many methods to calculate this
distance and for any of them there are three conditions should be satisfied
which are:-

1) dist (A,B) =2 0and dist(A,B) =0 <A =B

2) dist (A,B) = dist (B,A)

3) dist (A,C) < dist (A,B) + dist (B,(C)

where dist (A, B) defines the distance between the two points A and B.
By default, the k-NN function employs Euclidean distance; where some
methods used another function for calculating the distance, for example
Mahalanobis and Manhattan distance. The nearest neighbor algorithms can
yield excellent performance when used with a proper distance measure.
Choosing appropriate parameter k, which defines how many neighbors

will be chosen for K-NN, is a very sensitive issue since large k reduces the
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impact of variance caused by random error, but it runs the risk of ignoring
small and important patterns. Appropriate k should balance between
overfitting and underfitting. Some authors suggest choosing k equal to the

square root of the number of observations in the training dataset [4, 31, 24].
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