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Abdullah Edwan Abdullah Nassar
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Prof. Naji Qatanani

Abstract
The modeling of systems involving heat conduction problems is widely
spread among scientists and engineers due to their wide range of

applications in science and technology.

In this work, we will present some important analytical and numerical

results concerning heat conduction problems and their applications.

First, we will use the Fourier law of heat conduction to derive the
composition equation of heat transfer for different regions. The concept of
boundary and initial conditions will also be illustrated. The heat conduction
problems subject to some boundary and initial conditions for various
domains will be solved analytically using the separation of variables,

Laplace transforms, Duhamel's and Green's function methods. Numerical
approach based on the finite difference method (FDM) has been analyzed

and implemented to solve some heat conduction problems. A comparison
between the analytical and numerical results have been drawn. Numerical

results have shown to be in a close agreement with the exact ones. In fact,
the FDM is one of the most efficient numerical methods for solving heat

diffusion problems.



Introduction

Many heat conduction problems encountered in engineering applications
involve time as independent variable. The effects of heat exchange are
subject to constant laws cannot be discovered without the mathematical
analysis of heat exchange models. The object of the theory is to
demonstrate these laws. Jean Biot (1774-1862) has studied the heat
conduction equation but was unsuccessful at dealing with the problem of
incorporating external convection effects in heat conduction analysis, see
[13]. Joseph Fourier (1768-1830) determined how to solve the problem of
Biot's work in 1807 and gave the well-known Fourier's law of cooling.
Ernst Schmidt (1892-1975) was a German scientist and pioneer in the field
of Engineering thermodynamic, especially in heat and mass transfer, see
[6]. He published papers on the now well-known "Graphical Difference
Method for Unsteady Heat Conduction™ and on "Schieren and Shadow
Method" to make thermal boundaries visible and to obtain local heat
transfer coefficients. He was the first to measure the velocity and
temperature field in a free convection boundary layer and the large heat-
transfer coefficients occurring in doplet conduction. In recent years, many
researchers have worked on the mathematical analysis of the heat
conduction equation (see for example [1, 2, 3, 7, 11, 12]). For heat
conduction equation there are two main research areas in the solution of
transient problems: One of these areas is the analysis of transient well-
posed problems such as direct heat conduction problems for which all

required information such as the boundary and initial conditions as well as
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the coefficients of the transient heat equation and the geometry of the
solution domain are given prior to the solution process. The second
Important topic is concerned with the analysis of the so called inverse
problems. These inverse heat conduction problems arise when not all
necessary conditions are given, see [12]. In this case, the numerical
solution for the temperature and the heat flux must be recovered with the
aid of auxiliary measurements inside the domain. It is important to note
that inverse heat conduction problems are widely used in the modeling of
industrial problems including atmospheric (for example see [15]), and also
in the spray cooling for the quenching of iron ingots, see [20]. The goal of
the analysis is to determine the variation of the temperature as a function of
time and position T(x,t) in one dimension. In general, we deal with
conducting bodies in a three-dimensional Euclidean space in a suitable set
of coordinates x € R® and the goal is to predict the evolution of the
temperature field for future times (¢t > 0). Here we investigate
specifically solutions to selected special cases of the transient heat

conduction equation:

oT
p C, - = V.(kVT) + g *)
where VT = ( Z—Z? + Z—; 7+ Z—: k), g is source of strength for a

homogeneous heat, C,, is heat capacity or specific heat, T = T(x,y, z, t)

is the temperature and p is the density. Equation (*) must be solved on
different domains, subject to suitable initial and boundary conditions.

Solutions to equation (*) involving analytical and numerical methods, see
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[14, 8, 9], will be investigated. In chapter one we study the main
characteristic features of heat conduction problems and their inherent
complexities. The governing partial differential equation of heat conduction
with some types of associated boundary conditions will be presented. In
chapter two, we present some analytical methods for the transient heat
conduction equation (*) on various domains. This involves separation of
variables method, Laplace transform method, Duhamel's method and
Green's function method. In chapter three, we investigate the numerical
handling of the one-dimensional transient heat conduction equation (*) for
plane wall, cylinder, and sphere. This can be a achieved by implementing
the finite difference method (FDM). The main idea of the FDM is to
replace the partial derivatives equation by finite difference approximations.
FDMs are thus discretization methods. Some numerical test cases on heat
conduction problems have been solved and the numerical and exact results

have been compared.



Chapter One
Derivation and Characteristics of Heat
Conduction Equation



1.1. Introduction

Heat conduction is one of the three basic modes of thermal energy
transport; convection, radiation and conduction. It is involved in virtually
all process of heat-transfer operations. Many routine process-
engineering problems can be solved with acceptable accuracy using simple
solutions of the heat conduction equation for plane wall, cylindrical, and
spherical geometries. This chapter gives an introduction to the macroscopic
theory of heat conduction and presents the mechanism of the heat

conduction equation and its characteristics.
1.2. Fourier's Law of Heat Conduction

Joseph Fourier developed the mathematical theory of heat conduction early
in the nineteenth century. The theory was based on the results of
experiments similar to that illustrated in figure(1.1) in which one side of a
plane wall solid is held at temperature T;, while the opposite side is held at
a lower temperature T,.The other four sides are insulated so that heat can
flow only in the x-direction, it is found that the rate; Q,, at which heat
(thermal energy) is transferred from the hot side to the cold side is
proportional to the cross-sectional area A, across which the heat flows; the
temperature difference, T; —T,; and inversely proportional to the

thickness, B, that is:

Qx x (A (T: = T2))/B .
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Writing this relationship as an equality, we have:

_ Ak (T1—T)

Qx= (1.1)

Figure 1.1: one-dimensional heat conduction in a solid.

The constant of proportionality k is called the thermal conductivity; it is a
property of the material , as such, it is not really a constant, but rather it
depends on the nature of material, i.e., on the temperature and pressure of
the material, but usually negligible. when the temperature dependence must
be taken into account, a linear function is often adequate, particularly for

solids, in this case:
k=a+ bt (1.2)

where a and b are constants. Thermal conductivities of a number of a
materials found in many physical References including, see [12]. Methods
of estimating thermal conductivities of fluids when data are unavailable can
be found in the authoritative book by Polingetal, see [1]. The form of
Fourier's law given by equation (1.1) is valid only when the thermal
conductivity can be assumed constant, more general result can be obtained

by writing the equation for an element of differential thickness. Thus, let
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the thickness be Ax and let AT =T, - Ty, substituting in equation (1.1)

gives:
_ (mkA.AT)
Q= —— (13)
now in the limit as A x approaches to zero, ar 4 :
AX dx
and equation (1.3) becomes :
Q0 =—kA G (1.4)

Equation (1.4) is not subject to the restriction of constant k, furthermore,
when k is constant, it can be integrated to yield equation (1.1). Hence,
equation (1.4) is the general one- dimensional form of Fourier's law, the
negative sign is necessary because heat flows in the positive x-direction
when the temperature decreases in the x —direction. Thus, according to the
standard sign convention that Q, is positive when the heat flows in the

.. N . ar . : :
positive x-direction, @, must be positive when - negative. It is often

convenient to divide equation (1.4) by the cross—sectional area to give:
N =XxX= _J 2
Qx ==%= —k (1.5)

where Q, is the heat flux, see [8], equations (1.1), (1.4) and (1.5) are
restricted to the situation in which the heat flows in the x- direction only. In
the general case in which heat flows in all three coordinate directions, the
total heat flux obtained by adding vector ally the fluxes in the coordinate

directions, thus:

= Qi+ Q,j+Q,k (1.6)

Qll
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where Q is the heat flux vector and 7, 7, k are unit vectors in the X-y-, Z-

directions, respectively. Each of the component fluxes is given by a one-

dimensional Fourier's expression as follows:

oT = or = aT
Qx :-ka,Qy:'ka Q= -k (1.7)

partial derivatives are used here since the temperature now varies in all
three directions. Substituting above expressions for all fluxes into equation
(1.6) gives:

e (T iy T

the vector in parenthesis is the temperature gradient vector, and is denoted

by VT. Hence:

Q=-kVT (1.9)
Fourier's law states that heat flows in the direction of greatest temperature

decrease, see [20].
1.3. One-dimensional Heat Conduction Equation

Heat conduction in many geometries shapes, as plane wall, cylinder and
sphere can be approximated as being one-dimensional since heat
conduction through these geometries is dominant in one direction and

negligible in other directions.
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1.3.1. Heat Conduction Equation in Plane Wall

Consider a plane wall of thicknessa x, as shown in figure (1.2), see [4]. the

density of the wall p, specific heat is C,,, and the area of the wall normal to
the direction of heat is A. Therefore, the energy balance during the interval

time A t it can be formulated, see [18]:
[Rate of heat conduction at x]
-[Rate of heat conduction at x +A x]
+[Rate of heat generation inside the element]

=[Rate of change of the energy content of the element]

{
J

Or
__AE.element
Q(x) - Q(x+Ax) + Ggen .element™— At (1.10)
| i ,{v‘ s :ﬁ'.‘."'f:.ﬁ
= - ~’I>/ - :,
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Figure 1.2: one-dimensional heat conduction through a volume element in a large plane wall.

but the change in the energy content of the element and the rate of heat

generation with in the element can be expressed as:
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A Eelement™= E(t+At) _E(t) :pCp-A-A x(T (t +A t) _T(t)) (1.11)
Ggen.element =9-(volume of element) =g.A.A x (1.12)

where g is source of strength for a homogeneous heat, see [17], substituting

into equation (1.11), we get:

Q) ~ Quvaxy T 9- A8 x=p.C)p. AL X (T(HA? L) (1.13)
dividing by A A x, we obtain:
—71 Q(x+Asz_Q(x) +g=p. Cp (T (t+AAt2—T(t) ) (1.14)

taking the limitasAx — 0Oand At — 0, the result:

A ox — (Qu)*9 =p-Cy 5 o (1.15)
substituting Q) from equation (1.4) in equation (1.15), we get:

Za_ (kA ) g = pC, — (1.16)
Because area A is constant, equation (1.16) becomes:

aa—x(k Z—D + g = pC, Z—: (1.17)

where the thermal conductivity k is variable, but kin most practical

applications is constant, so equation (1.17) becomes:

g T — —
+i= (1.18)
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where T'(x,t) is a function of x and t, and (k/pC,) is known as a; the

thermal diffusivity, see [4], it represents heat quickly spread through the

material.
1.3.2. Heat Conduction Equation in Cylinder

Consider a cylinder with thickness A r as shown in figure (1.3), see [4],

with density p, specific heat C,, and length L, the area of the cylinder is

A = 2nr L, where r is radius of cylinder, an energy balance of cylinder

shell during small time interval A t, it can be described as:
[Rate of heat conduction at r]
-[Rate of heat conduction at r +A 7]
+[Rate of heat generation inside the element]
=[Rate of change of the energy content of the element]

or

AE
Q "~ Q(T+AT) + Ggen .element :% (1.19)

Figure 1.3: one-dimensional heat conduction through a volume element in a long cylinder.
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The change in energy content of the element and the rate generation within

the element can be expressed as:
A Eelement= E(t+At) _E(t):pCp'A-A T‘(T(t +A t) -T (t)) (1.20)
Ggeneration:g . (UOIume):g- AAr (1.21)

substituting equation (1.21) into equation (1.19), we get:

T(t+At) - T(t)
) (122

Q(r) Q(r+Ar)+gAAr pC A.A (

now dividing equation (1.22) by A.A r, we obtain:

—1Qa+an—Qm _ T (t+A0)-T(t)

(1.23)

taking the limitas Ar — 0Oand At — 0, equation (1.23) becomes:

oT
Z; (kA ) + g = pC E (1.24)

where A = 2nrL, where r is a variable ,so equation (1.24) becomes:

10 oT aT
——(rka ) g = pG P 37 (1.25)

r or

where k is a variable. On the other hand if k is a constant then equation

(1.25) becomes:

10 (LY g _ pGy o
rar(rar)-l_k_ k ot (1.26)

1.3.3. Heat Conduction Equation in Sphere

Consider a sphere with density p, specific heat C, , and outer radius r and

area A = 4n r?, where r is the radius of sphere, note the heat transfer area
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A depends on radius r, so it varies with location, by considering a thin
sphere shell element of thickness A r and repeating the approach described
for the cylinder by using A =4nr? instead of A = 2nrL, the one—
dimensional transient heat conduction equation for sphere is determined to

be figure (1.4), see [18]:

10 oT oT
——(rzkg) + 9= pC,— (1.27)

r2 or

where k is variable, on the other hand if k is a constant then equation (1.27)

becomes:

r2 Jr or

C
10 (rz 6_T) +9= plp OT (1.28)

where a = k/pC, is the thermal diffusivity of the material, see [16].

Volume
clement

Figure 1.4: one-dimensional heat conduction through a volume element in sphere.
1.3.4. Combined One—dimensional Heat Conduction Equation

All of the one-dimensional transient heat conduction equations for the

plane wall, cylinder and sphere can expressed in compact form as:

1 0 oT oT
T—ng(r”k ;) + g = pCPE (1.29)
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where n = 0 for a plane wall, with change r to x, n = 1 for a cylinder and
n = 2 for a sphere, equation (1.29) can be simplified under specified

conditions, when k is constant, see [20], these conditions are:

1) Steady-state: In the sense that the temperature inside the steel body
does not change with time, but vary by location and despite the fact that
this assumption is not realistic, but an essential starting point for dealing
to simplify matters for the novice, so equation (1.29) becomes:

14 (r" d_T) + % =0 (1.30)

rdr dr

2) Transient without heat generation: There is an emerging energy
inside the body and that the thermal energy is transferred through the

body of steel from the source only ( g = 0), equation (1.29) becomes:

1 0 n 6T) __ pCpoT
rm or (T or/ kot , (1:31)
3) Steady-state without heat generation: In this case % =0 and
g = 0, equation (1.29) becomes:
d dT d2T dT
—(r"—)=0 o r—+n—=0 (132
dr dr dr? dt

1.4. Initial and Boundary Conditions

In order to obtain a unique solution for a differential equation one needs to

specify additional conditions—usually one for every derivative. Since the

. : : : aT : i
one dimensional heat equation contains =, SO we will add an initial

condition such as:
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T(x,0) = f(x), 0 < x < L (initial temperature distribution), and the
92T

heat equation contain 322 so we usually add two boundary conditions.

There are many types of boundary condition, see [5], for example:
1) Specified Temperature Boundary Condition:
T(0,t) =T, and T(L,t) = T,, t > 0,

where T; and T, are the specified temperatures. The specified temperatures

can be constant, which is the case for steady heat conduction.

2) Specified Heat Flux Boundary Condition:
oT oT
—ka(o,t)—C and —ka(L,t)——C,t > 0.

A Special Case:
oT oT
0.1 = —(Lt)=0t >0,

called insulated boundary conditions.

3) Convection Boundary Condition:
—kZ—Z(o, t) = h [T, — T(0,t)]

and

_kg_i([,, t) = hy[T(L,t) — T,],

where h; and h, are the convection heat transfer coefficients and 7, and T,

are the temperatures of the surrounding mediums on the two sides.
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Chapter Two
Analytical Methods for Solving Transient Heat
Conduction Problems
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2.1. Introduction

In this Chapter, we will solve the heat conduction equation (*) in one
dimension subject to some specific boundary and initial conditions for

plane wall, cylinder and sphere.

Moreover, the thermal conductivity k is considered to be constant in all

these cases.
2.2. One—-dimensional Heat Conduction Equation
2.2.1. Steady-State

1) Plane Wall
., 0T : .
ConaderE = 0 in equation (1.18), we get:

2
a—721+£:O,kconstant,0 <x <L (2.1)
dx k

Where g is a function of ¢, with boundary conditions:
r0)=T7T,,T(L) =T,

then by integrating equation (2.1) with respect to x twice, we obtain:

T(x) = - Z‘ikx2 +ax+b (2.2)

Applying the boundary conditions, we get:
T()=b=T, and T(L)=--1*+al+b=T,

= =T + iL
L 2k

So, we get:
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substituting a and b into equation (2.2), we get :

(T,—T4)
L

T(x) = -Z‘ikx2 + [Z‘ikL + Jx + T, (2.3)

where x € [0, L], equation (2.3) is the general formula for one-dimensional

heat conduction of plane wall with steady-state condition.

2) Cylinder:

. d i . i
ConS|dera—: = 0 in equation (1.26), we obtain:

1d ar g
- —_ - = < <
o (r dr) + . 0,kconstant, 7y < 1r < 15 (2.4)

where g is a function of ¢, with boundary conditions:
T(r)=T,,T(r) =T,
then integrating equation (2.4) with respect to 7, we get :

dr _  gr?
r =" + a (2.5)

Again we integrate equation (2.5) with respect to 7, to obtain:

T(r) = %}:2 +aln(r) + b (2.6)

Applying the above boundary conditions gives:

2
T(r)= f;l +aln(r) +b =T,

and

2
T(ry)= f}:z +aln(r,)+b =T,
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this gives:
_ (=T , g (r3-1d)
Aa=—F-" T 5 2.7
ln(:—i 4k ln(:—i (27)
and

[7’12 In (rz)—rzz In(ry)]

T
In()

b = [Tyin(ry) — Toln(r)]+ (2.8)

If we need to determine T'(r) atany r € [ry, 73], first we find a, b from
equations (2.7) and (2.8), then we find T'(r) from equation (2.6).

3) Sphere

Consider% = 0 in equation (1.28), we obtain:
r—t%(rz %)+% =0,kconstant, ; <17 <1, (2.9)
Where g is a function of t, with boundary conditions:

T(ry) =T, and T(rp) =T,

Then by integrating equation (2.9) with respect to r twice, we obtain:

_ —gr?
T (r)="2

a
il +b (2.10)

Apply the above boundary conditions, we obtain:

_ —grf a —
T(Tl)— 6k1_T_1+b_T1

and

_ —gr} a —_
T(rz)— 6k2_z+b—T2
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This yields:
_ 11 g
a= (T, —Ty) . a(rzﬁ)(rz +11) (2.11)
2 1
and
b= () + 2 (12 4y, + 1) (2.12)
7,.2_.',.1 6k 2 1 2 1 "

If we to need determine T'(r) at any r € [ry,13], first we find a, b from

equations (2.11) and (2.12), then we find T'() from equation (2.10).
2.2.2. Steady-State without Heat Generation

1) Plane wall:
0T : :
Conadera = 0 and g = 0 in equation (1.18), we get:

2
T-0,0<x<L (2.13)

dx?
with boundary conditions:
TO0)=T,,T(L)=T,
by integrating equation (2.13) with respect to x twice, we obtain:
T(x)=ax +b (2.14)

Using the above boundary conditions, we get:

_ T-Ty

b =T and -

Substituting a and b in to equation (2.14) gives:

T,-T1
L

T(x) = x+T, ,x €[0,L] (2.15)
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2) Cylinder:

Consider% =0 and g = 0 in equation (1.26), we obtain:
d ( dT

E(r;): Onn<r<mn (2.16)

with boundary conditions:

T(r) =T, T(ry) =T,
then by integrating equation (2.16) with respect to r twice, we have:

T(r) =aln(r) +b (2.17)
subject to boundary conditions gives:

T(ry) =aln(r)+b=T;

and
T(ry,) =aln(ry) +b=T,
hence:
_ (T,-Ty) _[T1 In(rp)-TyIn(ry)]
= and b = >
In(=%) In(==
1 1

substituting a and b in equation (2.17), we obtain the general solution:

Ty In(ry)—TyIn(rq)]

T
in(2)

Ter) =250 o) + |

r
in(2)

(2.18)

where r € [1y,13].
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3) Sphere:
Consider% = 0 and g = 0 in equation (1.28), we get:

L3 ZE)_
dr(r = =0,n<r<n (2.19)

with boundary conditions:
T(Tl) = Tl and T(Tz) == T2

integrating equation (2.19) with respect to 7 twice, we obtain:
T(r) = —+b (2.20)
subject to boundary conditions gives:

T(rl):_r—f+b=T1 and T(rz):_r—j+b=T2

This yields:

_(I-Ty)

_ _ (Tpry—Tq11)
(rz—11)

(r2—71)

1y and

substituting a and b in to equation (2.20), we obtain:

—(Tp=Ty)rer1 | (Tory—Ti1q)

T (r)= — — (2.22)
where r € [ry,1,].
2.2.3. Transient without Heat Generation
Equation (1.31) can be rewritten as:
o (7 5r)= v 222

where o = (L) is called the thermal diffusivity.

pPCp
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This equation subject to some specific boundary and initial conditions will
be solved analytically when n = 0,1and 2 for plane wall, cylinder and

sphere, respectively.
1) Separation of Variables Method

The method of separation of variables (sometimes called the method of
Fourier) is a convenient method for solving the heat conduction equation,
basically, it entails seeking a solution which breaks up into a product of
functions, each of which involves only one variable. For example, in two

variables, the solution of R(x, y) in general can be written as, see [1]:

R, y) = f(x) g(u¥)

this separates out the partial differential equation into two or three ordinary
differential equations, which related by a common constant, see [1], we

begin for transient one-dimensional heat conduction equation for:
1) Plane Wall

Consider g = 0 in equation (1.18), we get:

0%T_ 10T
9x2 a ot

(2.23)
Subject to the boundary conditions:
TO,t)=T(L,t)=0,t >0

and the initial condition:

T(x,0)= R(x), 0 < x <L
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Using separation of variables method:
T(x,t) = f(x)g(t) (2.24)
set equation (2.24) into equation (2.23), we get:
() g(®) == f(x) g'(t) (2.25)
hence:

'/ f(x) =g ®)/ag(t) =m (2.26)

m IS negative constant because physical reasons of a temperature function
that either increases or decreases monotonically depending on the initial
conditions and the imposed boundary conditions, the general solutions for

the two equations in (2.26) becomes:

f(x) = acos(vx) + bsin(vx) (2.27)
where v2 = —m, and:
g(t) = ce®™ (2.28)

where a, b and c are constants, substituting equations (2.27) and (2.28)

into equation (2.24), we get:
T(x,t) = (acos(vx) + bsin(vx))( c e¥™) (2.29)
now we introduce the boundary conditions:

T(0,t) = 0, implies: 0 = acos(vx)
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necessarily a = 0, we obtain:
f(x) = bsin(vx)
then:
T(L,t) =0, implies 0 = bsin(Lv)
Necessarily, sin(Lv) = 0, hence:

nm
UZT,TL € N”

we get to:

nm
v, =—,n € N*
L

vy, are the eigenvalues and sin (v, x) are the eigenfunctions of the Stumm-
Liouville problem, see [13], satisfied by f(x). Each value of v, yields an
independent solution satisfying the heat equation as well as the two
boundary conditions, we have an infinite number of independent solutions

T,, (x,t),n € N7, then we obtain:

T, (x,t) =d,(sin(v,x)) et n € N* (2.30)
Where d,, = b,c, and v; =-m,.

Hence the general solution is:

T(x, )= Y2, T (x, £) = X2 dy (sin(vyx))e " *rt

= Y1 dn(sin(t—nx))e_“(%)zt (2.31)
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then by the initial condition, we have:

T(x,0) =R(x) = Tioy dn(sin(=))

then by Fourier cosine series, gives:

d, = %fOLR(x) (Sin (nL—n) x) dx , neN*

2) Cylinder

Consider g = 0 in equation (1.26), we get:

(raR_l oR
ar’  a ot

1 0
r or

subject to the boundary conditions:
R(r,t)=R(r,,t)=0,%t>0
and the initial condition:
R(r,0)=f(r), »n<r <n,
Using separation of variables method:
R(r,t) = M(r).g(t)
set equation (2.35) into equation (2.34), we obtain:

rg(®Mn(r) , g®)Mi(r) 1 /
—L + = - M()g'(®)

hence:

M) | M) _ 19 _ o
TM (1) TM (1) a g(t)

(2.32)

(2.33)

(2.34)

(2.35)
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where —n? is negative constant for the same reason of m in the plane wall
previously, we get the following equivalent system of ordinary differential
equations:

9O _ g2 and

TM1(r) Mi(r) 2
ait) rM(r)  rM(r)

-Nn

the general solutions to these equations are:
g(t) = ae™ 't (2.36)
and
r’M"(r)+rM'(r) + (m)’M(@) =0 (2.37)

since 0<r, <r<m€r and M(r,) =0, then equation (2.37) is a special

case of Bessel's equation, see [9], therefore, the only bounded solution is:
M(r) = bJ,(rn) (2.38)

where b is a constant and J,(rn) is the Bessel function of first kind of
order zero of the argument given by, see [6] :

(-1)5(rn)?s

]O(rn):z:?=0 (2)25(s1)2 !

r>0 (2.39)

since M(r,) = 0, this requires that Jo(1,n ) = 0, which defines the
eigenvalues and eigen functions for this problem. The eigenvalues are thus

the roots of:

Jo(rny) =0, meZ” (2.40)
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The particular solution of equation (2.37) becomes:

Mm(r) = bm ]O(rnm) (2.41)

then equation (2.35) takes the form:

Ry (r, )= My, () g (t)

= Cpp Jo (riy,)eC2m)*0) (2.42)

where C,, = ab,,, ,m € Z*.
Hence the general solution is:
R(r,t) = Xm=1 R (1, 1)
= Yim=1Mm () g(t)
=3% 1 Cn Jo (1 ) e &m0 (2.43)

for determine the C,,,/ , we use the initial condition:

R(r,0)=f () =Xim=1Cn Jo(r nm) (2.44)

this is the Fourier —Bessel series representation of f(7) and one can use

the orthogonality property of the eigen- functions to write:

L2 1)) f (1) dr =582y C [121)0(ry) Jo (i) dr
=Cy forz r(Jo (rnv))zdr = rzzzcv

_ rZZCv
2

[J§ (rany) 41 (ramyy)]

Jt(rn,) (2.45)
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is the Bessel function of first kind of order one of

Where [, (z) = — d];;z)

argument, therefore:

2

Cr = 7 [, 1Jo(rn,)f(r)dr (2.46)

Tz ]1 (rany)
Hence the general solution is:
T(r,t)=

o Doy LT et [ ) (rm, ) f (r)dr (2.47)

Ny J1(r2ny ) ©
3) Sphere
Consider g = 0 in equation (1.28), we obtain:
wo (75) = o 249
subject to the boundary conditions:
S(r,t) = S(rp,t) =0t >0
and the initial condition:
S5r0)= f(r),n=<r=n
using separation of variables method:

S(r,t) = N(r).G(t) (2.49)

set equation (2.49) into equation (2.48), we get:

2r Ni(r) N Ni(r)y _ 1 GI(t) _ >
r2 N(r) N(r) a G(t)
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where — 12 is negative constant again. Thus, we have:

G(t) = ae vt (2.50)

N(T) - b sin(vr) Y cosﬁvr) (2.51)

r

but N (r,) = 0 and necessary bounded at r; = 0, equation (2.51)

becomes:

sin(vr)

N(@r) =b (2.52)

r

where b and ¢ are constants and ¢ = 0 since the temperature must be
bounded at r = 0. Moreover, the boundary condition at 7 = 7, yields the

eigenvalues:

v, = —,n €%

and the eigenfunctions:

N,(r) = Ii—”sin(vnr),n € 2"

the particular solution of equation (2.48) becomes:
Su(r,t) = Np(r)G(£) = 2 sin(v,r) e~ WAt (2.53)

where B,, = ab,, and n € Z*. Adding all these fundamental solutions

of the problems gives:

S(r,t) =
St Sp(r, ) = By 2 sin(v,r) e it (254)
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using the initial condition, we have:

S(r,0)=Y%_, Br—” sin(v,r)

then by Fourier sine series, gives:

2 T . nmwr
B, = - fozrf(r)sm( .

T

) dr (2.55)

2) Laplace Transform Method

The Laplace transform method converts the heat conduction equation into
an ordinary differential equation. Then the solution of the ODE must be

inverted to give the general solution of the original problem.
Definition(1), see [21]: The Laplace transform of G (x) is:
LIGM)]=G(s)=[_ e ™G(x)dx (2.56)
and the inverse transform is:
G(x)= L7 G(s)] (2.57)

where s is the Laplace transform variable. The conditions for the existence

of the Laplace transform may be summarized as follows:
1) G (x) is continuous or piecewise continuous.
2) x™|G (x)| is bounded as x — 0'for some number n, suchthatn < 1.

3) G (x) is of exponential order.
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Now, we can use the Laplace transform method to solve the following heat
conduction problems:

1) Plane Wall

Consider a plane wall, we can solve:
%T(xt) _ 19T(xt)

0x2 a ot (2.58)

where 0 < x < L,andtimes t > 0,
subject to the boundary conditions:

T0,t) = 0,T(L,t) = at+b, t>0
and the initial condition:

T(x,0) = 0,0<x<L.

Taking the Laplace transform for the equation (2.58), we get:

%Z i?(x,s),O<x<L (2.59)

the laplace transform for the boundary conditions:
a

T(0,s) =0 and T(L,s)= _+§

SZ

Hence, the general solution for equation is:

T(x,5) = ¢ cosh\/g X+ c, Sinhf x  (2.60)

Rlw

then by the boundary conditions, we have:

a
SZ

T(0,5) =c¢; = 0and T(L,s) = c, sinh L=

T

b
+ =
s

implies:

a+bs

C2= .
s2sinh \/; L
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then the general solution of equation (2.60) becomes:

T(x,s) = atbs thfx (2.61)

s2sinh \/7

taking the inverse transform for equation (2.61) gives:

sinh |2 x sinh
T(x,t)=a L1 —\/; +bL1 I

(2.62)

sz.sinh\/éL ssmhf

then by using tables for inverse transform, see [13], we obtain:
_4\n
T(x,t)=b [% + %Z;’f’zl ( Tll) siny, xe‘“)‘%t]
_4\n
+a [x—t + 12;'1":1 %sin/ln x(1— e‘“)‘%t)] (2.63)
L al An

nm
where A, = —

Given the nature of the time—dependent boundary condition, we note that

there is no steady-—state solution to this Problem, see [13].

2) Cylinder
Consider a cylinder with radius r, we can solve:

16_( aR(T,t)) __ 10R(1) 264
r or r or T a ot (2.64)
or

2

0“R(r,t) n laR(r,t) _ laR(r,t) (2.65)

or? r or  a 0t

where0 < r<b andt > 0,
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subject to the boundary conditions:

R(0,t) = R(b,t) =0
and the initial condition:

R(r,0) = T,

Taking the Laplace transform for equation (2.65) we have:

with boundary conditions:
R(r,0) =2
Hence, equation (2.66) becomes:
CREs) | 1ARES) - S ) - T (2.67)
dr? r dr a as

multiplying equation (2.67) by 72, we obtain:

2

2D D —_ 2
r? d"R(r.s) +7r dR(r.s) -(r\/g) R(r, s) - _TTo (2.68)

dr? dr as

equation (2.68) is a modified Bessel equation of order zero, see [6], let
[r=m, we obtain:

2

5 d?R(m,s) dR(m,s) s\ 5 _
m =z M +<m\/;> R(m, )=

equation (2.69) is a nonhomogeneous modified Bessel equation of order

(2.69)

szo
as

zero, with general solution:
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R(m,s) = Ry(m,s) + ﬁp (m,s) (2.70)
where Eh (m, s) is the homogeneous solution of modified Bessel equation

of order zero, get as:
Eh(r, S) = C1]0 (\/gm) + CZWO (\/g’"’l) (271)

and Ep(m, s) is the nonhomogeneous solution of modified Bessel

equation of order zero, get as:

R,(m,s) = Am* + Bm + C (2.72)
implies:
2R _ 2Am + B 2.73
T 4Am (2.73)
and
Ry _ 24 2.74
dm2 - ( . )

Substitute equations (2.72), (2.73) and (2.74) into equation (2.69), we

obtain:
R,(m,s)= = (2.75)
hence:
- S S To
R(m, S) = Cl]O (\/gm)'l‘CZ WO (\/;Tfl)'l' 5_2 (276)
Where:

Jo ( \/gm):Z;’f:O SﬁTngz Ym >0 (2.77)
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and J,(0) = 1, see [9], now we have:

() =2fr o )] i)

w HaCm?)n
- Zn=1—4n(m)2 ,Ym >0 (2.78)
Where Wy (0) = —oo, see [10], H,, = %+% ......... + % and [ is the

Euler—Mascheroni constant defined by:
B =lim,_.(H, —Ilnn) = 0.5772. Then by BC's, we have:

comust =0 and ¢ = —=.

Hence, the general solution of equation (2.70) is:
R(m,s) = —:—g Jo (\/gm) + :—g (2.79)
Taking L£~1, the general solution of equation (2.64) is:
R(m,t) = 2_—:1 o :—g Jo (\/gm) eSt ds + Tyt (2.80)
3) Sphere

Consider a sphere of radius r, we can solve:

19%2(rS(rt)) _ 10S(rt)
s or?2 a ot

(2.81)

where0 < r<b,and t > 0,

subject to the boundary conditions:

S0,t) = S(b,t) = 0
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and the initial condition: S(r,0) = T,.

First, let 7S(r,t) = R(r,t), soequation (2.81) becomes:
I(R(r.t) _ 19R(rD)

or? a ot (2.82)
then taking the Laplace transform for the equation (2.82), we obtain:
d?(R(r, - —rT,
LZSD-ER(r,s): 0 0<r<b (2.83)
dar a a

this solution requires superposition forms, see [21], we obtain:
R(r,s) =, cosh\/g r+C, Sinh\/g r+ % (2.84)

then using the boundary conditions, we get:

_ rr. bTo sinh\/gr
R(r,s) = S° - (2.85)

s.sinh \/E b
a

Taking £71, the general solution of equation (2.82) is:

R(r,t) =rT, - bT, [% + %Z,ﬁl(_%sin()lnr) e"aﬂ%t] (2.86)

nm
where 4, = >

hence, the general solution of equation (2.81) is:

—2bTy oo (D)7 sin(A _
S(T, t): n-TO Zn:l( 71) Sln(?"nr) € al%t (287)
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3) Duhamel's Methods

Duhamel's theorem provides one of extending an analytical solution that
derived assuming a time invariant term in order to consider the temperature
response to an arbitrary time variation of that term. It is somewhat easier to
state Duhamel's theorem than it is understand it; Duhamel's theorem says,

see [13]:

If R(x,t) is the response of a linear system with a zero initial temperature
to a single , constant nonhomogeneous term with magnitude of unity , then
the response of the same system to a single , time varying nonhomogeneous
term with magnitude B(t) can be obtained from the fundamental solution

according to:

daB

T(x,t) = fvtzoR(x,t—v) ~

S’) dv + B(0) R(x,t) (2.88)

where B(t) must be continuous in time. In order to apply Duhamel's
theorem , it is necessary to have a problem with a zero initial temperture
and a single nonhomogeneous term that varies in time. The problem must
be divided into sub problems. Once this has been accomplished, it is
necessary to obtain the fundamental solution R(x,t) to the sub problem
with the time varying term replaced by a constant value, 1. Finally,

Duhamel's theorem can be applied to the fundamental solution according to
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equation (2.88). Now, we can use Duhamel's theorem to solve the

following heat conduction problems:

1) Plane Wall

Consider a plane wall satisfying:
0°T(x,t) _ 10T(x.t)
ax2  a ot

(2.89)

where0 < x<L,and t > 0,
subject to the boundary conditions:

T(0,t) = 0, which is necessary restriction for Duhamel's theorem as
presented,

bt 0< t<vw
T(L,t):B(t)={O A

and initial condition:

T(x,0) = 0.

The appropriate auxiliary problem here is:

d%R(xt) 1 0R(x.t)

Jdx? a Ot (2.90)

subject to boundary and initially conditions:

R(0,t) =0,R(L,t) =1

and

R(x,0) =0.



40
The desired function R(x,t — v) is obtained from the general solution of

equation (2.90), see [13]:

R(x,t) = %‘*‘%2?1:1 —aBt (_B) sinB,, x (2.91)

m
mr1 .
where B,, = - then for t < v4, we obtain:

dB(v)

T(x,t)= fvt:OR(x,t—v) dv
_ b 2b ( 1)m —_aR2 .
= Tx t+— Ym=1l pre) (1 “Bmt)sm(Bm x)] (2.92)
and for t > v,, we obtain:
V1
3 (v)
T(x,t) = R(x,t—v) I
v=0
+ vt_v R(x,t—v) dB() dv+R(x,t —v,) .AB (2.93)
—v1
WhereZ—]j =bwhent < vy ,3—i = Qwhent > v; and AB = —bvq,

hence, the general solution of equation (2.93) is:

T(x,t)= [bxv1 42 Zm 1( nm™ (1 aB,val) sinBy, x]

aB3,
[bv1x+2bvlzoo (-1)m
L L “m=1 p

m

sinB,, x. e~ BnE=v)]  (294)

2) Cylinder

Consider the heat conduction problem:

02R(r,t) n 10R(rt) _ 10R(rt)
or2 r or  a ot

(2.95)

where 0 <r<d, t> 0,
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subject to the boundary conditions:
R(0,t) = 0 and R(d,t) = B(t)
assume that B (t) has no discontinuities, and initial condition:

R(r,0) =0

The appropriate auxiliary problem here is:

02%Q(r,t) n 19Q(rt) _ 19Q(rt)

or?2 r or a Ot (2.96)

subject to boundary and initially conditions:

Q(d,t) =1,0Q(0,t) =0 and Q(r,0) =0

the described function Q(r,t — v) is obtained from the general solution

of equation (2.96), see [9]:

1 _ 2y Jo(NmT) —aN3,t
Q(r’ t)_l dzm:l NmJ1(Nmd) ¢ (2.97)

where J,, J; are the Bessel's functions of first kind of order zero, one

respectively, see [6], and N, is the eigenvalues of the positive roots of

]O(de) = 0.

Hence, by Duhamel's method and integration equation (2.88) by parts, the

general solution for equation (2.95) becomes:

R(r,t)=

24 \oo —aN2t (NmJo(NmT)\ rt 2
;Zm=1e aNmt(]l((I)Vﬁ) fvzoe(ava)B(U)dU (2.98)
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Integrating by parts and using BC's and IC, we obtain:
R(r,t)=B(t) —

2 voo ]O(Nmr)
- g —— %
g Zm=1 N J1 (Nypd)

[ B(0)e~%Nmt 4 ;zo e~ Nm(t-v) di—g})dv] (2.99)

2.2.4 Non-Homogeneous Transient Heat Conduction Problem

In this section we will solve some of the nonhomogeneous heat conduction
equation, i.e., the heat generation g(x,t) is source of strength. For solving
these equations, we use Green's function method. While the method of
separation of variables is applicable to a broad class of problems, the
method is not often applicable for solving nonhomogeneous we consider
the following one dimensional, non-homogeneous boundary value problem

of heat conduction for plane wall and cylinder.

Definition (2), see [15]: Suppose that we want to solve a linear

inhomogeneous equation of the form:
L(u() = f(x)

where L is a differential operator, u(x) and f(x) are functions whose
domain is D, it happens that differential operations often have inverses that
are integral operators, so for previous equation, we might expect a solution

of the form:

u(x) = [,G(x, 2)f (2)dz
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if such a representation exists, the kernel of this integral operator G (x, z)

is called the Green's function.
1) Plane wall

Consider a one dimensional plane wall over the domain 0 <x <L, for
t > 0, the non-homogeneous boundary value problem of heat conduction
problem, given as:

9%T(xt) 1 1 0T (x,t)
— 4 = = =
2 - glx,t) -— (2.100)

where 0 < x < L, t > 0 and g(x,t) is heat generation, subject to the

boundary conditions:
T(0,t) = f1(t) and T(L,t) = f2(t)
and initial condition:
T(x,0) = R(x).

To obtain the temperature distribution T'(x, t), for t > 0 by the Green's
function technique, see [8], we consider the homogeneous version of the
problem defined above over the same region:

%u(xt) 1 0u(xt)
9x2  a ot

0<x<L,t>0 (2.101)

subject to the boundary conditions:

u(0,t) =u(L,t) =0
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and initial condition:
u(x,0) = R(x)
the general solution for equation (2.101) is, see [8]:
u(x, t)=
[y EEEi(sin(Ay x)sin(Ay 2)e~¥0)] «R(2)dz (2.102)
where the eigenvalues are given by the expression A,,= nL—n n=1273..,

then by comparing this solution by Green's function method, we obtain:

ux, )=, G(x,t| 2,7)| 1= R(2)dz (2.103)
from the kernel, which becomes, see[21]:

G(x; tlzi T)|T=0 =

%Zf{’zl(sin(ln x)sin(d, z)e~ D)  (2.104)

Hence, the general solution of the nonhomogeneous problem for equation

(2.100) is given in terms of the Green's function as, see [8]:

T(x,t) =
Y G(x t] 2, D) |rmoR(@)dz +

%fot foL G(x, t|z,t)g(z,1)dzdr +

t 0G(x,t|z,T)
a fo TZT |z=0 f1(T)dT —
t 0G(x,t|z,T)
a [y =27 e fo(Ddr (2.105)
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However, depending on the boundary and initial conditions, we obtain:

G . } G 1
—kg |z=0 = —h G|,= implies 9z |z=0 = ;G|z=0

and

oG . } 2G 1
—kg |z=L = th G|,=, implies — £|Z=L = ;G|Z=L

where we have used our sign convention of matching positive conduction
and convection at each boundary and have set h to unity. Introducing the

Green's function of equation (2.105) into (2.106), we obtain, see [8]:

T(x,t) = E Y%, sin(1,, x)e 9t « fOL sin(1,, z) R(z)d Z] +

[i—zz,‘le sin(A,x)e 9t x f: fOL sin(A,2) g(z,7)e~*n"d 7 dr |
HE B AnSin(An X)e "Mt « [[e= M £, (7) dr ]
[Et (- D A Sin(2n X)€"t « [[e ™M fy () dT]  (2.106)
2) Sphere

Consider a one-dimensional sphere over the domain a < r < b that is
initially at a temperature S(r), for t > 0. We use Green's function

method for solving nonhomogeneous heat conduction problem given as:

2
%667(7*5)+ %g(r,t):%aa—i a<r<b,t>0 (2107

subject to the boundary conditions:

S(@t) =0 and S(bt)=f(0
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and initial condition:
S(r,0) =R(r).

To determine the desired Green's function, we consider the homogeneous
version of the problem for the same region as, see [8]:

92 ad
%m(rW): %a_vtv ,a<r<b,fort>0 (2.108)

subject to the boundary conditions:

W(a,t) =W(b,t) = 0
and initial condition:

W(r,0) = R(r)
this homogeneous problem has a solution given as:

W(r,t) =

Lf[2};%=1

sin(Bp(r—a)) sin(Bp(z—a))

—cBjt 2
21 (b—a) e~ Pt xR(z)z°dz  (2.109)

where B,,= ;_—na ,n= 1,2,3,...and B, = 0 is a trivial eigenvalue and

has been dropped from the summation, then we seek a solution to the
homogeneous problem of the form:

W(r,t) = fzb=aG(r,t| Z,7)|r=oR(2)z*dz (2.110)
where:
G(r, tlz, 7)|r=0=

2 Zoo sinBy(r—a) sinBp(z—a) e—cB,%t
n=1 zr(b—a)

(2.111)
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now replacing t with (¢ — 1) into equation (2.111), we obtain:

G(r, tlz,T) =

oo SinBp(r—a) sinBp(z—a) —cB2(t— 1)
22” 1 zr(b—a) € "

(2.112)

then by using Green's function and boundary conditions the general

solution of the nonhomogeneous equation (2.107) is, see [8]:
S(r, t)= f: G(r,t| z,7)|;=9R(2)z%dz

c rt b 2
+Efr o), G(r,tlz,1)g(z,1)z*dz dt -
Colz? EEED | f(o)de (2.113)

¢ T=0[
with the first term accounting for the initial temperature distribution, the
second term accounting for the internal energy generation and the third

term accounting for the non-homogeneity at v = b, we have:

G G 1
_ka |z=p = +h G|,=p and _£|z=b = X Glz=p

The general solution for equation (2.107) is, see [8]:

S(r,t)=

o INBy (r— —rRp2 b .
[2 Zn=1%e Bt x [ "sinBn(z — a)R(2)z dz]

smBn(r a) _cB2t

fot ff sinB,(z — a) e“BaTg(z,7)z dz dt |

o SinBp(r—a)[bB,cosBy(b—a)—sinBy(b—a)]
[ZCZTL:l r(b—a) *

e~CBRt [* e®BAT f(v)dt] (2.114)




48

Chapter Three
Numerical treatment of heat conduction Problems
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3.1. Introduction

In this chapter, we will solve the one-dimensional heat conduction equation
for plane wall, cylinder and sphere, using finite difference method FTCS

(Forward-Time Central-Space). These equations are:

1) Plane Wall:
o _ 1om .
0x2 9= a ot (3.1)
2) Cylinder:
L0 (;O0) | g o108 -
T or or 9= a ot (3.2)
3) Sphere:
10 (.2 6_5) _ 198
r2 or (T‘ or tg= a ot (3.3)

these solutions will be subject to some boundary and initial conditions.

3.2. Finite Difference Method

The finite difference method is one of the methods used to obtain numerical
solutions to solve heat conduction equation. The idea of finite difference
methods is to replace the partial derivatives equation using finite difference
approximations with O(h™) errors (where h = Ax; = the local distance
between adjacent points), see [10], it is involves using discrete
approximations like:

OR(x;)
ox

= R’ (x;) ~ REoRED (3.4)

where R (x;.1) = R(x; + h). This procedure converts the region to a

mesh grid of points where the dependent variables approximated.
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The replacement of partial derivatives with difference approximations
formulas depends on some theories and definitions we will mention them

first.
3.2.1. Taylor's Theorem

Let R(x) has n € N continuous derivatives under the interval ]a, b[, then
fora < x; andx; + h < b, we can write the value of R(x) and it's

derivatives near the point x; + h as:
R(Xi + h) =
2 n
R+ h R (x)+ R (x)+ ... .+ RO (x)+0(A™)
hm
= Y=o R (x;) +0(h™) (35)

where:
1) R(M (x;) Isthe mt" derivative of R with respect to x at the point x;.

2) O(h™) (pronuned as order h to the n) is an unknown error term that
gth) _ C , for

satisfies the property : for g(h) = O(h™) then lim,,_,, o
any non-zero constant C, see [11]. When we eliminate the error term,

O (h™), from the equation (3.5), we get an approximation to R(x; + h)..
3.2.2. First Order Forward Difference Method

When solve the equation (3.5) for R" (x;), we get:

R(x;+h)—R(x;) ) h

R’ (x)) = 2D 2R (x)-...

p(n—-1)
(n-1)!

R (x)-0(h™ 1) (3.6)
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notice that the powers of A multiplying the partial derivatives have been
reduced by one. Substitute the approximate solution for the exact solution,

we obtain:

! NR(i )—R( i) h r
R' (x;) = "“h ad R (x)-...

p(n—1)
(n—-1)!

R (x)-0(h"™ 1) (37)

then by the mean value theorem, see [15], can be used to replace the higher
order derivatives as:

hp(n-1)
(n—1)!

ZE'R" (x)+ ... + R-D(x,) = zi'R” (s) (3.8)

where x; < s < x;,1 , where the right hand side of equation (3.8) is
called the truncation error of the finite difference approximation, see [18].
So equation (3.7) becomes:

)-R(x)  h?
h 2!

R’ (xl) ~ R(Xit+1 R (S) (3.9)

In general, S and R(x) are unknown so, R"" (x) cannot be computed,
although the exact magnitude of the truncation error cannot be known
(unless the analytical solution of R(x) known). The truncation error

simply written as:

h2
= R" (s) =0(h) (3.10)
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equation (3.10) means the truncation error is a product of an unknown
constant and h , so this term approaches zero as (h)is reduced, equation

(3.9) can be written as:

R”(XL) — R(xi+1})l_R(xi) + O(h) (311)

This equation is called the forward difference formula, because it involves
nodes x; and x; 1 . The forward difference approximation has a truncation
error that is O(h). The size of the truncation error is mostly under our

control, because we can choose the mesh size(h).
3.2.3. First Order Backward Difference Method

Replace h = —h in equation (3.5) and similarly the steps in first order

forward difference, we have:

R’(xl) — R(Xi)—:(Xi_l) + O(h) (312)

this equation is called the backward difference formula, because it involves

the values of R(x) at x; and x;_1 .

3.2.4 First Order Central Difference Method
When we write the Taylor's series expansions for R(x;,,) and R(x;_4)
we obtain:

R(xi+1) = , .
R(x)+ R R (x)+ = R"(x)* .+ — R (x)+0(h")  (3.13)

R(xi-1) = ,
R()-h R (c)+ 5 R (- ot o ROG)+O(R™)  (3.14)
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Subtracting equation (3.14) from (3.13), we obtain:

R(xi+1) — R(x;—1) =

3
2h R’ (x)) +%R”’ (x;) +... ... + O(h™) (3.15)

solving for R" (x;), we get:

R’ (xl) — R(xi+1)2_hR(xi—1) + O(hz) (316)

this equation is called the central difference approximation to R" (x;).
3.2.5. Second Order Central Difference Method

When we add equations (3.13) and (3.14), we get:

R(xi41) + R(x;—1) =

2 R(x;) + h* R" (x;) + 2%,4 R®(x;) +.....+ 0(h™) (3.17)

solving for R"" (x;), we obtain:

R(xi+1)—2R(x{)+R(x;_1)
h2

R (x,)= +0(h?) (3.18)

this equation called the central difference approximation to the second

derivative (R"" (x;)), see [16].
3.2.6. The Discrete Mesh

The finite difference method obtains an approximation solution for T'(x, t)
at a finite set of x and t. The discrete x are uniformly spaced in the interval

0<x<Lsuchthat x; =({—1)h,i=1,23,..,N where N is the
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total number of spatial nodes. Similarly, the discrete t are uniformly spaced

in0 <t <tyuy ,wheret; =(G—DAt,j=1,2,3,..,M where M

is the number of time steps and At is the size of a time step where:

L . .
h=Ax = ~—7 and At = t}\’/l"f’l‘ , see figure (1) where used for solution

to the one-dimensional heat equation.

A X

ty

g

t, @

t2 I

At
tq
X.I K2 )(3 xd )(5

Figure 3.1: finite difference mesh or grid.
3.3. Difference Equations Forms

We use central difference approximation for space derivative and forward

difference approximation for time derivative.
3.3.1. Plane Wall:

Consider the heat conduction problem:

02T (x,t)

1 0T (x,t)
ox2 + g(x’ t) - -

a Ot

(3.19)

where 0 < x < L, Typgx. >t > 0, g(x,t) is heat genaration with
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boundary conditions:
TO,t)=>by, T(L,t) =by ,Tax. >t >0
and initial condition:
T(x,0)=f(x), 0< x <L

then by use finite difference method we have:

T(xir1,t))=2T (1, t))+T(xi-1.t})
(Ax)?

+0(Ax)%+ g(x;, tj)

1 Tlx;,t; —T(x;,t;
= - (i J+1A)t (i j)+0(At) (3.20)

where the discrete domain is:

x; =(@{—1DAx,i=1,23,..,Nand t; = (j — 1)At,
j=1,2,3,..., M, subject to the boundary and initial conditions:
T(xy,t) = T(0,t;) =by,j=123,..M,

T(xy.tj) = T(Lt) =by,j=123,..M

and

T(x;,t;) = T(x;,0) =f(x;),i =123,..N

then solving equation (3.20) for approximate T(xl-, tj+1), we have:
T(xl-, tj+1) =

AT(xi+1, t]) + (1 — ZA)T(xl,t]) + /1T(xi_1, t]) + bg(xi, tj)(321)
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b=aAt,i=23,..,N—1, j=23,..,M,

where 1 = (A )2 ,

This result with local truncation error (0 (Ax)* + O(At) ), see [18],
which has the symbol Teror.
3.3.2 Cylinder:

Consider the heat conduction problem:

0%R(r,t) . 10R(r, t) l aR(r t)
or? T r or ( t) o

(3.22)

where 0 < 7 < L, 0 < t < Tyqx and g(r,t) is heat generation,

subject to the boundary conditions:
R(0,t)=by,R(L,t)=b,
and initial condition:
R(r,0) =f()
then by (FDM), we have:

R(Ti+1,tj)—ZR(T‘i,tj)+R(T'i_1,tj) + l R(Ti+1 ) tj)—R(Ti,tj)

(Ar)? Ti Ar
+0(Ax)*+g (1, 1) == L R t’“A)t RUvt) L oat)  (@23)

where,r; = (i — 1)Ar,i=1,2,3,...,N and tj = (G — 1At

j=1,2,3,..., M, then the boundary and initial conditions becomes:
R(0,¢;)) = by, R(L,tj) = b, ,j =1,23,...M
and

R(T’i, O) = f(Ti),i = 1,2,3, ,N
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Solving equation (3.23) for approximate R(ri, tj+1), we obtain:

R(7istj41)= i (1 + (i—11)) R(7is, tf)+(1 B (ii) ) R(7i,t;)

+uR(ri_1, t;) + bg(ri, t;) (3.24)
or
R(rit41)= 1 (5) R, )+ iR (o0 )
+(1 — - l‘j—ll) R(ri, t)+bg(ri, t;) (3.25)
where y = (Zf)tz b=alAt,i=23,..,N—1and j=23,..,M,

this result with Tyyror = (0(AT)? + O(At) ).
3.3.3 Sphere:

Consider the heat conduction problem:

0%S(r,t) | 20S(rt) _19s(rt)
—a ot g(r,t) = ” (3.26)

a

where) < r < L,0 < t < Tpax and g(r,t) is heat generation,

subject to the boundary conditions:
5(0,t) = by, S(L,t) = by,
and initial condition:

5, 0)=f()
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then by use the finite difference method, we have:

S(riz1tj)—2S(rit;)+S(ri—i,ty)
an? =+ 0(ar)*+g(n. ty)

+ E S(T‘i+1,tj)—5(7'i,tj) 1 S(Tl,t]+1) S(Tl
Ti Ar a At

) + 0(At) (3.27)

wherer; = (i — 1)Ar,i=1,2,3,..,N ,and t; = (j — 1)At,
j=1,2,3,..., M, the boundary and initial conditions becomes:
S(0,¢) =by,S(L,tj)) =b,,j =123,...M
and
S;,0)=f(r),i=123,..,N
then solving equation (3.27) for approximate S(ri, tj+1), we get:

S(Ti, tj+1) = K(l + l—il) S(Ti+1, tj) + K S(T'i_l, t]) +

(A — 2k = 2)S(ry, t;)+ by (1 t;) (3.28)
or
S(ri tien) = 1 (5) S(rian ) + (1 — - S22 5, 1)+
x S(ri—1,t)+bg(ri, t;) (3.29)

where Kk = b=aAt,i=23,..,N—1and j=2,3,.. M,

(A )2'

this result with Toyror = (0(AT)? + O(AL)).
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Note that: To determine Truncation error; To,r0r, When the Exact

solution is known, we find Exact solution for any (x; , t;), then Truncation

error:
Torror=| Exact solution- Approximate solution| (3.30)

Note that: The FTCS method, see [17], for one-dimensional equations is

numerically stable if and only if the following condition is satisfied:

aAt < l and aAt 1
(Ax)? — 2 (Ar)?

(3.31)
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Chapter four

Numerical Examples
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In this chapter, we will implement the finite difference method FTCS

(Forward-Time Central-Space) to solve some heat conduction problems.
4.1 Plane Wall:

Example (4.1): Consider the homogeneous heat conduction problem:

0°T(xt) _ 19T(x.t)
xz2 8 Ot

(4.1)

where 0 < x <5,0 <t < tha-
Subjectto BC's: T(0,t) = 10,T(5,t) = 90
and IC: T'(x,0) = 16x+10+2 sin(mx)-4sin(2mx)+sin(6mx)

we have the Exact solution, see [17]:
T(x,t) =
16x + 10 + 2e~8%"t sin(mx) — 47327t 5in(2mx) +

e 2887t gin (61rx) (4.2)

then by using equation (3.21), we have:
T(xitj41) =

AT(Xi_l_l, tj) + (1 - ZA)T(XL', t]) + /1T(.Xi_1, tj) (4.3)

alAt
(Ax)%’

where A = i=23,..N—-1,j=23,..M

subject to BC's: T(x;, ;) = 10, T(xy,t;) =90,j = 1,2,3, .., M



and IC: T'(x;,t1) =
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16x; + 10 + 2 sin(mx;) — 4sin(2nx;) + sin(6mx;)

where i = 2,3,...,N — 1.

The exact solution at each grid point is given by:

T(Xi,tj) =

16x; + 10 + 2e 8™ sin(wx;) —

4e7327° gin(2mx;) + e 2887 gin(6mx;)

wherei = 1,2,3,...,N,j = 1,2,3, ..., M.

(4.4)

We use C** language to solve equation (4.3), we get tables (4.1), (4.2)

and (4.3).

Note that: To simplify we will write apprximate T(x;, t;) =
T appx.(i,j) and Exact T(xl-,tj) =E.T(,j).

Table (4.1): Numerical results for example (4.1) with

N=5,M=49, Ty =4,4t =0.0833, Ax =1.25 and 4 = 0.4267.

i J Xj 1:j Tappx.(ivj) E.T(i,j) Terror(i;j)

2 110 1.2500 | 0.7500 | 30.001834738 30.000000000 0.001834738
2 111]1.2500 | 0.8333 | 29.999162206 30.000000000 0.000837794
2 112 ]1.2500 | 0.9167 30.000382833 30.000000000 0.000382833
2 (13| 1.2500 | 1.0000 29.999825 30.000000000 0.000174705

Table (4.1): Numerical results for example (4.1) with A = 0.426
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I J Xi tj Tappx.(i’j) E-T(i;j) Terror(i,j)

2114 1.2500 | 1.0833 30.000080 30.000000000 0.000079904
2115 1.2500 | 1.1667 29.999964 30.000000000 0.000036411
2|16 | 1.2500 | 1.2500 30.000017 30.000000000 0.000016693
2 17| 1.2500 | 1.3333 29.999992 30.000000000 0.000007577
2118 | 1.2500 | 1.4167 30.000003 30.000000000 0.000003496
3125125000 | 2.0000 50.000000025 50.000000000 0.000000025
3|26 25000 | 2.0833 49.999999994 50.000000000 0.000000006
3127 | 25000 | 2.1667 50.000000007 50.000000000 0.000000007
3|28 2.5000 | 2.2500 50.000000000 50.000000000 0.000000000
312925000 | 2.3333 50.000000002 50.000000000 0.000000002
3 130 | 2.5000 | 24167 50.000000001 50.000000000 0.000000001
3131 2.5000 | 2.5000 50.000000000 50.000000000 0.000000001

Table (4.1): Numerical results for example (4.1) with 1 = 0.4267

Table (4.2): Numerical results for example (4.1) with
N=6,M=261,T,, =4 ,At=.0154, Ax =1 and 4 = 0.1231.

i J Xj tj Tappx.(iij) E-T(i,j) Terror(i,j)

2 135 1.0000 2.0615 26.000000 26.000000000 | 0.000000008
2 136 1.0000 2.0769 26.000000 26.000000000 | 0.000000007
2 137 1.0000 2.0923 26.000000 26.000000000 | 0.000000007

Table (4.2): Numerical results for example (4.1) with A = 0.1231
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| J Xj tj Tappx.(iJ) E-T(i’j) Terror(i’j)

2 | 138 1.0000 2.1077 26.000000 26.000000000 | 0.000000007
2 | 139 1.0000 2.1231 26.000000 26.000000000 | 0.000000006
2 | 140 1.0000 2.1385 26.000000 26.000000000 | 0.000000006
2 | 141 1.0000 2.1538 26.000000 26.000000000 | 0.000000006
3 25 2.5000 2.0000 | 50.000000025 | 50.000000000 | 0.000000025
3 26 2.5000 2.0833 | 49.999999994 | 50.000000000 | 0.000000006
3 27 2.5000 2.1667 | 50.000000007 | 50.000000000 | 0.000000007
3 28 2.0000 0.4154 | 41.999999998 | 42.000000000 | 0.000002111
3 29 2.0000 0.4308 | 41.999999998 | 42.000000000 | 0.000002013
3 30 2.0000 0.4462 | 41.999999998 | 42.000000000 | 0.000001920
3 31 2.0000 0.4615 | 41.999999998 | 42.000000000 | 0.000001831
3 32 2.0000 0.4769 | 41.999999998 | 42.000000000 | 0.000001745
3 33 2.0000 0.4923 | 41.999999998 | 42.000000000 | 0.000001664
3 34 2.0000 0.5077 | 41.999999998 | 42.000000000 | 0.000001586
3 35 2.0000 0.5231 | 41.999999998 | 42.000000000 | 0.000001512
4 90 3.00 1.3692 58.0000000 | 58.000000000 | 0.000000107
4 91 3.00 1.3846 58.0000000 | 58.000000000 | 0.000000102
4 92 3.00 1.4000 58.0000000 | 58.000000000 | 0.000000097
4 93 3.00 1.4154 58.0000000 | 58.000000000 | 0.000000093
4 94 3.00 1.4308 58.0000000 | 58.000000000 | 0.000000088
4 95 3.00 1.4462 58.0000000 | 58.000000000 | 0.000000084
4 96 3.0000 1.4615 58.0000000 | 58.000000000 | 0.000000080
4 97 3.0000 1.4769 58.0000000 | 58.000000000 | 0.000000077
4 98 3.0000 1.4923 58.0000000 | 58.000000000 | 0.000000073
4 99 3.0000 1.5077 58.0000000 | 58.000000000 | 0.000000070

Table (4.2): Numerical results for example (4.1) with 1 =0.123
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i J Xj tj Tappx.(iJ) E.T(i,j) Terror(ilj)

5 53 4.0000 0.8000 74.000000 74.000000000 | 0.000000394
5 54 4.0000 0.8154 74.000000 74.000000000 | 0.000000375
5 55 4.0000 0.8308 74.000000 74.000000000 | 0.000000358
5 56 4.0000 0.8462 74.000000 74.000000000 | 0.000000341
5 57 4.0000 0.8615 74.000000 74.000000000 | 0.000000325
5 58 4.0000 0.8769 74.000000 74.000000000 | 0.000000310
5 59 4.0000 0.8923 74.000000 74.000000000 | 0.000000295
5 60 4.0000 0.9077 74.000000 74.000000000 | 0.000000281
5 61 4.0000 0.9231 74.000000 74.000000000 | 0.000000268
5 62 4.0000 0.9385 74.000000 74.000000000 | 0.000000255
5 63 4.0000 0.9538 74.000000 74.000000000 | 0.000000243
5 64 4.0000 0.9692 74.000000 74.000000000 | 0.000000232
5 65 4.0000 0.9846 74.000000 74.000000000 | 0.000000221

Table (4.2): Numerical results for example (4.1) with A = 0.1231

Table (4.3): Numerical results for example (4.1) with

N=10,M =9,T,,,, = 10,4t=1.25Ax =0.5556 and A = 32.4

i J Xi tj Tappx.(ivj) E.T(i,j) Terror(i;j)

2| 2 | 0.5556 | 1.2500 -373.436685 18.888888889 392.325574138
2| 3 | 0.5556 | 2.5000 | 37931.849367 18.888888889 | 37912.960477670
2| 4 | 05556 | 3.7500 -3901330.180 18.888888889 | 3901349.0698076
2| 5 | 05556 | 5.0000 | 424466780.59 18.888888889 424466761.709

Table (4.3): Numerical results for example (4.1) with A = 32.4
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i J Xi tj Tappx.(i;j) E-T(i,j) Terror(i,j)

2| 6 | 0.5556 | 6.2500 | -48274350151 18.888888889 48274350170.0

1.6667 | 1.2500 -200.287807 36.666666667 | 236.954473540
1.6667 | 2.5000 39262.3390 36.666666667 | 39225.6723988
1.6667 | 3.7500 -5617550.7 36.666666667 | 5617587.338244
1.6667 | 5.0000 754990994 36.666666667 | 754990957.8125
1.6667 | 6.2500 | -98233421484 36.666666667 | 98233421520.7

I I I L
| O B W DN

Table (4.3): Numerical results for example (4.1) with A = 32.4

Note that: Exact solution and approximate solution in tables (4.1)

and (4.2) are very close agreement with (Zf:)tz < % and table (4.3)
. . aAt 1
is not close agreement with o 7

Example (4.2): Consider the homogeneous heat conduction

problem:

9%T(x,t) _ OT(x.t)

0x2 ot (4.5)

where 0 < x <m,0 <t <ty
subjectto BC's: T(0,t) = T(m,t) =0

and IC: T(x,0) = 4sin(x) + 2 sin(2x) + 7 sin(3x)
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where the Exact solution is, see [5]:

T(x,t) = 4e~tsin(x) + 2 e *sin(2x) + 7e % sin(3x)

(4.6)

We use C** language to solve equation (4.3), we get tables (4.4), (4.5) and

(4.6).

Table(4.4): Numerical results for example (4.2) with

N =5 Tpne =3, M =12, At=0.27, Ax= 0.7854 and 1 = 0.442

i J Xi tj Tappx.(iij) ET(I’J) Terror(i’j)

3 5 1.5708 1.0909 0.734215 1.343263 0.609047831
3 6 1.5708 1.3636 1.134046 1.022884 0.111162191
3 7 1.5708 1.6364 0.539724 0.778744 0.239019531
3 8 1.5708 1.9091 0.553108 0.592860 0.039752230
3 9 1.5708 2.1818 0.331814 0.451345 0.119530504
3| 10 1.5708 2.4545 0.285641 0.343609 0.057967899
3| 11 1.5708 2.7273 0.191401 0.261590 0.070188421
3| 12 1.5708 3.0000 0.152153 0.199148 0.046995324
4 1 2.3562 0.0000 5.778178 5.778178 0.000000000
4 2 2.3562 0.2727 -0.657605 1.906655 2.564259984
4 3 2.3562 0.5455 2.811289 1.450147 1.361141553
4 4 2.3562 0.8182 0.492987 1.175327 0.682340148
4 5 2.3562 1.0909 1.186022 0.924905 0.261117030
4 6 2.3562 1.3636 0.461891 0.714781 0.252889863
4 7 2.3562 1.6364 0.554855 0.547786 0.007069008
4 8 2.3562 1.9091 0.302848 0.418250 0.115402399

Table (4.4): Numerical results for example (4.2) with A = 0.44
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| J Xi 1:j Tappx.(iJ) E-T(i’j) Terror(i’j)

4 9 2.3562 2.1818 0.279597 0.318825 0.039227410
4 1 10 2.3562 2.4545 0.179066 0.242859 0.063793336
4 | 11 2.3562 2.7273 0.147016 0.184935 0.037919508
4 | 12 2.3562 3.0000 0.101640 0.140807 0.039166836
5 1 3.1416 0.0000 0.000000 -0.000007 0.000007275
5 2 3.1416 0.2727 0.000000 -0.000001 0.000001214
5 3 3.1416 0.5455 0.000000 -0.000001 0.000000700
5 4 3.1416 0.8182 0.000000 -0.000001 0.000000563
5 5 3.1416 1.0909 0.000000 -0.000000 0.000000448
5 6 3.1416 1.3636 0.000000 -0.000000 0.000000348
5 7 3.1416 1.6364 0.000000 -0.000000 0.000000268
5 8 3.1416 1.9091 0.000000 -0.000000 0.000000205
5 9 3.1416 2.1818 0.000000 -0.000000 0.000000156
5| 10 3.1416 2.4545 0.000000 -0.000000 0.000000119
5| 11 3.1416 2.7273 0.000000 -0.000000 0.000000091
5| 12 3.1416 3.0000 0.000000 -0.000000 0.000000069

Table (4.4): Numerical results for example (4.2) with A = 0.442

Table(4.5):

Numerical

results for

example

(4.2)  with

N =10,T,,,,. = 4, M = 80, 4t=0.038, Ax= 0.349 and 1=0.312

I J Xi tj Tappx.(i;j) ET(';J) Terror(i,j)

2 1 0.3491 0.0000 8.715834 8.715834 0.000000000
2 2 0.3491 0.0380 6.587602 6.728747 0.141144837
2 3 0.3491 0.0759 5.077469 5.277128 0.199658827

Table (4.5): Numerical results for example (4.2) with 1=0.312




69

i J Xj tj Tappx.(i’j) E.T(i,j) Terror(ilj)

2 4 0.3491 0.1139 3.997862 4.210237 0.212374066
2 5 0.3491 0.1519 3.218987 3.420418 0.201430512
2 6 0.3491 0.1899 2.650917 2.830705 0.179788915
2 7 0.3491 0.2278 2.231249 2.386003 0.154754208
4 1 1.0472 0.0000 5.196150 5.196150 0.000000000
4 2 1.0472 0.0380 4.813350 4.822980 0.009629865
4 3 1.0472 0.0759 4.472279 4.489018 0.016739094
4 4 1.0472 0.1139 4.167381 4.189238 0.021856315
4 5 1.0472 0.1519 3.893891 3.919301 0.025409758
4 6 1.0472 0.1899 3.647720 3.675465 0.027745219
4 7 1.0472 0.2278 3.425355 3.454496 0.029140931
4 8 1.0472 0.2658 3.223781 3.253601 0.029819876
4 9 1.0472 0.3038 3.040402 3.070362 0.029959946
4 | 10 1.0472 0.3418 2.872986 2.902689 0.029702320
4 | 11 1.0472 0.3797 2.719611 2.748769 0.029158363
4 | 12 1.0472 0.4177 2.578618 2.607034 0.028415309
4 | 13 1.0472 0.4557 2.448578 2.476119 0.027540915
4 | 14 1.0472 0.4937 2.328255 2.354842 0.026587282
4 | 15 1.0472 0.5316 2.216578 2.242172 0.025593973
4 | 16 1.0472 0.5696 2.112622 2.137213 0.024590565
6 | 70 1.7453 2.6203 0.280040 0.286695 0.006655510
6 | 71 1.7453 2.6582 0.269514 0.276014 0.006499940
6 | 72 1.7453 2.6962 0.259384 0.265731 0.006346639
6 | 73 1.7453 2.7342 0.249635 0.255831 0.006195661
6 | 74 1.7453 2.7722 0.240252 0.246299 0.006047054
6 | 75 1.7453 2.8101 0.231222 0.237122 0.005900856

Table (4.5): Numerical results for example (4.2) with 1=0.312
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Table(4.6): Numerical results for example (4.2) with

N =10,T,,,, =5 M = 10, 4t=0.0556, Ax=0.349 and A= 4.56

i J Xi tj Tappx.(i,j) E.T(i,j) Terror(i,j)

2 10 | 0.3491 | 5.0000 -556101 0.009218 556101
3 1 0.6981 | 0.0000 10.603 10.602943 0.0000
3 2 0.6981 | 0.5556 -22.653 1.729496 24.383
3 3 0.6981 | 1.1111 79.857 0.869810 78.987
3 4 0.6981 | 1.6667 -276.02 0.488136 276.51
3 5 0.6981 | 2.2222 976.47 0.278902 976.1

1.0472 | 1.6667 -2.206016 0.656489 2.862504238
1.0472 | 2.2222 3.000135 0.375637 2.624498148
1.0472 | 2.7778 -3.174407 0.215412 3.389818217
1.0472 | 3.3333 3.761217 0.123581 3.637636250
1.0472 | 3.8889 -7.528046 0.070904 7.598949404

I IR I
| N o o b~

Table (4.6): Numerical results for example (4.2) with 1= 4.56

Note that: Exact solution and approximate solution in tables (4.4) and (4.5)

At 1 _
(Zx)z < 5 and table (4.6) is not close

are very close agreement with

aAdt 1
(Ax)?

agreement with
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Example (4.3): Consider the nonhomogeneous heat conduction problem:

02T (x,t) _OT(x.t)
2 T t) = — (4.7)

where 0 < x < 1,0 <t < tygy and g(x, t) = e~ sin(mx).
subjectto BC's: T(0,t) =0,T(1,t) =0
and IC: T (x,0) = f(x) = sin(2mx)

where the Exact solution is :

T(x,t) =

-2t —t

sin(mx) — (1e_n2) sin(mx) + g4t sin(2mx) (4.8)

1-m?
then by using equation (3.21), we have:
T(xi,t41) = AT (x141,t) + (1 — 20T (x;, ;)
+AT (x;-1,t) + bg(x;, t;) (4.9)

alAt
(Ax)?’

where A = b=aAt, i=23,..,N—1,j=23,...M,

g(x;, )= e Ysin(mx;) i

I
-
N
=
.

I
-
N

subject to BC's: T(x1,¢) = T(xy, ;) =0,j = 1,2,3,...,M

and IC: T (x;,t,) = f(x;) = sin(2mx;) ,i = 2,3,..., N —1
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where the Exact solution:

T(Xl', t]) =

-m?tj —t;
° sin(mx;) — ——sin(mx;) +
1—12 L (1-m2) L

e 4t sin(m2x;) (4.10)
wherei = 1,2,3,...,N,j =123, ..., M.

We use C** language to solve equation (4.9), we get tables (4.7), (4.8) and

(4.9).
Table (4.7): Numerical results for example (4.3) with

N=5,M=101, Tnx=3,4t=0.03 , Ax =0.25,and 1 =0.48 .

i J Xi tj Tappx.(i’j) E-T(i’j) Terror(i’j)

3 8 0.5000 0.2100 0.084820 0.077199 0.007620423
3 9 0.5000 0.2400 0.085288 0.078135 0.007152988
3 10 0.5000 0.2700 0.084906 0.078218 0.006687387
3 11 0.5000 0.3000 0.083934 0.077686 0.006247436
3 12 0.5000 0.3300 0.082558 0.076714 0.005844319
3 13 0.5000 0.3600 0.080912 0.075431 0.005481590
3 14 0.5000 0.3900 0.079092 0.073933 0.005158501

Table(4.7): Numerical results for example (4.3) with 1 =0.48
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i J Xj tj Tappx.(i’j) E-T(i’j) Terror(ilj)

4 22 0.7500 0.6300 0.044818 0.042301 0.002517619
4 23 0.7500 0.6600 0.043514 0.041086 0.002427864
4 24 0.7500 0.6900 0.042243 0.039899 0.002344181
4 25 0.7500 0.7200 0.041005 0.038740 0.002265657
4 26 0.7500 0.7500 0.039801 0.037610 0.002191557
4 27 0.7500 0.7800 0.038630 0.036509 0.002121285
4 28 0.7500 0.8100 0.037493 0.035438 0.002054363
4 29 0.7500 0.8400 0.036387 0.034397 0.001990403
4 30 0.7500 0.8700 0.035314 0.033385 0.001929094
4 31 0.7500 0.9000 0.034272 0.032402 0.001870183
4 32 0.7500 0.9300 0.033260 0.031447 0.001813462
4 90 0.7500 2.6700 0.005838 0.005521 0.000317387
4 91 0.7500 2.7000 0.005666 0.005358 0.000308007
4 92 0.7500 2.7300 0.005498 0.005199 0.000298904
4 93 0.7500 2.7600 0.005336 0.005046 0.000290070
4 94 0.7500 2.7900 0.005178 0.004897 0.000281497
4 95 0.7500 2.8200 0.005025 0.004752 0.000273177
4 96 0.7500 2.8500 0.004877 0.004611 0.000265104
4 97 0.7500 2.8800 0.004732 0.004475 0.000257269
4 98 0.7500 2.9100 0.004593 0.004343 0.000249665
4 99 0.7500 2.9400 0.004457 0.004215 0.000242287
4 100 | 0.7500 2.9700 0.004325 0.004090 0.000235126
4 101 | 0.7500 3.0000 0.004197 0.003969 0.000228177

Table(4.7): Numerical results for example (4.3) with 1 =0.48
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Table (4.8): Numerical results for example (4.3) with

N=11,M = 601,T,,,, = 3, At=.005, Ax =0.1,and A = 0.5.

i J Xi tj Tappx.(i;j) E.T(i,j) Terror(i,j)

302 | 0.3000 1.5050 0.020431 0.020251 0.000180633

303 | 0.3000 1.5100 0.020329 0.020150 0.000179732

304 | 0.3000 1.5150 0.020228 0.020049 0.000178836

305 | 0.3000 1.5200 0.020127 0.019949 0.000177943

306 | 0.3000 1.5250 0.020027 0.019850 0.000177056

307 | 0.3000 1.5300 0.019927 0.019751 0.000176172

308 | 0.3000 1.5350 0.019827 0.019652 0.000175293

309 | 0.3000 1.5400 0.019729 0.019554 0.000174419

310 | 0.3000 1.5450 0.019630 0.019457 0.000173549

311 | 0.3000 1.5500 0.019532 0.019360 0.000172683

312 | 0.3000 1.5550 0.019435 0.019263 0.000171822

313 | 0.3000 1.5600 0.019338 0.019167 0.000170964

314 | 0.3000 1.5650 0.019241 0.019071 0.000170112

N~ I S B = B R S B e I

315 | 0.3000 1.5700 0.019146 0.018976 0.000169263

10 | 370 | 0.9000 1.8450 0.005555 0.005506 0.000049112

10 | 371 | 0.9000 1.8500 0.005527 0.005478 0.000048867

10 | 372 | 0.9000 1.8550 0.005499 0.005451 0.000048624

10 | 373 | 0.9000 1.8600 0.005472 0.005424 0.000048381

10 | 374 | 0.9000 1.8650 0.005445 0.005397 0.000048140

10 | 375 | 0.9000 1.8700 0.005418 0.005370 0.000047900

Table (4.8): Numerical results for example (4.3) with A = 0.5
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i J Xi tj Tappx.(i;j) E.T(i,j) Terror(i,j)

10 | 376 | 0.9000 1.8750 0.005391 0.005343 0.000047661

10 | 377 | 0.9000 1.8800 0.005364 0.005316 0.000047423

10 | 378 | 0.9000 1.8850 0.005337 0.005290 0.000047187

10 79 0.9000 0.3900 0.023098 0.022846 0.000251019

10 80 0.9000 0.3950 0.023013 0.022765 0.000248561

10 81 0.9000 0.4000 0.022928 0.022682 0.000246151

10 82 0.9000 0.4050 0.022841 0.022597 0.000243787

10 83 0.9000 0.4100 0.022754 0.022512 0.000241468

10 84 0.9000 0.4150 0.022666 0.022426 0.000239194

10 85 0.9000 0.4200 0.022577 0.022340 0.000236964

10 86 0.9000 0.4250 0.022487 0.022252 0.000234777

10 87 0.9000 0.4300 0.022396 0.022164 0.000232631

10 88 0.9000 0.4350 0.022305 0.022075 0.000230526

10 89 0.9000 0.4400 0.022214 0.021985 0.000228461

10 90 0.9000 0.4450 0.022122 0.021895 0.000226436

10 91 0.9000 0.4500 0.022029 0.021804 0.000224448

10 92 0.9000 0.4550 0.021936 0.021713 0.000222498

10 93 0.9000 0.4600 0.021843 0.021622 0.000220584

10 94 0.9000 0.4650 0.021749 0.021530 0.000218706

10 95 0.9000 0.4700 0.021655 0.021438 0.000216863

10 96 0.9000 0.4750 0.021561 0.021346 0.000215054

10 97 0.9000 0.4800 0.021466 0.021253 0.000213278

10 98 0.9000 0.4850 0.021372 0.021160 0.000211535

10 99 0.9000 0.4900 0.021277 0.021067 0.000209823

10 | 100 | 0.9000 0.4950 0.021182 0.020974 0.000208141

Table (4.8): Numerical results for example (4.3) with A = 0.5
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Table (4.9): Numerical results for example (4.3) with

N=5M=21T,, =5A4t=025,6Ax=0.25,and 1 =4

i J Xi tj Tappx.(iJ) E-T(iJ) Terror(i’j)

2 2 |0.2500 | 0.2500 -6.82 0.055379 6.878603454
2 3 10.2500 | 0.5000 48.9 0.047781 48.85247550
2 4 10.2500 | 0.7500 -342.759 0.037610 342.7966406
2 5 |0.2500 | 1.0000 2400.76 0.029324 2400.733337
2 6 |0.2500 | 1.2500 -16806.65 0.022841 16806.67469
2 7 10.2500 | 1.5000 117649.03 0.017788 117649.0170
2 8 10.2500| 1.7500 -823548 0.013854 823548.7415
2 9 |0.2500 | 2.0000 5764881 0.010789 5764881.13

2 10 | 0.2500 | 2.2500 -40354631 0.008403 40354631.29
2 11 | 0.2500 | 2.5000 282488227 0.006544 282488227.6
2 12 | 0.2500 | 2.7500 -1977491035 0.005096 1977491035.9
2 13 | 0.2500 | 3.0000 13843366700 0.003969 13843366700
2 14 | 0.2500 | 3.2500 -96915330664 0.003091 96915330664

Table (4.9): Numerical results for example (4.3) withA =4

Note that: The exact solution and approximate solutions in tables (4.7) and

(4.8) are in a close agreement, with

(4.9) are not close agreement, with

adt
(Ax)?

adt
(Ax)?

>

1 .
< > However, the results in table
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4.2 Cylinder: Consider heat conduction problem:

0%R(r,t) . 10R(r,t)

1 OR(r7,t)
or2 T r

™ + g(r,t) =~ o (4.11)

a

where 0 < r < L, 0 < t <T,, and g(r,t) is heat generation,

subject to the boundary conditions:
R(0,t)=>b;,R(L,t)=b,
and initial condition:
R(r,0) = f(r)
then by using equation (3.25), we have:

R(Ti; tj+1) =Hu (ﬁ) R(ri+1' tj) + ”R(ri-l' tf)

alt
(ar)z’

where u = b=aAt,i =2,3,..,N—1 and

j =23, ..., M. This result with Ty, = (0(AT)? + O(AE)).
Example(4.4): Consider equation (4.11) for the homogeneous case,
subject to BC's: R(ry,t;) = 10,R(ry,t;) = 100,j =2,3,.., M
and IC: R(r;,t;) = f(r;) =10 + sin(nry),i = 2,3,...,N—1

use equation (4.12), we have tables (4.10) and (4.11).
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Table (4.10): Numerical results for example (4.4) with N = 5, M = 5,

T,ax =10,L =10,a =1,4t=25,Ar=25,and u=0.4.

i j ri fj f(ry) R(i,))

1 1 0.0000 0.0000 10.000000 | 10.000000
1 2 0.0000 2.5000 10.000000 | 10.000000
1 3 0.0000 5.0000 10.000000 | 10.000000
1 4 0.0000 7.5000 10.000000 | 10.000000
1 5 0.0000 10.0000 10.000000 | 10.000000
2 1 2.5000 0.0000 11.000000 | 11.000000
2 2 2.5000 2.5000 11.000000 | 9.799999
2 3 2.5000 5.0000 11.000000 | 9.880000
2 4 2.5000 7.5000 11.000000 | 32.967999
2 5 2.5000 10.0000 11.000000 | 29.903467
3 1 5.0000 0.0000 9.999998 | 9.999998
3 2 5.0000 2.5000 9.999998 | 9.800000
3 3 5.0000 5.0000 0.999998 | 38.679999
3 4 5.0000 7.5000 0.999998 | 40.621333
3 5 5.0000 10.0000 0.999998 | 56.915022
4 1 7.5000 0.0000 9.000000 | 9.000000
4 2 7.5000 2.5000 9.000000 | 57.933333
4 3 7.5000 5.0000 9.000000 | 61.115556
4 4 7.5000 7.5000 9.000000 | 72.879703
4 5 7.5000 10.0000 9.000000 | 74440514
5 1 10.0000 0.0000 0.000000 | 100.000000
5 2 10.0000 2.5000 0.000000 | 100.000000
5 3 10.0000 5.0000 0.000000 | 100.000000
5 4 10.0000 7.5000 0.000000 | 100.000000
5 5 10.0000 10.0000 0.000000 | 100.000000

Table (4.10): Numerical results for example (4.4) with u = 0.4
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Table (4.11): Numerical results for example (4.4) with L = 7,a = 8,

Toar. =4 N =11, M = 261,At = 0.0154, Ar=0.7, and pu=0.251

i j ri t; f(ry) R(i,))
7 256 4.2000 3.9231 10587786 | 85.130317
7 257 4.2000 3.9385 10587786 | 85.133979
7 258 4.2000 3.9538 10587786 | 85.137552
7 259 4.2000 3.9692 10587786 | 85.141039
7 260 4.2000 3.9846 10587786 | 85.144443
7 261 4.2000 4.0000 10587786 | 85.147764
8 1 4.9000 0.0000 10.309015 | 10.309015
8 2 4.9000 0.0154 10.309015 | 10.017320
8 3 4.9000 0.0308 10.309015 | 9.995559
8 4 4.9000 0.0462 10309015 | 12.035551
8 5 4.9000 0.0615 10.309015 | 14.885237
8 6 4.9000 0.0769 10.300015 | 17.981194
10 250 6.3000 3.8308 10.809018 | 96.880474
10 251 6.3000 3.8462 10.809018 | 96.881599
10 252 6.3000 3.8615 10.809018 | 96.882698
10 253 6.3000 3.8769 10.809018 | 96.883770
10 254 6.3000 3.8923 10.809018 | 96.884816
10 255 6.3000 3.9077 10.809018 | 96.885837

Table (4.11): Numerical results for example (4.4) with u=0.251
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Example(4.5): Consider equation (4.11) for the nonhomogeneous case,

subject to BC's: R(rl,tj) = R(rN, tj) =0,j=23,...M

and IC:  R(r;,t;) = f(r;) = sin (%),i =23..,N—1,

2¢. ., 1 .
where the heat genaration g(ri, tj) = e *" sin (%r‘) , L=

1,2,.,.N, j =1,2,..., M, use equation (4.12), we have tables (4.12) and
(4.13).

Table (4.12): Numerical results for example (4.5) withN =5, M = 5,

T,ax =10,L=10,a=1,4t=25,Ar=25,and u=0.4.

L] ri g g(i.j) f(ri) R(i,))

2 | 1 | 25000 0.0000 0.500000 0.500000 0.500000
2 2 2.5000 2.5000 0.000000 0.500000 0.457179
2 | 3 | 25000 5.0000 0.000000 0.500000 -1.183486
2 | 4 | 25000 7.5000 0.000000 0.500000 1.448718
2 5 2.5000 10.0000 0.000000 0.500000 -0.859503
3 | 1 | 5.0000 0.0000 -0.866025 | -0.866025 -0.866025
3 | 2 | 5.0000 2.5000 -0.000000 | -0.866025 -1.365063
3 3 5.0000 5.0000 -0.000000 -0.866025 1.515026
3 | 4 | 5.0000 7.5000 -0.000000 | -0.866025 -0.712199
3 | 5 | 50000 | 10.0000 | -0.000000 | -0.866025 0.927173
4 1 7.5000 0.0000 1.000000 1.000000 1.000000
4 | 2 | 75000 2.5000 0.000000 1.000000 2.220257
4 | 3 | 75000 5.0000 0.000000 1.000000 -0.398008

Table (4.12): Numerical results for example (4.5) with u = 0.4
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Table (4.13): Numerical results for example (4.5) with L = 5,a = 8

N=6,M=261,T,,, =4 At=0.0154 Ar=1,and p=0.123

Lo ri g g(i,j) f(ri) R(i.))

5 12 | 4.0000 0.1692 -0.001086 | -0.866026 -0.032845
5 13 4.0000 0.1846 -0.000592 -0.866026 -0.018457
5 14 | 4.0000 0.2000 -0.000322 | -0.866026 -0.007575
5 15 | 4.0000 0.2154 | -0.000176 | -0.866026 0.000588
5 16 4.0000 0.2308 -0.000096 -0.866026 0.006644
5 17 | 4.0000 0.2462 -0.000052 | -0.866026 0.011069
5 18 | 4.0000 0.2615 -0.000028 | -0.866026 0.014234
5 19 4.0000 0.2769 -0.000015 -0.866026 0.016428
5 20 4.0000 0.2923 -0.000008 -0.866026 0.017874
5 21 | 4.0000 0.3077 -0.000005 | -0.866026 0.018748
5 22 4.0000 0.3231 -0.000003 -0.866026 0.019186
5 23 4.0000 0.3385 -0.000001 -0.866026 0.019295
5 24 | 4.0000 0.3538 -0.000001 | -0.866026 0.019158
5 25 4.0000 0.3692 -0.000000 -0.866026 0.018838
5 26 4.0000 0.3846 -0.000000 -0.866026 0.018386
5 27 | 4.0000 0.4000 -0.000000 | -0.866026 0.017841
5 28 4.0000 0.4154 -0.000000 -0.866026 0.017233
5 29 4.0000 0.4308 -0.000000 -0.866026 0.016584

Table (4.13): Numerical results for example (4.5) with u = 0.123
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4.3. Sphere

Consider heat conduction problem:

2
d ;‘ir t) n EaS(r t) ( t) _ 165(1” t)

(4.13)

where0 < r < L,0 < t < T4 and g(r,t) is heat generation, subject

to the boundary conditions:
5(0,t) = by, S(L,t) = b,

and initial condition:  S(r,0) = f(r)

then by using equation (3.29), we have:

S(ri tier) = 16 (55) S(rian ) + (-2 (1, 1)

+K S(Ti—li tj)+ bg(?"i, t]) (4.14)

where Kk = b =aAt,i =273,..,N—1 and j=2,3,..., M.

(A )2 ’
This result with T,,-or = (0(AT)? + 0(AL)).
Example (4.6): Consider equation (4.13) for the homogeneous case,
subject to BC's:

S(ry,t)) =5,S(rw. t;) =15,/ =23,...,.M
and IC: S(r;,ty) = f(r;) =5+ sin(nry)
where i = 2,3,..., N — 1, use equation (4.14), we have tables (4.14) and

(4.15).
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N=5 M=5,L=10,a=1,4t=25,Ar=2. and k = 0.45

' ] Fi Ly f(ry) R(i,))

1 1 | 0.0000 0.0000 5.000000 5.000000
1 2 | 0.0000 2.5000 5.000000 5.000000
1 3 | 0.0000 5.0000 5.000000 5.000000
1 4 | 0.0000 7.5000 5.000000 5.000000
1 5 | 0.0000 | 10.0000 5.000000 5.000000
2 1 | 25000 0.0000 6.000000 6.000000
2 2 | 25000 2.5000 6.000000 4399998
2 3 | 25000 5.0000 6.000000 4.880002
2 4 | 25000 7.5000 6.000000 11.343997
2 5 | 25000 | 10.0000 6.000000 5.697070
3 1 | 5.0000 0.0000 4.999998 4.999998
3 2 | 5.0000 2.5000 4.999998 4.600000
3 3 | 5.0000 5.0000 4.999998 10.226665
3 4 | 5.0000 7.5000 4.999998 8.752890
3 5 | 50000 | 10.0000 4.999998 13.469806
4 1 | 7.5000 0.0000 4.000000 4.000000
4 2 | 7.5000 2.5000 4.000000 11.733333
4 3 | 7.5000 5.0000 4.000000 11.057778
4 4 | 7.5000 7.5000 4.000000 13.353481
4 5 | 75000 | 10.0000 4.000000 12.610924
5 1 | 10.0000 |  0.0000 0.000000 15.000000
5 2 | 10.0000 |  2.5000 0.000000 15.000000
5 3 | 10.0000 |  5.0000 0.000000 15.000000
5 4 | 10.0000 |  7.5000 0.000000 15.000000
5 5 | 10.0000 | 10.0000 0.000000 15.000000

Table (4.14): Numerical results for example (4.6) with k = 0.4
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Table (4.15): Numerical results for example (4.6) with T4 = 4,

N=6M=261,L =5,a=8,4t=0.0154, Ar=1and k = 0.123

i j ri t; f(ri) R(i.j)

3 258 2.0000 3.9538 5.000001 13.000000
3 259 2.0000 3.9692 5.000001 13.000000
3 260 2.0000 3.9846 5.000001 13.000000
3 261 2.0000 4.0000 5.000001 13.000000
4 1 3.0000 0.0000 4.999999 4.999999
4 2 3.0000 0.0154 4.999999 5.000000
4 3 3.0000 0.0308 4.999999 5.378698
4 4 3.0000 0.0462 4.999999 5.895282
4 5 3.0000 0.0615 4.999999 6.444860
4 6 3.0000 0.0769 4.999999 6.982270
4 7 3.0000 0.0923 4.999999 7.489387
4 8 3.0000 0.1077 4.999999 7.960413
4 9 3.0000 0.1231 4.999999 8.395042
4 10 3.0000 0.1385 4.999999 8.795253
4 11 3.0000 0.1538 4.999999 9.163812
4 12 3.0000 0.1692 4.999999 9.503596
4 13 3.0000 0.1846 4.999999 9.817309
4 14 3.0000 0.2000 4.999999 10.107391
4 15 3.0000 0.2154 4.999999 10.375999

Table (4.15): Numerical results for example (4.6) with k = 0.123
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Example(4.7): Consider equation (4.13) for the nonhomogeneous case,

subject to BC's: S(rl,tj) = S(rN, tj) =0,j=23,...M

and IC: S, t1) = f(r;) = sin (%),i =23,.,N-1

where the heat genaration g(?‘i, tj) =e"%sin (%)’

i=123,..,N,j=1,23,..,M, use equation (4.14), we have tables
(4.16) and (4.17).

Table (4.16): Numerical results for example (4.7) with T,,,,,, = 10,

N=5M=5,L=10,a=1, At=25,Ar=25 and k=0.4

Llg o G g@ij) f(ri) N{)
2|1 2.5000 0.0000 1.000000 1.000000 1.000000
2| 2 2.5000 2.5000 0.082085 1.000000 1.900000
2| 3 2.5000 5.0000 0.006738 1.000000 -1.414788
2| 4 2.5000 7.5000 0.000553 1.000000 -0.462282
2| 5 2.5000 10.0000 0.000045 1.000000 -0.329617
311 5.0000 0.0000 -0.000000 -0.000000 -0.000000
3| 2 5.0000 2.5000 -0.000000 -0.000000 -0.400001
3 3 5.0000 5.0000 -0.000000 -0.000000 -1.106667
3| 4 5.0000 7.5000 -0.000000 -0.000000 -0.506974
3| 5 5.0000 10.0000 -0.000000 -0.000000 -0.440301
4 | 1 7.5000 0.0000 -1.000000 -1.000000 -1.000000
4 | 2 7.5000 2.5000 -0.082085 -1.000000 -2.433333
Table (4.16): Numerical results for example (4.7) with k = 0.4
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g G g@.j) f(ri) N{)

4| 3 7.5000 5.0000 -0.006738 -1.000000 -0.202991
41 4 7.5000 7.5000 -0.000553 -1.000000 -0.445979
41 5 7.5000 10.0000 -0.000045 -1.000000 -0.174441
5| 1 | 10.0000 0.0000 0.000001 0.000000 0.000000
5| 2 | 10.0000 2.5000 0.000000 0.000000 0.000000
5| 3 | 10.0000 5.0000 0.000000 0.000000 0.000000
5| 4 | 10.0000 7.5000 0.000000 0.000000 0.000000
5| 5 | 10.0000 | 10.0000 0.000000 0.000000 0.000000

Table (4.16): Numerical results for example (4.7) withk = 0.4

Table (4.17): Numerical results for example (4.7) with T,,,,, = 4,

N=6,M=261,L=5,a = 8,4t=0.0154, Ar=1 and k= 0.123

Ll { g@@.j) f(r) R(i.j)

2 | 254 | 1.0000 3.8923 0.011990 0.587785 0.043256
2 | 255 | 1.0000 3.9077 0.011807 0.587785 0.042596
2 [ 256 | 1.0000 3.9231 0.011626 0.587785 0.041945
2 [ 257 | 1.0000 3.9385 0.011449 0.587785 0.041305
2 | 258 | 1.0000 3.9538 0.011274 0.587785 0.040674
2 (259 | 1.0000 3.9692 0.011102 0.587785 0.040053
2 (260 | 1.0000 3.9846 0.010933 0.587785 0.039442
2 1261 | 1.0000 4.0000 0.010766 0.587785 0.038840
3 1 2.0000 0.0000 0.951057 0.951057 0.951057
3| 2 2.0000 0.0154 0.936537 0.951057 1.023399

Table (4.17): Numerical results for example (4.7) with k= 0.123
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il [y [ eGh | ) [ RGH
3| 2 2.0000 0.0154 0.936537 0.951057 1.023399
3| 3 | 20000 0.0308 0.922239 0.951057 1.094223
3| 4 | 20000 0.0462 0.908159 0.951057 1.157886
3|5 2.0000 0.0615 0.894294 0.951057 1.213661
4 | 252 | 3.0000 3.8615 0.020006 0.951056 0.044641
4 | 253 | 3.0000 3.8769 0.019701 0.951056 0.043959
4 | 254 | 3.0000 3.8923 0.019400 0.951056 0.043288
4 | 255 | 3.0000 3.9077 0.019104 0.951056 0.042627
4 | 256 | 3.0000 3.9231 0.018812 0.951056 0.041976
4 | 257 | 3.0000 3.9385 0.018525 0.951056 0.041335
4 | 258 | 3.0000 3.9538 0.018242 0.951056 0.040704
4 | 259 | 3.0000 3.9692 0.017964 0.951056 0.040083
4 | 260 | 3.0000 3.9846 0.017689 0.951056 0.039471
4 | 261 | 3.0000 4.0000 0.017419 0.951056 0.038868
5|1 4.0000 0.0000 0.587785 0.587785 0.587785
5| 2 4.0000 0.0154 0.578811 0.587785 0.596324
5| 3 | 4.0000 0.0308 0.569975 0.587785 0.606366
5| 4 4.0000 0.0462 0.561273 0.587785 0.616840
5| 5 4.0000 0.0615 0.552704 0.587785 0.627225
5| 6 | 4.0000 0.0769 0.544266 0.587785 0.637201
S| 7 4.0000 0.0923 0.535957 0.587785 0.646546
5| 8 4.0000 0.1077 0.527774 0.587785 0.655109
5| 9 | 4.0000 0.1231 0.519717 0.587785 0.662790
5| 10 | 4.0000 0.1385 0.511783 0.587785 0.669535

Table (4.17): Numerical results for example (4.7) with k= 0.123
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4.4 Conclusion

In this work, we have presented one of the most important topic in thermal
engineering, namely; heat conduction and diffusion processes.

The main focus is to solve heat conduction problems in some specific
domains. These include plane wall, cylinder and sphere.

Analytical methods involving separation of variables, Laplace transform,
Duhamel and Green function methods have been introduced to solve these
problems. For the numerical handling of heat conduction problems, we
have implemented the finite difference method (FTCS). Numerical results
have shown to be in a close agreement with the exact ones. In fact, we
strongly believe that the FTCS is an efficient methods for solving these
types of problems. On the other hand, we note that the exact and the

approximate solutions are in very close agreement with the stability

o aAt
condition

1
< =
(Ax)? — 2



89

References

1- 1. Alzeer and N. Qatanani, An efficient numerical solution for
acoupled heat conduction and enclosure radiation, International
Journal of Engineering Mathematics, Vol. 2, 2007, 1-9.

2- 1. Alzeer and N. Qatanani, Numerical simulation of the steady state
heat conduction equation, International Journal  of Mathematical

Modeling, Simulation and Applications, VVol.2, 1, 2008.

3- A. Barham, N. Qatanani and Q.Heeh, Existence and uniqueness of
the coupled conduction radiation energy transfer on diffuse-gray
surfaces, Surveys in Mathematics and its Applications, Vol.2 (2007),
43-58.

4- Y. Cengel and J. Cimbala, Fluid Mechanics: Fundamentals and

Applications, the McGraw-Hill Companies, 2006.

5- Y. Cengel, Heat Transfer, a practical approach, The McGraw-Hill

Companies, 2008.

6- K. Cheng and T. Fujii, Heat Transfer Engineering, University of
Southampton, 2012.

7- D. Dewitt and F. Incropera, Fundamentals of heat and mass

transfer, John Wiley & Sons, New York, 1985.

8- D. Hahn and M. Necati, Heat Conduction, New Jersey, 2012.



90
9- L. Jiji, Heat Conduction, Third Edition, New York, New York
10031, USA, 20009.

10- L. Kettle, Numerical solution of partial differential Equations, The

University of Queensland, 2012.

11-R. LeVeque, Finite Difference Methods for Differential

Equations, University of Washington, September, 2005.

12- J. Matthew, The 1-D Heat Equation, Linear Partial Differential

Equations, Hancock, 2006.
13- M. Necati, Heat Conduction, second edition, North Carolina, 1993.

14- B. Neta, Partial differential equations ma 3132 lecture notes,

Monterey, California 93943, October 16, 2012.

15- R. Pich'e, Partial differential equations, Tampere university of

Tochnology, 2010.

16- G. Recktenwald, Finite-Difference Approximations to the Heat

Equation, Portland State University, 2011.

17- G. Recktenwald, FTCS Solution to the Heat Equation, Me 448/548

Notes, Portland State University, 2010.

18- G. Rorrer, C. Wicks, R. Wilson and J. Welty, Fundamentals of
Momentum, Heat, and Mass Transfer, United States of America,

2008.



91
19- Z. Tseng, Second Order Linear Partial Differential Equations,

University of California, 2008.

20- L. Wang, X. Wei and X. Zhou, Heat Conduction, Mathematical

Models and Analytical Solutions, Verlag Berlin Heidelberg, 2008.

21- 1. Yanovsky, Partial Differential Equations: Graduate Level

Problems and Solutions, Igor Yanovsky, 2005.



92

Appendix
Appendix A
C™ code for example (4.1):
#define _USE_MATH_DEFINES // Define the value of pi
#include <stdio.h>
#include <math.h>
#define P1 3.141593
int main()
{
printf("Example_3N"\n\n");
int N ,M , Tmax;
intL=5,a=8;
printf("Enter these values \n");
printf("N =");
scanf("%d",&N);
printf("M =");
scanf("%d",&M);
printf("Tmax =");
scanf("%d",&Tmax);
printf("L = %d\n",L);
printf("a = %d\n",a);
double Xi; // Xi = (i-1) * delta_X
double Tj; // Tj = (j-1) * delta_ T
double delta_X = (double) L/(N-1);
double delta_T = (double) Tmax/(M-1);
double Lamda = a * ((double) delta_T/pow(delta_X, 2.0));
double R[N+1][M+2];
double g[N][M];
double Te[N][M];
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printf("delta_X = %.4If\n",delta_X);

printf("delta_T = %.41f\n",delta_T);
printf("Lamda = %.41f\n",Lamda);
IIAtj=1
for(inti=2;iI<N;i++)
{
Xi = (i-1) * delta_X;
R[i][1] =10 + 16 * Xi + 2 *sin(Pl * Xi) - 4 * sin(2 * P1 * Xi) + sin(PI
*Xi);
¥
I/ Ati=NORi=1then
for (intj=1;j<=M+1; j++)

{
R[1]0]=10;
RIN][]=90;
¥
for(intj=1;j<=M; j++)
{

for(inti=2;I<N ; i++)
R[i][j+1] = Lamda * R[i-1][j] + (1-2*Lamda) * R[i][j] + Lamda *
RL+1]0];
by
printf("i ] Xi Tj T(i,)) ET(.))
Te(i,j)\n");

for(inti=1;i<=N; i++)
{
for(intj=1; j<=M; j++)
{
Tj=(-1) * delta_T;
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Xi = (i-1) * delta_X;

/I find the function of G

double Expl =-8 * pow(PI, 2.0) *Tj;
double Exp2 =-32 * pow(PI, 2.0) * Tj ;
double Exp3 = -288 * pow(Pl, 2.0) * Tj ;

glil[j] =10 + 16 * Xi + 2 * exp(Expl) * sin(Pl1 * Xi) -4 *
exp(Exp2) * sin(2 * P1 * Xi) + exp(Exp3) * sin(P1 * Xi) ;

I

/l Find the Error

Te[i]0]1 = oliI0] - ROIOT ;
abs(g[i][i] - RI10]);

printf("%d  %d %.4If  %.4lf  %If  %.9If
%.90n",1,), X1, T),R[1]0].0[1 0], Te[10));
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Appendix B

C™ code for example (4.2):
#define _USE_MATH_DEFINES // Define the value of pi
#include <stdio.h>
#include <math.h>
#define PI 3.141593
int main() {
I insert code here...
printf("Example_2N\n");
int N ,M , Tmax ;
inta=1,;
double L = PI;
printf("Enter these values \n");
printf("N =");
scanf("%d",&N);
printf("M =");
scanf("%d",&M);
printf("Tmax =");
scanf("%d",&Tmax);
printf("L = %If\n",L);
printf("a = %d\n",a);
double delta_X = (double) L/(N-1);
double delta_T = (double) Tmax/(M-1);
double Lamda = a * ((double) delta_T/pow(delta_X, 2.0));
double R[N+1][M+2];
double g[N][M];
double Te[N][M];
double Xi;
printf("delta_X = %.4If\n",delta_X);
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printf("delta_T = %.4I1\n",delta_T);

printf("Lamda = %.4I1f\n",Lamda);
IIAtj=1
for(inti=2;I<N ; i++)
{

Xi = (i-1) * delta_X;

R[i][1] = 4*sin(Xi) + 2*sin(2*Xi) + 7*sin(3*Xi);
by
IlAti=NORi=1thenR=0
for (intj=1;j<=M+1; j++)

R[1]01 = RINIG] = 0.0;
for(intj=1;j<=M; j++)
{

for(inti=2;Ii<N;i++)

R[i][j+1] = Lamda * R[i-1][j] + (1-2*Lamda) * R[i][j] + Lamda *
RL+1]0] ;

by
printf'i ] Xi Tj T(i,)) ET(,)) Te(i,j)\n");

for(inti=1;i<=N; i++)
{
for(intj=1;j<=M; j++)
{
double Tj = (j-1) * delta_T;
double Xi = (i-1) * delta_X;

glil[j] = 4*sin(Xi)*exp(-1*Tj) + 2*sin(2*Xi)*exp(-4*Tj) +
7*sin(3*Xi)*exp(-9*T));

Te[i]0] = oli]0] - RO10O] ;
abs(g[1]0] - ROIDD);
printf("%d  %d  %.4If  %.4If  %If  %If
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%.90n",1,1,Xi, Tj,R[1101.90101, Te[110D);
printf("---\n");
by
by

return O;

}
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Appendix C

C™ code for example (4.3):
#define _USE_MATH_DEFINES // Define the value of pi
#include <stdio.h>
#include <math.h>
#define P1 3.141593
int main() {
I insert code here...

printf("Example_5"\n");

int N ,M , Tmax ;

inta=1,;

intL=1;

printf("Enter these values \n");
printf("N =");
scanf("%d",&N);

printf("M =");

scanf("%d",&M);

printf("Tmax =");
scanf("%d",&Tmax);

printf("L = %d\n",L);

printf(a = %d\n",a);

double delta_X = (double) L/(N-1);
double delta_T = (double) Tmax/(M-1);
double Lamda = a * ((double)delta_T/pow(delta_X, 2.0));
double b =a * delta_T;

double R[N+1][M+1];

double g[N+1][M+1];

double Texact[N][M];

double Terorr[N][M];
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double Xi,Tj;

printf("delta_X = %.4If\n",delta_X);
printf("delta_T = %.41f\n",delta_T);
printf("Lamda = %.4I1\n",Lamda);
IIAtj=1
for(inti=2;I<N ; i++)
{
Xi = (i-1) * delta_X;
R[i][1] = sin(2*P1*Xi);
¥
IlAti=NORi=1thenR=0
for(intj=1; <=M j++)
R[1]01 = RINIG] = 0.0;
//[Function OF G(Xi,Tj)
for(inti=1; i<=N; i++)
{
for(int j=1; j]<=M ; j++)
{
Tj=(-1) * delta_T;
Xi = (i-1) * delta_X;
double ex = -1 *Tj;
glil[i] = exp(ex) * sin(P1 * Xi);

¥
printf(*\n\n\n");

/IWhole Function
for(intj=1;j<=M; j++)
{

for(inti=2;I<N ; i++)
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{
R[i][j+1] = Lamda * R[i-1][j] + (1-2*Lamda) * R[i][j] +Lamda *
RL+1]0] + b * olil0] ;}
by
printf"i  j  Xi Tj T(i,)) Tex(i,j) Terr(i,j)\n");
printf(*\n");
//[Exact Function
for(inti=1;i<=N; i++)
{
for(int j=1; j<=M; j++)
{
Tj=(-1) * delta_T;
Xi = (i-1) * delta_X;
double expl = -1 * pow(Pl, 2.0) * Tj;
double exp2 = -4 * pow(Pl, 2.0) * Tj;

Texact[i][j] = ((2.0/(1-pow(PI, 2.0))) * exp(expl) * sin(Pl * Xi)) - ((exp(-
1*Tj)/(double)(1-pow(Pl, 2.0))) * sin(PI1*Xi)) + ((exp(exp2)) * sin(2 * PI
*Xi));

Terorr[i][j] = Texact[i][j] - R[i1[j];
abs ( Texact[i][j] - R[iI[i]);

printf("%d %d %.4If %.4If  %lf %lf
%.9f\n",i,J,Xi,T},R[i][j], Texact[i][j], Terorr[i]l[j]);

printf(*\n");
by
¥

return O;

}
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Appendix D

C™ code for example (4.4):
#define _USE_MATH_DEFINES // Define the value of pi
#include <stdio.h>
#include <math.h>
#define PI 3.141593
int main() {
I insert code here...
printf("Cylinder Example_1\n");
int N ,M , Tmax ;
double a,L;
printf("Enter these values \n");
printf("N =");
scanf("%d",&N);
printf("M =");
scanf("%d",&M);
printf("Tmax =");
scanf("%d",&Tmax);

printf("L =");
scanf("%lIf",&L);
printf("a="");

scanf("%lf",&a);

double delta_R = (double) L/(N-1);

double delta_T = (double) Tmax/(M-1);

double Mue = a * ((double) delta_T/pow(delta_R, 2.0));
/[double b = a * delta_R;

printf("delta_R = %If\n",delta_R);

printf("delta_T = %If\n",delta_T);

printf("Mue = %If\n",Mue);
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double Ri,Tj;

double R[N+1][M+2];
double F[N+1];
IIAtj=1
for(inti=1;I<N;i++)
{
Ri = (i-1) * delta_R;
R[i][1] = F[i] = 10 + sin(PI *Ri);
by
IIAti=NORi=1thenR=0
for (intj=1;j<=M+1; j++)

{
R[1]0] = F[1] = 10;
RIN][] = 100;
}
for(intj=1;j<=M; j++)
{

for(inti=2;I<N ; i++)

R[i][j+1] = Mue * ((double)i/(i-1)) * R[i+1][j] + Mue * R[i-1][j] +
(1-Mue-(Mue * i/(double)(i-1))) * R[i][I;

}
printf("i | Ri Tj F[ri] R(i,j)\n");
printf(*\n");
for(inti=1;i<=N; i++)
{
for(intj=1; <=M j++)
{
Tj=(-1) * delta_T;
Ri = (i-1) * delta_R;



printf("%d %d  %.4If
%If\n",1,j,Ri, T}, F[IL,RO]0D);

printf("\n");

}

return O;
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%.41f

%lf



104
Appendix E

C™ code for example (4.5):
#define _USE_MATH_DEFINES // Define the value of pi
#include <stdio.h>
#include <math.h>
#define PI 3.141593
int main() {
I insert code here...
printf("Cylinder Example_21\n");
int N ,M , Tmax ;
double a,L;
printf("Enter these values \n");
printf("N =");
scanf("%d",&N);
printf("M =");
scanf("%d",&M);
printf("Tmax =");
scanf("%d",&Tmax);

printf("L =");
scanf("%lIf",&L);
printf("a=");

scanf("%lf",&a);

double delta_R = (double) L/(N-1);

double delta_T = (double) Tmax/(M-1);

double Mue = a * ((double) delta_T/pow(delta_R, 2.0));
double b =a * delta_T,;

printf("delta_R = %If\n",delta_R);

printf("delta_T = %If\n",delta_T);

printf("Mue = %If\n",Mue);
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double Ri,Tj;

double R[N+1][M+2];
double F[N+1];
double G[N+1][M+1];
IAtj=1
for(inti=1;i<=N;i++)
{
Ri = (i-1) * delta_R,;
R[i][1] = F[i] = sin(PI * Ri / 3.0);
¥
IlAti=NORi=1thenR=0
for (intj=1; j<=M+1; j++)
R[1][] = RIN]LI = F[1] = F[N] =0;
/IIFind GJi][j]
for(intj=1; j<=M; j++)
{
for(inti=1;i<=N;i++)
{
Ri = (i-1) * delta_R;
Tj=(-1) * delta_T;
G[il[j] = exp(-4 * pow(Pl, 2.0) *Tj) * sin(Pl * Ri / 3.0);
¥
by
for(intj=1; j<=M; j++)
{
for(inti=2;i<N;i++)

Ri][j+1] = Mue * ((double)i/(i-1)) * R[i+1][j] + Mue * R[i-1][j] +
(1-Mue-(Mue * i/(double)(i-1))) * R[i][j] + b * GIil[jl;

}
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printf("i  j R Tj GIil[i] F[ri] RGN
printf(*'-------- \n");
for(inti=1;i<=N; i++)
{
for(intj=1;j<=M ; j++)
{

Tj=(-1) * delta_T;
Ri = (i-1) * delta_R;

printf("%d  %d %.41f %.41f %If %If
%IMRn",i,j,Ri, Tj,G[I]1[],FLI1.RIGD;

printf(**-----\n");

}

return O;
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Appendix F

C™ code for example (4.6):
#define _USE_MATH_DEFINES // Define the value of pi
#include <stdio.h>
#include <math.h>
#define PI 3.141593
int main() {
I insert code here...
printf(""Sphare Example_1\n");
int N ,M , Tmax ;
double a,L;
printf("Enter these values \n");
printf("N =");
scanf("%d",&N);
printf("M =");
scanf("%d",&M);
printf("Tmax =");
scanf("%d",&Tmax);

printf("L =");
scanf("%lIf",&L);
printf("a="");

scanf("%lf",&a);

double delta_R = (double) L/(N-1);

double delta_T = (double) Tmax/(M-1);

double K =a * ((double) delta_T/pow(delta_R, 2.0));
/[double b =a * delta_T,;

double Ri,Tj;

double S[N+1][M+1];

double F[N+1];
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IIAtj=1

for(inti=1;I<N;i++)
{

Ri = (i-1) * delta_R;

S[i][1] = F[i] = 5 + sin(PI*Ri);
by
IlAti=NORi=1thenR=0
for(intj=1; <=M j++)

{
S[1I0] = F[1] = 5;
SINI[I = 15;
¥
for(intj=1;j<M; j++)
{

for(inti=2;Ii<N;i++)

S[il[j+1] = K * ((double)(i+1)/(i-1)) * S[i+1][j] + K * S[i-1][j] + (1-
K-(K * (i+1)/(double)(i-1))) * S[l[i:

¥
printf"i ] Ri Tj F[ri] S(i,j)\n");
printf("\n");
for(inti=1;i<=N; i++)
{
for(intj=1;j<=M; j++)
{
Tj=(-1) * delta_T;
Ri = (i-1) * delta_R;
printf("%d %d  %.4If %.41f %If

%If\n",i,j,Ri, Tj,F[i],S[10]);
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printf("\n");

return O;
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Appendix G

C™ code for example (4.7):
#define _USE_MATH_DEFINES // Define the value of pi
#include <stdio.h>
#include <math.h>
#define PI 3.141593
int main() {
Il insert code here...
printf("Sphare Example_2\n");
int N ,M , Tmax ;
double a,L;

printf("Enter these values \n");

printf("N =");
scanf("%d",&N);
printf("M =");

scanf("%d",&M);
printf("Tmax =");
scanf("%d",&Tmax);

printf("L =");
scanf("%lIf",&L);
printf("a =");

scanf("%lf",&a);

double delta_R = (double) L/(N-1);

double delta_T = (double) Tmax/(M-1);

double K =a * ((double) delta_T/pow(delta_R, 2.0));
double b =a * delta_T,;

double Ri,Tj;
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double G[N+1][M+1];

double S[N+1][M+1];
double F[N+1];
INAtj=1
for(inti=1;I<N;i++)
{

Ri = (i-1) * delta_R;

S[i][1] = F[i] = sin(P1 * Ri /5.0);
by
IIAti=NORi=1thenR=0
for (intj=1;j<=M; j++)

{

S[1]01 = SINIQ] = 0
by
I/ Find Function Of G
for(intj=1;j<=M; j++)

{
for(inti=1;i<=N; i++)
{
Tj=(j-1) * delta_T,;
Ri = (i-1) * delta_R;
G[il[j] = exp(-1*Tj) * sin(PlI * Ri / 5.0) ;

¥
for(intj=1;j<M; j++)
{

for(inti=2;I<N; i++)
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S[il[j+1] = K * ((double)(i+1)/(i-1)) * S[i+1][j] + K * S[i-1][j] + (1-
K-(K™* (i+1)/(i-1))) * S[ill] + b * G[i][];

by
printf("i j  Ri Tj Gllol  F[]  S@j\n”);
printf("*-\n");
for(inti=1;i<=N; i++)
{
for(intj=1;j<=M; j++)
{
Tj = (j-1) * delta_T;
Ri = (i-1) * delta_R;

printf("%d  %d  %.4If  %.4lf  %If  %lf
%If\n",i,j,Ri, T}, G 01.F[],S[0);

printf("\n");
¥
by

return O;

}



Aol zladl) daala

Ldad) el 408

@Al Jragtl Uslaa Jal Lasally Aldatl) (g hal

Aas)

Jal dlas ol dilas

i)

Lf'l.'\hﬁ @U a0

claabll B dealdl A do Jsaeal) cllliad YlSial dag)b¥) sda cudd
oot byl Al gl) o) daaly B Lilad) cilupal) 430y
2017



@bl Jua sl Ualaa Jad dpaselly 4bilal) 5 k)
e
Ulal dilae Glgs dlas
)
(Pikd Al .o g
uadlall
s leba A Alals C¥alee S5 o el duniglly A8lal) alglall e IS
Alshulls gsiall mhudl 1 Llugl se 3 ghall Juagl) diles LT Al 538
Aldas (§yka amy aall 238 Jay Ll 5 cdlaleall 23¢d duialy)ll drpall LUS Ly 3l

fed (bl oy Lime dason oyl (38

Separation Of Variables Method (<uiall Jai 444k, Laplace Transform
Method (LY Jisas 48y3k) , Duhamel's Method

(Jaa 52 43k, and Green's Function Method (ce o)) 23y)k).
idphll e uadies bade (ghall Juagdll dalaas Jag Liad &
Finite Difference Method (%uasasll (35 4l 28yl
, C Aol AR e ol gl A Yla Laagly 2B (0 degene o Wl
OsSe gt ( Terror)U“ﬂ\ Dhie ddphall o2 Cj e S5 g;m C‘—’t‘-m sy lgie La iy
DoY) Ga BY pe ) Jall g adill ui die sl Jal) d3jlie die s (8
)

aAdt
(arz —

1 1
< = and -
2 2

Loyl s Jlaa) Jla 8 Jsire e Uadll Hlaie oS5



