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Fractional Derivatives and Their Applications to Fractional
Differential Equations
By
Donia Khairi Mohammed Fogha
Supervisor
Dr. Anwar Saleh

Abstract
Fractional calculus is a field of mathematics which concern on finding
derivatives or integrals of non-integer order. The exact birthday of fractional
calculus was in september 30, 1695.
Over the years, many mathematicians contributed to this field, and bit by bit
the importance of fractional calculus has appeared in many aspects of our
life, such as physics, engineering, viscoelasticity, and many others.
In this thesis, we start our work in chapter 1 by focusing on the definition of
Riemann-Liouville fractional integral, and finding the fractional integral of
any order p for many functions.
In chapter 2, we study the two mostly used definitions of fractional
differentiation namely; the Riemann-Liouville and the Caputo definitions,
then we make comparison between the two definitions of fractional
derivatives. In chapter 3, we focus on solving fractional initial value
problems with Caputo operator or with Riemann-Liouville operator using
the easiest method which is Laplace transform method.
At the end of this thesis, we focus on some applications of fractional calculus

in real life such as tautochrone problem.



Chapter One

Introduction
The concept of differentiation and integration is known to everyone who
have studied classical calculus. For example, the first-order derivative of the

function f(t) = t3is f'(t) = 3t?
and the second-order derivative is f"'(t) = 6t

Similarly, for anti-derivatives, the first-order anti-derivative of the function
— +3; 3 — i
f@)=t3is [t3dt = —+c

The second-order anti-derivative is:
t5
jjf(t)dt =%+ct+d

Several questions need answers: What happens if the order of differentiation
or integration is a fraction? How can we define these new operations? Would
the result be convenient or have a meaning or application comparable to that
of classical integer order derivative or integration?

The answer of all these questions can be found in the new field of
mathematics which is called fractional calculus.

Fractional calculus is a field of mathematics which is more than 300 years
old. However, it didn't attract attention until recently. The revival of
fractional calculus is due to B. Ross who, shortly after his Ph.D. thesis on
fractional calculus, organized the first conference on fractional calculus and

it's applications at the university of New Haven in June 1974. This field



2
started to attract many scientists and engineers. A number of studies and
papers have been published in famous journals, because they discovered that
it has many applications in engineering and science, such as fluid flow,
electrical networks, probability, mathematical biology, etc.
The basic mathematical idea of fractional calculus was developed long ago

by Leibniz in 1695 when he asked by L'Hopital: "What is the meaning of

%f(t) ifn= % This question lead to the birth of fractional calculus.

Following Leibniz, many famous mathematicians like Laplace, Liouville,
Riemann, Fourier, and many others have contributed to the field of fractional
calculus.

Fractional calculus is a generalization of the ordinary differentiation and
integration of integer order, in the same way that the fractional exponents
are outgrowth of exponents of integer value.

At the beginning, the field of fractional calculus did not draw much attention
due to the fact that scientists could not find applications of the concept of
fractional derivative or integral. Now, there is no adoubt that fractional
calculus has become an essential new mathematical tool for solving many

problems.



1.1 Historical view

The question that led to the birth of fractional calculus was from a letter
which is written by L'Hopital asking Leibniz about the nt"* derivative of the
linear function f(t) = t, and what will happen when n = % [7]. In general,
what would the result be when n is a fraction, then Leibniz replied and wrote
"this is an apparent paradox from which, one day, useful consequences will
be drawn", and from this first inquisition between L'Hopital and Leibniz the
new field of mathematics was called fractional calculus, but in fact, the order

of differentiation or integration can be any positive real number.

After L'Hopital and Leibniz first inquisition, the field of fractional calculus
has motivated many famous mathematicians, such as Fourier (1820-1822),
Lacorix (1819), Riemann (1826-1866), Liouville (1809-1882), Laplace
(1812), Caputo, Euler (1730), and many others, and each of them made an
effort to make progress in this field of mathematics. Next, we list some
major contributions to fractional calculus by famous

mathematicians[15], [17].

In 1812, Laplace defined the fractional derivative by means of an integral.
In 1819, Lacorix was the first mathematician to define the m*" fractional
derivative using the gamma function. He applied his definition on the
function f(t) = t™ in a paper published in 1819. The mt"-derivative of
f(t) =t"is:

a"f()  nl N
dtm  (n—m)! t

, n = m,mis integer



. I'(n+1)
" T(n—-m+1)

n-m

After that, he try to apply this definition when m = %,n = 1, and he get:

dz2(t) ~ zﬁ
gz VT

In 1823, Abel applied fractional calculus in the solution of an integral
equation that arised from the formulation of the tautochrone problem.

The tautochrone problem is the problem of determining the shape of the
curve such that the time of a discent that a frictionless point mass needs to
slide down the curve under the work of gravity is independent of the starting
point.

Over the next 10 years (1823 to 1832), no significant progress has been
made. In 1832, Liouville was successful in applying his definition of
fractional calculus to problems in potential theory.

After that, many mathematicians made very important work in fractional
calculus such as Riemann, Grunwald-Letnikove, Caputo in 1967, K.S.
Miller, B.Ross in 1993 and many others.

While fractional derivatives can be defined in different ways, we will a dapt

the Riemann-Liouville and Caputo definitions.



1.2  Special Functions

In this section we give a brief review of some functions that are important
for the fractional calculus. These functions are: the gamma function, the beta
function, the error function, the complementary error function, the confluent
hyper geometric function, the Mittag-Leffler function, the incomplete
gamma function, and the Mellin-Ross function.

1. The gamma function [8],[18],[12],[1]

Definition 1.1: The gamma function is defined as

I'(z) = jootz‘l e“tdt,z€ R —{Z} (1.1)
0

Here, It is interested to say that the gamma function is a generalization of

the factorial function, since for any positive integer n,

['(n) = joot"‘l e tdt=(n—-1)!
0

Example 1.1:

r()=r@2)=1

['(z+1) =2zI'(2)

r(1/2)=+r

Vr

F(n+1/2) =2—n(2n— D',neN

Figure (1.1) describes the shape of the gamma function for real numbers
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Figure 1.1: Gamma function for real numbers [9]
2. The beta function: [12],[7]
Definition 1.2: The beta function is defined as:
Bx,y) = fol t*"1(1—¢t)Y"1dt,Rex > 0,Rey >0 (1.2)
Two important properties of the beta function are:

a. the Beta function is related to the Gamma function through the relation:

_TT(y)
CT(x+y)

b. the Beta function is symmetric, which means 8(x,y) = S(y, x)

B(x,y) (1.3)

(The proof is straight forward using (1.3))



Example 1.2:

B(2,3) =T(2)r(3)/I(5) =2/24=1/12

B(3,2) =TR)I(2)/T(5) =2/24 =1/12

3. The error function (erf): [8],[10],[9]

The error function is considered to be one of the most important functions

in fractional calculus and it is given in the following definition:

Definition 1.3:

2 t
erf(t) =— e‘xzdx,tZO 1.4
F) = j (1.4)

0

A function which is closely related to the error function is

The complementary error function (erfc) which is defined as:

Definition 1.4:
_ 2 ( *dx =1 1.5
erfc(t) = \/_E.!. e x=1—erf(t) (1.5)

Figure (1.2) describes the shape of complementary error function for real

numbers.
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Example 1.3:

|

erfc(—oo)

erfc(0) =

(00]

©

0

e}

f. jerfcz(t)dt=

0

] erfc(t)dt =

Figure 1.2: The complementary error function [9]

=2

1

erfc(oo) =0

erfc(—t) =2 —erfc(t)

1
Vi

2-4/2
NC

. erf(o) =1,erf(—o) = -1

. The confluent hyper geometric function: [9]
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Definition 1.5: The confluent hyper geometric function is defined as:

T O T + k) 2"
T T(x) — Ty + k) k!’

1F1(x,y; Z) (16)

where

x,y,Z€ C,—y &Ny, |z| <

Remark: for x = y, the definition becomes:

F(x)~T(x + k) z8 <= z*
1Fi(e,x;z) = (x) ( ) =2F=ez
k=0

() &+ k) kt

which is the exponential function. Therefore, the confluent hyper geometric
function can be considered as a generalization of the exponential function.
Two important properties of the confluent hyper geometric function

are:
a. F;(x,y;0)=1

d X
b. ElFl(x,y; z) = ;1F1(x +1,y+1;2)

5. The Mittag-Leffler function: [10], [3], [6]

The Mittag-Leffler function is defined by a Swedish mathematician in 1903,
and it is considered to be a generalization of the exponential function just as
the confluent hyper geometric function is. It is defined in two ways:
one-parameter function, and a two-parameter function which is introduced

by Agarwal.



10

a. The one-parameter Mittag-Leffler function is defined as:

Definition 1.6:
E = _— ER,tE 1.7
() ;r<ak+1)'“>°'“ ,t €C (1.7)

b. The two-parameter Mittag-Leffler function is defined as:

Definition 1.7:

Ea’ﬁ(t)—kz_om, 0(,,8>0, a,,BER,tE@ (18)

Example 1.4:

a. El,l(t) = et

b. E,, (t*) = cosh(t)

sinh(t)
t

C. Ez’z(tz) -
d. E1 (O)= et’erfc(—t)
>

Remark: for g = 1, the two parameter Mittag-Leffler function is reduced

to the one- parameter Mittag-Leffler function.
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Figure 1.3: The two-parameter function of the Mittag-Leffler type [9]

6. The incomplete gamma function: [15]
The incomplete gamma function is significant to fractional calculus and it is
defined as:
Definition 1.8: _
Zk
Y'(v,z) =e_zkz_or(”+k+1) (1.9)

This function is entire function of both z and v, and if Re z > 0, then it has

the integral form:
(1.10)

zZ

* — v—1,-t
y*(v,2) z”F(v)ft e tdt
0
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Recall that an entire function is a function that is analytic in the entire
complex plane.
7. The Mellin-Ross function: [15],[10]
Mellin-Ross function is considered to be one of the essential functions in
fractional calculus, and it is related to both the incomplete gamma function
and Mittag-Leffler function.

Definition 1.9:

Z
1
E,(v,a) = z’e*y*(v,az) = O] j tv-leaz=t) gt (1.11)
0

1.2 Fractional integration
In this section we will derive the formula for integration of arbitrary real
order number and study important properties about this integration. Then,

we give examples to illustrate evaluation of fractional integral.
1.2.1 Unification of integer-order derivatives and integrals [18], [15]

Drichlet's formula:
If G(x,y) is jointly continuous on [a, b] X [a, b], then we know from the

elementary theory of functions that:

fdfo(x,y)dy =jdny(x,y)dx (1.12)
a a a y

Theorem 1.1: suppose that a function f(t) is continuous and integrable in
every finite interval (a,t). The function f(z) may have an integrable

singularity of order x < 1 at the point t = a, which means:



lim(t — a)*f(t) = const # 0
T—a
In this case, the integral:

FED() = j o

exists and has finite value with

lim fCV() =0

t—a
Proof:
Let T—Aa
e =

Y t—a
then:

T=a+(t—a)y
and

dt = (t — a)dy
Now,

t
lim fCV(t) = limj f(dr
t-a t-a a

1

=lim(t—a) | f(a+y(t—a))dy

t-a 0

Lete =t — q, then:

13
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1

li_r)gf(‘l)(t) = 1imeff(a+ye) dy

=0 o

1
= lime ()
€0 (ey)*
0

f(a+ye)dy

1
~lim e [ (@) (@ + yo)y~dy = 0
E—
0
Now, since x < 1, we can consider the two fold integral f2)(t)

D) = del ff(r)dr

Applying Drichlet's formula, we get:

t

FE2(@) = f f(D)dr f dr, = j (t—0)f(r)dr

a

In the same way, we can find the three-fold integral f3)(¢):

FE3(@) = fd’[l f dt, jz f(t3)dts
= de1 f(rl —17)f(7)dr

-~ [0

and by induction, we reach the well-known Cauchy formula
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1.2.2 Cauchy formula: [2]

Let f be a continuous function on the real line, then the nt*-repeated integral

of f based at a is:

FED () = f (¢t — D™ f(D)de (1.13)

r(n)

Remarks:

a. For a given integer n > 1 and any integer k > 0, we have:

t

FO©) = s D7 [ (=0 s (1.14)

a

where the symbol D™* ,k > 0 means k iterated integrations.
b. For a fixed integer n > 1, and any integer k > n, the

(k — n)t" —derivative of the function £ (t) can be written as:

fEM (1) = T)Dk j(t " f(D)dr (1.15)

where the symbol D*, k > 0 denotes k iterated differentiations.
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Definition 1.10: Riemann-Liouville fractional integral:

Riemann-Liouville fractional integral is defined as:

1 t
DO = s f (¢ — P f(D)dr (1.16)

where the symbol ,D;Pf(t) denotes fractional integration of order p.
This definition was derived from Cauchy formula, when we replace the

integernbyp >0, peR

Note: when a = 0, we will use the notation D~Pf(t) to denote the

fractional integration of order p
1.2.3 Properties of Riemann-Liouville fractional integral [18],[12]

We prove three major properties of the fractional integration of arbitrary real

order p
Property 1:
lim D77 £() = £(©),
and so we can put
DY) =f(®)
Proof: To prove this formula, we will consider the following two cases:

First case: The function f(t) is continuous fort > 0.
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Integration by parts to the formula (1.16)
implies that:

(t—a)?f(a)
F'p+1)

DIPF(E) = PR [0 r@ar
a-t F'p+1) )

Now, take the limitas — 0 .
t

lim D7) = f@) + | /@i
a

=f@+ @)~ fla) = f(t)

Second case: f(t) is continuous for t = a, a € R then:

t
1
DO = o [ ¢ =07 far

DIPF(D) = %p) j (t =P () + £(0) = F(©)dx

I T I FO [ s
DiFO = s j (¢ =P (F@) = FO)r + 5 f (¢t — )P Lde

t—6
1 1 B
-5 j (t =P (f(2) - F(©))dr

1 e fOE-aP
¥ @Jﬁ — P @ = f@)dr = E TS
=1L +1 +f(t)(t ok

F'p+1)
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where,
t—6

I = % [ e—orr @ - renan

L= f =D (f(@ - f©)dr
M) J

In the integral I,, f(t)is continuous. Therefore, for every § > 0, there
exists € > 0 such that |f () — f(t)| < &, abound on I, is given as follows:

goP

Ll <——-
II2] Frlp+1)

F( ) j(t—r)p Tdr < ————

Now,asé — 0, & — 0, then we have }Singllzl =0whenp >0

Let us now take an arbitrary € > 0 and choose § such that |I,| < & for

all p = 0, then a bound on I; can be given by:
t—8

I < if (t—D)P=tdr < —— (67 — (¢ — &)")
1 _F(p)a T T'p+1)

from which it follows that, for fixed 6 > 0,

2191_r>r(1)|11| =0

Now, the triangle inequality implies:

(t—a)? 1|

| DPF@) = FO] < 0]+ 1]+ 1 (D) |r( +1)

Therefore, 1irr(1) sup| D, Pf(t)— f(®)| < ¢
p—)
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where € can be chosen as small as we wish. Therefore,
lim sup| D, Pf(t) — f(©)| =0

and lim ,D,"Pf(t) = f(¢t)
p—0

Property 2:
Dt_p(aDt_qf(t)) =D, PTUf (D) (1.17)

This property can be proved by the following series of equations:

t
1
DD 0) = s [@—orrp @

= —)p1 —&a-1
T !(t 0P -tdr j (t - T f(©)de

Using Drichlet's formula (1.12)

- j LS f (t - (x - (118)

Let T =&+ 8(t — &)

D,7P (aDt_qf(t)) =

p-1 -1
F(p)F(q)jf(f)dfj(t_ (E+8t-9))  (8¢t—)" (¢t —§ds

_ RN 2 .
F(p)r(q)f f&ds f (t—&—8(t— ) " (6(t— )T 1ds
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1 t 1 B B
- o f f()de Oj ((t— &) (1 - 8)P (St — £)71d6

— +q—-1 1 _ 1
- o f F&a j (t=§P*1(3)7 (1 = 8)~dd

_ +g-1
F(p)F( )ff(f)(t &P B(p, q) d§

— +q-1 - -p—q
- o j (6= P FEE = oD PO

Property 3:

We can interchange p and g that appears in property 2, so we have:
Dt_p(aDt_qf(t)) = aDt_q(aDt_pf(t)) = aDt_q_pf(t)

Theorem 1.2: Leibniz rule for fractional integral [14]:

In classical calculus, general Leibniz rule gives the nt" derivative of a
product of two functions in terms of the derivatives of each function,

assuming n is non zero integer.

The general Leibniz Rule:

n

D(F©g) = ) (i) D*g(OID™*f (©)] (119)

k=0

Now, equation (1.19) can be extended to fractional integration by applying

it to fractional operators under the two conditions:



21
a. f(t) is contiuous on [0, t]
b. g(t) is analytic on [0, t]

then,

1 t
DP(F(Dg(®) = — f (¢ — P f(2)g(0)dr

I'(p) )

Now, using Taylor series, g(t) can be written as:

gm—Z(m 90 ¢ oy

or

g()

60 = g0+ Y (T ¢y

k=1

If we substitute (1.21) in (1.20), then we get:

DP(f(H)g®) =

(1.20)

(1.21)

o j (t =P 1[f(r)(g(t)+z( SEAIOIO )k)]dr (1.22)

Now, since f is continuous on [0, t], and fot(t — 1)*f(1)dr is bounded on

[0, t], then the order of integration and summation can be interchanged, so

equation (1.22) will be:

o (—1DFT(p + k)

DP(f(D9() = ) frrey— P gWIDHf (0]
k=0
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= > () kg@nnrkr o) (1.23)

where,

(—p) _ (=DFT(p + k)
k/ —  k!'T(p)

Example 1.5: The Riemann-Liouville fractional integral ,D, 7 f(t), p > 0

of the power function (t — a)®, s€ R

t
D, P(t—a)’ = %p) j(t — )P Yt —-a)sdr

Now, if we lett = a + €(t — a), then:

D, P(t —a)’ _I‘( ) f(t—a—e(t—a))p les(t —a)Stlde

= L j(t —a)P 11 —-e)P LeS(t —a)Stde
I'(p) )

1

F(p) (t —a)stP OJ eS(1—e)P lde

— 7 €= DB+ 1)

I'(s+1)
Fs+p+1)

= (t — a)5*P (1.24)
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Special case: when a = 0,s = 0, then we can replace (D, P by D7P

and we will have:
tp

D~ P(t—O)O——F( ey

Example 1.6 [15]: The Riemann-Liouville fractional integral of the

exponential function f(t) = e*

Leta = 0,p > 0, then:

1
D7 Pett = —f(t — )P leMtdr
I'(p)
0
Now, let x = t — 1, then:

D7 Pet =T )j(x)p le=Mdx (1.25)

= —tPery*(p, At)
= _Et(pl A)
Example 1.7: [15] The Riemann-Liouville fractional integral of

f(t) =cos(At),a=0, p>0

D~ Pcos(At) = j(t — 1)P1cos(An)dr

b
I'(p) )

Assuming x =t — t, implies:
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D~ Pcos(At) = %f xP lcos A(t — x)dx = —c,(p, 1) (1.26)
0

Similarly,

D~Psin(At) = e )f(t — 1)P 1sin(A7r) dt

-1

1 — S
F(p) xP~ cosA(t — x) dx s¢(p, A) (1.27)
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Chapter Two

Fractional differentiation

In this chapter, we will talk about fractional differentiation. There are
different definitions for fractional derivatives. In this chapter, we will start
by studying two of the most popular definitions. Namely, the Riemann-
Liouville fractional derivative and the Caputo fractional derivative. A
comparison between these two definitions will be made. At the end, we will
move to find Riemann-Liouville and Caputo fractional derivative of
different functions.

Note: We will use the notation ,D? (f(t)) for Riemaan-Liouville fractional
differentiation, and when

a = 0, we will delete the lower limits and use the notation DP f(t) for the

Riemann-Liouville fractional di

2.1 Riemann-Liouville fractional derivative: [19], [15]

Definition 2.1: The Riemann-Liouville fractional derivative of order p:

1 d*
j(t—r)k‘p‘lf(r)dr, k—1<p<k,p>0(2.1)

P _
D =Tk —pyark
a

In fact, this definition is an extension of the derivative of integer order.

For k > nand k,n € N, equation (1.15) can be written as:

£ () ——Dk j (¢ - D" F@de = DF V(R 2.2)
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This form of the derivative of an integer order (k — n) provides a chance to
extend the notion of differentiation to non-integer order. Here, we can
replace the integer n with any real a in formula (2.2), and let « be any real
number such that k — a > 0. This will give:

DEFO = s j (t - D f@dr

However, for convergence, we need to restrict a to o > 0. Moreover,
forp = k — a, the result is the well-known Riemann-Liouville fractional

derivative as given in definition 2.1.

Another representation of the Riemann-Liouville fractional derivative is:
d* (o -ep)
DPF(t) = ﬁ( PEw),  k-1<p<k (2.3)

This means that Riemann-Liouville fractional derivative is equivalent to find
fold integration of order k — p followed by k" —order differentiation.
Note: We use the symbol D™ f(t) which denotes the ordinary derivative of

order n, where n is nonnegative integer.
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2.1.1 Main properties of Riemann-Liouville fractional
derivative: [18],[9], [19]
Property 1:
If p =k — 1, then we obtain a conventional integer-order derivative of

orderk —1:
k-1 d“ k-1
DEf() = —(aD, f®)

dtk
dk
(D) = FE D)

T dtF
Property 2:

Forp =k = 1andt > a and using (2.3)

dk dk
DEF(O) = 3 WD () = T f () = O (D)
That means for t > a, the Riemann -Liouville fractional derivative of order

p = k > 1 coincides with the conventional derivative of order k.

Property 3:

The pt"*-order derivative of the pt"*-order integral of a function f(t) is the
function £ (t) which means that:

DD PfF)=f(1), p>0, t>a (2.4)
Proof:

For p =n > 1, we have:

) n t p t
DEGDTFO) = 2 [ (¢ = @ = 2 [ F@dr = £

Forany pwithk —1 < p < k, we have:
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k k

d _ d (k- _
T [aD DY (7 F ()] = {oDr “TP (DT F )]

But, using the composition rule (1.17), one get:
D) = oD TP f(0)

= D7 (WD;PF (D))

= oD (D F ()
Therefore,

dk
an(aDt_pf(t)) = W{aDt_kf(t)} = f(t)

Remark: In general, when p,q = 0, then we have:

DY (D7UF () = PP () 2.5)

property4: Commutativity:
Similar to conventional integer-order differentiation and integration,

fractional differentiation and integration do not commute.

i . —aq)?J
D7 GDPFO) = £ = ) (DI FO), ., F((; _C]‘.)+ 5 @6
j=1
Note: If we assume that p, ¢ = 0, then we have:
i . —a)PJ
DI (DI©) = DS = Y DIV SO, pom s (@)
j=1
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Property 5: Linearity:

DP(af(O)+Bg(0) =aDEf(E) + .0 g(b)

Proof:
E C(af@)+B g
an(af(t)+ﬂg(t))=F(k_p)dtk ((t_T)p_kH ) &
J (af®) ., d* RO }
F(k oy ek | oo € g ) o ppet 9
a dx ‘ £(O B dk t 9(8)

= Tk—pyart) t—op ot T Tk —pyark | =t &
a a

= C(anf(t) + ,Ban.g(t)

Property 6: Interpolation:

a. lim D f(8) = F©(0) (2.8)
b. lim oDy f() = f4D(®) (2.9)
Proof:

DPf(E) = ( ) are J(t—f)k P=1lf(1)dr

1 d [ —f@E-oF P
" T'(k —p)dtk k—p

f (O -1
k—p de
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1 dk k—-p : ! k—p
= k= p r Dtk f(a)t +ff D —1)Pdr

Now, if we take zlgi_rf}( DPf (1) ,pLiIErl ) «DP f () respectively, then we have:

dk g
a lim DPFO = 2| f@ + [ £ @dr
dk
= S (F@) + f®) — f(@) = fO 1)

t

dk
b'p_l};?_ll DPf() = FT fla)t+ jf’ (»)(t —1)dr

a

k

d t
= W(f(a)t @ - Dl + j f(r)df>

k

p t
= ﬁ<f(a)t — f(a)t + jf(r)dr) = f*D(1)

Property 7: Composition with integer order derivatives:

Suppose that:

k—1<p<k, kkmeN,p eR,then:
m

d dm
dt—m(anf(t)) = an+mf(t) * an <dt_mf(t)> (2_10)

Property 8: Composition with fractional derivatives:
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Letm—1<p<mand n—1<q <n,then:

= . —a)PJ
D7 (1) = D2 F O = ) [87],., G -a,)g -y @
j=1

Theorem 2.1: Leibniz rule for Riemann-Liouville fractional

derivative [18]:

Lett >0, peR,n>p>n—1, andn € N. If f(7), g(r), and all their

derivatives are continuous on [0, t], then the following holds:

D?(f(D)9(0)) = Z ) [D*g(eNIDP*f (®))

p) __ e+l (2.12)

where () = K T(p—k+1)

Example 2.1. Leta=0, p = %,and f(t)=t. Then, the Riemann-

Liouville fractional derivative of order % for the function f(t) =t is:

1
Di(t)— J(t—r)zrdr 0<p<1i

Now, if we letu = t — 1, then

0

j(t—r) ZTdT——ju__Zl(t—u)du

t

1
= —ft tuz du+ft0u_2du



10 3° 3\ 2 3
= —2tuz| +-uz2| = (0—2t2>+—<0—t2)
t t 3

3 23 43
=2t2 ——t2 = —t2
3 3
then:
1 d /4 3 24/t
D(t)— ( ):_\/—
Vmdt\3 Vi

Example 2.2: Leta =0,p =1, f(t) =t. Then, the Riemann-Liouville
fractional derivative of order 1 for the function f(t) =t is:

Dl(t)_mﬁj(t—‘f)ol’d‘f 1Sp<2

d? g d? (t?
dtzj rer dt2<2>
0
We must expect this result, because we mentioned that the Riemann-

Liouville fractional derivative of order p = k > 1 coincides with the

conventional derivative of order k.

Example 2.3: [18] Fractional derivative of the power function (t — a)’
Here, we will show how we can evaluate the Riemann-Liouville fractional
derivative D} of the power function f(t) = (t — a)5,s € R

Assuming that k — 1 < p < k and using :

p d —(k p)
DIfF(©) = 2 (D7 1)
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together with:

Dt = a)° = r(i(i jp) (£=a)y™

then, we get that:

DE(t—a)° = F(i(i :f)p) (¢ = a)* (2.13)

and the only condition for f(t) = (t — a)® is its integrability, which means:

s> —1

2.2 Caputo fractional derivative [21],[10],[8],[9]
Another definition for the fractional derivative is the following Caputo
definition which is denoted by D? £(¢t)

Definition 2.2: Suppose thatp >0 ,t >a =0 ,pandt € R, then

( t
1 f(@®
dt k—1<p<kkeN
— — F\p+1-k ’ ’
pPr(e) =4 k=P (=)
dk
L Wf(t) , p = k €N
Alternatively:
DPf(t) =D &®Ppkf(t), k—-1<p<k (2.14)

This means that finding the Caputo fractional derivative of any function is
equivalent to find the k" -order differentiation and then finding the fold
integration of order (k — p)

The Caputo fractional derivative is considered to be an alternative definition
for Riemann- Liouville definition to find fractional derivatives, and it is

introduced by the Italian Mathematician Caputo in 1967.
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2.2.1 Properties of Caputo fractional derivatives [9],[18]:
Property 1: Interpolation:

Let k—1<p<k,keN,pe€Rand f(t) be such that D? £ (t) exists,

then the following properties for the caputo operator hold:

a. lim DYf(t) = (1) (2.15)
b._lim DPf(8) = F&D () — F4(0) (2.16)
Proof:

=t [ L2O

F(k—p)Jy (t—T)P*1"

= 1_ <_f(k) () w t

=0 0

g vy, (E=DFP
- |- “ﬂﬁdT)

= F(k —1p n 1) <f(k)(0)tk—p + _[f(k+1)(T)(t _ T)k—pd,[>

0
Now, by taking the limitas p — k and p — k — 1, respectively, it follows

that:

a. limD? £() = (OO +fP@|,_,) = r©®)
p—k 7=0
b. lim D? f(t) = <f<k>(0)t HO@E-|_, + | f(")(r)dr>

= fED@)|_ = FED(E) - FED(0)
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Property 2: Linearity:

The Caputo fractional derivative of a linear combination of functions is the

linear combination of the Caputo fractional derivatives of the functions

DY (af (t) + Bg()) = aDPf(¢t) + BDY g(t)

Property 3: Composition with integer order derivatives:

Suppose that:

k—1<p<k, kkmeN,andp € R, then:

DYDI"f(t) = DY f(t) # DI"DYf(t) (2.17)

Theorem 2.2: suppose thatk —1 <p <k,f=p—(k—1),8 € (0,1),
k € Nand p,pB € R, then:
DYf(t) = DEDR-1f(t) = DY~ "VDR1£ (1)

Proof: In the previous property if we replace p by 8 and substitute

m = k — 1, then we get:

DEDY1f(e) = DI f(0) = DTV (6 = DPF(0)

This theorem means that only derivatives of order g € (0,1) should be
considered, because to find the fractional derivative of order p of a
function f(t), it is sufficient to find the fractional derivative of order S to

(k — 1)t" -derivative of the function £ (t).

Remark: This theorem is true for Riemann-Liouville fractional derivative
which means that:

For k—1<p<k f=p—(k—1),€(0,1),keNandp,f ER
DPf(t) = D*1DP=UDf(t) = D IDPf (1),
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Property 4:
k ,

_ 3 iy (t —a)<
DTPDPF(t) = £(6) - ]21( Do = D (2.18)
Proof:

DPDPF(t) = DP (D‘(k‘p)Dkf(t))
= D7*D*f(¢)
If we use formula (2.6) , we get that:
k ,

_ _ _; (t —a)*/
DEDRF(E) = £(£) - Z( R AO) S ey
Property 5:

k ,

_ 3 i (t —a)=P~J
DPDPF(t) = f(t) — ]Z( A {O) N~ e S CEE)
Proof:

DfD‘pf(t) = D‘("‘p)Dk(D‘pf(t)) — D—(k—p)D(k—p)f(t)
If we use formula (2.6), we get that:
(t — a)k—P~J

k
D-k=D)DU=P) (1) = f(t) — Z(D"'p'jf(t))h:a:o Fk—p—j+1)
j=1

Theorem 2.3: Leibniz rule for Caputo fractional derivative [9]:
Lett >0, peR, n—1>p>n, n € N.If f(1),g(7), and all their

derivatives are continuous on [0, t], then the following holds:

DP(F@g@) =) (7)Dkg@r (o))
k=0

-1

S

te k)
LiT(k+1-p) (F®g®)" (0) (2.20)

=0

=
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The main advantages of Caputo operator over Riemann-Liouville [9]
We illustrate the main advantage of using the Caputo definition over
Riemann-Liouville definition using the following two initial value

problems:

a. Riemann-Liouville fractional initial value problem
DPy(t) —yy(t) =0, t>0, k—-1<p<k
[DP" 1y()];20 = b, n=0,1,.... k—1

b. Caputo fractional initial value problem

DPy(t) —yy(t) =0, t>0, k—-1<p<k

y®™0)=b, n=01 ... k-1

The initial conditions in the initial value problem in (a) are fractional
derivatives. We can theoretically solve this initial value problem, but
practically the solutions that we have are not useful because there is no
significant and useful analysis to this kind of initial conditions.

On the other hand, the initial value problem in (b) involves ideal initial
conditions in terms of derivatives of integer order, which have an understood
analysis and interpretation as an initial position y(a) at the pointt = a, the
initial velocity y'(a), initial acceleration y" (a) and so on.

The Caputo fractional derivative is more restrictive, because it demands the
existence of the n*" derivative of the function. Luckily, most functions that
appears in applications meet this demand. Later, whenever the Caputo

operator is used we can assume that this condition is satisfied.
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2.3 Relation between Riemann-Liouville and Caputo operator:[4]
In this section, we state the relation between the two major definitions of
fractional derivatives.
Theorem 2.4: Lett >0 (a=0),p € R,andn—1 < p <n € N, then the
following relation between the Riemann-Liouville and the Caputo operators

holds:

n-1 e
DPF(t) = DPF(£) - kzo T

p

—p)

£ (0) (2.21)

Proof: we will prove this theorem using the well-known Taylor series

expansion about the point 0 which is:
tZ n—1

F(®) = FO)+£f/(0) + 57 f(0) + -+ ooy

fe=D0)

+ R,,_;(M,,_,;) where M,,_; between 0 and t

—n_l & ®©0) +Rp—y (M
—;mf (0) + Rp—y (Mp_q)

where the reminder term R,,_; (M,,_,) is given by:

U@ =D

Ry (My_y) = jo e

1 t -1 — n-ngn
=rn)jof()(r)(t—r) dv = D "f (1)

Now, if we use different properties of the Riemann-Liouville fractional
derivative such as: the linearity property, representation formula, and the
Riemann-Liouville fractional derivative of the power function, then we will

have:

n—1 tk
DPf(t) = DP (kZO mf(")(O) + Rn )
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n-—1
Dptk’ @ )
& l—-(l | 1) ( ) n-1

_ F'(k+1) th-p e
=L Fk—prDrGern O FIDTTO

B Zl C_p) + b (o)
P [(k—p+1)

n-1 - " X
zkzzo“"—P“)f () + D? £ (1)

This means that:

fU9(0)

n-1 L=
DPf(£) = DPF(6) - ; S —

Remark: This formula implies that the Caputo and the Riemann-Liouville
fractional operator coincide if f(t) together with its first n — 1 derivatives
vanishatt = 0

Corollary 2.1: The following relation between the Riemann-Liouville and

Caputo fractional derivatives holds : [9]

n-—1 k
DIF(®) = DY (f(t) D RTAIO ) 222)
k=0
Proof:
n-1 k—p
DEF(E) = DPF(0) = ) s F9(0)
k=0

n—-1 Dp k
= DPf(t) — z F(k—_lt_l)f(k)(o)
k=0

n-1 k
=D (f(t) - L0 )
k=0
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2.4 Computation of fractional derivatives
In this section we will find the fractional derivative of different functions
such as the constant, the power, and the exponential function. Moreover, we

will consider the fractional derivatives of the sine and cosine functions.

1. The constant function [18]: If we look physically to the fractional
derivative of a constant function, we see that it is logically equal to zero. But

this doesn’t happen in the Riemann-Liouville fractional derivative because,

c

DPc= —t P #0, c=constant (2.23)

'1-p)
Proof

¢ k ‘ k-p—1
DPc=———D j (t —1) P dt
Ik —p) ( 0 )
k_
, cttP

B TES N CET)

__ ¢ TIk-p) _,_
[(k—p)T(1—p) r1-p

Example 2.4:

tTP =0

Dl/Z(Z) — 2 t—1/2 — i
ra/z) Vmt

By contrast, the Caputo fractional derivative of the constant function is equal
to zero, that is DP ¢ = 0, and this property is one of the advantages of Caputo
derivative over the Riemann-Liouville derivative.

Proof:



41
Let k—1<p<kkeN, and applying the definition of the Caputo
derivative and since the k" derivative of a constant is equal to zero, it

follows that:

p 1 t C(k)
DPc = dr =0
““TTk—p) fa (t — ryprik !

2. The power function:

Full detailed examination is required for this type of function as it is
considered to be very important. To calculate the derivative of this function
we need to remember the Taylor expansion:

a. The Riemann-Liouville fractional derivative of the power function

satisfies [18], [5]:

[(a+1
(at1) t*P k—1<p<k,a>-1l,a€eR (2.24)

DPt® = :
lNla—p+1)

Proof:
1 t
DPt% = —D"f T%(t — 1)k P14t
I'(k—p) 0 ( )

Now, if we take T = At where 0 < A < 1, then the previous integral

becomes:

Dpta' —

1
=— Dk j Aqtak-—p-1c1 — )k-P-1¢ dzl)
k=) (o (=4

1
Dk(tk+a—pf /1“(1 _ A)k—p—l d/l)

0

“T(k-p)
_ 1
- T(k—p)

Dk (tk+a_p [(a+ DIk — p))

Nk+a—p+1)
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1 T(a+DIk—pTlk+a—p+1)
Th—p)Tkta-ptD Ta=p+D &

_ [(a+1) Lap
[(a—p+1)

b. The Caputo fractional derivative of the power function [5] satisfies:

[(a+1) N
DPia — F(a—p+1)t P=DPt* n—1<p<na>n—1,a€eR

n—1<p<nas<n—1a€N

0
Proof:
The proof of the firstt case Is: -
ay(n
DPte = F(nl— ) @ ETT))pH_n dt

'a+1)

“T-p) JO fa—ntpc ) E-0"de

Now, if we use the substitution T = At where 0 < A1 < 1, then the previous

equation becomes:

Pea [(a+1) 1 wonyn o

D = —pra-n+ D j A* (1 = D) P~t e dA
_ [(a+1) o 1 eemrt e
Th-pla-n+1) pfu) (1-A)*P da
_ ['(a+ 1) P Bla—n 4 L — )
“To—pa—ntn’ Fla-ntln-p
_ I'(a+1) a—p 'a—n+ DI'(n—p)
_F(n—P)F(a—n+1) Fa—p+1)
_ Tla+1) La-p 025,
B Na—p+1) )

Finally, it is interested to say that we can reach the same result if we use the

relation between Riemann-Liouville and Caputo fractional derivative i.e.
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n—-1
th-p

tha — DPta _z ta' k
k=0[‘(k+1—p)( )

Taking in to account that (t*)*|_ =0, fork<n-1<a

t=0

. " n-1 k=p
DPte = (@t 1) t”p—Ez : 0
: [(a—p+1) k_OF(k+1—p)
_ T(a+1) ap

B [(a—p+1)

Important comments:
a. We can prove the second case by using the fact that the Caputo fractional

L (tv) =0,

derivative of the constant function equal 0 since (¢*)™ = —

a<n-—1a€N.

b. The case —1<a<n-—1,a €R is included in Riemann-Liouville
definition, but not in Caputo definition. There isn’t any formula for the
Caputo operator until now.

c. We can note that for « > n — 1, the Caputo fractional derivative of the
power function is a generalization of the integer order derivative of the
power function.

At this point, we recall that:
(toc)(n) — (atoc—l)(n—l)
= (a(a — Dt*2)-2)

=a(a—1)..(a—n+Dt*™

_ T(e+1)
" T(a—n+1)

t* " neNa€eR
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d. As a special case whenn = 1, which means 0 < p < 1. In this case, we

have:

DPt® = DPt% o > 0,a ER
e. We can compute the Riemann fractional derivative of an arbitrary function
f(t) by the formula:

RO
Dpf(t)_kzor(k—p+1)tkp

Proof: Recall that:

(00]

"0
Fo= Y LD

k!
k=0

then,

()
DPf(t) = Z%DPH‘

k=0
NP0 TED ey SO
e k' T(k—p+1) K=OF(k—p+1)

Example 2.5: Suppose that p € R but p € N. Consider the function
f@t)= t*for=1and a = 2.

a. Leta = 1 whichmeans f(t) =t

For this case, we have:

r'(1+1)
1-p+1)

1-p

/() =+
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Dl/z(t) — ;tl—l/z — 2£

' [z-1/2) NE

2/3

1/3(t) _ 1 t1-1/3 o t2/
r2-1/3) ~0.9027

1/4

3/4(t) — 1 t1—3/4- ~ t /
r2-3/4) 0.9064

b. Let @ = 2 which means f(t) = t2.

For this case, we have:

DF(t?) = F(I;(E;Jlr)l) t27P = N%_mtz‘P,k —1<p<k

P2ty =— 2 _pio 2 [Fa1s)0
r3-1/2) " T(5/2)

D1/3(t2) — e _21/3) $2-1/3 = [‘(82/3) t5/3 ~ 1.33¢5/3

D3/4(t2) — e _23/4) $2-3/4 = [‘(92/4) £5/4 ~ 1.77t5/4

3. The exponential function: Now, we consider the exponential
function et
a. The Riemann- Liouville fractional derivative of the exponential

function [9] satisfies:

DP(e*) =tPE;; ,(At),n—1< p <n,peR,1€ Cand € N (2.26)

Proof: Recall that:

> (A
Z ,then:

k=0
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S AKDP(ER) e AKERP Tk + 1
prieiny = 3 AR _ (k+1)

| ! _
e, k! i k' T(k—p+1)

(At)*
e 'k—p+1)

=t7P =t PE(At)11-p

where E, g(z) is the two —parameter function of the Mittag-Leffler type.

b. The Caputo fractional derivative of the exponential function has the

form [9]:
Ak+ntk+n—p

Pr,Aty — — Jnsn—p
D* (e ) & F(k +14n— p) At El,n—p+1(lt) (227)

Proof: To prove (2.27), we need the relation between Riemann-Liouville
and Caputo factional derivative. Also, we need the Riemann-Liouville

fractional derivative of the exponential function which is,
DP(e™) = t PE; 1 _,(At)

Now, for the Caputo fractional derivative

n—1 k—p

t (k)
DPe?t = pPelt _ z et 0
k=0F(k+1—p)( ) (0)

n-1 (k-p
=t"PE;1_p(AL) — z A¥
i 'k+1-p)

n-—1

(AD)ke~P th=p

= — pL:
kzOF(k+ 1-p) kzOF(k+ 1-p)

hod ﬂktk_p © /1k+ntk+n—p
=ZF(k+1—p): Ftk+n+1-p)
k=n k=0

= A"t"PE n_pr1(A1)
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Theorem 25([9]: Letn —1 <p <n,and s € Z,s > —n. Then:
DP At Dp+5 At

This means that only the value after the decimal point or the order of
differentiation is important when we want to compute the Caputo fractional
derivative of the exponential function. For example, for

p = 0.8, p = 1.8,and p = 7.8. The same result is obtained, i.e.

DX8(e") = DI®(e*) = D] ®(e") = A/tE112(t)

Moreover, the pt*-order ( n — 1 < p < n) fractional derivatives of the
exponential function et are moving from et — 1 to e® as p taking values

fromn — 1 ton.

Now, we can evaluate the limits lim D? (e®), lim . DP (e?) respectively:
p-n p-n-—

lim DP (et) = lim t"PE, ,_p1(6) = Eyy (1)
p-n p-n

= el = Dn(et)

lim D? (et) = llm t"PE; p_pi1(t) = tE;,(t)

p-n-1 p-n—
tk+1

t
=t;r<k+z> £ F(k+2) ZF(k+1)

=ef =1 =D"}(e") = D"} (e")] 1o
4. The cosine and sine functions:
We will compute the Riemann-Liouville and Caputo fractional derivatives
for the cosine and the sine functions [9]:
a. The Riemann- Liouville fractional derivative of the cosine and the sine

functions.
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Supposethat: A€ C, peER, n€N, n—1<p < n, then:

1
DP(cosAt) = = t7F (El,l_p(ilt) + El,l_p(—illt)) (2.28)

Dp(SlTlﬂt) = _%t_p (El,l—p(i)'t) - El,l—p(_i;{‘t)) (229)

b. The Caputo fractional derivative of the cosine and sine function is:

1

DP(sindt) = == i) " P (Ey ppr (A8) = (=1 Ey s (—20)
1

DY (cosAt) = 5 (A" P (Eynopsr (A0 + (—1)"Eypopir (—iA0))

Proof: Recall that:

eiZ+e—iZ
cos(z) = — 7 eC
eiz_e—iz
sin(z) =——,z€C
(2) 57

We prove the Caputo fractional derivative of cosine function, and in the
same way we can prove the other fractional derivatives.

ellt + e—iﬂt )

DP(cosAt) = DP < z
1 . _

=5 (D7 (") + DI (e™™)
1 iAtn—p i N\nyn—p :

= 5 ((1/1) t El,n—p+1(lAt) + (=)™t El,n_p+1(—l/1t))

= %(M)ntn_p (El,n—p+1(i2~t) + (_1)nE1,n—p+1(_i/1t)) (2.30)
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Basic comparison between Riemann-Liouville and Caputo derivative:
Here, we will summarize the basic differences that appears in this chapter,

and put them in the following table:

Property Riemann-Liouville

Representation

Caputo

DPf(t) = D*D~®Pf (1)

DYf(1)
= D‘(k‘P)Dkf(t)

Interpolation

lim DP ®) =9
lim DPf(¢t) = f¥* ()
p—k—-1

gi_rg;( DYf(t) = f®(1)
lim DPf(t) =

p—k-1

fED@® = FE(0)

Composition D™(DPf(L)) DPD™f(t)
with integer = DP*M(¢) = DPT™ (1)
order = DP(D™f (1)) # DI"DPf(¢)
derivative

Fractional pr _ _C —p 0
derivative of | ()= I'(1—p) ‘

constant +0

function

Fractional DF (e*t)
derivative of | pP(e?) = ¢7PE,;_,(A) | = A" PE; ;i (D)
exponential

function

Fractional DP(sinlt) D? (sinAt)

derivative of
sine function

1 — .
- - E t p (El,l—p(lﬂ't)
- El,l—p (_lﬂ.t))

1
= — > i(iA)nenp (E1,n—p
- (_1)nE1,n—p+1(_i/1t)]

Fractional
derivative of

cosine function

DP (cosAt)

1 _ :
= Et p (El,l—p(lﬂ't)
+ El,l—p(_lﬂ’t))

DP (cosat)

1 S\ EN—D
= E(lﬂ) t (El,n—p+1
+ (=D"Eyp_p+1(—id)
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Chapter Three

Fractional Ordinary Differential Equations

3.1 Basic effects on Laplace transform

In this section, we overview important information about Laplace transform,
and we find Laplace transform of Riemann-Liouville integral, Riemann-
Liouville fractional derivative, and Caputo fractional derivative. Laplace
transform can be used to solve fractional linear ordinary differential
equations. In fact, it is widely known and very effective method in solving
fractional differential equations.

We start by giving an overview of Laplace transform.

1. Let f be a function defined on [0, o),then Laplace transform of a
function f(t) is defined as: [13],[18]
LF@is) = F(s) = [ et e (3.1)
0
The previous integral converges when the function f(t) is of exponential
order which means that [18]:

e *|f(t)| <M, forallt >T,M,TER™

2. The inverse Laplace transform is defined as: [8]
Y+iT

f@®)=L"YF(s)} = %Th_)rg j eStF(s)ds,y €R (3.2)

y—iT
This formula is seldom used in practice, but it is important for theoretical

use. In practice, the transformation of some elementary functions together
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with the properties of Laplace transform are used to find the Laplace

transform of other functions. See table 3.1

3. the convolution of two functions f(t) and g(t) defined on|[0, oo] is:

f©) *g(®) = [, f(t —Dg@)dr = [, f(D)g(t — )dr

Table 3. 1: Laplace transform of some special functions [8]

f(® L{f (©)}
eat, a€R 1
s—a
cos(at) S
s2 4+ a?
sin(at) a
s2 4+ a?
cosh(at) S
2 _ g2
sinh(at) a
2 _ g2
kt" kI'(n)
N+l
et f(t) F(s —a)
f@®)*g(®) L{f (t); s}L{g(t); s}
af (t) + bg(t) aL{f (t);s} + bL{g(t); s}
f(")(t) n—1
SnF(S) _ Sn—k—lf(k) (O) —
s"F(s) — » skf@-k=1(0)
tak+P=1p, ;09 (at®) k!s*=F
(SCZ — a)k+1
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3.2 Laplace transform of fractional derivatives and integrals
In this section, we find Laplace transform of Riemann-Liouville fractional
integral, Riemann-Liouville fractional derivative, and Caputo fractional
derivative

1. Laplace transform of Riemann-Liouville fractional integral is:

L{DPf(¢t);s} = sTPF(s) (3.4)
Proof [10]: We know that

DPF(E) = j (t =P f(D)dr = —— 771 5 F(D)

r(p) F(p)

then:

{%t” Lefens)=1 {%tv L shLEF @ s)

1
- — ¢ P
= SpF(s) = s PF(s)
2. Laplace transform of Riemann-Liouville fractional derivative is:
n-—1
LDPf(8);s) = sPF(s) = ) s*[D@ K Df(o] (35)
k=0

Proof [18]: Assume that:

DPf(t) = g™ (¢) (3.6)

then, we can show that:

g(t) =D~ Pf(e) = j(t — )" P (D)dr
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If we take Laplace to equation (3.6), then we get:

n—-1
LDPF )5} = L{g™ ()5} = s"G() = ) skgm k- (0) (3.7)
k=0

Now, we find G(s)

G(s) = L{g(t); s} = LD~ P f (1)} = s~ PIF(s) (3.8)
also,
d(n—k—l)
g(n—k—l) (t) — WD_(n_p)f(t)
= DP7RTIf () (3.9

Substitute equations (3.8), (3.9) in the formula (3.7), then we get:

n-—1
LDPf(8);s) = sPF(s) = ) s*[D@RDf(o)]
k=0

Note: It is interested here to compare formula (3.5) with the formula of
Laplace transform of integer order derivative, and if we do that, then the
result will be that the two formulas are the same, but we change the order of
differentiation and replace n by p.

3. Laplace transform of Caputo fractional derivative is[18]:

n-—1

L{DPf(£); s} = sPF(s) — z sP=k=1 £(0)(0) (3.10)
k=0

Proof: The definition of Caputo fractional derivative which is:

DIf(t)=D~"Pg(®), g) =f™(®)
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If we take Laplace transform to both sides and use formula (3.4) then we

get:
L{DIf(t);s} = L{D~ P g(t); s} = s~ PIG(s) (3.11)
where,
n-1
G(s) = s"F(s) — kZO skfn=-k=-1(0) (3.12)

Substitute( 3.12) in (3.11), then we get that:

n—-1
DI ()5} = sPF(s) = ) sP+1 F(0)
k=0

3.3 Solving Caputo and Riemann-Liouville initial value problems:

In this section we will try to find a general solution for a specific Caputo
and Riemann initial value problem using the most common and easiest
method which is Laplace transform method. Moreover, we will compare the
solution of the fractional derivative with the solution of classical initial value
problem of integer order and see the result. At the end of this section we will
take different examples as special cases and find their solution.

1. Caputo initial value problem
DPy(t) —Ay(t) =at, t >0, n—1<p<n (3.13)

y®(0) = by, k=0,1,.... ,n—1
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The solution of problem (3.13) is:
n-1

y() = ) (9B (O)EysrAP)) + atP By, (AeP) (3.14)
k=0

where E, g(z) is the two-parameter function of Mittag-Leffler type

Proof:

If we take Laplace transform of the problem (3.13), then we get:

n—1
a
SPy(s) = ) sP 1y ) — ay(s) =
k=0
n-1
a —_— —
Y = Al =+ Y 5771 yB(0)
k=0
as =2 n—1 .p-k-1 (k) 0
y(s) = 4 &k=0 y+(0)
sP—2 sP—2
n—1
= L{atP" By s A7) s} + ) YO OL{E By 0 (A7) 5)
k=0
So,
n-—1
Y() = APV By () + ) YOI By jesn (A7)
k=0

Now, we illustrate the relation between the solution of fractional VP and
the classical I\VP of integer order through the following example:

Example 3.1:

Concider the initial value problem:

DPy(t) — Ay(t) = at, t >0, 1<p<?2 (3.15)

y(0) =by,  y'(0) =D
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According to (3.14) the solution is:

y(t) = y(0)E, 1 (AtP) + ty'(0)E, » (AtP) + atp+1Ep,p+2(/1tp) (3.16)
limy(e) = Y(0)E, 1 (At?) + ty' (0)E,, (At?) + at’E, 4(At?)

y'(0)
VA

Now, the question is: what is the relation between the solution of the IVP

= y(0) cosh( ﬁt) + sinh(ﬁt) + at3E, 4 (At?)

(3.15) and the solution of the problem:
y'(€) —Ay(t) = at (3.17)

y(0) = b, y'(0) = b,
Of course, we can solve this ordinary differential equation by different

methods, one of these is Laplace transform.

$2y(5) = 5y(0) = ¥'(0) = 2y(s) = =5

as™®  sy(0) y'(0)
y(s)_sz—l-l_sz—)t_l_sz—/l

y(t) = at3E, ,(At?) + y(0) cosh( VAt) + y;/(%)) sinh(VAt)

If we compare the solution of formula (3.17) with the solution of
formula (3.15) , we see that lirr21 y(t) in fractional case coincides with the
p—>

solution of (3.17), and this is because of the property of Caputo fractional
derivative which is lim DP £(t) = f™(t)
p—-n

Now, consider the case when 2 < p < 3 and compare the solutions.
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DPy(t) —Ay(t) =at, t >0, 2<p <3 (3.18)
y(0)=by, ¥y (0)=by, y"(0)=b,

with the solution of the IVP

y"' () — Ay(t) = at + y"(0) (3.19)
y(0) =bo,  y'(0)=by

If we solve (3.18), we get:

y(t) = y(0)E, 1 (AtP) + ty'(0)E, o (AtP) + atP*1E, , ., (AtP)
+ 3" (0)t2E,, 3 (At?) (3.20)

On the other hand, if we solve (3.19) we get:

y(@) = y(0)E, ;1 (At?) + ty'(0)E,, (At?) + at’E, 4 (At?)
+y"(0)t?E; 3(At?) (3.21)

Obviously, when we take lin% y(t) in equation (3.20), the result coincides
p—)

with the solution of the problem (3.19) not with the solution of (3.17) and

that is because:

lim DPF(t) = f"() - F*D(0)

Example 3.2: solve the problem:

DPy(t) —y(t)=0, O0<p<1  y(0)=1 (3.22)
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Comparing this problem with formula (3.13), we find they are the same, but

hereA=1,a=0,n=1

According to (3.14), the solution will be:

n-—1

y(©) = ) (YD OF, 041 (t7)) = Epi (t7) (3.23)
k=0
Now, Ilji_r)r} y(t) =E;1(t) =€t

Let us compare lin} y(t) with the solution of the classical problem:
p—)

y' (@) —y@®) =0 y0)=1
Trivially, the solution of this problem is y(t) = ef = lirr}y(t) in the
p—)

fractional case.
2. Riemann-Liouville initial value problem:

DPy(t) — Ay(t) = at, t>0, n—1<p<n

DP % 1y()|4eo = bk =0,1,2,...,n — 1 (3.24)
The solution of problem (3.24) is:
n-—1
y(t) = z (bktl""‘lEp,p_k(/ltP)) + atP*1E, 1, (AtP) (3.25)
k=0

Proof:

Taking Laplace transform for the problem (3.24), we get:
a n-—1 )
sPy(s) — Ay(s) = =) + z bys
k=0
then:
_as™? N - by s¥
y(s) CsP—2 ZSP—A
k=0
n-1

= L{atP" By s 7Y s} + ) BL{eP B, (A17); )
k=0
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SO,
n—1

y(t) = atPE, ,,,(AtP) + Z btP*1E, 1 (AtP)
k=0

Now, the aim is: comparing the solution of the IVP in example 3.3 with
problem (3.17):
Example 3.3: Consider the IVP:

Solve the problem:

DPy(t) —Ay(t) =at, t >0, 1<p <2

DP* 1y ()| ¢=o = by, k = 0,1

According to (3.25)

y(t) = botP 1 E, ,(AtP) + bytP~2E, ,_1 (AtP) + atP*1E,, ., (AtP)

If we take

Lim y(t) =y(0)E; 1 (At?) + ty' (0)E; 5 (At?) + at’E; 4(At?)

then, we see that lirr21 y(t) coincides with the solution of the problem (3.17)
p—

Example 3.4: Consider the IVP:

DPy(t) —y(t) =0, t>0, 0<p<1

DP7ly(t)|i=o =1
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According to (3.25), the solution is:

y(t) = tPTIE, ,(tP)

limy(t) = E;,(t) = ef
p—-1 ’
which coincides with the solution of the problem:

y'(®)—y@® =0 y(0)=1
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Chapter Four

Different applications of fractional calculus
During the second half of twentieth century, considerable amounts of
researches in fractional calculus was done due to its apparent applications in
different fields. For example, it has applications in physics, engineering,
signal processing, viscoelasticity, fluid mechanics, biology, electro
chemistry, and many others.
Nowadays, there is no a doubt that fractional calculus has become an
exciting new mathematical method to solve many problems in diverse fields
of our life.
In this chapter, we use fractional calculus to solve problems which was
modeled using fractional differential equations, and solve these differential
equations using Laplace transform.
We will consider five applications, which are the tautochrone problem, the
fractional damped simple harmonic oscillator, the decay-growth problem,
modeling speech signals using fractional calculus and viscoelasticity.

We will start with the historical example, namely, the tautochrone problem.

4.1 Tautochrone problem [15], [11]

This historical example was studied in nineteenth century by Abel, and it is
one of the famous examples which was solved using fractional calculus. The
problem concern on finding a curve in xy-plane such that the time needed
for a particle to slide down the curve until reach the lowest point is

independent of its initial placement on the curve, assuming no friction.
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Let us start by fixing the lowest point of the curve C at the origin, and the
position of the curve is in the first quadrant of the plane, and let us denote
the initial point by (x*,y*), and any point between (0,0), and (x*,y*) by
(Q,2), and let S be the arch length measured a long C from (0,0) to an

arbitrary point (Q, Z) on C, and let 8 be the angle of inclination, then:
TA

p(xny-)

= X
0
I
Figure 4.1 [15]
az = 4.1
—5 = cosp (4.1)
and
d?S
2z -9 cosf (4.2)

where, g is the gravitational acceleration

Now, if we substitute (4.1) in (4.2), then we get:



63

d*s
Fr i —g cosf (4.3)

Moreover, if we use the conservation of energy law, we get:

The energy at the initial point (x*, y* equals the energy at the point (Q, 2),

which means:
= 7+ 1 sy’ 4.4
Or
ds

29070 = (4:5)

Note that in (4.5) we take the negative square root, because as t increase,

S decrease. Now, integration of (4.5) will give us:

T = s (4.6)

o
1 1
_ j d
V29, VY =2
But, the arch length S is a function of Z, say S = h(Z), and h depends on

the shape of the curve C. Therefore,

T = [ Z_lh Z)dzZ
= — — * 2 h'
\/ny*(y )

or

dS

= (4.7)

*
-1
29T = f (y*—Z) 2 h'(Z)dZ,where h'(z) =
0

Now, replacing h'(y*) by f(y*) and using fractional calculus, we can write

(4.7) as:



64
J29
r(1/2)

where the right-hand side is Riemann-Liouville fractional integral, so we

T=D"2f(y") (4.8)

can solve (4.8) by applying the fractional operator D'/ to both sides, then

we have:

2g
DY2 |—T = f(y") (49)
but,
pier =L

Ty*
SO,
. 29 T 29T y)Y?

fH) = |—x = (4.10)

T /ny* B T
Next, we want to solve the second part of the problem, which is finding the

equation of C. We will start with:

2

R A dx*
FOY =K =g 1+ (50) (4.11)
SO,
dx*
o PG

or
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y*

*—f 29T 1dZ+C 4.12

= |2 (4.12)
0

But, C = 0 because atthe originx* =y* =0
Let
_gr”

m=—
7T2

and assume that Z = 2m sin?Q, then (4.12) will be:

x* = 4mj cos? QdQ (4.13)
0

where

A
a = arc sin
2m

If we solve (4.13), then we will have:

1
x* =2m(a+ Esin 2a)

y* = 2msin’a

Finally, if we make the last substitution 8 = 2a, then we will have:

x* =m(6 +sinf),y" = m(1 — cosh) (4.14)
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4.2 The fractional damped simple harmonic oscillator [9]
The fractional value problem of the damped simple harmonic oscillator is
obtained from the classical one, but we replace y’(t) in the classical case by
Caputo fractional derivative of order p where 0 < p < 1, and we must
specify two initial conditions are needed to achieve unique solution for the
problem:

The problem is:

y"(t) + bDPy(t) + w?y(t) = f(t), 0<p<1 (4.15)

The solution of this problem is:

t

a 1
Y(©) = agyo — 5 3b(0) = = [ ¥t~ Df e (4.16)
0
where,
I s + bsP~1 _
yO(t) - L {Sz + bSp + (,()2 ] t (4‘.17)

proof:

Applying the Laplace transform to both sides of (4.15), we get:

$2Y(s) = ) 27K y®(0) + b(sPY () = sP71y(0) + WY (5) = F(s)
k=0

Now, if we solve the previous equation with respect to y(s), then the result

will be:

s + bsP~1 y'(0) F(s)
S2 4+ bsP + w?  s%+ bsP + w?
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s + bsP~1 N a, F(s)
= a
s2+bsP+w2 ° ' s2 4+ bsP + w2 52+ bsP + w?
Let:
s + bsP~1
t)=L"1 it
Yo(t) {52+bsp+a)2 }

also, from properties of Laplace transform

) B _ s(s+bsP™h)
SI_{EIOSYO(S) = ¥0(0) = ST SZ + bsP + w2

Moreover, L{yy(t); s} = sYy(s) — y,(0)

also,

1 -1 < s(s + bsP™1) 1)

s2+bsP + w2 w2\sZ+bsP + w2

-1 -1
= (%0(5) ~ 30(0)) = —5 L{y(1);5)

SO,

1 —
L 1{52 + bsP + wz;t} - Fy()(t)

also,

—1
F(s) = FL{yé(t): SIL{f (t); s}

52 + bsP + w?

1 1(
= LA * @35} = — [ 33 (e - Df ar
0

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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At the end, if we take the inverse Laplace transform to both sides of (4.18),

we get:

y(t) = LTHY (s); t}
B L‘l{ s + bsP~1 a, F(s) }

ap + +
S2+bsP + w2 ° ' s2 4 bsP + w2  s2 + bsP + w?

t

= a0 — 2 y4(®) — = [ ¥ ¢~ Df D)
0

4.3 A decay-growth problem [10]

Radium decays to radon, and radon decays to polonium. Suppose there is a

sample which contain pure radium, but when time is passing, radium will

decay to radon and the sample will contain radium and radon, but how much

radium and radon will the sample contain at time t?

Let y, (t) be the number of radium atoms at time t, and y, (t) be the number

of radon atoms at time t, let the initial number of radium atoms be

y1(0) =n. Let aand b be the decay constants of radium and radon

respectively.

then we will have:
d
Zn®=-ay®, %@ =n (4.23)

But the rate which radium is decaying is the rate which radon is creating,

and also radon is decaying at the rate by, (t), so we will have:

d
PTEL (t) = ay,(t) — by,(t), y2(0) =0 (4.24)
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Now, let us solve (4.23). If we take Laplace transform to (4.23), then we

will have:

sY;(s) —y,(0) = —a¥;(s) (4.25)

Solve for Y; (s), then we will get:

h (S) - S+a
S0,
y,(t) = ne™ % (4.26)

Now, let us move to solve problem (4.24) using Laplace transform method:

$¥,(5) = 12(0) = —— = By (s) (4:27)

Solving for Y5 (s), then we will get:

Yy(s) = —— 4.28
2 TG+ Fa) (4.28)
Using partial fractional method, then we can write Y, (s) as:

Y,(s) = o o 4.29
2 = @ —b)(s+b) b-a)s+a) (4.29)

then,

—-bt —at

ne ne
@=b)  ‘h-a

L HY,(s);t} =y,(t) = a

Now, let us see how this problem can be modeled using fractional
derivatives, and what will the solution be when the order of differentiation

iIsp0<p<l1
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The problem in fractional case is:
Dpyl(t) = _ayl(t)l Dl_p}’1(0) =n, 0< p <1 (430)
DPy,(t) = ay,(t) — by, (t), D' Py,(0) =0, 0<p<1 (4.31)

To solve (4.30), we will use the solution that appear in equation (3.25), so

the solution of (4.30) will be:
y1(t) = ntP~'E, ,(—atP) (4.32)

To solve (4.31), we will apply Laplace transform to both sides of

(4.31), then we will have:

sPY,(s) — DP~1y,(0) =

— bY, (s 4.33
Solve for YZ(S), then we will have:

an
(sP+b)(sP + a)

Y,(s) =

Using partial fractions, Y, (s) will be:

an an

O e MR ICET)) (4:34)
SO,
~ L an an _
LG =17 {(a — b)(sP + b) * (b—a)(sP +a)’ t}
Y,(t) = ——_E__(—at?) + —~E__(—bt?) (4.35)
2 b—a PP a—b PP '

Now, what the result will be when we take linllyl(t) and lirq ¥, (t)
p— p—

respectively
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lirri y; (t) =ne~% which is the solution of (4.23)
p—)

ne bt ne

})1_1;1} y2(t) =a @=b) +a b= which is the solution of (4.24)

—at

Finally, we must notice that these results confirm convergence theorems.

4.4 Modeling of speech signals using fractional calculus [2]

Approach of speech signal which is modeled using fractional calculus is
called a novel approach. This approach is contrasted with the integer order
approach which is called the celebrated linear procedure coding (LPC)
approach.

It is observed through numerical simulations that by using fractional integral

as basis function, the speech signal can be modeled accurately.

4.5 Viscoelasticity [19]

Viscoelasticity is very important field which contains many applications of
fractional differential and integral operators.

The relation between stress and strain for solids is appear in Hook's law

which is:
o(t) = ee(t) (4.36)
and for fluids is appear in Newton law which is:

£
o(t) =y T E,y are constants, o is the stress, ¢ is the strain (4.37)

Also, these functions satisfy the fractional differential equations:

' -
DPo(t) = F((szp))t‘pa(t) (4.38)

DPe(t) =T(1+ p)t~Pe(t) (4.39)
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Conclusion
In this thesis, we study different definitions of fractional derivatives, which
is Riemann-Liouville and Caputo fractional derivative. Also, we see that
fractional derivatives and integrals are generalization for those of integer
order. Moreover, we try to find fractional derivatives and integrals of some
elementary functions, and we see that different problems in our life can be
modeled using fractional calculus, and the results that we obtain are more
accurate than models with integer order derivatives or integrals, so we can
try to solve many problems in real life by developing models using
fractional derivatives or fractional integrals.
In the end, we hope and predict that researches in this subject will be active
and promising since there are different questions which is still without any
accurate answer. For example, until now there isn’t any formula to find the
Caputo fractional derivative Dt in the casen — 1 > p > n, and
—1<a<n-—1,a € R However, this case is included in Riemann-

Liouville definition.
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