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Abstract

In this thesis, we will study balanced model reduction methods for linear
dynamical systems. These methods are the Balanced Truncation (BT) and
the Singular Perturbation (SP) approximation. The two methods will be
implemented to approximate the solution of linear time-invariant (LTI)
stable dynamical system with zero initial condition. Some illustrative
numerical examples to demonstrate the validity and applicability of these
methods will be presented. A comparison between these methods will be

carried out.



Introduction

Historical Background

The field of control systems has a long history which began with the early
desire of humans to take advantage of the materials and forces of nature.
However, there was very little in the way of actual progress made in the
field of engineering until the beginning of the Industrial Revolution.
Leonhard Euler (1707-1783) discovered a powerful integral transform, but
Pierre S Laplace (1749-1827) used the transform to solve complex
problems in probability theory [11]. Joseph Fourier (1768-1830) created a
special function decomposition called the Fourier Series, that was later
generalized into an integral transform, and named in his honor (the Fourier
Transform) [1]. The "golden age" of control engineering occurred between
1910-1945, where mass communication methods were being created and
two world wars led to many developments in control engineering. During
this period, some of the most famous prominent names in control
engineering: H. Bode [38] and H. Nyquist [25], created the bulk of what we
now call "Classical Control Methods". These methods were based on the
results of the Laplace and Fourier Transforms. Modern control methods
were introduced in the early 1950's, as a way to bypass some of
insufficiency of the classical methods. Rudolf Kalman is famous for his
work in modern control theory, and an adaptive controller called the
Kalman filter was named in his honor [21]. Modern control methods

became increasingly popular after 1957 with the invention of computer,



and the start of the space program. Computers created the need for digital
control methodologies, and the space program required the creation of
some "advanced" control techniques, such as "optimal control™ [13, 26],
"robust control” [12], and "nonlinear control™ [31]. These last subjects, and
several more, are still active areas of study among research engineers. By
the end of the twentieth century, control has become obvious in everywhere
from simple household products (temperature regulation in air-
conditioners, thermostats in hot water heaters etc.) to more sophisticated
systems such as the family car (which has hundreds of control loops) to
large scale systems (such as chemical plants, aircraft, and manufacturing

processes).

Reduction of Linear Control Systems

Linear large-scale systems arise in many practical applications, for
instance, in circuit simulations and in control problems where the
underlying physical process is modeled by partial differential equations [5].
The concept of the dynamical system has motivated a huge amount of
research work in recent years such as weather prediction data assimilation,
air quality simulations , biological system (e.g. :honey comb vibrations),
molecular system, vibration /acoustic system , chemical vapor deposition
reactors, microelectromechanical system and optimal cooling, etc.[2].

Originally, model order reduction was developed in the area of systems and

control theory, which studies properties of dynamical systems in



application for reducing their complexity, while preserving their input-

output behavior as much as possible [6].

Balanced Truncation Method

The fundamental methods in the area of model order reduction were
published in the eighties and nineties of the last century. In 1981 Moore
[23] published the method of truncated balanced realization. Glover [15] in
1984 published his famous paper on the Hankel-norm transform. In 1987
the proper orthogonal decomposition method was proposed by Sirovich
[34]. All these methods were developed in the field of systems and control
theory. In 1990 the first method related to Krylov subspaces was
established in asymptotic waveform evaluation. Then, in 1993, Freund and
Feldmann proposed Pade Via Lanczos and showed the relation between the
Pade approximation and Krylov spaces [14].

A variety of methods have been used to solve the linear time-invariant
systems, these are: Hankel norm approximation, Balanced truncation, and
singular perturbation approximation [27-30].

Model order reduction has its roots in the area of systems and control
theory. Within this area, methods have been developed which differ
considerably from the Krylov methods [39].

Balanced truncation is a model order reduction technique from robust
control theory, that is symmetric method for producing simple approximate
models of complex linear system with many input or many output

terminals.



Applying balanced truncation method makes it necessary to balance the
system, which is equivalent to finding the controllability and observability
Gramian of the system in a special diagonal form [9, 40]. The Cholesky
factors of these Gramians are efficiently computable as solutions of dual

Lyapunov equations for systems with only few inputs and outputs [16-20].

Singular Perturbation Method

The singular perturbation approximation technique for model reduction is
related to the direct truncation technique when the system model to be
reduced is stable, minimal, and internally balanced [22, 24].

The balancing transformation is such transformation of the state space
vector that makes both the controllability and the observability gramians
become identical and diagonal [35-37]. Assuming that the original system
is controllable and observable, a balanced system will also be controllable
and observable as the balancing transformation preserves controllability
and observability of the system [32, 33].

In this work we consider the linear time-invariant system

x = Ax + Bu,
y=Cx+ Du, 1)

where x is a state vector, u is an input vector, y is an output vector, A is a
dynamic matrix with dimension nxn, B is an input matrix with dimension
nxr, C is an output matrix with dimension mxn, and D is a matrix with
dimension mxr. For simplicity, the initial condition is assumed to be zero,
I.e., x(0) = 0. Furthermore, we restrict our attention to stable system, that is,

for all eigenvalues of the system A}, we have that Re(Aj) <O0.



Linear large-scale systems arise in many practical applications [3, 4], for
instance, in circuit simulations and in control problems where the
underlying physical process is modeled by partial differential equations.
For these problems we are interested in constructing reduced-order system

X = Ax + Bu,

y =LT%, ()

where A = WTAVE R™, B =W'B eR™", L = V'L €R™, and r <<n, with
good approximation properties for equation (1).

In this thesis, we will study balanced model reduction methods for linear
dynamical systems. These methods are the Balanced Truncation (BT) and
the Singular Perturbation (SP) approximation. The two methods will be
implemented to approximate the solution of linear time-invariant (LTI)
stable dynamical system with zero initial condition. Some illustrative
numerical examples to demonstrate the validity and applicability of these
methods will be presented. A comparison between these methods will be
carried out.

This thesis is organized as follows :

In chapter 1, we present some important definitions and theorems related to
stable linear dynamical system. The proposed Balanced Truncation
Method (BTM) to reduce the dimension of a linear control system together
with its associated error bound is presented in chapter 2. Chapter 3
addresses the error bound associated with the Singular Perturbation
Approximation (SPA). Finally, some numerical examples to illustrate the

BTM and SPA are presented in chapter 4.



Chapter One

Preliminaries

Before we embark on the study of Balanced Truncation method, there are
number of introductory ideas and theories need to be discussed. We present
the linear time invariant (LTI) system for the dynamical system, then we
introduce the basic concepts concerned with the (LTI) system involves

Stability, Controllability and Observability.

1.1 linear time invariant system

For a system to be considered as LTI system it must satisfy two properties,
linearity and time invariance.
A system Y that maps an input u (t) to an output c (t) is a linear system if

and only if
a,¢1(t) + ayc,(t) = Y[agu () + ayu,(t)] (1.1)

where « is a constant.
A system Y that maps an input u (t) to an output c (t) is a time — invariant

system if and only if
c (t —to) = Y[u(t —to)] (1.2)

In the other words, the system is a time invariant if and only if the system
coefficient do not depend on time [25].

To describe the finite dimension linear time invariant dynamical system
(the dimension of the system is equal to n) we introduce these two

equations with constant coefficients
X = Ax + Bu (1.3)
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y=Cx+Du (1.4)

Equation (1.3) is the state space equation, where

_dx
Cdt

X

is the derivative with respect to time t.
We call x(t) = [x,(t), x,(t), x3(t), ..., x,,(£)]T € R"
the state vector of the system.
Let

u=u(t) e R™
be the input function of the dynamical system.
We note by

x(to) = xo

the initial condition of the system.
A and B are constant matrices such that A € R™™ and B € R™™. A is called
the state matrix while B is called the input matrix. A state vector of the system
gives the relationship between the input and the state variables.
The second equation (1.4) is the output equation for a linear dynamical system
(2) where y is a column vector of the output variables, and represents the
response of the system. C and D are constant matrices with dimensions C €
RP*™ and D € RP*™, C is called the output map and describes the interacts
between the system and the outside world. D is the feed through matrix that
describe the weight of the system input. Under the assumption that there is no

feed through matrix, i.e. D=0. In the case when m = p = 1 the system with

single input and single output is called a SISO system. While the system with



two input terminals or more and output terminals or more is called multi-
input, multi-output (MIMO) [39].
Definition 1.1 [2]:

A linear system in internal or state space description is a quadruple of

g = (%Hi) (1.5)

The dimension of the system is defined as the dimension of related state
space, that is:

linear maps (matrices)

Dim(z,) =n (1.6)
When D = 0, the system denoted by:

5, = (‘g—’—g) (1.7)

1.2 Stability of continuous time system

The stability of the linear dynamical invariant (LDI) system is described by
the eigenvalues of the state matrix.

In this work, the stable system will be our primary concern.

Definition 1.2 [2]:
A matrix M is called stable if all eigenvalues of M have strictly negative
real parts.

The system Y is bounded input, bounded output (BIBO) stable if any

bounded input results in bounded output.



Definition 1.3 [10]:

The system

5, = (‘;HJS) (1.8)
is called asymptotically stable if Re{4;(A)} < 0, and it is called stable if
Re{1;(A)} < 0 such that Re{A;(A)} denote the real part of eigenvalues of
matrix A. otherwise the system is called unstable system.
There are many methods for determining stability of the system, two of
these common classical methods are: the matrix equation approach and the

characteristic polynomial approach [10, 12].

1.3 Controllability and Observability

In this section we will consider two of the basic properties related to
continuous LTI dynamical system. These are controllability and
observability.

The first property deals with a state-equation that is controllable from the
input, whereas the second property deals with the initial state that is
observable from the output.

Consider the state equation with dimension n and input p:
X = Ax + Bu (1.9)

where A and B are constant matrices with dimensions n X n and n X p,
respectively.
Since the input affects on controllability, so we can ignore the output

equation.



10

Definition 1.4 [ 10, 40]:

The state equation (1.9) or the pair (4, B) is said to be controllable, if for
any initial state x(0) = x, and the final state x;, there exist a continuous
input u(t) which transfers x, to x; in a finite time, such that x(t;) = x;
where t; > 0. Otherwise (1.9) or the pair (4,B) is said to be

uncontrollable.

Definition 1.5 [12, 40]:
The n dimenstional pair (4, B) is controllable if and only if the matrix
C(A,B)=(B AB A*B A3®B.. A"!B) (1.10)

has rank n, where n is a positive integer, or the n x n matrix CC7T is
nonsingular.

The observability and controllability are dual concepts, the first one tests
the possibly of surveillance the state from the input, while the second tests

the possibly of estimating the state from the output.

Definition 1.6 [2, 40]:
The dynamical system
%= (1)
or the pair (C, A) is said to be observable if, for any t; > 0, the initial state

x(0) can be uniquely specified from the time history of the input u(t) and

the output y(t) for all t in the interval [0, t,].
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Definition 1.7 [12]:

The matrix
C
CA

2
oA =| ¢4

CA.n—l

(1.11)

Is called the observability matrix if and only if it has rank n, where n is a

positive interger.

Now, we will define two primary matrices for linear dynamical systems;

these are controllability and the observability Gramains. In addition we will

discuss some theorems related to these matrices.

Definition 1.8 [26]:

The matrix
W, = [ e BBTeA tdt

is called the controllability Gramian while the matrix
W, = fOOOeATtCTCeAtdt

is called the observability Gramian.
This controllability Gramian's property holds for continuous time

dynamical system.

W.(t) =WTI(t)=0,vt>0

Theorem 1.9 (Controllability Conditions) [40]:

The following statements are equivalent:

(1.12)

(1.13)

(1.14)
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1. The pair (4, B), A € R™"™ B € R™™ is controllable.
2. The controllability Gramian W, is positive definite, W.(t) > 0, for
somet > 0.

3. The row rank of controllable matrix is full (i:e rank C(4, B) = n).

Theorem 1.10 (Observability Conditions) [2]:

These statements are equivalent.

1. The pair (C,A),C € RP*™, A € R™", is observable.

2. The rank of observable matrix is full (i:e rank 0(C, A) = n).

3. The observablility Gramian W, is positive definite, W (t) > 0, for some

t>0.

Theorem 1.11 (Theorem of duality) [13]:

The pair (4, B) is controllable if and only if the pair (AT, BT) is observable.
Proof. The pair (A4, B) is controllable if and only if the controllability
Gramian W, is nonsingular for any t. On the other hand the pair (A7, BT) is
observable if and only if it satisfies the observability Gramian W,
W, = f0°° eA"tBTBeAtdt, by replacing A by AT and B by BT , W,

becomes:

W, = [ e‘BBTe” tdt (1.15)

is nonsingular for any t, the two conditions are thus identical.
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The duality between controllability and observability means that we can
test the observability of a pair (A4, C) ) by using the controllability tests that

we already know on the pair (47, CT).

1.4 The Laplace transform

In this section we will discuss the importance and applications of Laplace

transform to linear time — invariant dynamical systems.

Definition 1.12 [12]:

Let g(x) be a real-valued function defined for x > 0. Suppose that g(x)is
multiplied by e™%*, and then the result is integrated with respect to x from

0 to oo. If the intergral converges, then it is a function of s. That is
G(s) = f;og(x)e‘sxdx (1.16)

This is called the Laplace transform of g(x) and written as:
0 _ . A _
G(s) = Lg(0)] = [; ge™dx = lim ['g (e~ dx  (117)
where s = 0 + iw, o and w are real variables.

The inverse Laplace transformation of a function G(s) is the unique

function g(x) that is continuous on [0, co) and satisfies:

LHG(s)] = g(x) (1.18)
Now we will list some important properties of the Laplace transformation:
Let « and S be constants and G(s) = L[g(x)], F(s) = L[f(x)] then
1. Llag(x) + Bf (x)] = aG(s) + BF(s). (Linearity property)

2. L[e** g(x)] = G(s — a). (shifting property)
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3. Let g'(x) be the first derivative of g(x), then L[g'(x)] = sG(s) — g(0)
Note that: this property (transform of derivatives) can be generalized to the
nt"derivative:

LIg"(@)] = 5"G(s) = 5"1g'(0) ... - sg™D(0) — gV (0)
4. L [ fot g(r)dr] = @ (Transform of intergrals)

5.L[x"g(0)] = (~D" 2 6(s),n =12, .

6. (Convolution)
L{g(x) x y(x)] = L{g]L[y (x)]
= G(s)I'(s)
where the convolution operation is defined as:

(g * V(D) = f g(OY(t - dr
; 0
= [ 9 -r@ar
0

1.5 Lyapunov equations

We present in this section a set of important equations emerges in many

branches of control theory, such as stability analysis and optimal control.

Definition 1.13 [2, 18]:
The matrix equations

MA+ A™ = —F (1.19)
and

AM + MAT = —F (1.20)

are called the Lyapunov equations.
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where

F € Rnxn

Theorem 1.14 [2, 10] (Lyapunov stability theorem) :

The system

_(A|B
2q = (C )
Is asymptotically stable if and only if for any symmetric positive definite

matrix F, there exists a unique symmetric positive definite matrix M
satisfying the equations:

MA+ A™M = —F
and

AM + MAT = —F
Proof (=) lets define the matrix M by:

M =f eATtEeAt gt
0

Next, we show that if the system is asymptotic stable then M is symmetric
positive definite and a unique solution of equation (1.19). Using M in

equation (1.19) we have
MA + ATM = f eA tFeAtA dt +J ATeA"t FeAtqt
0 0

*d T T ks
_ At At — [,A"tg, At
_jo I (e Fe )dt [e Fe ]0
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Since A is stable, then e4't — 0 when t — oo, Thus MA + ATM = —F so,

M satisfies equation (1.19).

We can say that M is positive definite after proving that u” Mu > 0 for any

nonzero vector u

o0

u Mu =f uTeA tFeAtydt
0

Since e4"t and et are both nonsingular and F is positive definite, we

conclude that utMu > 0.

Finally we must show that, M is unique. Suppose that M, and M, are
solutions for equation (1.20) then:
AT(My — My) + (M; — M)A =0

which implies that
eAt(AT(My — M, )+ (M, — M, )A)et =0
or

d

AT
E[e ‘M, — M, )eAt] =0

T
and hence e “(M;, — M, )e”’ is a constant matrix for all t. At t =0

and ¢t = oo, calculated value of (M; — M, ) = 0, so M is unique solution.

(<) Conversely, if M is symmetric positive definite solution of (1.19), then

A is stable.

Let (4, x) be an eigenpair of A. then multiply (1.19) by x* from left and by

x from right, we got this:

x* MAx + x* A" Mx = 2x* Mx + Ax* Mx = (A + 2)x* Mx = —x" Fx
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Since F and M are both symmetric positive definite, we have
A+ 1< 0orRe(}) <0
Because A was arbitrary, then A is stable.
The two matrices W, and W, are both solutions of the Lyapunov
equations, so we have:
AW, +W, AT +BBT =0 (1.21)
Wy A+A"W, +Cc"Cc=0 (1.22)

Proposition 1.15 [40]:
Let

= ()

be a stable continuous time system and let W, and W, be the
controllability and observability Gramians of 2, , then W, and W, satisfy
the continuous time Lyapunov equations:

AW, +W, AT +BBT =0
Wy, A+ A" W, +C"C=0

Proof. Suppose X, is stable, then

o T T
AW, +W, AT =j (AeAtBBTeA ‘4 eAtBRT " tAT)dt
0

© d T
=j —(eAtBBTeA t) dt

T o0
= [eABBT eA t]
0

= BBT

AW, +W, ART +BBT =0
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0 T T
W, A+ATW, = f (eA ‘CTCeA+ AT " TCT CeAt> dt
0

© d T
=f —(eA tCTCeAT)dt

= [eAT tCT Ce“‘t]OO
0

=-C'C
Wy, A+ A" W, +Cc"C=0

Let A be a stable matrix and let F be symmetric, positive definite or
semidefinite then:

1. The unique solution M of Lyampunov equation:

MA+A™M = —F
IS given by:
w ATt

M= ["e" Fe'dt (1.23)

2. The unique solution M of Lyapunov equation:

AM + MA" = —F
IS given by:

T
M = fOOOeAtFeA “dt (1.24)
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Chapter Two

Model Order Reduction Using Balanced Truncation

Model order reduction is one of the most important methods to obtain low
order controller. A central concept in system theory with application to

model reduction is that of balanced representation of a system Z.

2.1 The energy of controlling and observing state

One of the important properties of dynamical system will be discussed in
this section, namely, construction of model reduction and its application to

states in terms of controllability and observablility.

The controllability function basically measures the minimal amount of
input u(t) energy desired to approach a specific x, from the zero

(t = —o0).

Definition 2.1[6, 40]:

The controllability function is defined as

Le (%o ) = min %f_ooollu(t)ll2 dt (2.1)

U€EL, (—,0)
x(—o )=0,x(0)=x,

subject to the stable, controllable and observable dynamical system

T, = (%’ﬁ),X(O) = X,
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The observability function measures the maximum output energy generated

when the initial state of the system is x, and the control input u(t) is equal

Zero.

Definition 2.2[6, 31]:
The observability function is defined as
Lo (%0 ) =5 [ ly(®II* dt (2.2)
such that x(0) = x, ,u(t) = 0,0 <t <
We define the controllability and observability Gramains respectively by:
W, = jweAtBBT e” tdt
0

and

®© aATe
W, =f e’ “cTettdt
0

and we prove that unique positive definite solutions of Lyapunov
equations, this make us redefine the controllability and observability
functions in term of W, and W, .

Theorem 2.3[40]:

Let W, and W, are controllability and observability Gramains
respectively. Moreover, W, and W, are unique positive definite solutions
of the Lyapunov equations. Then we define the controllability and
observability functions as:

Le (%) = %ngC_lxo (2.3)

and
1
Lo (x0 ) = gngo Xo (2.4)

2.2 Realization of Transfer function
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In this section, we will study the concept of transfer function of dynamical
linear system, and the state-space realizations of transfer functions Q(s) for

continuous time-invariant systems.

5, = %’%) (2.5)

be a linear continuous time dynamical system. Use Laplace transformation

Let

for the state and output equations of the system (1.3) and (1.4), we obtain:
L[x] = L|Ax] + L[Bu]
sX(s) —x(0) = AX (s) + BU (s)
sX(s) — AX(s) = BU(s) + x(0)
(s —A)X(s) = BU(s) + x(0)
X(s) = (sI = A)~'BU(s) + (sI — A)~*x(0) (2.6)
The matrix (sI — A)~! is called a function matrix or transition matrix.
Lly] = L[Cx] + L[Du]
Y(s) = CX(s) + DU(s) (2.7)
In our study D = 0, so equation (2.7) becomes:
Y(s) = CX(s) (2.8)
From equations (2.6) and (2.8),we get
Y(s) = C(sI — A)~*BU(s) + C(sI — A)"*x(0) (2.9)
In our case, the initial condition is zero, that means x(0) = 0, then equation
(2.9) becomes:

Y(s) = C(sI — A)~*BU(s) (2.10)

Definition 2.4 [2, 40]:
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Let (4,B,C,0) be a state space realization then the function matrix or
transition matrix Q(s) from u to y with zero initial condition is presented
by:

Q(s) =C(sI—A)'B (2.11)

thus equation (2.10) becomes:

Y(s) = Q(s)U(s) (2.12)
Q(s) can be defined as:
) =53 (2.13)

Definition 2.5 [12]:

A state space model (4, B, C) is a realization of a transfer function Q(s) if
Q(s) = C(sI —A)'B (2.14)

A transfer function Q(s) is called realizable if there exists a state space

model (4, B, C) with transfer function Q(s).

Note: A rational transfer function matrix is proper if it is bounded at
infinity.

Lemma 2.6 [12, 28]:

If Q(s) is a realizable transfer function then Q(s) is a real-rational and

proper.
Definition 2.7 [2]:

A state space realization (A4, B, C) of Q(s) is said to be minimal realization

of Q(s) if A has no other realization of Q(s) of smaller dimension.
The next theorem gives us a characterization of the minimal realization:

Theorem 2.8 [2, 12]:
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The following statements are equivalent:

1. A state space realization (4, B, C, 0) of Q(s) is minimal.

2. (4, B) is controllable, and (C, A) is observable.

The property of minimal realization is verified by the following theorem:
Theorem 2.9 [40]:

Let (ky,L;,N;,0) and (K,,L,,N,,0) are two minimal realizations of a
real-rational transfer function Q(s), and let C; ,C,,0,, and O, be the
corresponding controllability and observability matrices respectively, then
there exists a unique non-singular T such that:

K, =TK, T"YL, =TL,,N, =N, T™*

Furthermore, T can be shown as:

T = (050,) 010, ,or T* = ¢, CI(C, cI)

2.3 Balanced truncation method

In this section, we will focus on one of the most important model reduction
schema that is well established in theory and most commonly used is the
so-called balanced truncation. It was first introduced by Mullis and Roberts
(1976) and later in systems and control literature by Moore (1981).

Consider the (LTI) continuous system:
X = Ax + Bu
y =Cx

with x(0) = x,
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The Balanced Truncation method depends on the controllability and
observability gramians W, and W, which are symmetric positive definite

solutions of the Lyapunov equations[6], that is,

AW, +W, A" +BBT =0

ATW, +W, A+C"C=0
To get a reduced order model, we balance the system then we delete the
states that are difficult to control (i.e need large amount of control energy)

and difficult to observe (i.e yield small amount of energy). These states are

unimportant and have no effect on the transfer function [17, 30].

Now we introduce the Hankel singular Values (HSVs) of the dynamical

system.

Definition 2.10 [2]:
LetZ, = (‘Hi) be an n-dimensional controllable, observable and stable

continuous time system, the Hankel Singular Values (HSVs)
01 =20, =203 =220, =0

of X, defined as the square roots of the eigenvalues of the product W,

and W, and denoted by

o (24) = (A (W Wy ) 215

The diagonal matrix of the (HSVs) is denoted by:

2 = (ZS 22) (2.16)

Where
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0, =20, =203 =-=20, =0
Definition 2.11 [2, 40]:

The controllable, observable and stable system

I = (’(HfB) is called balanced if:

VVC =W0 =2=dlag(0-1 20-2 20-3 ZO‘n)

In the following theorem we show the technique of balancing which used

to find a coordinate transformation Y such that
=Y 'x (2.17)

in which the controllability and observability Gramians become diagonal
and equal.
Theorem 2.12[12]:
There exists a state space transformation x = Y~ x for the system

X = Ax + Bu

y =Cx

such that the transformed system

x = Ax + Bu

y=Cx (2.18)

<

is balancedand A = YAY Y, B=YBandC =CcY 1.
For more details see [12].

If we let Q be the transfer function of the transformed system (2.1), then:

o= ()= ()
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Let W, and W, be the controllability and observability Gramians of the

balance system (2.18) we have:

w. =Y"'w, Y (2.20)
and
W, =Y"W, Y (2.21)
Since the two Gramians are equal, then:.
- X 0 )
wW. = =y = 2.22
c 0 < 0 3, (2.22)

such that
0y, =0, =203 .. =0y

The controllability and observability Gramians (W, and W, ) in equation
(2.22) are solutions of Lyapunov equations:

A +3zA" +BB" =0

ATT+3XA+C"C=0
Lemma 2.13 (Balancing transformation) [2]:
Given the controllable, observable and stable system (’Hﬁ) with their
corresponding Gramians W, and W, , let U and L are the upper and the

lower triangle matrices, then a balancing transformation is given as:
S = UYZ_% (2.23)
St = Z_TlXTL_1 (2.24)
Where Y is the diagonal matrix, X and Y is the orthogonal matrices.
Definition 2.14 [40]:
The controllability and observability funtions of the transformed system
(2.18) are defined as:
L (% ) = 2 %§37'% (2.25)
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Lo (%, ) = 2 %5 3% (2.26)
If o, > o;,, fori =1,2,...,n then the amount of control energy to reach
the state x is large for small values of g; , and the output energy at x is
small for large values of o; .
To decrease the number of state components of the system, we omit the
state components from x;,, to x,, foro; > o0;,, [40].
Now, by the following procedure we can obtain balanced realization for
Q= (‘H—B) when it is a minimal realization :
1. Compute the controllability and observability Gramians (W, and W, )
for the system.
2. Find a matrix U such that W, = UT U.
3. Diagonalize UT W, U to obtain

w, =UTW, U=L3*1LT

4. Let
1
STt=uTLy 2sw, ST
_ -1
=S W, S
=3
and
SAS™?! lSB\
cS™ \ Jj
is balanced.

2.4 Error bounds for Linear Dynamical System using balance

truncation
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To investigate the priori error bounds for linear dynamical system using

balance truncation, we reconsider the (LTI) continuous homogeneous

system:
x = Ax + Bu
y =Cx (2.27)
x(0) = x,

Also the transfer function:

Q(s) =C(sI—A)'B

Assumption 2.15 [35]:
The system (2.27) is asymptotically stable and minimal realization of Q(s),
consequently, (4, B) is controllable and (C, A) is observable.
The controllability and obsrevability Gramians W, , W, are positive semi-
definite and solutions of the Lyapunov equations.
By theorem (2.3.3) we obtain the next balanced system:
x = Ax + Bu
y =Cx (2.28)
suchthat A = YAY ', B=YandC=CY "
We will partition the balanced system (4, B, C) and the Gramian X as:
(i o)) )
A21 A22 BZ CZ 0 22
where A,; and A,, are matrices of the dimensionr xrandn—r xn—r
respectively, and the other matrices have dimension corresponds to the

original system,
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Suppose that the corresponding Hankel Singular Values satisfy
o, > 0,.1, then the reduced order model obtained from the Balance
Truncation method is given by:
Xr =A11% +Bju (2.29)
Yr =C1 %,

and the transfer function of reduced system is:

Qr () =0, (s —Ay) B, (2.30)
The subsystem (4,4, B; ,C; ) is a good approximation of the balanced

system (4, B, C).

Lemma 2.16 [22, 40]:
The subsystems (4;,B; ,C; )(i = 1,2) are internally balanced with

Gramian X, and %, .

Lemma 2.17 [22, 40]:

The matrix 4;; (i = 1,2) is asymptotically stable (i' € Re,()lkl(‘;lii‘v?k< 0) )
I’ = ) )

if £, and £, have no diagonal entries in common. Furthermore, the

system (Ay,, By , C; ) is controllable and observable.

Now, we discuss a very important notion in control theory, namely, we
compute the H,, norm of the transfer function of the model. Moreover we
compare the difference with the norm of the transfer function of our
reduced order model using the balanced truncation.

Definition 2.18 [7-9]:

The H,, norm is defined as:
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sup

leGo)ll. = o polQGe)} (2.31)

Let Q(s) be the transfer function of the balanced system (4, B,C) and
Q, (s) be the transfer function of the reduced system (4;;, By ,C; ), then

the upper bound for the approximation error is given as follows:

Lemma 2.19 [7-9]:

10 =@, || <2(0p41 + Orsz + -+ 0 ) (2.32)

Where o,.,4 Is the first neglected Hankel Singular Value of Q(s).
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Chapter Three

Singular Perturbation Approximation

In previous chapter we used the balanced truncation scheme to reduce the
dimension of the original system, and acquired an error bound. Then we
introduce the properties of reciprocal system and extend the error bound to

reduce reciprocal system.

3.1 Reciprocal system of a linear dynamical system

Some properties of a reciprocal system of the balanced realization for the

infinite dimensional system will be discussed in this section.
Consider a linear time-invariant continuous system represented by:

x =Ax + Bu
y=Cx+Du
Assume the system (4, B, C, D) is balanced with gramian X , then we have:
Ax +3A" +BB" =0
ATT+3zA+C"C=0
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Let

Q(s)=C(sI—A)'B+D

be the transfer function of the balanced system (4, B, C, D).

The reciprocal system (4, B, C, D) of the system (4, B, C, D) is defined as
[13]:

A=A"1
B=A"'B (3.1)
¢=-cA™

Remark 3.1 [22, 29]:
If we compute Q(0) we have:

Q(0)=—-CA™'B+D =D
Remark 3.2 [22, 29]:

If the matrix A is given as:

A= <A11 A12>
A21 AZZ

then
_ -1 _ -1 _
A_l _ (All - A12A221A21) _(AZZ - A21A111A12) A12A111
= i o ) ' I
_(An - A12A221A21) A21A111 (Azz - A21A111A12)
Also we have
_ -1 _ -1
A_l _ (All - A12A221A21) _A%1A12(A22 - A21A111A12)

— A7 Ay (A — Ay AziAy) T (Ayy — Ay ATiAL,)
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The transfer function of the reciprocal system (4, B, C,D) is:
Q(s)=C(s1—A) " B+D (32)
The relation between Q(s) and Q(s) is given as [29]:
Q(s)=C(sI—A)'B+D
=C(sI —A)'447'B+D

I
=C-(A'=)'B+D
S S 1

I I
=—-C (E —At+ A‘l) <E — A‘l) A"'B+D

-1
= —CAT'B—CA(:—47") AT'B+D (3.3)

S
I
=—CA'--A4YH 14" B+D-CcA'B
S ; 1
:é@-@ B+D

~ (1
S
Lemma 3.3 [22, 29]:

Let (4, B, C, D) be the minimal and balanced realization of the linear time-

A A A AN\ .

balanced with the same gramian X.

Proof. Since X satisfies the Lyapunove equations:
A +3zA" +BBT =0
ATT+3XA+C"C=0

then multiply the first equation by A~ from the left and multiply it by

_4T
A" from the right to get:
-1 -1" -1 Ty~ 1" -1 T\ 41"
AT7'ADA T +A7M(zAT)A +A7Y(BBT)ATT =0

SO

247" A+ (A7) (47B) =0
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Substituting the values in equation (3.1) we have:
Ax +3A" +BBT =0
_4T

Multiply the second Lyapunov equation by A Y from the left and by A1

from the right , we get:
-1 o7 -1 -1" -1 -1 (7 -1
A (AT2)A™ +A @A +4 T (cTc)at =0

50
s2A A 24 (A (ca) =0
Using equation (3.1), we have:
ATE+3A+C7C=0
This means that the reciprocal system (4,B,C,D) is balanced with the
same gramian X.

Let us partition the reciprocal system (4, B, C, D) and the gramian X as:

. (4, A . (B A A4 Y

A=<}1 }2>,B=<A1>,C=(C1 C, ),z=< 1 0) (3.4)
A21 A22 BZ 0 22

Lemma 3.4 [22]:

Assume that the hypothesis of lemma (3.3) hold and the reciprocal system
(4,B,C,D) is partitioned as in equation (3.4), then the subsystem

(4;;,B; ,C; ,D)(i = 1,2) is also internally balanced with gramian

¥ (i=12).

Lemma 3.5 [22]:

Let the hypothesis of lemma (3.4) hold. Then the subsystem matrix A; (i =

1,2) is a asymptotically stable if £; and X, have no common diagonal
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element. Furthermore, the subsystem

(4;;,B; ,C; ,D) (I =1,2) is controllable and observable.

Before applying the balanced truncation method on the reciprocal system
(4,B,C,D), we assume that the Hankel singular Values o; , j = 1,2,...,7
are distinct and such that o, >0, >-->a, >0, from this condition
we have £, > 0.

Then we get a balanced r X r reduced system (A;;,B; ,C; ,D) represented

by the following state space equation:

'

Il
2>)
=

1R+ B % (3.5)

<
I
o

. %+ Du
By equation (3.1) and remark (3.2) we can find the values of A, ;,
B,, C,andDas

An = (A11 - A12A521A21)_1

)

-1
1 (A11 - A12A521A21) (Bl — A;,A7;B, ) (3.6)
1 (C1

—C, A1AL) (Ar — Ap,ATEAL,) T

o

D=D-CA'B
For the reduced system (A;;, B; , C; , D) the transfer function is given as
~ ~ —~ -1~ o~
G- (s)=C; (sl-A;;) B, +D (3.7)
Now, the error bound is given in the following lemma.

Lemma 3.6 [7-9]: We have:
||@ — G, ||Oo < 2(0r+1 + 00y + 0+ 0y ) (3.8)
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3.2 Singular perturbation approximation method

In previous sections we studied a balanced truncation scheme to reduce the
dimension of the system. In this section we study another method used to
reduce the order of the system called singular perturbation approximation
method (SPAM).
The two methods gives the same error bound. For (BTM) the error bound is
small at high frequencies and large at low frequencies, but for (SPAM) the
error bound is large at high frequencies and small at low frequencies.
We want to find the error bound for the reduced order model using
(SPAM), to get this error bound, we show the relationship between the
reduced model of reciprocal system and the reduced model obtained by
(SPAM)
Consider the linear time invariant (LTI) continuous system:
x = Ax + Bu (3.9)
y =Cx
The controllability and observability gramians W. and W, respectively
are positive semi-definite and can be expressed as [14]:
W, =uuT
W, =LLT

The balanced gramian X is partitioned as:
5 = (21 0 )
0 2,

>, =diag (01 ,0 .. Op )

where
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and

Y, =diag (O'r+1,0'r+2, . Op )
This partition shows which singular values are important and the ones we
can delete [28, 30]. Also, the balanced transformation S satisy this

equation:
1

S=UYs ?
g1 — 2_%XT L7
Suppose o,,,; < g, , and Hankel Singular Values(HSVs) are coordinate
invariant, since o, > 0,,, > - > 0, > 0, then a reduced order system

with small parameter can be obtained [17].
By replacing X, by €X, we have:

(O‘r+1,0'r+2, ey Op ) - e(ar+1,ar+2, ey Op ),6 >0

We change the coordinates using balanced transformation Y (¢) such that :

x — S(e)x

By letting S™1(€) = o(€), we obtain the new balanced partitioned matrices:

Sll SlZ
S(e) = i (3.10)
S21 ESZZ
and the inverse
011 012
e(e) = <i 1 ) (3.11)
Ve 021 ﬁsz

which gives rise to the balanced coefficients written as:

A(e) = 0(€)AS(e)



S11 =S

Q11 Q12 A A 11 gP12

- <1 ; )( i 12) i (3.12)
72921 7Q22)\Ay Ay

1

B(e) = 0(e)B
_ <1Q11 1Q12 )(Bl ) (3.13)
72921 7922 ) \B;
B,
= 1 B
\/E 2
and

C(e) = CS(e)
1

Ls
=, )| " T (3.14)

SZl ESZZ
(6 e
- 1 \/E 2
In equation (3.12), A = o(1)AS(1) denotes the balanced matrix A for e =

1.

The balancing transformation can be reformulated as:

S(e) =T'(e)S(1)
and

e(e) = o(1I'(e)

where T"(¢e) is the diagonal scaling matrix:
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I 0
I(e) = (0 1 ,)
Ve

In what follows we delete the tilde from the balanced matrices to get

matrices:
1
Aqq ﬁAn B, 1
A= ,B=11 ,C=(61 —C2>
iA 1 ?BZ Ve
\/E 22 € €

We define the new variable w = (w; ,w, ) which can be balanced using

the balance transformation ¢(€) and w written in the balance form as:

w = p(e)x
In this moment, our dynamical linear system in equation (3.9) turns in to

the singular perturbed system of equation:

1
<W1 > _ Agq ﬁAu <W1 ) n ( 1Bz >u (3.15)
, 1 1 :
W2 ﬁAm “Az2 | \W2 EBZ
1 Wy )
=(C;, —=C
y ( 1 \/E 2 ) (Wz

Equation (3.15) can written as:

Wl - A11W1 + iEA12W2 + Bl u

Ve
. 1 1
WZ == \/_EA21W1 + EA22W2 + BZ u (316)
1
y=0 w +TECZ W»

We scale w, as:
w, — ew,

Then equation (3.16) becomes:

. 1
W1 == A11W1 + a W2 + Bl u
12

€W2 =A21W1 +A22W2 +Bzu (317)
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1
y=0w; +—=0C w,

Ve

We can write this system in matrix form as:

; A A B
<Vf’1>= J e (Wl >+ L (3.18)
Wy ;A21 gAzz Wy ;Bz
w
y= (C1 C, )( ! )
w»

where the submatrices A;;,A4;,,... are in balanced form, and scalar €

represents all the small parameters to be neglected [17].

In order to reduce the order of the system to gain a reduced order model,
set the singular perturbation € = 0. Singular perturbation cause a multi-
time scale behavior of dynamical systems and this yields the slow and fast
variables of the system. More details about the quasi-steady-state are found
in [20].
Assumption 3.7 : The block matrix A,, is invertable and stable, i.e
R{A(AZZ)} <0

Assumption 3.8 : The equation:

EWZ = A21W1 + A22W2 + BZ u (319)

has distinct roots when € = 0.

w; and w, which appeared in the dynamical system expressed by

equation (3.17) are the slow and the fast variables respectively [12].

According to the assumptions (3.7) - (3.8) and equation (3.18), then setting

e = 0 makes the roots of equation (3.19) denoted by w, look like:

W, = A4, W, —A3;Byu (3.20)
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In the first part of equation (3.17), if we substitute the value of w, we have
the reduced order model given by the state equations:
w, =Aw, + Bu
y=Cw, +Du (3.21)
wy (0) =wy (0)

such that
A=Ay —ApAs Ay
B=B; +A;,43;B,
C=C, —C, A;1A,, (3.22)

D= —C; AElez

Let Q be the transfer function of the reduced order model given in equation
(3.21), then:

Q(s)=C(sI—A)B+D (3.23)
In view of definition (3.5) and equations (3.6) and (3.22), we have:

Ay = (A4 - 1412145211421)_1 =M1
31 = (411 — 1‘1121‘15211421)_1 (By — A12A52132 )

=(A)7'B (3.24)

G = (€ = Cy A7} ) Ay — ArpAziAg)
=-C(AH™
D=D-C(A)'B

Moreover, the following relationship between the two transfer functions
Q(s) and Q, (s) are [29]:
Q(s)=C(sI-A)'B-D
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1 -1
(1——,4) B+ D
S

- 1
(A~ 1A - ;A)'lB +D

Il
Y

W | ~
N—

-1

(
(@*-2) @7 B+D

S

[l
Y

Il
o))
N N N
ik W]l » |

Il
o
/N
N— N

— A+ A) G- DA TB+D (3.25)

Theorem 3.9 [29]:

The reduced order model by SPAM (4, B, C, D)is balanced with gramian

>, and is asymptotically stable.

Proof. By lemma (3.4) the reduced reciprocal system (4,;,B; ,C; ,D) is

balanced with gramain X, that satisfy Lyapunov equations:

A +3, AT, +B, BT =0
AT sy +3, A, +CT¢, =0
premultiplying the first equation by A7 and postmultiplying by (A7H)7,
and multiplying the second equation from the left by (A71)" and from the
right by A7, yields:
AT} (A ) JATHT + AT (2, AT)(471) + A (B, BT)(A71)" =0
= T (i) +Aiis, + (A1 )(4iiB, ) =0

Using equation (3.24), we have
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AT, +3, AT +BBT =0
and
(A1) (ATyz, )aih) + (Azd) (21 An)dzt + (A71) (€16, YAzl =0

=3, ARt + ADTE, + (6 A ) (G A =0

In the same way, using equation (3.24), we obtain:
AT, 43, A+C"C=0

this implies that (4,B,C,C) is balanced with gramian X; . Hence the

. = 1 - -~ A .
eigenvalues of A are A4 =7 due to A=A7} and A, is also

asymptotically stable, (i.e R{A(4,,)} < 0), with A be the eigenvalues of

~

A11 .
We conclude that R{2; (4A)} < 0, which means the reduced order model by

SPA method is asymptotically stable.

The next theorem gives the error bound of reduced order model using SPA

method in the form of H,, norm
Theorem 3.10 [7-9]:

Suppose Q and Q, are the transfer functions of the main system and r-th

order model ingenious by SPAM (4, B, C, D) of Q, then we have:

1Q(s) = Q) < 2XiZr41 0 (3.26)

Proof. From equations (3.3)-(3.25) and lemma (3.1.6), and using the

triangle inequality we obtain:
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e}

10® -2l = e -2 () +a(5)-a () + & (5)- e
<fewr -2, +leG)-& QI +[o- ()2 ()
(

S
<[e()-2 ()

+

(e 0]

e}

|OO

Chapter Four

Numerical Examples and Results

To illustrate the effectiveness of the Balanced Truncation (BT) and the
Singular Perturbation (SP) approximation for constructing a reduced order
model for stable finite dimensional linear time-invariant (LTI) dynamical
system with zero initial condition we consider the following numerical

examples:
Example 4.1: Mass — spring damping system

For convenience, we will start with three masses and apply Newton’s
Second Law of motion to them. Suppose that m, ,m, and m; are the

masses described in figure (4.1)
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| S——

Figure 4.1: Three Mass-Spring Damping

where x; ,x, and x; are the positions of the masses m,,m, and
ms respectively and k&, ,k, ,k; and c¢;,c, ,c3 are constants that
represent the stiffness and the damping of the springs with u is the force
acting on the mass m . For mass m, in figure (4.2) and apply Newton’s

Second Law we get the following differerntial equation:
m1 jél + C1 J'Cl + k1 x1 + C2 (3&2 - 'X."l ) + kz (x2 - X1 ) == 0
m1 5(.'1 + (Cl + CZ )5(1 + CZ 5(2 + (kl + k2 )xl - k2 xz - 0 (41)

)

KiX: ey = kz(Xz‘X1)
my
Cox =>'CJ(X7'XI)
Z 7

Figure 4.2: Mass 1

Likewise for the mass m, in figure (4.3), we obtain:
mzjéz +C2 5&2 +k2 xz +C3 (X'3 —x2)+k3 (X3 _xz):O

m, 5&2 + (Cz + C3 )5&2 + (8 .).Cs + (k2 + k3 )xz - k3 x3 =0 (4.2)

'SR

kzxzﬁ =t kﬁ(Xa-Xz)
mo L.
Cx, = =c=—C,(X,"X,)
Z ZZ

Figure 4.3: Mass 2

and the differential equation for the mass m5 in figure (4.4) is:
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m3 jé3 +C1 (jC3 —X2)+k3 (X3 —X2)=u
m3 jé3 - C3 5C2 + C3 X'3 + k3 x3 - k3 x2 =Uu (4.3)

k3(X3-X2)
Cz().(a_).(:)

Figure 4.4: Mass 3

We can write these set of differential equations (4.1), (4.2) and (4.3) in

matrix form as:

my 0 0 X1 ¢, tcy —Cy 0 X1
0 m, 0 X, |+ —C, c; +c3 —C3 Xy
0 0 mg X3 0 —C3 C3 X3
ki +k, -k, 0 X4 0
+ -k, ky, +k; —ks X, | = <0> u (4.4)
0 —ks, ks / \xs 1

The differential equation that represents this system has the form:

MX + Cx + Kx = Lu (4.5)

where M is the mass matrix, C is the damping matrix, K is the stiffness and

L isan 3 x 1 column vector.

To find the state space equation for the previous linear continuous
dynamical system we assume that:

X =2z (4.6)

Furthermore



i=z (4.7)

Assume that M~ exists, then insert equations (4.6) and (4.7) into equation
(4.5), we obtain:

X =1z

Xx=-M'Kx—M'Cz+M 'Lu (4.8)

and in matrix form we have

N _( O I x 0
(Z) = (—M‘lK —M‘lc> (z) + (—M‘1L>” (4.9)

0 I : 0
Let A = (—M‘lK —M‘1(3> be of size (6 x6) and B = (—M‘lL) of

size (6 x 1), then the state space equation for this system is:

X = AX + Bu (4.10)
where X = (;c) Is the state vector of the linear dynamical system of size
(6 x1).

Now, we want to find the state space representation for any n mass-spring

damping continuous system.

Using same approach, we can derive the state space equation for n masses
and apply Newton’s Second Law on the mass m; to get the following

differential equation

m; % —c; X+ (¢ o)k — CipaXigr — ki X4

+ki+1(xi+1 - xi ) = bu (411)

wherei = 1,2,3,...,n
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The value of B is zero when i # n and one wheni = n, butx, = 0fori =

land x,,; = kpy1 =dy =0Ff0ri =n

The matrix representation for the differential equation described by

equation (4.11) can be written as:

Mi+Cx + kx =Lu (4.12)
where
my 0O O 0
0 m, O 0
M = 0 o - 0 0
: 0 i 0
0 O 0 O My /

iIs called the mass matrix of the system and

/Cl + Cz _C2 0 e es 0

_C2 C2 + C3 _C3 0 O

C — O _C3 C3 + C4_ e 0
0 0 0

: : : —Cp )
\ 0 0 0 .. —Cp  Cp

IS the damping matrix

nxn

and
/kl + kz _kz O e 0 \
_kz kz + k3 _k3 0 O
K — O _k3 k3 + k4_ 0
0 0 0
: : : o —ky,
\ 0 0 0 v =k, kp /

nxn
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Is the Stiffnes matrix. Finally, the vector
0
0

UL

represents the number of controllers acting on masses.

To obtain the state space equation for the linear continuous system, we let:

and

Sitting these equations into equation (4.12), we get the following system:

X =2z
z2=-MKx—M1Cz+ M Lu

and in matrix form, we have:

()ZC) = (—Mo‘lK —Ml_lD) ()ZC) + (—MO‘lL)“

If we let

. 0 I
- (—M‘ll( —M'1D>
of size (2n X 2n)

and

b= (—zv;)‘%)

of size (2n X 1), then the state space equation for this system is:

X = AX + Bu

(4.13)

(4.14)

(4.15)
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X\ - .
where X = (Z) Is the state vector of size (2n x 1)
Tables (4.1) and (4.2) show the value of |G — G, || _and || ||, bound
©o 2

of the approximation error between the output y and yr of the original and

reduced systems and the error bound for the SPA and BT methods.

Figure (4.5) represents the Hankel singular values of damping's mass-

spring system for both SPA and BTM.

Table 4.1: the L? norm of y — y,. of the damping mass- spring

7 10

16 — G, ||_by SPA lvo = |, SPA 2 Y a
i=r+1

1 3.5016 6.5955e-06 3.6523
2 0.0055 2.1036e-10 0.1450
3 0.0593 1.4866e-08 0.0849
4 0.0018 1.8108e-11 0.0259
5 0.0097 1.2979e-10 0.0159
6 5.9742e-04 8.6645e-13 0.0063
7 0.0013 1.3055e-10 0.0051
8 5.1416e-04 1.0127e-12 0.0039
9 8.1211e-04 6.5479e-12 0.0030
10 4.7972e-04 4.9314e-13 0.0021

Now, by applying the balanced truncation method for this system with zero

initial condition obtained a reduce order system, and compute I. loo bound

of the approximation error given in section (2.4).

We take a system of size N = 20 and reduce its order to obtain reduced

order system of size r = 2.
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Graph of the HSVs

100 B e L] .
10~ 3
10_25 E

1%} F - L ]

Z i

T 10k 4

.QCJ E = i . » - -

— . -
107 3
10°°k E
10°° b 3
10—'7: 1 1 1 1 1 1 1 1 1 5 ]

0 2 4 6 8 10 12 14 16 18 20

The system size

Figure 4.5: HSVs of the mass-spring damping

Table 4.2: the L? norm of y — y,. of the damping mass- spring

10
Tx IG - G, ||Ooby BT [vo = v ”Lz BT 2 z 0;
i=r+1
1 3.5129 6.5973e-06 3.6523
2 0.0072 2.1064e-10 0.1450
3 0.0607 1.4896e-08 0.0849
4 0.0023 1.8201e-11 0.0259
5 0.0104 1.3042e-10 0.0159
6 5.9823e-04 8.6729e-13 0.0063
7 0.0019 1.3131e-10 0.0051
8 5.1485e-04 1.0216e-12 0.0039
9 8.1276e-04 6.5547e-12 0.0030
10 4.8018e-04 4,9424e-13 0.0021

Figure (4.6) and (4.8) represents the maximum singular value
decomposition (MSVD) of (G — Gr) and the error bound 2 Y2, ag; for
SPA and BTM. We see clearly that the balanced truncation method yields a
reduced order model with smaller error at high frequencies and larger error

at low frequencies.
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Next, figures (4.7) and (4.9), show the plot of the outputs y and yr of the
original and reduced systems respectively and their differences (y — yr)
and error bound by applying singular perturbation and balanced truncation

method on the numerical example respectively.

The maximum SVD and the EB

(G Creduced!
EB a

The maximum SVD of (G,u"‘Greduced)

- ; i i
107 1072 10° 10° 10 10° 10°
The value of s

Figure 4.6: The MSVD and the error bound for the damping mass-spring

The outputs differences

. 0.5 y'
j 0.4} y:) I
.g 55l (Yo =YD H
_ES 0.2 {cq ! f »)] 4 i
RN | T ﬁ f /] AAAANANR A
gl UL
B RS
g —0.2 J w iml W &j v o K " v ' 4
S i
S5 10 20 30 40 50 60 70 80 90 100

The time t

Figure 4.7: The outputs of the mass-spring damping



Maximum singuler value decomposition of(G-Grj

-90

53

The MSVD of iG—Gr‘J and the error bound

Error bound
MSEWD clf[GvGr}

.

107! 10" 10"

Frequency (rad/s)

102

10°

Figure 4.8: The MSVD and the error bound for the damping mass-spring
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06

0.4

o
[N

-0.4

-06

-0.8

The outputs and thier differences

T T T T T T T T
Y —
¥y
ya¥

£\ o RPN —_—
1 1 1 ! 1 1 1} 1
0 10 20 30 40 50 60 70 0 90 100
Time (sec)

Figure 4.9: The outputs of the mass-spring damping
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Example 4.2: RC-circuit:

We will study an RC-filter, RC-network and resistor—capacitor circuit (RC-
circuit). The RC-circuit shown in figure (4.10) is a collection of resistors

and capacitors.

R Rz
" VWW—+—" W\

¢

Figure 4.10: Simple RC-circuit

driven by a voltage or current exporter. RC-circuits may be used to filter a

signal by blocking confirmed frequencies and passing others.

Suppose we denote by i, and v, the current and voltage through the

capacitor C,, let U denote the voltage source in the circuit and I (the output

of the system) is the current across a resistor n,p = 1,2, -+, n.
. d
Leti, = C, 2 Vp (t)

U_vl 172—171 d vl_U vl_vz
+iy + =0 > —v,(t) = +
R, TR, > wO=T T g

U, =V U3 — Dy d
+ i, + =0 — t) =
R, %) R, - dth()

el:

V1_V2+V2_173
C2R; C2R;3

ez:

v, — Vyrq — U d
p p-1 , p+1 p
P P05 —p (D)
PR, P Rom dt ?
_ vp_l - vp + vp - vp+1
C,R, CoRpi1
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Un = VUn-1 | . d Un—1—"Vn
en:———+i, =0 - —v,(t) =———
n Rn n dt TL( ) Can
| = Un—Vn-1
R,

This system can be written in state space representation as:

V =AV + BU
I =CV,
where;
L + _1 — : 0 o ... .. 0
CR, CR, CR
! - 1 ,1 —L o ... ... 0
C,R C,R, C,R, C,R,
o 1 I S S S 0
C,R, C,R, CR, CiR,
4= 0 0 , 0 0
(‘-1‘R-1
0 0 0
0 0 0 0 0 1 - L
(—'an C-J\Rn ,,,,,
-1
ClRl
p=| 0
0 7 nx1
and
-1 1
Cz(o 0 .. .. 0 = —)
R R

We choose the size of the system n=20, and the reduced system r=4.
the following matrices represent the linear dynamical system:

A = matrix of size 20x20

A<(hs )



—0.0016
—0.8865
—0.0021
—0.0021
—0.0014
—0.0016
—0.0010
0.0001

Al =

—0 0434

0. 1769
—2.4564
—0.0487
—0.4730

2.6587

0.0011
—0.0007
—0.0007
—0.0005

—0.8580
14.8917
1.8800

—0 5188
—0 1171

0.0438
0.0043

0.8865
—0.0016
—0.0021
—0.0022
—0.0014
—0.0016
—0.0010

0.0001

0.0007

0.0003

—0.0007
0.0008
0.0286

—0.0295

—0.1060
0.1424

—0.4429

-0.1217

—2.6044
0.1520

0.0011
—0.0008
—0.0007
—0.0005

0.0004
—0.0003
—0.0001

0.0001

0.0000

0.0000

—14.8917
—0.4522
—0.5514
—-1.0657

0.4676
—0.2814
—0.1002

0.0893
—0.0331
—0.0032

0.0021
—0.0021
—0.0397
—4.4801
—0.0630
—0.0514
—0.0399

0.0030

0.0243

0.0110

—0.0007
0.0007
0.0255

—0.0266

—0.0982
0.1226

—0.4888

—0.0657

—0.8452
0.1776

0.0402
—0.0286
—0.0255
—0.0187

0.0133
—0.0096
—0.0031

0.0028
—0.0010
—0.0001

—1.8800
—0.5514
-0.7737
—17.2204
1.0070
—0.4947
—0.1905
0.1713
—0.0632
—0.0062

B = vector of size 20x1

5=(3,

)

—0.0756

—0.0757

Bl=

—0.0489
—0.0506
—0.0323
—0.0367
—0.0240
0.0019
0.0152
0.0067

C Vector of size 1x20
c= (1 C2)
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~0.0021 —0.0014
00022 0.0014
44801 0.0630
~0.0433 —0.0474
~0.0474 —0.1050
~0.0752 —7.6950
~0.0403 —0.1390
0.0033  0.0140
0.0264  0.1078
00112 0.0398
0.0005  —0.0004
~0.0005  0.0004
~0.0187 00133
00199  —0.0141
00772 —0.0535
~0.0852  0.0619
05996 —03399
0.0290  —0.0243
02999 —02658
~02739 01374
0.0434 01753
~0.0295 —0.1060
~0.0266 —0.0982
~0.0199 —0.0772
00141  0.0535
~0.0100 —0.0379
~0.0033 —0.0126
0.0029 00111
~0.0011 —0.0041
~0.0001 —0.0004
05648 —0.5188
10657 —0.4676
17.2204 —1.0070
—0.4543 05343
05343 —1.1073
~0.5697 19.1988
~0.1538  0.5478
0.1337  —0.4456
~0.0503  0.1735
~0.0049  0.0168
0.0250
—0.0174
—0.0156
—0.0115
| 0.0082
—0.0059
—0.0019
0.0017
—0.0006
—0.0001

0.0016 —0.0010 —0.0001 —0.0007  0.0003
—-0.0016 0.0010  0.0001  0.0007  —0.0003
—0.0514 0.0399 00030 00243 —0.0110
00752 —0.0403 —0.0033 —0.0264  0.0112
76950 —0.1390 —0.0140 —0.1078  0.0398
—-0.1395 02091  0.0128 01057  —0.0556
—0.2091 —0.4736 —14.5428 —2.1095  0.1543
00128 14.5428 —0.0030 —0.0275  0.0704
0057 21095 —0.0275 —0.2629 10.6777
0.0556  0.1543 —0.0704 —10.6777 —0.0519
—0.0003 —0.0001 —0.0001 0.0000  0.0000
0.0003  0.0001  0.0001 0.0000  0.0000
0.0096 0.0031 0.0028 0.0010 —0.0001
—0.0100 —0.0033 —0.0029 —0.0011 0.0001
—0.0379 —0.0126 —0.0111 —0.0041 0.0004
0.0449 00147 00130 0.0049 —0.0005
—0.2213 —0.0762 —0.0677 —0.0251 0.0025
—-0.0192 —0.0061 —0.0053 —0.0020 0.0002
—-0.2174 —0.0674 —0.0593 —0.0221 0.0022
0.0858  0.0301  0.0268  0.0099 —0.0010
0.1769 24564 —0.0487 —0.4730 —2.6587
—0.1424 —0.4429 01217 2.6044  0.1520
—0.1226 —0.4888 0.0657 0.8452  0.1776
—0.0852 —0.5996 0.0290 0.2999  0.2739
0.0619 03399 —0.0243 —0.2658 —0.1374
—0.0449 —02213 00192 0.2174  0.0858
—0.0147 —0.0762 0.0061 0.0674  0.0301
0.0130  0.0677 —0.0053 —0.0593 —0.0268
—0.0049 —0.0251 0.0020 0.0221  0.0099
—0.0005 —0.0025 0.0002 0.0022  0.0010
—04357 —0.1333 —0.1171 —0.0438  0.0043
—0.2814 —0.1002 —0.0893 —0.0331  0.0032
—04947 —0.1905 —0.1713 —0.0632  0.0062
05697  0.1538  0.337  0.0503  —0.0049
—19.1988 —0.5478 —0.4456 —0.1735  0.0168
—0.6193 —0.3899 —03778 —0.1338  0.0133
—0.3899 -1.3950 -21.7036 —0.8116 0.1036
03778 217036 —1.2316 —1.0784 0.0783
—-0.1338 —08116 1.0784 —1.1434 20.3942
—0.0133 —0.1036 0.0783 —20.3942 —0.0111
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C1(-0.0756 0.0757 0.0489 —0.0506 —0.0323 0.0367 —0.0240 -0.0019 -0.0152 0.0067)

C2(-0.0250 —0.0174 -0.0156 0.0115 -—0.0082 —0.0059 -—0.0019 -0.0011 —0.0007

Table 4.3: the L? norm of y — y,. of RC-circuit example

10
Ty l6 =G, || by SPA | [lyo— ||, SPA 2 Z o;
i=r+1
1 3.7667 3.5426e-06 3.8608
2 0.0059 1.1235¢-12 0.1533
3 0.0666 6.5791e-13 0.0898
4 0.0020 1.0095¢-14 0.0274
5 0.0114 5.3814¢-15 0.0169
6 5.6448¢-04 1.1438e-16 0.0067
7 0.0018 1.1536¢-16 0.0054
8 5.2135¢-04 6.2286e-17 0.0041
9 9.3891e-04 5.2701e-17 0.0032
10 5.0001e-04 1.8344e-17 0.0023

Table 4.4: the L? norm of y — y,. of RC-circuit example

10
T l6 =6 ||, byBT | llyo—y |, BT 2 ) a
i=r+1
1 3.7714 3.5512e-06 3.8608
2 0.0068 1.1308e-12 0.1533
3 0.0692 6.5834e-13 0.0898
4 0.0028 1.0128e-14 0.0274
5 0.0122 5.3936¢-15 0.0169
6 5.6508e-04 1.1517e-16 0.0067
7 0.0022 1.1649e-16 0.0054
8 5.2214e-04 6.2347e-17 0.0041
9 9.3932¢-04 5.2856e-17 0.0032
10 5.0018e-04 1.8518e-17 0.0023

Tables (4.3) and (4.4) show the value of |G — G, || _and || I, bound

of the approximation error between the output y and yr of the original and

reduced systems and the error bound for SPA and BTM.

—0.0001)
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Graph of the HSVs
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Figure 4.11: HSVs of the second example

Figure (4.11) represents the Hankel singular values of damping's mass-

spring system for both SPA and BTM.

Figure (4.12) and (4.14) represents the maximum singular value
decomposition (MSVD) of (G — Gr) and the error bound 2 Y12, ., o; for
SPA and BTM. We see clearly that the balanced truncation method yields a
reduced order model with smaller error at high frequencies and larger error

at low frequencies.
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Figure 4.13: The outputs of the second example
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Figures (4.13) and (4.15), show the plot of the outputs y and yr of the
original and reduced systems respectively and their differences (y — yr)
and error bound by applying singular perturbation and balanced truncation

method on the numerical example respectively.
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10 e ———ry ; et

Error Bound
MSVD of (G-G)

s
-

The maximum singular value decompsition (MSYD) of (G 9

30 P S | P | LN M

107 10° 10" 107 10°

Frequency (radisec)

Figure 4.14: The MSVD and the error bound for the second example
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Figure 4.15: The outputs of the second example
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Conclusion:

Linear large-scale systems arise in many practical applications, for
instance, in circuit simulations and in control problems where the

underlying physical process is modeled by partial differential equations.

Two methods namely, Balanced Truncation Method, and Singular
Perturbation Approximation implemented to approximate the solution of
Linear Time Invariant (LTI) system. Some illustrative examples to

demonstrate the validity and applicability of these methods had solved.

The two methods gives the same error bound. For (BTM) the error bound is
small at high frequencies and large at low frequencies, but for (SPAM) the

error bound is large at high frequencies and small at low frequencies.



[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

62

References

G. Arfken, H.Weber, and F.Harris, Mathematical methods for
physicists (7" edition), Academic Press 2012.

A. C. Antoulas, Approximation of large-scale dynamical systems,

Advances in design and control, Society for Industrial and Applied

Mathematics, 2005.

U. Baur, P. Benner, and L. Feng, Model order reduction for linear and

nonlinear systems: a system-theoretic perspective, Arch Computat

Methods Eng 21, 331-358 (2014).

P. Benner, Solving large scale control problems, Control Syst.

Magazine, 24: 44-59(2004).

K. E. Brenan, S. L. Campbell, and L. R. Petzold, Numerical solution

of Initial Value Problems in Differential Algebraic Equations, Society

for Industrial and Applied Mathematics (1996).

R. Condon, Marissa, and Ivanov, Nonlinear systems algebraic

Gramians and model reduction, COMPEL Int J for Computation and

Maths in Electrical and Electronic Eng, 24 (2005), pp. 202-219.

A.Daraghmeh and N.Qatanani, Error bound for non-zero initial

condition using the singular perturbation approximation method,

Mathematics, 6(11), 2018.

A. Daraghmeh and N. Qatanani, Numerical error bound of optimal

control for homogeneous linear systems, Archives of Control

Sciences,?29, 2019.


http://yadda.icm.edu.pl/baztech/element/bwmeta1.element.baztech-3dc36e8d-7478-458d-b4a4-d3d05c3e4c22
http://yadda.icm.edu.pl/baztech/element/bwmeta1.element.baztech-3dc36e8d-7478-458d-b4a4-d3d05c3e4c22
http://yadda.icm.edu.pl/baztech/element/bwmeta1.element.baztech-3dc36e8d-7478-458d-b4a4-d3d05c3e4c22

63

[9] A. Daraghmeh, N. Qatanani and C. Hartmann, Optimal control of
linear systems with balanced reduced-order models: Perturbation
approximaions, Applied mathematics and Computation, 337, 119-136,
2018.

[10] B. Datta, Numerical methods for linear control systems, Academic
Press,2003.

[11] M. Deakin, Euler's version of the Laplace transform. The American
Mathematical Monthly Vol. 87, No. 4 (Apr., 1980), pp. 264-269.

[12] G. E. Dullerud, and F. G. Paganini, A Course in Robust Control
Theory, Springer 2005.

[13] L. Evans, An introduction to mathematical optimal control theory
Version 0.2, University of California, Berkeley, 2013.

[14] P. Feldmann and R.W. Freund, Efficient linear circuit analysis by
Pade approximation via the Lanczos process, IEEE Trans. Comput.
Aided Design, 14: 639-649 (1995).

[15] K. Glover, All optimal Hankel-norm approximations of linear
multivariable systems and their error bounds. International Journal of
Control 39(6), 1115-1193 (1984).

[16] W. Gray and J.Mesko, Observability functions for linear and nonlinear
systems. Syst. Control Lett. 38(2),99113.

[17] C. Hartmann, B. Schafer-Bung, and A. Thons-Zueva, Balanced
averaging of bilinear systems with applications to stochastic control,
SIAM Journal on Control and Optimization, 51 (2013), pp. 2356-
2378.



64

[18] S. Janardhanan, Model order reduction and controller desig
techniques, 2005.

[19] G. M. Kepler, H.T. Tran, and H.T. Banks, Compensator control for
chemical vapor deposition film growth using reduced order design
models, Technical Report CRSC-99-41, Center for Research in
Scientific Computation, North Carolina State University (1999).

[20] P.V. Kokotovic, Applications of singular perturbation techniques to
control problems, SIAM review, 26(1984), pp. 501-550.

[21] V.Kucera, Rudolf E. Kalman: Life and Works, IFAC Papers Online,
(2017)631-636.

[22] Y. LIU and B. D. O. Anderson, Singular perturbation approximation
of balanced systems, International Journal of Control, 50(1989),
pp.1379-1405.

[23] B. C. Moore, Principal component analysis in linear systems:
Controllability, observability, and model reduction. IEEE Trans.
Automat, Control AC-26, 17-32 (1981)

[24] N. Monshizadeh, H. L. Trentelman, and M. Kanat Camlibel, Stability
and synchronization preserving model reduction of multi-agent
systems, Systems and Control Letters, 62 (2013), pp. 110.

[25] H. Nyquist, Regeneration theory, Bell System Technical J January
11:126-147, 1932.

[26] A. Quarteroni and G. Rozza, Reduced order methods for modeling
and computational reduction, Springer International Publishing

Switzerland 2014.


https://www.sciencedirect.com/science/article/pii/S2405896317300903#!

65

[27] T. D. Romo, J. B. Clarage, D. C Sorensen, and G. N. Phillips,
Automatic identification of discrete substates in proteins: Singular
value decomposition analysis of time-averaged crystallographic
refinements, Proteins Structure Function Genetics, 22: 311-321,
(1995)

[28] C. W. Rowley, Model reduction for fluids, using balanced proper
orthogonal decomposition, International Journal of Bifurcation and
Chaos, 15 (2005), pp. 997-1013. R. Saragih and F. Fatmawati,
Singular perturbation approximation of balanced infinite dimensional
system, International Journal of Control and Automation, 6(2013), pp.
409-420.

[29] R. Saragih and F. Fatmawati, Singular perturbation approximation of
balanced infinite dimensional system, International Journal of Control
and Automation, 6(2013), pp. 409-420.

[30] B. Schafer-Bung, C. Hartmann, B. Schmidt, and C. Schutte,
Dimension reduction by balanced truncation: Application to light-
induced control of open quantum systems, The Journal of chemical
physics, 135 (2011).

[31] J. Scherpen, Balancing for nonlinear systems, Systems & Control
Letters, 21 (1993), pp. 143-153.

[32] W. Schilders, H.Vorst, and J. Rommes, Model order reduction: theory,
research aspects and applications, Springer-Verlag Berlin Heidelberg

(2008).



66

[33] E. Shchepakina, V. Sobolev, and M. P. Mortell, Singular
Perturbations, Introduction to System Order Reduction Methods with
Applications, Springer International Publishing Switzerland 2014.

[34] L. Sirovich, Turbulence and the dynamics of coherent structures, Parts
I-111, Quart. Appl. Math., 45-3: 561-590 (1987).

[35] D. Skataric and N. Kovacevic-Ratkovic, The system order reduction
via balancing in view of the method of singular perturbation, FME
Transactions, 38 (2010), pp. 181-187.

[36] L. Skinner, Singular perturbation theory, Springer, Boston, MA, 2011.

[37] P. Szmolyan, Analysis of a singularly perturbed traveling wave
problem, SIAM J. Appl. Math. 52, (1992).

[38] V. Valkenburg, M. E. University of Illinois at Urbana-Champaign, "In
memoriam: Hendrik W. Bode (1905-1982)", IEEE Transactions on
Automatic Control, Vol. AC-29, No 3, March 1984, pp. 193-194.

[39] F. Verhulst, Methods and applications of singular perturbations
boundary layers and multiple timescale dynamics, Springer Verlag
New York, 2005.

[40] K. Zhou, J. C. Doyle, and K. Glover, Robust and optimal control,
Prentice Hall, 1998.


https://en.wikipedia.org/wiki/IEEE

daihagll - ladl) daals
Ldal) cladl) €

93 (Saalina Al 3ydall Qiplaial a5 Ayl
adle Lunlia

Aas)
Olds rldllue s FLdllas
L%
‘_r'\l.'\h'é L A

dad )y e .2

LIS clbualyll B bl dags o Jgant) cilbdlaial Yiain) dag bl oda s
2021



=

dlle unlia 53 Saalio alail Sjdall Qo) Gudi Ak
Aas)

oldds rldllae das Ul
)y
UJL'\.EE AL a0

das) ol .o

BHlal & dneyy Gladl) sl dulay ae Cjgls Al Al pucalgall e s oSanll Ayl o)
Laghs ey dibelly 4L 5ally daerigh Gldalail) dudyy o) cdapdall 2)lge Pliiuly alsa L
alle Ay @ld QB & osSa allg Asiall 5 daladl Lbealal) eV oled) (e dadail )
Gladad) Jumdl o Joennlly L€ee 4aS Bl Lglidily Aokl 13S0 ae Jaladll (g
a8y 55 s ol e Jpeanll [l JBY) lpsiall lgie s Cums Lt Julis ) b
coSae Waa Jal 5y

o B Gl 13 8 W) Gas Aadl) clahally Slall e paed) Jlad) 138 3 ek 84
il waall sl e Joaally 438y (mads Ulay el adll  Sulial) aUad) dlls
Al 45y (sl wyiall Gllaall daph & cull) g U] dnyl Leadial Lol b
Clgdaill adly (e Loaae Al Auhy Ld @Hhll oda Llled macagily , jfieall ol ol
Uadl) dawss 8 Bl i) cpelal g, Waslas Lty Liad ) 35kl Lgnle Lididag Al

Gkl oda aladiu) xie





