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Abstract

In this thesis, the researcher introduced the aggregation-diffusion equation in two-
dimensional space and investigated the existence of steady-states, which contain several
states, some of which are trivial and some of which are not. The categories studied
numerically using the finite-volume method, then followed by the use of the third-order
SSP-RK method, and finally used MATLAB to clarify the state of stability in each case.
The categories are divided into three main categories depending on the value of theta,
one of which diffusion prevails, while aggregation dominates, and the last one, in which

the balance between diffusion and aggregation wins.



Chapter One

Mathematical Preliminaries

1.1 Introduction

The field of partial differential equations (PDEs) is a wide field of diversity and size, and
it is one of the most important points of attraction in modern mathematics, especially in
engineering [1]and analysis [2], and it has many uses and applications, such as finance
[3], insurance[4], physics [1], chemistry [5], biology [6], economic [7] and social [8], etc.
You can notice, that most of the challenges facing the world are related in some way to
social and economic origins. To solve these challenges and understand their complexities
and implications, we need practical descriptive tools to understand, analyze and study
them.

The most important application of the partial differential equations in the present and the
future is mathematical modeling, which is an important step to move from maths training
to application-oriented maths experience, which makes the student or researcher suitable
to master the challenges of our modern technological culture. The model helps to explain
and study the effects of different components and make predictions about behavior. It can
be defined as translating problems from applications into mathematical formulas that can
be analyzed theoretically and numerically. Time management is the biggest risk facing
the development of a real model.

In the last quarter-century, due to the development of new techniques for collecting bi-
ological data, a resort has been made to integrate mathematical and theoretical thinking
into biology. Here comes the role of mathematical modeling, which is not only used to
validate hypotheses but to design and test new models that lead to testable experimental
predictions. It provided new insight into biological systems.

The most important and most famous example in biology is population growth over time

[10]. This model was presented using mathews, who used the following law

dP

— =71P 1.1
b (1.1)

which shows how the population P changes over time ¢, assuming that r is a variable

whose change depends on the species. The predator-prey model [11] is a well-known



example of a mathematical model that was developed from the Lotka-Volterra model,
which was created to analyze the population of fish in the Mediterranean during and
after World War /1. The model combines biological and ecological systems, and it is
a non-linear application of partial differential equations in a simple ecosystem, where it
describes the competition between two species living in the same conditions and in the
same ecosystem, assuming that the system is closed, that is, it does not allow migration
out of the system or the entry of new elements into the system.

Bacterial swarms are an example of a microbiology mathematical model in which cells
self-assemble [12]. Swarming occurs when bacteria interact with surfaces and media in
their environment, they reprogramme their behavior, motility, and growth while also re-
sponding to changes in their new environment by coordinating their existence with other
cells. In the colony, where everything does not happen at random but is driven by sev-
eral factors,

About fifteen years ago, a type of equation spread widely and attracted great mathematical
interest, which is the aggregation-diffusion equation, which is considered a type of partial
differential equation. This kind of equation explains how systems with diffusing and
aggregating particles interact. This equation helped them in explaining many phenomena
in many fields such as biology [31, 32], models of granular media [43], social sciences
[48], opinion formation modeling [40], and chemotaxis [49], which are all largely driven
by the long-range attractive force.

The Keller-Segel model of chemical concentration is included in the aggregation-diffusion
equation [13], which describes the mass movement of cells (bacteria or mold) attracted
by a self-released chemical (for one or a group of agglomerations). The model is mathe-

matically expressed using the following set of equations

pe=Ap—V - (pVe), (1.2)

ec; = Ac— ac+ p, (1.3)

p(x,t) is unknown refers to the population density of the cell colony of a two-dimensional
surface subject to Brownian motion and ¢ is time and because of the tendency of these cells

to move towards higher concentrations chemically, we have an additional drift velocity



c(x,t).
The Smoluchowski equation [14], which is widely used in physics, chemistry, and mate-
rials science, is also another example of an aggregation-diffusion equation. It describes
the coagulation or aggregation of tiny particles to form bigger clusters. The formula for
the equation is:

oC

5 = DV — K/C(x)C(ac —y)dy, (1.4)

C(x) denotes the particle concentration at position x, D is the diffusion coefficient, K the
coagulation rate constant, and the integral term denote the rate of coagulation between
particles separated by distance y. The formula predicts how the concentration of the
particles will change over time as they diffuse and aggregate.

What we want to study in our thesis is the steady-state of aggregation-diffusion equations
in two-dimensional space, which represents the state of equilibrium, which means that the
partial derivative with respect to time is zero for all future time, in other words, that the
solution of the process or system at a certain point will stop changing over time.

This thesis is organized as follows: it is divided into four basic chapters, In the first chap-
ter, a simple introduction to partial differential equations was presented, and the system
was also presented numerically in a one-dimensional space with little about the back-
ground of the study, while the second chapter dealt with the system in a two-dimensional
space, and it was analyzed numerically, using the Finite Volume method, and then Mat-
lab in finding the steady-state, as for the third chapter, we dealt with some examples of
different situations that may result in the steady-state, and finally, the fourth chapter, we
dealt with the difficulties of the study, the conclusions we got, and some suggestions for

future work.

1.2 Aggregation-Diffusion equations in one-dimensional space

In this section, we introduce an equation with aggregation and diffusion terms in one-
dimensional space which models a type of competition with long-range attractive effects
with short-repulsive ones which occur simultaneously. This equation is very used in many
fields such as population dynamics [15], chemical reactions [16], biological systems [17],
traffic flow [18], phase transition [19], chemotaxis [20], swarming whether it is animals

[21] or bacteria [22], material sciences [23], etc. This section is introduced and devoted



to presenting the main properties and results of this equation such as the existence and
uniqueness of solutions, and the existence of steady-states with their properties. We in-
troduce analytical results as well as a numerical simulation showing the shape of steady-
state.

The equation we consider in one-dimensional space [15] is defined as:

where the unknown p = p(xt) is non-negative L' densities with fixed masses defined
on (z,t) € R x RY, ¢ is the time, € is a positive constant modelling the diffusion, .S is
an interaction kernel modelling non-local attractive effects. The symbol S * p denotes
the convolution of two functions S and p, a mathematical technique for combining two
functions to create a third function that acts as a sort of combination of the two original
functions and is inserted as part of the product of two functions over a given period. And

mathematically it is expressed as follows

(Sxp) (@)= [ Sa=y)p(y)dy (16)

where S : R — [0, +00). The equation (1.5) consists of two terms, the first term is

0
D=3 ol (1.7)

called the quadratic diffusion term which models the local repulsive effects with diffusion
constant 8 > 0, this term is used to model situations where the diffusion rate is not

constant. While the second term is

A= 0,(pS" * p), (1.8)

a nonlocal attractive term, it represents an interaction or an all-pervasive, non-local force
that attracts things together (acting at a distance, not just between nearby or neighboring
objects), the phenomenon of long-range interactions between particles is modeled using
this term.

The aggregation-diffusion equation in one-dimensional space does not have a generic

solution that is known but the solution of equation (1.5) can take two ways, the first is



that the solution approaches the steady state, or follows the other, that it decays to zero
when the time is very large. In other words, more accurately, if the energy E is finite,
then the solution decays to zero in L? and almost everywhere if 6 is greater than 1 and
in when the time approaches infinity. While if the support for the steady-state is in the
region where the kernel S is convex and assuming the support for the initial datum is very
close to the steady-state, then for any time the solution is close to the steady-state.

The existence and uniqueness of solutions depend on the existence and uniqueness of
the entropy solutions of the equation and this is proven in several ways, the most impor-
tant of which is developed by Ambrosio, which is the theory of graduated flows in the
Wasserstein scale, for the proof and more details we refer the reader to [], provided that
the existence and uniqueness of the solutions are in the bounded convex field.

The solution of the aggregation-diffusion equation in one-dimensional space will also
exist and be unique in the long-range if the initial conditions and limits are suitable, such

as being smooth, finite, and with suitable decay.

1.2.1 Some analytical results about the solution of equation(1.5)

We’d like to present a quick rundown of the analytical conclusions of the aggregation
diffusion equations, which describe the conditions that ensure the presence, existence, or
nonexistence of steady-states, and long-range behavior of solutions. Consider the station-

ary version of the equation (1.5) as follows to achieve all of the above

0= (p(0p — 5 *p)a)e, (1.9)

this equation is a second-order ODE. And in a simpler expression

We’ll first make a few assumptions that will make it simpler to find steady-state. One
of these assumptions is non-negativity. Because system applications demanded it, this
assumption was made, which means that p > 0.

The distribution of particles or species across the entire research region being equal is one

of the most important assumptions we wish to accept, and this is the case when t=0.



The second assumption is that the total mass is conserved in time; that is, [ p(z,t)dx
remains constant during the time evolution. As a result, equilibria can be considered as

having a fixed mass, which is determined by the initial configuration.

Proof. To prove that the total mass is conserved in time in one-dimensional space for the
aggregation-diffusion equation, we need to show that the total mass remains constant as
time evolves, i.e., the integral of the density field p(z,t) over the entire space remains

constant. Suppose that

0
o = 0:(p0.(6p — S % ). (L1D)

where 6 is the diffusion constant and S * p is the convolution of the density p with the
aggregation kernel S.

We multiply both sides of the equation by x and integrate over the entire domain:

LOO xad:ﬁ = LOO 20, (p0:(0p — S * p))dz,

We apply integration by parts to the right-hand side:

/oo x%dx = [xp0,(0p — S * p)|> — /

(0p — S p)Or(xp)de,
—0 Ot —oo
The first term on the right-hand side evaluates to zero because p and its derivative are

assumed to approach zero at infinity. We are left with:

/O:oxg'jdx = /O:O(Qp — S *p)pdz,

Taking the time derivative of the left-hand side and substituting in the original equation,

we obtain:

d 00 00
%/ xpdx:/ (0p — S« p)pdzx,

This shows that the time derivative of the total mass of the system is equal to the net
production of mass due to diffusion and aggregation. Since the right-hand side is zero in
the steady state, the total mass is conserved in time.

Therefore, the total mass is conserved in time in the aggregation-diffusion equation, re-

gardless of the diffusion constant § and the aggregation kernel S. [l



Finally, for the sake of simplicity, we’ll assume Smooth for the solution to p(x), which
means p(z) can be differentiated anywhere.

All of the previous assumptions were made in order for the equation to yield a correct and
precise result. Let’s move on to the assumptions for S. Let .S interaction potential which
is a mathematical function that describes the interactions between individuals within a
population or species and a well-known example of the Lennard-Jones potential is used
to describe the interactions between atoms and molecules, S : RY — [0, +00) satisfying

the following assumptions:
e S > 0,and supp(S) = R.
¢ S e LYR)NL®(R)NC?*R).
* S(xz)=S(—x) forallz € R.
* S"(x) < —c¢ < 0on[—\, A] for some A, ¢ > 0.
e S'(x) < Oforall z > 0.

It’s worth noticing that each of the previous assumptions is essential in something which
is explained as follows: The first assumption suggests that the term non-local drift in
(1.5) is attractive, as it leads to a reduction in the time of all moments. This is a crucial
assumption that leads to the conclusion that the support of a steady-state is connected.
The second assumption is about the properties of regularities on .S that are required to
pass derivatives inside the integral operator S * p, assumption 3 is about symmetry (even
function), and assumptions 4 and 5 are about the kernel S being perfectly attractive and
interactions decaying at infinity.

For simplicity we will assume that

1S ey = 1 (1.12)

this is not a restrictive assumption since the Kernel S can always be normalized by ad-

justing the diffusion constant and time scale as follows

Orp=pllp—S*p)a T=ISIp), (1.13)

and



S=5/11S@, 0=06/15N5g)- (1.14)

Example 1.2.1. A good example of aggregation kernel fulfilling the above assump-

tions is

it’s called the Gaussian Kernel. If we stick to the previous assumptions, we’ll see
that S is always positive. R is the smallest closed set with all non-zero points. As
a result, the support for S is R, confirming the first assumption.

We can see that S is an even function(S(z) = S(—=z)), confirming the symmetry
assumption. S’ is the derivative of S which 5")(z) = ;\/2;6_“?2. When we examine

its sign, we can see that it is always negative. This leads us to the last condition,

which is that the function is decreasing. See Appendix A: Figure 1.

Example 1.2.2. let us take the interaction potential kernel as

S(z) = Ze7lol,

if we check the assumptions of S we can see that this example does not fulfill the
assumptions for S so we can’t consider it as an aggregation kernel. See Appendix

A: Figure 2.

Before talking about the steady-state of equation (1.5) we want to define a tool. This tool
is one of the most important tools in studying our equation. It is called energy function

also known as entropy defined as

E(p) = f/Rdea: — f/RpS * pdx, (1.15)

The diffusion of particles is represented by the first component of the energy function,
while the aggregation and attraction of particles are represented by the second part. Itis a
measurement of the spatial expression of particle concentration and aggregation force.

And another thing we want to define is the next space, which we will use in many places

when defining the steady-state

P={peLi(R): /Rp(x)dx =1}, (1.16)

8



In terms of the steady-state, the first step in finding it is to look for evidence of its ex-
istence, which is crucial and necessary. Since the basic idea is to find a non-local mini-
mizer, we will use the standard method, which is the direct method for calculating vari-
ances. If we take the minimizing sequence and trace it, this shows that it converges until
later and establishes that half of the continuity of the function decreases along this se-
quence. Depending on the value of the integral for S, the non-local minimizer’s existence
or non-existence is determined. Specifically, a non-local minimizer exists if and only if
the integral of .S is finite, for any mass.

The steady-state of the aggregation-diffusion equation in one-dimensional space is a sta-
ble solution in which the concentration of particles is constant in time.

In the following we have three different situations for the existence of steady-states de-
pending on the value of 6 and S where S is non-negative and integrable, We want to
mention each case separately with the theories and the proofs that follow it.

Now, we want to start with the most important case that is useful to us in our work, which
is 0 < 0 < [[S[|f1g)- In this case, there exists a non-trivial L*NP steady-state this
means that the functional £ has a non-local minimizer in L!(R¢) under the constraint
J pdx = M > 0.

The following theorem is the first theorem that we will start with, which is related to the

above case, which is 6 < [|S|[ 1 -

Theorem 1.2.1. Let 0 < |[S| 1) Then, there exists a radially symmetric non-

increasing minimizer p € L? NP for the entropy functional E restricted to P with

p#0.29)

The second case that we will mention is § > |[S|| ;1 g, this case does not have any non-
trivial steady-state but it has a trivial steady-state p = 0. In other words, there is no
existence of a non-local minimizer in L*(R¢) under the constraint [ pdv = M > 0, In
this case, intermolecular attraction is weak and diffusion dominates the system.

The following lemma is specific to a part of the above case, which is 6 > ||.S|| 11

Lemma 1.2.1. Let 6 > [|S[|;1 ). Then, there exists no steady-state in the space
L2NP.[29]

Proof. first, we will prove that there is no minimizer for £(p) under the mass constraint

J p=1and p > 0, by using the young inequality we get

9
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2

0 1 0 0—1
E(p) = i/dex—i/pS*pdx > i/pzdac— /dex = T/p2dx, (1.17)

since 6 > ||S| 1 (g and [|S]| ;1) = 1 we conclude § — 1 > 0 E(p) < C lpl|3,. Let us

take a family of functions py(x) > 0 such that

/p,\(a:)da: =1 and /pi(:c)d:c —0 and A\ — +o0,

Let us take a fixed L?(R) function p # 0 to construct a family, then rescale it by

pa(z) = A" p(A\ )

For such a family we therefore have

E(py) =0 as A — 400.

Therefore, it is impossible to have a minimizer p, for E(p) intheset {p € L : [p =1}
because (1.17) imply that F(p,) > 0 and we would necessarily have 0 < E(p,) <
E(pso) for A large enough.

Now we will prove in this case there is no steady-state. Then, p is a steady point for
E. Referring to Lemma [3.2] in paper[] implies that £ is strong convex which leads to a
single fixed point with a non-local minimizer. which is a contradiction.

]

The following theorem is concerned with the other part of the above case and it is as

follows:

Theorem 1.2.2. (Non-existence of nontrivial steady states for § = 1). There exists

no solution to (1.9) in L? N P.[29]

We do not want here to mention the complete proof of the theorem, but we will mention
the sketch of the proof, in the first we use the Cauchy-Schwarz inequality, and by applying

it to our equation, we get

[ 085 pdz < Nl gy 1S Pl 2ga (1.18)

10



then use the previous lemma [1.2.1] .

And the last case we want to mention is that § = 0 this case leads us to the aggregation
equation and the solution for this equation is a Dirac delta solution centered at the initial
center of mass as t — 400, As a result, the diffusion rate is negligible in respect to the
aggregation rate, and the diffusion coefficient is nonexistent.

The non-trivial steady-state which exists in the first case above (0 < 6 < [|5]| 1))
for(1.5)in one-dimensional space has general properties, including:

The uniqueness of the steady state of the equation is its most important property; it is
dependent on the system characteristics and initial conditions.

In other words, there exists a unique weak steady state with unite mass and zero centers

of mass for the equation (1.5) in L? N P.

Theorem 1.2.3. Let py have a connected compact support and be smooth positive.

Assume S satisfies the assumptions. Then there exists a unique weak solution p to

(1.1) with
1. Elp(t)] < +oo for all t > 0.
2. /pV(0p— S p) € L*([0,T] x R?) for all T > 0.

such that the following energy identity is satisfied [29]

B0+ [ [ 09160~ § % pf dadt = B[]

The steady-state for the equation (1.5) in one-dimensional space has a regularizing effect,
this means that the steady-state can approximate to a regular series function over time to

infinity in L2 NP this means that the steady stats satisfies

/p|Vp|2dm < +o0 (1.19)

for every ¢ > 0, this lead us to p € C2on supp [p],

The organizing effect results from the interaction of the terms diffusion, which tends to
calm the solution, and aggregation, which tends to form compact groups.
One-dimensional space steady-states have connected support (i.e., supp(p) is a connected
set), which means we cannot divide supp(p) into two nonempty subsets such that each

subset has no points in common with the set closure of the other. In other words, the

11



solution exists and is non-zero for the spatial variable over a continuous time interval. To
obtain the connected support, the equation’s diffusion and aggregation terms must be in
equilibrium.

The steady-states in one-dimensional space are symmetric this indicates that the solution
has not changed as a result of reflection or reflection with regard to the center of the spatial

field, this implies mathematically that

E(p) = E(p), (1.20)

that means p and p have the same energy.

Concavity of p for small 6 is also a property of steady-state in one-dimensional space
this means that the steady-state for all  is concave on the whole interval for § € (0, 6)
where 0, € (0,1), in a more straightforward manner, all points in the spatial domain
have negative values for the second derivative of the function p. The concavity of the
p is caused by an equilibrium between the diffusion and aggregation conditions in the
equation.

p has a multiplicity of behavior for a fixed . That means if we set all the values for all
variables except 6, we can get completely different solutions.

The last property we want to indicate that is the support of p is compact. This property
shows us that the support can only be closed and bounded intervals. This indicates that the
range of possible aggregation patterns can be restricted by the compact support because
they are defined over a certain period of time and are closed in a one-dimensional space.
If the kernel and the initial state meet specific criteria, compact support can be used to
prove the existence and uniqueness of a steady-state.

It is very important to be careful when choosing the numerical method to be used in solv-
ing the aggregation-diffusion equations due to its sensitivity. There are many numerical
methods, including the finite-volume method, as well as the finite element method and
other methods, and given that the solutions are available as long as the numerical method
used is suitable, accurate, and stable.

In the next section, we want to use the finite-volume method on the aggregation-diffusion
equations in a one-dimensional space, and then we want to use MATLAB to apply it

numerically to our equation for the steady-state observation.
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1.2.2 Finite Volume Method

In this section, we will study numerically the diffusion-collection equations in one - di-
mensional space, and here we will adopt the finite-volume method (FVM) [24] [25] to
study the diffusion-collection equations which are a kind of partial differential equations,
especially the equations preheating This method can be applied to a very wide range de-
scribing conservation laws, which include aggregation and diffusion equations.

The integrated conservation law is the basis of the finite-volume method, and the idea be-
gins with dividing the field into a limited number of separate cells and then approximating
the integrated conservation law on separated cells separately.

The use of this method has many advantages, including the ability to use it to solve a
variety of equations, which means that it is flexible, including the ability to use it in time-
dependent steady-state problems, and can also be used for all structural and unstructured
networks. Since it also contains a set of algebraic equations, one of its benefits is that it is
simple to implement. This technique gives us exceptional accuracy and is simple to adapt
to complex geometric shapes. In addition, it may be used in multidimensional space.
Despite the many advantages of the finite-volume method, it has some disadvantages, One
of these is that it depends on the network, making it sensitive to the network’s selection
and the size of the control units. One of its drawbacks is that it could take a while,
especially for complicated geometric patterns, and that occasionally accuracy might be
compromised by the numerical spread.

It nevertheless remains a widely used method in spite of its disadvantages because of its
flexibility, strength, and simplicity of use. We need to follow a series of steps in order to
apply it to the aggregation-diffusion equation in a one-dimensional space.

In the first step of this method, the domain is partitioned into cells of finite volume as
follows: U; = [xi_% , xi%} of a uniform size Az with z; = iAx wherei € {—M, ..., M }.

Let

1
pilt) = 5= | pla.t)de, (121)

be the averages solution p computed at each cell U;(Want to assume it is known at ¢ > 0
). A semi-discrete finite volume scheme is obtained by integrating equation 3 over each

cell U; and is given by the following system of ODE:s for p;

13



dpi(t) _ Fi(t) - Fi
dt Ax ’

(1.22)

where the numerical flux F; 1 and F,_ 1 which are a major component of the finite-
volume method which are considered as an approximation for the continuous fluxes
—p(@p — S * p), at a cell interface i1, Where Fj, ( ) and Fi_%(t) are computed as

a following

Fi 1 (t) = max(ugy1, 0) [ﬁi + A;(Pz)i] + min(u;1, 0) [ﬁz‘ - A;(Pz)i] , o (1.23)
and
Fooalt) = mas(io-1.0) 5+ 5700 + mintues0) [ 500 ) 020
where
s = RS riss =) =St = e =) (0129
and
Uiy = ZPJ —xj) = S(Tic1 — x5)) — jx(ﬁi — pi-1), (1.26)

where u;,1 and u;_; are the discrete values of the velocities and (p,); represented the
corresponding slope and we want to recalculate it by using the minmod, it is defined as

follows

. Piv1 — Pi Pit1 — Pi1 oPi — Pi-1
T )i = d 2 9 ,2 9 1.27
(pz); = minmod (2= 2Ax Ar ) (1.27)
where the definition of minmod limiter [26] is as follows
min (a1, as,a3) ,ifa; > 0Vi
minmod (ay, ag, a3) = \ max (a;, as, as) ,ifa; < 0Vi (1.28)

0 , otherwise.
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The Minimod Limiter is a type of regression determinant of the finite-volume method. It
is usually used to solve partial differential equations.

The final step is to integrate the semi-discrete scheme in equation (1.2) numerically by
using the third-order preserving Runge-Kutta (SSP-RK) ODE solver used in [27].

As this method allows for longer time steps than the explicit traditional methods while
keeping stability, the goal of employing it is to develop a stable and effective numerical

method. The method is given by the following equations

K\ = pf () + AtF(py), (129)
3 1 1

Ky = b () + K1+ AP (), (1.30)
1 2 2

where p is the initial condition which we want to start from it and F' is the main function
in the numerical method where we approximate the continuous fluxes —p(fp — S * p),
that given in (1.22), this equation system operates with respect to time, where (n) is the
system’s time step.

The following are a few instances where the aggregation-diffusion equations in a one-
dimensional space can achieve steady-states, some of which are non-trivial and some of

which are trivial, depending on the values of the variables in them.

Example 1.2.3. This is the first example that we want to take on the steady state of
the aggregation-diffusion equation in a one-dimensional space, consider the initial

condition as a constant function as

,00(.1') =1,

we must tread carefully when choosing the initial condition because we first assumed
that the area under the curve is equal to one. The limits of the initial condition in
this example are —0.5 and —0.5. and consider the interaction potential kernel is the

Gaussian kernel which is defined as
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defined on the interval x € [—0.2,0.2] with diffusion constant § = .002 and the
number of particles N = 71. see figure 8 at top teft to see the finite volume steps
and the steady-state for this example.

First, you can notice that the steady-state in this example is non-trivial because the
diffusion coefficient is equal to 0.1, which belongs to period |0, 1[. This case describes
an equilibrium between aggregation and diffusion. The shape of the steady state is

similar to a symmetrical bell. Also, the steady state is symmetrical around x = 0.

Example 1.2.4. Let us in this example take

on the interval x € [—1,1] and for # = 0 This case belong to case where the steady-
state is trivial, you can see that when the time increasing the steady-state converges

to Dirac-Delta solution which is centered at zero. see 8 at top right.

Example 1.2.5. In this example, we want to take all the same values as in the previous
example while we want to change the value of the initial condition. let us take the

initial as the following

2,

8 (1 - 71‘2)7

po(z) 9

and we want to take the Gaussian kernel

1 2
S(I) == ﬁe_m 5
defined on the interval x € [—0.4,0.4] and for the same diffusion constant § = .1

with same number of particles NV = 71. see 8 at mid left.
Example 1.2.6. In this example, we take the initial condition as a quadratic function

16



93 961
po(r) = g( - 7172)’
and the interaction Kernel as
1
S(z) = ——e

a Gaussian kernel which defied on [—0.35,0.35] and for the diffusion consant § =
0.001 with the number of particles N = 71. 8 at mid right. In this example, you
can see that the steady-state gradually descends to the bottom while conserving the

mass.

Example 1.2.7. The following example shows a case where we have a trivial solution.

let us take the initial condition as a quadratic polynomial which is

on the interval z € [-2,2] and for # = 0.1 with number of particles N = 71
In this example, the initial state was concave up and after passing time the equation

reached to steady-state and the steady-state is appear like a bell. see 8 end one.

17



Figure

Various steady-state examples of aggregation-diffusion equations in one-dimension
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Chapter Two

Numerical simulations of the steady-states in

two-dimensional space

2.1 Steady-States Solution in two-dimensional space

The aggregation-diffusion equation in two dimensions describes the concentration of a
scalar quantity in a two-dimensional field under the impact of the combined processes
of diffusion and aggregation. The coordinated movement of robots and drones in a two-
dimensional environment, the spread of illness and pollution, and many other disciplines
use the aggregation-diffusion equations. These disciplines include ecology, computer
science, engineering, materials science, epidemiology, and robotics. This kind of equation
considers the mechanisms of aggregation and dissemination as well as the spatial and
temporal changes in a population or quantity. It can be applied to population behavior or
future projection.

The main purpose of this chapter is to study and analyze the two-dimensional aggregation-
diffusion equations numerically using the finite volume method, which was previously
utilized to solve the one-dimensional aggregation-diffusion equations. Our strategy is
to investigate the existence of a steady-state equation in two-dimensional space using
MATLAB code. Then we want to compare the results with the ones obtained in one-
dimensional space.

The following is the result of rewriting the equation in two-dimensional space

Oup = D(p0.(0p — 5 * p) +0,(00,(0p — S p)). @.1)

where p = p(x1,x9,t) is unknown non-negative L' densities with fixed masses defined
on (z,y,t) € xT, § positive constant modeling the diffusion, S is the interaction kernel
modeling non-local attractive and non-local repulsive effects. The notation S * p is the

convolution of the two functions .S and p in two-dimensional space

(S*p)(z,y) = /RS(ZU — 1,y — y1)p(x1, Y1, t)dzrdy, (2.2)

where S : xR — [0, +00) X [0,400).There are two portions to the equation: one for
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describing motion in the x-dimension 0, (pd,.(0p — S * p)) and the other for describing
motion in the y-dimension d,(pd,(0p — S * p)). The first portion of each of these two
parts represents a local force of attraction effect, whereas the second part describes a local
repulsive effect.

In the aggregation-diffusion equation in a two-dimensional space, the energy function
known as (entropy) is similar to that in a one-dimensional space but with the addition of

the second spatial dimension, and it may be expressed mathematically as follows

E(p) = Z/R/Rp2dxdy — ;/R/RpS*pdxdy, (2.3)

The energy function is used to study the dynamics of a group of particles that move and
aggregate based on the balance between diffusion and gravity. Understanding the system’s
characteristics, such as its stability and equilibrium states, is achievable. By determining
the optimal geographic distribution of particles, developing methods for managing them,
and predicting their behavior, it can be used as a tool for system optimization.

To get the equation’s steady-state in two-dimensional space we must solve and study the

following equation

0= (p(0p— S p)a)a+ (p(0p — S % p)y)y, (2.4)

As in the case of the equation in one-dimensional space, we want to set some conditions
and assumptions for the equation in two-dimensional space, in order to simplify finding a
solution to the equation.

One of the basic assumptions of this equation is non-negativity (positivity), which states
that the population density at any time or place cannot be negative. And because the
solution is financially important and that it clarifies the reality, it is necessary to ensure

that the positive equation is achieved. Mathematically, this means that
pla,y.t) > 0. 2.5)

One of the important assumptions also in the aggregation-diffusion equation in a two-
dimensional space is the conservation of the total mass. In other words, the total mass
of the population, which represents the integration of density over all space, is preserved

over time. It can be mathematically expressed as follows
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0
= [ oty =0, (2.6)

where p(z,y,t) denotes the density at time ¢ and position x and y . This assumption is
important because it ensures that the total area of the population remains constant over
time. The aggregation-diffusion equation can lead to nonphysical solutions where popu-
lation density expands infinitely or disappears over time if the conservatism of the total
mass assumption is not met.

Making this assumption for solving (2.9) is essential, because the diffusion term in the
aggregation-diffusion equation requires the presence of second derivatives of the density,
and this is valid only in the assumption of smoothness. Therefore, we assume that the
density function p(x, y) is a smooth function of space. In other words, the first and second
derivatives are continuous in both directions x and y. The aggregation-diffusion equation
could not have well-defined solutions or might not accurately depict how the population
density changes over time if this smoothness assumption is not satisfied.

Finally, the initial density function p(z,y) is often assumed to be a bounded and contin-
uous function in the aggregation diffusion equation. These assumptions of boundedness
and continuity are important for several reasons. First, a bounded density ensures that the
total mass of the density is finite and can be conserved over time. Second, the continu-
ity of the density function is necessary for the well-posedness of the diffusion equation.
The diffusion term in the equation requires the existence of continuous first and second
derivatives of the density function. Without this continuity assumption, the diffusion term
may not be well-defined over time.

For simplicity and to ensure integrability we want to assume that the volume under the

initial condition is equal to 1 as follows

/aa /aa p(x,y)drdy = 1. 2.7

In contrast, the current assumptions are for the Interaction Potential Kernel S in two di-
mensions. Let S(x,y) be the Interaction Potential Kernel and S : R x R — [0, +00) X

[0, 4+00). The assumptions are as follows:
* S(z,y) > 0,and supp(S) = R x R.
e S(z,y) € L'(R x R)NL>®(R x R)NC*R x R).
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* S(z,y) = S(—x,—y) forall (z,y) € R x R.
o S"(z,y) < —c < 0on[—A Al X [=A, A] for some A\, ¢ > 0.
o S'(z,y) < Oforall z,y > 0.

Each of these assumptions has some usefulness in finding steady-states for aggregation-
diffusion equations in two-dimensional space. For example, the first assumption claims
that the non-local drift term in (2.1) is attractive because it results in the time reduction
of all moments. This is a critical assumption that leads to the conclusion that steady-state
support is connected. while the second assumption is about the regularities of S(z,y)
required to pass derivatives inside the convolution. Regarding the third presumption, it
shows that the Interaction Potential Kernel S(x,y) is symmetric. Finally, assumptions
4 and 5 state that interactions decay at infinity and that the kernel S(z,y) is perfectly
attractive.

For simplicity we will assume that

IS0y = | [ St y)dady =1. 2.8)

Example 2.1.1. An example of an interaction potential kernel in a two-dimensional

space is

S(x,y) =

—~
N
3

SN~—

S

we observe that S satisfies all of the assumptions that we establish for it by keeping

track of them in a two-dimensional space.See Appendix A: Figure 3.

Example 2.1.2. This example of an interaction potential kernel in a two-dimensional
space that does not satisfy all of the assumptions of S(x,y) see Appendix A: Figure
4.

S(x,y) =

In two-dimensional space, we must solve the following equation to get the equation’s

steady-state.
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0= (p(0p — S*p)a)e + (p(Op — S * p)y),y- (2.9)

The steady-state of equation (2.9) belongs to one of the following three categories, de-
pending mostly on the initial conditionpy, the value of ¢, and the function of the interaction
potential kernel S (z,y). Where S (z,y) non-negative integrable function and satisfies
all the assumptions, and p, satisfies the smoothness, non-negativity, and has connected
support.

With the understanding of steady-states and their properties in a multi-dimensional space,
we now want to discuss each instance independently and mention the characteristics of
each one.

We begin with the first trivial situation, where theta is bigger than ||S|[ 1 gg) = 1. The
attraction between the molecules is modest and gets weaker as the value of theta rises and

as the time approaches infinity, while diffusion dominates the equation.

Lemma 2.1.1. Let 6 > |\S]| ;1 (g, )- Then, there exists no steady-state to in the space
L>*NP where P = {p € L} (R?) : [g2 p(x,y,t)dxdy = 1}. [29]

In the second case, which we shall discuss, equilibrium dominates the system and the ¢
is between zero and one. This is the most significant case. In this case, the aggregation-

diffusion equation’s non-trivial steady-state in a two-dimensional space is obtained.

Theorem 2.1.1. Let 6 < [|S[|;1gyg)- Then, there exists a radially symmetric non-
increasing minimizer p € L? NP for the entropy functional E restricted to P with

p # 0 where P = {p € L1 (R?) : [go p(z,y,t)dxdy = 1}.]29]

The final situation, where the steady-state is present, is also trivial. ¢ being equal to zero
is the situation. In this situation, the diffusion component of the equation is completely
absent, remaining only the aggregation component. When time becomes close to infinity.
In other words, we have in this case what is called Dirac Delta, which is defined such that
it is zero everywhere except at the origin, where it is infinitely large.

As in the second chapter, finding the stead-state in a two-dimensional space depends on
the value of 6 and S, where S is non-negative and integrable. The stead-state can be
included in three main categories.

The aggregation-diffusion equation can be solved numerically in a two-dimensional space

using a variety of techniques, including finite volume, finite elements, and boundary el-
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ements, all of which involve identifying the domain and approximating the solution at
separate points. The final volume method will be used in the following subsection, and

the results will be noted.
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2.1.1 Finite Volume Method

In this part of the chapter, we will study in depth the mechanism of the finite-volume
method in the aggregation-diffusion equations in two-dimensional space. The method in-
cludes many steps, including dividing the continuous field into a large number of separate
and small control sizes, these sizes have several shapes, usually they may be rectangles or
they may be triangles. The solution is solved by solving equations on the entire field and it
is in the form of matrix equations, which can then be solved using a variety of techniques,
such as Gaussian-Seidel, gradient-flow, or Range-Kutta (SSP-RK).

As we knew previously, the first, basic, and most important stage is to divide the domain

into separate cells of finite size. whichis U;;, = [a: L1, +%} X [ykfé s Yk %} of a uniform

i3

size AxAy thatis Ax = Tjpl =T 1, Vjand Ay = Yrrl = Yp 1 VEk.

_ 1
purl®) = soxs [, pla tyddy (2.10)

is the average of the solutions p computed at each cell U; , then compute the integral for
the ODE equation on each Uj

— x - o 4 - /
oy T = e By ~ iy 2.11)

dt Az Ay ’

FY | and FY |, which are the main ele-

where the numerical fluxes F'* FY LK1
’ 2

.7+%7K’ ]_%ﬂK’ J:K+§

ments of the finite volume method which is considered as an approximation for the con-

tinuous fluxes —p(0p — S * p), — p(6p — S * p), respectively. which is defined by

. - _ Ax o _ Ax
‘F‘J‘+%7K = ma’X(ujJ,-%,k;O) [Pj,k: + 2(,09:)1‘4 + mln(uj+%7k, 0) [pj—i-l,k; - 2(pz+1)j,k] )
(2.12)
and
. " _ Ax o _ Ax
F2 4 g = max(u?_y . 0) [pj_l,k ‘ 2<p$>j_1,k] min(u_s ,,0) [pj,k o
(2.13)
and
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_ Ay : _ Ay
F]yKJr% - max(uik%, 0) |fh’,k + 2(py)j,k‘| + mm(u;”k%, 0) [pj’k+1 - 7(py)j,k+1 ;
(2.14)
and
_ Ay . Ay
F]%K_% = max(ujk_%,o) [Pj,kl + 2(py)j,k1] + mm(u?k_%,O) [pj,k - T(Pﬁj,k ;
(2.15)
where the discrete values of the velocities 1 i+l u;.”_ Lo U k 11 and uY jh—1 Are defined as

the following

_ 0 _
1k:Ayzzpi,l(s(xj—l-l_Iiayk_yl)_S(xj_x%yk_yl)) Az (P;+1k ﬂj,k)a
14
(2.16)

and

_ 0 _
wioa =AY > Pl — wiys —y) = S(wjoa = wi v = y1) = 1 (Pik = Pi-14);
l

i

2.17)
and
0 _
u; k+, = Az Z Z Pi(S(xj — T4, Yrgr — Y1) — S(l’j — T Yk — Y1) — Ky(pj,k+1 - Pj,k),
(2.18)
and

_ 0
Uik_% = Aﬂ?zzpi,z(s(iﬂj — Ty Yk — Y1) — S(flfj — T Yk—1— Y1) — Ay (ng Pj,k—l),
1 i
(2.19)

and (p,);x and (py); represented the corresponding slops for x and y dimensions

Pik — Pi—1,k Pj+1,k — Pj—1.k 2Pj+1,k - Pj,k)’ (2.20)

(P2) = minmod(2 AV 2Ax ’ Ax
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and

Pik — Pjk—1 Pjk+1 — Pjk—1 2Pj,k+1 - pj,k)
) ) )

where the following is the definition of a minmod limiter:
min(ay, as,a3) ,ifa; > 0Vi

minmod(ay, az, az) = § max(a;, as,as) ,ifa; < 0Vi

0 , otherwise.

(2.21)

(2.22)

The final step involves numerically integrating the Semi-Discreet Scheme into the equa-

tion using the nonlinear Range-Kutta (SSP-RK) method of the strong stability of the third-

order, which is a numerical method for solving nonlinear ordinary differential equations.

Multiple time steps, each using the previous time step’s solution as the beginning con-

dition for the subsequent time step, can be utilized with the SSP-RK method to supply

the solution in time. The outcome found after a predetermined number of time steps is

regarded as the numerical outcome of the initial PDEs.

We obtain the following equations by rewriting the third-order Range-kutta (SSP-RK)

equations over the aggregation-diffusion equations in a two-dimensional space

Ky = py(z,y) + AtF(po(x,y)),

3 1
Ky = —pi(x,y) + 1

1
: K+ AP (),

1 2 2

(2.23)

(2.24)

(2.25)

where F' is the main function in the numerical method where we approximate the contin-

uous fluxes —p(0p — S * p), — p(6p — S * p), that given in (2.11), this equation system

operates with respect to time, where (n) is the system’s time step.
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Chapter Three

Numerical Examples and Results

Here, in this chapter, we present many examples of the fixed solutions of the aggregation-
diffusion equation, using the finite volume method that we described in the second chap-
ter, using the MATLAB program, also we want here to present the simulation in a two-
dimensional space, knowing that this method can extend to many dimensions. We will
then go into detail about the results we found, explain why they appeared, and determine
whether or not they match our initial expectations. Results in one-dimensional space and

those in two-dimensional space will be compared.

3.1 Examples of situations when aggregation dominates and diffusion
fails

This section offers a variety of examples, all of which have in common that the diffusion
coefficient () is zero, and when 6 = 0, the diffusion term disappears from the equation,

and we are left with:

0= (p(S*p)a)e + (p(S* p)y)y, 3.1)

which is a pure aggregation equation. This equation describes the evolution of the density

over time in the absence of diffusion.

Example 3.1.1. In our first example of the equation in a two-dimensional space, we
want to assume that the initial dynamics of the solutions are as follows. First, the

initial datum is

pO(xa y) = 1a

the interaction potential S is the Gaussian Kernel which

S g 1 (& 736227!/2 s
(27)?
the diffusion constant = 0 which is a trivial case, defined on z xy = [-2,2] x [-2, 2]

and the particles number N = 40.
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Here, ensure that po(x,y) = 1 satisfies the requirements for positive, continuity,
boundness, smoothness, and Connected Compact support.

For simplicity and to ensure integrability

0.5
/ / xydxdy—/ /051dmdy:1.

Figure 2
Steady-state for aggregation-diffusion equation for po(x,y) = 1, N = 40.

t=20

t=0

t=40 t=60

Since # in our example was equal to 0, you can see that it belongs to an interval
that has a trivial steady-state. In this illustration, we can see how the steady-state

slowly aggregated, approaching nearer zero. As time gets closer to infinity, we have
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what is known as a Dirac Delta Solution, which was considered to be trivial. This
means that the mass of the system remains constant(conserved), but it becomes
more and more concentrated at a single point as time goes to infinity. This solution

is considered trivial because it does not exhibit any interesting patterns or behaviors.

Example 3.1.2. This is another trivial steady-state situation, where aggregation tri-
umphs and diffusion fails. This example supports the assertion in the previous
example that if theta were 0, the steady state would be the weight of a column with
zero at its center as time increases and approaches infinity. That is, it will approach

the Dirac Delta Solution To observe this let us call

0 ifzx<—0.4250r0.425> xory < —0.425 or 0.425 > y
1 ifx < —=0.0750r 0.075 > z or y < —0.075 or 0.075 > ¥ »

0 if otherwise

with the potential Kernel

and the number of particles N = 40 on the interval z x y = [—1,1] x [-1,1] by
specifying 6 = 0.
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Figure 3
A trivial steady-state for Piecewise Function, N = 40.

t=20

t=0

t=40 t=80
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Example 3.1.3. This is another example of this kind of trivial situation. In this

example, we take the initial datum as

polz,y) = z%y?,

and the potential kernel as

N .
= (& 2 s

V4?2
where the other variable is as x X y = [—1, 1] x [—1, 1], the particles number N = 40

and 60 =0
You can see that the four vertices in this example gradually converge and finally

merge to create the trivial solution, the Dirac delta.

Example 3.1.4. You can see in this example how the steady-state for a large time

converges to a case of the Dirac-Delta solution. suppose that

po(z,y) = 10 — 42” — 2y°,

and
1 2y
S = ﬁe 2 s
which is defied on = x y = [—1,1] x [—1,1] and the particles number N = 40 and

with diffusion constant § = 0.

By examining the previous three examples in this section, we can see that they all share a
number of characteristics, the most significant of which is that the value of 6 is equal to
zero. In this case, the solution is trivial, as expected theoretically, and we have demon-
strated this numerically. The solution in all of these examples will be Dirac Delta as time

approaches infinity. See Appendix B.

3.2 A few instances where diffusion defeats aggregation
For this section, we present a set of examples in which diffusion is the dominant mech-

anism, and they have a common characteristic in that the diffusion coefficient is greater
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Figure 4
Trivial steady-state po(x,y) = x?y?, N = 40
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than 1 in all of them, in another way it means that the rate of diffusion is faster than the

rate of aggregation.

Example 3.2.1. This is the first example of how diffusion triumphs and aggregation
collapse over time. This is another type of trivial solution. This happened when we

took @ greater than 1 since we took it equal to 2 and took the other variables as

1 2y
S = e =
(27)?
on the interval z x y = [—1,1] x [—1,1] and
pO(xay) = 17

with the number of particles N = 40. You can see that there is a high particle
diffusion in this example, which is what we expected theoretically and what this
numerical example made extremely clear. This solution is considered trivial because

0 falls outside the interval of non-trivial solutions that are greater than 1.

Example 3.2.2. In this example, we’ll go over another situation in which steady-
states are trivial since the datum’s are diffusive to infinity. Let’s take the value of

the constant 6 = 2, the potential kernel

1 22,2
S = e~
(27)?
on the interval z x y = [—1,1] x [—1,1] and

0 ifx<—-04250r0425> zory < —0.4250r0.425 >y

po(z,y) =31 ifx < —0.0750r 0.075 > zor y < —0.075 0or 0.075 > y -

0 if otherwise

with the number of particles N = 40 The cases of constancy over time will converge
to infinity, that is, they will fully apply to the surface, and this is what happens

when 6 converges to infinity. Diffusion triumphs over aggregation in this situation.
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Figure 5
A trivial steady-state for po(z,y) =1, N = 40,0 =2
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Figure 6

Diffusion defeats aggregation for Piecewise Function, N = 40.
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Example 3.2.3. Another example is when diffusion dominates, let us take the initial

datum pg as

Po = e$+y’
and the interaction Kernal as
1 a2y
S = — 2 -
N
with these function defined on x x y = [—1,1] x [—1,1] and the particles number

N = 40.

Example 3.2.4. finally, the last example will take in this case is this, we take the

initial condition as

polz,y) = z%y?,

and the Kernel as

s 1 2,2
= ﬁe z
with the diffusion constant 6 = 3, defined on z x y = [-2,2] x [—2,2] and the

particles number N = 40.

The observation that the four heads began to gather gradually with time, smelled af-
ter that began to spread rapidly, and this is what exists theoretically. See Appendix
C.

In the set of instances in this section, which all share the characteristic that the diffusion
coefficient is very high, larger than 1, and it is a trivial case, we note that with time the

particles spread gradually, applying to the surface, that is, approaching infinity.

3.3 Examples of situations where aggregation and diffusion are bal-
anced

This section contains the most significant collection of examples where 6 is constrained
between 0 and 1 and the solution is non-trivial, as it is in most applications. In this case,

the diffusion term and the aggregation term have roughly equal effects on the density.
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Figure 7
A trivial steady-state for po(x,y) = e* 1Y, N = 40.
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This means mathematically that % after a long time equal 0.

Example 3.3.1. Now we want to start with a set of examples in which the solution is
not trivial. We start with the following example, let us take the interaction potential

kernel as previous examples which is a Gaussian Kernel as

and the initial condition as

po(l’, y) = 17

with diffusion coefficient # = 0.2, defined on y xz = [—1, 1] x [—1, 1] and the particles
number N = 40.

It becomes extremely simple for you to confirm that the initial value achieves posi-
tivity and smoothness and has Connected Compact Sport.

Seeing the finite volume’s steps makes it clearly evident that the solution approaches
the steady-state, which resembles a bell, with increasing time.

Another important note is that the steady state is symmetric about z = 0 and y = 0
From the steady-state curve, if we checked a little, we would find that it does not
contain sudden interruptions, which means that it is connected.

Also, from the figure, we can check and conclude that the Support is Connected and
also Compact.

And because the circumference of the steady-state does not contain any interruptions
or sudden angles, this means that it is smooth.

In this illustration, you can see how the solution eventually tends to aggregate at
the top, approaching to the stable solution or steady-state and attaining what was

theoretically predicted. see figure 3.9 .

Example 3.3.2. In the following numerical example, we choose the initial data to be

an exponential function given by
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Figure 8
Balanced steady-state for py(x,y) = 1, N = 40
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0 ifx<—-04250r0425> zory < —0.4250r 0425 >y

po(z,y) =31 ifx < —0.0750r 0.075 > zor y < —0.075 or 0.075 > y »

0 if otherwise

and the potential Kernel as the following

with the constant § = 0.2 and the particles number N = 40 on the interval z x y =
[—1,1] x [-1,1].

In this example, we notice that in the initial state of the particles, there was a gap
in the middle, but it disappeared as the solution approached the steady-state. As it
takes the form of a symmetrical bell at the end.

You can also notice that the stationary state at the end has become continuous,
smooth and regular, regardless of its initial state.

Looking at Figure 3.10 you can see that there is almost no difference between the
time step at 40 and the steady state at time 60, and this is all due to the value of
theta.
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Figure 9
Balanced steady-state for Piecewise Function, N = 40
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Example 3.3.3. In this example, we’ll talk about a situation where the first data is

a quadratic function. As a result, we intend to use

polz,y) = 10 — 4a® — 22,
and want to use

1 —a?—y?
—c
(2m)?

as in the previous example, while we want to take § = 0.4 with the particles number
N =40 on the interval z x y = [—1,1] x [—1,1].
In this example, you can notice that by following the steps of the final volume, it
decreases to reach a steady-state, while maintaining the shape of the bell for the
steady-state. see Figure 3.11.
As in the previous cases, the steady state is positive, continuous, smooth, and has

Connected support and Compact support.

Example 3.3.4. This example demonstrates that the steady-state exhibits multiple
behaviors, which means that the steady-state of the datum varies depending on its

initial condition. Since we utilized the same potential Kernel

and the same 0, which was equal to 0.2 throughout the same interval x x y =
[—1,1] x [—1,1] and with the same number of particles N = 40 in both examples,

but in both instances, we modified the datum’s initial state, whereas in one of them

0 ifz<—-04250r0.425 > xory < —0.425o0r 0.425 >y

po(z,y) =41 if 2 < —0.075 0or 0.075 > z or y < —0.075 or 0.075 > y »

0 if otherwise

and in the other

po(z,y) = e™*Y,

see Figures 8 and See Appendix D.
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Figure 10
Balanced steady-state for po(x,y) = 10 — 4% — 2y, N = 40
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Example 3.3.5. In this example, we present a special case of the initial condition

which is defined as

polz,y) = z%y?,

and the

(2m)?
where the diffusion coefficient § = 0.4, defined on = x y = [—1, 1] x [—1, 1] and the
particles number N = 40.
In this example, we can notice that the initial state of the density was curved
upwards, but with the steps of time it became close to the steady state and began

to take the shape of a smooth symmetrical bell. See Appendix E .

You can see that the steady-state eventually takes the shape of a bell, regardless of the
initial state of the particles or how they are moving.

Whatever the shape of the initial state, you can notice that by using the finite volume
method, as time increases, the solution moves towards the steady-state gradually.

we can also notice the different behavior of the steady-state, depending on the initial state
of the particles.

Additionally, you’ll see that when you go through the finite volume method steps, you’ll
see that they all lead to a single, singular steady-state.

The steady-state in every example in this section is positive, symmetric, smooth, continu-
ous, concave, has Connected support, and the support Compact.

And since the steady-state is symmetrical, continuous, and smooth in all situations, we
can conclude that it is regular.

Furthermore, we can claim that the steady-state has a regularizing impact since in every

case, as time approaches infinity, the solution maintains its smoothness and regularity.
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Chapter Four

Conclusion and Perspectives

4.1 Difficulties

Although the aggregation-diffusion equations can be solved using the finite volume method,
this method is rife with numerous numerical problems that might result in incorrect so-
lutions. Consequently, it is crucial to be aware of these challenges and fully comprehend
them in order to find a precise solution that works for complex problems.

One of these problems is that this type of problem has very high dimensions and requires
a great deal of mathematical operations.

Also, among these difficulties is that this type of problem is very sensitive to small
changes in the inputs, and this may lead to inaccurate results.

When the diffusion constant is equal to zero, the particles accelerate to aggregate to gather
at one point, and therefore we have to be careful in running the code, and this is also

considered one of the difficulties that exist in the Numerical Method.

4.2 Conclusion and perspectives

In conclusion, the aggregation-diffusion equation in two dimensions is a mathematical
model of the behavior of a population of particles that are simultaneously aggregated and
diffused. Depending on the initial conditions and equation parameters, a wide variety of
phenomena, such as stable equilibria, traveling waves, pattern development, and chaotic
dynamics, can be generated by this equation.

The aggregation-diffusion equation in two-dimensional space exhibits steady-state be-
havior when the density of the particle population is constant over time. This is achieved
when the rates of diffusion and aggregation are balanced, resulting in a stable density
distribution.

The interaction of the equation’s form, reaction kinetics, diffusion coefficients, and initial
conditions leads to pattern formation in aggregation-diffusion equations in two-dimensional
space.

The main purpose of this thesis is to use the finite volume method to approximate solutions
for a fairly wide class of aggregation and diffusion rates in two-dimensional space, which

are used in many fields and application contexts.
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This thesis’ principal conclusion is that there is only one steady-state and that steady-state
has a bell-shaped shape.

The characteristics of the steady-state in general are positivity, connectivity, smoothness,
symmetry, and it has Connected support, Compact support, Regularity, and Regularizing
Effect.

The datum goes to a steady-state faster the closer the value of the 6 constant is to one.
Depending on the datum’s initial state, the steady-state of the aggregation-diffusion equa-
tion can have multiple possible behaviors, and understanding these behaviors is important
for predicting the long-term behavior of the system.

This thesis addressed a problem that can be expanded and applied to any dimensional

space.

4.3 Comparison with the results in one-dimensional space

There are a number of significant differences between the behavior of the system in one-
dimensional space and two-dimensional space, despite the fact that the equation’s basic
form is the same in both dimensions.

In two-dimensional space, the density of particles can display more complex patterns,
such as clustering and spatial heterogeneity, in contrast to one-dimensional space where
it typically scales as a power law with distance from the origin.

Whereas the two-dimensional space equation represents a two-dimensional system, the
aggregation diffusion equation in one-dimensional space describes the behavior of par-
ticles in a linear system. When particles in a two-dimensional space system have more
degrees of freedom and can interact in more complicated ways, this may have a substantial
impact on how the system behaves.

The aggregation-diffusion equation can be solved numerically in one dimension, where
the issue is less difficult and can be solved more quickly than in two dimensions. The
computational cost can be significantly larger in two-dimensional space, and more ad-
vanced numerical methods would be needed.

Due to variations in scaling, diffusion, aggregation, and boundary conditions, the behavior
of the aggregation-diffusion equation is noticeably different in one-dimensional space
and two-dimensional space. The study of the aggregation-diffusion equation in both one-

dimensional space and two-dimensional space is an active topic of research since these
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variations can result in a wide range of behaviors.

The aggregation and diffusion equations, both in one-dimensional space and in two-
dimensional space, have many common characteristics and features, although there are
many differences.

One of the similarities between the two equations, such as the fact that they are both in
one dimension and in two dimensions, deal with particle diffusion, or scattering.

Also, both equations at the end have a steady-state solution that eliminates the behavior
of the system after a long time and in the long run. When there is a balance between
diffusion and aggregation, the system after a period of time stabilizes and a steady state is
reached.

In our case, we are that the density depends on the galvanic state of the system, and that
is because it is not of the two equations, whether in one or two dimensions, linearly

The two equations share one dimension and two dimensions in the fact that the two equa-
tions depend on the law of conservation of mass or energy conservation, since these prop-
erties are used to describe the behavior of the system after a large time has passed.

In general, the aggregation and diffusion equations represent a more complex and more
realistic model for the system because they take into account the effect of dimensions and

the possibility of the existence of heterogeneous cases.

4.4 Limitations and errors of aggregation-diffusion equations in two-
dimensional space

To explain a wide range of behaviors in biological, physical, and cosmic systems, aggregation-
diffusion equations are used to explain, describe, and understand them. Despite their wide
use, they are surrounded by a set of limitations when it comes to accurately describing the
movement of particles in two-dimensional space.

The assumption that the rate of diffusion in the equation is constant and that the particles

do not move randomly but move in a regular movement is considered one of the limita-
tions of the equation, but in fact, there is a possibility of irregular movement of particles
and also that the rate of diffusion may be variable and unstable and sometimes uneven.
Additionally, it presumes that the particles exist in an ideal, barrier-free environment.

One of the limitations is that the equation assumes that the particles will move toward

each other at a constant rate, but in fact, the particles may move away from each other or
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the rate of their approach to each other may vary.

Since they are unable to understand the complexity of the system fully, the clustering-
diffusion equations can be seen as a simplification of the system. This leads to inaccurate
predictions, which can be considered as one of the limitations of these equations.
Despite the limitations imposed by the equation and the claim that it is perfect, it is sur-
rounded by errors, as these errors can be divided into three main groups: estimation errors,
numerical dispersion and dispersion, and finally truncation errors.

Computing the numerical solution of a finite number of discrete volumes leads to errors
in estimation while using numerical approximations to solve equations leads to numeri-
cal dispersion. And finally, when the field is divided into a certain number of volumes,
truncation errors occur as a result.

The calculation of the error rate is a measure of how close the finite-volume method is
to the actual solution of the equation. Once we know the error rate, we can learn, study,
compare and improve the method, raise the accuracy rate and get better results with the
least amount of errors.

Often, and in most cases, the exact solution is unknown, so an approximate solution is
used as a reference solution, and the error between the reference solution and the finite
volume solution is calculated using one of the approved error standards, and at the end
of that, the error results obtained are evaluated to determine the accuracy of the finite
volume method in finding the steady-state equations for aggregation - diffusion in a two-
dimensional space.

Ignoring these limitations and errors, these equations are widely used in a variety of fields
and applications. But in order to obtain more accurate results, we must develop these
equations to include more variables and influences, which can be considered as one of the

suggestions for independent work.
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Appendix A

Interaction Potential Kernel Examples

Figure 2
Interaction Potential Kernel does not fulfill the

assumptions of S in 1-D

Figure 1
Interaction Potential Kernel fulfills the assump-

tions of S 1-D
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Appendix B

Example of diffusing downward converging to the

steady-state
Figure 5

Diffusing downward converging to the steady-state where po(z,y) = 10 — 4z? — 2y, N = 40

t=40

pxy)
p(xy)

t=200 t=1000

p(xy)

55



Appendix C

Example of diffusing downward converging to the

steady-state
Figure 6

Diffusing downward converging to the steady-state for po(z,y) = zy% N = 40
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Appendix D

Example of balanced steady-state

Figure 7
Balanced steady-state where po(z,y) = e*TY, N = 40
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Appendix E

Example of balanced steady-state

Figure 8
Balanced steady-state where po(x,y) = x?y?, N = 40
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