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Introduction

In this thesis we consider projective modules and some weak
forms of projectivity and we try to study the most important
known results concerning these modules.

In chapter one we summarize some of the essential and basic

concepts in rings and module theory. This chapter consists of

three sections, section 1 presents definitions and basic
properties of modules. In section 2, we study the radical of
modules and rings which plays an important role in our study.
In section 3 we study simple and semisimple modules and
rings.

In chapter Two, which is the main body of our thesis, we
study the main characterizations and properties of projective
modules. Morover we study radicals and endomorphism rings
of projective modules. Finally, “ projective covers “ was
studied in this chapter.

In chapter three we study semi-perfect and perfect rings as an
a pplications to projective modules, those over which all
finitely generated modules and, respectively, all modules have
projective covers. 2295 19

In chapter four, we study some weak forms of projective
modules such as, weakly projective modules, ideal projectivity ,

Jacobson radical projectivity, and simple projectivity.
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Chapter one

Modules

In this chapter we summarize some of the essential and basic concepts
in ring and module theory needed in the sequal chapters. We note here

that all rings used in this thesis are rings with unity.
Section (1.1): Definitions and Basic Properties
Let M be an abelian group,an endomorphism of M is justa group
homomorphism f:M~>M, writing our functions on the left this means that
Jxty) =f%) +f(3), Vxy €M, then the set of all such endomrphisms of
M forms a ring with respect to addition (f,g) —f+g defined by

(rg) (x})= fix) + g(x) , xeM and the composition of functions defined

by (/2) &) =/ (g(x)).

This ring is denoted by End(M), and called the ring of left
endomorphisms of M, now the right endomorphism ring is defined

simillarly and is denoted by End "(M).

Let R be a ring and M an abelian group and let A be a map from R to

End (M), then we define the left R-module as follows.
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Definition (1.1.1)

Let M be an abelian group and A:R —End (M) be a map, then the pair

(M, ) is called a left R-module if A is a ring homomorphism.

This means that for each aeR, thereisa mapping A(a): M—M such
that for all ,6 €R and all x,y eM we have:
I-4 (@) (x+y) = Ma) (x) + Aa) ()
2-A(a+b) ) = Aa) (%) + A(B) (x)
3- 4 (ab) () = Ma) (MB) () )
4-A (1) (x) =x
Now we may think of 2 as defining a left scalar multiplication so we
can write A:Rx M —M such that (a,x) - ax. Using this notation (M, A)
is a left R-module if the following hold for every a,b R and xyeM
l-a(x+y) =ax+ay
2-(a+b)x=ax+ bx
3-(ab) x = a (bx)
4-1x=x
We simply say that Mis a left R-module denoted by rM rather than

).

-3-
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By a right R-module we mean an abelian group M and a ring
homomorphism p:R —End "(M), which means that there is a right scalar
multiplication p:M x R —M such that (x,a)t>xa, xeM, aeR satisfying
for all a,beR and x,yeM

I-(x+ty)a=xa+ya

2-x(a+ b)=xa+xb

3-x (ab) = (xa) b

4-x1=x

we note that if R is a commutative ring, then the left and right R-
modules are the same. In this thesis we deal with left R-modules.
Examplel: Every abelian group is a left Z-module.
Proof

Let A be an abelian group and Z the ring of integers, then there is a
natural action of Z on 4 given by the mapping Z x 4—4 defined by
(m,a) —»ma where
a+a+..a mtimes if m) 0

mam=J0 , ifm=0
~a+-a+..+-a,-mtimes if m{ 0

This mapping satisfies the following properties for m,n €Z and
ab eAd
1-tm+n)a=ma+ na

2-m(a +b) = ma + mb
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3-(mn) a =m (na)
4-la=a
Hence this map is a ring homomorphism and so A is a left Z-module.
Example (2):
Given an abelian group M and a ring R, then it may not be possible to
endow M with an R-module structure.
Proof
Suppose M is a left Z, —module, where n is a positive integer,n> 2,
then for the coset m + (n) = m and aeM we have
0, =0, a=;a=(i+i+...i) a=la+..la = a+a+..+a=na Thus, every
element of M has order dividing #», so for an a belian group M to be a left

Z, — module we must have O @ I nVYaeM

Definition (1.1.2):
Let M be a left R-module, then we say that NV is a submodule of zM,
denoted RN < pM, if
1- N is a subgroup of M and
2-ForreR, neN, rneN
Remark (1):
For a ring R we may regard zR or Rp, then a submodule of R is just a

left ideal of R and a submodule of Rj is just a right ideal of R.
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Definition (1.1.3):

Let f: gM— rN be a group homomorphism and let meM and reR then,
f is called an R-homomorphism provided f{rm) = rf{m) for all meM,
reR.

Now a one-one R-homomorphism is called an R-monomorphism and
an onto R-homomorphism is called an R-epimorphism. An R-
homomorphism which is both an R-monomorphism and an R-
epimorphism is called an R-isomorphism.

Definition (1.1.4):
Let zN be a submodule of M, then M/N = {x +N:xeM} is called the

left R-factor module of M modulo N.

It is easy to see that M/N is a left R-module under the operations
(x + N) + (y +N) = (x +y) + N and

r(x+N)=rx+ N wherex,y €M, reR.

Theorem (1.1.5): (The Factor Theorem)
Let M, M and N be left R-modules and let /* M—N be an R-

homomrphism. If g:M — Misan epimorphism with ker g < ker fthen

-6-
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there exists a unique homomorphism #: M—N such that f=hg.

Moreover, ker h = g (ker ) and Im (h) = Im 0.

Proof

Suppose g: M— Mis an epimorphism, then for each me M there is
at least one meM such that g (m) = m.

If also leM with g(l) = m, then g (m-l)=0 and so m-I¢& ker (), but
since kerg < ker f, then f (m-1) = 0 which implies that £ (m) = f(I). Thus,
there is a well defined function A: M—N such that J=hg. To see that A is
an R-homomorphism, let X, ye Mand letx, yeM with g(x)= x and
g2 () = y, then for each abeRg (ax +by) =a x +b y-,thus
h (@ +b) = ha 5+ b 5) =f (ax +by) =af () + b ) = ah (& ()
+bh(g() =ah(x)+bh(y)

Now for the uniqueness of 4, suppose there is /- M->N an R-
homomorphism such that /= h_g, then hg = hg, thus for x e M, there is
xeMsuchthat g (x) = x which implies that Ag (x) = hg (x) and so
hi(x)= h ( Ja which completes the proof,

Definition (1.1.6):

A pair of homomorphisms M'—L+M—£+ M"is said to be exact at M

if, Im (f) = ker (g).
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We can generalize this definition on a finite or infinite sequence of
homomorphisms. We say that a sequence

e _L&L—’Mn-l —L’Mu _[n]—’ Mn+1 e

is exact in case it is exact at each M, that means for each successive pair

Jo Jar1 We have Im (1) = ker (1))
Proposition (1.1.7):
Given modules M and N and a homomorphism f:M—N, then the

sequence

a) 0-M—L—>Nis exact if and only if fis one - to - one

b) M—L=~N— 0 is exact if and only if fis onto

¢) 0—M—I—N — 0is exact if and only if fis an isomorphism

Proof

a) 0—~M—{—N s exact iff Im (0-—»m) = ker fiff O=ker fiff fis 1-1,

b) M—L—>N— 0 is exact iff Im (f) = ker (N—0) iff

Im (f) = N iff fis onto.
¢) By using (a) and (b)
Example (3):
The sequence of canonical homomorphisms
0—+L—~>M—~->M/L -0

where i is the inclusion map and ¢ is the natural epimorphism is an exact
sequence.

-8-
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Proof

we note that Im (0-»L) = 0=ker (i) and Im (i) = L = ker (£). So the
sequence is exact.
Definition (1.1.8):

The exact sequence 0—+K——>M—4—N -0 is called a short exact

sequence.

Definition (1.1.9):

The following diagram is said to be commutative ifh = fg and the

same terminology is also used in more complicated diagrams.

Lemma (1.1.10):

In a short exact sequence 0—K——+>M—f—+N-»0,f must be a

monomorphism and g is an epimorphism.

Proof

since Im (0—K) = 0 = ker (), then fis monomorphism and since

Im (g) = Ker (N—0) = N. thus g is an epimorphism.

We now turn to a related concept to module homomorphisms.
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Definition (1.1.11):
An R-module M is the (internal) direct sum of its submodules M, M, if
and only if M=M;+M, and M;"M, =0, and we write M=M,PM;
Thus M =M;®M, if and only if for each xeM, there exist unique
elements x; M, and x, €M, such that x = x; + x,.
From the definition we note that not every submodule of a module A

need to apear in such a direct foctorization of M, so the submodules that
do have important a pplications.
Definition (1.1.12):

A submodule M; of M is called a direct summand of M if there is a
submodule M, of M such that M;@M,; = M.

We note that M, is also a direct summand of M, and we call M; M as a
complemantary direct summands or direct complements of each other.

The following lemma shows how direct summands can be used in the
study of homomorphisms.
Lemma (1.1.13):

Let fM—Nand f:N—M be homomorphisms such that ff=1Iy.Thenf
is an epimorphism, fisa monomorphism and M = ker f @ Im f.

Proof

LetyeN, thenf f() =Iv () =y, s0f( () =, let

-10-
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7 () = xeM, then f(x) =y and so fis an epimorphism, next let y,,y,

€N such that f (v) = f (v), ifweapplyfwe getf 7 () = Fivy

which implies that y,=y, and therefore fis monomorphism.

Now if x = £3) eker frﬁfm /. then 0=f(x) = £ £(3) =y and so x= o) =
j—"(O) =0, therefore ker £ Im f—=0, let xeM, then f(x - ff{x)) = fx)-
FT66) =16)~16) =0butx=(x- F)+ ()  kerfrm f which
implies that M=ker f @Im f
Definition (1.1.14):
Let fM—>Nand f-N—Mbe homomorphisms with /7 =7y then we say
that fis a split epimorphism and j_”is a split monomorphism.
Consider the short exact sequence 0 — M, —L>M—£>M, - 0then by

lemma (1.1.10) we see that S is a monomorphism and g is an

epimorphism. Thus we can define the splitness of this sequence as the

following.
Definition (1.1.15):

A short exact sequence 0 —» M, —Lf—+M—£>M, - 0is split if and only
if fis a split monomorphism and g is a split epimorphism.

The following proposition is an important charactorization of the

above definition.
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Proposition (1.1.16):
The following statements a bout a short exact sequence
0 —M,—L>M——M, — Oare equivalent.
a) The sequence is split.
b) The monomorphism f:M;—M is split.
¢) The epimorphism g:M—M, is split.
d) Imf = ker g is a direct summand of M.
e) Every homomorphism 4:M;—N factors through f'(see diagram (1)
below).
f) Every homormophism h:N—M; factors through g (see diagram (2)

below).

M—2—p M, —p0

0 — M, ——»M

m (2)

Proof
(a) implies (b) and (a) implies (c) by the definition, and (b) implies (d)
and (c) implies (d) by lemma (1.1.13).

Now since (b) and (c) together give (a), then it is sufficaint to prove

that (d) implies (e) implies (b) and (d) implies (f) implies (c).

-12-
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(d) implies (e): Suppose M = Im f@ K, and h:M,—N, then since fis
monomorphism then for each meM, there is a unique m, €M, and kek
such that m=f'(m;) + k. Define h: M—>Nby %: m = fimy) +krwh (m)),
then 4 isan R-homomorphism and }Tf(m;) = Eﬁ(m;))=

h (f (m)+k)=h (my), so hf=h.

(e) implies (b): let A=1y, then M;=N and so Af = Iy thus by the

definition, fis split monomorphism.

(d) implies (f): suppose M=kerg®K and h:N—M,, then since

Krkerg=0 and g (M)=g (K), we see that (g/K):-K—M, is an
isomorphism. Let g: M;—K be the inverse of g, then A= gh: N—>Mis
an R-homomorphism such that g A =g gh=I,h=h, thus g h=h.

(f) implies (c): Let h=Iy, so N=M, and therefore g h=Iy which implies
that g is a split epimorphism.

Example (4): |

The sequence 0~ Z,—+Z 52 —0isa split exact sequence.

Proof

Since Zs = Z, @ Z;, then by the a bove proposition the sequence is split.
Remark (2): |

We note that splitting is defined only for exact sequences.

-13-
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Proposition (1.1.17): Let N be an R-module and {L;};; an indexed

family of submodules of N. Then their intersection M) L,is also a
=)

submodule of V.

Proof

Let L = () L,, then L is not empty since O€L, and if x,y €L and »&R then
=/

x+yeLandrxel.

Now Let U be a subset of an R-module M, then by the above
proposition the intersection L of all submodules of M which contains U

is also a sumbodule and in fact is the smallest submodule of M

containing U.
Definition (1.1.18):

Le Ube a subset of zM, and {L;};.; an indexed family of submodules of

rRM containing U, then the submodule L= Q, L,1s called the submodule

generated by U. and U is called a generating set for L.

If it happens that the submodule generated by U is M itself then we say

that U is a system of generators for M.
Proposition (1.1.19):

Let U be a subset of an R-module M, and let L= L,, where {L},; is
et

a family of submodules of M containing U, then xel ifand only if

x=rpuy trauy +...+ ru,, where r;eR and y,eU.

-14-
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Proof

Let L be the set of all elements which can be written in the form

rruptrauy .+ r,u, withr, e Rand u; e U,

We want to show that L=L Now since el Vithenu, € ) L,=L, so
el

n

Zr, u €L, thus L c L. AlsoifuelU. thenu=7l.u e I: and hence Uc L,

=

but L is a submodule of M. To see this, letx,y € L and <R, then by the
definition of L, we can write x=r,u, + ... +r, ty,

y=r'u + +r, u,” where rori €R, u, u; €U, then we have
X-y=(riu;+..+ryu,) - (v u+ +r, u ) and rx = (rry) up + ...+
(rry)u, but this shows thatx + ¥, rx both belong to L, and since L is the
smallest submodule containing U we shall have L c L.

Suppose that the elementsx,, x,, ..., X, in a left R-module M, then we
say that x;, x; .., x, generate the R-module M if and only if every
element of the module M can be expressed in the form r; x; + r, x5, +... +
¥nX, Where r,eR.

Definition (1.1.20):
An R-module which can be generated by a finite number of elements is

said to be a finitely generated module. If an R-module can be generated

by one element a lone then it is said to be singly generated or cyclic.

-18-
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This means that an R-module M is finitely generated if and only if for

eachxeM, x =r;x;+ ... + r,x, where x;eM, rieR.
Example 5:

Let R be a ring, then the module 2R is finitely generated by its unity,
thus it is cyclic.
Proposition (1.1.21):

Let f.M—N be a module homomorphism and U a generating set in M.
Then,

i) f(Uisa genérating set of Im(f).

ii) If M is finitely generated (cyclic), then Im(}) is finitely

generated (cyclic).
1ii)If g:M—N is another homomorphism, then g=fif and only if
g (1) =f (u) for every uel.
Proof

The proof is immediate from the definition of the generating set,

finitely generated module and homomorphism.

Definition (1.1.22):The family {x;};; is said to constitute a basis for A/
if each element x €M has a unique representation in the form

X = 2 r,x,, where x;eM, r;eR and r=0 for almost all 7 in I.

Corollary (1.1.23):

If 0 has a unique representation, then so is every element in M.

-16-
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Proof

Let xeM, if x =Zr,.x,. = ;ri'xi, then Zrl. xi—gri'x‘. = 0 which

implies that Z(q -7/} x, =0, but 0 has a unique representation, therefore

r,—r/ =0 implies r,=#
Definition (1.1.24):
An R-module which possesses a basis is said to be free.
Example (6):
1) The zero module is a free module with the empty set forming a
base.
2) rR is free, since the identity element of R is a base.
Proposition (1.1.25):
A left R-module M is free if and only if M = R” for some I, where
R"=® R
it
Proof

The module R is free with a basis fe;}, where

1 ,ifi=j
€y = iy s \
PO L ifie

but M = R” which implies that M is free, conversly, if M is free with

basis {x;}; , then we define a :RY M by (r,.),‘—rg r.x, whichisan

isomorphism by the definition of a basis.

-17-
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Lemma (1.1.26):
Every module is a factor module of a free module.

Proof

Let (x); be a generating set of the module M, (x); exist since we can

take (x;); as M itself. Then define @ - R”—>M as follows.

o ( (r)) =2, r; x; then o isan epimorphism, since for each xeM, we

have x = 2, r; x, so there is (vJrsuch that « ((r)) = Z X, .

By the first isomorphism theorem R/kera =Im abut ais onto, so
R%kera =Mand by the a bove proposition (1.1.25), R? is free. Thus M
is a factor module of a free module.

The following theorem represent a fundamantal property of a free

module which we’ll concentrate on later,

Theorem (1.1.27):

Let F be afee R-Module, y:F—N an R-homomorphism and pu:M—N
an epimorphism of R-modules. Then it is possible to find an R-
homomrphism @:F-—sM such that the following diagram is commutative.

That is up =y .

-18-
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Proof
Let (u);c be abase for F, then Y(u,) is an element of N for each 7, now

since i is an epimorphism, we can find an element v;eM such that

u (v)= (), but F is free, hence there is a homomorphism @:F—M

such that ®(u,)=v; and then we have u®@(u)= u (v)= ¥ (u).

Thus u @= %

Section (1.2): Radical of modules and rings.

We begin this section by the following definition
Definition (1.2.1):

A submodule X of M is superfluous (small) in M a bbreviated X {{M in
case for every submodule L of M such that K+L=M, then L=M.
Example (1):The only small submodule of ,Z is 0.

To show this. If N is a submodule of ,Z, t.hen N=nZ for some neZ,
then there is a prime number p such that p dosen'tdivides n, hence
GCD (p,n)=1 which implies that pZ+nZ = (1)= Z, but pZ #Z ,so N is not
small in Z and thus 0 is the only small sumbodule of ,Z.

Now we’ll represent the concept of nilpotency which is needed later

on.

-19-
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Definition (1.2.2):

An element x of a ring R is nilpotent in case there is a natural number »
such that x"=0, the least such » is called the niplotency index of the
element.

The elementwise concept of nilpotence can be extended. Thus, a subset
A of a ring R is nilpotent in case there is an integer »>0 such that
xixz..%, =0 for every sequence x,,x;,...,.x, in A.

Definition (1.2.3):

A subset 4 of a ring R is nil if each of its elements is nilpotent.
Remark (1): Every nilpotent subset of R is nil.

Example (2): Any nil (left) ideal 7 in a ring R is small as a left module.
Proof

suppose R=I+J for some left ideal J in R, then I/=i+j for some
suitable iel and jeJ, now since 7 is nil then i is nilpotent element, so
there is keN such that i* =0, but i=1-j so we get 0=i" =(1-j)* = I+ j for
some jeJ, therefore I €J and this implies that J=R.

Proposition (1.2.4): Let M be a left R-module, then
1-If 4,B are small in M, then A + B is small in M.

2-If f° gM—>;N is a homomorphism and 4 is small in M then f{4)

is small in N.

-20-
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Proof

1)Let X be a submodule of M such that (4+B)+X=M hence
A+(B+K)=M. As A {{ M. then B+K=M and also since B {{ M we

get K=M and hence A+B {{M.
2) Let B be a submodule of Nandf(4) +B=N.Let meM, then
Jim)eN and hence we can write f(m) as f(m) =f{a) +b where acA
and b eB and this implies than f{m-a)=b which implies that
(m-a)ef” (B)

hence m = a+ f (B} and then M=A+f" (B). But A {{ M, so

7(B)=M which implies that f{M) <B and so f(4) cf (M)cB. Therefore
N=f{4) +B=B. which completes the proof.

We see from the previous proposition that the sum of small

submodules is small and a homomorphic image of a small submodule is

also samll.

Now we can give the definition of the radical of a left R-module.

Definition (1.2.5):

Let {My}ze4 be infinite family of submodules of M, a sum is defined by:

ZMa={ Zma reN, OkEA, m, € M, }
acA k k k

lemma (1.2.6):

ZA M, is a submodule of M, and moreover it is the smallest

-21-
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submodule containing all M,

Proof

To see that § = ZA M, is a submodule of M, let o, b €S, thenag = gm

!

, b= Zmakforsomes, teN, soa+b=zma € S. Letr € R, then
-l k

o

ra =2 m&k € 8. Moreover if N is any submodule of A containing all M,,,

r

thenforx e S x = mak’ and since N contains each M, then mak eN for

eachk =1 ...,r. Thusx ek,

Definition (1.2.7): let zM be aleft R- module, then the radical of
#M is denoted Rad(M) or J(M) is defined by:

J(M) = Z{L: L is a small submodule of M}.

Corollary (1.2.8): From the previous definition we note that the
radical of a module M is a submodule of M,

Definition (1.2.9):

A submodule zB of zM is a maximal submodule provided B=M and if

C is a submodule of M with B c Cc M, then C=B or C=M

223
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Theorem (1.2.10):

Let zM be a left R-module. then J(M) = ;Qn Bwhere Q= {B:Bisa

maximal submodule of RM}. Moreover if 2 = &, then J(M)=M.

Proof
Let A be any small submodule of M, and B any maximal submodule
of M. Now since 4+B is a submodule of M and 4 is small in M, then
A+B # M. And also we have BcA+B, but B is maximal in M so
A+BcB, hence B=A+B which implies that AcB. And this shows that
every small submodule is contained in all maximal submodules thus

JM)c :Qn B. Conversly, letx eM If Nis a submodule of M with Rx

+ N = M, then either N=M or there is a maximal submodule X of M
with Nc K and x ¢ K. Now if

x € Q:B , then x €K, so the latter cannot occur, thus Rx ((M which
implies that Rx < J(M). Thus x € J(M).

Now, Let us return to small submodules for more investigation.

Lemma (1.2.11):
Let S, MM be left R-modules such that S © M c M and S is small in

M, then $ is small in M.
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Proof
Let S*N =M, where N is a submodule of M. Then S+ (N M)=

M,
but S is small in M, soN~ M= Mwhich implies than N > M =,
thus N=M.

Lemma (1.2.12):

If § is asmall submodule in M, then every submodule of S is small in

M and if S; (1< i <n) are small in M, then 28, is also small in M.,

Proof
Let K be any submodule of S, and §{{ M and let K+N=M, for some

submodule N of M, then since K<, K+N < S+N which implies that

M=S+N, thus N=M. Now if each .S, is small in M and j;s, + M=M for

some submodule M of M, then we can use induction to get M=M
Proposition (1.2.13):

Let M N be R-modules, and let /:M—N be a homomorphism, then
JI(M) < J(N).
Proof

329519

By proposition (1.2.4) and the definition of the radical.
Proposition (1.2.14):

Let M < Mbe R-modules then J (ﬁ} < JM).

<24.

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



Proof

Since J( M) is the sum of all small submodules S of Af we have by

lemma (1.2.11) that each small § of M s small in M, so we get that each

small submodule in M is also small in M, thus J{ A—ﬂ cJM).
Theorem (1.2.15):

fM=@M, then J (M )=®J(M,)

el
Proof: by the above proposition (1.2.14).

Definition (1.2.16):

The radical of zR is called the J acobson radical of R,
i.e Jac (R) =Rad (xR) =J(R).
Now by the previous characterizations of the radicals we see that JR) is

the intersection of all maximal left ideals in R. And also the sum of all

small left ideals in R,

Definition (1.2.17):

An element »in a ring R is called left (right) quasi — regular if and only

if (1-r) has a left (right) inverse.Equivalentelyrisaleft (right) quasi-

regular if there is g € R Statr+ar=0a+r+ ra=0).

Definition (1.2.18):

A left (right) ideal 7 of R is left (right) quasi-reguler provided (7-a) has

a left (right) inverse for each g ef

-25.
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An element reR is called quasi-regular if it is left and right quasi-

regular. Also an ideal J is called quasi-regular if it is left and right quasi-

regular,

Lemma (1.2.19):

If 7'is an ideal of R, then 7 is left quasi-regular if and only if / is right

quasi-regular,

Proof

Suppose 7 is an ideal of R and Iis left quasi-regular, If a€l, then

(1-a) has a left inverse say b, such that 4 (7 -a)=1,50 b-ba=] or

b=1-(-ba), since -bal then b=1I-(-ba) has a left inverse, But 4 has g right

inverse namely /-a, thus b is invertable and b7 = 1-a,s0 (I-a) has a right

inverse. The converse is simillar,

Lemma (1.2.20):

A left (right) ideal JofR is left (right) quasi-regular if and only if Rg

(aR) is small in R (Rp) for each a el

-26-
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Proof
Suppose I is a left quasi-regular ideal of R. If ael and B is a left ideal

of R such that Rg+B=R, thenra+b=1I, for some reR, beB, so b=I-ra
has a left inverse & such that bb=1&B, thus B=R.

Conversly suppose [is a left ideal of R and Ra is small in zR, then for
each ael, Ra+R (I-a)=R, but Ra{(R So R(I-a) =R, hence there is reR
such that »(/-a)=1, therefore /-a has aleft inverse.

The proof is simillar in the case that I is right quasi-regular.
Corollary (1.2.21):
J (R) is a quasi-regular ideal in R.
Proof
Let xeJ(R), then RxcJ (R). Thus by the definition of J(R), Rx is small
in R, hence by the above lemma’s (1.2.19), (1.2.20), J(R) is a quasi-
regular ideal. |
Corollary (1.2.22):
J (R) is a small ideal in R.
Proof
Let X be an ideal of R, with J(R)+K=R, then j+k =1 for some kek,
JjeJ(R). since k=I-j and J(R) is quasi-regular then k is invertible,

therefore / eX which implies that X=R.
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Proposition (1.2.23):
For a module M, J(R)IMZI(M).
Proof
For xeM, we define f,: gRR— pM by fi:r—>rx is an R-homomorphism.
Now £.(J(R))=J(R})x<J(M) by proposition (1.2.13). Hence J(R)Mc J(M).
Lemma (1.2.24):
If R is a ring, then J(R) contains no non-zero idempotents.
Proof
If eeR is an idempotent in J(R), then Re + R ( I-¢)=R but
Re cJ(R), hence it is small in R and therefore R (/-¢)=R which implies
that R-Re=R and hence e=0.
Theorem (1.2.25):

Every non-zero finitely generated module M contains a maximal

submodule.
Proof

Let u be the set of all proper submodules of M, partially ordered under
inclusion, let Tbe a totally ordered subset of M, and let L be the sum of
all LeT. Now if we show that LM, then L will be an upper bound for T
in u, and Zom’s Lemma can be applied to give a maximal proper

submodule of M. If L=M. then L contains a finite generating set
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x5, for Mand eachx;liesina modulé belonging to T, 80 { X},....Xn}
< L for some L e T which implies that L=M, which is a contradiction.
The above theorem establishes the existence of maximal ideals in
R, because each ring R is finitely generated.
Corollary (1.2.26):
If oM # 0 is a finitely generated module then Rad (M)=M.
Proof

By the above theorem M has a proper maximal submodule. And since
Rad (M) is the intersection of all maximal submodules of M. Thus
Rad (M)#M.

Now by using the above corollary, we have the following very useful
characterization of J(R). It is often called Nakayama’s lemma.
Proposition (1.2.27): (Nakayama’s Lemma) |

For a left ideal I of a ring R, the following are equivalent:
aylIcJ(R)

b) For any finitely generated left R-module M,if
IM=M, then M=0.

¢) For any finitely generated left R-module M, IM {{ M.
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Proof

(a) implies (b).

Suppose M=0 is a finitely generated module, then by theorem (1.2.25),
M has a maximal submodule X, hence by proposition (1.2.23),

J (R)M < J(M)K. Now if IM=M then IM=M < J (R) McJ (M) K.
Which implies that M=0
(b) implies (c): Let N be a submodule of M such that JAf+N=M, then
I(M/N) = (IM+N)/N=M/N, so if M is finitely generated, then M/N is also
finitely generated and so we can apply (b) here to get M/N=0 and so
M=N. therefore IM{ M.
(c) implies (a).
Assume (¢), then since gR is finitely generated, we have IR (R, thus

IcIR cJR).

Corollary (1.2.28):
If M is a finitely generated module then J (M)} is small in M.
Proof
Suppose M is finitely generated, then by corollary (1.2.26) J(M) =M.
Now Let L be any submodule of pM such that J(M)+L=M and L=M. by

theorem (1.2.25), L must be contained in a maximal proper submodule

K, so M=JM)+LoJ(M)+K, but JM)cK, therefore M=K which
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contradicts that K is a proper maximal submodule. Thus L=M and
hence J(M) is small in M.
Proposition (1.2.29):
Let M be an R-module, and /:M—N be a homomorphism then

1) f (RadM) = Rad (f{M)), if Ke¥ f = Rad M

2) Rad (M/Rad M) =0
Proof
(1) f (RadM) cRad(f(M)) is true in general by proposition (1.2.13).
Conversly, since ker f < Rad M, then Ker fis contained in each maximal
submodule of M and since /*M—f(M) is an epimorphism, then by the
correspondence theorem there is a one-one correspondence between the

maximal submodules X of M that contains Kerfand the submodules of
(M) given by K—/(K). Thus we have Rad (fiM))= f (RadM).

(2) Let {:M—M/RadM be the natural epimorphism, since ker{ < Rad M,
then by (1), Rad (((M))=Rad (M/RadM)=§ (Rad M) =0

Definition (1.2.30):

A ring R is called local if the set of non-invertible elements of R is

closed under a ddition.

Now by using the jacobson radical of aring R, we have the following

characterization of this class of rings.
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Proposition (1.2.31):
For a ring R the following statements are equivalent
a) R is a local ring
b) R has a unique maximal left ideal
c) J(R) is a maximal left ideal.

d) The set of elements of R without left inverses is closed under
addition.

e)J (R) = {xeR [ Rx=R}

f) R/J (R) is a division ring

g) J (R)={x€R:x is not invertible}.

h) If xR then either x or /-x is invertible.

Proof

(b) iff (c): It is clear since J(R) is the intersection of all maximal ideals in
R.

(c) implies (d): suppose that J(R) is amaximal left ideal, then J(R) is
unique. Let x ,yeR be non-left invertible, then sincé every proper left
ideal is contained in a maximal one say Rx, Ry — J(R) thus, x+y € J (R),

so x+y is not invertible.
(d) implies (e): Assume (d), since J(R) is a proper left ideal, then we only
show that if xeR with Rx#R, then xeJ(R). Now for each reR, rx doesn’t

have a left inverse and I=rx +(I-rx), soby (d) I-rx has aleft inverse
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implies that rx is a left quasi-regular element, so rxeJ (R) which implies

that xeJ (R).
(e) implies (f): Let J(R) ={xeR: Rx#R}, it follows that every non-zero
element of R/J (R) has a left inverse, thus RJ(R) is a division ring.
(f) implies (b): Since a division ring has no non-trivial ideals then if
R/J(R) is a division ring, then J(R) is a maximal left ideal.
(h) implies (g): Assume (h), and let xeR be non-invertable, say x has no
left inverse, then no rx is invertable, so by (h) each rx is quasi-reqular,
thus xeJ (R).
(f) implies (g): Let R/J(R) be a division ring, and let xR and x2J(R),
then x+J(R) is invertible, that is Rx+J(R)=R and xR+J(R)=R, but J(R) is
small in R by corollary (1.2.28), thus we get Rx=R and xR=R, so x is
invertable.

Finally (g) implies (f) and (g) implies (a) implies (h) are clear.
Section (1.3): Simple and semisimple modules and rings.

In this section we’ll study an important class of modules and rings,

namely simple and semisimple modules and rings.
We’ll present the basic properties and the most well known
characterizations of these modules. The importance of these classes of

rings comes from its relation with projective modules.
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Definition (1.3.1):

Let R be a ring, and M be a module then M is called a simple R-
module if M has no R —submodules other than (0) and A/ . |
Definition (1.3.2 ):

The left R-module M is called semisimple if it is the direct sum of simple
submodules of M.

Remark(1.3.3): If pM is simple, then it is also semisimple. To see this
suppose M is a simple module, then M has only two submodules M and
(0), so M=M&0.

Lemma (1.3.4):

Every simple R-module is a cyclic module
Proof

Let x be a non-zero element in M, then Rx is a submodule of M and
since M is simple then Rx=M. Thus M is cyclic.

Theorem (1.3.5):

Let M be a simple module, then M = R/B where B is a maximal ideal

of R.

Proof
Let 0#xeM, then by the above lemma (1.3.4) Rx=M, hence f,:rR— M

= Rx is an R-epimorphism and ker (/) = {reR /rx=0} is a left ideal of
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R, and by the corrospondence theorem ker fy is a maximal left ideal of
R. Thus by the fundamental R-homomorphism theorem zM = R/ker /..

Lemma (1.3.6):

Let (T,) .. be an indexed set of simple submodules of the left R-

module M. If M= ZTQ , then for each submodule K of M there is a subset

B of A such that [K N (z)rp ]- o] and M=K® (@7, .

Proof
Let K be a submodule of M, then by the maximum principle there is a

subset B of 4 which is maximal with respect to the condition that
K n(%rﬁ} 0 ,then the sum

N=K+ ;;Tﬁ is direct. Now we claim that N=M, let ae4, since T, is

simple, then either T, "N =T, 0r T.n N=0, but T, N N=0 contradicts
the maximality of B. Thus T, N=T,and so T, isa submodule of N for

each aed, so M=N.

The above lemma verifies that for a module MM is semisimple if
every submodule of M is a direct summand of M.
Corollary (1.3.7):

If a module M is generated by an indexed set {Tolaen of simple
submodules, then for some BcA, M = 36;)3 T, , thatis M is semisimple.
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Proof
Use the above lemma with K=0.
Proposition (1.3.8):
Let M Be a semisimple left R-module with semisimple decomposition

M=@T, If 0—K—M—N—0 is an exact sequence of R-modules, then

the sequence splits and both Kand N are semisimple. Indeed there is a

subset BcA and isomorphisms N « T, andK = o7,

Proof

Since Im () is a submodule of M, then by lemma (1.3.6) there is a

subset BcA such that M=Imf @(@ T, ). Thus by proposition (1 .1.16) the

sequence splits and by the fundamental theorem of isomorphism,

N=Mkerg=M/Imf = 7T, But M =( o T,)@ (62 T,), so K= or,.

Remark: since the sequence 0—+K——M——M/K—0 isan exact
sequence, where i is the inclusion map and ¢& is the natural
epimorphism.Then by the above proposition if M is a semisimple

module, then K and M/K are also semisimple modules. So every

submodule and every factor module of a semisimple module is

semisimple.
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Corollary (1.3.9):
Let (T))sea be an indexed set of simple submodules of M. if Tisa

simple submodule of M such that 7ry( ;T" )#0, then there is an e A

such that 72T,
Proof

If 7 is simple and T (;Ta )#0, then T=T ( ;Ta)so Tc ;Ta .
Then we may assume that M= ;Ta, thus by corollary (1.3.7), Mis

semisimple and M=(;) T, for some Bcd, Now applying proposition

(1.3.8) we have T=T, for some ae4.

Now we have the following fundamental characterization of
semisimple modules.
Theorem (1.3.10):
For a left R-module TFAE:
a) M is semisimple
b) M is generated by simple submodules.
c) M is the sum of some set of simple submodules
d) M is the sum of its simple submodules.
e) Every submodule of M is a direct summand.
f) Every short exact sequence 0—=K-M—N—0 of left R-modules

splits.
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Proof
(a) implies (f). By proposition (1.3.8) and (f) implies (e) by préposition
(1.1.16) and (b) implies (a) by proposition (1.3.7), also (b} iff (¢) iff (d)
are all trivial.

We want to show that (¢) implies (d). Suppose that M satisfies (e), we
claim that every non-zero submodule of M has a simple submodule, to
see this let O=ceM, then by theorem (1.2.25), Rx has a maximal
submodule say H, so by (e) we have M=H® H for some H submodule
of M, thus Rx=RmM=H @ (RxH). Therefore Rx/H = RxM H is simple,
so Rx has a simple submodule. Let N be the sum of all simple

submodules of M then by using (e), M=N&® N for some submodule N
of M. since NM N =0, N has no simple submodules which means that
N=o0, so M=N.
Definition (1.3.11):
The ring R is said to be left semisimple if and only if zR is semisimple.
Definition (1.3.12): The ring R is simple if and only if zR is simple .
Now we close this section by the following theorem :

Theorem (1.3.13) :

Let R be a ring and let M be aleft R - module . Then the following

statements are equivalent.
a) All left R-modules are semisimple.

'b) R is a semisimple ring.
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Proof
(b) implies (a). Let M be any left R-module, where R is a semisimple

ring, then any cyclic submodule Rm of M is semisimple. Since

M=MZM R.m, then by theorem (1.3.10.c), M is semisimple. The converse

is trivial.

-39-

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



Chapter Two

Projective Modules

This chapter is the main body of our thesis, in it we give the definition
of ¢ projective modules “, and discuss the main characterizations and
properties of these modules.

Section (2.1): Definition and characterizations of projective

modules

The notion of projective module is a generalization of the concept of a
free module which have the fundamental property mentioned in theorem
(1.1.27) where we saw that if Fis a free R-module, ¥.F —N isanR-
homomorphism and A :M -»N is an epimorphism of R-modules, then
there is a homomorphism ¢ :F — M such that A ¢ ='F.

This property of free modules defines the class of projective modules.

Definition (2.1.1):

Let P, M, N be left R-modules , then P is projective relative to M (or P
is M-Projective) if and only if for each epimorphism ¢: M —N and each
‘homomorphism ¢: PN , there is an R-homomorphism ¢:P>M

such that the following diagram commutes, that is & (E = ¢.
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Defintion (2.1.2): A module P is said to be projective if and only if it

is projective relative to every module M.

Theorem (2.1.3): Let P, M be left R-modules , then P is M-projective if
and only if for each submodule K of M, every R-homomorphism
J:P—M/K factors through the natural epimorphism ¢ M— M/K .
Proof

Let g:M— N be an epimorphism of R-modules with K= kerg . Since
Kerg = K < ker {x =K , then by the factor theorem (1.1.5) there is a
unique homomorphism h:N —» M/K such that g = (%,
with ker h=g (ker {y) = g (K) =g (ker g) =0 and Im (h) =Im () = M/K
, hence / is an isomorphism .

Now If ¢ : P — N is a homomorphism then / ¢ : P —» M/K factors

through ¢y, that is there is @ : P —M such that the following diagram

commutes . Thatis {x ¢ =h @
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Thus we have, hg @ =¢x @ =h @, but since A is an isomorphism , then
.20 = ¢ and this implies that P is M-projective. The converse is trivial.
Proposition (2.1.4): Every free module is projective.
Proof

Let RM be free with basis {m; :iel }, and let ¢ :M—4 be a
homomorphism . Also let & B —4 be an epimorphism, then since o is
onto for each i eI there exists b; € B such that ¢ (m;) = o (b;) . Now for

anym eM, m = qu, we define @: M — Bsuchthat ¢ (m) = Zfr‘bi

where ;=0 for all ieI except for a finite number. Clearly ¢ isa

homomorphism and 05(2 rm, ) - 0(2 b, ) - c;o(Erfmf ) hence ogp=g
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Corollary (2.1.5): zR is projective .
Proof:

Since gR is free, then by the a bove proposition it is projective.
Proposition (2.1.6): If 4 is the direct sum of a family of modules
{A,:i€1} with inclusion mappings k,:4, — A then for every module B
and for every family of homomorphisms ¢,: A, — B ,there exists a

unique homomorphism ¢ : A — B suchthat¢ f = @ .

A
Proof:

Define p:A—>B by ¢ (a ) = 2 @,(a,),itisclear that pisa
=

homomorphism and that
ok, (a) = olk;a)) =S o,(ke,)i))

=@,(a;) Thus @k; = ;. Ifalso Wk, = ¢;, then

¥(a) = Z“’(k‘(“’)) = Z 0.(a,) =®(a)  hence ¥ =g .
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Corollalry (2.1.7): If 4 is isomorphic to the direct sum of modules
A with inclusion mappings k :A, — A, then there exist a projection
mappings =, : A— A, such that 7k, =1 and 7k, =0 when i = j.
Proof:

For fixed i consider the mapping é,:A, —A,, where 5, =1when
i=jand 8, =Owhen i= j. Then by the above proposition there exists
m,:A— A, such that, for allj =k, =5, (take cp, =é,and ¢ =m;).

Which implies that 7.k, =1 and 7k, =0 when i« j.

E |
>

Proposition (2.1.8): If M is the direct sum of afamily of modules
{M, :i€1}, then M is projective if and only if each M, is projective.
Proof;

Suppose that each M, is projective, and let ¢:M—~A be a
homomorphism, #:B— A be an epimorphism .Then by the projectivity
be,,(pki:Mi — Acan be lifted to ¥,:M,—Bsuch that
T¥, -@kfﬁhere k,:M, —=Mis the canonical mapping. Now, by

proposition (2.1.6), there exists a unique ¥:M — Bsuch that Wk, = ¥, for
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all i€l. Since gk, = #%¥,and aWk, = 2%, then by the uniqueness of

pwe have ¥ = ¢ . Thus M is projective.

Conversely, let M be projective, and let ¢,:M, —Aand x,:M — M,
canonically. Then ¢, :M —Acan be lifted to W:M —Bsuch that
7¥ = ¢,m,. But mk =1, hence Wk, = ¢,7 .k, = ¢, and so g has been
lifted to Wk, . Therefore M,is préjective.
Corollary (2.1.9): Every direct summand of a projective module is
again R-projective .
Proof:

Let P be a projective module and P=M®N, then by the above
proposition M is projeétive.
Lemma (2.1.10):

Every module is isomorphic to a factor module of a projective module,
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Proof:

By lemma (1.1.26) we see that every module is a factor module of a
free module. And since free modules are projective, then every module is
isomorphic to a factor module of a projective module.

Theorem (2.1.11): Every module is an epimorphic image of a
projective module.
Proof:

Let pF be a free module, then by propésition (1.1.25) F is isomorphic

to a direct sum of copies of R,F -(?R.Now let 4 be any module and
take =4 be the indexing set, then there is a map ¢:F — A defined by

a

(r )ea = ZAraa .This map is an epimorphism by definition. Since Fis

free then it is projective and so 4 is an epimorphic image of F.
This fact is yet another important reason to study projective modules.
Thus we can study any module through projective modules.
Now we'll study the basic characterizations of projective modules.
Theorem (2.1.12): The following properties of a module P are
equivalent.

(a) P is a projective module

(b) P is a direct summand of a free module.

[] B .
(c) Every exact sequence 0 — L—=M-P — 0 splits
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Proof: (2) implies (c): Suppose P is projective. Since B:M~-sPisan
epimorphism, then the identity map I, :P—Pcan be liftedto @:P =M
such that Bg=1,. Thus B splits, hence the sequence also splits by

proposition (1.1.16).

s
(D .-"H
d I,

¥ 4
M —» P —»0

a 8
(c) implies (b): Suppose that every exact sequence 0->L—>M—+P—0

splits. By lemma (1.1.26), there is a free module F and a submodule X of

i 3
F such that P« F/K Now the sequence 0 - K — F — P — 0, where
iis  the inclusion map and ¢is the natural epimorphism, is a split
sequence. So by proposition (1.1.16) . F=P®K. Thus P is a direct

summand of a free module.

(b) implies (a): Since P is a direct summand of a free module,
P@K = F for some free module F, but F is projective, hence P is a direct
summand of projective module .Thus P is projective.

Corollary (2.1.13): A finitely generated R-module P is projective if and

. = . = [
only if for some module P and some integer n>0, P®P=R .

47-

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



Proof:

A module P is finitely generated if and only if for some natural
number n, there is an epimorphism R P — 0. By theorem (2.1.12),
this epimorphism splits if and only if P is projective, So, there exists a
module P such that P@P = (In%) .

Corollary (2.1.14): If P is aprojective R-module, then there exists a
free module F such that P@F a« F.
Proof

Suppose P is projective,then by theorem(2.1.12) there exists a free R-
module F such that F = P@P for some R-moduleP let
F=P@®PO®P®P®.., where there are countably ﬁany summands.Thus F
is free and since it is the direct sum of copies of the free module F ,then

POF~POPOPOPD...

POPOPAOPAD..
- F

Now, we'll give and example of a projective module which is not free.
Example 1. We have 2Z+3Z=Zand 2ZN3Z=6Z, hence, if
R=2/6Z,A=2Z/6Z and B=3Z/6Z, then R=A®B , Since gR has its
identity element as a basis, then it is free, thus 4 is projective. But R

contains six elements. Consequently a free R-module contains either an

infinite number of elements or a finite number # of elements, where n is
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a multiple of six. But the number of elements in A lies between zero and

six. Thus A4 is not free.

Proposition (2.1.15): Let M =S A, be a direct sum of submodules
p ;

M,. Assume that M,, and all submodules of each M, are projective. Then

any submodule N of M is isomorphic to a direct sum ZN, , where

N, CM,, forevery i€1 .
Proof

We may take I to be the set of all ordinal numbers <7, Now for any

ordinal k<rput M'=VM,. The  projection  mapping
P

7, :Mf+M, =M, sends NnM*' onto some submodule N; of M,. but
N, is projective hence it is isomorphic to a direct summand of N nm* ,in
fact NOM** = (NNM*)+ N, , where NNM* NN, = 0and N « N,.

We'll prove by transfinite induction that forall i<r NNM' = Zﬁ ; as
J

a direct sum of submodules. This is trivial for i = oand holds for i =k +1

if it holds for i = & by NﬂM"“u(NﬂM")+ﬁk-2 N,+Ne = $'N;.
}

Jik+1
Now let k be any limit ordinal and a ssume the result for all i(k, then

NﬂM"-NﬂUM’-U(NOM")—UZI-\I—;-Z_I\?,- and the sum Zﬁj is
[ I

ik #k ik
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direct, thus our statement holds for all i=r, in particular for i =r, we

have N-Z-I\T,.

Corollary (2.1.16): If R is a PID, then every submodule of a free R-

module is free.

Proof

Let M be a free module , then M is a direct sum of submdules M, = R.
Now any non — zero ideal N; of R is isomorphic to R as a left R-module,
hence for all nonzero N;, N,a R . If N is a submodule of M, then by the
above proposition, N is also free.

Lemma (2.1.17): An abelian group is free if and only if it is projective.
Proof: Let Z be the ring of integers, then abelian groups are just Z-
modules Now an abelian group will be projective if and only ifitis a
direct summand of a free a belian group, but by the above corollary since
Z is an integral domain then, this direct summand is free.
Theorem (2.1.18): (Dual Basis Theorem)

The module zxP is projective if and only if there exist families {a, },; of
element of P and {f,}, of elements of Hom (P,R) such that
(a) for each a€P, f(a)=ofor almostall i,and(b) a= fla)e, for
every «€P. The family {&;} may be chosen to be any generating system

of P.

-50-

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



Proof

Assume that W: F — P is an epimorphism , where F is a free R-module

with a base (e, ), . By theorem (2.1.12) P is projective if and only if W¢ is
an identity map for some R-homomorphism ¢:P —F .
Now suppose first that P is projective , and choose such an F,¥,¢, and

put @, = ¥(e,). If a €P, then we can write ¢(a) = z{r, ¢, . Define f;as

Il

¢ m
follows f;:P—F—>R ,where x,:F =® Re, — R given by
:rf(zer{.ei) = r, ,then fora EP,f,(a)wxi(grfe,) = r,,thus¢ (e Zf,! e,

hence ¥¢ {a) = W(Z fla)e ) Z’ f,(a)w{e,) which implies that

o= gf: (a)al

Also it is clear by the definition of £, that f,(a)=o for almost all i,and
by the choice of Fand Wwe can take {a,}to be any generating set of

P.

Conversely suppose that we have families {a,} and {f,}., satisfying

conditions (a) and (b), then we can construct a homomorphism

w.F—Pin which F is free with a basis {¢}, and W(e)=c,.Define

¢:P—F such that ¢(a)= ¥ f, (a)e,. Then Wola)= Zf, (a)o, =x. Thus W¢ is
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an identity map and so Wis split epimorphism . which implies that P is
projective.

Now since {a,), may be taken to be any generating system of P then
if P is finitely generated projective module,so I may be taken to be finite.

Now as an application on a Dual Basis theorem we have the following.
Lemma (2.1.19): Let M be any R-module, and let
1-{3 7 (M): f € Hom (M,R)}then I is an ideal of R.
Proof

Let r,r, €I,then r,€ f (M) and r, € g (M) , for some g,f €EHom (M,R).
Thus there is m, m, €M such that f(m)=rand g(m,)=r,. Now

ro+r, = f(m)+glm,) € f(M)+g(M)CI. Next for any rER we have

rI-r( f(M)) - Z rf (M), but r f € Hom (M,R).
f S:M—R

MR
Thus r1CI, therefore I is a left ideal of R and similarly [/ is a right

ideal , so it is an ideal of R.
Definition (2.1.20): The ideal Jin the above lemma is called the trace
ideal of M. |
Corollary (2.1.21): Let Pbe a projective module and I the trace ideal P
then.

(a) PI=P

b)P =1
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Proof
(a): Since P is a projective module then , by the dual basis lemma it
has a dual basis say ({f,},, {x},)-

Now for x€P, x = ); f, (x) x, €P1. Thus P C P I. Also since / is an ideal
we have PI c P,so P =Pl

®1=3 f(pP)= *Rf(PI)-(

[:F—=R f:

) f (P)]I-Iz.

i
Lemma (2.1.22): Let R bearing and R = R/J , where J is an ideal of
R.If P is a projective R-module, then P/JP is a projective R4/ - module.
Proof

Let u: M — :N be an epimorphism of R- modules and let

@ :P/JP — N be any homomorphism. Also

let £:P— P/JP be the natural epimorphism, then by the projectivity

of Pthereis a: P — M, suchthat pa=¢& Now since ker§ & ker a,
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then by the factor theorem (1.1.5) there exist a unique homomorphism o

such that « =E§ . Thus [JEC =@§ . Therefore ua=(p.

Let us return to local rings. To determine the structure of finitely
generated projective modules over a local ring we have the following

lemma.
Lemma (2.1.23): Let Rbe aringand R = R/J , where Jis an ideal of

R containd in Rad(R).Let P, Qbe finitely generated projective left R-

modules. Then P=Qas R-modules iff P/JP =Q/JQ as R —
modules.

Proof

Consider the following diagram, where f is a given isomorphism

from P/JP to Q/JO: _ & S pp

f 7

|
v
@ ——0/10

Co

Since P is a projective R-module, then there exists an R- homomorphism

f : P = which makes the diagram commutative such that Eo f = f&,.

The sutjectivity of f implies that Im(f)+JQ=0Q . Since Qis
finitely generated we have by Nakayama's lemma, Im(f)=Q, thus fis

-54-

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



onto . But then by the projectivity of Q, there exists a decomposition
P=P'+Q" where P'=Ker(f) and f':Q'—Qis an isomorphism.
Reducing modulo J, we get P/JPaP'/JP'®Q’'/JQ’ . Since f is an
isomorphism then P'/JP'=0. Thus P’'=JP', However, being a direct
summand of P,P"is also finitely generated as R-module, by applying
Nakayama's lemma again, we see that P’ = 0.This means that fis1-1,
hence f:P — Q is an isomorphism.

This lemma leads quickly to the following well-known result.
Theorem (2.1.24): Let R be any local ring. Then any finitely generated
projective R-module P is free.

Proof

Let J=Rad (R), and reducing modulo J. Then by lemma (2.1.22) and
proposition (1.1.21, P/JP is also a finitely generated projective module

over R/J. By proposition (1.2.31). R/J is a division ring . Therefore
P/JPe(R/ JR)" for some integer n. By the above lemma, we conclude

that P= R", Thus P is free.

We close this section with a theorem which illustrates how looking at

the modules over a ring can give us information about the ring’s internal

structure,

Theorem (2.1.25): The following conditions on a ring R are equivalent
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1. R is semisimple

2. All left R-modules are projective

3. All finitely generated left R-modules are projective

4. All cyclic left R-modules are projective
Proof
(1) iff (2) follows from (1.3.10,f) and (1.3.12), and (2) implies (3)
implies (4) are trivial.

We finish by showing that (4) = (1). Consider any left ideal IC R By
(4) as the left R-module R/ is cyclic. Then it is projective, so by theorem
(2.1.12) the short exact sequence 0—I1-—> R -»R/I =0 splits. This
implies that 7 is an R-module direct summand of rR, therefore by
theorem (1.3.10,e) R is semisimple.

Section 2.2: Radicals and Endomorphism rings of projective
Modules .

Radicals and Endomorphisms of projective modules are special and
they play an important role in studying projective modules.

Lemma (2.2.1): Let R be a ring with radical J(R)=J. If P is a projective
left R-module , then Rad (P) = JP.

Proof

By theorem (2.1.12), P is a direct summand of a free module such that

P+P =F, for some free module F.
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Let FaR'w ®R for some Z,then by theorem (1.2.15),Rad (P) ®Rad (F)=

Rad (R') =(RadR)' = (J(R) = (JR)' =J R = JP®JP. However by

proposition (1.2.23) JPC Rad (P) and J(P)S Rad (F) .Thus Rad(P)= JP.

Now before stating the next theorem , let us recall that for
s,t €End (P), we have the following facts.
L Im (s¥¢)C Im (s) ¥ Im (¢)
2.Imts) CIm(s)
3 Im(st) C (Im(s))t
Lemma (2.2.2): Let M be a left R-module and S= End(M), then
N ={s€S :1m(s) is small in M}is an ideal of S.
Proof
Let s, t € N,thenim (s + Y Cim(s)+Im (@, butlm (s) and Im(?)

are small submodules of M. Thus Im (s) + Im (1) is also small, therefore

by lemma (1.2.12). Im (s + ¢) is small in M.
Let veSs, then Im(vs) C Im(s) .since Im(s) is small in M, then Im (i} s) is
small in M. also Im(sv)Cv(Im(s)) but Im(s) is small in M, then by

proposition (1.2.4) , v(Ims) is small in M » thus by lemma (1.2.12),

Im (sv) is small in M. hence N is an ideal of §.

Theorem (2.2.3): If yPis a projective module and S = End (P).

Then J(s)={ses : Im(s) is small in P}.
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Proof
Let N ={s€S : Im(s)is small in P}. We want to show that N=J(S).By
above lemma we see that N is an ideal of S .

Let s&N, then Im(l-s + s) = Im (1) = P=1Im (s) + Im(I-s). But Im(s) is

small in P, so P = Jm (1-s), hence -5 is an epimorphism . So by the

projectivity of P, there exists r €S such that ti-s)=1.

) P
.f'g!
t f, lp
P —>
1-5

P » 0

Thus N is a left quasi — regular ideal of S.So by corollary (1.2.21),

NCJ(s).

Conversely, if s€J(S) and Jm(s) + B = P for some submodule B in P.
We'll show that Im(s)issmallin Pi-e B=P.Lets:pP — p /B and
v:iP—F/B defined where for XEP x5mxS+B and xvex+B. Now

since 5 is an epimorphism, then by the projectivity of P there exists

tES suchthat s s = v P

P —»pR —»
Now for xeP , we have S

x(t§J=xts+B =xv=x+B, hence x ts—xEBsox(rs—l)EB which
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implies that Im (1-ts) CB . but since s&€J (S), then s J (S}implies that #s
is a quasi-regular element. So 7-zs is invertible , hence /- ts is an
isomorphism of P. Therefore P = Im (I-ts)cB,soP =BRBand
consequently /m (s) is small in P which implies that N =J (S).
Corollary (2.2.4): Let J=JR). If Pis a projective left R-module such
that JP((P, then J (End (P)) = Hom (P, JP) and

End(P)/J(End(P)) End{P/JP).

Proof

By Lemma (2.2.1) we have Rad (P)=JP, the hypothesis JPyP
insures that a submodule of P is small iff it is contained in JP. In
particular by theorem (2.2.3), an endomorphism s of P belongs to
J(End(P) iff Im(s){(P C JP .Thus J(End(P)) = Hom (P,JP).

Now observe that, since JP is stable under endomorphisms of P
¢{s):(x+JP)—>xs+JP wherexep, s€End(P)defines a ring homomorphism

¢:End(P)—End (P/JP). Now since P is projective, then the diagram

below commutes. P ————Pp/IP

s 8(s)

P T’ P/JP

So ¢ is subjective . But clearly we have
ker ¢= {s:P —P: sEEnd(P)and¢(s)(x +JP) =Xs5 +JP=JP}
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={s€End(P) :¢{s)EJP} =Hom(P,JP)

Thus by the fundamental theorem of homomorphisms we have

End(P)/ker¢ =End(P/JP).soEnd(P)/J (End(P)) «End(P/JP)

Theorem (2.2.5): If zP is a projective module and J(P)=Pthen P =0,

Which means that every projective module has maximal submodules.

Proof

Suppose &P is projective and J(P)=P. By theorem (2.1.12) P is a direct

summand of a free module F such that F=P @ 0.
Let {x,}, be a basis for F, if x € P, then x = 2 . x,, where
i=]

{xi}:-xg {xi}l Let x, =P, + g, where P,€ P, 4,€0 then we

n

n N
havex'zr;x,-=2":l’:+2’}qf or
[}

=] =i

L] n

x - r,P,=2r,q,.Thus EfngEQnP=0,So

Iwi =1 i=1

=
i
o

)

¢ - Next we define @ :F — F by

for i=1,., n

Pf
i o= {O for i & {1,..., n}
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So Im(a) =RP;+RP;+ ..+RP,. ThusIm(a) cP =J (P) c J(F)
which implies that Im(a) is a finitely generated submodule of J(F),
hence Im(a) is a small , Submodule of F. Now it is clear that
Ima + Im(I-a) = F. Thus Im (I- a)=F , s0 I-a is an isomorphism of F.
Nmfv for

] H

Elr,xi)a-x-‘zlr,p,-x—x-o

xEP,x(l-a)ux—xa-x-(

, but since /-a is injective, then x = 0 ,hence P=0.
Corollary (2.2.6): If P is a non-zero projective module such that
P=P ®P, with P,C Rad (P),then P, =0

Proof

Let w,: P — P, denote the projection on to P; , then by proposition
(1.2.13), P =m,(P,) Cx,(Rad (P))C Rad (P,).
Thus P; = Rad P, .And by the a bove theorem,P, = 0.

Section 2.3: Projective covers.

Projective covers plays an important role for studying projective
modules and rings .Thus we'll see that modules which have projective

covers play a main role in our study.
Definition (2.3.1): An epimorphism f:M —Nis called superfluous

(minimal) if and only if ker f{(M
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Ramark: Let X be a submodule of M then » K{M ifand only if the

canonical projection &:M —>M/K isa superfluous epimorphism. This is

true since ker (=K.
The following lemma is an important characterization of superfluous
epimorphism .
Lemma (2.3.2): An epimorphism f: M - N is superfluous if and only if
for every homomorphism 4:L—M with Jh  epimorphism is an
epimorphism.
Proof
If fh is an epimorphism and meM then there exists xe L with
J (m) =fh(x). Which means that m = A () + (m-h(x) €Im (h) + ker .
Thus M = Im (h) + ker .
As ker() (M, then M =1Im ), so hisan epimorphism . Conversly ,
Suppose LCM such that L + ker f=M.Let i:L—M be the inclusion
map, then fi(l) = f (i(L)) = fI) = AL+ kerf) =f(M) = N. So fis an
epimorphism. Hence by the assumption 7 has to be an epimorphism.
Thus f{I) = L = M and therefore ker(H(M.
Now we need the following lemma on small submodules,

Lemma (2.3.3): Let 4, B, MbeR- modules. If Ac B =M and
B{(M,then A (M.
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Proof

Assume B is small in M, and Let KCMsuch that A+K = M. Since
ACB,then A+K CB+K i-e MCB+K .Hence M=B+K. As
B (M, then K=M which implies that 4 ( M,

An important property of superfluous epimorphisms is given in the
next theorem,.
Theorem (2.34): Let L, M and N be R-modules, and
f:M—~N,g:N—L be two epimorphisms , then, gfis superfluous if
and only if fand g are superfluous.

Proof

Suppose f and g are superfluous epimorphisms and let #: M’ — M is a
homomorphism with gff is an epimorphism, then /' is an epimorphism.
Thus 4 is an epimorphism and so gfis superfluous.

Conversly , suppose gf'is superfluous epimorphism , then
ker (g)) M. As ker (f) cker (g0 , then by lemma (2.3.3) ker £ {( M.
Thus fis superfluous.On the other hand since ker(g f) « Mthen by
proposition(1.2.4), f{ker gf )is small in N . Now we claim that
ker g < f(ker g f).If this is true then by lemma (2.3.3), we have
ker g{(N.

To see this let x € ker g, thenx € N. As fis onto there is yEM such

that f{)=x. Now g/ () = g (7)) = g(x)=0. s0 ye ker g f.
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Therefore x = f(3) € f (ker g f). Which implies that g is superfluous.
Corollary (2.3.5): Let K, L and M be R-modules. If KX CZCMthen

L{Mifandonlyif K{Mand L/K{ M /K .

Proof
By wusing the above theorem with the canonical mappings
f:M—M/Kand g:M/K —-M/L. As ker gf = L, kerf=K and ker g=L/K .
Corollary (2.3.6): If KCLCM are R-modules, and L is a direct
summand in M, then K { M ifand only if K ( L.
Proof
Let M=L@N for submodule Nof M, andlet ¢ :L - M ,z:M — L be
the cononical mappings. Now if K{((L, then &(K)=K { M and if K{M
then n(K)=K(L . |
We saw in theorem (2.1.11) that every module is an epimorphic image
of a projective module. Now for some module M an even stronger
assertion is possible in case there is a projective module P and a
superfluaus epimorphism f:P-»M .
Definition (2.3.7): A pair (P, u)is a projective cover of the module M

in case P is a projective R-module and P—£—>M —0 isa superfluous

epimorphism.
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We'll simply call P it self a projective cover of M, Before giving an
examples on projective covers we have the following.
Lemma (2.3.8): If pMis a finitely generated module, then M/Rad (M)
is finitely generated and the natural epimorphism M—{—M/Rad M —0

is superfluous.

Proof

By proposition (1.1.21), £(M)=M/RadM is finitely generated . And

by corollary (1.2.28) J(M) { M. Thus ¢ is superfluous .

Lemma (2.3.9): If e-é is an idempotent in aring R , then
(1) R e isaprojective as an R-module.
(2)‘ Rad (Re)=JR) e = Je.
Proof
(1)Since Re®R(1-e)=R, then R e is a direct summand of a

~ free module R. Thus by theorem (2.1.12), Re is a projective

| R-module.

(2)By lemma (2.2.1) since Reis ﬁrojective , then Rad (Re) =
JR} Re = J(R)e = Je .

Now we'll see the following examples on projective covers.

Example 1: If e is an idempotent in R. Then by lemma (2.3.8) and

lemma (2.3.9), Rad (Re)=Je { Re and Re is a projective.
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Thus the natural map {:Re—>Re/Je is superfluous epimorphism, since

ker ¢ < Je & Re, hence ker ¢ { Re . Which implies that Re is projective

cover of Re/Je.

Now we give an example on a module which doesn't have a projective
cover.
Example 2: Let Z be the ring of integers. Then the pair (Z, r;) where
r,iZ—~Z/2Z1s the natural epimorphism is not a projective cover since

2Z isnot small in Z which have 0 as the only small submodule.

Theorem (2.3.10): Every finitely generated module over a local ring

has projective cover.

Proof
Let R be a local ring and pM finitely generated, then R/J is a division
ring and M/JM is a finite dimensional vector space over R/J, say M/JM is
| k-dimensional, and set P = R® | then there is an epimorphism
u:P—M/JM where ker u =JP. Since P projective and the natural map
£:M—M/JM is an epimorphism , then there is a homomorphism

@ :P—>Msuch that £ pmp. | P
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Now by Nakayama's lemma , JM{ M ., So ¢ is a superfluous
epimorphism . hence by lemma (2.3.2), ¢ is an epimorphism and since

kerg < ker u = JP (P, then P is a projective cover of M.

Now we’ll prove the fundamental lemma for projective covers . One its
consequences is that if a module does have a projective cover, then it has

(essentially } only one .
Lemma (2.3.11): Suppose zM has a projective cover a: P~ M . If RO

is projective and B:Q -»Mis an epimorphism, then O has a
decomposition Q =P’'® P"such that

(1) P'aP

(2) P"Cker B

(3) (B/P):P—M is a projective cover for M. Moreover if f M, =M, is
an isomorphism and if ¢: P, —M, and y:P, —M,are projective covers ,
then there is an is omorphism F:B, — P, such that 3 F = fé.

Proof
Q

By the projectivity of O there is a commutative h

B

‘f o
P —»M—pp

diagram with exact row and column. Since « is a superfluous

epimorphism and a hA=gis an epimorphism, then by lemma(2.3.2),4 is
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also an epimorphism. But P is projective , s0 h:0— P splits, so there is a

monomorphism g:P-»Q such that % g = I, , and hence by lemma

(1.1.13), Q = I'm g® her A.

Now,setting P'aimg,P" = kerh.We see that (1) holds since.
Im(g) = P'and g is monomorphism, so P'« P. Also (2) holds because
ah=p,wehave ker(h) = P'C ker B . To prove (3).We have
B(P)=B(P'+P")=f(Q)=M and since g g= ahg=alp=qa,then
ker (B/P')=g (ker @) is small submodule of g (P) =P'. Thus
(8/P'): P' - Mis a projective cover for M.

Moreover, to prove the last statement, let a=y, g =f ¢and

feh theny fuah=F=f¢. Alsof=his an epimorphism and
ker f = ker ¢ is small direct summand of P;. Thus f is an isomorphism.
Corollary (2.3.12): Let ¢ and £ be idempotents in a ring R and let
J=J(R), the TFAE.
(a)Re=Rf
(b)Re/Je =R f/f
Proof

Clearly (a) implies (b). To show the converse let #:Re/Je —» Rf /Jf be

an isomorphism, since the natural maps Re — Re/Je and Rf — Rf | Jf are
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projective covers, It follows from lemma (2.3.11) that there is an
isomorphism h:Re > R f.
Now we'll study projective covers of simple modules. We need now

the following lemma.

Lemma (2.3.13): (schur's Lemma)
| If »S is a simple left R-module, then End(S) is a division ring.
Proof
Let 0 #f € End (S). ThenIm (f) # 0 and ker (f) #S .
Since Im (f) and ker (f) are both submodules of S, and S'is simple , it
follows that Im (f) = S and ker () = 0. Thus fis invertible in End (S).
So, End (8) is a division ring,
Proposition (2.3.14): Let R be aring with radical J = J(R) , then the
following statements a bout a projective left R-module P are equivalent:
(a) P is the projective cover of a simple left R-module
(b) JP is a small maximal submodule of P.
(c) End (P) is a local ring.
Proof
(a) implies (b) :let (u,P) be a projective cover of a simple module S

such that u:P —S —0, then keru P and since Plkeruy =S, s0
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kerpis a small maximal submodule of P. Now JP is contained in
every maximal submodule ,and JP contains every small
submodule of P. So JP = ker u is small maximal submodule of P.
(b) implies (c) : If JP is a small maximal submodule of P, then
by schur's lemma and corollary (2.2.4) .We have,
End (P)/J{End(P))=End (P/JP) is a division ring . Thus by
proposition (1.2.31). End (P} is a local ring,
(c) implies (a) : Suppose that End (P) is a local ring , then P#0 so by
theorem (2.2.5) there is a maximal submodule K of P.

We claim that the natural epimorphism P~ P/K —0is a projective
cover . For in that case suppose K+L=P for some submodule L of P.
Then P/K «(L+K)/K = L/LNK . So there is a non-zero homomorphism
fP=L/LNK. By the projectivity of P there is an endomorphism

s:P—LCP such that the following diagram commutes

J"‘/
s f
.-"f
K

Since 0 # f =sn ,Ims C K.It follows that Im (5) is not small in P

So by theorem (2.2.3), 5 & J(End (P)) and hence by proposition (1.2.31),
s is an invertible endomorphism of P. Therefore Z=P and hence K( P

which implies that {'is a projective cover of the simple module P/K .
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The following corollary determine the structure of projective module

rP when End (P) is local .
Corollary (2.3.15): If zP is a projective module and End (P) is a local

ring, then P=Re for some idempotent e eR.

Proof

For any xeP, if P=J(P) then it is trivial. If J (P)¢ P then there is x P,
xgJ(P),so J(P)+ Rx=P,by proposition (2.3.14) JP{P, and so
P =Rx Let f,:R—=Rx=P, then the exact sequence.
0 —ker f, ——>R~—Z-»Rx—0 splits, Thus Reker f, ®Rx,s0 P =Rxisa
direct summand of R, and hence P = Re for some e = éz eR.
Lemma(2.3.16):If e is a non-zero idempotent in a ring R then
A :eRe—»End (Re) defined by A{x) = f(x), fEERd (Re;)is a ring isomorphism.
Proof

It is clear that eRe is a ring with identity ¢ and A is a ring
homomorphism. Now we'll show that A is onto.
Let f e End (Re) and let x=¢f, thenex =eef=e’f=ef=x. Sincex €
Re, then xe=x,andx=¢f=(ee)f=e(ef) =ex.Sox=ex=e(xe) =
e xeceRe Thus Aisonto. Now fory eRe,ye=y,s0yf= (ye) f =

y(ef) =y x =y fx hencef=f{x). Suppose A(x) =0, thenf(x) =0, so
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efx =ex =0 Thus we have e R e = End (Re).

Corollary(2.3.17): Let J=J(R) and e = ¢’ & R, then the following are
equivalent

(a) Re /J e is simple
(b) Je is the unique maximal submodule of Re.
(c) eRe is a local ring.
Proof
(a)implies (b): Let Re/Je be a simple module , then we have
Re—=Re/Jeas a projective cover of Re/Je . Thus by proposition
(2.3.14), J(Re)=Je is the unique maximal submodule of Re .
(b)implies (c); By lemma (2.3.16), A : eRe—End(Re)is an
isomorphism , then End (Re) is local , and so eRe is local .
(c)implies (a): since End (Re) is local , then Re is a projective cover of
a simple module . But Re —» Re/Je is a projective cover . So Re/Je is
simple.
Lemma(2.3.18):Suppose thatk,CM,CM ,K,CM,CM and M=M,® M,,
then K, ®K,{(M,®M, iff K, (M, and K,{(M, .
Proof
Suppose K, ®K,{{M,®M,and let P,:M—M, denote the projection of A/

on M; along M (i #j) . Then by proposition (1.2.4) Py(K;+ K,) = K,( M;

72~

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



and P, (K;+Kp) =K, {M; . Conversely if K; { M; and K, { M, , then by

proposition (1.2.4), K;+K, =K, @K, { M.

Remark: We can use induction to show that if X,cM,CM for

i=L,..,n,then @K, (( ® M, iff K; (M, .

Definition (2.3.19): Let (M a )GE 4 be an indexed set of R-modules, and

(fa )aEA is an indexed set of homomorphisms such that f,:M, -~ ,

where N is a left R-module , €A, then we define a homomorphism

f:®M, =N such that for each x = (x,) ., EOM,, f(x)-Z fa(x.). We call

fthe direct sum of_(fa )GEA and denote it by f -®f, .

Lemma (2.3.20):Ifr,:F, —N,,x,:F,— N, are projective covers of Ni,N, ,
then =, ®x,:F,®P, — N, DN, is a projective cover of N,®N,.
Proof

Since Py, P, are projective , thén R ®PF, is also projective . and also
ker(m, ®x,) =kers, ®kerz, P, ®F, by lemma (2.3.18).

By induction we can show that if z,:P, - N, is a projective cover N, for

i=1,..., n,then @z, :®P, +~@N, is also projective cover.
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Definition (2.3.21): A ring R is called Jacobson semisimple (or J-
semisimple if and only if Rad (R) =0.
Lemma (2.3.22) : Let R be J-semisimple ring , then a module gMhas a

projective cover if and only if Mis already projective.

Proof

Suppose p:P—M is a projective cover . Then ker u {(P, thus we have

that ker uCJ(P), but P is projective so J(P) = JP . Since R isJ -
semisimple then J=J(R) = 0. Therefore ker u CJ(P)=JP=0.So uis an
isomorphism and M is projective.

It follows, for instance, that over Z, the only modules a dmitting

projective covers are the free a belian groups.
Lemma (2.3.23): Let /be an ideal in R and let R =R/J . Let Mbe a

left R- module which is, therefore , also a left R-module. If xM has a
projective cover over R then zMalso has a projective cover over R.
Proof

Let p:P - Mbe a projective cover of M over R , we claim that
p:P/IP— M is a projective cover of M over R. To prove the claim we

have ker p=keru/IP. Now we want to show that this is small in P/IP .

-74.

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



Assume that N/IP+ketu/IP = P/IP , where N is some R-submodule of
P, but this implies that N+ ker u = P, and since ker u((P , then N=P, So

N/IP = P/IP .

Theorem (2.3.24): Let /' :M— N be a superfluous epimorphism and let
@ . P — M be an R-homomorphism. Then ¢ : P —M is a projective
cover if and only if fop : PN is a projective cover .

Proof

Suppose ¢ : P — M is a projective cover, so it is superfluous

epimorphism. Since f is an epimorphism then fp is an epimorphism , to
see that fp is superfluous.

we use lemma (2.3.2): If % is a homomorphism with fioh epimorphism,
¢k is an epimorphism, then 4 is an epimorphism. Thus fp is superfluous.

Conversely, if fo is a projective cover , then it is a superfluous
epimorphism and so by lemma (2.3.2) we have ¢ is an epimorphism, and
it is superfluous, as ker ¢ <o (ker f) ( P.
Lemma (2.3.25): Let M =0, and let u: P—>M be a projective cover,
then u gives a one — one correspondence between the maximal

submodules of P and those of M. In particular, y (rad P) =rad M.

75

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



Proof

This is because any maximal submodule of P contains ker u which is

small in P. Thus by proposition (1.2.29) since ker f = Rad P,then

u (radP) = rad M.

Corollary (2.3.26): Any nonzero module M with Rad M=M cannot a
dmit a projective cover.

Proof

Suppose 6 : P — M is a projective cover, then by lemma (2.3.24)

0 (Rad P) = Rad (M) and since Rad PCP, by theorem (2.2.5), we have

Rad (M) cM . Thus If Rad (M) = M then M cannot a dmit a projective

cover.
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Chapter Three

Applications on projective modules

In this chapter we'll study semi-perfect and left perfect rings as an
application on projective modules, those over which all finitely
generated modules and, respectively, all modules have projective covers.
Section (3.1): Lifting Idempotents

The nétion of lifting idempotents can be used to study a semi-perfect
ring,

The idempotents in a ring R represent idempotents in every factor ring
of R, but idempotent cosets in a factor ring of R need not have
idempotent representatives in R, to see this we give an example.
Example 1: Let R = Z which has two idempotents namely 0 and J,
while Z/6Z has four idempotents, namely 0,1,3 and 4 .

Definition (3.1.1): Let I be an ideal in a ring Rand letg + J be an
idempotent element of R/. We say that this idempotent can be lifted
modulo [ in case there is an idempotent e € Rsuchthatg+/=e + 1.

We say thatidempotents lift modulo / in case every idempotent in R/J

can be lifted to an idempotent in R.
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Theorem (3.1.2): If 7 is a nil ideal in aring R, then idempotents lift

modulo /.

Proof

Let I be anilideal in R and g €R such that g + I = g? + I let » be the

nilpotency index of g-g’ , then we can use the binomial formula as

follows

k

0nle-g) =§(,;)"; (_g) =2(_1)" (/’2)";4-1)”(5);
F(BE()F)- 55 (Fra(i)F)

Now let zuz(-l)"" (k) *;,;I €R, then we have

L n+l

g=gt,s0 § - § gt which implies that gf =e = ¢ g, thus

a
em gtrx =(gn¢1 t) tn - gm-l tu+l -(gfl+2 t) tm»l _gn+2 rmi.’ ... -an t2n -(gn tn)z '=€2 ,Soe-g" t:

is an idempotent in R, also
g+i=g"+I=g"t4] =(g"+1 +1)(r+1)=(g+I)(t+[)=gt+1=e+1 ,

Lemma (3.1.3): Every nil left ideal of a ring R is contained in J(R).

Proof

Let I'be anil left ideal and let g e 7 , then @”" = 0 for some integer #,s0
we have a+(-a + & —’ +..+ (1) &Y+ a +aP-® Fo (-1 a"a=o.

Now let a’'=-a+a?-a*+..+(-1)"" 0™ thena+a'+a'a =0.
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Thus {1-4) (1~ é') =1,which implies that a is a left quasi-regular element.

So, a € J(R).

The following two lemma’s on projective covers will be needed.
Lemma (3.1.4): Let pM have a decomposition M=M, ®...®M _such that
each term M, has a projective cover. Then an R- homomorphism
¢ :P—M is a projective cover if and only if P has a decomposition
P=P,®..&@ P, such that for each i=1,..,n (¢ /P, )Py 5M is a
projective cover .

Pfoof
Suppose that each M; has a projective cover and ¢ - P — M is a
projective cover .Let g; : O; -»M; (i = 1,...,n) be projective covers, then it
follows from lemma (2.3.20) that éq’ : ’(-;TéQi — é M, is a projective cover.
By letting g~ (¢ /PJ we have by uniqueness of projective covers that
P=P@.. &P,

Convefsely. IfP = P; @...® P, is such that for each i =1,...,n ( $ [P, :

P; — M; is a projective cover, then we have by lemma (2.3.20) that

fH

@(gb P, ): ‘CJ_:)]P, - éMi is a projective cover, which implies that ¢ : P —M

i=1

is a projective cover.
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Lemma (3.1.5): A cyclic module zM has a projective cover if and only
if M Re/Je for some idempotent e &R and some left ideal J <J(R) For
e and [ satisfying this condition the natural map Re — Re/le - 0 isa
projective cover.

Proof

Suppose M is cyclic with projective cover ¢. P —M.As Mis cyclic,

then there is an epimorphism /* R —Rx = M. So by lemma (2.3.11) R

has a decomposition R= P @ P’ such that o=(f /P). Thus for some
idempotente eR, P = Reand /e = ker ¢ ({(Re,wehavele cJ R)ec
J(R)andso M=Re/lIe. Conversely the natural map Re — Re /Je has

kernel /e , so if I c J(R) , then Ie &J(R)e{(Re.Thus pMhasa

projective cover.

Definition (3.1.6): A pair of idempotents e; and e; in a ring R are said
to be orthogonal if ¢; e; =e; e; =0

Definition (3.1.7): A setof idempotents (ea )GEA in a ring R is said to
be orthogonal if and only if the set is pairwise orthogonal,

Definition (3.1.8): A finite orthogonal set of idempotents ¢,, ...,e, in a

ring R is said to be complete incasee; + ... +e, =7 e R.

Proposition (3.1.9): Let I,,..., I, be left ideals of the ring R , then the

following statements are equivalent about the left R- module zR .
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(VR=1I,®.. @I,

(i))Each element » € R has a unique expression
rErtotr,,  withr el (i = l,..n)

(iii) There exist a (necessarily unique) complete set ¢, ...,e, of

pairwise orthogonal idempotents in R with I;=Re;.

Now the following proposition is a characterization of lifting

idempotents.
Proposition (3.1.10):Let R be a ring and /be an ideal of R with 7 =

J (R).Then the following are equivalent .

(1) Idempotents lift modulo 7

(if) Every direct summand of the left R-module R/ has a projective

cover.

(iii) Every (complete) finite orthogonal set of idempotents in R/ lifts to a

(complete) orthogonal set of idempotents in R.
Proof
(1)  implies (ii): Suppose that idempotents lift modulo 7, and let
R(M/D) be a direct summand of &R /) , where M C R, then x(M/])

is also R/ — module and so it is generated by an idempotent of R/J

hence by assumption we can lift any such idempotent , so we want
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such idempotent , so we want to show that if ¢ e Ris
idempotent , then (Re +I) /I has a projective cover.
But {Re+/)/IaRe/INRewRe/le and by lemma (3.1.5) (Re+I)/Thasa
projective cover.
(ii) implies (iii) : Let g;, ..., g, € R be a complete orthogonal set of
idempotents in R/I.Since I < J (R){ R,then the natural map
¢; :R —R /1 is a projective cover , hence by hypothesis each term in
RA =(RD)(g,+])@D ...D (R/])(g,+1) has a projective cover. So by
lemma (3.1.4) and proposition (3.1.10), there is a complete
orthogonal set of idempotents ey, ...,e,€R such that
(R/1){e, +1)=t,(Re,)=(R/1)(g, +1) (i =1,.,n) and by the uniqueness
part of proposition (3.1.10) ,we have e ;+ I= g, + I (i=1,...,n)
(iii) implies (1). This is clear by the definition of lifting idempotents.
Section (3.2): T- nilpotency
The concept of T- nilpotency serve us in introducing the notion of left
perfect rings.
Definition (3.2.1): A subset 4 of a ring R is called left (right) T-
nilpotent if, for any sequence of elements { a;, a,, a;,...} < 4, there exists
an integer n 2 / such thata; a; ... a,=0(a, ... a;a; =0).
We shall use this notion of T-nilpotency mainly for ideals.So we

have.
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Remark 1: Every left T-nilpotent ideal I is nil .
Proof

If Iis aleft T-nilpotent ideal and a € I, then by applying the definitien
to{a a ..}, weseethat each a € Iis nilpotent and so 7 is nil.
Remark2: Every nilpotent ideal is T-nilpotent.

Proof

Let 7 be a nilpotent ideal, and » be the index of nilpotency of I such
that I" = 0, which means for any { a,, a;..} <, a;az..a, =0,
Therefore I is left T-nilpotent.

Remark3: By remark! and remark2 we see that every nilpotent ideal / is
nil.

Now we'll give a characterization for the left (right) T-nilpotency, but
firstly we need the following lemma which is related to projective
COVers.

Lemma (3.2.2): Let F be a free module and J=J(R). If g(F/JF) has a
projective cover, then the natural epimorphism § : F — F /JF isa
projective cover of F/JF and consequentely JF'is small in F .

Proof

Let u:P->F/JF—0be a projective cover of F/JF and { : F — F/JF

be the natural epimorphism.
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Now since F'is free so it is projective and by the projectivity of F

the diagram below commutes.

»
P __u_,F/JF — 9

So we have p o = ¢ . Since ¢ is an epimorphism theny o is also an

epimorphism, but u is superfluous epimorphism, thus by lemma (2.3.2).
a is an epimorphism.
Since u a=¢,then ker o < ker £ = JF . Also by the projectivity of P

the exact sequence 0 — ker ¢ —=— F —2— P — 0 splits. So

we have F = ker ¢ @ P, and so JF = Jker a @JP. Since ker a <

JFthen ker o =Jker a, but ker atis projéctive being a direct summand
of a free module, hence by lemma (2.2.1) Jtker ) = J ker o = ker a.
Therefore by theorem (2.2.5) ker a = 0. So « is an isomorphism, and
consequentely ker ¢ = JF is small in F.

Theorerﬁ (3.2.3): Let xF be a free module with basis { x, : » eN* } and
J=J(R) , then the following are equivalent.

(a) JFis small in F

(b) Jis left T-nilpotent
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(¢)JM is small in RM for any left module zM

Proof

N
(a)implies (b):Let, G = E R(x,-a,x,,, ) where {a,, }:_1 cJ(R)

#m]

then we have G + JF = F,but JF is small in ', so zG = F, hence

xy€ G implies that ,

X; =Fp(Xayxy) + ra(X-ayx3) + ... Py (Xy—ay Xy+p)

=rxpt(rp—ria) x;Hrs—raam) xz+ o (ry—Fag ) Xnv- PN Gy XNag
Since {x ” }:_1 is a basis for F', then we get
ri=landry—ria;=ri—ryay = .. =ry~ry;an; =ryay=0.

Now by using successive substitution we get a; a, ...ay = 0. Thus Jis

left T-nilpotent .

(b) implies {c). Suppose JM +N =M, for some proper submodule N of M,
and let X = M/N , then X # 0 and JX = X, pick a,€J, x; €X such that

ax; # 0, since x;€ JX =X, thenx; is a sum of terms of the forma y,
where a eJandy €X, so a,x; is a sum of terms of the form a; a y not all
of which are zero, sothereisa, €J, x; € X such that a; a, x, = 0. Now
x;€X = JX, 50 x; is a sum of terms of the form a; a; a y, since aja; x; #0
one of this terms is not zero , so there exist a; e J, x; € X'such that

ar a; az x3 # 0 . By continue in this way we get a sequence
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{a,}°., € J such thata,a; ... a,x, #0, hence a; a; ... a, # 0, which

M=

contradicts (b) . so X = M/N = 0 and hence M = N.

(c) implies (a): Let M =F , then JM =JF is small in F'.

Corollary (3.2.4): Let J be any left T-nilpotent left ideal of R. Then for
any two projective left R-modules P and @, P/JP = Q /JQ implies P =0

Proof

Consider the following diagram, where fis a given isomorphism from

Cr
P/IP 1o Q/JQ. P ——— PP

f; f
v
Q — 5> A

g
Since P is projective , then there is an R-homomorphism f: P— Q

which makes the diagram commutative i-e g 0 f= ?C P .
The surjectivity of f implies that Im(f) + JQ = Q. Since Jis left T-
nilpotent , then by theorem (3.2.3), JQ is small in O and so Im (f) = Q.
Also by projectivity of Q, there exists a decomposition P = P’ + Q ' where
P’ =ker fand Q' = Q. Now Reducing modulo J, we get PAJJP = P'/JP’
@Q’ /JQ"Since f is an isomorphism then P’ /JP’ =0 ,thus P’ =JP’,

hence by theorem (2.2.5) , P’ = ker f= 0 . So fis an isomorphism.
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Section (3.3): Semiperfect and left perfect rings and projectivity.

In this section we'll study semiperfect and left perfect rings and their

main characterizations by means of projectivity .
Definition (3.3.1): A ring R is called semiperfect if and only if RZJ(R)
is a semisimple ring and idempotents lift modulo J (R).

Now we have the following two lemma’s which are needed latter.
Lemma (3.3.2): J(R/J(R)) =0
Proof

Let P be a left quasi ~ regulaf left ideal in RZJ(R). And let P be its

inverse image in R,leta e P,then a = a + J (R) andlet be Psuch

that a + b+ ba =a+b+ba=0 , thena+b+baeJ(R) and so
is left quasi-regular. Let c be such thata + b + b a + c+c(a+ b+ b a)=0,
thena +(b+c+cb)+ (B +c+ech)a=0.Thusais left quasi-regular
and so P is a left quasi-regular ideal of R, hence P =J (R) , that is P = 0.
therefore JIR/J(R)) = 0.

Definition (3.3.3): Let M be a left R-module, then the socle of M,

denoted by soc (M) is defined by Soc (M )= 2 M, , where

{M f}, is the set of all simple submodules of M, If {M ,.}, = ¢ ,then
soc(M) =0
Remark (3.3.4): If xM is semisimlpe , then soc (M) = M.
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Lemma (3.3.5): The ring R is semisimple if and only if every simple
left R-module is projective .

Proof

Suppose R is semisimple,then by theorem (2.1.25),every left R —
module is projective , so every simple left R-module is projective.
Conversely , it is sufficient to show that Soc(R)=R,

suppose Soc (R)C R then soc (R) < pM for some maximal left ideal

rRM in R. Thus R/M is simple and so it is R-projective , hence the
sequence 0> M —=— R —£— R /M — 0 splits.SoR=M @
S ,where S =~R/Mis a simple left ideal of R , then we have S <soc (R) <
M, which is a contradiction.

Now we have the follwing characterization of a semiperfect ring.

Proposition (3.3.6): For a ring R the following statements are
equivalent.
(a) R is semiperfect
(b) R has a complete orthogonal set e 15,8, of idempotents with each
e; R e; a local ring,
(¢) Every simple left R-module has a projective cover .
(d) Every finitely generated left R-module has a projective cover.

Proof

Let J =J(R) be the radical of R
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(a)implies (b} . If R issemiperfect, then by proposition (3.1.10) we
can lift the idempotents in proposition (3.1.9) for a semisimple
decomposition of R/J to obtain a complete orthogonal set ey, ...,e, of
idempotents in R with each Re ,/Je, &« (R/J Ye, + J) simple. Then
by corollary (2.3.17), e; R e, is a local ring.

(b)implies (c). Assume (b), then by corollary (2.3.17) we have that
each R e/J/e; is simple , and so it has a projective cover by lemma

(3.1.5). But each simple left R-module is isomorphic to a factor of

R/J =Re,/Je @..@Re, /Je,, and so isomorphic to one of the

Re; /Je; so it has a projective cover .

(c)implies (d): Assume (c) and let Q) be a complete set of projective
covers of simple left R-modules , then (2 generates every left R-
module. Now let zM be finitely generated , then there is a sequence
Py, ...,P, in Q and an epimorphism

P=P®..®P, —L— M — 0 .Andsince f{JP) =JM, we
conclude that there is an epimorphism

P,/JP,®..®P,/JP, «P/JP~> M /JM - 0 butby
proposition (2.3.14),each P/JP; is simple , so M/JM is a finite direct
sum of simple modules. So by lemma (3.1.4), M/JM has a projective
cover. But JM {{ M. Thus M —-M/JM is a superfluous epimorphism.,

Now a pply lemma (3.2.2) to get the resuit.
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(d)implies (a) . Assume (d), this implies that every direct summand of
R/J has a projective cover . S‘o by proposition (3.1.10) idempotents
lift modulo J .Now to see that R/J is semisimple, let JC K <zR. Then,
since the syclic R-module R/K has a projective cover, we have by
lemma (3.1.5), R/K = Re /le for some left ideal J such that Je = Je . So
JRe /le = J R/K =0. Thus Je = JRe < I e . Therefore Ie =Je and so
we have R/K =Re/Je = (R/J) (e + J) is projective cover of R/J .Hence
K/J 1s a direct summand of R/J and so R/J is semisimple.
Corollary (3.3.7): For any ring R, R is semiperfect if and only if every
cyclic left R-module has a projective cover.
Proof
Let pM be any cyclic left R-module and R is semiperfect, then pM is
finitely generated , so it has a projective cover by the a bove proposition.
Conversely , suppose that every cyclic left R-module has a projective
cover , and let xM be a simple left R-module , then zM is cyclic , so it has
a projective cover. Thus R is semiperfect.
Corollary (3.3.8): If R is semiperfect , then for any ideal 7 < R, the

quotient ring R/ is also semiperfect.
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Proof
Let M be acyclic left 7 - module , then it is a cyclic left R-module ,
so it has a projective cover over R and by lemma (2.3.22) g4M also have
a projective cover o{/er R/ . Thus R/ is semiperfect.
The following theorem is a nother charactarization of semiperfect ring,.
Theorem (3.3.9): For the ring R the following are equivelent .
(a) R is a semiperfect ring.
(b) rRR=P; @ ... ®P, with End (P, is a local ring .
For each i=],..., n.
Proof
For J =J(R), let R=R/JandletRbea semiperfect ring , and let S be
a simple left R - module , S0 it is a simple left R-module and so it has
an R-projective cover, and by lemma (2.3.22), 7S has a projective cover,
however R is semisimple , hence by lemma (3.3.5), S is R — projective
. Now since R is semisimple ring, thus we can write
r R= S; @...8S, where S; is a simple module for each i = 1,..,n
furtheremore, each simple left R -module (R-module ) is ispmorphic to
one more than one of the gS;.Let P, —— S, — 0 bea projective

cover of the pS; , then by lemma (2.3.20),P, ® ... ® P—=-850.5,—-0

-91-

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



is a projective cover of , R ,but ;R — =& R— 0isa projective
cover of » R , thus we have , R = P, ® .. @ P, ,and by proposition
(2.3.14), End (P) is a local ring for each i .

Conversely , if xS is a simple left R-module , then &S is cyclic such that
S§=Rx fornon—zerox € S. Hence Rx = P; x @...@ P, x,s50S = P, x for
Some i = ],...,n, and therefore we have an epimorphism £, . xPi—zS—0.
By proposition (2.3.14) this epimorphism is a projective cover. Thus zR
is a semiperfect ring.

Now we'll give the definition of a left perfect ring

Definition (3.3.10): A ring R is aleft perfect if and only if RAJ(R) is
semisimple and J(R) is left T-nilpotent.

It is clear from the definition that a left perfect ring R is semiperfect.

The following theorem is a useful characterization of a left perfect
ring.
Theorem (3.3.11): For a ring R, R is left perfect if and only if every
left R-module has a projective cover.
Proof

Sﬁppose that every left R-module has a projective cover, in particular
each simple left R-module has a projective cover. Hence R is semiperfect

» so R/J(R)} is semisimple. Now let F be a free R-module, then z(F/JF)
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has a projective cover, so by lemma (3.2.2) , the natural epimorhism

£ :F — F |JF is a projective cover and JF ((F. Thus by theorem
(3.2.3), J(R) is left T-nilpotent . Hence R is left perfect.

Conversely, suppose R is a left perfect ring , then R is semiperfect and
J(R) is left T-nilpotent. Now for any left R-module g/, let
R M =x(M/JM). Since R = R/J(R) is semisimple , then by theorem
(1.3.13), 7z M and also M is semisimple , thus » M has a projective

cover say u:P— M . By the projectivity of P there is a

homomorphism u such that uf = ;

P
w
v
M — pyf—0
¢

Since 1 is an epimorphism,then M =Im (u )+ ker (Q=Im (u )+ JM,
but J is left T-nilpotent so JM is small in gM by theorem (3.2.3). Thus
M=Im(u ),s0 u isanepimorphism.

Since ug = Tu—' , then we have ker u C ker E,but ker p is small in
P and this implies that ker p is smallin P, thus u isaprojective

cover of pM.
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Chapter Four

Some Weak Forms of Projectivity

Section (4.1):Weakly projective modules

The object of this section is to introduce the concept of weak relative
projectivity of left R-modules and to study the basic results in the

subject.
Defintion (4.1.1): Let M and N be modules and assume M has a
projective cover w: P — M .We say that M is weakly N-projective if for

every map ¢ . P — N there exists an epimorphism o:P— Manda

homomorphism c;A::M—-N such that ¢ = &J .

—>N

¢
P
o“’
U .-.'"‘""[
..".._...' (;)
M

Definition(4.1.1*%): If a module M is weakly N-projective for all
finitely generated left R-modules N, we say that M is a weakly projective
module,

We note from the definition that weak projectivity is defined on
modules which have projective covers. Also, if a left R-module M has a

projective cover we get the following characterization of relative
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projectivity .

Theorem (4.1.2): Let M and N be left R-modules and assume M has a
projective cover m : P — M. Then M is N-projective if and only if for
every homomorphism ¢ : P — N, there exists a homomorphism
@"“M—N such that 9= ¢' n . Equivalently , ¢ ( ker m) =0,

Proof

Let ¢:P —N be a homomorphism. We shall first show that @ (kern)= 0.

Let 7= @ (ker n}and let x.:N—N/T be the natural projection . Then ¢

induces @:M~»N/T defined by @(m)=m. ¢(x), where x € P and m=r (x).

It follows that ¢ T=7. @ . Now since

M is N-projective ,there exists a map g : M — N such that (;: -7 .

N ——»NnT — 0

So we have 7y B 7 =nr @, which implies that zr (0 - 8 n)=0,
hence (p- B n)PcT. We claim that p=p n

Let X={xeP:¢(x)= B n(x)}. Weshall show that X = P . Let

xeP, since (0 - B ) (x) eT=0(ker 7), there exists £ € ker 7 such
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that ( ¢ - B #)(x)=¢ (k). Thus,e (x-k) - B rz:(x-k)=b, since B 7 (k) =0.
So x-k €X.Therefore ker m + X =P, which implies that X=P, since
ker m((P. Therefore (¢ - B ) P =0, in particular, (¢ - B ) ker 7 =0,
Thus ¢ (ker m)=0. Equivalently , there exists ¢':M—N such that
(p’ T=@,

Conversely , let $:M —N/K be a homomorphism.

Then by the projectivity of P there exists a homomorphism ¢':P—N

such that ¢ =x , ¢'. -
p —M
i

) 4
i
Y 7T
k
N—— NK—p ¢

Now by our hypothesis there exists ¢":M—-N such that ¢n=9'. It
follows that 7, ¢" =g . Thus Mis N — projective.
Corollary (4.1.3): Let Mand N be left R-modules and assume M has

a projective cover # : P — M If M is N-projective, then it is weakly

N-projective.

329519

Proof
Let ¢ : P — N be any homomorphism, then by the above theorem

there exists a homomorphism ¢:M-» N such that o=pr.Let o=x, then
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we have M is weakly N-projective.

Now we have the following characterization of weak projectivity.

Theorem (4.1.4): Let M and N be modules and assume Mhasa
projective cover m : P —-M . Then M is weakly N-projective if and
only if for every map ¢ . P —N there exists a‘submodule Xcker o
such that P/X = M.

Proof

Let ¢ : P — Nbe a homomorphism. Assume first that M is weakly

N-projective and let the homomorphism ¢:M - N and the epimorphism

o:P->Mbe asin the definition of weak relative projectivity , such that

@=po, SO, ker oCkerg and,P/kero=M.By choosing X=ker o, we have
P/X =M.

Conversely, if X c P, satisfies the condition in the statement of the
theorem, then the isomorphism P/X =M, composed with the natural
projection x,:P—P/X is an epimorphism o:P—M such that
ker o =X Ckerp Define p:M—Nby ¢(m)=p(x},xcp where o(x)=m, then

¢ = ¢o Therefore M is weakly N-projective.

The following is another characterization of weak projectivity.

Theorem (4.1.5): A left module pM is weakly projective if and only
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if M is weakly R" — projective for eachn e AR
Proof

‘We only need to show that if Mis weakly R"-projective then it is
weakly projective. Let N be a finitely generated left R-module and
¢ :P — N be any homomorphism. Now since N is finitely generated,
there exists an epimorphism p:R*—Nfor some n e Z'. The

projectivity of P yields the existence of a homomorphism ¢’:p-> g"

P
— y ’,»"J
A
e
.f"ff
y
£
b p
N

R" >

such that p ¢' =g.

p 0

Since M is weakly R"- projective,there existsx Cker ' such that
P/X = M. But kerg'Ckerp. Thus XCkerp, so by theorem (4.1.4) ,Mis
weakly N-projective.

In the next proposition , we'll show that the domains of weak
projectivity are closed under quotients and submodules,

Proposition (4.1.6): Let M and N be left R-modules and assume M has

a projective cover 7 : P -+ M. Then the following statements are

equivalent,
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(1) M is weakly N-projective
(2) For every submodule K of N, M is weakly K-projective,

(3) For every submodule X of N, M is weakly N/K-projective

Proof
(1) implies (2): suppose M is weakly N-projective and let Kbe a
submodule of N and let ¢ : P — K be a homomorphism. Then

¥ =i, ¢ : P - Nmay be expressed as a composition y =y o ,for some
homomorphism y:M—~ and epimorphism o:P—M . Since o is onto,
the range of yequal the range of Wand so it is contained in X, So ,
we can define ¢:M—X by o{m)=y (m), and hence p=po . Proving Mis
weakly K-projective .

(1) implies (3): suppose that M is weakly N-projective and let f* P —»N/K

be a homomorphism . Since P is projective, there exists a mapg.P >N

such that f=m, g. P

A
F 9
N ——» NK—»0

Also, the weak N-projectivity of M yields an epimorphism o:p-»Mand

a homomorphism g:M -» ¥ such that g=g o.Llet f -7, gthen

f o= g o =7y g =f, proving that M is weakly N/K — projective. And
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since either (2) or (3) clearly implies (1), then the proof is complete.

Now modules which are weakly projective relative to a fixed module

are closed under finite direct sums. To see this we have the following

theorem.
Theorem (4.1.7): Let M, i= 1, 2,.., n be a family of weakly N-

projective modules . Then @j: M, is weakly N-projective.
Proof

Let a,:p, =M, (i=1,.,n)be projective covers, Then by lemma (2.3.20),
@20':@21,‘ _.@21»1, is a projective cover. Let @;@2]’1 - Nnand let
i, :P, -,@2 P, be the inclusion map. Then by weak projectivity of M; s,
for each i, there exists an epimorphism o,:p, - M, and a homomorphism
@M, —~N such that 3,0, = ¢i, Now set 5.@2@3 and g-@):‘rq then it

follows that =g o, as desired.

Theorem (4.1.8): Let M/N be a weakly K-projective module. Then A
is weakly K-projective when N { M,

Proof

Since N{M, then M and M/N have the same projective cover.

Let ¢:P—K and x,:M—-M/Nbe the natural epimorphism.By weak K-
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projectivity of M/N,there exists an epimorphism o:P—M/N and a

homomorphism #:M/N-K such that Fo=¢.Also by projectivity of P,

there exists 5:P-»Msuch that z, 5=0 .

M o »MN

Now since N {{ M, it follows that & is onto . and Py 0 =@, Thus Mis
weakly K- projective. Finally we have the following result.
Theorem (4.1.9): If a module is weakly projective relative to its own
projective cover, then the module is indeed projective.
Proof

Consider a module M with projective cover 7:P—M. If we assume that
M is weakly P- projective, then the identity map Ir: P — P factors
through A, i-e there exists an epimorphism o:P—Mand a

homomorphism ¢:M—P such that go=1, .

M
. A
|
| O

¥
P —> p » 0

Thus M =P, so M is projective.
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Section (4.2): Ideal projectivity and jacobson radical projectivity.
We begin this section by the following definition .

Definition (4.2.1): Let A be an ideal of a ring R and P a left R-module.

We say that P is H-projective provided whenever o:X —Yis an

epimorphism of left R-modules with HY=0 and @:P-»Y an R-

homomorphism, then there is an R-homomorphism @ :P—X such that

P=C Q. Vs

X —>y —p 0

From the definition we have the following remarks.
Rrmorkl: Let P be aleft R-module which is H-projective, where H is

an ideal of a ring R. If K is an ideal of R containing F, then P is K-

projective.
Proof
Since KY =0, then H Y ¢ KXY = 0. So P is K-projective.
Remark 2: If xP is H- projective then (P/HP) is R/H - projective
Proof
Let 0:X—Y be an epimorphism of R-modules with R/H.Y = H, then

RY/H = H . So RY = 0 which implies by remark (1) that HY = 0. So

P/HP is R/H — projective.
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Definition (4.2.2): If H is an ideal of R , then N(H) is the set of all
endomorphisms of P with image in HP for a left R-module P,

Let P be a left R-module and P’ =Hom,(P,R), then for
£r8,EP" (g,):P-R" is an R-homomorphism  given by

x (8) = (xgn-.x g o). And ifx,, ..., x, € P, then (x,):R" —» Pis the R-

homomorphism given by (r,,...,r, )(x,.)=2 r;%; . Now composition of (g,

with (x;) is denoted (g).(x,) is an endomorphism of P.
Definition (4.2.3): Let P be a left R-module and P* = Hom (P,R), then

P*.P denotes the set of all endomorphisms of P, which factors through a

finitely generated free module.

The following theorem characterizes ideal projectivity for finitely

generated modules.
Theorem (4.2.4): Let P be a finitely generated left R-module ,
C =End (zP), H an ideal of Rand P = P/HP.
Then the following are equivalent
1. P is H- projective.
2. There is a homomorphism ( 2 - F - P) with F finitely
generated free suchthat (P>F P P)=p 5 P

3. There are homomrphisms P — Fand F — P with F finitely
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generated free such that (P »F — P) = (P — P)
4. P*P+N(H) =C.
Proof
(1) implies(2):
Let y;, ...y, be a set of generaters for P and F a free left R-module

with basis xj,...,x,. Then there is an epimorphism F — P such that

X =y, { =1 ..n,and so we have F —P— Pisan epimorphism.
But by H-projectivity of P , there is a homomorphism P—F such that
(P—F->P— P)=(P— P).
(2) implies (3) : clear.
(3) implies (4): Let P»>F and F— Pbe as in 3, where F = R, then there
is g;in P¥, i = I,...,n such that (P-»F) = (g, . Consider () : F—>Pbe an
epimorphism ,then (gy) (3) v =v, where v =(P— P) , hence for yin P,

we have

yv=y(g)(») w(g(yg; )y;)wgy(g, i)y = y(gg,.y,) v

thus y—y(gg, y,) isin HP , for all yEP. Thus 1_2& y;is in N(H), it

follows that P*P+ N(H)=C.

(4)implies (1): By (4), there is g, in P*and y;in P, i= I,....n such
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that Zg,. y;+t=1, where Pt c HP.Leth: X — Y

be a left R-epimorphism with HY =0 and P — Y a homomorphism.

Since HY=0, HP cker (P - Y) ,so there is a homomorphism

f:P—Y such that v f = f ( by the factor theorem), where v=P— P Now
fora P, av=(2(agl) y,) v=-a(g,)(yi) v, thus (g) () v =v.Let F=R",

choose x; in X'such that x; & = y; fand let (x;) :F — X, then for a eP, we

n

have a«g,Nth)= n(ag,)x, h = "(agxﬂxxh)= (a81NY:f)

=alg)y.)f=alg )y )vf=avF=af.

As a special case of ideal projectivity , we have the Jacobson radical
projectivity (J-projectivity), where J is the jacobson radical of a ring,
Theorem (4.2.5): Let P be a finitely generated left R-module such that

every epimorphism of P to P is a monomorphism. Then the following

are equivalent;
1) P is projective
2) P is J-projective.

Proof

(2) implies (1): By theorem (4.2.4), we can write ] =c+¢ , Where ¢ is in
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P*PandtinN(J),so P =Pc+PtcPc + JP, but JP is small, hence

P=Pc , thus ¢= (P—F—P) , with F finitely generated free, is an

epimorphism of P. But by (2), cisa monomorphism of P. Therefore P is

projective . The converse is trivial.
Theorem (4.2.6): Let P be a finitely generated J-projective left R-

module. If P has a projective cover, then P is projective.

Proof

Let P = P/P and f :Q —P be a projective cover of P. Now
(Q-—-—’-—-P—&—)F) is an epimorphism and g:P— Pisa homomorphism.
So by the J-projectivity of P , there is a homomorphism 4:P—Q such
that 4f g=g . Now since ker(g) < JP, which is small in P,thengisa
minimal epimorphism, thus fg is a minimal epimorphism.

Now , Afg is an epimorphism and fz is minimal, this implies that / is an
epimorphism, also Q is projective implies that % splits, so thereisa
homomorphism :0— P such that k= I, and so P=1 m(k)®ker(k),with

ker (h) cker (g) cJP, and J(P) is small , thus ker(?) =0 and hence Qis

isomorphic to P.
Section (4.3): Simple projectivity
Definition (4.3.1): A lefi R-module P is said to be simply projective,

provided whenever X —Y is an epimorphism with Y a simple left R-
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module and P—Y a homomorphism , then there is a homomorphism
P—Xsuchthat (P—2X—>Y) = PoY.

It is clear from the definition that a left R-module P is simply
projective if and only if given a homomorphism P—S and an
epimorphism R—S , where § is a simple left R-module , then there is a
homomorphism P— R such that (P—-R—S) = P-S,

The following property of projective modules is still true for finitely
generated simply projective modules.

Proposition (4.3.2): If X is a finitely generated simply projective left

R-module with trace ideal H, then

1)HX =X, and
JH =H
Proof

(1) We have HXCX. If HX CX, then there is a maximal submodule M

of Xsuch that HX c M X,
Let R — X/M be an epimorphism , then for X— X/M, and by the simple
projectivity of X, there is a homomorphism X— R such that

(X—>R—->X/M) =X — X/M . Since Im(X ~» R} = H then X—>R—X/M is
the zero map which is a Contradiction: To show (2), we have

H?=HH=H(XX')=(HX)X «XX" =H, where X* = Hom (X.R).
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Appendix:

(i) The Maximal Principle (Zorn’s lemma)

(1) Let P be aposet. An element m & P is maximal (minimal) in P
in case x P and x >m (x <m) implies x = m.

(2) A poset P is inductive in case every subchain of P has an upper
bound in P, that is, for every subset C of P that is totally
ordered by the partial ordering of P, there is an element of P

greater than or equal to every element of C.

Now the Maximal principle states:

“Every non-empty inductive poset has at least on maximal element”
(ii) The Transfinite induction.
We use the Transfinite induction to prove a mathematical

statements with infinite index set and using the steps of mathematical

induction.
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