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Differential algebraic Equations
By
Samer Amin Kamel Abu Sa'
Super visor
Dr. Samir Matar

Abstract

This study involves the implementation of two numerical
methods for solving linear Differential-algebraic equations (DAES):
Power series and Backward Difference Formula (BDF). It aims to
facilitate dealing with DAEs by analyzing these two numerical
methods, designing simple algorithms, and using MATLAB programs
to code the two algorithms. Some numerical examples were
implemented by the two methods, tables and figures were also

presented in order to make comparisons and conclusions.

This study concluded that Power Seriesiseasier to use, time and
effort saving. Further more, it is direct in tackling the problems.
Finally, some difficult problems were solved by using this method.

Other methods were unableto deal with.
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Chapter 1

I ntroduction
1.1 Introduction

Some problematic applications in science and engineering have
been modeled mathematically as a system of Algebraic or Differential
equations which is treated numerically and analytically. One kind of

these systemsis called Differential Algebraic Equations (DAES).

Differential Algebraic Equations (DAESs) are distinguished by
theoretical and numerical difficulties which don’t occur in Ordinary
Differential Equations (ODE). These difficulties are due to the
structure and natur e of the problem which isrepresented by additional

algebraic constraints according to elements (variables) of the problem.

Differential Algebraic Equations (DAES) can be used to describe the
evolution of many interesting and important systems in variety of
disciplines such as smple pendulum as an example of multibody
systems, electrical network as RLC circuit, chemical reactions such as
Akzo Nobel problem, and discretization of PDF's such as heat

equation. These examples on these areaswill be presented later.

Purposes of the study, definition, main types, applications and
methodology will be presented in chapter one. Chapter Two will
present main definitions and theorems of DAEs. Chapter Three will
discuss the numerical methods. The last chapter will discuss some

examples, their numerical results and conclusions.



1.2 Purpose of thestudy

The rationale behind conducting such a study is the scarcity of
research in numerical methods for DAEs. So, this study will discuss
some numerical methods for solving initial value problems in DAEs.
The study will also use algorithms that ssimplify the complexity of
DAEs. In addition, the study will produce a most friendly user
MATLAB code that can help any one who is interested in such

applicationsin mathematics, science and technology .
1.3 Definition

Differential Algebraic Equations (DAEs) are systems of
differential equationswith algebraic constraints that can be expressed

in termsof initial value problem such as

F (t,x(t),x(t))=0
G (t,x(t))=0 : (1.1)
X(ty) = Xy, X'(t,) = X,

or can be expressed in terms of boundary value problem such as

F (t,x(1),x (t)) =0
G (t,x(H)) =0 (1.2)
B,x(8+ B,x(b) = 4. [ 1]

where teR xeR", F:RxR"xR" > R",G:RxR" - R"
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F represents differential equations which must contain differential
terms. G represents algebraic constraints which are equations without
differential terms so they may be considered as initial or boundary

conditionsin ODEs.
1.4 Maintypesof DAEs:

None of the currently available numerical techniques work for
all DAEs. Some additional conditions, either on the structure of the

DAEs and/or the numerical methods, need to be satisfied.
Thestructural classification of the DAEs can be:
1) Linear constant coefficient DAEs areintheform :

Alxn 'Xr’1><1 (t) + ann 'anl (t) :Cnxl (t) (1.3)

where A, B are two square matrices of real or complex numbersand t
is a real variable. We shall usually assume vectors are real for
notational convenience but the results are the same for the complex

case.
2) Linear timevarying DAEs

Ahxn (t )'Xr’1x1 (t) + ann (t ) Kt (t) :Cnxl (t) (1.4)

With A(t) singular for all t. This system isthe general, or fully-implicit

linear timevarying DAEs.

3) A special caseof (1.4) isthe semi-explicit linear DAEs
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Xi + Bll(t)xl(t) + Blz(t)xz(t) :fl(t)

(1.5)
BZl(t)Xl(t) + Bzz(t)xz(t) =f 2(t)
4)  Non-linear constant coefficient DAEsS,
F (t,x(t),x(t))=0 (1.6)

5)  Thegeneral (or fully-implicit) non-linear time varying DAEs
F(t,x(t),x'(t))=0 (1.7)
6) Thelinearly implicit or linear in the derivative DAESs

At () X'C)+F (€,x(1))=0 (1.8)

7) A special case of (1.6) isthe semi-explicit non-linear DAE

Xi(t) = fl(t 1X1(t)lxz(t))
(1.9)

0=F,(t.%,t)X,(t))

Depending on the application, sometimes it can be referred to a

F(6,x (1), (1), y()) = 0
G (t,x(t),y) =0 (1.10)
where F,. isnonsingular. [8]

1.5 Applications:

Modeling on DAEs contributes a lot of different areas such as

systems of rigid bodies, network, electrical circuits, chemical reactions
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and discretization of PDEs. Some of widely used applications can be

summarized as follows:
1)  Simplependulum:

It can berepresented by the system of

X" =-AX
y'=-4y -9
0 =x*+y?-L?

where (X,y) isthe cartesian coordinates of the infinitessimal bar of mass one
a theend, L isalength of thebar, and g isthe gravitational constant and A
istheforcein the bar.[6]
2)  RLC Circuit which formulated as Hx'+Gx =f where
— Ve _ T s T T
x= ®|f=t)) 00000O0O0OIit) O
[

B

E

0

-

I
-
<
w
I
< < < < <
o

(@]

Where E: voltage, S: current, R: resistor, C: capacitor, L: inductor
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H :diw(oic10’0’010107O’L’O’0)

l 0 0 0 0O 0O O O O o0 O
0 O 0 0 -1 0 0 0 O
O I 00 0O O -RO O O
1 0 0 000 0 0 0 0 A
O -l 0 00O 0O 0 0 0 A
G=|0 0 -1 0 0 0 0 O O 0 A,
0 0 0 -1 0 0O 0 0 0 0 A
0 0 0 0 -1 0 0 0 0 0 A
O 0 0 -1 0 0O 0 0 0 0 g
0O 0 0 O 0 0 0 0 I g
0 0 0 0 0 AL AL AL A A o

[6]

3) Method of lines (MOL) which replaces the derivatives by discrete

difference approximationsfor solving PDE's, e.g. consider the heat

2
equatiom%:% defined on theregion 0<t,0< x <1, with boundary

conditionsgivenfor y(t,0) andy (t,1), andinitid conditionsgivienfor y (0,x).

Taking uniform spatial mesh of Ax, and mesh points

: : 1
X; =(] +DAX,1<j S(E)_l:N’

and using centered differences, we obtain the semi-explicit DAE in the variables



Yi (t)ZY(t1Xi)
=2V L,
yf_y]—l y|2+yj+1:0' j:2, ..... N -1 [6]
’ (Ax)

y,-y(t.0)=0, y,-y(t1D=0.
4)Chemical Akzo Nobel problem:
Thisproblem isof theform

M ‘i—i’zf (¥), =y(0)=y,, Y'(0)=yq,

with ye0°® 0<t <180.

1 0 00 0O L
01 00 0O —Er—r4 —r.+F,
O 01 00O
M = f —|lrh=r, +r
0001 00 ()= hmhrhs
—r,+r,-2r,
O 0O0OO1 O
r,—ry+TIg
O 00O OO
Ks'yl'y4_y6

wherether, and F,, are auxiliary variables, given by
1
— 442 — _ kz
= kl'yl Y, I, = kz-ys-ym s _?'yl'yS’

= CO
r4:k3.yl.yi, ry = k4.y§.y22, F, = kIA.(%— Y,).

The values of the parametersk,---k,,K ,kIA, p(CO,) and H are
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k,=18.7, k,=058,  k,=0.09, k,=042  k =115.83,

..[9]
K =34.4, p(CO,)=0.9 KkIA=33, H=737.

1.6 Methodology

Having discussed the development of BDF, its technique, and the
presentation of the most widely code (DASSL), this resulted in
designing and developing ssimple algorithm, and usng MATLAB for
coding this algorithm (see Appendix B: BDF.m). This was manifested
in replacing Euler's method with Runge-Kutta fourth order method
for system, which computes the starting values. One advantages of our
program isthat it replaced some complicated loops with mor e than 370

GOTO statementswith a smple easy code.

The second method used is Power Series which considered a
moder n method. The technique of this method was discussed in details.
Power Series utilized Pad€e approximation in order to get more
accurate results. The emphasis of this study was on designing
algorithm and code it by using MATLAB. ( see Appendix B:

power pade.m)

The two algorithms and programs were applied to different
examples. Theresultswill be presented in tablesand figuresin order to
give a significant comparison. The comparison will be demonstrated
in one figure and three tables for each variable. The main table
contains the numerical solutions and the absolute error for each
method. Then, the numerical solution will be followed by a plot. The

second table will give the maximum error for each variable. The third
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table will give the order of convergence for each variable of each

method. Order of convergence will be estimated by

IimM = A, where 4 and « are positive constants. We say that p,,

n—>oo|pn_p|“

convergesto p of order «, with asymptotic constant error; A.
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Chapter 2

Theory of DAEs
2.1Introduction

Theory of DAEs has been developed to meet the needs of certain
solution to the systems discussed in section 1.4. In this chapter, main
definitions and theorems are stated in order to facilitate dealing with
DAEs, and to under stand the differ ences between DAEs and ODEs.

2.2 Solvability

One of the important definitions is solvability which means, in
simple words, the existence and uniqueness of solution on the interval

of interest.

Definition
Let | bean open subinterval of R, Q isaconnected open subset of R*™,

and F isadifferentiable function fromQ toR™. Then the DAE (1.1) issolvable
onlinQif thereisanr - dimensional family of solutions#(t,c) defined on a

connected openset | xQ,Q = R", such that :

1) ¢(t,c) isdefined on all of | for eachceQ

2) (t,4(t,0),4'(t,c)) = Qfor (t,c) = | xQ
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3) If y(t) isany other solution with (t,y(t,c),y’'(t,c)) € Q,

then y(t) = ¢(t,C)
4) Thegraph of ¢ asafunction of (t,c)isanr +1-dimensional

manifold.

The definition says that locally there is an r-dimensional family
of solutions. At any time t, el , the initial conditions form an r-

dimensional manifold ¢(t,,c)and r isindependent of t,. The solutions
are continuous function of the initial conditions on this manifold (or
equivalently of c). Since the solutions exist for all t el and (3) holds,

there are no bifur cations of these solutions. [6]
2.3 Index

As mentioned earlier in Chapter One, DAEs are distinguished by
difficulty. One way to ssimplify dealing with DAEs isto convert it asa
system of ODEs, so the measure that will play a key role in the
classification and behavior of DAEs is called an index. In order to
motivate the definition of index, let us consider the special case of a semi-

explicit non-linear DAE (1.9)
Xi(t) = fl(t ,Xl(t),Xz(t )
0=",(t,x,(t),x,(t))

If we differentiate the constraint equation f,(t,x,(t),x,(t))=0

with respect tot , we get an implicit ODE of the form



12
f, X)X A%, +F, €,X,0). 1)), =—F, (t.x,(t).x,()). (2.1)

Substitute x,(t) =f,(t,x,(t),x,()) in (2.1), we have

Fo, X)X O (X, (), X)) + T, € X, 0)%, =—F, €x,0),%,()).

that is
f, (X )0, =—F, (E.x,0),%,0)) =, (X, 1), X, 1)), (E.%,(E).%, ().

If £, _isnonsingular, then thefollowing system

Xi(t) :fl(t ’Xl(t)’xz(t ))

fzxz(t,xl(t),xz(t))xz' =—f, (X, (1), x, () —F, (X, (), X, () (t, X, (), X, ().
isan implicit ODEs and we say that it hasindex one. If thisisnot the
case, suppose that with algebraic manipulation and coor dinate changes
we can rewriteit in the form of (1.9) but with different x's. Again, we
differentiate the constraint equation. If an implicit ODE results, we say
that the original problem has index two. If the new system is not an
implicit ODE, we repeat the process. The number of differentiation

stepsrequired in this procedureisthe index.[6]

Definition: The minimum number of times that all or part of (1.1)
must be differentiated with respect tot in order to determine x' as a

continuous function of x,t, istheindex of DAE.
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Example 1 : takethe following DAEs

Yo=Y, +f,(t)
O=y,+f,(t)
Thefirst equation is ODE, but the seond is a constraint, so differentiate
it will yield
Yy =—1,0)
using ODE we have
= vy, +f,t)=-F,t)
=y, =-T,()-f.t)
differentiate this equation will give
y,=—f,0) -, ()
so, after two times of differentiation we have the following ODE system

y,z = —f 2’(t)

y;:_fzn(t)_fll(t)-

so, the original DAEs is of index two.
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y;:y1+fl(t) y;:y1+fl(t)

0=y, +1,0) y, =—f Jt) —f, (t)
DAEs ODEs

Example 2 : Let usdiscussthe simple pendulum problem:

0 =x*+y?=L?
This system can be transfor med as a system of first order asfollows:

X, =X,

X

i
X, )
X;=Y,

'
X,=Y,

X, =Xy,

2 2 2
X; +X3;—-L"=0.

If we want to determine the index for this system, we must
differentiate the constraint until we have system of ODEs by taking the

following steps:
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Step 1

Take

xZ+x2-L*=0,

differentiate implicitly

2X,X, +2X X, =0,

that is

XX, + XX, =0, (1)

Step 2

Differentiate equation (1) implicitly, yields
X, X, + XX, XX, +X,X, =0,

substitute X, =X,, X, =—-AX;, X5 =X,, X, =—AX,—@,yield
X5 —AXZ+X;—Ax;—gx,=0,

rearrange

XZ+X2=AXZ+x2)—gx, =0, 2)
Step 3

Differentiate equation (2)
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2X, X, +2X X, — A(2x X, +2x %)= A (X7 +x2)—gx, =0,

substitute

2AX X, = 2AX X3 — 20X, — 2AX X, —2AX X, —A'L —gx, =0,

rearrange

—30X, — 41X X,
L

A=

- [7]

We have transform DAEs for simple pendulum problem of the form
X" =-AX

y'=-1y - ¢
0 =x*+y?-L?

into the following ODE system

X, =X,
X, =—AX,
!
X, =X,
X, =—AX;—0,
P —30X, — 41X X,

L
This ODE system resulted after three differentiation times, so
DAEsisof index three. The original system consists of three equations,
but the new ODE system consists of five equations with two new

variables.
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Although, we can sometimes transform DAEsinto ODEs, but thereare

difficultiesthat may appear as disadvantagesfor this process:

1)  Theexact solution for ODEs is not necessarily a solution for the

original DAEs.

2) It is not trivial to choose the right initial values that satisfy the

original system. [2]

The concept of index has been introduced in order to quantify
the level of difficulty that is involved in solving a given DAEs. So,
higher index, greater than one, means that we have more difficulty to
solve DAEs. By this concept, ODEs can be classified as O- index, which
agrees with the smplicity of numerical methods that deal directly with
ODEs.

2.4 Theory of linear DAESs

Linear DAEs in both types, constant or varying, are best
under stood class of DAESs systems. In this section, main definitions and
theorems are needed to understand the numerical methods in the

following chapter.
2.4.1 Matrix pencil

Matrix pencil is magnitude coupled with linear DAEs of the form

Anxn 'Xr’1><1 + ann 'Xn><l :C nx1*
Definition:
Matrix pencil IS the magnitude

AA + B, A beacomplex parameter. If determinant of this magnitude is
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not equal to zero then the pencil is said to be regular. The importance
of matrix pencil comes from the existence of solution for linear DAES,

thisisjustified in the following derivation:

Takethelinear DAE A, X/ ,+B, . X,,=C

nx1 nx1

let x" replaced by X“”h—_x” then we have

multiply by h to get

AXx,,+hBXx, ,—AX,=hC

n+l

factorize X, ,

(A+hB)x,,,=hC +AXx,

n+l1 —

multibly by (A +hB)™

nxn

X,,=(A+hB)™*  .(hC +AXx,)

nxn nx1

Thismeansthat A +hB must beinvertible, i.e. must be nonsingular.
Thefollowing theorem will relate solvability with matrix pencil:

Theorem: The linear DAE is solvable if and only if AA +B isaregular

pencil.

Examples:1)Let



0 1 0 0] 1 0 0 0
00 100, 101000 ¢
0001 0010
0 0 0 0] 0 0 0 1]

Thissystem hasaregular matrix pencil because det( 1A + B )=1.

3 )let

1o "(t) + 11 t)="f (t
[O O}x() {O O}x()— ®)

has singular matrix pencil becausedet(1A + B) = 0.

2.4.2 Nilpotency :

Other measure of DAE's difficulty which isnilpotency.

Definition:Let M bea square matrix, k <0,if M, M 2M 3... M** %0,
and M ¥=0then M issaid to be nilpotent, k is said to be the nilpotency.

Example:

00
Let M= ,
4o

M2 = 00
|0 of
So we can say that M is nilpotent with nilpotency k =2

Theorem: Supposethat 1A +Bisaregular pencil, A and B are square
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matrices of order n. Then there exists a nonsingular matrices P, Q

I 0 C 0
PAQ:(O N], PBQ:(O I]

where N isamatrix of nilpotency k and | istheidentity matrix.

such that

The degree of nilpotency of N in thistheorem, namely the integer k

IS
theindex of pencil 1A +B. It isalsotheindex of the DAE. [9]
2.4.3 Special DAE forms

Definition : The DAEs (1.1) isin Hessenberg form of sizer if it can

bewritten as

_I O e O__X]'__ _Bll e Bl,rfl Blr—_xl_ _fl_
0 I | = O = T : :
. . . + . -

: N ! S -
_O ceeeen 0__Xr'_ _E s Br,rfl 0 _Xr_ _fr_

wherex; arevectors, B; are matrices, and the product B, B, , ,---B,

r

are nonsingular.

The Hessenberg form of size two and three are the most

common. The Hessenberg form of sizetwo is
1 0| x4 N Bu Bu||Xi| f,
0 Ol[xs| | 0 By||x,| |f,

det(B) = 0.
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The Hessenberg form of sizethreeis

1 O O Xll Bll BlZ BlS Xl f1
0 1 O||x,|+|/B, B,, 0| x,|=f,
0 0 O} x; 0 B;, O0|Xx, f,
det(B) = 0.

2.5 Non-linear Hessenberg form

The general DAE system (1.1) can include problems which are
not well-defined in mathematical sense, as well as problems which will
result in failure for any direct discretization method. Fortunately,
many of the higher-index problems can be expressed as a combination
of more restrictive structures of ODEs coupled with contraints. One of

the moreimportant classes of systems ar e the Hessenberg forms.

Definition TheDAEs(1.1) isin non-linear Hessenberg form of sizer
if it iswritten
X, =F (X, X500 X, 1)

X5 =F,(X X500 X, 4,1)
X! =F (X, ;X X, 1), 30 <r-1

O: I:r (Xr—lit)

and (oF, /ox,_,)(oF, 10X, ,)---(OF, / 0x,)(OF, / 0x,) is nonsingular.

The Hessenberg form of sizetwo is
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le = Fl(xl’XZ’t)

0 = Fz (Xl’t)

with (0F,/ox,)(0F,/0x,) nonsingular.

The Hessenberg form of size3is

X; =F (X, X5, X5,t)
X5 =F,(X3,Xt)
0 =F(X,1)

with (0F,/0X,) (0F,/0x,)(0F,/0X,) nonsingular.

2.5.1 Main Propertiesfor these forms

1) Assuming the Fi is sufficiently differentiable, the Hessenberg

form of sizer issolvableand hasindexr .

2)  Many applications appear as versions of the Hessenberg forms
such as trajectory control problem of size two and three and

some beam deflection problems ar e of size four[6].
3) They areeasy to manipulate numerically and analytically.
2.6 Theimportance of DAEs

There are several reasons to consder DAEs directly, these

reasons can be summarized as follows:
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1)  Each variable in DAEs is significant that represents an element
of physical problem simulated. So, changing the original model

to ODEs may produce less meaningful variables.

2) Sometimes it is impossible or time consuming to obtain an

explicit or normal ODEs..

3) It iseadier for the scientist and engineer to explore the effect of

modeling changes and parameter variation from original DAEs.

[6]

These reasons were manifested in the ssimple pendulum problem
from the previous chapter. There were two new variables added to the
problem in order to get ODE system. Beside this, the original DAEs
consists of three equations, whereas, the derived ODE system consists
of five equations. In addition, the algebraic manipulations used in the

pendulum problem, are stuffy and complicated.
2.7 Review of literature

Several numerical methods have been developed for solving
DAEs. However the pioneering numerical methods in the field of

DAEs could be presented here:

The code DASSL (Differential Algebraic System SoLver) in
Fortran designed by Petzold[6] based on backward difference formula
(BDF) to solve general index zero and one DAEs. It will be discussed

in detail in the next chapter.

Radau collocation which based on implicit Runge-Kutta method.
It solves DAEs of the form Mx'=f (t,x), where M is a constant,
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square matrix which may be singular. The code is applicable to
problems of index 1,2,3. The higher-index variables must be identified

by the user. [4]

DAETS (Differential Algebraic Equations by Taylor Series) that
solvesinitial value problems for (DAES) using Taylor series expansion.
DAETS designed by Nedialkov and Pryce.[10]

Power series method, which was suggested by Bayram([3], it
deals with the DAEs directly by constructing a polynomial to
approximate the solution. It will be discussed in detailed in the next

chapter.

There areinstant solversfor specified DAEs problems which can
be available on Mathwork website. For example, odel5s.m, hbldae.m

and dae4.m.
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Chapter 3

Numerical M ethods

In this chapter, we want to use and explore some numerical

methods for solving differential algebraic equations (DAES).
3.1 Backward difference formula (BDF) Method:

The first general technique for the numerical solution of DAEs,
proposed in 1971 by C. W. Gear. Thismethod was initially defined for

systems of differential equations of the form

F (t,x(t),x () =0
G (t,x(t))=0
X(t,) = X,, X'(t,) = X,.
This method was soon extended to apply to any fully-implicit

DAEs F(t,x,x)=0.1t is consdered the most popular multistep

method.

The smplest first order BDF method is the implicit Euler method,

which consists of replacing thederivative x' by a backward difference

F(t,,X,, 0 —m1) =0

n’Xn’

whereh =t -t ..

The resulting system of nonlinear equations for x, at each time

step is then usually solved by Newton's method. The k-step (constant
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stepsize ) BDF consists of replacing x' by the derivative of the
polynomial which interpolates the computed solution at k+1 times

t,, t, ...t ,evaluated at t,. Thisyields

n! “n-1'°"

F(tn,Xn,'O%/”):O,

where py | :ZikzoociyrH and ¢, , 1 =1,...,k arethe coefficients of the

BDF method.[6]

3.1.1 Softwarefor BDF

The most widely used production code for DAEs that based on
BDF is the code DASSL (Differential Algebraic System Solver) which
designed by Petzold. It can be used for the solution of DAESs of index

zero and one.

DASSL usesavariable stepsize variable order fixed leading coefficient
implementation of BDF formula to advance the solution from one time
step to the next. The fixed leading coefficient implementation is one
way of extending the fixed stepsize BDF methods to variable stepsize.
There are three main approaches to extending fixed stepsize multi step
method to variable stepsize. These formulations are called fixed
coefficient, variable coefficient and fixed leading coefficient. The fixed
coefficient method have the property that they can be implemented
very efficiently for smooth problems, but suffer from inefficiency, or
possible instability, for problems which require stepsize adjustments.
The variable coefficient methods are the most stable implementation,

but have the disadvantage that they have tend to require more
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evaluation of the Jacobian matrix in intervals when the stepsize is
changing, and hence are usually considered to be less efficient than a
fixed coefficient implementation for most problems. The fixed leading
coefficient formulation is a compromise between the fixed coefficient
and variable coefficient approaches, offering somewhat less stability,
along with usually fewer Jacobian evaluation, than the variable

coefficient formulation. [6]

3.1.2 Basic formula used in DASSL

Suppose we have approximationy, . tothetruesolutiony(t, ;)
for I =0,1,...,.k where k isthe order of the BDF method that we are

currently planning to use. We would like to find an approximation to

the solution at time t__,. First, an initial guess for the solution and its

n+l*

derivative at t__.isformed by evaluating the predictor polynomial and

n+1
the derivative of the predictor polynomial at t . The predictor
polynomial @’ (t)is the polynomial which interpolates y, . at the last

k+1times, o, )=y, i =01..k.

The predicted values for y and y' at t__,are obtained by evaluating

ol (t)and o (t)at t

n+1

n+1

so that

n+l1?

o _ P
n+l a)n+1(tn+1)

) = a),P (tn+1)'

n+tl =~ “n+1

The approximation y, ,to the solution at t_  which is finally

n+l

accepted by DASSL is the solution to the corrector formula. The
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formula used is the fixed leading coefficient form of the k" order BDF
method. The solution to the corrector formula is the vector y_ ., such

that the corrector polynomial o°

n+1

(t) and its derivative satisfy the DAE
at t ., and the corrector polynomial interpolates the predictor

polynomial at k equally spaced points behind t

n+l?

a)rc1:+l(t n+1) = y n+1

a)rcl;+l(tn+1 - ihn+1) - a)r?+l(tn+l - ihn+1)' 1<i <k )

F (tn+1’ a)rcl;+1(tn+1)’ a)r’ftl(tnﬂ)) = O

The values of the predictor y%,y’? and the corrector y_, at

n+l

t.,are defined in terms of polynomials which interpolate the solution

at the previous time steps. These polynomials are represented by in
DASSL in terms of modified divided differences of y.

The divided difference are defined by therecurrence

ly.l=Y,

[yn’yn—l""’yn—k—l] _[yn—l' Yoo yn—k] _
tn _tn—k

[yn'yn—l""’yn—k] =

The predictor polynomial isgiven in terms of the divided difference by

a)ril(t) =Y, t (t _tn)[yn’yn—l] + (t _tn)(t _tn—l)[yn’yn—l7yn—2] + ..

+(t _tn)(t _tn—l)°“(t _tn—k—l)[yn’yn—l’“'!yn—k]'
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The corrector polynomial can be formulated asfollows

a)ngl(t) - a)rirl(t) :b(t)(yn+1 o yr(1(J)r)1 )
where
bt ,—ih )=0, =12k

b(t,.,)=1

by differenticti ng ad tn+1 gIV$ (28 (yn+1 o r(l?l) + hn+1(yr'1+l o y;l(g) =0

Solving for y/ .., wefind that the corrector iteration must solve

aS

h

F(tn+1’yn+l’yr,1(fl) - (yn+1_ yr(,i)l)) =0.

n+1

This equation must be solved at each time step using modified

Newton'siteration by ssimplifying the equation as
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F(t1y1ay +IB):0

wherea =—a, /'h,

(V)] (0)
IB =Ynu Y-

and o, = —il

i-1 )
so the iterative formulawill be
y" =y ™ -Gty ™ ay™+4),
with y© can be taken from pridector polynomial,

F L F g

oy' oy

and G =«

3.1.3 Algorithm

This section presents a new algorithm that facilitates dealing
with linear DAES, this algorithm based on BDF with fixed leading

coefficient, fixed step size, variable order polynomial.
BDF method for solving linear DAES
Input : system of ODEswith initial conditions
Output : approximated values
Step 1 evaluate starting values using Runge K utta 4™ order method for

system
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Step 2 repeat step 3-5 until end of interval

Step 3 interpolate the previousk pointsfor each y
Step 4 substitutet,.; in the polynomial of degreek-1, 2<k <6
Step 5 check consistency

Step 6 save new Vi

See flowchart at Appendix A

3.2 Power Series Method

Assume that differential algebraic equations (DAES) has the
form (1.1) with initial values y(X,)=Y, Y'(X,)=Y, which are

consistent , i.e.

F(yo'yl’xo) =0

G (yO’XO) =0
The solution of (1.1) can be assumed that v =y, +y,x +ex? (3.1)

where eisavector function which isthesamesizeas y, andy,.

Substitute (3.1) into (1.1) will yield vector function which is equal
to zero, then choose appropriate terms in order to produce linear
equations of ein which can be written in theform Se =T , where Sis
constant square matrix and T is constant vector, solve this system for
e, return to (3.1) with new value of e. Add new term toy and repeat
the above steps until achieve specified number of iterations. The

resulting power series can be transformed into pade series, this
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transformation will be considered as an elective step, in order to get
better solution than Power series. Thelast step will substitute step size

h into pade' approximant function and compareit with exact solution.

3.2.1 Construction of Power Series

Letf (X)=f,+fx +f X+ +(f +pe+-+p,e )X"

where p, p,, -+, P, aecodaits e, e, .-+, e, aebesesd vedor e, mis
theszed vedar e, y isavedar with m elements, each element can be represented
by theponer sries of theformy, =y, (+y, X +Y, X*+--+€X",

whaey. istheithdement of y. Subditutingy, into (1.2) will get thefdlowing

Vi =i+ P&+ P )X QXM ),

wheref, istheithdament of (11). Thelinear equation can be determined
asfollows:

S,j =B, -I-I] :_fi,n'

Solving thislinear equation, we have g (i=1,...,m). Substituting g
into y; (i=1,...,m) which are polynomials of degree n. Repeating this
procedure will produce the arbitrary order power series that
represents the solution for DAEs (1.1). The numerical solution for
DAEs could be achieved by substituting values of x with specified step

size h such that x=xq+h. [3]
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Somerulesthat followed in order to gain good valueof e are:

1) If the system of size m, then vector f resulted from substitution
has m elements, each element must equal zero, so from this
equation we can extract linear equation that enables us to
compute one g . In other words, it is supposed that the best
stuation that every e estimated from equation fi=0 where

i=1,...,m.

2)  Assume that the new term will be added to the power series has
a degree that is equal to n, then the higher order terms can be

neglected except thetermsof degreen or n-1.
3)  Thelinear equation of eresult from factorization x".

4) If it isimpossible that the system achieverule 1, so it is allowed
that two equations, say, f;, f; can be embedded into one equation

to extract linear equation in order to evaluatee or g
3.2.2 Algorithm
Power series method for solving linear DAEs

Input sguare matrices A and B, vector function C, initial values
y, andy/, number of iterations, exact solutions.

Output power series.
Stepl assume y, =y, ,+ Y, X +Y, X*+---+ex",i=1...size
Step 2 repeat the 3-6 steps until number of iteration

Step 3 substitutey in Ay'+By=C
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Step 4 construct linear system Se=T

Step 5 solve the system for e
Step 6 add new term for each vy, i=1...size
Step 7 transform every v ,(i=1...size), into Pade' approximant
Step 8 estimate numerical solution
Step 9 compare numerical solution with the exact solution.
See flowchart at Appendix A
3.2.3 Rational function approximation

The class of algebraic polynomials has some distinct advantages

for usein approximation:

1. there are sufficient number of polynomials to approximate any
continuous function on a closed interval to within an arbitrary

tolerance;
2. polynomials are easily evaluated at arbitrary values, and

3. the derivatives and integrals of polynomial exist and are easly

determined.

The disadvantages of using polynomial for approximation is
their tendency for oscillation. This often causes error bounds in
polynomial approximation to significantly exceed the average
approximation error, since error bounds are determined by the

maximum approximation error. We now consider methods that spread
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the approximation error more evenly over the approximation interval.

Thesetechniquesinvolve rational functions.

A rational function r of degree N has the form r(x):—g((:))

wher e p(x) and g(x) are polynomials whose degreessum to N .

Since every polynomial is rational function (smply let g(x)=1),
approximation by rational functions gives results that are no worse
than approximation by polynomials. However, rational functions
whose numerator and denominator have the same or nearly the same
degree generally produce approximation results superior to
polynomial methods for the same amount of computational effort.
(This statement is based on the assumption that the amount of
computation effort required for division is approximately the same as
for multiplication). Rational functions have the added advantage of
permitting efficient approximation of functions with infinite
discontinuities near, but out side, the interval of approximation.

Polynomial approximation is generally unacceptable in this situation.

Supposer isarational function of degree N=n+m of theform

r(x): p(X) _ Po+ PX +---+ ann

that is used to approximate function f on a closed interval | containing
zero. For r to be defined at zero requires that go#0. In fact, we can
assume that go=1, for if thisis not the case we simply replace p(x) by
p(x)/do and q(x) by q(x)/qo. Consequently, there are N+1 parameters qq,
J2:---» Oms Po ,P1,---,Pn @vailable for the approximation of f by r.



36

Pade' approximation technique

The pade' approximation technique is the extension of Taylor
polynomial approximation to rational functions, choose the N+1
parameters so that f ©(0)=r®(0),for each k=0,1,...,N. When n=N and

m=0, the Pade' approximation isjust the Nth Maclaurin polynomial.

Consider the difference

F00Yax - px’
Fx)=r () =f ()= RX)_TeJa)—p(x) _ (X)iz(:)qlx Zﬁp'x
q(x) q(x) q(x)

and supposef has the Maclaurin series expansion

f (x)=Yax'. Then
i-0

iaX‘iin‘ ~Ypx
f(x)—r(x):':‘) i=0 i=0 _
q(x)

the object isto choose the constants
Oy Opreey O,y @A Py, Py, ooy P, SOthat f “(0)-r*(0)=0, foreachk =0, 1,---, N.

Using cross-multiplying yields

(@ +ax +--)JA+gX +--+0, X ") = (P + PX +---+ p,X") =0,

has no terms of degree less than or equal N. By expansion (2.3) and

equating the coefficient will produce N+1 linear equations which can

Kk
besummarized by > aq, =p,, k=01-N.

i=0
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Using Gauss elemination and backward substitution method for solvng this

system and find the values of q,, q,,---,q,, , Pys Py,:**» P,-[11]

Example:

Letf (x)=1-x +1.5x2—%x3—%x4

By applying pade' approximation we get the following rational functions

_ﬂx +£X2

(2,2)Pade isr,(x) = P1*) T 50" 300
ql(x) 1+3X +£X2

50 300

and (3,1) Pade'isr,(x) = 4 4 24

By substitution in r, and r, over [0,1] we have:

Table (3.1): Pade' approximations

(2,2)Pade (3,1)Pade
X f(x) approx. appr ox.
ri(x) ro(X)

0.0 1.0000 1.0000 1.0000
0.1 0.9148 0.9148 0.9148
0.2 0.8585 0.8585 0.8584
0.3 0.8295 0.8296 0.8292
0.4 0.8261 0.8266 0.8248
0.5 0.8464 0.8476 0.8417
0.6 0.8878 0.8910 0.8745
0.7 0.9478 0.9548 0.9146
0.8 1.0235 1.0370 0.9467
0.9 1.1115 1.1358 0.9412
1.0 1.2083 1.2494 0.8333
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Fig. (3.1): Two Pade' approximationsfor f(x).

Either approximations rl or r2 may give better solution in
comparison with the exact solution than f. For this reason, Pade

approximation is considered an elective step.
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Chapter 4

Examples and Results

4.1 Execution some examples

This section will apply the above algorithms on different linear
DAEs as test problems. For each example we display tables and
illustrative graphsresulted by Matlab code. The detailed execution will

be shown in Appendix C, and m-filesare given in Appendix B

Example (1): Consider the following ODE index-0 system
1 0fv, . 4 2 |v, _ cos(t)+_4sin(t) @.1)
0 1|v, -3 -1j|v, =3sin(t)

with initial values
vol 1o bl
Vz,(O) - —1’ V2(0) a -1

v -t -2t ;
with exact solution | * |= 2 28~ +sin(t) on theintreval [0,1]
\ 3"+ 22

By running powerpade2.m and BDF.m with h=0.1, we have

numerical solutionswhich can be presented as follow:
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Table (4.1.1) :Numerical resultsfor y,

Power Error= Error=

Exact series by |Power -exact| BDF |BDF —exact|
t (1,3)Pade
0 0 0 0 0 0
0.1| 0.2720 0.2722 1.3067e-004 | 0.2720 | 5.3756e-006
0.2 | 0.4955 0.4963 8.3278e-004 | 0.4955 | 9.0564e-006
03| 0.6795 0.6818 2.2848e-003| 0.6795 | 1.1513e-005
04| 0.8314 0.8359 4.5128e-003 | 0.8314 | 1.3099e-005
05| 0.9567 0.9643 7.5577e-003 | 0.9567 | 1.4076e-005
0.6 | 1.0599 1.0714 1.1551e-002 | 1.0599 | 5.5123e-005
0.7 | 11442 1.1609 1.6739e-002 | 1.1443 | 7.5302e-005
0.8 | 12122 1.2357 2.3477e-002 | 1.2117 | 4.7326e-004
0.9 | 1.2659 1.2981 3.2208e-002 | 1.2644 | 1.4797e-003
10| 1.3066 1.3500 4.3441e-002| 1.3054 | 1.1399e-003

v

1.4

1.2F

0.8

0.4+

02

=
P

T
ey

Fig. (4.1.1) : Plot for y;
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Table (4.1.2): Numerical resultsfor y,

Power

. Error= Error=

t Exact (sler 7')%:%2 |Power -exact| BDF |BDF —exact|
0.0 | -1.0000 -1.0000 0 -1.0000 0
01| -1.0771 -1.0771 1.1906e-010 | -1.0770 | 5.2614e-006
0.2 | -1.1156 -1.1156 1.3740e-008 | -1.1155 | 8.8381e-006
0.3 | -1.1248 -1.1248 2.0670e-007 | -1.1248 | 1.1200e-005
04| -1.1123 -1.1123 1.3402e-006 | -1.1123 | 1.2699e-005
0.5 | -1.0838 -1.0838 5.4607e-006 | -1.0838 | 1.3595e-005
0.6 | -1.0440 -1.0441 1.6555e-005 | -1.0441 | 5.4640e-005
0.7 | -0.9966 -0.9966 4.0891e-005 | -0.9966 | 8.6111e-005
0.8 | -0.9442 -0.9443 8.6895e-005 | -0.9438 | 3.9697e-004
0.9 | -0.8891 -0.8893 1.6458e-004 | -0.8879 | 1.2272e-003
1.0 | -0.8330 -0.8333 2.8464e-004 | -0.8324 | 5.4471e-004

u] 0.1

0.2 0.3

Fig. (4.1.2):Plot for y,

0.4 0.& 0.6

a7 0.2

0.9 1
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Table( 4.1.3): Table of maximum error

Method Power Series BDF
Variable
Y1 4.3441e-002 1.4797e-003
Yo 2.8464e-004 1.2272e-003

Table (4.1.3) shows that the BDF is more accurate for y 1, but
Power seriesismoreaccuratefor vy .

The following table will display the rate of convergence. We

apply the formula of convergence, IimM:ﬁ, for two trials of

e p, =Pl

a=1 and a= 2, and then we estimate the range of A = max A- min A.

Table (4.1.4): Order of convergence

Metho Rang
A for
d Y1 eof A
Power 1823 | 1373 | 1226 | 1153 | 1.111 | 1.083 | 1.0644 | 1.050 | 1.040 | 0.7833
3 8 0 6 1 5 5 0
BDF 1821 | 1371 | 1223 | 1150 | 1.107 1.0589 | 1.043 | 1.032 | 0.7893
7 3 5 7 9 0796 5 4
Afory,
Power | 1499 | 1078 [ 0899 [0746 [0526 [ 0077 [ 16382 [1987 |1505 | 16.3053
4 6 8 2 3 1 4 4 9
BDF 1823 | 1373 | 1226 | 1153 | 1.111 | 1.083 | 1.0644 | 1.050 | 1.040
3 8 0 6 1 5 5 0 16.4523

The best rate of convergence (Table 4.1.4) is achieved by taking

a=1.

Since therange of A for Power seriesis dlightly lessthan BDF, so

we can say that Power series hasbetter conver gencethan BDF.
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Example (2) :

{1 tﬂw}{l —(1+t)le}:L0} 4.2)
0 0]lv, 0 1 v, sint

with initial values

|:V1(O):|:|:1:|’ {Vi(o)}:{_l} where 0<t<1.
v,(0)] [0]" [vy(0) 1

The exact solution is

{Vl}:[e‘ +tsint}

v, sint '

This system can be reformulated into ODEs as follows:
y;=tcos(t)-y,+@+t)y,

y, = cos(t)

S0, system(4.2) can be considered asindex-1 DAES.

By running power pade2.m and BDF.m with h=0.1, we have numerical

solutions which can be presented asfollow:
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Table(4.2.1): Numerical solution of y;

Error= Error=

Exact sepr(i)gekr)y |Power -exact| BDF |BDF —exact|
t (3,3)Pade

0 1.0000 1.0000 0 1.0000 0
0.1 | 0.9148 0.9148 2.7016e-006 | 0.9148 2.1843e-007
0.2 | 0.8585 0.8585 2.0447e-005| 0.8585 3.9469e-007
0.3 | 0.8295 0.8295 6.6964e-005 | 0.8295 5.3065e-007
0.4 | 0.8261 0.8262 1.5842e-004 | 0.8261 6.2820e-007
0.5 | 0.8462 0.8466 3.1812e-004 | 0.8462 6.8928e-007
0.6 | 0.8876 0.8882 5.8196e-004 | 0.8876 1.2598e-005
0.7 | 0.9475 0.9485 1.0049e-003 | 0.9475 8.5201e-005
0.8 | 1.0232 1.0249 1.6682e-003 | 1.0232 2.2568e-005
0.9 | 1.1116 1.1143 2.6874e-003 | 1.1121 5.8026e-004
1.0 | 1.2094 1.2136 4.2199e-003 | 1.2117 2.3039e-003

0.8

0.a

o2 0.3

Fig. (4.2.1) : Graph of y;

a7 0.2

0.9 1
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Table(4.2.2): Numerical solution for y,

Power Error= Error=
Exact | seriesby | |[Power-exact| | BDF |BDF —exact|
t (5,1)Pade
0 0 0 0 0 0
0.1 0.0998 0.0998 | 1.9839e-011 | 0.0998 3.4675e-009
0.2 0.1987 0.1987 | 2.5383e-009 | 0.1987 6.9003e-009
0.3 | 0.2955 0.2955 | 4.3339e-008 | 0.2955 1.0264e-008
0.4 | 0.3894 0.3894 | 3.2436e-007 | 0.3894 1.3525e-008
0.5 | 04794 0.4794 | 1.5447e-006 | 0.4794 1.6652e-008
0.6 | 0.5646 0.5646 | 5.5266e-006 | 0.5646 3.8857e-005
0.7 0.6442 0.6442 | 1.6229e-005 | 0.6440 2.0335e-004
0.8 | 0.7174 0.7174 | 4.1242e-005 | 0.7177 3.0163e-004
0.9 0.7833 0.7834 | 9.3840e-005 | 0.7855 2.2069e-003
1.0 | 0.8415 0.8417 | 1.9568e-004 | 0.8467 5.2333e-003
0.9
— Exact
ol B :
0.7 F i
0.6+ i
0.5k -
o
0.4+ -
0.3+ i
0.2 F ]
01 |
. III.I1 I:I.I2 III.IS I:I.I-Ll III.I5 0.6 I:I.I? III.IQ 1

Fig.(4.2.2): Plot of y»
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Table(4.2.3): Maximum error

Method Power Series BDF
Variable
Y1 4.2199e-003 2.3039e-003
Yo 1.9568e-004 5.2333e-003

BDF ismore accurate for y ;, but Power seriesis moreaccuratefor y ».

Table (4.2.4): Order of Convergence with a=1.

Range
Method Afory, of 3
Power | 09706 | 0.9844 [ 0.9982 | 1.0112 | 1.0225 [ 1.0319 | 1.0392 [ 1.0442 [ 1.0470 | 0.0764
BDF 0.9706 | 0.9844 | 0.9981 | 1.0110 | 1.0224 | 1.0317 | 1.0389 | 1.0439 | 1.0472 | 0.0766
Afory,
Power 1.0899 | 1.0808 | 1.0725 | 1.0648 | 1.0576 | 1.0509 | 1.0445 1.0384 | 1.0327 | 0.0572
BDF 1.0899 | 1.0808 | 1.0725 | 1.0648 | 1.0576 | 1.0507 | 1.0448 1.0395 | 1.0343 0.0556

We can deduce that the two methods have the same rate of

conver gence.
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Example (3) : Let usconsider the following DAEsS,

1 -t t2)|Vi] [1 —@+1 t2+2t|[v, 0
0 1 —tllv,|+|0 -1 t-1 |[v,|[=| O (4.3)
O 0 O v3' 0 0 1 Vv, sin(t)
1
with initial valuev (0) =| 1 |. where 0<t<1
0

The exact solution is
v,(t)=e" +te',
v,(t)=e' +tsin(t),

V,(t)=sin(t).

This system can be reformulated into ODESs as follows:
y1, = (Z +1)y2 — Y- (th +t)Sin(t)
yz, - yz +1 COS(t) - (t _1)Sin(t)

y3’ = COS(t)

1
withy (0)=| 1.
0
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This formulation needs one differentiation time in order to
produce ODES, so (4.3) isindex-1.

Numerical solution for this system using Power series method

and BDF method can be presented in the following tables and figures.

Table (4.3.1): Numerical solution for y;

Power Error= Error=
Exact series by | |Power-exact| | BDF |BDF —exact|
t (4,4)Pade
0.0 | 1.0000 1.0000 0 1.0000 0

01| 1.0154 1.0154 5.0082e-008 | 1.0154 7.4657e-007
0.2 | 1.0630 1.0630 8.5244e-007 | 1.0630 1.4138e-006
0.3 | 1.1458 1.1458 4.7306e-006 | 1.1458 1.9942e-006
04| 1.2670 1.2671 1.6827e-005 | 1.2671 2.4792e-006
05| 1.4309 1.4309 4.7246e-005 | 1.4309 2.8601e-006
06| 16421 1.6422 1.1453e-004 | 1.6420 6.5949e-005
0.7 | 1.9062 1.9065 2.5095e-004 | 1.9058 4.2144e-004
0.8 | 22298 2.2303 5.1017e-004 | 2.2282 1.5202e-003
09| 26202 2.6212 9.7809e-004 | 2.6161 4.1612e-003
1.0 | 3.0862 3.0879 1.7878e-003 | 3.0766 9.6031e-003

3.5

Fig.(4.3.1):Plot for y;
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Table(4.3.2): Numerical solution for y,

Exact Power series| Error= BDE Error=
t by(4,4)Pade' | |Power -exact| |BDF —exact|

0.0 | 1.0000 1.0000 0 1.0000 0
01| 1.1152 1.1152 3.0780e-007 1.1152 2.2607e-007
02| 1.2611 1.2611 5.7972e-006 1.2611 4.9474e-007
0.3 | 1.4385 1.4385 3.4915e-005 1.4385 8.0813e-007
04| 16476 1.6475 1.3208e-004 1.6476 1.1686e-006
05| 1.8884 1.8880 3.8698e-004 1.8884 1.5787e-006
0.6 | 2.1609 2.1599 9.6337e-004 2.1609 3.6638e-005
0.7 | 2.4647 2.4626 2.1405e-003 2.4647 2.0133e-005
0.8 | 2.7994 2.7951 4.3727e-003 2.7998 4.0818e-004
09| 3.1646 3.1562 8.3749e-003 3.1660 1.4254e-003
1.0 | 3.55982 3.5445 1.5252e-002 3.5631 3.3675e-003

il
— Exact
...... F'Dwer
36| --—- BDF

3+ i

o251 -

2+ i

1.8F -

1IZI D.I1 IZI.I2 IZI.IS IZI.I4 EI.IE IZI.IG IZI.I? IZI.IB IZI.IQ 1

Fig.(4.3.2): Plot for y,




50

Table (4.3.3): Numerical solution for ys:

Exact Power series| Error= BDF Error=
t by(4,4)Pade' | [Power -exact| |BDF —exact|
0.0 0 0 0 0 0
0.1 | 0.0998 0.0998 5.0985e-008 0.0998 | 3.4675e-009
0.2 | 0.1987 0.1987 1.5739e-006 0.1987 | 6.9003e-009
0.3 | 0.2955 0.2955 1.1499e-005 0.2955 | 1.0264e-008
0.4 | 0.3894 0.3895 4.6499e-005 0.3894 | 1.3525e-008
05| 04794 0.4796 1.3579e-004 0.4794 | 1.6652e-008
0.6 | 0.5646 0.5650 3.2243e-004 0.5646 | 3.8857e-005
0.7 | 0.6442 0.6449 6.6304e-004 0.6440 | 2.0335e-004
0.8 | 0.7174 0.7186 1.2261e-003 0.7177 | 3.0163e-004
09| 0.7833 0.7854 2.0891e-003 0.7855 | 2.2069e-003
1.0 | 0.8415 0.8448 3.3340e-003 0.8467 | 5.2333e-003
0.8
— Exact
O0.8F | e Power a
--=- BDF
0.7+ i
061 -
0.5¢ i
0.4 .
0.3F i
02F -
01F E
DIII III.I2 III.IS III.I4 III.I5 III.IG III.I? III.IB III.IQ 1

Table (4.3.3): Plot y3
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Table(4.3.4) :Maximum error

Method Power Series BDF
Variable
Vi1 1.7878e-003 9.6031e-003
Yo 1.5252e-002 3.3675e-003
Y3 3.3340e-003 5.2333e-003

We can say that the two methods have approximately the same

accuracy.

Table (4.3.5): Order of convergence with a=1.

Method Afory, Efar)tge

Power 1.0236 | 1.0401 | 1.0565 | 1.0723 | 1.0869 | 1.1000 | 1.1114 | 1.1210 | 1.1289 | 0.1053

BDF 1.0236 | 1.0401 | 1.0565 | 1.0723 | 1.0868 | 1.0998 | 1.1110 11202 | 1.1273 | 0.1037

Afory,

Power 1.0690 | 1.0785 | 1.0857 | 1.0908 | 1.0941 | 1.0958 | 1.0960 1.0951 | 1.0934 0.0270
BDF 1.0690 | 1.0785 | 1.0857 | 1.0910 | 1.0943 | 1.0961 | 1.0967 1.0964 | 1.0953 0.0277
Aforys
1.0899 | 1.0808 | 1.0726 | 1.0648 | 1.0577 | 1.0511 | 1.0448 1.0389 | 1.0333
Power 0.0567
1.0899 | 1.0808 | 1.0725 | 1.0648 | 1.0576 | 1.0507 | 1.0448 | 1.0395 | .0343
BDF |; 0.0556

It can be seen from Table(4.3.5) that the two methods have

approximately the samerate of conver gence.

Example (4): Consider the following DAE which depends on a parameter
n,

this system could be named #-system.
0 0]lv, . 1 gt v,] [att)
1 5t v, 0 1+njv, o]

The exact solution is v, (t) =q(t) +7tq'(t), v,(t)=-q'(t).
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This system has two properties, firstly , the parameter n plays a
main role for existence and stability of the solution, if n< -0.5 then the
system will be unstable, if n=-1 then the system doesn't have a regular
pencil.[12 ]

Secondly, the direct differentiation is not enough to produce a system of
ODEs. So, n-system requires discretization by implicit Euler method.

The difference equations will be derived asfollows:

Let uswritethe system as

Vit+mtv, =q(t)
v, +ntv,+Q+nN,=0

which can be written as

_1 ,
vV, :m(vl + 77tV2)

v, =q(t)-ntv,
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and differentiatev, =q'(t) —ntv), — v,

and finally

_ 7 1
VvV, = V., — T
2= 1y 1+n€1()

v =q(t)-ntv,.
So, the difference equations will be

_ n v _q(tn)_q(tn—l)
- 2n-1
1+n @+mn)h

Vs,

n

Vl,n :q(tn) _nthZ,n' [8]

Assumethat q(t)=e', and =1, so we have the system

B A P S

1 , |2
with initial values at starting point x=0: v, :{ J and v, :{ J.

and exact solution: v, (t) =€' +te', v,(t)=-€".

Applying BDF method and Power series over the interval [0,1]. The

following tableswill try to present theresultsand comparisons.
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Table(4.4.1): Numerical solution for y;

Power Error= Error=
Exact series By |Power -exact| | BDF |BDF —exact|
t (3,2)Pade
0.0 | 1.0000 1.0000 0 1.0000 0
0.1 | 1.2157 1.2107 5.0156e-003 1.2078 7.9316e-003
0.2 | 1.4657 1.4441 2.1540e-002 1.4402 2.5463e-002
0.3 | 1.7548 1.7028 5.1983e-002 1.7067 4.8161e-002
0.4 | 2.0886 1.9895 9.9016e-002 | 2.0136 7.4933e-002
05| 24731 2.3075 1.6558e-001| 2.3671 1.0600e-001
0.6 | 29154 2.6605 25489001 | 2.7745 1.4084e-001
0.7 | 3.4234 3.0530 3.7040e-001 | 3.2472 1.7621e-001
0.8 | 4.0060 3.4902 5.1579e-001 | 3.8019 2.0412e-001
09| 4.6732 3.9784 6.9489¢-001 | 4.4634 2.0981e-001
1.0 | 5.4366 4.5250 9.1156e-001 | 5.2667 1.6984e-001
5.5 T
— EXACT '
L | e Power ;.r 4
- BDF g
45+ ’.-'-I I
4 - T
35} f'l 1
5 e
3r ,'.::1.-" -
25t ’_f;:::"‘ -
@
ok e i
1.5F -
1IZI IZI.I1 EI.IE EI.I3 EI.I4 EI.I5 EI.IG EI.I? EI.IB IZI.IQ 1
t

Fig.(4.4.1) :Plot of y;
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Table(4.4.2): Numerical solution for ys,:

Power
series Error= Error=
Exact By |Power -exact| BDF |BDF —exact|

t (3,2)Pade
0.0 | -1.0000 -1.0000 0 -1.0000 0
01| -1.1052 -1.1028 2.3498e-003 | -1.0259 | 7.9316e-002
02| -1.2214 -1.2116 0.7664e-003 | -1.0941 | 1.2732e-001
0.3 | -1.3499 -1.3270 2.2835e-002 | -1.1893 | 1.6054e-001
04 | -14918 -1.4496 4.2190e-002 | -1.3045 | 1.8733e-001
0.5 | -1.6487 -1.5802 6.8513e-002 | -1.4367 | 2.1199e-001
06| -1.8221 -1.7196 1.0253e-001 | -1.5874 | 2.3473e-001
0.7 | -2.0138 -1.8687 1.4502e-001 | -1.7620 | 2.5172e-001
0.8 | -2.2255 -2.0287 1.9680e-001 | -1.9704 | 2.5510e-001
0.9 | -2.4596 -2.2009 2.5871e-001 | -2.2266 | 2.3299e-001
1.0 | -2.7183 -2.3867 3.3162e-001 | -2.5487 | 1.6954e-001

Fig.(4.4.2): Plot for y.
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Table(4.4.3): Maximum error

Method Power Series BDF
Variable
Y1 9.1156e-001 2.0981e-001
Yo 3.3162e-001 2.5510e-001

Table (4.4.4): Order of convergence with a=1.

Range

Method Afory, of 3

Power | 1.1056 | 1.1058 | 1.1061 | 1.1064 | 1.1067 | 1.1072 | 1.1079 | 1.1087 | 1.1098 | 0.0042

BDF 11053 | 1.1092 | 1.1134 | 1.1173 | 1.1210 | 1.1252 | 1.1306 11378 | 1.1470 | 0.0418

Afory,

Power 2.0584 | 1.5454 | 1.3749 | 1.2905 | 1.2403 | 1.2072 | 1.1842 11674 | 1.1547 0.9036

BDF 3.6332 | 20117 | 1.6086 | 1.4342 | 1.3451 | 1.2972 | 1.2735 | 1.2640 | 1.2626 2 3706

In example (4), it can be noticed that BDF is more accurate than
Power series, but Power series has better rate of convergence than

BDF.

Example (5):

Consider The previous system by taking n=-1, we have
! 1 . t

OOv1+ tvlze’ (4.5)

1 -ty 0 O0|v, 0
2

1 , |0
with initial values at starting point t=0: v, :{ J and v, :{ J.

and exact solution: v (t) =e' —te', v,(t)=-¢".

This system has no regular pencil, so BDF will fail to solve this

system. So we can apply power series algorithm for solving the system
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included in the following tables:

Table(4.5.1): Numerical solution for y;

t Exact Power serieshy Error=
(3,3)Pade |Power -exact
0.0 | 1.0000 1.0000 0
0.1 | 0.9947 0.9903 4.3263e-003
0.2 | 0.9771 0.9625 1.4666e-002
0.3 | 0.9449 0.9177 2.7159e-002
0.4 | 0.8951 0.8570 3.8060e-002
0.5 | 0.8244 0.7806 4.3767e-002
0.6 | 0.7288 0.6879 4.0969e-002
0.7 | 0.6041 0.5771 2.7025e-002
0.8 | 0.4451 0.4442 8.8376e-004
0.9 | 0.2460 0.2805 3.4588e-002
1.0 0 0.0659 6.5891e-002
1 = T T
IR, — Exact

0.9F -H"‘"n.. === Power ||
o.ef M"‘-\“ 4

0.7+ At -
061 "‘.\ i

T 05 i
0.4 -

0.3+ \‘\\ 4

02 H‘\\ i
01+ \‘-‘\_

Ijl:l 0.1 IZI.I2 IZI.IS IZI.I-’-’l IZI.I5 D.Iﬁ IZI.I? IZI.IEl IZI.IQ 1

Fig.(4.5.1) :Plot of y;
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Table(4.5.2): Numerical solution for y,

Exact Power seriesby Error=
t (3,2)Pade |Power -exact|
0.0 | -1.0000 -1.0000 0
01| -1.1052 -1.1091 3.9526e-003
02 | -1.2214 -1.2354 1.3951e-002
0.3 | -1.3499 -1.3775 2.7675e-002
04 | -1.4918 -1.5350 4.3135e-002
05 | -1.6487 -1.7072 5.8455e-002
06 | -1.8221 -1.8939 7.1759e-002
0.7 | -2.0138 -2.0949 8.1098e-002
0.8 | -2.2255 -2.3099 8.4401e-002
09 | -2.4596 -2.5390 7.9434e-002
1.0 | -2.7183 -2.7821 6.3769e-002
0.8 : ; ; . .

Fig.(4.5.2): Plot of y,

— kxatt
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Table(4.5.3): Maximum error and order of convergence for Power

series
Method Max. error Rate of convergence
Variable
Y1 6.5891e-002 a=1
A € [1.2983, 3.866]
Yo 8.4401e-002 a=1
A € [1.1580, 2.1577]

4.2 Results and conclusions

To smplify dealing with DAEs, power series, as a numerical

method, triesto get rid of the restrictions such as step size adaptation

which occurs in the old algorithm such as, BDF. In addition, power

series can avoid the main difficulties which attach DAES such as

converting into ODEs.

In this section we will discuss the advantages of power series

depending on the numerical examples in the previous section, and try

to make a comparison with BDF method.

1)  Simplicity: It isshown in two aspects:

a)

b)

There is no need to reformulate the system into ODEs.
This algorithm implements the system directly. While in
BDF, the reformulation is considered as an introductory

step, but no morethan 1-index.

The algorithms are coded by MATLAB, which is designed
in order to facilitate usages of matrices and vectors. Power
series algorithm is obvious, direct, concise, and has no
complicated loops and it is easy to be followed. BDF may

produce a good results, but it exerts more effort and



2)

3)

4)

5)
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storage space. In addition, no one can build on previous

execution when step size is changed.

Consistency: It is automatically achieved by step 3 of Power
series algorithm. However in BDF, consistency must be

checked at each step.

Accuracy: It isseen that the two method have, in general, almost

the same accuracy.

Convergence: From the tables in the previous section, we see
that Power series method and BDF method have the same order

of convergence a=1, i.e. linearly conver gent.

Power series solved n-system in the last example (5), but BDF
failed completely to solve it when n =-1.

For the above mentioned aspects, we can deduce that Power

serieswill bethe most widely used production code for solving DAESs.

It can also be used to solve ODE systems.

Finally, this study opens new horizons in exploring numerical

methods for solving other types of DAES.
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Appendix A

Flow chart for Power seriesalgorithm :

Input Ay'+By=C

with in

itial values

l

_ 2
Yi=YiotVYi XtV X +o g X"

»
-

y

Substitutey in Ay'+By=C

A

y

construct lin

ear system Se=T

A 4

solvethe sy

stem for e

!

add new term for each vy, i=1...size

N+1
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if N< no. of iteratio
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l

estimate numerical
solution
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Flow chart for BDF algorithm

Input ODEswith
initial conditions

Get starting values by RK

For k=2to6do

Interpolate for each y

|

Check consistency

A 4

Savethe best value

Add new step x=x+h
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Appendix B

Matlab code for Power series method (power pade.m)

%

%]

%| THISPROGRAM PREPARED BY : SAMER AMIN ABU SA'

%| PURPOSE : TO SOLVE SYSTEM OF DAEsSIN THE FORM Ax'+Bx=C

%| WHERE A AND B ARE TWO SQUARE MATRICESAND CISVECTOR
FUNCTION

%| METHOD USED : USING POWER SERIES AND PADE' APPROXIMANT
%]| INPUT DATA : AB,CINITIAL VALUES X0,X'0 AND DEGREE OF PADE
APPROXIMANT

%| OUTPUT DATA : POWER SERIES, AND PADE' APPROXIMANT

%| COMPARE THE RESULT WITH THE EXACT SOLUTION

%]

%]

clear
clc
symsx el e2 e3v1lv2v3 0K

TRUE=],
FAL SE=0;

% AX'+Bx=C

Size=3;

tabcoef=zer os(size, 10)
A=[1-xx"2;01-x;000];

B=[1-(x+1) x"2+2*x;0-1x-1; 00 1];
C=[0;0;sin(x)];

%] nitial values

vl=1+el*x;
v2=1+e2*X;
v3=e3*X;

esvl=1;
esv2=1;
esv3=0;

tabcoef(1,1)=1;
tabcoef(2,1)=1;
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tabcoef(3,1)=0;

power=1
% Main loop
for iteration=1:8

% Substitute

f=A*[diff(vl,x);diff(v2,x);diff(v3,x)]+B*[v1;v2;v3]-C
for i=1l:size

simplify(f(i))
end

% ADD NEW TERM

% HERE ARE ANALYTIC MANIPULATIONS
display(‘here are analytic manipulationsfor getting linear system')
display(' ')

power

OK =FALSE;

while OK == FALSE

fprintf(1,’Add new vector e: \n');
fprintf(1,'Choice of addition method:\n');
fprintf(1,'1. From keyboard\n');
fprintf(1,'2. Input system and solveit :\n');
fprintf(1,'Choose 1 or 2 please\n');

FLAG =input("");

if FLAG==1|FLAG ==

OK =TRUE;

end;

end;

if FLAG ==

%FROM KEYBOARD

for i=1:size

newcoef (i)=input (' coeffecient :")

end

end %if flag=1

if FLAG ==

dim=input('Input size of linear system :')
AA=zeros(dim,dim);

BB=zeros(dim,1);

display('Input coeffecientsmatrix :')

for i=1:dim
for j=1:size
AA(j)=input(" *);
end
end
display('Input constant vector :')
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for i=1:dim
BB(i)=input(" ")
end

% Solvethe system

scoef=inv(AA)*BB

if dim==size
newcoef=scoef

end

if dim< size

display(‘'Input new coeffecient from keyboard ....

small')
for i=1:size
newcoef (i)=input(" *);
end
end
end% flag =2

% updatev

esvl=esvl+newcoef(1)*x"power;
esv2=esv2+newcoef(2)* X" power ;
esv3=esv3+newcoef(3)*x" power ;

power =power +1;

vl=esv1l+el*x"power;
v2=esv2+e2* xpower;
v3=esv3+e3* xpower;

tabcoef(1,power)=newcoef(1);
tabcoef(2,power )=newcoef(2);
tabcoef (3, power )=newcoef(3);

esvl
esv2
esv3

end %end for loop

tabcoef
for k=1:size

run pade

if k==1

p1=0;

for i=1:LN+1
pl=pl+ P(i)*x"(i-1);

size of linear system is



end

q1=0;

for i=1.LM
q1=q1+Q(i)*x" (i-1);

end

format short

pl

gl

end

if k==2

p2=0;

for i=1:LN+1

p2=p2+ P(i)*x"(i-1);

end

q2=0;

for i=1:LM
q2=q2+Q(i)*x" (i-1);

end

real format

p2

g2

end

if k==3
p3=0;

for i=1:LN+1

p3=p3+ P(i)*x"(i-1);

end

q3=0;

for i=1:LM
q3=q3+Q(i)*x" (i-1);

end

real format

p3

g3

end

end %for k

display( x exactl v1(x)

pade3 ')

tabl=zer os(11,7);

exav1=exp(-x)+x* exp(x);
exav2=exp(X)+x*sin(x);

exav3=sin(x);
for i=1:11
t=(i-1)/10;

68

padel exact2 v2(x)

pade2 exact3 Vv3(X)

tabl(i,:)=[t subs(exavlt) subs(plt)/subs(gql,t) subs(exav2,t) subs(p2,t)/subs(g2,t)
subs(exav3,t) subs(p3,t)/subs(q3,t)];

end
tabl
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% plot(tabl(:,1),tabl(:,2),tabl(;,3),tabl(; ,4))

power pade2eta.m

%]

%]

%| THISPROGRAM PREPARED BY : SAMER AMIN ABU SA'

%| PURPOSE : TO SOLVE SYSTEM OF DAEsIN THE FORM Ax'+Bx=C

%| WHERE A AND B ARE TWO SQUARE MATRICESAND CISVECTOR
FUNCTION

%| METHOD USED : USING POWER SERIES AND PADE' APPROXIMANT
%]| INPUT DATA : A,B,C,INITIAL VALUES X0,X'0 AND DEGREE OF PADE
APPROXIMANT

%| OUTPUT DATA : POWER SERIES, AND PADE' APPROXIMANT

%| COMPARE THE RESULT WITH THE EXACT SOLUTION

%]

%

clear
clc
symsxele?2 viv2 OK eta

TRUE=],
FAL SE=0;

% AX'+Bx=C

size=2;

tabcoef=zer os(size,10)
eta=1;

A=[00;1 eta*x];

B=[1 eta*x;0 1+eta];
C=[exp(x); O];

% Initial values
vl=1;
v2=-1;

v1=1+2*x+el*x"2
V2=-1-X+e2*x"\2

esv1=1+2*x;
esv2=-1-x;

tabcoef(1,1)=1;
tabcoef(2,1)=-1;
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tabcoef(1,2)=1+eta;
tabcoef(2,2)=-1;
power =2

% Main loop
for iteration=1:4
% Substitute

f=A*[diff(v1,x);diff(v2,x)]+B*[v1;v2]-C
for i=1l:size

simplify(f(i))
end

%ADD NEW TERM
% HERE ARE ANALYTIC MANIPULATIONS

display(‘here are analytic manipulationsfor determinig vector eby ')
display(‘consisting linear system and solveit or input edirectly from key board')
display(" ')

power

OK =FALSE;

while OK == FALSE

fprintf(1,'Add new vector e: \n');
fprintf(1,'Choice of addition method:\n");
fprintf(1,'1. From keyboard\n');
fprintf(1,'2. Input system and solveit :\n');
fprintf(1,'Choose 1 or 2 please\n’);

FLAG =input(' ");

if FLAG ==1|FLAG ==

OK = TRUE;

end;

end;

if FLAG==1

%FROM KEYBOARD

for i=1l:size

newcoef (i)=input (' coeffecient :")

end

end %if flag=1

if FLAG ==

dim=input(‘'Input size of linear system :')
AA=zer os(dim,dim);

BB=zeros(dim,1);

display('Input coeffecientsmatrix :')

for i=1:dim
for j=1:size
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AA(i,)=input(" ');

end
end
display('Input constant vector :')
for i=1:dim
BB(i)=input(' ")
end

% Solvethe system

scoef=inv(AA)*BB

if dim==size
newcoef=scoef

end

if dim< size

display('Input new coeffecient from keyboard ....

small’)
for i=1:size
newcoef(i)=input(" ');
end
end
end% flag =2

%update v
esvl=esv1+newcoef(1)*x" power;
esv2=esv2+newcoef(2)* X" power ;
power=power +1;
vl=esvl+el*x"power;
v2=esv2+e2* x" power
tabcoef(1,power)=newcoef(1);
tabcoef(2,power)=newcoef(2);

esvl
esv2

end % end main loop

esvl;
esv2;

tabcoef
for trial=1:16

for k=1:size

size of linear system is
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run pade
if k==1
p1=0;
for i=1:LN+1
pl=pl+ P(i)*x"(i-1);
end
q1=0;
for i=1:.LM
q1=q1+Q(i)*x" (i-1);
end
real format

p2=0;
for i=1:LN+1
p2=p2+ P(i)*x"(i-1);
end
q2=0;
for i=1:.LM
02=q2+Q(i)*x" (i-1);
end
real format
p2
g2
end

end %for k

display( x exactl padel exact2 pade2 )
tabl=zeros(11,5);

exavl=exp(x)+eta*x*exp(x);

exav2=-exp(x);

for i=1:11

t=(i-1)/10;

tabl(i,:)=[t subs(exavlt) subs(plt)/subs(gql,t) subs(exav2t) subs(p2t)/subs(g2,t)];
end

tabl

end%trial

% plot(tabl(:,1),tabl(:,2),tabl(:,3),tabl(:,4))
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pade.m

% PADE RATIONAL APPROXIMATION ALGORITHM
%
% To obtain therational approximation

%

% r(x)=p(x)/q(x)

% =(p0 + pl*x + ... + Pn*x*n) / (O + q1*X + ... + gm*x*m)
%

% for agiven function f(x):

%

% INPUT nonnegativeintegersm and n.

%

% OUTPUT coefficientsg0, q1, ..., gm, p0, p1, ..., pn.
%
% The coefficients of the Maclaurin polynomial a0, al, ... could
% be calculated instead of input asisassumed in this program.
syms('OK','LM','LN",'BN', '"FLAG', 'I','AA", 'AAA");
syms('NAME','INP','N', '"M', 'NROW', 'NN', 'Q", 'P', 'J");
syms(‘A', 'IMAX','AMAX",'3J","'IP','JP', 'NCOPY", 'I1');
syms('J1', 'XM','K",'"N1', '"PP', '"N2', 'SUM", '"KK", 'LL", "OUP");
TRUE =1;
FALSE =0;
fprintf(1,' Thisis Pade Approximation.\n\n');
OK =FALSE;
while OK == FALSE
fprintf(1,’m+n must equal %d \n',power-1);
fprintf(1,'Input m and n on separatelines.\n');
LN =input(‘order of numerator ');
LM =input('order of denominator ');
BN =LM+LN;
ifLM>=0& LN>=0
OK =TRUE;
else
fprintf(1,'m and n must both be nonnegative.\n');
end;
ifLM==0& LN==0
OK =FALSE;
fprintf(1,'Not both m and n can be zero\n');
end;
%if BN~= power-1
% OK=FALSE;
% fprintf(1,’m+n must equal %d \n',power-1);
% end
end;
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AA = zeros(1,BN+1);

%if FLAG ==

% fprintf(1,'Input in order a(0) to a(N)\n');
for 1 =0: BN

% fprintf(1,'Input A(%d ) \n',l);

AA(1+1) = tabcoef(k,l+1) %input(' ');
%end;

end;

if OK == TRUE

% STEP 1

N =BN;

M = N+1;

% STEP 2 - performed in input
NROW = zeros(1,N);
for1=1:N

NROW(I) =1;

end;

% initialize row pointer for linear system
NN = N-1,

% STEP 3
Q=zeros(1,LM +1);
P=2zeros(1, LN + 1);

A = zeros(N,N+1);
Q=1

P(1) = AA(D);

% STEP 4

% Set up alinear system, but use A(i,j) instead of B(i,j).
for1=1:N

% STEP5

forJ=1:1-1

if J<=LN

A(l,J)=0;

end;

end;

% STEP 6

if | <=LN

A(lN=1,

end;

% STEP7

for J=1+1:LN
A(,J)=0;

end;

% STEP 8

forJ=1:1

if J<=LM

A(I,LLN+J) = -AA(I-J+1);
end;
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end;
% STEP9
for J=LN+I+1: N
A(,J)=0;
end;
% STEP 10
A(I,N+1) = AA(1+1);
end;
% Solvethelinear system using partial pivoting.
| = LN+1;
% STEP 11
whileOK ==TRUE & | <= NN
% STEP 12
IMAX = NROW(I);
AMAX = abs(A(IMAX,1));
IMAX =1;
JJ =1+1;
for IP=JJ: N
JP =NROW(IP);
if abs(A(JP,I)) > AMAX
AMAX = abs(A(JP,));
IMAX =1P;
end;
end;
% STEP 13
if AMAX <= 1.0e-20
OK =falsg;
else
% STEP 14
% simulaterow interchange
if NROW(I) ~=NROW/(IMAX)
NCOPY = NROW(I);
NROW(I) = NROW(IMAX);
NROW(IMAX) = NCOPY;
end;
11=NROW(I);
% STEP 15
% Perform elimination.
forJ=JJ: N
J1=NROW(J);
% STEP 16
XM = AJLD/A(LD);
% STEP 17
forK=JJ: M
AULK) = AQLK)-XM * A(11,K);
end;
% STEP 18
A@JL) =0;
end;
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end;
| =1+1;
end;
if OK ==TRUE
% STEP 19
N1=NROW(N);
if abs(A(N1,N)) <= 1.0e-20
OK = FALSE;
% system has no unique solution
else
% STEP 20
% Start backward substitution.
ifLM >0
Q(LM+1) = A(N1L,M)/A(N1N);
A(N1L,M) = Q(LM+1);
end;
PP=1;
% STEP 21
for K=LN+1: NN
| = NN-K+LN+1;
JJ =1+1;
N2 =NROW(l);
SUM = A(N2,N+1);
for KK =JJ: N
LL = NROW(KK);
SUM = SUM-A(N2,KK)*A(LL,M);
end;
A(N2,M) = SUM/A(N2,1);
Q(LM-PP+1) = A(N2,M);
PP = PP+1;
end;
% STEP 22
for K=1:LN
| =LN-K+1;
N2 =NROW(l);
SUM = A(N2,N+1);
for KK =LN+1: N
LL = NROW(KK);
SUM = SUM-A(N2,KK)*A(LL,M);
end;
A(N2,M) = SUM;
P(LN-K+2) = A(N2,M);
end;

OouP=1;

%end,

fprintf(OUP, 'PADE RATIONAL APPROXIMATION\n\n");
fprintf(OUP, 'Denominator Coefficients Q(0), ..., Q(M) \n');
forI=0:LM
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fprintf(OUP, ' %11.8f', Q(I+1));
end;
fprintf(OUP, "\n');
fprintf(OUP, '"Numerator Coefficients P(0), ..., P(N)\n');
for | =0:LN
fprintf(OUP, ' % 11.8f', P(1+1));
end;
fprintf(OUP, "\n');
if OUP~=1
fclose(OUP);
fprintf(1,'Output file %s created successfully \n', NAME);
end;
end;
end;
if OK == FALSE
fprintf(1,'System has no unique solution\n');
end;
end;
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Matlab code for BDF method (BDF.m)

%]
%]

%| THISPROGRAM PREPARED BY : SAMER AMIN ABU SA'

%| PURPOSE : TO SOLVE SYSTEM OF DAEsIN THE FORM Ax'+Bx=C

%| WHERE A AND B ARE TWO SQUARE MATRICESAND CISVECTOR
FUNCTION

%| METHOD USED : USING BACKWARD DIFFERENCE FORMULA WITH
FIXED LEADING COEFFECIENT

%]| INPUT DATA : A,B,C,INITIAL VALUES X0,X'0 AND DEGREE OF PADE
APPROXIMANT

%| OUTPUT DATA : TABLE CONTAINSNUMERICAL RESULTSEXACT
SOLUTION

%| COMPARE THE RESULT WITH THE EXACT SOLUTION

%|

%|
clear

clc

format short

syms('sl','s2','s3','t",'y1','y2' 'y3''h','f1''f2''f3','a’,'exact]l’,' exact2','exact3','x",'k")

%run BDFeta;
% ysl=tabl(:,3)
% ys2=tabl(:,5)

% EXACT SOLUTION

exact1=exp(-X)+x* exp(x);
exact2=exp(x)+x*sin(x);
exact3=sin(x);

% I nitial values
h=0.1;

a=0;

b=1;

alphal=1;
alpha2=-1;
alpha3=0;
Iteration=0;

ysl(1)=alphail;
ys2(1)=alphaz;
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ys3(1)=alpha3;

ts(1)=0;
siz=(b-a)/h;
tsssach:b

% STARTING VALUES
display('FIRST DIVISION : INPUT THE SYSTEM, INITIAL CONDITIONS
AND STEP SIZE h')

run RK4SYS;

display('SECOND DIVISION: SAVE STARTING VALUESUSING RUNGE-
KUTTA FOR SYSTEM ')

ysl=tabl(:,1);

ys2=tabl(:,2);

ys3=tabl(:,3)

% % % % % % % % % Y% %0 % % % % % % % % % %

k=6;

ks=k;

yssl=ysl,
ysSs2=ys2;
ySs3=ys3;

err1=0.3;
err2=0.3;
err3=0.3;
% MAIN LOOP
display('THIRD DIVISION : MAIN LOOP ... APPLYING BDF ')
whiletss(ks)< b
Iteration=lteration+1
if Iteration ==7
input(* ")
end
curt=tss(ks)+h
p1=0;
p2=0;
p3=0;
kk=2;
errp=20;
display('EVALUATE NEW y1(n+1)")
while (kk<7)& (err 1>0.0001)

ysl=zer os(1,kk+1);

ts=zer os(1,kk);

for i=ks-kk+1:ks
ysl(i-ks+kk)=yssl(i);
ts(i-kstkk)=tss(i);
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end
p1=0;
k=kk
k1=Kk;
run divdifl,
pL;
te=tss(ks)+h;
curyl=subs(pl,tss(ks)+h)
err 1=abs(curyl-subs(exact1,tss(ks)+h));
iferrl<errp

yssl(kst+1)=curyl;

errp=erri;
end
kk=kk+1;

end

kk=2;
errp=20;
display(EVALUATE NEW y2(n+1)")
while (kk<7)& (err2>0.0001)
ys2=zer 05(1,kK);
ts=zer os(1,kk);
for i=ks-kk+1:ks
ys2(i-ks+kk)=yss2(i);
ts(i-kstkk)=tss(i);
end
p2=0;
k=kk
k2=Kk;
run divdif2;
p2;
tc=tss(ks)+h;
cury2=subs(p2,tss(ks)+h)
err 2=abs(cury2-subs(exact2,tss(ks)+h));
iferr2<errp
yss2(kst+1)=cury?2;
errp=err2;
end
kk=kk+1,
end

kk=2;
errp=20;
display(EVALUATE NEW y3(n+1)")
while (kk<7)& (err3>0.0001)
ys3=zer 05(1,kK);
ts=zer os(1,kk);
for i=ks-kk+1:ks
ys3(i-kst+kk)=yss3(i);
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ts(i-kstkk)=tss(i);
end
p3=0;
k=kk
k3=Kk;
run divdif3;
p3;
tc=tss(ks)+h;
cury3=subs(p3,tss(ks)+h)
err 3=abs(cury3-subs(exact3,tss(ks)+h));
iferr3<errp
yss3(kst1)=cury3;
errp=err3;
end
kk=kk+1;
end

ks=ks+1;
err1=0.3;
err2=0.3;
err3=0.3;
end% END MAIN LOOP

display( FOURTH DIVISION : NUMERICAL RESULTSWITH EXACT
SOLUTION)

table=zeros(11,7);
for i=1:11
t=(i-1)/10;
table(i,:)=[t subs(exact1,t) yssl(i) subs(exact2,t) yss2(i) subs(exact3,t) yss3(i)];
end
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RK4SYS.m

% RUNGE-KUTTA FOR SYSTEMS OF DIFFERENTIAL EQUATIONS
ALGORITHM 5.7

%

% TO APPROXIMATE THE SOLUTION OF THE MTH-ORDER SYSTEM OF
FIRST-

% ORDER INITIAL-VALUE PROBLEMS

% UJ=FJ(T,UL U2 ..,,UM),J=12 ..M

% A<=T<=B,UJ(A)=ALPHAJ,J=1,2, .., M

% AT (N+1) EQUALLY SPACED NUMBERSIN THE INTERVAL (A,B).
%

% INPUT: ENDPOINTSA,B; NUMBER OF EQUATIONSM; INITIAL
% CONDITIONSALPHAL, ..., ALPHAM; INTEGER N.

%

% OUTPUT: APPROXIMATION WJ TO UJ(T) AT THE (N+1) VALUESOF T.
syms('OK','M*,'I','A",'B", "ALPHA",'N', 'FLAG");

syms('NAME', 'OUP','H",'T","'J","W",'L", 'K",'ss);
syms(‘'K1','K2''K3''K4','Z''kk");

TRUE =1;

FALSE =0;

fprintf(1,' Thisisthe Runge-Kutta Method for Systems of m equations\n’);
fprintf(1,' Thisprogram usesthefile F.m. If the number of equations\n’);
fprintf(1,'exceeds 7, then F.m must be changed.\n");

OK =FALSE;

while OK == FALSE

fprintf(1,'Input the number of equations\n');

M =input('');

ifM<=0|M>7

fprintf(1,"Number must be a positive integer < 8\n');
else

OK =TRUE;

end;

end;

ss=cdl(M,D);

for | =1:M

fprintf(1,'Input the function F_(%d) in termsof t and y1 ... y%d\n', |, M);
fprintf(1,'For example: y1-t*2+1\n');

kk =input(* ');

ss{l} = kk;

end;

OK = FALSE;

while OK == FALSE

fprintf(1,'Input left and right endpoints on separate lines.\n');

A =input(' ");

B =input('');
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ifA>=B

fprintf(1,'Left endpoint must be lessthan right endpoint\n');
else

OK =TRUE;

end;

end;

tabl=zer 0g(6,3);

ALPHA = zeros(1,M);

for | =1:M

fprintf(1,'Input theinitial condition alpha(%d)\n’, I);
ALPHA(I) = input(" ");

tabl(1,1)=ALPHA(I);

end;

OK =FALSE;
while OK == FAL SE
fprintf(1,'Input a positive integer for the number of subintervals\n');

N =input(');

IfN<=0

fprintf(1,'Number must be a positive integer\n');
else

OK =TRUE;

end;

end;

H=input('INPUT step sizeh: ")

h=H;

if OK == TRUE

fprintf(1,'Choice of output method:\n");

fprintf(1,'1. Output to screen\n');

fprintf(1,'2. Output to text file\n');

fprintf(1,'Please enter 1 or 2\n');

FLAG =input('');

if FLAG==2

fprintf(1,'Input the file namein the form - drive:\\name.ext\n');
fprintf(1,'For example A:\\OUTPUT.DTA\n');

NAME =input('','s);

OUP = fopen(NAME, wt');

else

OUP =1,

end;

fprintf(OUP,'RUNGE-KUTTA METHOD FOR SYSTEMS OF DIFFERENTIAL
EQUATIONS\n\n');

fprintf(OQUP," T');

for | =1:M

fprintf(OUP, ' W%d', I);

end;

% STEP1

W = zeros(1,M);



V =zeros(1,M+1);
K1 =zeros(1,M);
K2 = zeros(1,M);
K3 =zeros(1,M);
K4 = zeros(1,M);
%H = (B-A)/N;

T=A;

% STEP 2
forJ=1:M

W(J) = ALPHA(J);
end;

% STEP 3
fprintf(OUP, "\n%5.3f', T);
forl =1.:M
fprintf(OUP, ' % 11.8f', W(l));
end;

fprintf(OUP, "\n');
% STEP 4

for L=1:N

% STEP5
V=T,
forJ=22M+1

V(@) =W(@J-1);
end;

forJ=1:M
Z=H*F(J,M,V,ss);
K1(J) =2Z;

end;

% STEP 6

V(1) =T+H/2;
forJ=22M+1

V() =W(J-1)+K1(J-1)/2;
end;

forJ=1:M
Z=H*F(J,M,V,ss);
K2(J) =2,

end;

% STEP 7
forJ=22M+1

V(IJ) =W(J-1)+K2(J-1)/2;
end;

forJ=1:M
Z=H*F(J,M,V,ss);
K3(J)=2;

end;
% STEP 8

V(1) =T+H;
forJ=22M+1
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V(J) = W(J-1)+K 3(J-1);
end;
for J=1:M
Z =H*FJ MV, 9);
K4J) =Z;
end;
% STEP9
for J=1:M
W(J) = W(I)+(K1(J)+2.0*K2(J)+2.0* K 3(J)+K 4(J))/6.0;
tabl(L+1,J)=W(J);
end;
% STEP 10
T =A+L*H;
% STEP 11
fprintf(OUP, '%5.3f', T);
for | =1:M
fprintf(OUP, ' %11.8f', W(l));
end;
fprintf(OUP, "\n');
end;
% STEP 12
if OUP~=1
fclose(OUP);
fprintf(1,'Output file %s created successfully \n', NAME);
end;
end;
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divdif.m

% NEWTONSINTERPOLATORY DIVIDED-DIFFERENCE FORMULA
ALGORITHM

% To obtain the divided-differ ence coefficients of the

% interpolatory polynomial P on the (n+1) distinct numbersx(0),
% x(1), ..., x(n) for the function f:

% INPUT: numbersx(0), x(1), ..., x(n); values f(x(0)), f(x(1)),

% ..., f(x(n)) asthefirst column Q(0,0), Q(1,0), ...,

% Q(N,0) of Q, or may be computed if function f is supplied.

% OUTPUT: thenumbersQ(0,0), Q(1,1), ..., Q(N,N) where

% P(x) = Q(0,0) + Q(1,1)* (x-x(0)) + Q(2,2)* (x-x(0))*

% (x-x(D) +... + Q(N,N)*(x-x(0))* (x-X(1))*...* (X-x(N-1)).
syms('OK', 'FLAG','N', 'I','X",'Q", 'A", 'NAME', 'INP','OUP', 'J");
syms('s,'x','pl’,'sum’,'mult’);

TRUE =1;

FALSE =0;

fprintf(1,'Newtons form of the inter polation polynomial\n');

N =k-1;

%if N >0

%OK = TRUE;

X = zeros(N+1);

Q = zeros(N+1,N+1);

for | =0:N

% fprintf(1,'Input X(%d) and F(X(%d)) ', I, );

% fprintf(1,'on separatelines\n');

X(1+1,1) =ts(1+1) ;

Q(I1+1,1) = ys1(1+1);

end

%else

% STEP 1
for | =1:N
for J=1:1
Q(I+1,J+1) = (Q(I+1,9) - Q(1,2)) / (X(1+1) - X(1-J+1));
end
end
% STEP 2
% construct polynomial
sum=0;
mult=1;
for i=1:N
mult=1;
for j=1:i
mult=mult* (x-X(j,1));
end
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sum=sum+mult*Q(i+1,i+1);
end
pl=sum+Q(1,1);pL;
BDFeta.m

% This program prepared by SAMER AMIN ABU SA'
%1t used to estimate the starting values for BDF method for eta- system
% It isbased on difference formulas.

clear

clc

format short

syms(‘sl','s2''t','h','q",'f2','a’,'exact]’,'exact2','x','k","eta’)

display('Input q(t) :")

sl =input("');

g =inline(sl,'t");

h=0.1;

tabl=zer 0s(6,5);

a=0;

eta=1;

tabl(1,1)=ga;

alphal=1;

tabl(1,3)=alphal,;

alpha2=-1;

tabl(1,5)=alphaz;

yL(1)=1;

y2(1)=-1;

tabl(1,2)=q(a)+eta*a*q(a);

tabl(1,4)=-q(a);

format short

for i=1:5
x=(i-1)/10;tabl(i+1,1)=x+h;
y2(i+1)=eta*y2(i)/(eta+1)-(q(x+h)-q(x))/((1+eta)* h);
tabl(i+1,5)=y2(i+1);
tabl(i+1,2)=q(x+h)+eta* (x+h)*q(x+h);
y1(i+1)=q(x+h)-eta* (x+h)*y2(i+1);
tabl(i+1,3)=y1(i+1);
tabl(i+1,4)=-q(x+h);

end

format short

yl
y2
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Execution Appendix C

Execution for example 1 by Power series:
1 0jv, . 4 2|V, _ cos(x)J.r4sin(x) (4.1)
0 1jv,| |-3 -1|v, —3sin(x)

with initial values

ol ol
VZ,(O) a —l’ VZ(O) a -1

. . vy | | 227 =227 +sin(x)
with exact solution = )
v -7 +22

} ontheintreval [0,1]
Assume V,(x)=3x +ex* and v,(x)=-1-X +ex>,

Iteration 1 by substitution vy v, in the system (4.1) will produce

1+2e x+10x+4e,x*+2e:x*-cos(X)-4sin(x)=0
26)X-8x-3e1x*-6,X°+3sin(X)=0
Solving these two equations will give
2e; +6=0 »e=-3
2e,-5=0 > =25

Append vy,V; :
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v, (X)=3x —3x*+ex’,

V,(X)=-1-x +gx2+ezx3.

Iteration 2 substitute vy,v, in (4.1) will get

1+4x+3e,X>-Tx” +4e, x> +2e,x>-cos(X)-4sin(x)=0,

*********************

3e2x2+E'x2 =0=e,=—
2

Appendv, Vv, :

v,(X) =3x —3x2+§x3+e1x4,
Vo(X)==1-X+=X"=——X"+e,xX".
2(X) > 5 2

Iteration 3 substitute vy ,v»
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1+4x+4e x> +5x° +4e x* +2e,x*-cos(x)-4sin(x)=0,

Appendv, Vv, :
v, (X)=3x —3x 2+§x3-gx“+elx5,

13X3 29 , 5

Iteration 4 substitutev; ,v,



o1
1+4x+ 5elx“-f—21x4 +4e,X°+2e,X°-cos(X)-4sin(x)=0,

-3x+5e,x* +% x*-3e,x°-e,x>+3sin(x)=0.

1 31
Sex’-—x*=0=>e, =—,
A ' 60
5e2x“+gx4 =0=e¢, _%1

24 120

Appendv, Vv, :

v,(x) =3x —3x 2+%x3-%x4+§x5+elx6,

V,(X)=-1-x +§X2—EX3—§X4—EX5+GZX6.
2 6 24 120

Iteration 5 substitute v; ,v,

1+4x+6ex° +§_(1) x° +4e,x°+2e,x°-cos(x)-4sin(x)=0,

-3x+ 6e2x5-§ x°-3ex°-e,x°+3sin(x)=0.
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Append vy ,Vs:

Vv, (X)=3x —3x 24 Ly 2yy ﬁxf’—ﬂx +ex’,
3 4 60 120

vz(x):—l—x+§x2—E 3 29y, 61 5+éx6+ezx7.
2 6 24 120 144

Iteration 6 substitutev; ,\v»

1+4x+ 7elx‘5-%x6 +4e, X" +2e,x " -cos(x)-4sin(x)=0

-3x+7e,x° +375§x6 -3eX,-e,x"+3sin(x)=0

7elx6-£x6 =0=¢ _1er
360 2520

7e2x6+‘2—53x6 =0=e,= —253
720 5040

Append vy ,Vs:

V) =3~ P+ Lo 24 Shhe ey e
37 47 60 1200 2520

V,(X)=-1- x+5 2 13x3—§ a6l 5+§x6——253x7+ex
2 6 24 120 144 5040
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Iteration 7 substitutev; ,\v»

1+4x+8ex’ +% x" +4e,x°+2e,x°-cos(x)-4sin(x)=0

509 )
-3x+8e,x -——x ' -3e x%-e,x®+3sin(x)=0

8ex'+——x'=0 elz_—17
8ex'-——x' = X o509

504 40320
Append vy ,V:

v,(x)=3x —3x*? +7x3-§x“+31 > Ex6 127 x7——17 x®
3 4 60 120 2520 1344

)

V,(X)=-1-X + 2x2

13 2 29 , 61 5 25 ¢ 253 , 509 4
——X = X"+ X = X + X"
6 24 120 144 5040 40320

It isnoticed that the best polynomial for approximating y1 will be of
degree 4, and for y2 will be of degree 8:

v, (X) =3X —3x2+zx3-§x4
3 4

v, (X) =1 w122 185 29 4 6l 5 25 5 258 ; 509 o
2 24" 1200 144 5040 40320

These two power series vy ,V, can be transformed into Pade series

[1/3] ,[1/7] respectively:
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B0 3

v, (X =
BTy Lix+ 2%
9

B() 12465
Qu(x)  1:+14653K +108372 + 04664x° + 0 1502 * + 0 0B71x3 -+0.0073¢°

Vz(X) =

0 0 0 -1.0000 -1.0000

0.1000 0.2720 0.2722 -1.0771 -1.0771
0.2000 0.4955 0.4963 -1.1156 -1.1156
0.3000 0.6795 0.6818 -1.1248 -1.1248
0.4000 0.8314 0.8359 -1.1123 -1.1123
0.5000 0.9567 0.9643 -1.0838 -1.0838
0.6000 1.0599 1.0714 -1.0440 -1.0441
0.7000 1.1442 1.1609 -0.9966 -0.9966
0.8000 1.2122 1.2357 -0.9442 -0.9443
0.9000 1.2659 1.2981 -0.8891 -0.8893

1.0000 1.3066 1.3500 -0.8330 -0.8333

Execution for example (1) by BDF execution:
Let us solve this system using BDF method by running algorithm

BDF.m, execution will be
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FIRST DIVISION : INPUT THE SYSTEM, INITIAL CONDITIONS

AND STEP SIZE h

Input thefunction Fyintermsof tand y; ...y,
'-4y,-2y,+cos(t)+4sin(t)'

Input the function F2intermsof tand y; ... y2
'3*y1+y2-3*sin(t)’

Input left and right endpoints on separ ate lines.
0

1

Input theinitial condition alpha(1)

0

Input theinitial condition alpha(2)

-1

Input a positive integer for the number of subintervals
5

INPUT step sizeh : 0.1

h =0.1000
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SECOND DIVISION: SAVE STARTING VALUES USING RUNGE-

KUTTA FOR SYSTEM

X yl y2
0.000 0.00000000 -1.00000000
0.100 0.27204137 -1.07704549
0.200 0.49548169 -1.11554333
0.300 0.67952186 -1.12482019
0.400 0.83138741 -1.11228951

0.500 0.95671390 -1.08381950

THIRD DIVISION : MAIN LOOP ... APPLYING BDF
Iteration= 1

x = 0.6000

EVALUATE NEW y1

k= 2

Newtonsform of the inter polation polynomial

p,(x)=1.2533x + 0.3301

y1= 1.0820

k= 3

Newtons form of theinter polation polynomial
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p 1 (X)=1.5187x+ 0.2239- 1.3270(x-0.3)(x-0.4)

yl= 10555

k= 4
Newtons form of the inter polation polynomial

p,(x) =0.1274+18404x —16087(x —0.2)(x —0.3) +0.9393( x — 0.2) (x —0.3)(x - 0.4)
yl= 1.0611

k= 5
Newtons form of the inter polation polynomial

Py(X) =0.0486+ 2.2344x ~197( X—0.1) (X —02) +12043 x—0.1) (X~ 0.2)(x~03)...
—0.6625(x —0.1)(x—0.2)(x—0.3)(x—04)

yl= 1.0595

k= 6

Newtons form of the inter polation polynomial
P1(X)=2.7204x-2.4301x(x-0.1)+1.5335 x(x-0.1) (x-0.2)-0.8231 x(x-0.1)(x-
0.2)(x-0.3)+0.3212 x(x-0.1)(x-0.2)(x-0.3)(x-0.4)

yl= 1.0599



98
EVALUATE NEW y2

k= 2
Newtons form of theinter polation polynomial
po(X)= 0.2847x- 1.2262

y2 =-1.0553

k= 3
Newtons form of the inter polation polynomial
P2(X)= - 1.1624+0.1253x+ 0.7970(x-0.3)(x-0.4)

y2 = -1.0394

k= 4
Newtons form of the inter polation polynomial
P2(x)=-1.0970-0.0928x+1.0904(x-0.2)(x-0.3)-0.9780(x-0.2) (x-0.3)(x-0.4)

y2= -1.0453

k= 5

Newtons form of the inter polation polynomial
p2(x)=-1.0385-0.3850x+1.4610(x-0.1)(x-0.2)-1.2356(x-0.1) (x-0.2)(x-0.3)+
0.6438(x-0.1)(x-0.2)(x-0.3)(x-0.4)

y2 = -1.0437
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k= 6

Newtonsform of the inter polation polynomial
P2(X)=-1+0.7705x+1.9274x(x-0.1)-1.5544 x(x-0.1)(x-0.2)+0.7972x(x-
0.1)(x-0.2)(x-0.3)- 0.3067x(x-0.1)(x-0.2)(x-0.3)(x-0.4)

y2= -1.0441

Iteration= 2

curt= 0.7000

EVALUATE NEW y1(n+1)

k= 2

Newtons form of the inter polation polynomial
pl= 1.0322x+ 0.4406

curyl= 1.1632

k= 3

Newtons form of the inter polation polynomial
p1=1.2533x+ 0.3301- 1.1054(x-0.4)(x-0.5)
curyl= 11410

k= 4

Newtonsform of the inter polation polynomial



100
p1=1.5187x+0.2239-1.3270(x-0.3)(x-0.4)+ 0.7385(x-0.3)* (x-0.4)* (x-0.5)

curyl= 1.1455
k= 5

Newtons form of the inter polation polynomial
p1=1.8404x+0.1274-1.6087(x-0.2)(x-0.3)+0.9393(x-0.2)(x-0.3)(x-0.4)-
0.5019(x-0.2)(x-0.3)(x-0.4)(x-0.5)

curyl= 1.1443

EVALUATE NEW y2(n+1)

k= 2

Newtonsform of the inter polation polynomial

p2 =0.3972x-1.2824

cury2= -1.0044

k= 3

Newtons form of theinter polation polynomial

p2= 0.2847x- 1.2262+0.5624(x-0.4)(x-0.5)

cury2 = -0.9931

k= 4

Newtons form of the inter polation polynomial
p2=0.1253x-1.1624+0.7970(x-0.3)(x-0.4)-0.7818(x-0.3)(x-0.4) (x-0.5)

cury2 = -0.9978
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k= 5

Newtonsform of the inter polation polynomial
p2 = -0.0928x-1.0970+1.0904(x-0.2)(x-0.3)-0.9780(x-0.2)(x-0.3)(x-2/5)+
0.4905(x-0.2)(x-0.3)(x-0.4)(x-0.5)

cury2 = -0.9966

lteration= 3

curt = 0.8000

EVALUATE NEW y1(n+1)

k= 2

Newtons form of the inter polation polynomial
pl =0.8434x+0.5539

curyl= 1.2286

k= 3

Newtonsform of the inter polation polynomial

pl=

1.0322x+ 0.4406-0.9441(x-0.5)(x-0.6)
curyl= 1.2097

k= 4
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Newtonsform of the inter polation polynomial

p1=1.2533x+0.3301-1.1054(x-0.4)(x-0.5)+ 0.5378(x-0.4)(x-0.5)(x-0.6)
curyl= 12130

k= 5

Newtons form of the inter polation polynomial

p1=

1.5187x+0.2239-1.3270(x-0.3) (X-2/5)+0.7385(x-0.3) (x-0.4) (x-0.5)-
0.5019(x-0.3)(x-0.4)(x-0.5)(x-0.6)

curyl= 12117

k= 6

Newtonsform of the inter polation polynomial

pl=

1.8404x+ 0.1274- 1.6087* (x-1/5)* (x-3/10)+ 0.9393* (x-1/5)* (x-3/10)* (-
2/5)-0.5019% (X-1/5)* (X-3/10)* (X-2/5)* (x-1/2)+8.7486 £-014* (x-1/5)* (x-
3/10)* (x-2/5)* (x-1/2)* (x-3/5)

curyl= 12117

EVALUATE NEW y2(n+1)
k= 2

Newtonsform of the inter polation polynomial
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p2 = 0.4745*x-1.3288

cury2= -0.9492
k= 3

Newtons form of the inter polation polynomial
p2=3577513407339501/9007199254740992* x-
23101869822707001/18014398509481984+3483377481602101/9007199254740992*
(x-1/2)*(x-3/5)

cury2= -0.9415

k= 4

Newtonsform of the inter polation polynomial

p2=5128700957163681/18014398509481984* x-
55221767234873351/45035996273704960+316613415236769/562949953421312* (x-

2/5)* (x-1/2)-2637395270310339/4503599627370496* (x-2/5)* (X-1/2)* (x-3/5)
cury2= -0.9450

k= 5

Newtonsform of the inter polation polynomial
p2=4514652808665441/36028797018963968* X-
418803141456339123/360287970189639680+7178436382077403/9007199254740992* (X-
3/10)* (x-2/5)-7042072460963665/9007199254740992* (x-3/10)* (x-

2/5)* (x-1/2)+8836409601714937/18014398509481984* (x-3/10)* (x-
2/5)* (x-1/2)* (x-3/5)

cury2= -0.9438
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k= 6

Newtonsform of the inter polation polynomial
p2=-3342341348510079/36028797018963968* x-
197616079492406281/180143985094819840+1227655337058675/1125899906842624* (X~
1/5)* (x-3/10)-8809354381306657/9007199254740992* (x- 1/5)* (x-

3/10)* (x-2/5)+8836409601714961/18014398509481984* (x-1/5)* (-
3/10)* (x-2/5)* (x-1/2)-
6755399441055745/2535301200456458802993406410752* (X-1/5)* (X-
3/10)* (x-2/5)* (x-1/2)* (x-3/5)

cury2= -0.9438

Iteration= 4

curt = 0.9000

EVALUATE NEW y1(n+1)

k= 2

Newtons form of the inter polation polynomial
p1=6077882871116695/9007199254740992* x+12104293790969151/18014398509481984
curyl= 12792

k= 3

Newtonsform of the inter polation polynomial
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p1=3798210898727491/4503599627370496* x+12472924117619437/22517998136852480-

949086828961429/1125899906842624* (x-3/5)* (x-7/10)

curyl= 12624

k= 4

Newtons form of the inter polation polynomial
p1=4648549995135151/4503599627370496* x+3968762731358583/9007199254740992-
4251695482038301/4503599627370496* (x-1/2)* (x-
3/5)+6071308882567799/18014398509481984* (x-1/2)* (x-3/5)* (x-7/10)
curyl= 12644

k= 5

Newtonsform of the inter polation polynomial
p1=2822101737686233/2251799813685248* x+14865546255606341/45035996273704960-
311141712574161/281474976710656* (x-2/5)* (x-
1/2)+2421906397160917/4503599627370496* (x-2/5)* (x-1/2)* (x-3/5)-
1130098970648709/2251799813685248* (x-2/5)* (x-1/2)* (x-3/5)* (x-7/10)
curyl= 12632

k= 6

Newtons form of the inter polation polynomial
p1=6839416090030577/4503599627370496* x+10084695796973899/45035996273704960-
1494015768322639/1125899906842624* (x-3/10)* (x-

2/5)+1662992786839967/2251799813685248* (X-3/10)* (X-2/5)* (x-1/2)-
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2260197941297543/4503599627370496* (x-3/10)* (X-2/5)* (X-1/2)* (X-

3/5)+125/2251799813685248* (x-3/10)* (x-2/5)* (x-1/2)* (x-3/5)* (x-7/10)

curyl= 1.2632

EVALUATE NEW y2(n+1)

k= 2

Newtons form of the inter polation polynomial
p2=1190103470690919/2251799813685248* x-
30773244236295953/22517998136852480
cury2 = -0.8909

k= 3

Newtons form of theinter polation polynomial
p2=4274188903659921/9007199254740992* x-
59844701045728763/45035996273704960+1215562447759387/4503599627370496* (X-
3/5)* (x-7/10)

cury2= -0.8855

k= 4

Newtons form of the inter polation polynomial
p2=3577513407339501/9007199254740992* x-

23101869822707001/18014398509481984+3483377481602101/9007199254740992* (X-
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1/2)* (x-3/5)-876877155069439/2251799813685248* (x-1/2)* (X-3/5)* (x-

7/10)

cury2 = -0.8879

k= 5

Newtons form of the inter polation polynomial
p2=5128700957163681/18014398509481984* X-
55221767234873351/45035996273704960+316613415236769/562949953421312* (-

2/5)* (x-1/2)-2637395270310339/4503599627370496* (X-2/5)* (x-1/2)* (x-
3/5)+4418204800857305/9007199254740992* (x-2/5)* (X-1/2)* (x-3/5)* (x-
7/10)

cury2= -0.8867

k= 6

Newtons form of theinterpolation polynomial
p2=4514652808665441/36028797018963968* X-
418303141456339123/360287970189639680+7178436382077403/9007199254740992* (X-
3/10)* (x-2/5)-7042072460963665/9007199254740992* (x-3/10)* (x-

2/5)* (x-1/2)+8836409601714937/18014398509481984* (x-3/10)* (-

2/5)* (x-1/2)* (x-3/5)-327/9007199254740992* (x-3/10)* (x-2/5)* (X-1/2)* (x-
3/5)* (x-7/10)

cury2 = -0.8867
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Iteration= 5

curt= 1

EVALUATE NEW y1(n+1)

k= 2

Newtonsform of the inter polation polynomial
p1=4741483211255461/9007199254740992* x+4450791639608477/5629499534213120
curyl= 13170

k= 3

Newtonsform of the inter polation polynomial
p1=6077882871116695/9007199254740992* x+12104293790969151/18014398509481984-
835249787413271/1125899906842624* (x-7/10)* (x-4/5)

curyl= 13022

k= 4

Newtonsform of the inter polation polynomial
p1=3798210898727491/4503599627370496* x+12472924117619437/22517998136852480-
949086828961429/1125899906842624* (x-3/5)* (x-
7/10)+3035654441284213/9007199254740992* (X-3/5)* (x-7/10)* (x-4/5)
curyl= 13042

k= 5

Newtonsform of the inter polation polynomial
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p1=4648549995135151/4503599627370496* x+3968762731358583/9007199254740992-

4251695482038301/4503599627370496* (x-1/2)* (x-
3/5)+6071308882567799/18014398509481984* (x-1/2)* (x-3/5)* (-
7/10)+3135/36028797018963968* (X-1/2)* (x-3/5)* (x-7/10)* (x-4/5)
curyl= 13042

k= 6

Newtons form of the inter polation polynomial
p1=2822101737686233/2251799813685248* x+14865546255606341/45035996273704960-
311141712574161/281474976710656* (x-2/5)* (x-
1/2)+2421906397160917/4503599627370496* (X-2/5)* (x-1/2)* (x-3/5)-
1130098970648709/2251799813685248* (x-2/5)* (X-1/2)* (x-3/5)* (x-
7/10)+1130098970648905/1125899906842624* (X-2/5)* (X-1/2)* (X-
3/5)* (x-7/10)* (x-4/5)

curyl= 13054

EVALUATE NEW y2(n+1)

k= 2

Newtons form of theinter polation polynomial
p2=5036188344650771/9007199254740992* x-
15662396580035071/11258999068426240

cury2= -0.8320
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k= 3

Newtonsform of the inter polation polynomial
p2=1190103470690919/2251799813685248* x-
30773244236295953/22517998136852480+2757744618870949/18014398509481984* (-
7/10)* (x-4/5)

cury2 = -0.8289

k= 4

Newtons form of the inter polation polynomial
p2=4274188903659921/9007199254740992* x-
59844701045728763/45035996273704960+1215562447759387/4503599627370496* (X-
3/5)* (x-7/10)-7015017240555329/18014398509481984* (x-3/5)* (-
7/10)* (x-4/5)

cury2= -0.8312

k= 5

Newtonsform of the inter polation polynomial
p2=3577513407339501/9007199254740992* x-
23101869822707001/18014398509481984+3483377481602101/9007199254740992* (X~
1/2)* (x-3/5)-876877155069439/2251799813685248* (x-1/2)* (X-3/5)* (x-
7/10)+915/36028797018963968* (x-1/2)* (x-3/5)* (x-7/10)* (x-4/5)
cury2= -0.8312

k= 6
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Newtonsform of the inter polation polynomial

p2=5128700957163681/18014398509481984* x-
55221767234873351/45035996273704960+316613415236769/562949953421 31 2* (X-

2/5)* (x-1/2)-2637395270310339/4503599627370496* (X-2/5)* (X-1/2)* (X-
3/5)+4418204800857305/9007199254740992* (x-2/5)* (X-1/2)* (X-3/5)* (x-
7/10)-1104551200214269/1125899906842624* (x-2/5)* (X-1/2)* (X-3/5)* (X-
7/10)* (x-4/5)

cury2= -0.8324



112
FOURTH DIVISION : NUMERICAL RESULTS WITH EXACT

SOLUTION

>> table

table=

0 0 0 -1.0000 -1.0000

0.1000 0.2720 0.2720 -1.0771 -1.077/0

0.2000 0.4955 0.4955 -1.1156 -1.1155

0.3000 0.6795 0.6795 -1.1248 -1.1248

0.4000 0.8314 0.8314 -1.1123 -1.1123

0.5000 0.9567 0.9567 -1.0838 -1.0838

0.6000 1.0599 1.0599 -1.0440 -1.0441

0.7000 1.1442 1.1443 -0.9966 -0.9966

0.8000 1.2122 1.2117 -0.9442 -0.9438

0.9000 1.2659 1.2644 -0.8891 -0.8879

1.0000 1.3066 1.3054 -0.8330 -0.8324
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Execution for example (2)

Power series execution:

tabcoef =

0 0 0OOO O O O0OOTO

0 0 0OOO OO O0OOTO

power = 2

f=

[ 2*el*x-x* (1+2* €2* X)-x+e1* X" 2+(-1-X)* (x+e2* x" 2)]
[ X+e2*x" 2-sin(x)]

ans=

2% e1* X-3* X-3* €2* X\ 2+e1* X 2-x" 2-e2* X" 3
ans=

X+e2*x" 2-sin(x)

here are analytic manipulations for determinig vector e by
consisting linear system and solveit or input e directly from key board

power = 2

Add new vector e:

Choice of addition method:
1. From keyboard

2. Input system and solveit :
Choose 1 or 2 please

1

coeffecient : 1.5

newcoef = 1.5000
coeffecient :0
newcoef = 1.5000 0

esvl =1-x+3/2*x"2
esv2 =x

f=
[ 2% X3 1% XA 2-x* (1+3* €2% X 2) +3/2% XA 2+1* XA 3+(-1-X)* (x+€2* X 3)]

[ X+€2*x" 3-sin(x)]
ans=

3*el* xN 2-4* €2* XN 3+ 1/2* X 2+el* X 3-e2* x4
ans=

X+e2*x" 3-sin(x)
ans=

here are analytic manipulationsfor determinig vector e by
consisting linear system and solveit or input e directly from key board

power = 3
Add new vector e:

Choice of addition method:
1. From keyboard
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2. Input system and solveit :
Choose 1 or 2 please
1
coeffecient :-1/6

newcoef =
-0.1667 0

coeffecient :-1/6

newcoef =

-0.1667 -0.1667

esvl =1-x+3/2*x"2-1/6*x" 3
esv2 =x-1/6*x"3

f=
[ 2% XXM 2+4% 1% XA 3 (1-1/2% XM 2+4% €2% X 3)-1/6% X 3% X A+(-1-X)* (X-1/6¥ X 3+€2* XA 4)]

[ X-1/6* X 3+62* X" 4-sin(X)]
ans=

4% 1% XN 3+1/2% X" 3-5% €2* XA A+e1* X 4+1/6* XM 4-62* X5

ans =

X-1/6* x 3+e2* x" 4-sin(X)
here are analytic manipulationsfor determinig vector e by
consisting linear system and solveit or input edirectly from key board
ans=
power =
4

Add new vector e:

Choice of addition method:
1. From keyboard

2. Input system and solveit :
Choose 1 or 2 please

1

coeffecient :-1/8

newcoef =
-0.1250 -0.1667

coeffecient :0

newcoef =
-0.1250 0
esvl =1-x+3/2*x" 2-1/6* x" 3-1/8* x4
esv2 =x-1/6*x"3
f=
[ 2% x+x"2-2/3* X 3+5* e1* X" 4-x* (1-1/2* X 2+5* @2* X 4)-1/8* X 4+e1* X 5+(- 1-X)* (-
1/6* x" 3+e2*x" 5)]
X-1/6* x 3+e2* x 5-sin(x)]
ans=
5*e1*x" 4-6% €2* x"5+1/24* X" 4+e1* X" 5-e2* X" 6
ans=
X-1/6* x" 3+e2* x 5-sin(x)

her e are analytic manipulationsfor deter mining vector e by
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consisting linear system and solveit or input e directly from key board

ans=
power = 5

Add new vector e:

Choice of addition method:
1. From keyboard

2. Input system and solveit :
Choose 1 or 2 please

1

coeffecient :-1/120

newcoef =
-0.0083 0

coeffecient :1/120

newcoef =
-0.0083 0.0083

esvl=

1-x+3/2* x" 2-1/6* x" 3-1/8*x" 4-1/120* X" 5

esv2 =
X-1/6%x"3+1/120* x5
f=

[ 2% X+x1 2-2/3* X" 3-1/6* X" 4+6* e1* X" 5-x* (1- 1/ 2* X" 2+ 1/24* X 4+6* 2* X 5)-1/120* X 5+e1* X 6+(-1-
X)* (X-1/6* X 3+1/120* X" 5+€2* X" 6)]

[

ans =

X-1/6* X 3+1/120* X\ 5+€2* X" 6-sin(x)]

6* el* x"5-7/120* x" 5-7* €2* x 6+e1* x" 6-1/120* X" 6-e2* X" 7

ans=

X-1/6* X" 3+1/120* X" 5+e2* X 6-sin(x)

here are analytic manipulationsfor determining vector e by
consisting linear system and solveit or input e directly from key board

ans=
power = 6

Add new vector e:
Choice of addition method:
1. From keyboard
2. Input system and solveit :
Choose 1 or 2 please
1
coeffecient :1/120
newcoef =

0.0083 0.0083
coeffecient :0

newcoef =

0.0083 0
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esvl =
1-x+3/2* x" 2-1/6* x 3-1/8* x" 4-1/120* x5+ 1/120* X 6
esv2 =
X-1/6* x"3+1/120* x5
tabcoef =

1.0000 -1.0000 1.5000 -0.1667 -0.1250 -0.0083 0.0083 0
0 1.0000 0 -0.1667 0 0.0083 0 0 0

Thisis Pade Approximation.
m-+n must equal 6
Input m and n on separatelines.
order of numerator 3
order of denominator 3
AA =

1 0 00 0 0O
AA =

1 -1 0 0 0 0O
AA =

1.0000 -1.0000 1.5000 0 0 0 0

AA =

1.0000 -1.0000 1.5000 -0.1667 0 0 0

AA =

1.0000 -1.0000 1.5000 -0.1667 -0.1250 0 0

AA =

1.0000 -1.0000 1.5000 -0.1667 -0.1250 -0.0083 0

AA =
1.0000 -1.0000 1.5000 -0.1667 -0.1250 -0.0083 0.0083
PADE RATIONAL APPROXIMATION
Denominator Coefficients Q(0), ..., Q(M)
1.00000000 -0.12658960 0.07121387 0.00291908
Numerator Coefficients P(0), ..., P(N)
1.00000000 -1.12658960 1.69780347 -0.42484586

ans =
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102 111 114 109 97 116

pl=
1-1949/1730* x+7343/4325* x" 2-7653342580632429/18014398509481984* x" 3

ql=

1-219/1730* x+308/4325* x\ 2
Thisis Pade Approximation.
m-+n must equal 6

Input m and n on separatelines.
order of numerator 5

order of denominator 1

AA =

0 0 000 OO

AA =

0 1 0 0 0 0 O

AA =

01 0 0 0 0 O

AA =

0 1.0000 0 -0.1667 0 0 0

0 1.0000 0 -0.1667 0 0 0

AA =

0 1.0000 0 -0.1667 0 0.0083 0

0 1.0000 0 -0.1667 0 0.0083 0
PADE RATIONAL APPROXIMATION

Denominator Coefficients Q(0), ..., Q(M)

1.00000000 0.00000000
Numer ator Coefficients P(0), ..., P(N)

0.00000000 1.00000000 0.00000000 -0.16666667 0.00000000 0.00833333
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ans=

102 111 114 109 97 116

p2=

X-1/6*x" 3+1/120* x5

qz2=
1
ans=

X exactl padel exact2 pade2

tabl =

0 1.0000 1.0000 0 0
0.1000 0.9148 0.9148 0.0998 0.0998
0.2000 0.8585 0.8585 0.1987 0.1987
0.3000 0.8295 0.8295 0.2955 0.2955
0.4000 0.8261 0.8262 0.3894 0.3894
0.5000 0.8462 0.8466 0.4794 0.4794
0.6000 0.8876 0.8882 0.5646 0.5646
0.7000 0.9475 0.9485 0.6442 0.6442
0.8000 1.0232 1.0249 0.7174 0.7174
0.9000 1.1116 1.1143 0.7833 0.7834
1.0000 1.2094 1.2136 0.8415 0.8417

FIRST DIVISION : INPUT THE SYSTEM, INITIAL CONDITIONSAND STEP SIZE h

Thisisthe Runge-Kutta Method for Systems of m equations
Thisprogram usesthefile F.m. If the number of equations
exceeds 7, then F.m must be changed.

Input the number of equations

2

Input the function F_(1) intermsof tand y1 ... y2

For example: y1-t"2+1

"t* cos(t)-y1+(1+t)*sin(t)'

Input thefunction F_(2) intermsof tand y1 ... y2

For example: y1-t"2+1

‘cos(t)'

Input left and right endpoints on separ ate lines.

0

1

Input theinitial condition alpha(1)

1

Input theinitial condition alpha(2)

0

Input a positive integer for the number of subintervals
5

INPUT step sizeh: 0.1

H=
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0.1000

Choice of output method:

1. Output to screen

2. Output to text file

Please enter 1 or 2

1

RUNGE-KUTTA METHOD FOR SYSTEMS OF DIFFERENTIAL EQUATIONS

T w1 w2
0.000 1.00000000 0.00000000
0.100 0.91482098 0.09983342
0.200 0.85846501 0.19866934
0.300 0.82947481 0.29552022
0.400 0.82608801 0.38941836
0.500 0.84624412 0.47942556

SECOND DIVISION: SAVE STARTING VALUESUSING RUNGE-KUTTA FOR SYSTEM

THIRD DIVISION : MAIN LOOP ... APPLYING BDF
Iteration= 1
curt =

0.6000

EVALUATE NEW y1(n+1)
k= 2

Newtons form of the interpolation polynomial

p1 =3631001463713361/18014398509481984* x+33572695128526099/45035996273704960

curyl= 0.8664

k= 3

Newtons form of the inter polation polynomial

pl=

4880896315753601/144115188075855872* x+1210041876214677123/1441151880758558720+2650695

939489101/2251799813685248* (x-3/10)* (x-2/5)
curyl= 0.8899

k= 4
Newtons form of theinter polation polynomial

pl=
2611205132073509/9007199254740992* x+644891129690891/ 703687441 776640+ 720671597605909/56
2949953421312* (x-1/5)* (x-3/10)-3093206012460467/9007199254740992* (x-1/5)* (x-3/10)* (x-2/5)
curyl=

0.8879
k= 5

Newtons form of the interpolation polynomial
pl=

2538046994107455/4503599627370496* x+8747584231271685/9007199254740992+616222214035350
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1/4503599627370496* (x-1/10)* (x-1/5)-2645662396708193/9007199254740992* (x-1/10)* (X-1/5)* (x-
3/10)-1118859039380685/9007199254740992* (x-1/10)* (X-1/5)* (x-3/10)* (x-2/5)
curyl=
0.8876

ans=
EVALUATE NEW y2(n+1)
k= 2

Newtons form of the interpolation polynomial

p2=

63336935902559/70368744177664* x+2647176062407617/90071992547409920
cury2= 0.5694

k= 3

Newtons form of the interpolation polynomial

p2=
8457592467994097/9007199254740992* x+1245317372541439/90071992547409920-
3504646724665451/18014398509481984* (x-3/10)* (x-2/5)

cury2 =
0.5655

k= 4
Newtons form of the interpolation polynomial

p2=

8723551672228807/9007199254740992* x+223719879918653/45035996273704960-
664898010586775/4503599627370496* (X-1/5)* (x-3/10)-1408424470530585/9007199254 740992* (x-
1/5)* (x-3/10)* (x-2/5)
cury2 =

0.5646

Iteration= 2
curt =

0.7000
ans=

EVALUATE NEW y1(n+1)
k =
2
Newtons form of the inter polation polynomial
pl=
3723612505755191/9007199254740992* x+11520966277511929/18014398509481984
curyl=
0.9289
k =
3

Newtons form of the interpolation polynomial
pl=
3631001463713361/18014398509481984* x+33572695128526099/45035996273704960+477027943474
6277/4503599627370496* (x-2/5)* (x-1/2)
curyl=
0.9501
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k= 4

Newtons form of the interpolation polynomial
pl=

4880896315753601/144115188075855872* x+1210041876214677123/1441151880758558720+2650695
939489101/2251799813685248* (x-3/10)* (x-2/5)-1770374814106417/4503599627370496* (x-3/10)* (x-

2/5)*(x-1/2)
curyl= 0.9478
k= 5

Newtons form of the interpolation polynomial
pl=

2611205132073509/9007199254740992* x+644891129690891/703687441776640+720671597605909/56
2949953421312* (x-1/5)* (x-3/10)-3093206012460467/9007199254740992* (x-1/5)* (x-3/10)* (x-2/5)-
8950872315047341/72057594037927936* (x-1/5)* (x-3/10)* (x-2/5)* (x-1/2)

curyl=
0.9475
ans=
EVALUATE NEW y2(n+1)

k= 2
Newtons form of the interpolation polynomial

p2=
7672157654829177/9007199254740992* x+482202676589949/9007199254740992

cury2=0.6498

k= 3

Newtons form of the inter polation polynomial

p2=

63336935902559/70368744177664* x+2647176062407617/90071992547409920-
4349701406983751/18014398509481984* (x-2/5)* (x-1/2)

cury2=0.6450
k= 4

Newtons form of the inter polation polynomial
p2=
8457592467994097/9007199254740992* x+1245317372541439/90071992547409920-
3504646724665451/18014398509481984* (x-3/10)* (x-2/5)-
5633697882122001/36028797018963968* (x-3/10)* (x-2/5)* (x-1/2)
cury2=0.6440
k =
5
Newtons form of the interpolation polynomial
p2=

8723551672228807/9007199254740992* x+223719879918653/45035996273704960-
664898010586775/4503599627370496* (X-1/5)* (x-3/10)-1408424470530585/9007199254740992* (-
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1/5)* (x-3/10)* (x-2/5)+ 7454688836321281/316912650057057350374175801344* (X-1/5)* (x-3/10)* (X-
2/5)* (x-1/2)

cury2 =
0.6440
k= 6

Newtons form of the inter polation polynomial

p2=

4451174015888705/4503599627370496* x+4492352037005/4503599627370496-
7151854381944119/72057594037927936* (x-1/10)* (x-1/5)-
2905428156203567/18014398509481984* (x-1/10)* (X-1/5)* (x-
3/10)+442896075711985/36028797018963968* (x-1/10)* (x-1/5)* (x-3/10)* (x-2/5)-
885792151422275/36028797018963968* (X-1/10)* (X-1/5)* (x-3/10)* (x-2/5)* (x-1/2)

cury2=0.6440
Iteration= 3
curt =

0.8000

ans=
EVALUATE NEW y1(n+1)

k= 2

Newtons form of the interpolation polynomial

pl=
5392426685015791/9007199254740992* x+11897986577999011/22517998136852480

curyl= 10073

k= 3

Newtons form of the inter polation polynomial

pl=

3723612505755191/9007199254740992* x+11520966277511929/18014398509481984+4172035448151
501/4503599627370496* (x-1/2)* (x-3/5)

curyl= 10258
k= 4

Newtons form of theinter polation polynomial

pl=

3631001463713361/18014398509481984* x+33572695128526099/45035996273704960+477027943474
6277/4503599627370496* (x-2/5)* (x-1/2)-1994146621982587/4503599627370496* (x-2/5)* (X-1/2)* (x-
3/5)

curyl= 10232

ans=EVALUATE NEW y2(n+1)

k= 2

Newtons form of the inter polation polynomial
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p2=
447042627868687/562949953421312* Xx+3969440209740299/45035996273704960
cury2= 0.7234
k= 3

Newtons form of theinter polation polynomial

p2=
7672157654829177/9007199254740992* x+482202676589949/9007199254740992-
5194756089301851/18014398509481984* (x-1/2)* (x-3/5)
cury2 =
0.7177
k =
4
Newtons form of the interpolation polynomial

p2=

63336935902559/70368744177664* x+2647176062407617/90071992547409920-
4349701406983751/18014398509481984* (x-2/5)* (x-1/2)-1408424470530167/9007199254740992* (x-
2/5)* (x-1/2)* (x-3/5)

cury2= 0.7167

k= 5

Newtons form of the interpolation polynomial

p2=

8457592467994097/9007199254740992* x+1245317372541439/90071992547409920-
3504646724665451/18014398509481984* (x-3/10)* (x-2/5)-
5633697882122001/36028797018963968* (x-3/10)* (x-2/5)* (x-
1/2)+3664122499563521/39614081257132168796771975168* (x-3/10)* (x-2/5)* (x-1/2)* (x-3/5)
cury2= 0.7167

k= 6

Newtons form of the interpolation polynomial

p2=

8723551672228807/9007199254740992* x+223719879918653/45035996273704960-
664898010586775/4503599627370496* (x-1/5)* (x-3/10)-1408424470530585/9007199254740992* (-
1/5)* (x-3/10)* (x-2/5)+7454688836321281/316912650057057350374175801344* (x-1/5)* (x-3/10)* (x-
2/5)* (x-1/2)+5464572790046723/39614081257132168796771975168* (x-1/5)* (x-3/10)* (x-2/5)* (x-
1/2)*(x-3/5)

cury2= 0.7167

Iteration= 4

curt = 0.9000

EVALUATE NEW y1(n+1)

k= 2

Newtons form of the inter polation polynomial

pl=
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3410971634819237/4503599627370496* X+18792665109818631/45035996273704960
curyl= 1.0989
k= 3
Newtons form of the inter polation polynomial
pl=
5392426685015791/9007199254740992* x+11897986577999011/22517998136852480+ 7147582923113
413/9007199254740992* (x-3/5)* (x-7/10)
curyl= 11148
k= 4
Newtons form of the interpolation polynomial
pl=
3723612505755191/9007199254740992* x+11520966277511929/18014398509481984+4172035448151
501/4503599627370496* (x-1/2)* (x-3/5)-249268327747831/562949953421312* (x-1/2)* (x-3/5)* (x-7/10)

curyl= 11121

k= 5

Newtons form of the interpolation polynomial

pl=

3631001463713361/18014398509481984* x+33572695128526099/45035996273704960+477027943474
6277/4503599627370496* (X-2/5)* (x-1/2)-1994146621982587/4503599627370496* (X-2/5)* (X-1/2)* (X-
3/5)-305/9007199254740992* (x-2/5)* (X-1/2)* (x-3/5)* (x-7/10)

curyl= 11121

k= 6

Newtons form of the interpolation polynomial

p]_ =

4880896315753601/144115188075855872* x+1210041876214677123/1441151880758558720+2650695
939489101/2251799813685248* (x-3/10)* (x-2/5)-1770374814106417/4503599627370496* (X-3/10)* (x-
2/5)* (x-1/2)-4475436157523401/36028797018963968* (x-3/10)* (X-2/5)* (X-1/2)* (x-
3/5)+4475436157522181/18014398509481984* (x-3/10)* (x-2/5)* (X-1/2)* (X-3/5)* (x-7/10)

curyl= 11124

EVALUATE NEW y2(n+1)

k= 2
Newtons form of the interpolation polynomial

p2=
1658301609242201/2251799813685248* x+1446901210248989/11258999068426240

cury2= 0.7913

k= 3
Newtons form of the inter polation polynomial
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p2=
447042627868687/562949953421312* x+3969440209740299/45035996273704960-
2597378044650939/9007199254740992* (x-3/5)* (x-7/10)
cury2 =
0.7855
k= 4

Newtons form of the inter polation polynomial
p2=
7672157654829177/9007199254740992* x+482202676589949/9007199254740992-

5194756089301851/18014398509481984* (X-1/2)* (x-3/5)-
6333186975989759/1267650600228229401496703205376* (x-1/2)* (x-3/5)* (x-7/10)

cury2= 0.7855

k= 5

Newtons form of theinter polation polynomial

p2=

63336935902559/70368744177664* x+2647176062407617/90071992547409920-
4349701406983751/18014398509481984* (x-2/5)* (x-1/2)-1408424470530167/9007199254740992* (x-
2/5)* (x-1/2)* (x-3/5)+3521061176325305/9007199254740992* (x-2/5)* (x-1/2)* (x-3/5)* (x-7/10)
cury2= 0.7865

k= 6

Newtons form of theinter polation polynomial

p2=

8457592467994097/9007199254740992* x+1245317372541439/90071992547409920-
3504646724665451/18014398509481984* (x-3/10)* (x-2/5)-
5633697882122001/36028797018963968* (x-3/10)* (x-2/5)* (x-
1/2)+3664122499563521/39614081257132168796771975168* (x-3/10)* (x-2/5)* (x-1/2)* (x-
3/5)+440132647040559/562949953421312* (x-3/10)* (x-2/5)* (x-1/2)* (x-3/5)* (x-7/10)

cury2= 0.7874

Iteration= 5

curt= 1

EVALUATE NEW y1(n+1)

k= 2
Newtons form of the interpolation polynomial

pl=
4006081129811611/4503599627370496* x+7015894574939821/2251 7998136852480

curyl= 1.2011
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k= 3

Newtons form of theinter polation polynomial

pl=

3410971634819237/4503599627370496* X +18792665109818631/45035996273704960+297554 7474961
869/4503599627370496* (x-7/10)* (x-4/5)

curyl= 12143

k= 4

Newtonsform of the interpolation polynomial

pl=

5392426685015791/9007199254740992* x+11897986577999011/22517998136852480+ 7147582923113
413/9007199254740992* (x-3/5)* (x-7/10)-7976586487931165/18014398509481984* (x-3/5)* (x-

7/10)* (x-4/5)

curyl= 12117

k= 5

Newtons form of the inter polation polynomial

pl=

3723612505755191/9007199254740992* x+11520966277511929/18014398509481984+4172035448151
501/4503599627370496* (x-1/2)* (x-3/5)-249268327747831/562949953421312* (x-1/2)* (x-3/5)* (X-
7/10)-2865/36028797018963968* (x-1/2)* (x-3/5)* (x-7/10)* (x-4/5)

curyl= 12117

k= 6

Newtons form of the interpolation polynomial

pl=

3631001463713361/18014398509481984* x+33572695128526099/45035996273704960+4 77027943474
6277/4503599627370496* (x-2/5)* (x-1/2)-1994146621982587/4503599627370496* (X-2/5)* (X-1/2)* (x-
3/5)-305/9007199254740992* (x-2/5)* (x-L/2)* (x-3/5)* (x-7/10)-1645/18014398509481984* (x-2/5)* (X-
1/2)* (x-3/5)* (x-7/10)* (x-4/5)

curyl= 12117

EVALUATE NEW y2(n+1)

k= 2

Newtons form of the interpolation polynomial

p2=
6113730828038611/9007199254740992* x+7865507276716731/45035996273704960

cury2= 0.8534
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k= 3
Newtons form of theinter polation polynomial

p2=
1658301609242201/2251799813685248* x+1446901210248989/11258999068426240-
649344511162741/2251799813685248* (x-7/10)* (x-4/5)

cury2= 0.8476
k= 4
Newtons form of the interpolation polynomial

p2=
447042627868687/562949953421312* x+3969440209740299/45035996273704960-
2597378044650939/9007199254740992* (x-3/5)* (x-7/10)-
1466015503701333/1584563250285286 751870879006 72* (x-3/5)* (x-7/10)* (x-4/5)

cury2= 0.8476
k= 5
Newtons form of the interpolation polynomial

p2=

7672157654829177/9007199254740992* x+482202676589949/9007199254740992-
5194756089301851/18014398509481984* (X-1/2)* (x-3/5)-
6333186975989759/1267650600228229401496703205376* (x-1/2)* (x-3/5)* (x-7/10)-
6743671317026131/633825300114114700748351602688* (x-1/2)* (x-3/5)* (x-7/10)* (x-4/5)

cury2= 0.8476

k= 6
Newtons form of the interpolation polynomial

p2 =63336935902550/70368744177664* x+2647176062407617/90071992547409920-
4349701406983751/18014398509481984* (x-2/5)* (x-1/2)-1408424470530167/9007199254740992* (x-
2/5)* (x-1/2)* (x-3/5)+3521061176325305/9007199254740992* (x-2/5)* (x-1/2)* (x-3/5)* (x-7/10)-
3521061176325401/4503599627370496* (X-2/5)* (x-1/2)* (x-3/5)* (x-7/10)* (x-4/5)

cury2=0.8467
ans=
FOURTH DIVISION : NUMERICAL RESULTSWITH EXACT SOLUTION

>> table
table =
0 1.0000 1.0000 0 0

0.1000 0.9148 0.9148 0.0998 0.0998
0.2000 0.8585 0.8585 0.1987 0.1987
0.3000 0.8295 0.8295 0.2955 0.2955
0.4000 0.8261 0.8261 0.3894 0.3894
0.5000 0.8462 0.8462 0.4794 0.4794
0.6000 0.8876 0.8876 0.5646 0.5646
0.7000 0.9475 0.9475 0.6442 0.6440
0.8000 1.0232 1.0232 0.7174 0.7177
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0.9000 1.1116 1.1121 0.7833 0.7855
1.0000 1.2094 1.2117 0.8415 0.8467

Execution for example 3

Using power series

From initial condition, the solutions of the system can be supposed as
Vi(X) =Yy, +eX =V (X) =1+ex,
V,(X) =Y, +8,X =V, (X) =1+6,X,

Va(X) = Y5 +EX V(X)) =X,

The following are the execution for Matlab code using 8 iterationswith power series of degree 8:
Iteration 1:

By substitution vy, Vo, vz in () will get

€1-2* e2* x+3* X 2* e3+el* X-x-e2* x" 2+e3* X" 3=0,

€2-2* e3* x-1-e2* x+x" 2* €3=0,

=0, so we have the vector

vl =1

V2 =1+X

v3 =x

Iteration 2:

2* e1* X-3* X-3* €2* X\ 2+2% X/ 2+4* €3* X 3+el* X 2-e2* X\ 3+X/ 3+xM 4* €3=0

2% e2* X-3* X-3* X" 2* €3-e2* X/ 2+x" 2+e3* X" 3=0

15
e=|15
0
v1 =1+3/2*x"2

V2 =14+X+3/2%x" 2
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V3 =x

Iteration 3:

3* el* XN 2-xN 2-4* €2% XN 3+5* XN 4* e@3+el* X 3-1/2* X 3-e2* X 4+x\ 5+ €3=0
3* e2* XN\ 2-4* €3* X" 3- 1/2* X1\ 2-e2* X\ 3+x" 4* €3=0

X+€3*x" 3-sin(x)=0

ol Wik

|
[EY

v1 =1+3/2*x"2+1/3*x" 3
V2 =1+x+3/2* x" 2+1/6*x" 3
v3 =x-1/6*x"3
Iteration 4:

-5/6* X" 3+4* e1* X/ 3-5* €2* X 4+6* X 5* €3-x 4+el* X" 4-e2* X 5+x" 6* €3-1/6* X 5=0

4* €2 XN 3+1/2* XN 3-5% X" 4+ €3-62* X" 4-1/6* X" 4+X" 5+ €3=0

X-1/6* X" 3+x" 4* €3-sin(x)=0

N

.
4

-1

8
0

v1 =1+3/2* X" 2+1/3* X 3+5/24* x4

V2 =1+Xx+3/2*x" 2+1/6* x" 3-1/8*x" 4
v3 =x-1/6*x"3

Iteration 5:

-1/6* X" 4+5* e1* XN 4-6* €2* X 5+ 7* X 6* €3-1/24* X 5+el* X 5-e2* X 6+x" 7*€3=0
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v1 =1+3/2% X" 2+1/3* X 3+5/24* x 4+1/30* X" 5
V2 =1+Xx+3/2* x" 2+1/6* X" 3-1/8* x" 4+1/120* X" 5
v3 =x-1/6*x" 3+1/120*x"5
Iteration 6 :

e1*x"6-7/120* X" 5+6* el* X" 5-7*e2* XN 6+8* X\ 7*e3+. ..

+1/20* X" 6- e2* X 7+x" 8* e3+1/120* x" 7=0

6% e2* X 5-7/120* X 5-7* X" 6* €3-e2* X 6+1/120* X 6+x" 7* €3=0

-sin(x)=0

V1 =1+3/2% X" 2+1/3* X 3+5/24* X 4+1/30* x5+ 7/720* X" 6
V2 =1+x+3/2% X" 2+1/6% X/ 3-1/8* X 4+1/120* X\ 5+7/720* X" 6
v3 =x-1/6*x" 3+1/120* x" 5.

Iteration 7

7*el*x" 6-1/120* x" 6-e2* X 8+el* X 7-1/720* X 7+x" 9* €3-8* e2* X\ 7+9* x 8* €3=0

7* e2* X" 6-8* X 7* €3-1/720* X" 6-62* X 7+x" 8*€3=0

1

840
1

5040
1

| 5040 |

VI(X) =1+3/2*x" 2+1/3* x" 3+5/24* x" 4+1/30* X 5+ 7/720* X" 6+1/840* x" 7
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V2(X) =X+1+3/2* X 2+1/6* X 3-1/8* X 4+1/120* X 5+7/720* X" 6+1/5040* x 7

v3(x) =x-1/6*x" 3+1/120% x" 5+1/5040% X" 7

Iteration 8

X" 10* €3+1/630* X/ 8+el* x/ 8-9* €2* x" 8+1/5040* X/ 9-€2* X 9+8* e1* x" 7-
1/560* X~ 7+10* x" 9*e3=0

8* £2* XA 7-1/560% X 7-0% XA 8* £3-62* X 8+1/5040* X" 8+X" 9% €3=0

1

4480
1
4480
-1
5040 |

V1(X)=1+3/2% X" 2+1/3* X 3+5/24* X" 4+1/30* X 5+7/720* x™ 6+ 1/840* X 7+1/4480* x" 8

V2(X) =X+1+3/2* X 2+1/6* X 3-1/8* x4+ 1/120* X" 5+7/720* X" 6+1/5040* X 7+1/4480* x" 8

v3(X) =x-1/6* x" 3+1/120* x" 5+1/5040* x" 7-1/5040* x" 8

Thisis Pade Approximation.
m-+n must equal 8

Input m and n on separatelines.
order of numerator 4

order of denominator 4

AA =

10 0 0 00 0 0O

AA =

10 0 0 0 00 0O

AA =

1.0000 0 1.5000 0 0 0 0 0 0
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AA =

1.0000 0 15000 0.3333 0 0 0 0 0

AA =

1.0000 0 15000 0.3333 0.2083 0 0 0 0

AA =

1.0000 0 15000 0.3333 0.2083 0.0333 0 0 0

AA =

1.0000 0 15000 0.3333 0.2083 0.0333 0.0097 0 0

AA =

1.0000 0 15000 0.3333 0.2083 0.0333 0.0097 0.0012 0

AA =
1.0000 0 15000 0.3333 0.2083 0.0333 0.0097 0.0012 0.0002

PADE RATIONAL APPROXIMATION
Denominator Coefficients Q(0), ..., Q(M)

1.00000000 -0.14578018 -0.03674512 0.00619061 0.00048588
Numerator Coefficients P(0), ..., P(N)

1.00000000 -0.14578018 1.46325488 0.12085367 0.10510814
pl=
1-

5252284416630351/36028797018963968* x+6589914150013469/4503599627370496* X" 2+8708424934
678601/72057594037927936* x" 3+3786919947090701/36028797018963968* x 4

q1=

1-5252284416630351/36028797018963968* X-
2647764656676393/72057594037927936* X" 2+1784320687708035/288230376151711744* x" 3

Thisis Pade Approximation.
m-+n must equal 8

Input m and n on separatelines.
order of numerator 4

order of denominator 4

AA =

10 0 0 0 0 0 0O
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AA =

110 0 0 0 0 0 O

AA =

1.0000 1.0000 1.5000 0 0 0 0 0 0

AA =

1.0000 1.0000 1.5000 0.1667 0 0 0 0 0

AA =

1.0000 1.0000 1.5000 0.1667 -0.1250 0 0 0 0

1.0000 1.0000 1.5000 0.1667 -0.1250 0.0083 0 0 0

AA =

1.0000 1.0000 1.5000 0.1667 -0.1250 0.0083 0.0097 0 0

AA =

1.0000 1.0000 1.5000 0.1667 -0.1250 0.0083 0.0097 0.0002 0

AA =
1.0000 1.0000 1.5000 0.1667 -0.1250 0.0083 0.0097 0.0002 0.0002
PADE RATIONAL APPROXIMATION
Denominator Coefficients Q(0), ..., Q(M)
1.00000000 -0.37109032 -0.02188273 -0.03227693 -0.00265710
Numerator Coefficients P(0), ..., P(N)
1.00000000 0.62890968 1.10702695 -0.44412848 -0.25460652

ans =

102 111 114 109 97 116

p2=

1+2832357386366157/4503599627370496* x+1246401537090769/1125899906842624* X" 2-
2000176856153425/4503599627370496* x" 3-1146645815766603/4503599627370496* X" 4
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az2=

1-6684968964017357/18014398509481984* x-6307267308053071/288230376151711744* X" 2-
4651596187317417/144115188075855872* x 3

Thisis Pade Approximation.
m-+n must equal 8

Input m and n on separ ate lines.
order of numerator 4

order of denominator 4

AA =

0 0 0O 00O O O O0@O

AA =

01 0 0 0 0O 0O 0 O

AA =

01 0 0O 0OO O OO

AA =

0 1.0000 0 -0.1667 0 0 0 0 0

AA =

0 1.0000 0 -0.1667 0 0 0 0 0

0 1.0000 0 -0.1667 0 0.0083 0 0 0

0 1.0000 0 -0.1667 0 0.0083 0 0 0

0 1.0000 0 -0.1667 0 0.0083 0 0.0002 0

0 1.0000 0 -0.1667 0 0.0083 0 0.0002 -0.0002
PADE RATIONAL APPROXIMATION

Denominator Coefficients Q(0), ..., Q(M)
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1.00000000 0.32258065 0.08163265 0.01612903 0.00527211
Numerator Coefficients P(0), ..., P(N)
0.00000000 1.00000000 0.32258065 -0.08503401 -0.03763441
ans=

102 111 114 109 97 116

p3=

X+10/31* x" 2-25/294* X 3-7/186* x4

a3=

1+10/31* x+4/49* X 2+1/62* X" 3

ans =

X exactl vl(x) padel exact2 v2(x) pade2 exact3 v3(x) pade3

tabl =

0 1.0000 1.0000 1.0000 1.0000 0 0
0.1000 1.0154 1.0154 1.1152 1.1152 0.0998 0.0998
0.2000 1.0630 1.0630 1.2611 1.2611 0.1987 0.1987
0.3000 1.1458 1.1458 1.4385 1.4385 0.2955 0.2955
04000 1.2670 1.2671 16476 1.6475 0.3894 0.3895
0.5000 1.4309 1.4309 1.8884 1.8880 0.4794 0.4796
0.6000 1.6421 1.6422 21609 21599 0.5646 0.5650
0.7000 1.9062 1.9065 24647 24626 0.6442 0.6449
0.8000 2.2298 22303 27994 27951 0.7174 0.7186
0.9000 2.6202 2.6212 3.1646 3.1562 0.7833 0.7854
1.0000 3.0862 3.0879 3.5598 3.5445 0.8415 0.8448

Using BDF

FIRST DIVISION : INPUT THE SYSTEM, INITIAL CONDITIONSAND STEP SIZE h

Thisisthe Runge-Kutta Method for Systems of m equations
Thisprogram usesthefile F.m. If the number of equations
exceeds 7, then F.m must be changed.

Input the number of equations

3
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Input the function F_(1) intermsof tand y1 ... y3

For example: y1-t"2+1

"(2¢t+1)*y2-y1-(2*tA 2+t)*sin(t)’

Input the function F_(2) intermsof tand y1 ... y3
For example: y1-t"2+1

'y2+t* cos(t)-(t-1)*sin(t)'

Input the function F_(3) intermsof tand y1 ... y3
For example: y1-t"2+1

'cos(t)'

Input left and right endpoints on separ ate lines.

0

1

Input theinitial condition alpha(1)

1

Input theinitial condition alpha(2)

1

Input theinitial condition alpha(3)

0

Input a positive integer for the number of subintervals
5

INPUT step sizeh : 0.1

0.1000

Choice of output method:
1. Output to screen
2. Output to text file

Please enter 1 or 2
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1

RUNGE-KUTTA METHOD FOR SYSTEMS OF DIFFERENTIAL EQUATIONS

T W1 W2 w3
0.000 1.00000000 1.00000000 0.00000000
0.100 1.01535526 1.11515403 0.09983342
0.200 1.06301272 1.26113613 0.19866934
0.300 1.14577786 1.43851406 0.29552022
0.400 1.26705240 1.64759087 0.38941836
0.500 1.43089416 1.88843246 0.47942556
SECOND DIVISION: SAVE STARTING VALUESUSING RUNGE-KUTTA FOR SYSTEM
ys3 = 0

0.0998

0.1987

0.2955

0.38%4

0.4794
THIRD DIVISION : MAIN LOOP ... APPLYING BDF
Iteration= 1
curt = 0.6000
EVALUATE NEW y1(n+1)
k= 2
Newtons form of the inter polation polynomial
curyl= 15947
k= 3
Newtons form of the interpolation polynomial
curyl= 16373
k= 4
Newtons form of the inter polation polynomial

curyl= 1.6414
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k= 5

Newtons form of the interpolation polynomial
curyl= 16420

EVALUATE NEW y2(n+1)

k= 2

Newtons form of the interpolation polynomial
cury2= 21293

k= 3

Newtons form of the interpolation polynomial
cury2= 2.1610

k= 4

Newtons form of the inter polation polynomial
cury2= 21611

k= 5

Newtons form of the interpolation polynomial
cury2= 21609

EVALUATE NEW y3(n+1)

k= 2

Newtons form of the interpolation polynomial
cury3= 0.5694

k= 3

Newtons form of the inter polation polynomial
cury3=0.5655

k= 4

Newtons form of the interpolation polynomial
cury3= 0.5646

Iteration= 2

curt = 0.7000

EVALUATE NEW y1(n+1)

k= 2



Newtons form of the interpolation polynomial
curyl= 18531

k= 3

Newtons form of the inter polation polynomial
curyl= 19004

k= 4

Newtons form of the interpolation polynomial
curyl= 19051

k= 5

Newtons form of the inter polation polynomial
curyl= 19058

k= 6

Newtons form of the interpolation polynomial
curyl= 19058

EVALUATE NEW y2(n+1)

k= 2

Newtons form of the inter polation polynomial
cury2= 24333

k= 3

Newtons form of the interpolation polynomial
cury2= 24649

k= 4

Newtons form of the inter polation polynomial
cury2= 2.4647

EVALUATE NEW y3(n+1)

k= 2

Newtons form of the interpolation polynomial
cury3= 0.6498

k= 3

Newtons form of the inter polation polynomial

139



cury3=0.6450

k= 4

Newtons form of theinter polation polynomial
cury3= 0.6440

k= 5

Newtons form of the interpolation polynomial
cury3= 0.6440

k= 6

Newtons form of the interpolation polynomial
cury3= 0.6440

Iteration= 3

curt = 0.8000

EVALUATE NEW y1(n+1)

k= 2

Newtons form of the interpolation polynomial
curyl= 21696

k= 3

Newtons form of the inter polation polynomial
curyl= 22222

k= 4

Newtons form of the interpolation polynomial
curyl= 22276

k= 5

Newtons form of the inter polation polynomial
curyl= 22282

k= 6

Newtons form of the interpolation polynomial
curyl= 22282

EVALUATE NEW y2(n+1)

k= 2
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Newtons form of the interpolation polynomial
cury2= 27686

k= 3

Newtons form of the inter polation polynomial
cury2= 2.8000

k= 4

Newtons form of the interpolation polynomial
cury2= 27998

k= 5

Newtons form of the inter polation polynomial
cury2= 27998

k= 6

Newtons form of the interpolation polynomial
cury2= 28001

EVALUATE NEW y3(n+1)

k= 2

Newtons form of the inter polation polynomial
cury3= 0.7234

k= 3

Newtons form of the interpolation polynomial
cury3= 0.7177

k= 4

Newtons form of the inter polation polynomial
cury3= 0.7167

k= 5

Newtons form of the interpolation polynomial
cury3= 0.7167

k= 6

Newtons form of the inter polation polynomial

cury3= 0.7167
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Iteration= 4

curt = 0.9000

EVALUATE NEW y1(n+1)

k= 2

Newtons form of the inter polation polynomial
curyl= 25507

k= 3

Newtons form of the interpolation polynomial
curyl= 26094

k= 4

Newtons form of the inter polation polynomial
curyl= 26154

k= 5

Newtons form of the interpolation polynomial
curyl= 26161

k= 6

Newtons form of the inter polation polynomial
curyl= 26161

EVALUATE NEW y2(n+1)

k= 2

Newtons form of the interpolation polynomial
cury2=3.1349

k= 3

Newtons form of the inter polation polynomial
cury2=3.1662

k= 4

Newtons form of the interpolation polynomial
cury2=3.1660

k= 5

Newtons form of the inter polation polynomial
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cury2=3.1660

k= 6

Newtons form of theinter polation polynomial
cury2= 3.1660

EVALUATE NEW y3(n+1)

k= 2

Newtons form of the interpolation polynomial
cury3= 0.7913

k= 3

Newtons form of the inter polation polynomial
cury3=0.7855

k= 4

Newtons form of the interpolation polynomial
cury3= 0.7855

k= 5

Newtons form of the inter polation polynomial
cury3=0.7865

k= 6

Newtons form of the interpolation polynomial
cury3= 0.7874

Iteration= 5

curt= 1

EVALUATE NEW y1(n+1)

k= 2

Newtons form of the interpolation polynomial
curyl= 3.0039

k= 3

Newtons form of the interpolation polynomial
curyl= 3.0692

k= 4



Newtons form of the interpolation polynomial
curyl= 3.0759

k= 5

Newtons form of the inter polation polynomial
curyl= 3.0766

k= 6

Newtons form of the interpolation polynomial
curyl= 3.0766

EVALUATE NEW y2(n+1)

k= 2

Newtons form of the inter polation polynomial
cury2= 35322

k= 3

Newtons form of the interpolation polynomial
cury2= 35633

k= 4

Newtons form of the inter polation polynomial
cury2=3.5631

k= 5

Newtons form of the interpolation polynomial
cury2= 35631

k= 6

Newtons form of the inter polation polynomial
cury2=3.5631

EVALUATE NEW y3(n+1)

k= 2

Newtons form of the interpolation polynomial
cury3= 0.8534

k= 3

Newtons form of the inter polation polynomial

144



145
cury3= 0.8476

k= 4
Newtons form of theinter polation polynomial
cury3= 0.8476
k= 5
Newtons form of the interpolation polynomial
cury3= 0.8476
k= 6
Newtons form of the interpolation polynomial
cury3= 0.8467
FOURTH DIVISION : NUMERICAL RESULTSWITH EXACT SOLUTION
>> table
table=

0 1.0000 1.0000 1.0000 1.0000 0 0
0.1000 1.0154 1.0154 11152 1.1152 0.0998 0.0998
0.2000 1.0630 1.0630 1.2611 1.2611 0.1987 0.1987
0.3000 1.1458 1.1458 1.4385 1.4385 0.2955 0.2955
04000 1.2670 1.2671 16476 1.6476 0.3894 0.389%4
0.5000 14309 1.4309 1.8884 1.8884 0.4794 0.47%4
0.6000 1.6421 1.6420 2.1609 2.1609 0.5646 0.5646
0.7000 1.9062 1.9058 2.4647 2.4647 0.6442 0.6440
0.8000 2.2208 22282 2.7994 2.7998 0.7174 0.7177
0.9000 2.6202 26161 3.1646 3.1660 0.7833 0.7855

1.0000 3.0862 3.0766 3.5598 3.5631 0.8415 0.8467
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Execution for example 4

Using Power series

tabcoef =
0 0 0OOO O O O0OOTO
0 00O OO O O0OTOTPO
vl=
1+2*x+el*x"2
V2=
-1-x+e2*x" 2
power = 2
f =[ 1+2* x+el* X 2+x* (-1-x+e2* X 2)-exp(X)]
[ 2*el*x+x*(-1+2* e2* X)-2* x+2* e2* X 2]
ans = 1+x+el*x" 2-x" 2+e2* x" 3-exp(x)
ans =2*el*x-3*x+4* e2*x" 2
here are analytic manipulations for deter minig vector e by
consisting linear system and solveit or input edirectly from key board
power = 2
Add new vector e:
Choice of addition method:
1. From keyboard
2. Input system and solveit :
Choose 1 or 2 please
1
coeffecient :1
newcoef =
1

coeffecient :-1/4

newcoef = 1.0000e+000 -2.5000e-001
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esvl =1+2*X+x"2

esv2 =-1-x-1/4*x"2

f = 1+2% x+x" 24+el* X" 3+x* (-1-X-1/4* X" 2+e2* X" 3)-exp(X)]
[ 3*el*x/ 2+x* (-1-1/2* x+3* e2* X/ 2)- 1/ 2* X 2+2* €2* X 3]

ans=
1+x+el* x" 3-1/4* x 3+e2* x" 4-exp(X)

ans=

J*el*xN 2-X-x"2+5*e2*x" 3
here are analytic manipulationsfor deter minig vector e by
consisting linear system and solveit or input e directly from key board
power = 3
Add new vector e:
Choice of addition method:

1. From keyboard

2. Input system and solveit :

Choose 1 or 2 please

1

coeffecient :1/4

newcoef =

2.5000e-001 -2.5000e-001
coeffecient :-1/20
newcoef =
2.5000e-001 -5.0000e-002

esvl =1+2* x+x" 2+1/4*x" 3

esv2 =-1-x-1/4*x"2-1/20*x" 3

f=

[ LH2F X+ 241/ 4% XM 3+el* XM A+x* (- 1-X-1/4* XM 2-1/20* X" 3+e2* x 4)-exp(X)]
[ a*x"2+4* e1* x" 3+x* (-1-1/2% x-3/20% X 2+4* e2* X/ 3)-1/10* x" 3+2* e2* x" 4]
ans

1+x+el* xN4-1/20* x" 4+e2* X 5-exp(X)
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ans=
-UA* XN 2+ 4% e1* X/ 3-X-1/4* XN 3+6* e2* x4
here are analytic manipulationsfor deter minig vector e by
consisting linear system and solveit or input e directly from key board
ans=
power =
4

Add new vector e:
Choice of addition method:
1. From keyboard
2. Input system and solveit :
Choose 1 or 2 please

1
coeffecient :1/20
newcoef =

5.0000e-002 -5.0000e-002
coeffecient :-1/120
newcoef =

5.0000e-002 -8.3333e-003
esvl=
1+2% X+XN 2+ 1/ 4* XN 3+ 1/20* x4
esv2 =
-1-X-1/4*x" 2-1/20* x" 3-1/120* x4
f=
[ 1+2% x+x" 2+ 1/ 4% XN 3+1/20% X" 4+e1* XN 5+x* (- 1-X-1/4* X 2-1/20* X 3-1/120* X 4+e2* X 5)-exp(X)]
[ Y4*x"2+1/10% X 3+5* e1* X 4+x* (-1-1/2* x-3/20* x 2-1/30* X 3+5* €2* x 4)-1/60* X" 4+2* €2* X 5]
ans=
1+x+el* x"5-1/120* x 5+e2* X 6-exp(X)
ans=

-1 4* XN 2-1/20* X 3+5* e1* XN 4-x-1/20% XN 4+T7* e2* X" 5
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ans=
here are analytic manipulationsfor determinig vector e by
ans=
consisting linear system and solveit or input e directly from key board
ans=
power =
5
Add new vector e:
Choice of addition method:
1. From keyboard
2. Input system and solveit :
Choose 1 or 2 please
1
coeffecient :1/120
newcoef =
8.3333e-003 -8.3333e-003
coeffecient :-1/840
newcoef =
8.3333e-003 -1.1905e-003
esvl=
1+2% X+xM 2+ 1/ 4% XM 3+1/20% XN 4+1/120* X" 5
esv2 =
-1-xX-1/4* x" 2-1/20* x" 3-1/120* X 4-1/840* X" 5
tabcoef =
Columns 1 through 8
1.0000e+000 2.0000e+000 1.0000e+000 2.5000e-001 5.0000e-002 8.3333e-003 0
-1.0000e+000 -1.0000e+000 -2.5000e-001 -5.0000e-002 -8.3333e-003 -1.1905e-003 0
Columns 9 through 10
0 0

0 0
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Thisis Pade Approximation.
m-+n must equal 5
Input m and n on separatelines.
order of numerator 3
order of denominator 2
AA =
1 0 0 0 0 O
AA =
1 2 0 0 0 O
AA =

1 2 1 0 0 O

AA =

1.0000e+000 2.0000e+000 1.0000e+000 2.5000e-001 0 0
AA =

1.0000e+000 2.0000e+000 1.0000e+000 2.5000e-001 5.0000e-002 0
AA =

1.0000e+000 2.0000e+000 1.0000e+000 2.5000e-001 5.0000e-002 8.3333e-003
PADE RATIONAL APPROXIMATION
Denominator Coefficients Q(0), ..., Q(M)
1.00000000 -0.33333333 0.03333333
Numerator Coefficients P(0), ..., P(N)
1.00000000 1.66666667 0.36666667 -0.01666667
ans=
102 111 114 109 97 116
pl=
1+5/3* x+11/30* x" 2-300239975158035/18014398509481984* x 3
ql=
1-1/3*x
Thisis Pade Approximation.

m-+n must equal 5
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Input m and n on separatelines.
order of numerator 3
order of denominator 2
AA =
-1 0 0 0 0O
AA =
-1 -1 0 0 0 O
AA =
-1.0000e+000 -1.0000e+000 -2.5000e-001 0 0 0
AA =
-1.0000e+000 -1.0000e+000 -2.5000e-001 -5.0000e-002 0 0
AA =
-1.0000e+000 -1.0000e+000 -2.5000e-001 -5.0000e-002 -8.3333e-003 0
AA =
-1.0000e+000 -1.0000e+000 -2.5000e-001 -5.0000e-002 -8.3333e-003 -1.1905e-003
PADE RATIONAL APPROXIMATION
Denominator Coefficients Q(0), ..., Q(M)
1.00000000 -0.28571429 0.02380952
Numerator Coefficients P(0), ..., P(N)
-1.00000000 -0.71428571 0.01190476 -0.00238095
ans=
102 111 114 109 97 116
p2=
-1-5/7*x+3431314001806021/288230376151711744* x" 2-
686262800361227/288230376151711744*x"3
q2=
1-2/7*x
tabl =
0 1.0000 1.0000 -1.0000 -1.0000

0.1000 1.2157 1.2107 -1.1052 -1.1028
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0.2000 1.4657 1.4441 -1.2214 -1.2116

0.3000 1.7548 1.7028 -1.3499 -1.3270
0.4000 2.0886 1.9895 -1.4918 -1.4496
0.5000 2.4731 2.3075 -1.6487 -1.5802
0.6000 2.9154 2.6605 -1.8221 -1.7196
0.7000 3.4234 3.0530 -2.0138 -1.8687
0.8000 4.0060 3.4902 -2.2255 -2.0287
0.9000 4.6732 3.9784 -2.4596 -2.2009
1.0000 5.4366 4.5250 -2.7183 -2.3867
Using BDF
ans=
Input q(t) :

‘exp(t)
yl=

1.0000 1.2078 1.4402 1.7067 2.0136 2.3671
y2=

-1.0000 -1.0259 -1.0941 -1.1893 -1.3045 -1.4367
ysl =

1.0000

1.2078

1.4402

1.7067

2.0136

2.3671
ys2 =

-1.0000

-1.0259

-1.0941

-1.1893

-1.3045
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-1.4367

tss=
Columns 1 through 10
0 0.1000 0.2000 0.3000 0.4000 0.5000 0.6000 0.7000 0.8000 0.9000
Column 11
1.0000
ans=
FIRST DIVISION : INPUT THE SYSTEM, INITIAL CONDITIONSAND STEP SIZE h
ans=
SECOND DIVISION: SAVE STARTING VALUES USING RUNGE-KUTTA FOR SYSTEM
ans=
THIRD DIVISION : MAIN LOOP ... APPLYING BDF
Iteration= 1
curt = 0.6000
EVALUATE NEW y1(n+1)
k= 2
Newtons form of the inter polation polynomial
pl =3979654517613871/1125899906842624* x+3376370441361363/5629499534213120
curyl= 27205
k= 3
Newtons form of the interpolation polynomial
pl
=3456122259882631/1125899906842624* x+8846869913647687/11258999068426240+5235322577312
401/2251799813685248* (x-3/10)* (x-2/5)
curyl= 27670
k= 4
Newtons form of the interpolation polynomial

pl=
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5999600820045893/2251799813685248* x+20431670926453479/22517998136852480+4563218498596

845/2251799813685248* (x-1/5)* (x-3/10)+4480693858103707/4503599627370496* (x-1/5)* (x-3/10)* (x-
2/5)

curyl= 27730

k= 5

Newtons form of the interpolation polynomial

pl

=2617308358466205/1125899906842624* x+4392327826536089/4503599627370496+76498410311348
29/4503599627370496* (x-1/10)* (x-1/5)+76906039898899/ 703687441 77664* (x-1/10)* (x-1/5)* (x-3/10)-

2206463477129145/9007199254740992* (x-1/10)* (x-1/5)* (x-3/10)* (x-2/5)

curyl= 27724

k= 6

Newtons form of the interpolation polynomial

p1=

4678257712760375/2251799813685248* x+2781795020860175/2251799813685248* x* (X-
1/10)+6954169964714929/4503599627370496* x* (X-1/10)* (x-1/5)-
2540229263981741/2251799813685248* x* (x-1/10)* (x-1/5)* (x-
3/10)+7954453578797819/4503599627370496* x* (x-1/10)* (x-1/5)* (x-3/10)* (x-2/5)+1
curyl= 27745

EVALUATE NEW y2(n+1)

k= 2

Newtons form of the inter polation polynomial

p2 =-5955437037279541/4503599627370496* x-8731828143170189/11258999068426240
cury2= -1.5690

k= 3

Newtons form of the interpolation polynomial

p2 =-5186692237926881/4503599627370496* x-38002291770091397/45035996273704960-
3843723996763301/4503599627370496* (x-3/10)* (x-2/5)

cury2 =
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Newtons form of the interpolation polynomial

p2 =-8578186288782497/9007199254740992* x-40695089050698293/45035996273704960-
8975990935356325/9007199254740992* (x-1/5)* (X-3/10)+2147571569716205/4503599627370496* (X-
1/5)* (x-3/10)* (x-2/5)

cury2= -1.5832

k= 5

Newtons form of the interpolation polynomial

p2 =-1536445914921655/2251799813685248* x-4312749167979417/4503599627370496-
6081006572739691/4503599627370496* (x-1/10)* (x-1/5)+5310037016871761/4503599627370496* (X-
1/10)* (x-1/5)* (x-3/10)-3953081808944445/2251799813685248* (x-1/10)* (X-1/5)* (x-3/10)* (x-2/5)
cury2= -1.5874

k= 6

Newtons form of the interpolation polynomial

p2=

-145548404491565/562949953421312* X-4771261484776975/2251799813685248* X* (-
1/10)+5769193994690431/2251799813685248* x* (X-1/10)* (x-1/5)-
973179839454547/281474976710656* X* (X-1/10)* (x-1/5)* (x-
3/10)+3832356906691931/1125899906842624* x* (x-1/10)* (x-1/5)* (x-3/10)* (x-2/5)-1

cury2= -1.5833

Iteration= 2

curt = 0.7000

EVALUATE NEW y1(n+1)

k= 2

Newtons form of the interpolation polynomial

pl =4587641153521671/1125899906842624* x+742561540636745/2251799813685248

curyl= 3.1820

k= 3

Newtons form of the inter polation polynomial
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pl

=3979654517613871/1125899906842624* x+3376370441361363/5629499534213120+60798663590780
01/2251799813685248* (x-2/5)* (x-1/2)

curyl= 3.2360

k= 4

Newtons form of the interpolation polynomial

pl

=3456122259882631/1125899906842624* x+8846869913647687/11258999068426240+5235322577312
401/2251799813685248* (x-3/10)* (x-2/5)+5630291878437335/4503599627370496* (x-3/10)* (x-2/5)* (x-
1/2)

curyl= 3.2435

k= 5

Newtons form of the interpolation polynomial

pl=

5999600820045893/2251799813685248* x+20431670926453479/22517998136852480+4563218498596
845/2251799813685248* (x-1/5)* (x-3/10)+4480693858103707/4503599627370496* (X-1/5)* (x-3/10)* (x-
2/5)+1436997525417035/2251799813685248* (x-1/5)* (X-3/10)* (x-2/5)* (x-1/2)

curyl= 3.2450

k= 6

Newtons form of the interpolation polynomial

p1=

2617308358466205/1125899906842624* x+4392327826536089/4503599627370496+764984103113482
9/4503599627370496* (x-1/10)* (x-1/5)+76906039898899/70368744177664* (x-1/10)* (x-1/5)* (x-3/10)-
2206463477129145/9007199254740992* (x-1/10)* (x-1/5)* (X-3/10)* (-
2/5)+7954453578797285/4503599627370496* (x-1/10)* (x-1/5)* (x-3/10)* (x-2/5)* (x-1/2)

curyl= 32472

EVALUATE NEW y2(n+1)

k= 2

Newtons form of the inter polation polynomial

p2 =-3392537734639281/2251799813685248* X-3077912041268565/450359962 7370496



157
cury2= -1.7380

k= 3

Newtons form of theinter polation polynomial

p2=

-5955437037279541/4503599627370496* x-8731828143170189/11258999068426240-
2074096079997553/2251799813685248* (x-2/5)* (x-1/2)

cury2= -1.7565

k= 4

Newtons form of the interpolation polynomial

p2 =-5186692237926881/4503599627370496* x-38002291770091397/45035996273704960-
3843723996763301/4503599627370496* (x-3/10)* (x-2/5)-4059575509757401/18014398509481984* (-
3/10)* (x-2/5)* (x-1/2)

cury2= -17578

k= 5

Newtons form of the interpolation polynomial

p2=

-8578186288782497/9007199254740992* x-40695089050698293/45035996273704960-
8975990935356325/9007199254740992* (x- 1/5)* (x-3/10)+2147571569716205/4503599627370496* (X-
1/5)* (x-3/10)* (x-2/5)-988270452236111/562949953421312* (x-1/5)* (x-3/10)* (x-2/5)* (x-1/2)

cury2= -1.7620

k= 6

Newtons form of the inter polation polynomial

p2=

-1536445914921655/2251799813685248* x-4312749167979417/4503599627370496-
6081006572739691/4503599627370496* (x-1/10)* (x-1/5)+5310037016871761/4503599627370496* (x-
1/10)* (x-1/5)* (x-3/10)-3953081808944445/2251799813685248* (x-1/10)* (x-1/5)* (x-3/10)* (x-
2/5)+1/1125899906842624* (x-1/10)* (x-1/5)* (x-3/10)* (x-2/5)* (x-1/2)

cury2= -1.7620

Iteration= 3

curt = 0.8000
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EVALUATE NEW y1(n+1)

k= 2

Newtons form of theinter polation polynomial

p1=

5321189498647431/1125899906842624* x-172120591892709/2814749767106560

curyl= 3.7198

k= 3

Newtons form of the interpolation polynomial

pl=

4587641153521671/1125899906842624* x+742561540636745/2251799813685248+3667741725628801/
1125899906842624* (x-1/2)* (x-3/5)

curyl= 3.7849

k= 4

Newtons form of the inter polation polynomial

p1=

3979654517613871/1125899906842624* x+3376370441361363/5629499534213120+607986635907800
1/2251799813685248* (x-2/5)* (X-1/2)+8370780614530675/4503599627370496* (x-2/5)* (x-1/2)* (X-3/5)
curyl= 3.7961

k= 5

Newtons form of the inter polation polynomial

p1=

3456122259882631/1125899906842624* x+8846869913647687/11258999068426240+52353225773124
01/2251799813685248* (x-3/10)* (x-2/5)+5630291878437335/4503599627370496* (X-3/10)* (x-2/5)* (x-
1/2)+856402730029169/562949953421312* (X-3/10)* (X-2/5)* (x-1/2)* (x-3/5)

curyl= 3.7997

k= 6

Newtons form of the interpolation polynomial

pl=

5999600820045893/2251 799813685248 x+20431670926453479/22517998136852480+4563218498596

845/2251799813685248* (x-1/5)* (x-3/10)+4480693858103707/4503599627370496* (X-1/5)* (x-3/10)* (x-
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2/5)+1436997525417035/2251799813685248* (x-1/5)* (x-3/10)* (X-2/5)* (x-

1/2)+7954453578798565/4503599627370496* (X-1/5)* (x-3/10)* (x-2/5)* (x-1/2)* (x-3/5)
curyl= 3.8019

EVALUATE NEW y2(n+1)

k= 2

Newtons form of the interpolation polynomial

p2=

-1966338865188323/1125899906842624* x-6074360115959317/11258999068426240
cury2= -1.9367

k= 3

Newtons form of the inter polation polynomial

p2=

-3392537734639281/2251799813685248* x-3077912041268565/4503599627370496-
5401399957373651/4503599627370496* (x-1/2)* (x-3/5)

cury2 = -1.9607

k= 4

Newtons form of the inter polation polynomial

p2 =-5955437037279541/4503599627370496* X-8731828143170189/11258999068426240-

2074096079997553/2251799813685248* (x-2/5)* (x-1/2)-4177359324595151/4503599627370496* (-

2/5)* (x-1/2)* (x-3/5)
cury2 = -1.9662
k= 5

Newtons form of the inter polation polynomial

p2 =-5186692237926881/4503599627370496* x-38002291770091397/45035996273704960-

3843723996763301/4503599627370496* (x-3/10)* (x-2/5)-4059575509757401/18014398509481984* (-

3/10)* (x-2/5)* (x-1/2)-247067613059047/140737488355328* (x-3/10)* (X-2/5)* (x-1/2)* (x-3/5)

cury2= -1.9704
k= 6
Newtons form of the inter polation polynomial

p2=
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-8578186288782497/9007199254740992* x-40695089050698293/45035996273704960-

8975990935356325/9007199254740992* (x-1/5)* (x-3/10)+2147571569716205/4503599627370496* (X-
1/5)* (x-3/10)* (x-2/5)-988270452236111/562949953421312* (x-1/5)* (X-3/10)* (X-2/5)* (x-1/2)-
5418393301680129/19807040628566084398385987584* (x- 1/5)* (x-3/10)* (x-2/5)* (x-1/2)* (x-3/5)
cury2 = -1.9704

Iteration= 4

curt = 0.9000

EVALUATE NEW y1(n+1)

k= 2

Newtons form of the inter polation polynomial

pl=

6245270244768939/1125899906842624* x-7157047590421393/11258999068426240

curyl= 4.3565

k= 3

Newtons form of the inter polation polynomial

pl=

5321189498647431/1125899906842624* x-
172120591892709/2814749767106560+2310201865303769/562949953421312* (x-3/5)* (x-7/10)
curyl= 4.4386

k= 4

Newtons form of the interpolation polynomial

pl=

4587641153521671/1125899906842624* x+742561540636745/2251799813685248+3667741725628801/
1125899906842624* (x-1/2)* (x-3/5)+6351080033191579/2251799813685248* (x- 1/2)* (x-3/5)* (x-7/10)
curyl= 4.4555

k=5

Newtons form of the interpolation polynomial

pl=
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3979654517613871/1125899906842624* x+3376370441361363/5629499534213120+607986635907800

1/2251799813685248* (x-2/5)* (x-1/2)+8370780614530675/4503599627370496* (x-2/5)* (x-1/2)* (x-
3/5)+5414224314815603/2251799813685248* (x-2/5)* (x-1/2)* (X-3/5)* (X-7/10)

curyl= 4.4613

k= 6

Newtons form of the interpolation polynomial

p1=

3456122259882631/1125899906842624* x+8846869913647687/11258999068426240+52353225773124
01/2251799813685248* (x-3/10)* (x-2/5)+5630291878437335/4503599627370496* (x-3/10)* (x-2/5)* (x-
1/2)+856402730029169/562949953421312* (X-3/10)* (X-2/5)* (X-1/2)* (x-
3/5)+1988613394698927/1125899906842624* (x-3/10)* (x-2/5)* (X-1/2)* (x-3/5)* (x-7/10)

curyl= 4.4634

EVALUATE NEW y2(n+1)

k= 2

Newtons form of the interpolation polynomial

p2=

-2346506234633273/1125899906842624* x-6826377059689333/22517998136852480

cury2= -2.1789

k= 3

Newtons form of the interpolation polynomial

p2=

-1966338865188323/1125899906842624* x-6074360115959317/11258999068426240-
7603347388898997/4503599627370496* (x-3/5)* (X-7/10)

cury2= -2.2126

k= 4

Newtons form of the interpolation polynomial

p2=

-3392537734639281/2251799813685248* x-3077912041268565/4503599627370496-
5401399957373651/4503599627370496* (x-1/2)* (x-3/5)-458739048234447/281474976710656* (x-

1/2)* (x-3/5)* (x-7/10)



162
cury2= -2.2224

k= 5

Newtons form of theinter polation polynomial

p2=

-5955437037279541/4503599627370496* x-8731828143170189/11258999068426240-
2074096079997553/2251799813685248* (x-2/5)* (x-1/2)-4177359324595151/4503599627370496* (x-
2/5)* (x-1/2)* (x-3/5)-3953081808945001/2251799813685248* (x-2/5)* (x-1/2)* (x-3/5)* (x-7/10)
cury2 = -2.2266

k= 6

Newtons form of the inter polation polynomial

p2=

-5186692237926881/4503599627370496* x-38002291770091397/45035996273704960-
3843723996763301/4503599627370496* (x-3/10)* (x-2/5)-4059575509757401/18014398509481984* (x-
3/10)* (x-2/5)* (x-1/2)-247067613059047/140737488355328* (x-3/10)* (x-2/5)* (x-1/2)* (x-3/5)-
249/1125899906842624* (x-3/10)* (x-2/5)* (x-1/2)* (x-3/5)* (x-7/10)

cury2= -2.2266

Iteration= 5

curt= 1

EVALUATE NEW y1(n+1)

k= 2

Newtons form of the interpolation polynomial

pl=

7448717444400367/1125899906842624* X-16784625187472811/11258999068426240

curyl= 5.1250

k= 3

Newtons form of the interpolation polynomial

pl=

6245270244768939/1125899906842624* X-
7157047590421393/11258999068426240+3008617999078569/562949953421312* (X-7/10)* (x-4/5)

curyl= 52319



163
k= 4

Newtons form of the interpolation polynomial

p1 =5321189498647431/1125899906842624* x-
172120591892709/2814749767106560+2310201865303769/562949953421312* (x-3/5)* (x-
7/10)+2328053779249333/562949953421312* (x-3/5)* (X-7/10)* (x-4/5)

curyl= 52567

k= 5

Newtons form of the inter polation polynomial

pl=

4587641153521671/1125899906842624* x+742561540636745/2251799813685248+3667741725628801/
1125899906842624* (x-1/2)* (x-3/5)+6351080033191579/2251799813685248* (x- 1/2)* (x-3/5)* (x-
7/10)+3701418854757191/1125899906842624* (x-1/2)* (X-3/5)* (x-7/10)* (x-4/5)

curyl= 52646

k= 6

Newtons form of the interpolation polynomial

pl=

3979654517613871/1125899906842624* x+3376370441361363/5629499534213120+607986635907800
1/2251799813685248* (x-2/5)* (X-1/2)+8370780614530675/4503599627370496* (X-2/5)* (x-1/2)* (x-
3/5)+5414224314815603/2251799813685248* (x-2/5)* (x-1/2)* (x-3/5)* (X-
7/10)+1988613394698779/1125899906842624* (x-2/5)* (x-1/2)* (x-3/5)* (x-7/10)* (x-4/5)

curyl= 52667

EVALUATE NEW y2(n+1)

k= 2

Newtons form of the inter polation polynomial

p2=

-1442103978680919/562949953421312* x+1776850503967703/22517998136852480

cury2= -2.4828

k= 3

Newtons form of the inter polation polynomial

p2=
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-2346506234633273/1125899906842624* x-6826377059689333/22517998136852480-

336063576705353/140737488355328* (x-7/10)* (x-4/5)

cury2= -2.5305

k= 4

Newtons form of the inter polation polynomial

p2=

-1966338865188323/1125899906842624* x-6074360115959317/11258999068426240-
7603347388898997/4503599627370496* (x-3/5)* (x-7/10)-5251145109453831/2251799813685248* (-
3/5)* (x-7/10)* (x-4/5)

cury2 = -2.5445

k= 5

Newtons form of the inter polation polynomial

p2=

-3392537734639281/2251799813685248* x-3077912041268565/4503599627370496-
5401399957373651/4503599627370496* (x-1/2)* (x-3/5)-458739048234447/281474976710656* (x-
1/2)* (x-3/5)* (x-7/10)-7906163617891275/4503599627370496* (x-1/2)* (x-3/5)* (x-7/10)* (x-4/5)
cury2= -2.5487

k= 6

Newtons form of the interpolation polynomial

p2=

-5955437037279541/4503599627370496* x-8731828143170189/11258999068426240-
2074096079997553/2251799813685248* (x-2/5)* (x-1/2)-4177359324595151/4503599627370496* (-
2/5)* (x-1/2)* (x-3/5)-3953081808945001/2251 799813685248+ (x-2/5)* (x-1/2)* (x-3/5)* (x-7/10)-
1273/2251799813685248* (x-2/5)* (x-1/2)* (x-3/5)* (X-7/10)* (X-4/5)

cury2= -2.5487

FOURTH DIVISION : NUMERICAL RESULTSWITH EXACT SOLUTION

>> table
table=

0 1.0000 1.0000 -1.0000 -1.0000

0.1000 1.2157 1.2078 -1.1052 -1.0259
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0.2000 1.4657 1.4402 -1.2214 -1.0941

0.3000 1.7548 1.7067 -1.3499 -1.1893
0.4000 2.0886 2.0136 -1.4918 -1.3045
0.5000 2.4731 2.3671 -1.6487 -1.4367
0.6000 2.9154 27745 -1.8221 -1.5874
0.7000 3.4234 3.2472 -2.0138 -1.7620
0.8000 4.0060 3.8019 -2.2255 -1.9704
0.9000 4.6732 4.4634 -2.4596 -2.2266

1.0000 5.4366 5.2667 -2.7183 -2.5487

>>

Execution for example 5

Using Power series

tabcoef =

0 0 0OOO OO O0OOTO
0 0 0OOO OO O OTO
vl =1+el*x"2

V2 =-1-X+€2*x"2

power = 2

f=

[ 1+el*x" 2-x* (-1-x+e2* X" 2)-exp(X)]

[ 2*el*x-x* (-1+2* e2*x)]

ans=
1+el* XN 2+x+x" 2-e2* X 3-exp(X)
ans=

2*el*x+x-2*e2*x"2

ans=

here are analytic manipulations for deter minig vector e by
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ans=
consisting linear system and solveit or input e directly from key board
ans=

power = 2
Add new vector e:

Choice of addition method:

1. From keyboard

2. Input system and solveit :

Choose 1 or 2 please

1

coeffecient :-1

newcoef =

-1
coeffecient :-0.5
newcoef =
-1.0000 -0.5000

esvl =1-x"2

esv2 =-1-x-1/2*x"2

f=

[ 1-x2+el* X" 3-x* (-1-x-1/2* x 2+e2* x" 3)-exp(X)]

[ -2*X+3* el* X 2-X* (-1-x+3* e2* X 2)]

ans=

1+e1* XM 3+x+1/2% X 3-e2* X" 4-exp(X)

ans=

-X+3*el* x" 2+x" 2-3*e2* x" 3

ans=

here are analytic manipulationsfor deter minig vector e by

ans=

consisting linear system and solveit or input edirectly from key board

ans =
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power =
3
Add new vector e:
Choice of addition method:
1. From keyboard
2. Input system and solveit :
Choose 1 or 2 please
1
coeffecient :0.5
newcoef =
0.5000 -0.5000
coeffecient : 1/6
newcoef =
0.5000 0.1667
esvl=
1-x"2+1/2*x"3
esv2 =
-1-x-1/2*x" 2+1/6*x" 3
f=
[ 1-x2+1/2% x 3+e1* X" 4-x* (- 1-X-1/2% X 2+1/6% X 3+e2* X" 4)-exp(X)]
[ -2% X+3[2% X 2+4* e1* X 3-X* (-1-X+1/2* X 2+4* €2* X 3) ]
ans=
1+X1 3+€1* X" 4+x-1/6% X 4-62* X/ 5-exp(X)
ans=
-X+5/2% X 2+4* 1* X 3-1/2* X 3-4* €2* x4
ans=
here are analytic manipulationsfor deter minig vector e by
ans=
consisting linear system and solveit or input edirectly from key board

ans =
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power =
4
Add new vector e:
Choice of addition method:
1. From keyboard
2. Input system and solveit :
Choose 1 or 2 please
1
coeffecient :-1/6
newcoef =
-0.1667 0.1667
coeffecient :-1/24
newcoef =
-0.1667 -0.0417
esvl=
1-x"2+1/2*x" 3-1/6* x4
esv2 =
-1-X-1/2*x" 2+1/6* X" 3-1/24* x4
f=
[ 1-x2+1/2% X 3-1/6* XN 4+€1* X" 5-X* (-1-X-1/2* X" 2+ 1/6* X" 3-1/24* X" 4+€2* X" 5)-exp(X)]
[ -2% X+3[2% XN 2-2/3* X 3+5* 1 * XM 4-x* (- 1-X+1/2% X1 2-1/6* X" 3+5* €2* x" 4)]
ans=
1+x1 3-1/3* XM A+e1* X 5+x+1/24% X 5-62* X/ 6-exp(X)
ans=
-X+5/2% XN\ 2-7/6* X" 3+5* e1* X 4+1/6* X" 4-5* e2* x5
ans=
here are analytic manipulationsfor deter minig vector e by
ans=
consisting linear system and solveit or input edirectly from key board

ans =
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power =
5

Add new vector e:

Choice of addition method:

1. From keyboard

2. Input system and solveit :

Choose 1 or 2 please

1

coeffecient :-1/24

newcoef =

-0.0417 -0.0417
coeffecient :-1/120
newcoef =
-0.0417 -0.0083

esvl=

1-x"2+1/2* X" 3-1/6* XN 4-1/24* x5

esv2 =

-1-X-1/2% X" 2+ 1/6* X 3-1/24* X" 4-1/120* X" 5

f=

[ 1-x"2+1/2% X 3-1/6* X" 4-1/24* X" 5+e1* X 6-X* (-1-X-1/2* X" 2+ 1/6* X" 3-1/24* X" 4-
1/120* x" 5+e2* x" 6)-exp(X)]
[ -2% X+3/2% XN 2-2/3* X 3-5/24* X 4+6* e1* XN 5-x* (- 1-X+1/2* X" 2-1/6* X 3-
1/24% XN 4+6* €2+ X" 5)]

ans=

1+x7 3-1/3* XM 4+el* X" 6+Xx+1/120* X 6-62* X 7-exp(X)

ans=

-X+5/2% XN 2-7/6* X" 3-1/24* X 4+6* e1* X/ 5+1/24* x" 5-6* €2* X" 6
ans=
here are analytic manipulationsfor deter minig vector e by

ans =
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consisting linear system and solveit or input e directly from key board
ans=
power =
6
Add new vector e:
Choice of addition method:
1. From keyboard
2. Input system and solveit :
Choose 1 or 2 please
1
coeffecient :1/120
newcoef =
0.0083 -0.0083
coeffecient :-1/720
newcoef =
0.0083 -0.0014
esvl=
1-x"2+1/2* X" 3-1/6* X" 4-1/24* X" 5+1/120* X" 6
esv2 =
-1-X-1/2% X" 2+1/6* x 3-1/24* x" 4-1/120* x" 5-1/720* X" 6
tabcoef =
Columns 1 through 9
1.0000 0 -1.0000 0.5000 -0.1667 -0.0417 0.0083 0
-1.0000 -1.0000 -0.5000 0.1667 -0.0417 -0.0083 -0.0014 0
Column 10
0
0
Thisis Pade Approximation.
m+n must equal 6

Input m and n on separ ate lines.
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order of numerator 3
order of denominator 3
AA =
1 0 0 0 0 0O
AA =
1 0 0 00 0O
AA =
1 0-1 0 0 0 O
AA =
1.0000 0 -1.0000 0.5000 0 0 0
AA =
1.0000 0 -1.0000 0.5000 -0.1667 0 0
AA =
1.0000 0 -1.0000 0.5000 -0.1667 -0.0417 0
AA =
1.0000 0 -1.0000 0.5000 -0.1667 -0.0417 0.0083
PADE RATIONAL APPROXIMATION
Denominator Coefficients Q(0), ..., Q(M)
1.00000000 -0.31666667 -0.32500000 -0.15138889
Numerator Coefficients P(0), ..., P(N)
1.00000000 -0.31666667 -1.32500000 0.66527778
ans=
102 111 114 109 97 116
p1=
1-19/60* x-53/40* x 2+479/720* x" 3
ql=
1-19/60*x-13/40*x" 2
Thisis Pade Approximation.
m+n must equal 6

Input m and n on separ ate lines.



order of numerator 3

order of denominator 2

AA =

-1 0 0 0 0 O

AA =

-1 -1 0 0 0O

AA =

-1.0000 -1.0000 -0.5000

0

172

0 0

AA = -1.0000 -1.0000 -0.5000 0.1667 0

AA = -1.0000 -1.0000

AA = -1.0000 -1.0000

-0.5000 0.1667 -0.0417

-0.5000 0.1667 -0.0417

PADE RATIONAL APPROXIMATION

Denominator Coefficients Q(0), ..., Q(M)

1.00000000 1.60000000 0.45000000

Numerator Coefficients P(0), ..., P(N)

-1.00000000 -2.60000000 -2.55000000 -1.08333333

ans= 102 111 114 109 97 116

p2 =-1-13/5*x-51/20* x" 2-13/12*x" 3

2 =1+8/5*x

X  exactl

tabl =

padel exact2

pade2

0 1.0000 1.0000 -1.0000 -1.0000

0.1000

0.2000

0.3000

0.4000

0.5000

0.6000

0.7000

0.8000

0.9947

09771

0.9449

0.8951

0.8244

0.7288

0.6041

0.4451

0.9903

0.9625

0.9177

0.8570

0.7806

0.6879

0.5771

0.4442

-1.1052

-1.2214

-1.3499

-1.4918

-1.6487

-1.8221

-2.0138

-2.2255

-1.1091

-1.2354

-1.3775

-1.5350

-1.7072

-1.8939

-2.0949

-2.3099

0

-0.0083
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0.9000 0.2460 0.2805 -2.4596 -2.5390

1.0000 0 0.0659 -2.7183 -2.7821
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