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Abstract 

Sensitivity of optical parameters is a significant topic in developing 
optoelectronic devices. The stress sensitivity of nonlinear optical wave-
guides is closely related to hydrostatic stress. The hydrostatic stress can 
cause anisotropic and inhomogeneous distribution of the refractive index.  
In this paper analytical and numerical calculations are performed to study 
the effect of hydrostatic stress on the sensitivity of nonlinear optical wa-
veguide sensors. The optical performance of the waveguide sensors un-
der various hydrostatic stress states is also investigated. Transverse mag-
netic modes (TM) are considered in addition to transverse electric modes 
(TE) to study anisotropy. It is found that the value of the hydrostatic 
stress can change the value of the cutoff thickness. These changes may 
induce multimode. Moreover, the hydrostatic stresses influence the val-
ues of the stress sensitivity of the waveguide sensors and present aniso-
tropic behavior to the system. 
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  ملخص

. يةتعتبر حساسية العوامل الضوئية موضوعا مهما في تطوير الأجهزة الضوء إلكترون
.  حساسية المسلاك الضوئي غير الخطي يمكن التحكم فيها بواسطة الضغط الهيدروستاتيكي

الضغط الهيدروستاتيكي يمكن أن يسبب توزيع غير خطي ومتباين لمعامل الانكسار الضوئي 
في هذا العمل تم إجراء حسابات تحليلية وعديدة لدراسة أثر الضغط . الفعلي للوسط

تم دراسة الأداء الضوئي لِلمَجَسّ . حساسية المَجَسّ الضوئي غير الخطيالهيدروستاتيكي علي 
أُخِذَ في عين الاعتبار آل من الموجات . الضوئي تحت قيم مختلفة للضغط الهيدروستاتيكي

لقد وُجِد أن قيمة ). TM(والموجات المغناطيسية المستعرضة ) TE(الكهربائية المستعرضة 
في قيمة سمك المسلاك الضوئي، الذي يحدد عدد الموجات الضغط الهيدروستاتيكي تتحكم 

إضافة إلي ذلك، فإن الضغط الهيدروستاتيكي يتحكم بحساسية المَجَسّ ). modes(المنتشرة 
  .المسلاك الضوئي غير الخطي، وآذلك يسبب حدوث تباين في سلوك النظام

 
1. Introduction 

Waveguides can be constructed to carry waves over a wide portion of 
the electromagnetic spectrum, but are especially useful in the microwave 
and optical frequency ranges. Depending on the frequency, they can be 
constructed from either conductive or dielectric materials. Waveguides 
are used for transferring both power and communication signals. While 
perturbations are unfavorable in communications and power systems, 
they are welcomed in sensors (Ramo, S. & et.al. 19841). 

In optical sensing, the response to external influence is intentionally 
enhanced so that the resulting change in optical radiation can be used as a 
measure of the external perturbation. Physical sensor based on the design 
and fabrication of a physical transducer capable of transform in an effi-
cient way a chemical or biological reaction in a measurable signal [2]. 
Biochemical sensors are sensors which have been developed from slab 
structure with step index profile (Cush, R. & et.al. 1993). (Bernard, A. 
Bosshard, H. 1995).  

The residual stresses due to fabrication and packing induce inhomo-
geneity and anisotropy on the behavior of the waveguide sensors by elas-
to-optic effect (Xu, J., Stroud, R. 1992). (Sapriel, J. 1979). Several stu-
dies have been performed to study the effect of elasto-optic effect on the 
optical performance of the waveguide (Saitoh, K. & et.al. 1999). (Huang, 
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M. 2003) has solved analytically the effect index and modes shape for a 
planar waveguides to illustrate the stress effect on the optical perfor-
mance. El-Khozondar et al. (El-Khozondar, H. & et.al. 2007) has studied 
diverse stress values effect on the intensity of TE field propagating 
through nonlinear optical waveguide sensor. In the present paper, the 
responses of the dielectric constant of nonlinear optical waveguide sensor 
to hydrostatic stress states are analytically derived where TM fields are 
considered in addition to TE. Thus, birefringence can be investigated.  

The wave equations of anisotropic and inhomogeneous waveguide 
will be derived in section 2. In section 3, the structure of the waveguide 
will be introduced. The focus of section 4 is on analytical calculation of 
the dispersion equation, the effective refractive index, and the effect of 
hydrostatic stress on the effective refractive index for both TE and TM 
fields. Section 5 studies the anisotropic behavior of the sensor while sec-
tion 6 is dedicated to perform analytical calculation to determine the 
stress sensitivity of the effective refractive index with respect to external 
stress. The conclusion is presented in section ٧. 
 
2. Wave equations of anisotropic and inhomogeneous waveguides 

The electric filed E and the magnetic field H in a region containing 
no source are descried by the well known Maxwell’s equations. Applying 
the simple-harmonic time varying fields to the Maxwell’s equations will 
yield 

,E j H   


             (1) 

,H j E 
 

              (2) 

where ω is the angular frequency.  

The stresses are usually inhomogeneous and anisotropic in the wave-
guide.  For this reason, the resulting refractive indices are also inhomo-
geneous and anisotropic. Considering the waveguide very long in one 
direction, z, the shear stresses in this direction can be ignored. Therefore, 
the dielectric tensor is 
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            (3) 

where nxx, nyy, nzz, and nxy are the refractive indices. These indices are 
functions of x, y and z. Due to the photo-elastic effect, the refractive in-
dices change with stress and strain (Huang, M. 2003). For cubic structure 
media, the relation between refractive index, n, and strain, γ, is available 
in (Xu, J., Stroud, R. 1992). (Sapriel, J. 1979). The refractive index 
change caused by stress varies in the range ± 0.01. 

In order to solve equations (1) and (2), two special cases are consi-
dered. Case 1: Transverse electric field (TE) where Ez=0. Case 2:  Trans-
verse magnetic field (TM) where Hz=0. If the following transformations 
are applied, 

( , , ) ( , ) exp( ),E x y z e x y jn kze           (4) 

( , , ) ( , ) exp( ),H x y z h x y jn kzh           (5) 

where ne and nh are effective indexes for TE and TM modes respectively 
and k is the wave number , the wave equations in terms of TE fields and 
TM fields will be obtained. 

 

3. Asymmetric nonlinear planar sensor 

The structure considered is asymmetric three layer waveguide sensor 
as shown in Fig.1.  The sensor consists of an inhomogeneous film (Core) 
as described in section 2. The film thickness (t) is on the order of magni-
tude of the wavelength. The refractive index of the film is higher than the 
refractive indices of the surrounding cladding and substrate. The sub-
strate has linear dielectric constant with refractive index ns and the clad-
ding is made of nonlinear material with an intensity dependent refractive 
index. The dielectric function of the nonlinear medium (Kerr-type) which 
is a function of the electric field can be expressed as,  
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2

cl c0 yε =ε +α E ,              (6) 

where εc0 is the linear relative permittivity and α  is the nonlinear coeffi-
cient (Boardman, A. & Egan, P. 1986). (Khozondar, H. 2004). (Stege-
man, G. & et.al. 1985). For planar waveguides, the light propagates in the 
z direction, is confined in the x direction within the central core, and has 
no variation in the y direction. 

 

 

 

 

 

 

 

 

Figure (1): Schematic of asymmetric three layer planer waveguide. 

In this paper, TE and TM fields are investigated. For TE fields using 
equations (1) and (2) and Ez=0, the mode equation for the core region, 
-t/2≤x ≤t/2, can be written as,  

2 2
2 2 2

2 2 2
0y xy

yy e y
xx e

d e n
k n n e

dx n n

 
      

        (7) 

For the clad region, x ≥t/2, the mode equation is derived as follows, 

 
2

2 2 2 2
02

0,y
c e y y y

d e
k n e k e e

dx
             (8) 

Similarly, for the dielectric substrate, x ≤-t/2, the mode equation will 
be expressed as, 

 

t y

x             z
            
        0n

2

cl 0 ycε =ε +α E  

sn
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2

2 2 2
2

0y
e s y

d e
k n n e

dx
              (9) 

Also for TM fields, applying equations (1) and (2) and Hz=0, the 
mode equation for the core region,-t/2≤x ≤t/2, can be written as,  

2 2
2

2 2 2
22 2 2

0,y xyy zz
xx h y

xx yy e

d h ndh np k n n hdx ndx n n

 
       

         (10) 

where   2 .zz

zz

dnp x n dx
   

For the clad region, x ≥t/2, the mode equation is obtained as follows, 

 
2

2 2 2 2
02

0,y
c h y y y

d h
k n h k h h

dx
                (11) 

And similarly for the dielectric substrate, x ≤-t/2, the mode equation 
will be given by, 

 
2

2 2 2
2

0y
h s y

d h
k n n h

dx
                  (12) 

Solving the above equations produces TE and TM modes. To consid-
er the stress effects, in the next discussion, hydrostatic stress is applied 
assuming infinite thick cladding and substrate regions. To emphasize the 
stress effects on the core and to simplify the calculations, the photo-
elastic effects of the cladding and substrate regions are ignored.  
 
4. Hydrostatic stress state 

Core is assumed to be under hydrostatic state, i.e., σxx= σyy=σzz=σ and 
σxy =0. Therefore, the index of the core is isotropic and homogenous, and 
the changes due to stress, i.e., nxx=nyy=nzz=n=n0-(C1+2C2)σ and nxy=0. In 
this section, the effect of hydrostatic stress effect on the nonlinear sensor 
is studied for both TE and TM modes.  



Hala El-Khozondar ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  7 

ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  An - Najah Univ.  J.  Res. (N. Sc.) Vol. 22, 2008 

4. 1. TE Modes 

TE mode is considered when the electric field component in the 
propagation direction is equal to 0, Ez=0. This will simplify the modes 
equations in the three layers. The mode equation relating to the core,  
-t/2≤ x ≤t/2, is  

2
2 2 2

2
( ) 0y

e y

d e
k n n e

dx
                  (13) 

The solution of equation (13) is 

   2 2 2 2cos sin .y e e e ee B kx n n C kx n n             (14) 

For the substrate region, x ≤-t/2, the solution of equation (9) is 

 2 2expy e e se D kx n n                 (15) 

The solution of equation (8) for the nonlinear cladding, x ≥t/2, is  

  0sech ,c
y e c

q
e A q x x 


               (16) 

where 
2

2
0 , ,  

2c e

k
q k n      and x0 is a constant of  integration at 

maximum power (Boardman, A. & Egan, P. 1986). (Khozondar, H. 
2004). (Stegeman, G. & et.al. 1985). In the above solutions, it has been 
taken into account that fields approach zero at large values of x. The con-
stants Ae, Be, Ce, and De are calculated from the boundary conditions. 

At the interface between core-substrate and core-cladding, ey and hz 
~ dey/dx are continuous across the boundary (Boyd, J. 1994). Applying 
these boundary conditions produce four homogeneous linear equations. 
For these equations to have nontrivial solution for the constants, the de-
terminant of the coefficient must be equated to zero. This results in the 
following dispersion equations 



ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ 8  “Hydrostatic Stress Effect on the ……” 

An - Najah Univ.  J.  Res. (N. Sc.) Vol. 22, 2008 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  

 
 

2

2

tan 1 ;      even modes

tan 1 ;      odd modes

e e e

e e e

p

p

 

 

  

  
              (17) 
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Figure (2): Effective refractive 
index, ne, versus the core thick-
ness for the first TE modes in 
the asymmetric planar optical 
waveguide under different hy-
drostatic stresses. 

Figure (3): Effective refractive 
index, ne, for the first TE modes 
versus the normalized hydrostatic 
stress for asymmetric planar opti-
cal waveguide with thickness 
t=1µm 
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Line:    C1σ =  0.01 

E
ff

ec
tiv

e 
re

fr
ac

tiv
e 

in
de

x,
 n

e 



Hala El-Khozondar ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  9 

ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  An - Najah Univ.  J.  Res. (N. Sc.) Vol. 22, 2008 

The refractive index is drawn in Fig. 2 as a function of the core 
thickness for the first three modes (m=0, 1, and 2). Fig. 3 exhibits the 
effective refractive index as a function of hydrostatic stress for asymme-
tric planar waveguide with the core thickness has the value, t=1µm. As 
shown in Fig. 2 and Fig. 3, the numbers of modes vary with the values of 
the hydrostatic stress and the thickness of the core. The core with t = 1 
µm allows only the first two modes to propagate. In Fig. 2, higher order 
modes will appear at t > 1 µm. The cutoff thickness can be controlled by 
varying the stress values. For example, when C1σ = 0.01, only zero mode 
will propagate at cutoff thickness less than 0.9 µm. For C1σ = - 0.01 the 
cutoff thickness will change to a value less than 0.8 µm.   

4.2. TM modes 

TM mode is considered when the magnetic field component in the 
direction of propagation is equal to zero, Hz=0. The mode equation (10) 
of the core, -t/2 ≤ x ≤ t/2, will be simplified to 

2
2 2 2

2
( ) 0,y

h y

d h
k n n h

dx
                  (18) 

and its solution is 

   2 2 2 2cos siny h h h hh B kx n n C kx n n             (19) 

The solution of equation (12), in the substrate region, x ≤ -t/2, can be 
written as, 

 2 2expy h h sh D kx n n                 (20) 

In the nonlinear cladding region, x ≥ t/2, the solution of equation (11) 
will be 

  0sech ,c
y h c

q
h A q x x 


              (21) 
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where qc, Λ and x0 are defined earlier. The boundary conditions of zero 
fields at large values of x are considered in equations (19, 20, and 21). 
Ah, Bh, Ch, and Dh are constants.  At the interface between core and clad-
ding, the boundary conditions are the continuity of hy and ez ~ n-2dhy/dx 

across the boundary (Boyd, J. 1994). Applying similar procedure to TE 
mode results in the following dispersion equations 

2tan 1 ;      even modes

2tan 1 ;     odd modes

h h h

h h h

p

p

 

 

    
 
    
 

           (22) 

 1tan 2  p , for even modes 

 

 1tan 2  p , for odd modes 

 

where 

2 2
2h h

kt
p n n  ,  1 2tan ,h h h     

2 22

1 2 2 2 2
tan ,h s

h
c s h

n nn
n n n n

 



 

 
2 2

2 2
tan h

h

k n n

n





 , and 0tanh .
2c c

t
q q x        

 

Fig. 4 shows the refractive index for the first three TM modes as a 
function of the core thickness. The number of modes is controlled by 
changing the thickness of the film. The effective refractive index is plot-
ted as a function of hydrostatic stress with t=1µm in Fig. 5.  It shows that 
the number of modes can be controlled by changing the value of the hy-
drostatic stress. When stress values change, the second mode (m=2) ap-
pear or disappear.  
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In all the calculations, the values of the optical parameters are: 
n0=3.5, n1=3.4, ε0=2.7, α=10-9 m2/W, λ=0.83µm, and C1/C2=0.1. 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
Figure (4): Effective refrac-
tive index, nh, versus the core 
thickness for the first TM 
modes in the asymmetric pla-
nar optical waveguide under 
different hydrostatic stresses. 

 
 
 
 
 
 
Figure (5): Effective refractive 
index, nh, for the first TM modes 
versus the normalized hydrostatic 
stress for asymmetric planar opti-
cal waveguide with thickness 
t=1µm. 

 
5. Optical Anisotropy 

Birefringence phenomenon occurs when an isotropic material is sub-
jected to mechanical stress, it becomes anisotropic. This phenomenon is 
known as optical anisotropy. Polarization Shift (PS) is used to describe 
the wavelength difference between TE and TM mode which can be de-
termined as follows   

 TE TM e hPS = λ -λ = n - n λ                (23) 
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Fig. 6 shows the discrepancies between the effective index of TE and 
TM modes at different stress values. This difference between the values 
of effective refractive indices for both TE and TM modes causes aniso-
tropic behavior of the waveguide sensor. Therefore, the two polarization 
modes propagate at different speeds. 

 

 

 

 

 

 

 

 

 

 

 

Figure (6):  Effective refractive indexes, ne and nh, for TE and TM mod-
es versus the core thickness for asymmetric planar optical waveguide 
under different hydrostatic stresses. 
 
6. Stress sensitivity of the effective refractive index  

Stress sensitivity of effective refractive index of nonlinear optical 
waveguides under changeable hydrostatic stress is the rate of change of 
effective refractive index with respect to stress, dni/dσ.  The stress sensi-
tivity is calculated by Differentiating equation (17) for TE and equation 
(22) for TM with respect to stress, σ. The stress sensitivity of effective 
refractive index of the even and odd modes has identical shape as 
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where i stands for e (TE mode) and h (TM mode).  

In Fig. 7, the stress sensitivity, dne/dσ, is plotted as a function of the 
core thickness for the zero mode TE fields. The stress sensitivity varies 
with the core thickness and is sensitive to different stress values. The 
stress sensitivity for zero mode TM field, dnh/dσ, as function of core 
thickness is demonstrated in Fig.8. The stress sensitivity changes for dif-
ferent stress values as a function of core thickness. The values used in the 
calculation for the variation of effective indices with respect to stress, σ, 
are: ∂n/∂σ =-1.2E-11, ∂n1/ ∂σ =-1E-11, and ∂ε0/ ∂σ = 2E-11. Unit is Pa-1. 

 

 

 

 

 

 

 

 

 

Figure (7): Stress sensitivity of 
the effective refractive index as a 
function of core thickness for 
different stress state for zero 
mode TE field.  

 

Figure (8): Stress sensitivity of 
the effective refractive index as a 
function of core thickness for 
different stress state for zero 
mode TM field. 
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7. Conclusion 

Through fabrication of the waveguide sensors, induced stresses can 
cause changes in the effective refractive index of the waveguide. The 
hydrostatic stress effect on the effective refractive index is numerically 
calculated. It is found that hydrostatic stress causes small changes in the 
value of refractive indices resulting in an unacceptable optical perfor-
mance, such as, multimode and anisotropy. Thus, elasto-optics effect is 
used to compensate the stress effects of the nonlinear optical waveguide 
sensors. The stress sensitivity of the effective refractive index has a direct 
relationship with hydrostatic stress for both TE and TM of the waveguide 
sensors. Therefore, the hydrostatic stress states can be used to control the 
stress sensitivity of the effective refractive index. As a result, the stress 
sensitivity of the effective refractive index can be carefully tuned consi-
dering the size of the sensor. Consequently, the number of modes can be 
controlled by changing the size of the sensor.  
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