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Abstract

The main goal of this work is to propose various numerical techniques for approximating
the solution of a system of Fredholm integral equations of the second kind. The methods
proposed involve the Chebyshev collocation method, the Haar wavelet method and the

reconstruction of the variational iteration method.

After reviewing the fundamental concepts of Fredholm integral equations and addressing
the mathematical framework of these numerical methods, we provide some illustrative
numerical examples with known exact solution to illustrate the effectiveness and the

efficiency of these methods.

Numerical results show clearly that Chebyshev collocation method is one of the most
efficient method for solving system of Fredholm integral equations in comparison with

its counterparts.

Keywords: Fredholm integral equations; Chebyshev collocation method; Haar wavelet

method; Reconstruction of variational iteration method; and numerical methods
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Chapter One

Introduction

Mathematical models of FIE exists in different fields such as physics, engineering,
economics, and biology. This equation arises in problems where the unknown function
is defined in terms of its integral, which usually involves a kernel function. Although
they provide elegant methods for describing details, solving them analytically is often

difficult or even impossible due to non-linear or singular nature

To overcome these difficulties, numerical methods have emerged as indispensable tools
for solving the Fredholm integral equations. These methods provide an efficient and
accurate framework for computing approximate solutions that satisfy integral equations
at a desired level of accuracy Among the many numerical methods available, numerical
methods for system solving of the FIE stand out as versatile methods capable of handling

complex systems with many equations and unknown

In this context, this paper explores three numerical methods tailored for the solution of
systems of FIE, these are Reconstruction of variational iteration method Haar —wavelets
method, Chebyshev collocation method. We discuss their theoretical foundations,
computational implementations, strengths, and limitations. Through illustrative
examples, we aim to gain a deeper understanding of these numerical techniques and their

application to solving various problems

An integral equation is a mathematical expression where the unknown function is found
inside the integral sign. These equations are classified into various forms, including FIE

of types I and Il, VIE of types | and I, and integro-differential equations

The Fredholm equation system, in addition to the Volterra or singular integral equations,
often arises in various practical applications. They are central to our understanding of
various physical phenomena such as desert wind waves, nano-hydrodynamics,
population growth models, crystal formation behavior, oceanography, scattering

quantum mechanics and water wave dynamics.

FIE of the second and the first kind were extensively researched. Ivar Fredholm's

establishment of FIE in the beginning of the 20" century [1] was supplemented by

1



studies that extended Fredholm's work to Banach and Hilbert spaces [2] [3]. Kernel
functions occupy a key role in such equations and their properties influence the

solvability of Fredholm systems [4].

Analytical solutions of FIE systems are infeasible in most cases, leading to the
development of numerical methods. Quadrature methods such as Nystrom's method [5]
and Galerkin methods [6] have been applied widely for linear FIE. Collocation methods,
including polynomial and splined-based methods have also been used to approximate
solutions with efficiency [7]. Successive approximations and projections methods have
been tried for solving high dimensional problems [8] [9]. Deep learning methods have

been proposed in recent research for the solutions of complex integral equations [10].

Among numerical techniques, Haar wavelet methods have been shown to e very efficient
and accurate in the solution of integral equations by transforming them into systems of
algebraic equations [11]. Similarly, Chebyshev collocation methods apply Chebyshev
polynomials as basis functions, Reconstruction of Variational Iteration method (RVIM)

has improved convergence by reconstructing the Lagrange multiplier [12].

Advanced techniques include the Singular value Decomposition (SVD) technique, which
effectively solves FIE by stabilizing the numerical solution [13]. Machine Learning
techniques, such as Least Squares Support Vector Regression have been employed to
approximate solutions in an effective way [14]. Sinc projection techniques, particularly

in solving weakly singular integral equation [15].

The Haar wavelet method has emerged as a significant numerical approach in recent
years. It was first introduced by Alfred Haar, who pioneered its development. Building
on his foundation, Ulo Lepik and Enn Tamme utilized the Haar wavelet method [16] to
solve integral equations. Subsequently, Reihani and Abadi [17] proposed a variant of the
method to address linear Fredholm and Volterra integral equations of the second kind.
Further advancements came in [18], where E. Babolian and A. Shahsavaran developed a
numerical method for solving nonlinear Fredholm and Volterra integral equations of the
second kind. This approach combined Haar wavelets with the collocation method.
Similarly, Mingxu Yi and Yiming Chen, in reference [19], introduced a Haar wavelet

operational matrix designed for solving fractional partial differential equations.



Chebyshev polynomials was discovered by the Russian mathematician Chebyshev. Their
important for practical computation was rediscovered by C. lanczos [20] and then has
been extended by C.W. Clenshaw [21] to differential equations and then by Sezar and
Kaynak to Chebyshev-Matrix methods [22]. Y. H. Youssri [23] used Chebyshev
collocation to solve Volterra—Fredholm integral equation. Dolapci Ihsan [24] used
Chebyshev collocation method to solve linear differential equations, Abd-Elhameed and
Youssri [25] used numerical solutions for Volterra—Fredholm Hammerstein integral
equations via second kind Chebyshev quadrature collocation algorithm. Also, Abd-
Elhameed, and Youssri [26] used Fifth-kind orthonormal Chebyshev polynomial

solutions for fractional differential equations.

The Reconstruction of the Variational Iteration Method (RVIM) integrates the Laplace
transform into the original Variational Iteration Method (VIM). A key advantage of
RVIM is its ability to generate rapidly converging successive approximations of the exact
solution. It is also widely recognized for its computational simplicity, requiring no

restrictive assumptions.



Chapter Two

Mathematical Preliminaries

2.1 Definition

An integral equation is an equation where the unknown function is found within one or
more integral expressions. The most general form of an integral equation is represented

as follows:

RCOU() = £(x) + A [ k(x,5) u(s)ds 2.1)

In this context, u(x) represents an unknown function referred to as the solution of the
integral equation. The limits of integration, a(x) and b(x), can be constants, variables,
or a combination of both. The parameter A # 0, while h(x) is a function that defines the
homogeneity of the equation. The functions h(x), f(x), and k(x, s) are known, where
k(x,t) is specifically called the kernel of the integral equation. [27]

2.2 Classification of integral equations

2.2.1 Classification depends on the limit of the integration

1. Volterra Integral equation

If one or both limits of integration is variable then equation (2.1) is called Volterra

Integral equation.
hGu(x) = f(x) + A [ k(x, ) u(s)ds (2.2)

2. Fredholm Integral equation

If limits of integration of equation (2.1) are constants then the equation is called

Fredholm Integral equation
h(u(x) = £(x) + 1 [, k(x,s) u(s)ds (2.3)

3. Singular Integral equation

If any of the limits of integrations is infinity, or both or if the kernel becomes unbounded
atany point in the interval of integration then the equation (2.1) is called Singular Integral

equation.



4. Volterra-Fredholm integral equation

The Volterra-Fredholm integral equations appear in two forms

h()u(x) = f(x) + A4 f; ki(x,s)u(s)ds + A, f: k,(x,s)u(s)dt

and

h(x, s)u(x,s) = f(x) + A4 fot J, F(x,s,61,u(e 1)) dedr

Q is a closed subset of R™

2.2.2 Classification depends on the known functions h(x), f(x)

1. Integral equation of the first kind

Ifh(x) =0

Then equation (2.3) is called FIE of first kind

fx)=2 f: k(x,s) u(s)ds

and equation (2.2) is called VIE of first kind

fx)=2 f;((;)) k(x,s)u(s)ds

2. Integral equation of the second kind

Ifh(x)=1

Then equation (2.3) is called FIE of second kind
u@x)=fx)+21 f: k(x,s)u(s)ds

and equation (2.2) is called VIE of second kind

b(x)

u(x) = f(x) + Afa(x) k(x,s)u(s)ds

3. Homogeneous integral equation

Ifh(x)=1,f(x)=0

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)



Then equation (2.3) is called Fredholm homogeneous IE
u(x) = Af: k(x,s)u(s)ds (2.10)

and equation (2.2) is called Volterra homogenous IE

u(x) = A [, k(x,5) u(s)ds (2.11)

2.2.3 Other types of integral equations
1. Integro- differential equation

The integro-differential equation contains one of the u(x) derivatives outside the integral
sign

h(x) u(x)® = f(x) + Aff((;)) k(x,s)u(s)ds, u(x)® = % (2.12)

And can be classified into Fredholm and Volterra — integro differential equations.
2. Two-dimensional integral equations

h(x,y)ulx,y) = f(x,y) + A f: fcd k(x,y,s,w)u(s,w)ds dw (2.13)
And also, can be classified into Fredholm and Volterra or mixed integral equations.

2.3 Linearity concept of integral equations

If the unknown function u(x) has exponents other than one or is contained in a nonlinear
expression, the integral equation is said to be nonlinear.

2.4 System of integral equations

A system of integral equations consists of two or more integral equations, all equations

of the system being of the same kind [28].

The system of integral equations general form may be written as

HOOU®) = F(x) + 4 [°%

) K(x,s)U(s)ds (2.14)

H(x) = [hi ()] nxn



UG = [ lce
FOO = [fi(]nxa
U(s) = [u;(s)]nx1
AK (%) = [Ayjkeij(x, 9)]

nxn

i=1,23...n j=123...,n

a(x) and b(x)are limits of integration which can be constants or variables or mixed, A is

a nonzero constant

2.4.1 Classification of System of Integral Equations
1. System of Fredholm integral equations

The system has a standard form
H@)U(x) = F(x) + 2 [, K(x,5) U(s)ds
H(x) = [hi(X)]nxn
U(x) = [u;(0)]nx1
FQ) = [fi()]nx
U(s) = [u()]lnxa
K (x) = [Aki(e, )]

i=1,23...n j=1,23...,n

ab €eR , A+0

The system can be classified into first kind and second kind as in 2.2.2

2. System of Volterra integral equations

The system has a standard form

H()U(x) = F(x) + A [, K(x,5) U(s)ds

7

(2.15)

(2.16)



H(x) = [hi(O)]nxn
Ux) = [u(0)]nxa
F(x) = [fi()]nxa
U(s) = [ui($)]nxa
AK (x) = [Ajki;(x,9)]
i=123...,n j=123..n
a€R, A1#0

The system can also be classified into first kind and second kind as in 2.2.2

3. System of integro-differential equations

HOOU™ () = F(x) +2 [

K(x,s) U(s)ds (2.17)
H(x) = [hi(0)]nxn
UC) = [wi()lnxa
F(x) = [fi()]nxa
U(s) = [wi($)lnxa
AK () = [Aijkij e, 9)]
i=1,23...n j=123...,n

U™ (x) is the derivative of U(x) of order n

a(x) and b(x) are limits of integration which can be constants or variables or mixed A is

a nonzero constant

Also, this system can be classified to VVolterra integro-differential equation and Fredholm

integro-differential equation depends on the limits of the integral.



2.5 Linearity concept of systems of integral equations

System (2.14) is considered linear if the exponents of the unknown functions under the
integral sign are equal to one, and none of the equations include nonlinear functions of
U(x). otherwise, the system is classified as nonlinear.

2.6 Homogeneity concept of systems of integral equations

System (2.14) of IE is considered homogeneous if F(x) is identically zero. If not, it is
referred to as nonhomogeneous.

2.7 Existence and uniqueness

This section focuses on examining the existence and uniqueness of solutions to the
system of FIE within a Banach space, utilizing fixed-point theory as the foundational

approach.

We will start with some definitions and results from the theory of normed vector spaces
which will be needed.

2.7.1 Definition
A metric on a nonempty set V is a function d: V X V — [0, ) such thatV x,y,z € V:

e d(x,y)=0foralxeV.

o Ifx,yeVandd(x,y)=0thenx =y.

o d(x,y)=d(y,x)forall x,y € V.

o d(x,z)<d(x,y)+d(y,z)forallx,y,z€eV.

A metric space is a pair (V,d), where V is a nonempty set and d is a metric on V. [29]

2.7.2 Definition Limit

Suppose (V, d) is a metric space. x4, x,, x5, ... iSa sequence in V,and x € V

Then lim x, & lim x, d(x,,x) =0
n—->oo

n—-oo

Which means that a sequence x; , x,, x3, ... converges in V to x € V If for every e > 0

There exist n € Z* such that d(x,,x) < € for all integers k = n. [29]



2.7.3 Definition continuity

Suppose (V,d,,) and (W,d,,) are metric spacesand f:V — W is a function.
The Function F is continuous at x € V if for every €> 0, there exist § > 0
Such that d,,(f(x), f(¥)) <€ forall y € V with d,(x,y) < é.

The function f is continuous if f is continuous at every x € V. [29]

2.7.4 Definition Cauchy sequence
A sequence f1, f2, f3, ... in ametric space (V, d) is a Cauchy sequence if for every € > 0,
there exist n € Z* such that d(f;, f;) < € for all integers i > n

And j =n [29]

2.7.5 Definition

A metric space V is complete if every Cauchy sequence in VV converges to some element
of V. [29]

2.7.6 Definition vector space

A vector space over the field of real numbers R is a set IV along with addition and scalar

multiplication on V such the following properties hold:
o Commutativity

x+y=y+x Forallx,y €V.

e Associativity

x+y)+z=x++z)Forallx,y,zeV.

e Scalar multiplication

(aB)x = a(Bx) Wherea ,8 €ERandx € V.

e Additive identity

There exists an element 0 € V such that x + 0 = x forall x € V. [29]
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e Additive inverse

For every x € V there existy € V suchthatx +y = 0.

e Multiplication identity

l.x=xForallx e V.

e Distributive property

alx+y)=ax+ayAnd (e +B)x =ax+ pxforalla,f ER ,x €V.

2.7.7 Definition Subspace

A Subset U of I/ is called subspace of V' if U is also a vector space using the same addition
and scalar multiplication as on V [29]

2.7.8 Definition norm; normed vector space

A norm on a vector space VV over R is a function ||.|| : V < (0, oo] such that

e Positive definite

x|l = 0if and only if x = 0.

e Homogeneity

|lax|| = |a|.||lx]|| Foralla € Rand x € V.

e Triangle inequality

llx +v|l < x|l + |ly|| Forall x,y € V.

A normed vector space is a pair (V, ||.||) , where V is a vector space and ||. || is a norm

onV.[29]

2.7.9 Theorem normed vector spaces are metric spaces

Suppose (V, ||.1]) Is a normed vector space.

Defined:V < (0,0] by d(x,y) = ||[x — y|| thend isametriconV. [29]
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2.7.10 Definition Banach space

Banach space is a complete normed vector space. [29]

2.7.11 Definition Linear map (operator)

Suppose V and W are vector spaces. A function T: V' — W is called linear if
o T(x+y)=Tkx)+T() Forallx,y V.

e T(ax)=aT(x), a €ER,x €V.[29]

2.7.12 Definition Bounded linear map

Suppose V and W are normed vector spacesand T:V — W is a linear map.
e The norm of T ,denoted ||T|| = sup{||Tx|| : x € V and ||x]|| < 1}

e T is called bounded if ||T|| < o0.[29]

2.7.13 Definition Contraction

Suppose (V,d) Is a Metric space and T: V' — V is a linear operator.
T Is said to be contraction operator if there exist 0 < a < 1 such that
d(Tf —Tg) <ad(f —g)Forall f,geV. [30]

2.7.14 Theorem Banach fixed point
Suppose (V,d) Is a complete metric space with a contraction mapping T:V — V then
there exist a unique fixed point x € V

i.e.,, T(x) = x. [30]

2.7.15 Definition The LP — norm of vector

For a vector x = [x4, X, x3, ...]T and for 0 < p < oo. The p — norm are defined as

1

lxllp = e lxlP)P. [29]
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Example: The 1 — norm

n
Illy = ) il
i=1

Example: The 2 — norm

lIxll, =

2.7.16 Definition The co — norm

1
n p
lx]|co = lim E | |P
p—>oo
i=1

Ix]lee = max{x;, x5, X3, ... Xj ... X5 } . [31]
1<isn

Now for the Existence and Uniqueness of the solution of System of FIE on Banach space
the fixed-point theorem gives a way to solve the system of IE by starting with initial

approximation and continue in the iterative scheme.

Consider a system of FIE of the second kind
b
Ux)=F(x)+ Af K(x,s)U(s)ds
a
Define the operator T as T(U(x)) = U(x)
b
TUE)) = FG) +2 [ KG9 UG)ds, T = [T
a

Choose u{ (x) € [a, b] as an initial approximation and follow the fixed-point iteration

n b
Ti(Uk_l) = ‘u,l-k = fl(.X') +Zlu.l-kl](x,s) Ujk_ldS k>1
j=1  a

13



After applying multiple approximations, the sequence {uj'} converges to the fixed point

which is the solution U(x) asn — oo

2.7.17 Theorem Existence and Uniqueness

For system of FIE of the second kind in Banach space (C[a, b], ||. || ), if

e T:Cla,b] - Cla,b] is abounded linear map
e fi(x):[a,b] » Randk;;:[a,b] X [a,b] — R are continuous

e The system satisfies the following condition (contractive mapping)

1
A= j=r£g.?.(.,n|/1ij| < n(b —a)?M;

|Kij(x,)| < Mj; and M; = jmax M

Then

e T; has a unique fixed point

e For any initial approximation, the sequence of iterations defined by T;(U*~1) = U*

converges to the fixed point.

2.8 Orthogonality
2.8.1 Theorem

Suppose x and y are elements of an inner product space. Then

G < Nl Iy Il

2.8.2 Definition

The inner product of two functionsf (x) and g(x) on an interval [a, b] is the number

(f,9) = [ fF)g(x) dx. [32]
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2.8.2 Definition

A set of real valued functions {f; (x), fo(x), fs(x), ... } is said to be orthogonal on an
interval [a, b] if

0, i #j
. [32]

ffp = I @ ={" 2

2.8.3 Definition

A set of real valued functions {f;(x), f2(x), f5(x), ... } is said to be orthogonal with
respect to a weight function w(x) on an interval [a, b] if

0, i#j
1

=) P

(fofi) = Iy wERf ) dx = |

15



Chapter Three
Numerical Techniques for Solving Linear System of Fredholm
Integral Equations of the Second Kind

Various methods exist for solving systems of IE. These include direct approaches such
as the Adomian Decomposition Method, the Laplace Transform Method, and Variational
Iteration Methods. [33] or like converting the system to different type of systems,
whether represented as linear equations or differential equations, often involve scenarios
where direct methods are not applicable. Consequently, the significance of finding

approximate solutions to such systems of integral equations becomes undeniable [28].

In this chapter we will discuss three numerical methods for solving system of FIE:
Reconstruction of variational iteration method, Chebyshev collocation method, The Haar

wavelet method.

3.1 Variational Iterations Method

A system of FIE can be considered in general form as

I(u1(x) =f1(x) + fab(kn(x; S)ug + ki (x,8)ug + kis(x, s)ug + -+ + ki (x, 5)uy) ds

{ u (x) = f2(x) + f:(ku(x, S)uy + koo (%, S)uz + ko (x, S)uz + -+ + kan (x, S)uy) ds (3.1)
| ;

\

Up(x) = fr(x) + f;(knl (x,9)uy + knp (xfls)uz + knz (%, 8)ug + - + kpp (x, S)uy)ds

In applying the VIM, the following non-homogeneous system of differential equations

is considered [34]

fMlul(S) + Nl(ul(s)fuZ(S)l ...,un(s)) = gl(s)
é MZuZ(S) + NZ(ul(S)'uZ(S)' ...,un(S)) = gZ(S) (32)

| :
\ M1, (5) + Ny (w1.(5), 12 (), oo, Un (5)) = gn(s)

In the above system of equations (2.2), M;, M,, ..., M,, Linear differential operators and
Ny, N, ..., N, are nonlinear operators and g,(s), g>(s),...,gn(s) are some given

functions.
Based on the VIM, the correction functional for the system can be written as follows
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b - . .
Uy, (m+1) () = ugm(x) + fa A1(7) (M1 Uy m + Ny (ul,m yU2,mys oy Unm ) — 01 (T)) dt
b - - -
Uz, (m+1) x) = uz,m(x) + fa A (7) (Mz Uy m + Ny (ul,m yUz my o Upm ) — 92 (T)) dr (3.3)
l b : - - -
kun,(m+1) (x) = un,m(x) + fa An(T) (Ml Upm T Nn(ul,m y Uz my - Unm ) - gn(T)) dr

Where 14, 4,, ..., A,, represent the general Lagrange multipliers, which can be determined

optimally using variational theory.
i is a restricted variation, i.e., 6iii = O0fori =1,2,...,n

To apply VIM to system (3.1), the method works effectively if the kernel k;; is separable
i.e., k(x,s) = gx)h(s)

This implies that we need to differentiate both sides of each equation in order to transform

the system into a Fredholm integro-differential equation.

u; o(x) can be any selective function, but preferably for fast convergence to be selected

using Taylor series

u; o(x) = u;(0) For first order u;
u; o(x) = u;(0) + x11;(0) For second order

11;0(x) = 1;(0) + x14;(0) + = x*4;(0) For third order 1,

The iteration system (3.3) will give several approximations of (uq,uy,...,u,) and

consequently the solution
u;(x) = lim u;(x) fori=12,..,n
m—-oo
And the determination of the Lagrange multipliers is considered by
It ™ + f (u(0), 4@, ;™ (@) = 0

1
(m-1)!

AL(x)= (D" (t—x)™?! fori=12,..,n (3.4)

17



3.1.1 Reconstruction of VVariational Iterations Method

The reconstruction of VIM is an alternate technique that uses the Laplace transform to

determine the optimal value of the Lagrange multiplier.
First, we introduce the necessary definitions and theorems needed for RVIM

3.1.1.1 Definition

Let f be a function defined forx > 0. Then the integral

0]

L{F ()} = F(s) = f e~ f(x)dx

0

is said to be Laplace transform of f, provided that the integral converges. [32]

3.1.1.2 Definition

If F(s) represents the Laplace transform of a function f(x), then we say that f (x) is the

inverse Laplace transform of F(s) and we write f(x) = L 1{F(s)}[32]

Linear Transform Property

Laplace transform satisfy the linear transform property

L{af(x) + Bg(x)} = aL{f(x)} + BL{g(x)}

and the inverse Laplace transform is also a linear transform; that
LHaF(s) + BG(s)} = aL™H{F(s)} + BLH{G(s)}

where F and G are the transforms of some functions f and g
a,f ER

3.1.1.3 Theorem

If £, f", .. f@ D are continuous on [0,00) and £ (x) is piecewise continuous
on [0, ) then

L{F™ @} = s"F(s) = s"1f(0) = sm72f7(0) = = fD(0)

where F(s) = L{f(x)} [32]
18



3.1.1.4 Definition

If functions f and g are piecewise continuous on the interval [0, =), then f * g is called
the convolution of f and g defined by the integral

(fxg@)@) = [ fFg(t —1)dr [32]

3.1.1.5 Theorem

If functions f (x) and g(x) are piecewise continuous on the interval [0, o), then

L{f * g} = L{f ()} L{g(x)} = F(s)G(s) [32]

Method of solution

Back to the correction functional (2.3), N; (ﬁ1,m o my s ﬁn,m) is a restricted variation

i.e. Ni(ﬁl,m y U m) ...,ﬁn,m) = 0, the general form of Lagrange multiplier is found to

be of the form 2; = 2,(x — 1) i=12..,n

We now proceed to take the Laplace transform on both sides of each integral equation
within the system (3.3)

L [ui,m+1 (x)] =L [ui,m (x)]
b

f A (x — 1) [M (uilm) + N(ﬁl_m s U m) ...,an,m) - gi(r)]dr

a

+L

By the convolution theory, therefore

Ut (O] = Lugm @] + L [1G) 5 (M (wm @) + N@am B T ) = 90D )]

L[ujms1()] = Lluym ()]

+ LIL]L M (i) + N (T s o Ton) — 9:(7)) (3.5)

To determine the optimal value of A(x — 7), we compute the variation of expression

(3.5) with respect to u,, (x)
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Ui m L [ui,m+1 (x)]

o)
= mL[Ui'm (X)]

+

Sur (LIAG].LIM (un () + Ny, Ugmy s Tpm ) — 9:(D]) (3.6)

Hence

% L[ty ()] =

é‘ui,m

1)

Sui,m

Lot (0] + 57— LIAGOLL M (i ()

8 L[uyms1 (0] = 6 L[t (0] + 8 LILGO] L [M ()] (3.7)

It is assumed that M represents a linear differential operator with constant coefficients,

defined as follows.

Mu(x) = a,u™ + a,_;u™ D +a,_,u™? 4+t a, i +a it +aou (3.8)
The Laplace transform to (3.8) of both sides
LIMu(x)] = Lla,u™ + a,_1u™ Y + a, ,u®™2 + - + aytt + a,1 + apu]
= @, L[u™] + a1 L[u™ V] + a, o L[u®™ 2] + -+ + aoL[u] (3.9)
anL[u™] = aps™L[u] — a, Y-, s u™0(0)

an_lL[u(n—l)] = an_lsn_lL[U] —ay_q Z;{l;%sk—l u(n—l—k) (O)

Llatt + agu] = ays L[u] — a;u(0) + ayL[u]
So, the variation with respect to u is

1) L[anu(n)] = a,s" L[du]

8§ Llap_1u™ V] = a,_1s™* L[6u]

6 Lla 1] = a,s L[6u]
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6 Llayu] = aq L[6u]
Then, for (3.9) we have
LIMu(x)] = L[6u] X}-, ay s* (3.10)

Substituting (3.10) in (3.7)

LI8 s (O] = LIS (O] + L[ A(0)] LB ()] (Z ax s'<>

k=0
L8 Um41 ()] = L[S (0] [1 + LA ] (TR ax s1)] (3.11)

The extreme condition of u,, 4 (x) requires that § u,,;1(x) =0

-1

L[)_L(x)] = 57

—o kS

(3.12)

Taking the Laplace inverse for (3.12) gives the optimal value of A and thus we have the

iteration formula

Lluim+1 ()] = L]ugm ()]
b

+1L f}[i(x — DM wim + Nl G gms oo Bnm ) — gi(0)]dT| (3.13)

a

3.2 Chebyshev Collocation Method

The Chebyshev collocation method has been introduced as an approach to solve systems
of IE using Chebyshev polynomials. This technique converts the integral system into a
matrix equation by utilizing Chebyshev collocation points, where the unknown in this
equation corresponds to a Chebyshev coefficient matrix. Initially formulated for solving
systems of integro-differential equations, the Chebyshev collocation method has been
adapted for systems of differential equations and subsequently applied to integral

systems. [35]

The truncated Chebyshev series is defined by

=1,
u;(x) = Xj—oaj Tj (x) (3.14)
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Where T;(x) denote the Chebyshev polynomials of the first kind, a;; are the unknown

coefficients to be determined and n is chosen any positive integer.

The Chebyshev polynomials {Tj(x)} are orthogonal on (—1,1) with respect to the

weight function

1
w(x) = —

and T;(x) has exactly j zeros within the interval (=1, 1).

For x € [—1,1], define

To(x) = cos(ncos™*(x)) forn =0
To(x)=1, T;(x) =x

Then a recursive relation is derived

Tn+1(x) = 2Ty (x) — Tp—q(x) fornz=1

The orthogonality property of this polynomials is given as

IS

1

> n=m=0
[ TG TGO = 42" pem
-1 i n=m=0

~

Method of solution

The solutions of system (3.1) are assumed to be representable as a truncated Chebyshev

series.
w;(x) = T(x)A;

T(x) = [To(x) Ti(x) Ta(x) ... To(x)]
A= [@G0 QG Az e QT

The matrix U(x) is defined as a column matrix of unknown functions which can be

expressed by

U(x) =T(x)A, so that,

22



(1] r) o 0 7 [41]
U (x) |[ 0 T() 0 ]l 42
uz(x) =i 0 _ : i As
ol Lo 0 . Tl |4

Substituting into the system of FIE

S0y Ty (0) = fi(0) + [1 (e kij (e, 8) Yoo ayy Ty (1)) ds
i=1,2,3,..m
Chebyshev collocation points defined as

2k + Dn

) k=012,..,n—1
2n n

Xy = COS

Substituting this collocation points in system (3.15)

a;j Ty (xx) |ds
0

n
J:

b n n
aunuu=ﬁuu+f ki Gor )
0 a \J=1 j=

Yi=oaij Tj () — f;(2?=1 kij (e, $) Yoo aij Ty (xi))ds = f;(xi)
i=123, ... m

Write (3.16) in matrix form

b
T(x)A — f (K. T(x)A)dt = F

where,
[all aiz a3 aln'l
| a21 azz a23 a'ZTl |
A= azq1 dzp a3z ... Q3pn |

I
Ap1 Qpz n3 - annJ

 ——
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b
T(x;) — f(K. T(x;))ds |.A=F

A= (T(xk) - (k. T(xk))ds)_l . F (3.17)

This corresponds to a system of linear algebraic equations involving the unknown
Chebyshev coefficients. By solving these equations, the coefficients a;; can be

determined, allowing us to obtain the solution to the Fredholm integral system expressed

in the truncated Chebyshev series.

3.2.1 Shifted Chebyshev polynomials

To use Chebyshev polynomials over the interval [0, L] , we define the shifted Chebyshev

polynomials as follows

Ti*(x)=Ti(%x—1), i=1,2,3,.n (3.18)

Then, we have

T) =1, T{() =2x—1

* 2 * *
Tpp(x) =2 (Zx — 1) Tn(x) —Th_1(x) forn>1
. . . . 1
They are orthogonal on the interval [0,1] with the weight function w(x) = — and
. 1,1 2i+1 .
the zeros of T,; (x) are x; = 5t Ecos( - n) , i=012,..,n—-1

After collocating at the distinct N + 1 roots of the shifted Chebyshev polynomials
" oay Ty () = [y (kij(ue $) S ay Ty (v)) ds = fia)  (3.19)

the solution will be as (3.16)

A= (TG0 — J) (K. T*(xk))ds)_l F (3.20)
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3.3 The Haar Wavelet Method

Let’s consider the interval x € [4, B], we divide the interval [4, B] into 2M subintervals

of equal length; each interval has a length Ax = % , the jt* Haar wavelet family is

defined as follows

1, T <x<T,
hij(x) =4-1, T, <x < T3 (3.21)
0, elsewhere

T, = A+ 2culx
T, = A+ (2¢ + DuAx

T3 = A+ 2(c+ 1)pAx

u:

3=

The integer m = 2! where i = 0,1,2,...,1 indicates the level of the wavelet and as j
increases the wave becomes narrower so it’s called the dilatation parameter and

M = 2! is the maximal level of resolution.

Next, the parameter ¢ = 0,1, 2, ..., m — 1 localize the position of the wavelet so it’s

called the translation parameter. The wavelet number identifiedasj =m +c+1
(m > c and m # ¢) [36] [37]

The equations are valid for j > 2, for j = 1 the function h; (x) is defined as

1, 0<x<1

h(x) = {O, elsewhere (3.22)

is called the scaling function
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Table 3.3
Index computation for Haar wavelet functions

i 0 1 1 2 2 2
c 0 0 1 0 1 2
j 2 3 4 5 6 7

Simple calculations show that when j = 2, x € [0,1] the function h,(x) is defined as

1, 0Sx<%
ho() =3 -1, Z<x<1 (3.23)
0, elsewhere

When j = 3, x € [0,1] the function h;(x) is defined as

1 ) 0 S x < -
0, elsewhere

When j =4, x € [0,1] the function h,(x) is defined as

1, % <x< %
hy(x) =4 _1, zgx<% (3.25)
0, elsewhere

We see that the Haar wavelets are orthogonal to each other

B
0, L#]
A

The Haar wavelet series expansion for a given function g(x) is

g(x) = X3 bihi(x) (3.26)

where x € [A, B] , b;,s the wavelet coefficients are to be determined. In order to use the

Haar wavelets for the numerical solutions we must put them into a discrete form, so we

will use the collocations method.

The collocation points are defined as x, = A + (k — 0.5)Ax [37]
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and the discrete form of g(x) is
g(xi) = X3, bk (xy) (3.27)
k=1,2,3,..,2M

Method of solution

Let us consider a system of FIE

b

u;(x) = fi(x) +f Zkij(x,s)uj(s) ds, 1<i<N
j=1

a

It’s expedient to write the system in the matrix form

U(x) = F() + [ (T K (x,$)U(s))ds (3.28)
where
[us ()] [ 1007
|u2(x)| fz(x)
U@ = || Feo = || Kexs) =
luN'(x>J el
[k11(x,8)  ki2(x,5) kis(x,s) .. klN(x'S)]
ka1 (x,8)  kaa(x,s)  kai(x,s) o kon(x,s)

|k31(x,s) k3 (x,s)  k3z(x,s) .. k3N(x:S)|
lkNl(.er) sz(.x,s) kN3(lx,S) kNN(.xJS)J

Approximate the unknown functions u;(x) using Haar wavelet series expansion to get

the following system

by () = filxg) + fo""(Zﬁ-Ll kij(x, $) XM by j hi(s))ds (3.29)
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- 2M E r 2M E
PILED > by (o)
=1 =1

zbz,j hi() | iG] [k11(xs)  kio(xe,s)  kis(xe,s) o kan(Xk,$) sz,j h;(s)
j=1 ¢

| £20Ca0) | IkZl(xk S)  kpp(x,s)  ka1(x,s) o kon(xk,S) I j=1
Gl |f3(xk) |+] |k31(xk 5)  k3p(xk,s)  k3z(xg,s) .. kSN(xk’S)l m ds
D b ) l J | : E ] > by (o)
=t . fN(xk) kNl(xk’S) ko (x,8)  kns(xg,s) = kyn (g, ) j=1 .
2M ' 2M '
PETLIED > by (o)
Lj=1 | Lj=1 |
i) = T2 by j G — [ (Shoy ij (e, ) T2 by j hi(s))ds
. =y2M p o |p — [k (YN k.. h. d
fi(xx) j=1Pi,j ](xk) fO j=1 U(xk;s) ](S) S
Assume that
Xk N
=.f Zkij(xk,s) h;(s) |ds
0 j=1
filxi) =X by [h; (xi) = vi] (3.30)
M by = fiGu)[hy Co) — v ,] (3.31)

The Wavelet coefficients b;r, i = 1,2,3,...,2M are obtained by solving the 2M system
of equations in (3.31)

Then substituting these coefficients in (3.26) to obtain the Haar — Wavelet solution at

the collocation points
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Chapter Four

Numerical Examples and Results

This chapter introduces several numerical examples to evaluate the accuracy and
convergence of the methods discussed in Chapter Two. Furthermore, a comparison
between the exact solutions and their approximations will be presented both in tabular

form and through graphical representations.

4.1 Example

(u(x) = x? — 1—;x + fol xsu(s) ds + f01 xs?v(s) ds + fol xs3w(s) ds

4 v(x) =1- %x + fol xsu(s) ds + fol xs?v(s) ds + f01 xs3w(s) ds (4.1)
|

\wo) = x3 + 11—2x + fol xsu(s) ds + fol xs?v(s) ds + fol xs3w(s) ds

System (4.1) has the exact solution u(x) = x2, v(x) =x + x3and w(x) =1
We will find the approximate solutions of system (4.1) by the following methods

4.1.1 Reconstruction of Variational Iterations Method

Differentiating both sides of system (4.1) with respect to x using Leibniz rule gives

|{ u'(x) = 2x — % + f01 su(s) ds + folszv(s) ds + f0153w(s) ds
4 v'(x) = _1—121 + fol su(s) ds + fol s?v(s) ds + fol s3w(s) ds (4.2)
w'(x) = 3x% + % + fol su(s) ds + fol s?v(s) ds + f0153w(s) ds
With the initial conditions
(ug, vg, W) = (u(O),v(O),W(O)) =(0,1,0)
By Formula (3.12) we have A;(x) = —1

The correction functional is given by
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Llup1 ()] =

Llu,(x)] - L [fox (un’(s) —2e+ % - fol su,(s) ds — folszvn(s) ds — f0153wn(s) ds) ds]

Llv,(x)] - L [fox (vn’(e) - % — fol su,(s) ds — folszvn(s) ds — f0153wn(s) ds) dg] (4.3)

Llvps (0] =

Lwpy1 ()] =

Llw,(x)] - L [fox (Wn’(e) —3e? — % - fol su,(s) ds — folszvn(s) ds — fols3wn(s) ds) de]

Table (4.1) shows the first 8 iterations of correction functional for system (4.1) using

RVIM

Table 4.1

The first 8 iterations of correction functional for system (4.1) using RVIM
n U, (x) v, (%) wy, (x)
1 2 —0.6666666666x x3 +0.3333333333x 1—-0.6666666666x
2 x? — 0.5222222222x x3 +0.4777777777x 1—0.5222222222x
3 x% —0.4090740740x x3 + 0.5909259259x 1—0.4090740740x
4 x? — 0.3204413580x x3 + 0.679558641x 1—0.3204413580x
5 x? — 0.2510123971x x3 +0.7489876028x 1—-0.2510123971x
6 x? —0.1966263777x x3 +0.8033736222x 1—0.1966263777x
7 x? — 0.1540239958x x3 + 0.8459760041x 1—0.1540239958x
8 x? — 0.1206521301x x3 + 0.8793478698x 1—-0.1206521301x

It’s obvious that the following successive iterations gives the exact solutions of system

(4.1)

u(x) = gi_g}oun(x) = x?

v(x) = 111_1:{)10 v, (x) =x3 +x

w(x) = 1%1_{1010 wp(x) =1

A comparison of functions u(x) and v(x) exact and approximate solution with n = 50

for system (4.1) using RVIM with n = 50 is shown in figure (4.1)
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Figure 4.1
Exact and estimated solution comparison of functions u(x) and v(x) with n = 50 for system
(4.1) using RVIM
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Table (4.2) shows u(x) exact and approximate solution comparison and absolute error
with n = 50 for system (4.1) using RVIM

Table (4.3) shows v(x) exact and approximate solution comparison and absolute error
with n = 50 for system (4.1) using RVIM

Table (4.4) shows w(x) exact and approximate solution comparison and absolute error

with n = 50 for system (4.1) using RVIM as shown in appendix A.

Table (4.5) shows maximum absolute error of each function of system (4.1) withn = 50
for system (4.1) using RVIM

Table 4.5
Maximum absolute error of each function of system (4.1) with n = 50 using RVIM
Function Maximum error
u(x) = x2 5.41x 107°
v(x) =x3+x 5.41x 107°
w(x) =1 5.41x 107°

4.1.2 Chebyshev Collocation Method

With n = 3,

3

filx) = Z aiTi(x), i =123

k=0

So, we have
T(x) = [1,2x— 1, 8(x—§)2 —1,—6x + 32 (x—§)3 + 3]

Calculating collocation points which are the zeros of T,(x) and substituting in (3.18),

gives the coefficients
A; =[03750 0.5 0.1249 4.813034903046741 x 10~17]"

A, =[0.8125 0.96875 0.18749 0.03125]"

A; =1[1 2294694835036 x 10716 —7.85046229341 x 10717 4.248639577543 x 10~'7]”

A comparison of functions u(x) and v(x) exact and approximate solution with n = 3

for system (4.1) using Chebyshev Collocation Method is shown in figure (4.2)
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Figure 4.2
Exact and estimated solution comparison of functions u(x) and v(x) withn = 3 for system (4.1)
using Chebyshev Collocation Method
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A comparison of w(x) exact and approximate solution with n = 3 for system (4.1) using

Chebyshev Collocation Method is shown in figure (4.3)
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Figure 4.3
Exact and estimated solution comparison of w(x) with n = 3 for system (4.1) using Chebyshev
Collocation Method
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Table (4.6) shows u(x) exact and approximate solution comparison and absolute error

with n = 3 for system (4.1) using Chebyshev Collocation Method

Table (4.7) shows v(x) exact and approximate solution comparison and absolute error

with n = 3 for system (4.1) using Chebyshev Collocation Method

Table (4.8) shows w(x) exact and approximate solution comparison and absolute error
with n = 3 for system (4.1) using Chebyshev Collocation Method As shown in appendix
A.

Table (4.9) shows maximum absolute error of each function of system (4.1) withn = 3

for system (4.1) using Chebyshev Collocation Method

Table 4.9
Maximum absolute error of each function of system (4.1) with n =3 using Chebyshev
Collocation Method

Function Maximum error
u(x) = x? 4.44089209850063% 1016
v(x) =x3+x 2.22044604925031x 10~16
wkx)=1 6.66133814775094x 1016
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4.1.3 Haar Wavelet Method
Set the dilation parameter | = 3
M=8

j=0,1,2...16

fl(x) = lec6=0 bikhk(x) ’ [ = 112r3 (44)

Substituting in (3.31) and solving 16 X 16 system of equations gives the coefficients of

the functions

A comparison of functions u(x) and v(x) exact and approximate solution with I = 3 for

system (4.1) using Haar Wavelet Method is shown in Figure (4.4)
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Figure 4.4
Exact and estimated solution comparison of functions u(x) and v(x) with I = 3 for system (4.1)
using Haar Wavelet Method
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Table (4.10) shows u(x) exact and approximate solution comparison and absolute error

at each collocation point with I = 3 for system (4.1) using Haar Wavelet Method

Table (4.11) shows v(x) exact and approximate solution comparison and absolute error

at each collocation point with I = 3 for system (4.1) using Haar Wavelet Method

Table (4.12) shows w(x) exact and approximate solution comparison and absolute error
at each collocation point with I = 3 for system (4.1) using Haar Wavelet Method As

shown in appendix A.

Table (4.13) shows maximum absolute error of each function of system (4.1) with I = 3

using Haar Wavelet Method

Table 4.13
Maximum absolute error of each function of system (4.1) with I = 3 using Haar Wavelet Method
Function Maximum error
u(x) = x2 6.87814396052833% 1073
v(x) =x3+x 6.87814396052877x 1073
w(x)=1 6.87814396052833%x 1073

In example (4.1) we approximated the solution of a linear nonhomogeneous system of 3
equations with polynomial kernels and as a result, RVIM and Haar wavelet method
provided good approximations but it is evident that the Chebyshev collocation method

provides the most precise results.

4.2 Example

— 1 2 1 2
{ u(x) = fi(x) + [, 2xs*u(s) ds + [, x*sv(s) ds (45)

v(x) = fL(x) + f01 —xsu(s) ds + f01 x%(s + Dv(s) ds

where,

fi(x) = x? (% — 1) +x(4 —2e) + e*

3
f2(x) = x* (z — 2) +x+e™
System (4.5) has the exact solutionu = e* and v =e™*

We will find the approximate solutions of system (4.5) by the aforementioned methods
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4.2.1 Reconstruction of VVariational Iterations Method

With initial condition
(uOI UO) = (u(O), U(O)) = (1 ) 1)
By Formula (3.12) we have 4;(x) = —1

The correction functional is given by

Llup+1(0)] = Llup (x)]

—L u,' (e) = fi(x) —x | su,(s)ds —2x | sv,(s)ds | de
Il / frorss) o

0 0

Llvpe1 (0)] = L[y, (0] (4.6)
— L Un’(g) - le(x) + Sun(s) ds — 2x (S + 1)17n(5) ds | de
[ A R
2
filx) = 2x <z — 1) + (4 —2e)+e*

f2(x) = 2x(§—2>+1+e—x

A comparison of functions u(x) and v(x) exact and approximate solution with n = 50

for system (4.5) using RVIM is shown in Figure (4.5)
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Figure 4.5
Exact and estimated solution comparison of functions u(x) and v(x) with n = 50 for system
(4.5) using RVIM
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Table (4.14) shows u(x) exact and approximate solution comparison and absolute error
with n = 50 for system (4.5) using RVIM

Table (4.15) shows v(x) exact and approximate solution comparison and absolute error

with n = 50 for system (4.5) using RVIM As shown in appendix A.

Table (4.16) shows maximum absolute error of each function for system (4.5) using
RVIM

Table 4.16
Maximum absolute error of each function for system (4.5) with n = 50 using RVIM
Function Maximum error
u(x) = e* 2.21230589403376x 1011
vx)=e™* 1.06194497639933x 1011

4.2.2 Chebyshev Collocation Method
Taking n = 5,

fi(x) = Xizo @i Ti (%), i=12 (4.7)

A comparison of functions u(x) and v(x) exact and approximate solution with n =5

for system (4.5) using Chebyshev Collocation Method is shown in Figure (4.6)
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Figure 4.6
Exact and estimated solution comparison of functions u(x) and v(x) withn = 5 for system (4.5)
using Chebyshev Collocation Method
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Table (4.17) shows u(x) exact and approximate solution comparison and absolute error

with n = 5 for system (4.5) using Chebyshev Collocation Method

Table (4.18) shows v(x) exact and approximate solution comparison and absolute error
withn = 5 for system (4.5) using Chebyshev Collocation Method As shown in appendix
A.

Table (4.19) shows maximum absolute error of each function at different degree of

Chebyshev polynomials for system (4.5)

Table 4.19
Maximum absolute error of each function at different degree of Chebyshev polynomials for
system (4.5)

n Maximum error u(x) = e* Maximum error v(x) =e™*
5 1.15928541832844x 10~ 4.52938180850460% 10~
6 4.23796793214137x 108 1.57563855296416x 1078
10 1.99840144432528% 10~14 7.99360577730113% 107>
15 4.44089209850063% 1016 3.33066907387547x 1016

4.2.3 Haar Wavelet Method
Set the dilation parameter | = 3

M=8
i=0,1,2... 16
fl(x) = lecio bikhk(x)' [ = 1'2 (48)

A comparison of functions u(x) and v(x) exact and approximate solution with I = 3 for

system (4.5) using Haar Wavelet Method is shown in Figure (4.7)
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Figure 4.7
Exact and estimated solution comparison of functions u(x) and v(x) with I = 3 for system (4.5)
using Haar Wavelet Method
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Table (4.20) shows u(x) exact and approximate solution comparison and absolute error

at each collocation point with I = 3 for system (4.5) using Haar Wavelet Method

Table (4.21) shows v(x) exact and approximate solution comparison and absolute error
at each collocation point with I = 3 for system (4.5) using Haar Wavelet Method As

shown in appendix A.

Table (4.22) shows maximum absolute error of each function at different values of

dilation parameter for system (4.5) using Haar Wavelet Method

Table 4.22
Maximum absolute error of each function at different values of dilation parameter for system
(4.5) using Haar Wavelet Method

I 2M Maximum error of u(x) = e* Maximum error of v(x) =e™™
2 8 4.025524187788% 1073 1282729880596x 102

3 16 9.985804122250% 10~* 3.3997008709756x 1073

4 32 2.493580293987x 10~* 8. 738185054210 10~*

5 64 6.231541316426x 10~° 2.214223490232x 10~*

In example (4.2) we approximated the solution of a nonhomogeneous linear system of 2
equations with exponential functions kernels and as a result, Haar wavelet method gave
a good approximation at I = 4 also RVIM provided a very good approximation but

Chebyshev collocation method provides the most accurate results.

4.3 Example

u(x) = f1(x) + fol s.sin(x)u(s) ds + fol s.sin(x)v(s) ds

4.9
v(x) = fL(x) + fol s?cos(x)u(s) ds + fol s?cos(x)v(s) ds (%)

where,

fi(x) = sin(x)(x — 2 cos(1) — 3sin(1) + 3)
fo(x) = cos(x)(4sin(1) — 7cos(1) + 1)
System (4.9) has the exact solution u(x) = xsin(x) and v(x) = cos(x)

We will find the approximate solutions of system (4.9) by the aforementioned methods
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4.3.1 Reconstruction of Variational Iterations Method
With initial condition

(uo, o) = (u(0),v(0)) = (0,0.8756517 )
By Formula (3.12) we have 4;(x) = —1
The correction functional is given by

L[un+1(x)] = L(un (X))

x 1 1
—L u,'(e) — fi (x) — cos(x) | su,(s) ds —cos(x) | sv,(s)ds |de
Il / frors

L[vn+1(x)] = L(Un(x)) (410)

x 1 1
—L [f (vn’(s) — fi(x) + sin(x) f s?u,(s) ds — sin(x) j s2v,(s) ds> de‘
0 0

fi(x) = sin(x) + cos(x)(x — 2 cos(1) — 3sin(1) + 3)
f> (x) = —sin(x)(4sin(1) — 7cos(1) + 1)

A comparison of functions u(x) and v(x) exact and approximate solution with n = 25

for system (4.9) using RVIM is shown in Figure (4.8)
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Figure 4.8
Exact and estimated solution comparison of functions u(x) and v(x) with n = 25 for system
(4.9) using RVIM
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Table (4.23) shows u(x) exact and approximate solution comparison and absolute error
with n = 25 for system (4.9) using RVIM

Table (4.24) shows v(x) exact and approximate solution comparison and absolute error

with n = 25 for system (4.9) using RVIM As shown in appendix A.

Table (4.25) shows maximum absolute error of each function of system (4.9) with n =
25 using RVIM

Table 4.25
Maximum absolute error of each function of system (4.9) with n = 25 using RVIM
Function Maximum error
u(x) = xsinx(x) 0.0671540244377784
v(x) = cos(x) 0.124348302768088

4.3.2 Chebyshev Collocation Method
Taking n = 6,

fi() = Yoo aucTi(x), i=12 (4.11)

A comparison of functions u(x) and v(x) exact and approximate solution with n = 6

for system (4.9) using Chebyshev Collocation Method is shown in Figure (4.9)
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Figure 4.9
Exact and estimated solution comparison of functions u(x) and v(x) withn = 6 for system (4.9)
using Chebyshev Collocation Method
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Table (4.26) shows u(x) exact and approximate solution comparison and absolute error

with n = 6 for system (4.9) using Chebyshev Collocation Method

Table (4.27) shows v(x) exact and approximate solution comparison and absolute error
with n = 6 for system (4.9) using Chebyshev Collocation Method As shown in appendix
A.

Table (4.28) shows maximum absolute error of each function at different degree of

Chebyshev polynomials for system (4.9) using Chebyshev Collocation Method

Table 4.28
Maximum absolute error of each function at different degree of Chebyshev polynomials for
system (4.9) using Chebyshev Collocation Method

n Maximum error of u(x) Maximum error of v(x)

6 9.88687255398801x 108 1.39194389348063x 108
8 1.06607611627396x 10~1° 1.16274767592017x 10~11
10 7.26085858104852x 1014 6.55031584528842x 101>
12 3.33066907387547x 10716 3.33066907387547x 10716

4.3.3 Haar Wavelet Method

Set the dilation parameter | =3

fl(x) = 2]1{6=0 bikhk(x) ’ = 112 (412)

A comparison of functions u(x) and v(x) exact and approximate solution with I = 3 for

system (4.9) using Haar Wavelet Method is shown in Figure (4.10)
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Figure 4.10
Exact and estimated solution comparison of functions u(x) and v(x) with i = 3 for system (4.9)
using Haar Wavelet Method
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Table (4.29) shows u(x) exact and the approximate solution comparison and absolute

error at each collocation point with I = 3 for system (4.9) using Haar Wavelet Method

Table (4.30) shows v(x) exact and approximate solution comparison and absolute error

at each collocation point with I = 3 for system (4.9) using Haar Wavelet Method

Table (4.31) shows maximum absolute error of each function at different values of
dilation parameter for system (4.9) using Haar Wavelet Method As shown in appendix
A.

In example (4.3) we approximated the solution of a nonhomogeneous linear system of 2
equations with sinusoid function kernels and as a result, Haar wavelet method gave a
good approximation at I = 4 but Chebyshev collocation method provides the most

accurate results.

4.4 Conclusion

The application of numerical methods for solving systems of FIE has been found to be

highly effective.

Throughout this thesis, we have seen that the choice of method depends largely on the

specific characteristic of the integral equations to converge to the solution such as kernel.

In this thesis, we employed several numerical methods to solve three systems of FIE of
the second kind: the Haar wavelet method, reconstruction of the variational iteration
method, and the Chebyshev collocation method. Numerical results demonstrate that the
convergence and accuracy of these methods closely approximate the known analytical
solutions. Furthermore, the Chebyshev collocation method proved to be the most

efficient among the three methods compared.

In summary, solving systems of Fredholm integral equations remains a challenging task,
but the use of numerical methods has provided us with valuable tools to approach these

problems effectively.
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Table 4.2

Appendices

Appendix A

Tables

A comparison between the exact and the approximate solution of u(x) and absolute error with
n = 50 for system (4.1) using RVIM

Approximate Solution

Exact solution

Absolute error

Ugpyp u(x) = x? [u(x) — ugyp|
0 0 0 0

0.1 0.012345 0.012346 6.01 x 1077
0.2 0.049382 0.049383 1.20 x 107°
0.3 0.111109 0.111111 1.80 x 107°

04 0.197528 0.197531 2.4x107°
0.5 0.308639 0.308642 3.01x107°
0.6 0.444441 0.444444 3.61x107°
0.7 0.604934 0.604938 421x10°°
0.8 0.790119 0.790123 481 x10°°
1 0.999995 1 5.41x 107

Table 4.3

A comparison between the exact and the approximate solution of v(x) and absolute error with
n = 50 for system (4.1) using RVIM

Approximate Solution

Exact solution

Absolute error

x Vapp v(x) =x3 +x |v(x) - vapp|
0.1 0.112482 0.112483 6.01x 1077
0.2 0.233195 0.233196 1.20 x 107°
0.3 0.370369 0.37037 1.80 x 107°
0.4 0.532234 0.532236 2.4x107°
0.5 0.72702 0.727023 3.01 x10°°
0.6 0.962959 0.962963 3.61x 107°
0.7 1.248281 1.248285 421%x107°
0.8 1.591216 1.591221 4.81x10°°

1 1.999995 2 5.41x 10°°

Table 4.4

A comparison between the exact and the approximate solution of w(x) and absolute error of
w(x) at n = 50 for system (4.1) using RVIM

X

Approximate Solution

Exact solution

Absolute error

Wapp wix)=1 |W(x) — Wappl
0.1 0.999999 1 6.01 x 1077
0.2 0.999999 1 1.20 x 107°
0.3 0.999998 1 1.80 x 10~°
04 0.999998 1 2.4 x107°
0.5 0.999997 1 3.01x10°°
0.6 0.999996 1 3.61x10°°
0.7 0.999996 1 421%x107°
1 0.999995 1 5.41 x 107°
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Table 4.6
A comparison between the exact and the approximate solution of u(x) and absolute error with
n = 3 for system (4.1) using Chebyshev Collocation Method

Approximate Solution Exact solution Absolute error

Ugpp u(x) = x? |u(x) - uapp|

0 -1.11x 10716 0 1.11x 10716
0.1 0.012346 0.012346 8.33x 10717
0.2 0.049383 0.049383 1.94x 10716
0.3 0.111111 0.111111 2.22x 10716
0.4 0.197531 0.197531 3.05x 10716
0.5 0.308642 0.308642 3.33x 10716
0.6 0.444444 0.444444 2.78x 10716
0.7 0.604938 0.604938 4.44x 10~16
0.8 0.790123 0.790123 4.44x 10716
1 1 1 4.44%x 10~16

Table 4.7
A comparison between the exact and the approximate solution of v(x) and absolute error with
n = 3 for system (4.1) using Chebyshev Collocation Method

Approximate Solution Exact solution Absolute error

Vapp v(x) =x3 +x [v(x) = Vapy |

0 -2.22x 10716 0 2.22x 10716

0.1 0.112483 0.112483 6.94x 1017

0.2 0.233196 0.233196 5.55x 10~17

0.3 0.37037 0.37037 5.55x 10~17
0.4 0.532236 0.532236 0

0.5 0.727023 0.727023 1.11x 10716
0.6 0.962963 0.962963 0

0.7 1.248285 1.248285 2.22x 10716
1 2 2 0

Table 4.8
A comparison between the exact and the approximate solution of w(x) and absolute error with
n = 3 for system (4.1) using Chebyshev Collocation Method

Approximate Solution Exact solution Absolute error
Wapp wlx) =1 |W(x) — Wapp|

0 1.000 1.000 0
0.1 1.000 1.000 4.44x 10716
0.2 1.000 1.000 4.44x 10716
0.3 1.000 1.000 4.44x 10716
04 1.000 1.000 4.44x 10716
05 1.000 1.000 6.66x 10~16
0.6 1.000 1.000 6.66x 1016
0.7 1.000 1.000 6.66x 10716
0.8 1.000 1.000 6.66x 1016
1 1.000 1.000 6.66x 10716
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Table 4.10
A comparison between the exact and the approximate solution of u(x) and absolute error at each
collocation point with I = 3 for system (4.1) using Haar Wavelet Method

Collocation point ~ Approximate Solution Exact solution Absolute error

Ugpp u(x) = x? |u(x) - uapp|
0.03125 0.000755 0.000977 0.000222
0.09375 0.008123 0.008789 0.000666
0.15625 0.023305 0.024414 0.001109
0.21875 0.046298 0.047852 0.001553
0.28125 0.077105 0.079102 0.001997
0.34375 0.115723 0.118164 0.002441
0.40625 0.162155 0.165039 0.002884
0.46875 0.216398 0.219727 0.003328
0.53125 0.278455 0.282227 0.003772
0.59375 0.348323 0.352539 0.004216
0.65625 0.426005 0.430664 0.004659
0.71875 0.511498 0.516602 0.005103
0.78125 0.604805 0.610352 0.005547
0.84375 0.705923 0.711914 0.005991
0.90625 0.814855 0.821289 0.006434
0.96875 0.931598 0.938477 0.006878

Table 4.11

A comparison between the exact and the approximate solution of v(x) and absolute error at each
collocation point with I = 3 for system (4.1) using Haar Wavelet Method

. . Approximate Solution Exact solution Absolute error
Collocation Point s

Vapp v(x) =x3+x |v(x) — vapp|
0.03125 0.031059 0.031281 0.000222
0.09375 0.093908 0.094574 0.000666
0.15625 0.158955 0.160065 0.001109
0.21875 0.227664 0.229218 0.001553
0.28125 0.3015 0.303497 0.001997
0.34375 0.381928 0.384369 0.002441
0.40625 0.470413 0.473297 0.002884
0.46875 0.568419 0.571747 0.003328
0.53125 0.677411 0.681183 0.003772
0.59375 0.798854 0.80307 0.004216
0.65625 0.934214 0.938873 0.004659
0.71875 1.084954 1.090057 0.005103
0.78125 1.25254 1.258087 0.005547
0.84375 1.438437 1.444427 0.005991
0.90625 1.644109 1.650543 0.006434
0.96875 1.871021 1.877899 0.006878
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Table 4.12
A comparison between the exact and the approximate solution of w(x) and absolute error at
each collocation point with I = 3 for system (4.1) using Haar Wavelet Method

. . Approximate Solution Exact solution Absolute error
Collocation Point

Wapp wlx)=1 |W(x) — Wapp|
0.03125 0.999778 1 0.000222
0.09375 0.999334 1 0.000666
0.15625 0.998891 1 0.001109
0.21875 0.998447 1 0.001553
0.28125 0.998003 1 0.001997
0.34375 0.997559 1 0.002441
0.40625 0.997116 1 0.002884
0.46875 0.996672 1 0.003328
0.53125 0.996228 1 0.003772
0.59375 0.995784 1 0.004216
0.65625 0.995341 1 0.004659
0.71875 0.994897 1 0.005103
0.78125 0.994453 1 0.005547
0.84375 0.994009 1 0.005991
0.90625 0.993566 1 0.006434
0.96875 0.993122 1 0.006878

Table 4.14
A comparison between the exact and the approximate solution of u(x) and absolute error with
n = 50 for system (4.5) using RVIM

Approximate Solution Exact solution Absolute error
Uapp u(x) = e* |u(x) — uapp|
0 1 1 0

0.1 1.117519 1.117519 1.62x10—-11
0.2 1.248849 1.248849 3.45x10—-11
0.3 1.395612 1.395612 5.49x10—11
04 1.559623 1.559623 7.74x10—11
0.5 1.742909 1.742909 1.02x10-10
0.6 1.947734 1.947734 1.29x10-10
0.7 2.17663 2.17663 1.57x10-10
1 2.718282 2.718282 2.21x10-10

Table 4.15
A comparison between the exact and the approximate solution of v(x) and absolute error with
n = 50 for system (4.5) using RVIM

Approximate Solution Exact solution Absolute error
Vapp v(x)=e™* |v(x) — vam,|
0 1 1 0

0.1 0.894839 0.894839 7.35Ex10—12
0.2 0.800737 0.800737 9.92x10—12
0.3 0.716531 0.716531 7.70x10—12
0.4 0.64118 0.64118 6.85x10—13
0.5 0.573753 0.573753 1.11x10-11
0.6 0.513417 0.513417 2.77x10~-11
0.7 0.459426 0.459426 4.91x10-11
1 0.367879 0.367879 1.06x10—10
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Table 4.17
A comparison between the exact and the approximate solution of u(x) and absolute error with
n = 5 for system (4.5) using Chebyshev Collocation Method

Approximate Solution

Exact solution Absolute error

Uapp u(x) = e* |u(x) — uapp|
0 0.999999 1 1.05x10-6
0.1 1.11752 1.117519 6.39x10-7
0.2 1.248848 1.248849 9.86x10—7
0.3 1.395612 1.395612 4.76x10-7
0.4 1.559624 1.559623 9.03x10-7
0.5 1.74291 1.742909 9.23x10-7
0.6 1.947734 1.947734 4.83x10-7
0.7 2.176629 2.17663 1.04x10-6
1 2.718281 2.718282 1.16x10-6
Table 4.18

A comparison between the exact and the approximate solution of v(x) and absolute error with
n = 5 for system (4.5) using Chebyshev Collocation Method

Approximate Solution

Exact solution Absolute error

Vapp v(x)=e™* |v(x) — vam,|

0 1 1 4.46x10-7
0.1 0.89484 0.894839 2.55x10-7
0.2 0.800737 0.800737 4.08x10-7
0.3 0.716531 0.716531 2.07x10-7
0.4 0.641181 0.64118 3.06x10—7
0.5 0.573754 0.573753 2.93x10-7
0.6 0.513417 0.513417 2.20x10-7
0.7 0.459425 0.459426 4.14x10-7

1 0.367879 0.367879 4.53x10-7

Table 4.20

A comparison between the exact and the approximate solution of u(x) and absolute error at
each collocation point with I = 3 for system (4.5) using Haar Wavelet Method

Approximate Solution Absolute error

Collocation point Exact solution

Uapp u(x) = e* |u(x) — uapp|
0.03125 1.031677 1.031743 6.60x10-5
0.09375 1.098094 1.098285 0.000191
0.15625 1.168811 1.169118 0.000307
0.21875 1.244106 1.24452 0.000414
0.28125 1.324272 1.324785 0.000513
0.34375 1.409624 1.410226 0.000602
0.40625 1.500496 1.501178 0.000682
0.46875 1.597242 1.597995 0.000753
0.53125 1.700242 1.701057 0.000815
0.59375 1.809898 1.810766 0.000868
0.65625 1.926638 1.92755 0.000912
0.71875 2.050919 2.051867 0.000947
0.78125 2.183227 2.184201 0.000973
0.84375 2.324079 2.32507 0.000991
0.90625 2.474025 2.475024 0.000999
0.96875 2.633651 2.634649 0.000998
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Table 4.21
A comparison between the exact and the approximate solution of v(x) and absolute error at each
collocation point with I = 3 for system (4.5) using Haar Wavelet Method

: . Approximate Solution Exact solution Absolute error
Collocation Point _
Vapp v(x)=e™* |v(x) — vapp|
0.03125 0.969272 0.969233 3.83x10-5
0.09375 0.91064 0.91051 0.000129
0.15625 0.855584 0.855345 0.000239
0.21875 0.803891 0.803523 0.000368
0.28125 0.755356 0.75484 0.000516
0.34375 0.709789 0.709106 0.000683
0.40625 0.667013 0.666144 0.000869
0.46875 0.626858 0.625784 0.001074
0.53125 0.589168 0.58787 0.001298
0.59375 0.553794 0.552252 0.001541
0.65625 0.520597 0.518793 0.001803
0.71875 0.489446 0.487361 0.002085
0.78125 0.460218 0.457833 0.002385
0.84375 0.432799 0.430095 0.002704
0.90625 0.407079 0.404037 0.003042
0.96875 0.382957 0.379557 0.0034

Table 4.23
A comparison between the exact and the approximate solution of u(x) and absolute error with
n = 25 for system (4.9) using RVIM

Approximate Solution Exact solution Absolute error

Ugpp u(x) = xsinx |u(x) — uapp|
0 0.003471 0.01232 0.008849
0.1 0.031388 0.048977 0.017589
0.2 0.082953 0.109065 0.026112
0.3 0.156779 0.191092 0.034313
04 0.250918 0.293009 0.042091
05 0.362897 0.412247 0.049349
0.6 0.489766 0.545765 0.055999
0.7 0.62815 0.690108 0.061959
0.8 0.774317 0.841471 0.067154
1 0.003471 0.01232 0.008849

Table 4.24
A comparison between the exact and the approximate solution of v(x) and absolute error with n
= 25 for system (4.9) using RVIM

Approximate Solution Exact solution Absolute error

Vapp v(x) = cosx |v(x) — vam,|
0 0.875652 1 0.124348
0.1 0.869819 0.993834 0.124014
0.2 0.852394 0.97541 0.123016
0.3 0.82359 0.944957 0.121367
04 0.783763 0.90285 0.119086
05 0.733405 0.849608 0.116203
0.6 0.673136 0.785887 0.112751
0.7 0.6037 0.712475 0.108775
1 0.440853 0.540302 0.09945
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Table 4.26
A comparison between the exact and the approximate solution and absolute error of u (x) with
n = 6 for system (4.9) using Chebyshev Collocation Method

Approximate Solution Exact solution Absolute error

Uapp u(x) = xsinx |u(x) — uapp|
0 -8.06x10-8 0 8.06x10—8
0.1 0.01232 0.01232 4.04x10-9
0.2 0.048977 0.048977 7.16x10—8
0.3 0.109065 0.109065 5.98x10-8
04 0.191092 0.191092 6.22x10-8
0.5 0.293008 0.293009 6.62x10—8
0.6 0.412246 0.412247 6.69x10—8
0.7 0.545765 0.545765 7.87x10—8
0.8 0.690108 0.690108 2.53x10-9
1 0.841471 0.841471 9.89x10—8

Table 4.27
A comparison between the exact and the approximate solution of v(x) and absolute error with
n = 6 for system (4.9) using Chebyshev Collocation Method

Approximate Solution Exact solution Absolute error

Vapp v(x) = cosx |v(x) - vapp|
0 1 1 8.15x10-9
0.1 0.993834 0.993834 1.55x10-9
0.2 0.97541 0.97541 6.99x10-9
0.3 0.944957 0.944957 9.59x10-9
04 0.90285 0.90285 9.85x10-9
05 0.849608 0.849608 6.49x10-9
0.6 0.785887 0.785887 6.68x10-9
0.7 0.712475 0.712475 1.16x10—8
1 0.540302 0.540302 1.39x10-8

Table 4.29
A comparison between the exact and the approximate solution of u(x) and absolute error at each
collocation point with I = 3 for system (4.9) using Haar Wavelet Method

Collocation point Approximate Solution Exact solution Absolute error
Ugpp u(x) = xsinx |u(x) - uam,|
0.03125 0.000964 0.000976 1.24x10-5
0.09375 0.008739 0.008776 3.72x10-5
0.15625 0.024253 0.024315 6.19x10—5
0.21875 0.047385 0.047471 8.63x10-5
0.28125 0.077952 0.078063 0.00011
0.34375 0.115717 0.115851 0.000134
0.40625 0.16038 0.160537 0.000157
0.46875 0.211588 0.211768 0.00018
0.53125 0.268936 0.269137 0.000201
0.59375 0.331965 0.332187 0.000223
0.65625 0.400168 0.400411 0.000243
0.71875 0.472995 0.473257 0.000262
0.78125 0.549851 0.550131 0.00028
0.84375 0.630103 0.6304 0.000297
0.90625 0.713084 0.713397 0.000313
0.96875 0.798095 0.798423 0.000328
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Table 4.30
A comparison between the exact and the approximate solution of v(x) and absolute error at each
collocation point with I = 3 for system (4.9) using Haar Wavelet Method

Collocation point ~ Approximate Solution Exact solution Absolute error

Vapp v(x) = cosx |v(x) — vapp|
0.03125 0.999177 0.999512 0.000334
0.09375 0.995276 0.995609 0.000333
0.15625 0.987487 0.987818 0.000331
0.21875 0.975843 0.976169 0.000327
0.28125 0.960388 0.960709 0.000321
0.34375 0.941182 0.941497 0.000315
0.40625 0.918302 0.918609 0.000307
0.46875 0.891835 0.892134 0.000299
0.53125 0.861886 0.862174 0.000289
0.59375 0.828571 0.828848 0.000277
0.65625 0.792021 0.792286 0.000265
0.71875 0.752378 0.752629 0.000252
0.78125 0.709796 0.710034 0.000238
0.84375 0.664443 0.664666 0.000222
0.90625 0.616496 0.616702 0.000206
0.96875 0.566141 0.56633 0.00019

Table 4.31

Maximum absolute error of each function at different values of dilation parameter for system
(4.9) using Haar Wavelet Method

Maximum error u(x) =

I 2M sinx Maximum error v(x) = cosx
2 8 0.00128417170160999 0.00133713494293064

3 16 0.000327772774280199 0.000334459856355718

4 32 8.27826737478388x10-5 8.36257476017899x10-5
5 64 2.08005533458566x10—5 2.09071073725697x10—5
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