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Abstract

The Boundary Value-Problems (BVPs) either the linear or nonlinear

problems have many life and scientific applications.

Many studies concerned with solving second-order boundary-value
problems using several numerical methods, and few studies concerned with
especial cases of higher order boundary-value problems using several
numerical methods to solve them. But However, in our thesis we concerned
with the finite-difference methods for solving general high-order linear
boundary-value problems (from order three up to order seven), modifying,
and developing some finite-difference methods for solving especial eighth-
order nonlinear boundary value problems to enable them solve any even-

order problem beyond it.
The main steps in this thesis depended on:

- Using special finite-difference approximations for derivatives and
formatting a formula that can be deal with endpoints that exceed the
usual finite-difference formula for derivatives

- Constructing linear system and solved it using the LU-decomposition
method to decrease the computational processes.

- Using The Richardson's Extrapolation method to get more accurate

results.

The numerical results for methods that appear in this thesis are good, but
the errors in the methods increase when the order of the boundary-value

problems becomes higher 1.e. the fifth-order problem needs all derivatives
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y',y", ...,y so by using approximations many times the errors will
increase. Also the method accuracy depends on the boundary conditions
values, that method has large error when ¢ , 8, are not given nor one of
them, as well as the changes on the order of boundary conditions values.
Besides that, this method requires long computing time and hard work
while using very large equations that increase while the problem order

increases.



CHAPTER ONE

Preview

In this chapter we will discuss some important definitions that are
necessary in our research, and very important three new algorithms used to
find the finite- difference approximation for any derivative with associated

local truncation error.

The main idea for two of these algorithms depends on the undetermined

coefficients method that is using a set of points or derivatives.

The first algorithm in this chapter is used to derive the finite-difference
approximation for any derivative, and the second is used to derive a finite-
difference approximation for any derivative using a set of points and a set

of known derivatives (The boundary conditions for problem).

The third algorithm is used to find local truncation error for finite-
difference approximation for any derivative that is derived using algorithm

one and two and determined its order.

The importance of these algorithms came from our need to use them many
times with many permutations until getting suitable formula and

convergence without hard hand work.



1.1 Definitions:

In this section we will demonstrate some important definitions for terms

that we will use in our thesis.
Ordinary Differential Equation (ODE):

It is a relation that contains functions of only one independent variable, and

one or more of its derivatives with respect to that variable. See [4]
The Order of Differential Equation:
It is the order of the highest —order derivative involved in the equation.

dy d3y
—_ _|_ —_
dx  dx3

Example: = e~ * is a Third-Order ordinary differential equation.

See [8]
The Degree of the Differential Equation:
It is the highest power to which the highest-order derivative is raised.

Example:

d3y
dx3

(%)5 + (—)% — xy = e * It is a Third-Order, Second-degree ODE.

Linear & Nonlinear Ordinary Differential Equation:

An equation in which the dependent variable and all its pertinent
derivatives are of the first degree is called (Linear ODE), otherwise, the

equation is said to be (Non-Linear).

Example:

3
1) p Z—z + % = pe~* It is linear, third-order differential equation.



.. d a3 _ : : : : : :
(i1) d—z + yd—x); = e~ * It is non-linear, third-order differential equation.

A Solution to a differential Equation:

It is a function of independent variables that when replaced in the equation,
produces an expression that can be reduced, through algebraic

manipulation, to the form (0=0).

Example:

y=sin(x) is a solution to the equation y + y = 0, that —sin(x) +sin(x) =0
Boundary Conditions:

That are conditions provided at more than one value of the independent
variables which evaluated at the boundaries of solution domain and its

number is usually equal to the order of the ODE.
Non-Linear Boundary-Value Problem:

It is a non-linear differential equation which is determined by conditions

given at two or more distinct points.

These problems can be solved numerically by iterative methods. In each
iterative step a linear problem should be solved, that obtained by

approximating non-linear equation to a system of linear equations.
A Finite Difference:

It is a mathematical expression of the form fix + b) — f{x + a). If a finite
difference is divided by b — a, one gets a difference quotient. The

approximation of derivatives by finite differences plays a central role in



finite difference methods for the numerical solution of differential

equations, especially boundary value problems.
Finite-Difference Method:

It is a general method used to solve boundary value ordinary differential
equations, in which derivatives in equation are substituted by finite
difference approximations to convert the ordinary differential equation into
a system of equations with more than one unknown at different points
(mesh points) at which the equation is valid and the resulting system can be

solved using the suitable techniques for solving systems.
1.2 Deriving Finite-Difference Approximation:

To derive a finite difference approximation to any derivative say u™ (¥)
based on a given set of points that there number must be greater than the
derivative order. We will use Taylor series to derive an appropriate

formula, and then use the method of undetermined coefficients.

Example (1.2): Find the finite difference approximation to u" (¥) based on

u(x), u(x — h) and u(x — 2h), of the form:

u' (%) = au(¥) + bu(x — h) + cu(x — 2h) .. (1.1)
Our aim is to determine the coefficients @, b and ¢, so the first step is:
Expanding u(x — h) and u(x — 2h) in Taylor series:

"

bu(x — h) = bu(x) — bhu'(%) + bu"(®) — bu"(®) + -+ ...(1.2)

cu(x —2h) = cu(x) — 2chu'(x) + 4ch2u"(9?) — 8c§um(f) + ---...(1.3)

2



By adding au(Xx) to the equations (1.2) & (1.3) and collecting the terms:

au(®@) + bu(x — h) + cu(d —2h) = (a+ b + )u(x) — (b + 2c)hu'(¥) +
(b + 40)u" (%) — (b + 8c)u" (%) + - .(1.4)

The second step is finding the values of @, b and c:

We have now three unknowns and we get a system of three equations by

putting the coefficients of any order except second-order —as we want u -

to be zero:
a+b+c=0
b+2c=0 ... (L.5)
b+4c=3

By solving the above system using MATLAB 7.0 we get the coefficients:

a=hi2,b=—i,c=i ...(1.6)

So the difference formula is:

u(x)—2u(x—h)+u(x-2h)
h2

u' (k) ~ + 0(h) ..(1.7)

In this thesis we construct an algorithm that finds finite difference
approximations to any derivative using a set of u(x + ah) and another two
algorithms one that uses a set of u(x + ah) and even known derivatives

and the other uses a set of u(x + ah)and any set of derivatives we want.
Algorithm (1.1): See MATLAB 7.0 program (p.183-184)
To find the finite-difference approximation for the derivative u(® (x;) .

Step (1): Input the order of derivative (0), the number of u(x + ah) terms
set (N) and the coefficients of % (a).



Step (2): Form (A) the power of / coefficients matrix with size NxN for
the system (1.4) as:

(1)  The first row is ones, (The first term coefficients in Eq.(1.4))
(i) Fori=2,3,....,Nandj=1,2,3,....N , set 4;;=a(j)""
(The rest terms coefficients in Eq. (1.4))

Step(3): Form the constant vector(b) for system (1.4), which are zeros

except the terms when i = o+/ the derivative order so, Fori=1,2,3,... ,N

(1)  Ifi=o+1 set b= factorial of the order (o).
(i1) else set b;=0.

Step(4): Solve the linear system Au = b using any Direct numerical
method for solving the linear system(Gaussian Elimination, LU-

Decomposition,...), to get the coefficients vector for the set of u(x + ah).

Step(5): Determine the order of (h) in the denominator for derivative

approximation

(1)  set & as unreal symbol
(i) setc=h°
Step(6): Output is the coefficients vector for u(x + ah)set to approximate

ciu(x+a;h)+cu(X+ash)+czu(k+azh)+-+cyu(k+ayh)
hO

the derivative .u® (%) ~



1.3 The Finite-Difference Approximation for Derivative Using

Known Derivatives and Set of Points:
This method depends on the previous method with some modifications.

We use a set of known derivatives at endpoint and a set of points. Then we

need to form linear system that can be solved by direct method.

Example (1.3): Derive the finite-difference approximation for third-order

derivative y at i=1 using ug, Uy, Uj_1, Uj, Ui+ 1, Uis2-
So this means that we use the first and second derivatives at x; or x;_,i = 0
Now we rewrite the derivative in the form

u"'(xq) = au(xy) + bu(x; — h) + cu(x; + h) + du(x; + 2h) + ehu'(x; — h) +

fh?u"(x; — h) ..(1.8)
Our aim is to find the coefficients a, b, ¢, d, e and f so the first step is:

Expanding u(x; + h) ,u(x; + 2h),u'(x; — h),u’(x; — h) using Taylor

series:

bu(x; — h) = bu(x;) — bhu'(x;) + b" u "(xy) — b2 u "(xy) + bh u@®(x,) —
by ™ (x,) + bh u®(x,) + ... ...(1.9)

120

cu(x; + h) = cu(xy) + chu'(xy) + chz—zu”(xl) + cgu”'(xl) + cgu(i”) (x1) +
ey @ (x1) + ¢ u(v‘) (xy) +- ...(1.10)

120

du(x; + 2h) = du(x;) + 2dhu'(x,) + 44~ u "(xy) + 8d—u ") +
16dh u™(x,) + 32dh u®(x;) + 64cl u(v‘)(x ) +- (1.11)



ehu'(x; — h) = ehu'(x;) — en2u’(x;y) + eh;u”'(xl) — eh;u(i”) (x) +

eu® (x,) — e2u® (x)) + ... L (1.12)

Fh2u' (e — h) = FR2u (%)) — FR3u"(x) + fFEu® () — fFPu® (xy) +
FEu® () + ... (1.13)

By adding au(x;) to the equations (1.9), (1.10), (1.11), (1.12) & (1.13) and

collecting the coefficients for the same terms we get:

au(x;) + bu(xy; — h) + cu(x; + h) + du(x; + 2h) + ehu'(x; — h) +
fh2u"(x;, —h)=(@a+b+c+dulx) + (=b+c+2d+e)hu'(xy) +
(b+c+4d—2e+2f)u"(xy) + (=b + c + 8d + 3e — 6f)u"(x;) +

(b +c+16d —4e + 12f)u® (x)) + - ..(1.14)

The second step is finding the values of q, b, ¢, d, e, and f

As we have five unknowns, we get a system of five equations by putting
the coefficients of any derivative except third-order —as we want u" - to be

ZC10:

a+b+c+d=0
—b+c+2d+e=0
b+c+4d—-2e+2f=0

—b+c+8d+3e—6f == --(1.15)
b+c+16d—4e+12f =0
—b+c+32d+5e—20f =0
By solving the above linear system using MATLAB 7.0 we get the
coefficients: a =}1l—§ b = %,c = %,d =0,e= %,f = % ...(1.16)

So the difference formula is:

48u(x1)+39u(x; —h)+9u(x; +h)+30hu'(x; —h)+6h%u"(x; —h)
4h3

u (x) ~ By ..(1.17)



but in this thesis we construct an algorithm that finds finite difference
approximations to any derivative we want using a set of points and any set
of derivatives, which we used many times to form a finite-difference
formula for boundary-value problems at the end points where the centered

formula has not any value.

The most usefulness for this program is helping to construct and solve large
matrix to derive the suitable finite-difference formula at a point satisfying
the boundary conditions of the problem with best global error value for
method, which needs long time and hard hand work calculations that we
may repeat many times until finding best local truncation error with second

order convergence.
Algorithm (1.2): See the MATLAB 7.0 program (p.186-190)

To find the finite-difference approximation for the derivative u(® (x;)

using a set of points and a set of derivatives.

Step(1): Input the order of derivative (o), the number of u(x+ah) terms set
(N) and the coefficients of 4 (a), the number of derivatives (M), the order

of derivatives (v(m)), the coefficients of (h) in the derivatives (am).

Step(2): Form (A) the matrix of the /4 coefficients power with size
(N+M)x(N+M) for the system (1.114) as:

(1)  The first row is ones until j=N, and zero's if >N
(The first term of equation coefficients in equation 1.14)

.. . . (i
(ii) Fori=23,....N+M and ;=1,2,3,....N, set A,-,j—aj( )

(The rest terms coefficients in equation (1.14)
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For >N
if 1=vi+1 , A= factorial(vj);

else A= amj(i'Vj'l)*(factorial(i- 1)/factorial(abs(i-vj-1)));

Step(3): Form the constant vector(b) for system (1.14), which is zeros

except the terms when i = o+/ the derivative order so, For i=1, ... ,N+M

(111) ifi=o+1 set b; = factorial(o).

(iv) else set b; =0.

Step(4): Solve the linear system Au = b using any Direct numerical
method for solving the linear system(Gaussian Elimination, LU-
Decomposition,...), to get the coefficients vector for the u(x+ah) and d”

u(x+ah)set.
Step(5): Determine the order of (h) in the denominator for derivative

(111)  set & as unreal symbol

(iv) setc=h°

Step(6): Output is the coefficients vector for u(x+ah)set to approximate the

derivative

ciux+a; )+ ulx+azh)++oyulx+ayh)+ X7 i O cu®® (x+ap g h)
hO

u®(x) ~
1.4 Local Truncation Error (LTE):

It is defined by replacing w; by the true solution u(x;) in finite formula, in
general the true solution u(x;) will not satisfy this equation exactly, and the

discrepancy is the LTE which is denoted by 7;.
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Suppose we want find the local truncation error for the finite difference
U(Xi—2)—2u(x;—1)+u(x;)

formula for the second-order derivative u’ (x;) =~

%
Ty = Wiy — 2w +wy) — u'(x;) ..(1.18)
T, = ul — hu;' +0(h) —u"(x;) ...(1.19)
7, = —hu; + 0(h) ...(1.20)

Although ;" is in general unknown, it is some fixed function independent

ofhandso t; = O(h) ash — 0.
Algorithm (1.4): See the MATLAB 7.0 program (p.190-192)

To find the local truncation error for finite-difference approximation, we

1O+ (xtq;
use the equation: T, = YN, = (Oﬁ:alh) h(o+h) . (1.21)

Where £=1,2,3,.. until finding 7, # 0.

Step (1): Input the order of derivative, the number of u(x+a#) and its h

coefficient.

Step (2): Find the finite-difference approximation vector (co) for the
derivative using Algorithm (1.1).

Step (3): Set k=o+2, T=0

Step (4): While T=0 do Steps (5- 13)

Step (5): Find the vector of h to the power (o+k)
For i=1,2,3,...,N set A1k7i=a(i)(0+k)

Step (6): Find the nonzero truncation error, T=Aly ;*co
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Step (7): if T=0 set k=k+1
Step (8): if T=0 do steps (9-12)

The following steps are used to prevent a very small error, caused by

machine, as well as, the use of rational formatting while finding (co).

We find that T=0 using hand calculations, but when we use the program
with MATLAB 7.0 we get very small value of T = 1 X 10716, so we
follow these steps, which depend on the fact that (if the nominator of a real

fraction equals zero so the fraction will be zero).

Step (9): Separate the fractions vector (co) to two vectors nominators

vector and denominators vector as [n,d]=rat(co)

[n,d]: it is a MATLAB 7.0 function that separate the fraction vector to two

vectors. (n= nominators vector and d= denominators vector).

Step (10): To get the exact value for each part of fraction it should be

rounded to the nearest integer (to prevent the rational formatting).

Step (11): As (co) has different fractions so we must uniform their

denominators, which is the vector (d) from step (9):

Find the least common divisor for denominator vector (d), but there are no

MATAB function that gets it directly, so we follow these steps:

(1)  set Nl=length of vector (d) , k1=1, m=maximum entry of (d), e=1
(i)  while e#0 do
(11) Fori=1,2,3,..., N1 Li=lcm(d; ,m)



13

lcm: MATLAB function that finds the least common multiple for two

integers.
To test if denominator vector is uniform or not:

(iv)  set G vector of the maximum value of (L),

(v)  set e= maximum entry of vector |L-G|

If the maximum difference between two positive integers equals zero this

means that the integers are equal, else they are not equal.

(vi) testifex#0 set k=k+1 and repeat steps(ii-v)

(vii) ife=0 Stop and do the steps (viii-xi) so we uniform the
denominator vector.

(viil)) Now we must uniform the fractions by getting the number that
multiplies (d) to be uniformed.

(ix) set ml=divide the entries of L on entries of d for i=1,2,3,...N1)

(x)  set new n®=multiply the entries of n by the entries of m1 for
i=1,2,3,.. N1)

(x1) set T1= Aly; )

Step (12): if T1 =0, set k=k+1
Step (13): if T1 # 0, Stop
tn=(Aly; *co)/factorial for (k-1)
Step (14): To determine the order of truncation error O(h):

(1)  set (h) unreal symbol.
(i) cl =ht*D
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Step (15): Output the local truncation is (tn ) with order (c1) .

The three previous algorithms are very important for our thesis that gets us
the suitable form we need for derivative with suitable order of truncation

error on short time.

For example, the hand calculations for deriving the finite-difference
formula for a third-order derivative (yim) in example (1.3) need about 30

minutes, but using these algorithms we need 0.047 seconds.
1.5 Newton's Method for Non-Linear System:
This method can be summarized by this equation:

xk = xk=1 — 71k F(xk1)

Where F is the non-linear system that we want to solve and must be written

on the form F(x) =0.

J is the Jacobin NxN matrix which is given as:

0h Oh | 4]
0x; 0xy Oxy
0x; 0xy Oxy
[0x; Ox, Oxp

to solve the above equation we will select initial x” guess and generating for

k>1 then solve Jy = —F to get the vector increment of y then

and so on until reaching convergence or exceeding the maximum number

of iterations.
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CHAPTER TWO

Third-Order Linear Boundary-Value Problem

Linear third-order boundary-value problems have many applications in

physics, engineering, and chemistry, see [1], [5], &[8].

In this chapter our concern is approximating the solution for a third-order
linear boundary-value problem by using finite-difference approximations
with second order convergence and then we will use Richardson's

Extrapolation methods to obtain a better approximation for the problem.

There are many cases for the linear third-order boundary-value problems.
These have different forms of boundary conditions; there solution existence

and uniqueness are discussed widely by several papers, see [1].

In this chapter we will discuss the numerical solution for four cases of the

problem using finite-difference method.
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2.1 Finite-Difference Method (2.1) for Linear Third-Order

Boundary-Value Problem:
Consider the linear third-order boundary-value problem:
Y () =p()y + ()Y +pe()y+r(x), as<x<b .21
with first especial case of three boundary conditions
y(@) = ay,y' (@) = ar,y(b) = B .22

First, we select an integer N>0 and divide the interval [a,b] into (N+1)

equal subintervals whose endpoints are the mesh points x; = a + ih for

i=0,1,2,...,N+1, where the step size h=(b-a)/(N+1).

Second, we approximate all derivatives in (2.1) using finite-difference

approximation on the interior mesh points.

' (xi+1)—y(xi-

y () = TE Y= 2y g .(2.3)
’ (ri-1) =2y () +y (x; :

y' () = TR i) 1y @) () (24)

which are centered-difference formulas with second order convergence.

But we take special finite-difference approximation for the third-derivative,
to be suitable to the problem boundary conditions and maintain the second

order convergence.

ym(xi) _ y(xi_3)—6y(xi_2)+12y2(:lc;-_1)—10y(xi)+3y(xi+1) + %y(v)((i) ..(2.5)

Now the substituting of the equations (2.3), (2.4) and (2.5) in Eq.(2.1) gets

the equation
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Y(xi—3)—6y(xi_)+12y(x;_1)—10y(x)+3Y(Xi41) _ Y (xi—1)—2y(x)+y(xiy1)

- = p2 ()l = 1+
Py ) PRy s )y () + () — 22 ()Y (60) +
p2(x)y ™ () + 3y (€] ..(2.6)

A Finite-Difference method with truncation error of order 0 (h?) results by

using (2.6) together with the boundary conditions (2.2) to define
Wo = o, Wn+1 = Pos Wo =

and

Wi_3—6W;_,+12w;_1—10w;+3w; Wi_1—2wW;+w; Wit1—Wi_
3 2 2h3 1 +1 pz (xl) [ 1 h2 +1] _ pl (xl) [ +12h 1] _
Po(x)w; = r(x;) (2.7
for each i=3,4,5,....N .

Now by multiplying Eq.(2.7) by 2h3 it can be written:

Wi_3z — 6W;_p + [12 — 2hp, (x;) + h2P1(xi)]Wi—1 —[10 — 4hp, (x;) +
203po (x)w; + [3 — 2hp, (x;) — h?py (x)wipq = 2R3 (x;) ...(2.8)

for each i=3,4,5,....N .

but this formula is suitable for N-2 mesh points, so we need to derive

special formula when i=1,2 using the boundary conditions

e S A (2)) .2.9)
" _2 [
gy = P ) ) .(2.10)

In order to maintain second order convergence, we derive new finite-
difference approximation using the first derivative at i=0 and one more

point in difference formula using special algorithm (1.2) which is given by
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" 8y,—9y.+Vy2:+6h i 2
= = 5y 21

by substituting equations (2.9),(2.10)and (2.11) in Eq.(2.1) we get

8y0—9y1+y3+6hy0 _ Yo—2Y1tY2 23’1+3’2

r(x) — %[10}91 (x)y (&) + 5P2 (x1)y(w)(771) - 9}’(”)((1)] .(2.12)

by omitting the error term and multiplying the previous equation by 6h3 we

get the finite-difference formula at i=1

[16 - 6h’p2(x1) + 3h2p1(x1)]W0 - [18 - 12hp2(x1) + 6h3p0(x1)]W1 -
[6hp, (x1) + 3R%p, (x1)]w, + 2w + 12hwy = 6R3T(xy) ...(2.13)

To find the suitable finite-difference formula at i=2 we follow the same

step as i=1, but without using more one point in deriving it

, =20y () .. (2.14)
" _2 + 2 ]

vy = % — 2y ) () ..(2.15)

yzm _ —14y,+27y,-18y,+5y3—6hy, + ﬁy(v) ((2) .._(2.16)

3h3 20

by substituting equations (2.14),(2.15)and (2.16) on Eq.(2.1) we get

—14y,+27y,—18y,+5y3—6hy, _ J’1—ZJ’2+3’3
3n3 = po(x3) + 1(x2)

Po(x2)y, + 1(x2) — 5[10}91 (x2)y" (&) + 5p; (xz)y(”’)(nz) + 9}’(17)((2)]

(2.17)

by omitting the error term and multiplying the previous equation by 6h3 we

get the finite-difference formula at i=2
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—28W0 + [54 - 6hp2(x2) + 3h2p1(x2)]W1 - [36 - 12hp2(x2) +
6h>po(x2)Iw, + [10 — 6hp, (x;) — 3h%p; (x)]ws — 12hW(; = 6h°r(x,)

..(2.18)

Using equations (2.8), (2.13), and (2.18) together give a system with NxN

nearly penta-diagonal matrix problem

Aw =c¢ ...(2.19)

where
A=
[F(8+3FG)  —3F;(x) 2 o
| 54-3F(x) —(36+3F(x) 10-3F;(x,) |
! -6 12-F(x;) —(0+F(x) 3-F) |
| 1 6 12— Fy(xy)  —(104+F0) 3 Fi(x) |
l 0 ) | 6 12— F (o) —(10+FGan]

Wy - 6h%r(x,) — (16 + 3F;(x1))ag — 12ha ]

W3 6h3r(x2) + 28(10 + 12h0(1
. 2h3r(x3) — wy

w = : ,and ¢ = 2h37(x,)

WV]VV_l 2h3T(xN_1)

- N X L 2h3r(xy) — (3 — F3(xn))Bo dyx1

Fi(x;) = 2hp,(x;) — R*py (%), Fy(x;) = —4hp, (x;) + 2h3po(x;)
F3(xi) = Zh’pZ(xl) + thl(xi)9 for i:1)2)39"'9N

Now, using LU-decomposition with MATLAB, we will solve the linear
system (2.19), to reduce calculations at several values of step-size (A=0.1,
0.05, 0.025), then we will extrapolate the solution to get higher-order

accuracy.
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Algorithm (2.1): Linear Finite-Difference Method (2.1) for Solving
Third-Order BVPS Case (I): See full MATLAM program (p.193-197)

To approximate the solution for the boundary-value problem
Y =p2(0)y +p1()y +p()y+r(x), as<x<b
with boundary conditions y(a) = ay, y(b) =, vy (@) = a4
Step(1):Input endpoints a, b; boundary conditions ag, Sy, @1
Step(2):For £=1,2,3,4 (To determine h=0.1,0.05,0.025,0,0125)

- set Ni=(10%2% D). 1;
- h=(b-a)/(N+1);
- do steps(2-9)

Step(3):For i=1,2,3, ...,N; set x(i)=a+ih , find py(x;), pi(x;), po(x;), and r(x;).

(The values of associated functions on Eq.(2.1))

Step(4):For i=1,2,3,...,N; set

- Fi())= 2hp, (D) — h2P1 OF
- Fy(i))=—2h3py (i) + 4hp, (D);
- F3())= 2hp, (D) + h*p, (0);

(The adding Eq.(2.3)&(2.4) finite-difference formula for y ,yas F's)

Step(5):To determine the diagonals for matrix 4 in the system (2.19) ; For
i=1,2,3,...,Ny set

(The main diagonal for A (d0))

d0=[-(18+3Fx(1)) -(36+3F»(2)) -(10+F5(3)) ..... ~(10+F;(N )]
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(The first upper diagonal for A (dU1))
dU1=[-3F;3(1) (10-3F3(2)) (3-F3(3)) ....... (3-F5(Ng-1))];
(The second diagonal for A (dU2))
dU2=[2 0 ... O]1x(v,-2)
(The first lower diagonal for A (dL1))
dL1=[(54+3F(2)) (12+F;(3)) ...... (12+F(Ny)] ;
(The second lower diagonal for A (dL2))
dL2=[—6 ... = 6]1x,-1)
(The third lower diagonal for A (dL3))
dL3=[1 ... 1]1xvp-2)
(The constant vector on (c) Eq.(2.19))

c=[(12h3r(1) — (16 — 3F,(1))a0 — 6hal) ;(12h37(2) + 28a0 + 6hal)

;(2h3r(3) — a0); 2h3r(4); .....;2h3r(N (k) — 1); 2h3r(N(k)) — (3 — F5(N (k)))Bo]

Step(6) Factorize A to two diagonals matrix: matrix L has main diagonal-

ones entries- and other three lower ,and U has main diagonal and two upper
Step(7) For i=1,2,3,...,N; Solve LY=d to find Y using forward substitution

Step(8) For i=N, N-1, ..., 2, 1 Solve Un=Y to find the approximation

solution w using backward substitution

To write the w's values at x;=a+0.1*1, for 1=0,1,...,9
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Step(9) Set N1=9
Fori=1,2,3,... Ny, for j= 0,2,4,8,... Ny set W1;,=w;;
Step(10) For i=1,2,...,NI set h=(b-a)/N1 ; x(i)=a+ih
Step(11) Extrapolate the solution at h=0.1,0.05,0.025,0,0125 by set
Ext2(h=0.1)=(4*W1(h=0.05)-W1(h=0.1))/3;
Ext2(h=0.05)=(4*W1(h=0.025)-W1(h=0.05))/3;
Ext2(h=0.025)=(4*W1(h=0.0125)-W1(h=0.025))/3;
Ext3(h=0.1)=(16*Ext2(h=0.05)-Ext2(h=0.1))/15;
Ext3(h=0.05)=(16*Ext2(h=0.025)-Ext2(h=0.05))/15;
Ext4(h=0.1)=(64*Ext3(h=0.05)-Ext3(h=0.1))/63;

Step(12) Output [x' ,W1',Ext4] (The approximation solutions and

Extrapolation)

Example 1: Consider the linear third-order boundary value problem
y"(x) = 2x%y" —3xy — 5x%y + e?*(3x3 —x? —5x — 4),0 < x <I
with boundary conditions :  y(0) =1, y(1)=0, y'(0)=1

So p,(x) = 2x?, p,(x) = =3x, po(x) = —5x2, and

r(x) = e?*(3x3 — x? — 5x — 4) on the interval [0, /]
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Now by applying algorithm (2.1) to the example we get the following
results that approximated solutions at several values of h as listed in Table

2.1)
Table 2.1

x; ExactY  wih=0.1) wih=0.05) wih=0.025) wih=0.0125) Ext3(0.1) Ext4(0.1)

0.1 1.09926248 1.09945718 1.09934530 1.09928723 1.09926910 1.09926520 1.09926269
0.2 1.19345976 1.19433658 1.19379324 1.19355538 1.19348492 1.19346702 1.19346036
0.3 1.27548316 1.27753316 1.27620571 1.27568575 1.27553614 1.27549571 1.27548435
0.4 1.33532456 1.33890771 1.33652472 1.33565662 1.33541109 1.33534304 1.33532645
0.5 1.35914091 1.36439876 1.36084026 1.35960702 1.35926211 1.35916540 1.35914355
0.6 1.32804677 1.33481404 1.33017748 1.32862762 1.32819757 1.32807627 1.32805003
0.7 1.21655999 1.22425193 1.21893383 1.21720414 1.21672703 1.21659201 1.21656358
0.8 0.99060648 0.99806306 0.99287133 0.99121882 0.99076513 0.99063646 0.99060989
0.9 0.60496475 0.61022938 0.60654294 0.60539014 0.60507488 0.60498532 0.60496710

The previous results reveal that as h is decreases the accuracy increases.

The maximum error for each approximation is as listed in Table (2.2)

Table 2.2 Y — W| Maximum Error
Y —w;(h =0.1)] 7.7 x 1073
Y — w;(h = 0.05)] 24 %1073
Y — w;(h = 0.025)] 6.4415 x 1074
Y —w;(h = 0.0125)| 1.6704 x 10~
|Y — Ext3;(h = 0.1)| 3.2016 x 1075
|Y — Ext4;(h = 0.1)] 1.6704 x 107

Table (2.2) values reveal that the best error is at the Fourth-Extrapolation
when h=0.1.
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2.2 Finite-Difference Method (2.2) for Linear Third-Order

Boundary-Value Problem:

Consider the linear third-order boundary-value problem:

Yy () =p2()y +p1(0)y +pe()y +7r(x), a<x<b .(2.20)

with second especial case of three boundary conditions

y(@ =ay, yb) =By ,y (b) =, .21

To approximate the solution to this problem we will follow the same steps
in the previous by dividing the interval [a,b] into N+1 equal subintervals
whose endpoints x;=a+ih ,for i=0,1,2,...,N+1, then we substitute all

derivatives by appropriate finite-difference formulas.

By using algorithm (1.1) we get a suitable finite-difference approximation

for y"

" —3y(xi—1)+10y(x;)—12y(xi11)+6y(xit2)—Y(x; 2
y (xi) — 1 5 +1 Y(Xit2) =Y (Xi+3) + hTy(v)((l) (222)
The use of this formula maintains the convergence of this method and
decreases the use of one more points at endpoints where their boundary

conditions are not sufficient.

Now we use the equations (2.3), (2.4) centered-difference formula for
y',y"and Eq.(2.22) and substituting in Eq.(2.20) to get the equation

=3y (xi_1)+10y(x))—12y(x;41)+6Y(Xiy2) =Y (Xiy2)

2h3
) [y(xi-1)—2y(xi)+y(xi+1)

y(xiy1)—y(xi—1)
h2 [ +1 1 ]

| + pa o) D) 4 () () +
(&) + 2 (x)y ™ () + 3y ()] ...(2.23)

P2 (x;

"

r(x;) — 22 (x;)y
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A Finite-Difference method with truncation error of order 0 (h?) results by

using (2.23) together with the boundary conditions (2.21) to define
Wo = Qo , Wn+1 = Pos Wyt = B2

and

=3w(xi—1)+10W(x;)—12W (X4 1) +6W(Xi42)=W(Xiy2) Wi—1—2WitWiyq

Py () [P — po Ge)w; = 7(xy) (224
for each i=1,2, 3,4,5,...,N-2 .
Now by multiplying Eq.(2.24) by 2h3 it can be written as :

—[3 + 2hp, (x;) — K®p1 (x)Iw;i—1 + [10 + 4hp, (x;) — 2R3y () lw; —
[12 + 2hp, (x;) + APy (XD IWipq + 6Wipp — Wiz = 20°7(x;)  ...(2.25)

but this equation is suitable for N-2 mesh points that we must derive a

special formula that maintains the second order convergence at i=N-1,N

Now we will derive the formula when i=N-1 using boundary conditions

' YN—YN-— 2w
Yn-1 =" = =%y (En-1) ...(2.26)
" VYN—2—2YN-11Y 2 (i
Ynog =T - ey Wy ) ..(2.27)
nr —_— —_— — 2 4
Yoy = NI N e ZOR Vet 4 W () (7 ) L(2.28)

By substituting equations (2.26), (2.27) and (2.28) in (2.20) we get

—-17yN > +57yN—1_63yN+23yN+1_6h2y1,\,l+1 _ YN-2—2YN—11YN
11h3 - pZ(xN—l) h2 +

p1(xn-1) [3/1\1—2_3}/11\1-2] + Po(Xn-1)Yn-1 + 7 (xy-1) — 1}13—22[22p1(x1v—1)ym(f1v—1) +

11p, (en—1)y @ (y—1) + 18y (y-1)] ...(2.29)
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By omitting the error term and multiplying the previous equation by 22h3

we get the finite-difference formula at i=N-1

—[34 + 22hp, (xy—1) — 11h%py (xy—1)lwy—o + [114 + 44hp, (xy_1) —
22R3po (xy—1)Iwy_1 — [126 + 22hp, (xy—1) + 11R%*p; (xy_1) Wy +
46wy 4y — 12R2wy,, = 22R31(xy_1) ...(2.30)

Finally, to derive finite-difference formula at i=N, we use

yn = = By () -(231)
y;\'l _ YN- 1—2212N+y1v+1 _ %y(iv)(mv) ...(2.32)

In order to maintain second order convergence, we derive new finite-
difference approximation for third-order derivative using the second
derivative at i=N and one more point using special algorithm (1.2), which

is given by

m _ =5yN_2+9YN-1—3YN—YN 1+6h2yy B2
Yn = TR t_ Wy (2.33)

By substituting equations (2.31), (2.32) and (2.33) in Eq.(2.20) we get

—5YN-2+9YN_1=3YN—YN+1+6R% VN1

11h3
P () [PR=2N] gy, (o) [0 g e )y + 7 () —
2 [22p1 1)y " (&) + 11p, () y @ (1) — 18y @ ()] ..(2.34)

By omitting the error term and multiplying the previous equation by 22h3

we get the finite-difference formula at i=N

—1OWN_2 + [18 - 22hp2(xN) + 11h2p1(xN)]WN_1 - [6 - 44hp2(xN) +

R3po(xn)Iwy — [2 + 22hp, (xy) + 11h%p; (xy) 1wy 41 + 6hP Wy =
22h37r (xy) ...(2.35)
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Using equations (2.25), (2.30), and (2.35) together give a system with NxN

nearly penta-diagonal matrix problem

Aw =c ...(2.36)
Where
A=
[ 10-F() —(12+F5(x) 6 -1 0 1
I—(s +F(x)  10=Fx) —(12 +3F(xy) 6 -1 |
I
[ —(B+ F(xy_2)) 10 — F(xy_2) —(12 +3F;(xy-5)) |
l —(34 + 11F, (xy_1)) 126 —11F,(xy_1) —(126 + 11F;(xy_y))
0 —10 18 — 11F; (xy) —(6+ 11F,(xy)) XN
w (3 + Fy(xy))agy + 2h3r(xy)
1
W, 2h37r(x,)
w = , =
Wy_1 Bo + 2h3r(xy_3)
L wy L —46L, + 12h%B, + 22h3r(xy_1)
_(2 + 11F3(XN))ﬁ0 - 12h2ﬁ2 + 22h3T(XN)_

Nx1
Fy(x;) = 2hp, (x;) — h®py (x;) ,
F,(x) = —4hp, (xy) + 2h°po(x)

F;(x;) = 2hp,(x;) + h?py(x;), fori=1,2,3,....N

Now, using LU-decomposition with MATLAB, we will solve the linear
system (2.36), to reduce calculations at several values of step-size (A=0.1,
0.05, 0.025), then we will extrapolate the solution to get higher-order

accuracy.
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Algorithm (2.2): Linear Finite-Difference Method (2.2) for Solving
Third-Order BVPS Case (II): See full MATLAM program (p.197-202)

To approximate the solution for the boundary-value problem
y® =p,()y" +p1 ()Y +pe()y +7(x), a<x<b
with boundary conditions y(a) = ay, y(b) = B, vy (b) = S5,

We use the same steps in algorithm (2.1) except modification in steps (5)

&(6) as:

Step(5):To determine the diagonals for matrix 4 in the system (2.36) ;
For i=1,2,3,...,N; set (The main diagonal for A (d0))

dO=[10-F5(1) 10-F(2) ..... (114-11Fy(N-1)) —(6+11F,(Ny))];

(The first upper diagonal for A (dU1))

dU1=[-(12+F5(1)) -(12+F3(2)) ....... -(126+11F3(Ng-1))];

(The second upper diagonal for A (dU2)):dU2=[6 ... 6]1x (v, —2)

(The third upper diagonal for A (dU3)):dU3=[—1 ... — 1];xn,-3);
(The first lower diagonal for A (dL1))

dL1=[(54+3F(2)) (12+F;(3)) ...... (12+F(Ny)] ;

(The second lower diagonal for A (dL2)) : dL2=[0 ...0 — 10]1x,-2)
(The constant vector on (c) Eq.(2.36))

c=[(2h3r(1) + (3 + F1(1))a0) ; 2h3r(3);...2h3r(Ny — 2) + by ;
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(-46by+ 12h%b,+22 WPr(N-1) ; (2+11F5(Ny))bg -12h*by+221(Ny )]

Step(6): Factorize A into LU, where L is lower tridiagonal matrix with

unit main diagonal and U is upper fourth-diagonal.

Then we complete the other steps in algorithm to get the results.

Example 2: Consider the linear third-order boundary value problem
y'""(x) = 2x%y" — 3xy’ —5x%y + e**(3x3 —x* —5x—4),0 < x <I
with boundary conditions :  y(0) =1, y(1) =0, y"(1) = —4e?
So p,(x) = 2x?, p,(x) = =3x, po(x) = —5x2, and
r(x) = e?*(3x3 — x? — 5x — 4) on interval [0, 1]

Now by applying algorithm (2.2) to the example we get the following
results that approximated solutions at several values of h as listed in Table
(2.3)

Table 2.3

xi ExactY wih=0.1) w;h=0.05) w;(h=0.025) w;(h=0.0125) Ext3(0.1) Ext4(0.1)
0.1 1.09926248 1.09473860 1.09670179 1.09843355 1.09903139 1.09912112 1.09924730
0.2 1.19345976 1.18634766 1.18908380 1.19202138 1.19305661 1.19320088 1.19343204
0.3 1.27548316 1.26750392 1.26999876 1.27364690 1.27496522 1.27513179 1.27544567
0.4 1.33532456 1.32792833 1.32939255 1.33329311 1.33474718 1.33490747 1.33528027
0.5 1.35914091 1.35342815 1.35336365 1.35710591 1.35855714 1.35868741 1.35909306
0.6 1.32804677 1.32466256 1.32294828 1.32618503 1.32750650 1.32758974 1.32799893
0.7 1.21655999 1.21556413 1.21255574 1.21502730 1.21610862 1.21613770 1.21651617
0.8 0.99060648 0.99134977 0.98795838 0.98952776 0.99028264 0.99026575 0.99057126
0.9 0.60496475 0.60609462 0.60372300 0.60441868 0.60479665 0.60476512 0.60494357

The previous results reveal that as h decreases the accuracy increases. The

maximum error for each approximation is as listed in Table (2.4)
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Table 2.4
Y — W] Maximum Error
Y —w;(h =0.1)] 7.9792 x 1073
|Y —w;(h = 0.05)] 5.9320 x 1073
Y —w;(h = 0.025)| 2.0350 x 1073
Y —w;(h = 0.0125)| 5.8377 x 10~*
|Y — Ext3;(h = 0.1)| 1.0003 x 10~
|Y — Ext4;(h = 0.1)| 47850 x 1073

But this table reveals that the results for method (2.1) is better than method
(2.2) which means, that the derivatives order in boundary conditions have a

control on the method accuracy.

2.3 Finite-Difference Method (2.3) for Linear Third-Order

Boundary-Value Problem:

Consider the linear third-order boundary-value problem:

y'(x)=p(x)y" +p1(x)y" + o)y +7r(x), as<x<b ..237)

with third especial case of three boundary conditions

y@=ay, y'(@=a, ,y"(b) =5, ...(2.38)

To approximate the solution to this problem we will follow the same steps
in the previous section by dividing the interval [a,b] into N+1 equal
subintervals whose endpoints x;=a+ih ,for i=0,1,2,...,N+1. Then we

substitute all derivatives by appropriate finite-difference formulas.
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By using algorithm (1.1) we get a suitable finite-difference approximation

fOI‘ yIII

y,”(xi) — J’(xi—3)—6J’(xi—2)+123’2(:;;—1)—103’(xi)+3J’(xi+1) _ %y(m ((l) (239)

Now we use equations (2.3), (2.4) the centered-difference formula for
y',y"and Eq.(2.39), and substituting in Eq.(2.37) to get the equation

y(xi_3)—6y(x;_2)+12y(x;_1)—10y(x;)+3y(Xit+1)

2 = p,(x;) [y(xl 1)— 2y(xl)+y(xi+1)] n
(x; i
pa ) [FEXE] o () () + 7() — 22y (x)y @ (&) +
D2 (xi)y(“’)(m) —3yW(()] ..-(2.40)

A Finite-Difference method with truncation error of order 0 (h?) results by

using (2.40) together with the boundary conditions (2.38) to define

— I " _
Wy = Qg , Wy = Uy, Wyi1 = Ba

and

-3 6Wi_2 + 12Wi—1 — 10Wl + 3Wi+1 Wi_1 — 2Wi + Wit1
2h? ~ P2l h?

= () [P = poGews = () (241)
for each i=3,4,5,...,N-1
Now by multiplying Eq.(2.41) by 2A° we can rewrite it as:

Wi_3 — 6W;_p + [12 — 2hp, (x;) + h2P1(xi)]Wi—1 —[10 — 4hp, (x;) +
203po (x)1w; + [3 — 2hp, (x;) — h?py (x)wipq = 2R3 (x;) ...(2.42)

But this formula is suitable for N-3 mesh points, so we need to derive

special formula when i=1,2,N using the boundary conditions, that maintains

the second order convergence for the method.
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Now we will derive finite-difference formula at i=/

yp =22 -y (&) (2.43)
"o o__ y0_2y1+y2 _ E (LU) 2 44
1 =7z TV (1) ...(2.44)

In order to maintain second order convergence, we derive new finite-
difference approximation for third-order derivative by using the first

derivative at i=0 and one more point in algorithm (2.1), as following

i 8Yo—9y1+Ys+6hy 2
y = et = 2y () -(2.45)

By substituting equations (2.43), (2.44) and (2.45) in Eq.(2.37) we get

- h
8Yo 93’;‘12’3"'6 J’o _ 2( 1)[ 0 23’1+3’2] +p
r(x) — %[10}91 (x1)y"" (§1) + 5p; (x1)y(w)(771) - 9}’(17)((1)] ...(2.46)

By omitting the error term and multiplying the previous equation by 6h3

we get the finite-difference formula at i=1

[16 — 6hp, (x1) + 3h%p, (x1)]wg — [18 — 12hp, (x1) + 6h3po(xy) Iwy —
[6hp,(x1) + 3h%py (x)]w, + 2wy + 12w = 6R3T(x) ...(2.47)

To find the suitable finite-difference formula at i=2, we follow the same

step as in =1, but without using more one point in deriving it

2 g
V4 _3’3_hy1 h?y (&) ...(2.48)
17 —2y,+ 2 [
yy =2 hJ;z Y3 — By @) (y,) ...(2.49)
) —14y0+27y,;—18Y,+5y3—6hy}
Y2 = == 3h3y2 > yo_"%y(v)((z) +++(2.30)

By substituting equations (2.48), (2.49) and (2.50) in Eq.(2.37) we get



33

—-14y0+27y; —18y,+5y3—6hy| ) Yi— ZY2+Y3
303 = po(x;

] + P1
Po(x2)y, +1(x2) — 5[10}91 (xz)y”’(fz) + 5p, (xz)y(”’)(nz) + 9y(v) (¢2)]

..(2.51)

By omitting the error term and multiplying the previous equation by 6h3

we get the finite-difference formula at ;=2

—28wq + [54 — 6hp, (x;) + 3h%p; (x)]wy — [36 — 12hp,(x;) + 6hp, (x5) 1w, +
[10 — 6hp,(x;) — 3h?p, (x,)]ws — 12hw} = 6h37(x,) ...(2.52)

Now we will find suitable finite-difference formula at /=N which maintains

second order convergence and specify the boundary conditions

i = Bt 2
YN-2—2YN-1+YNTRZY] 2 (i
i = s I e _ sy @) +-(2:54)
i YN-3—21YN_2+39yN_1—19yN+18h2 Y} 2
W= = 311\;Ih; - s % @ (¢w) --(2.55)

By substituting equations (2.53), (2.54) and (2.55) in Eq.(2.37) we get

YN—3—21YN_2+39YN_1—19YN+18h2yN ., YN—2—2YN-1+YNTh2YN 41
35h3 = p2(xy) [ 2h2 ] +
y 43’ +3y
p1(xy) [ A= A=t N] + po(xp)yn + r(xy) + 168[56P1(xw)y( )(SEN) -

91p, (xN)y(”’)(nN) + 30y (¢y)] ...(2.56)

By omitting the error term and multiplying Eq.(2.56) by 70h3we get the

finite-difference formula at ;=N

2WN—3 - [4‘2 + 35hp2(xN) + 35h2p1 (xN)]WN_Z + [78 + 7th2(xN) +
140h2p1(xN)]WN_1 - [38 + 35hp2(xN) + 105h2p1(xN) + 70h3p0(xN)]WN +
[36 — 35hp, (xy)]h?wy,1 = 70h37r(xy) ...(2.57)
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Finally, using equations (2.42), (2.47),(2.52), and (2.57) together give a

linear system with NxN nearly penta-diagonal matrix problem

Aw =c ...(2.58)
Where
A=
'—(18 + 3F, (x,)) —3F,(x;) 2 0
54 —3F (x;) —(36+3F,(x;)) 10— 3F;(xy)
—6 12— F(xs) —(10+F(xy) 3~ Fs(xs)
1 —6 12— F(x,) —(10+F(x) 3 = F3(x4)
1 —6 12 - 1;1(951\1) —-(10+ 1‘:2 (xy-1)) 3—F; th—1)
0 2 —(42+Fy(xy))  78—Fs(xy)  —(38+Fs(xaa)l .
Wy 6h371(x,) — (16 + 3F;(x1))ag — 12ha ]
W3 6h3r(x2) + 28(10 + 12h0(1
2h3r(x3) — ay
w=r : » €= 2h3r(x,)
WN-1 2h3r(xn_1)
- N vxa | 70R3r(xy) — (36 — 35hp, (xy))R2B, 1,

F1(x;) = 2hp, (x;) — h?py(x) ,
F,(x) = —4hp, (x)) + 2h°po(x;)
F3(x;) = 2hp,(x;) + h?p;(x;), for i=1,2,3,...,N-1
F,(xy) = 35hp, (xy) + 35h°p; (xy) ,
Fs(xy) = =70hp,(xy) — 140h?p; (xy)

Fg(xy) = 35hp,(xy) + 105h%p (xy) + 70h%py (xn)
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Now, using LU-decomposition with MATLAB, we will solve the linear
system (2.19), to reduce calculations at several values of step-size (A=0.1,

0.05, 0.025), then we extrapolate the solution to get higher-order accuracy.

Algorithm (2.3): Linear Finite-Difference Method (2.3) for Solving
Third-Order BVPS Case (III): See full MATLAM program (p.202-207)

To approximate the solution for the boundary-value problem

Y& =p(0)y" +p1 ()Y +po()y +7(x), a<x<b
with boundary conditions y(a) = a, , y'(a) = a; ,y"(b) =B,

This algorithm is the same as algorithm (2.1) with some modifications in

steps (4and 5) as:
Step(4):For i=1,2,3, ..., Ny set

- Fi(i)= 2hp, (D) — R*py (0);

- Fa(i)=—2h%p, (i) + 4hp, (1);

- F3()= 2hp, (D) + R?ps (D)

- Fy(xy) = 35hp,(xy) + 35R%p; (xy) ,

Fs(xy) = —70hp,(xy) — 140h*p; (xy)

Fg(xy) = 35hp,(xy) + 105h%p, (xy) + 70h3p, (xy)

(The adding Eq.(2.3) &(2.4) finite-difference formula for y, y as F's)
Step(5):To determine the diagonals for matrix 4 in the system (2.58);
For i=1, 2, 3..., Ny set (The main diagonal for A (d0))

d0=[-(18+3Fx(1)) -(36+3F»(2)) -(10+Fy(3)) ..... —(39+Fs(N )1
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(The first upper diagonal for A (dU1))
dU1=[-3F;3(1) (10-3F3(2)) (3-F3(3)) ....... (3-F5(Ng-1))1;
(The second diagonal for A (dU2))
dU2=[20 ... 0]y x(n,—1)
(The first lower diagonal for A (dL1))
dL1=[(54+3F(2)) (12+F;(3)) ...... (78- Fs(Nx-1)] ;
(The second lower diagonal for A (dL2))
dL2=[-6..—6 —42 —F4(N) |ixm,-2)
(The third lower diagonal for A (dL3))
dL3=[1...1 2]1xn,-3);
(The constant vector on (c) Eq.(2.58))

c=[(12h%*r(1) — (16 — 3F,(1))a0 — 6hal) ;(12h3r(2) + 28a0 + 6hal) ;( 2h%r(3) —

a0); 2R3 (4); .....2h3r (N, — 1); 70h37 (xy) — (36 — 35hp, (xx))h2B; ]

then we continue the algorithm to get the approximation vector w
Example 3: Consider the linear third-order boundary value problem
y'""(x) = 2x%y" — 3xy’ —5x%y + e**(3x3 —x* —5x—4),0 < x <I
with boundary conditions :  y(0) =1, y'(0)=1, y"(1) =—4e?
So p,(x) = 2x?, p,(x) = =3x, po(x) = —5x2, and

r(x) = e**(3x3 — x? — 5x — 4) on interval [0, 1]
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Now by applying algorithm (2.3) to the example we get results, which

approximated the solutions for the problem at several values of h as listed

in Table (2.5).

Table 2.5

Xj Exact Y wi(h=0.1) wi(h=3.125")  w;(h=1.5625") w;(h=7.8125")
1 1.09926248 1.05859890 1.09883598 1.09915376 1.09923508
0.2 1.19345976 1.03091315 1.19175407 1.19302494 1.19335018
0.3 1.27548316 0.91005993 1.27164775 1.27450542 1.27523677
0.4 1.33532456 0.68658141 1.32851532 1.33358872 1.33488713
0.5 1.35914091 0.34789500 1.34852799 1.35643543 1.35845914
0.6 1.32804677 -0.12237751 1.31282786 1.32416712 1.32706911
0.7 1.21655999 -0.74516754 1.19598188 1.21131417 1.21523806
0.8 0.99060648 -1.54676537 0.96399897 0.98382364 0.98889724
0.9 0.60496475 -2.55960248 0.57179284 0.59650850 0.60283381

We note from the results that the first approximation has bad values, so we
decrease h values to approach more realistic approximations, and then we
use Extrapolation method at several values of h. In this table we choose the

first approximations that their maximum error less than 107.

Table 2.6

Ext6
h =0.1

Ext7
h =0.1

Ext4
h =0.05

Ext5
h =0.1

X; ExactY Ext3

h=1.25"?

Ext2
h=6.25"3

1.09926159
1.19345619
1.27547513
1.33531030
1.35911869
1.32801490
1.21651691
0.99055078
0.60489531

1.09925393
1.19342555
1.27540624
1.33518800
1.35892809
1.32774160
1.21614739
0.99007304
0.60429977

1.09914145
1.19297575
1.27439485
1.33339250
1.35612976
1.32372904
1.21072220
0.98305880
0.59555579

1.09925114
1.19341438
1.27538113
1.33514343
1.35885863
1.32764200
1.21601272
0.98989892
0.60408271

1.09913578
1.19295305
1.27434382
1.33330191
1.35598857
1.32352659
1.21044848
0.98270489
0.59511459

1.09897925
1.19232705
1.27293622
1.33080297
1.35209385
1.31794180
1.20289742
0.97294186
0.58294356

0.1 1.09926248
0.2 1.19345976
0.3 1.27548316
0.4 1.33532456
0.5 1.35914091
0.6 1.32804677
0.7 1.21655999
0.8 0.99060648
0.9 0.60496475

The Table (2.6) lists the first good approximations for the problem which
reveal using Richardson's Extrapolation with maximum error less than

1x107 for second, third, fourth, fifth, sixth and seventh Extrapolation.
The previous results reveal that as h decreases the accuracy increases.

Now the maximum error for each approximation is as listed in Table(2.6)
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Table 2.7 Y — w| Maximum Error
Y —w;(h =0.1)| 3.1664
¥ —w;(h = 3.12573)| 3.3172 x 1072
|¥ —w;(h = 1.652573)| 8.4562 x 1073
¥ —w;(h = 7.81257%)| 2.1309 x 1073
|¥ — Ext2;(h = 6.2573)| 2.2032 x 1073
|¥ — Ext3;(h = 1.2572)| 8.8203 x 10~*
|Y — Ext4;(h = 0.05)| 9.8502 x 1073
|Y — Ext5;(h = 0.1)| 9.4090 x 1073
|Y — Ext6;(h = 0.1)| 6.6498 x 10~*
|Y — Ext7;(h = 0.1)| 6.9438 x 1075

The results in this method are worse than the previous methods because of

B absence, which confirm our conclusion.

2.4 Finite-Difference Method (2.4) for Linear Third-Order

Boundary-Value Problem:
Consider the linear third-order boundary-value problem:

y'(x) =p(x)y" + 1)y +po(x)y +7r(x), as<x<b .(2.59)

with third especial case of three boundary conditions

y'(@ =a;, y(b) =B, ,y'(b) =P ...(2.60)

To approximate the solution to this problem we will follow the same steps

in the previous sections by dividing the interval [a,b] into N+1 equal
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subintervals whose endpoints x;=a+ih ,for i=0,1,2,...,N+1, then we

substitute all derivatives by appropriate finite-difference formulas.

By using algorithm (1.1) we get a suitable finite-difference approximation

for y'"

_33’(xi—1)+103’(xi)—12:}5935i+1)+63’(xi+2)_ZV(xi+3)_I_%y(v)((i) ..(2.61)

y,,,(xi) —

Now we use the equations (2.3), (2.4) the centered-difference formula for

y',y"and Eq.(2.61) and substituting in Eq.(2.59) to get the equation

=3y (xi_1)+10y(x))—12y(x;41)+6Y(xiy2)—Y(Xiy3)

2h3
y(xi—1)=2y(x)+y(Xi41) (xXi4+1)—y(xi-1)
Py () [P BORI] p (oy) [P 4y (o () +

r(x) = L1201 (x)y" (&) — p2 )y @ () = 3y (¢)] --(2.62)

A Finite-Difference method with truncation error of order 0 (h?) results by

using (2.62) together with the boundary conditions (2.60) to define

wo = ay, Wy+1 = Bo Wit = By
and
—3w;_1 + 10w; — 12w; 11 + 6Wip — Wiy3 Wi_1 — 2W; + Wiy
— p2(x;)
2h3W W h?
1 — Wiy
= p1 () [ = poGwi T(x) - (263)

for each i=2,3,4,...N-2
Now by multiplying Eq.(2.63) by 2A° we rewrite it in the form as

—(3 + 2hp, (x;) — h*py (x))wi—q + (10 + 4hp, (x;) — 2h°po (x))w; —
(12 + 2hp, (%) + KPPy (X))Wig1 + 6Wipp — Wiyz = 2R%1(x)  ...(2.64)
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but this formula is suitable for N-3 mesh points, that it not suitable for

i=1,2 and N.

We must derive formulas that are suitable for the three points and maintain
the second order convergence using boundary conditions and use more one

point if we need that.

Now we will derive finite-difference formula at i=1/, using algorithm (1.2)

by applying boundary condition to get

’ —2y,+2y,+hy} 2 (o
yi=—— =3y ..(2.65)
;o —4y1+2y,+2y3—6hy| 2
= 121h2 — - y () ...(2.66)
11 _ 53y1=96y,+51y;—8y,+18hy; 2
= 25hz * 0+553(ﬁ,y(v)((1) ...(2.67)

By substituting equations (2.65), (2.66) and (2.67) in Eq.(2.59) we get

53y1-96Y,+51y3—-8Y,+18hy)
25h2 B

—4y,+2Y,+2y3—6hy] —2y1+2y,+hyg
P (ry) [ LRI gy (ay) [ () + 7r)

s [13750p; (x1)y"" (§1) + 10875p, (x)y ™ (n,) + 5247y (&,)] ...(2.68)

By omitting the error term and multiplying the previous equation by 825h3

we get the finite-difference formula at i=1

[1749 + BOthz (xl) + 550h2p1(x1) - 825h3p0(x1)]W1 - [3168 +
150hp2(x1) + 550h2p1(x1)]W2 + [1682 - 150hp2(x1)]W3 - 264W4 +
[594 + 450hp,(x;) — 275h%p, (x;)]|hw} = 825h37(x;) ...(2.69)

Now we will derive the formula at i=N-/using boundary conditions

i —5YN—2+18YN_1—27YN+14YN+1—6hY 11 | 3R2. (v
YN-1 = E + 2y (Cy_1) ..(2.70)
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Then substituting equations (2.26),(2.27) the centered finite-difference

formula for y’,y"" and (2.70) in (2.69) we get

—5YN—2+18YN—_1—-27YN+14YN+1—6hYN 11

33 = p(xy-1) [
YN— J/N 2
p1(xy-1) [ ] + Do (xn-1)Yn-1 + T (xN_1) —

5[20191(XN—1))”"(§N—1) +5p, (en—)y P (y-1) +3yP(Cy-)]  -.(2.71)

+

YN-2— ZJ/N 1+3/N]

By omitting the error term and multiplying the previous equation by 6h3

we get the finite-difference formula at i=N-1

—[10 + 6hp, (xy_1) — 3th1(xN—1)]WN—z + [36 + 12hp, (xy—1) — 6h3p0(xN—1)]WN—1 -

[54 + 6hp,(xy_1) + 3h%p; (xy_)Iwy + 28wy — 12hwy g = 6R3T(xy_1)  ...(2.72)

In order to maintain second order convergence, we derive a new finite-
difference approximation for third derivative using the first derivative at

i=N and one more point using algorithm (1.2) as following:

" —Yn—2+9yN—8Y +6hy, 2
I = N3h3N+1 NH_%}’@)((N) -+(2.73)

By substituting equations (2.31), (2.32) and (2.73) in Eq.(2.59) we get

—YN—2+9YN—8YN+1+6RY N1

h3
P () [PR=2N] gy, (o) [ g e Yy + 7 () —
[10p1 Ge )y (€1) + 592 () y @ (n1) — 3y @ (8] (2,74

By omitting the error term and multiplying the previous equation by 6h3

we get the finite-difference formula at i=N

—2wy_y — [6hp,(xy) — 3R*py (xy)]wy_q + [18 + 12hp, (xy) —
h3po(xp)Iwy — [16 4+ 6hp, (xy) + 3h*p; (xn) Wy 41 + 12hwy g =
6h3r(xy) ...(2.75)
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Using equations (2.64), (2.69), (2.72) and (2.75) together gives a linear

system with NxN nearly penta-diagonal matrix problem

Aw =c¢ ...(2.76)
Where A=
[ 1749 - G, —(3168+ G,) 1683 — G3 —264 0 ]
I—(3 +F() 10-F(x) —(12+F(xy)) 6 -1 I
| -3+ Fi(xy_2)) 10 — Fy(xy—2) —(12 4 3F3(xy-2))|
l —(10 + 3F; (xy_,)) 36 —3F(xy-1) —(54+3F; (xN—1))J
0 -2 _3F1(xN) (18 —3F, (xN)) NXN
y (3 + Go)hay + 825R37(xy)
wl 2h37(x,)
2
w = ; c =
Wy_1 Bo + 2R%r (xy_7)
w1 —28B, + 12hB; + 6R37 (xy_1)
_(16 + 3F3(XN))ﬁO - 12hﬁ1 + 6h3T(xN)_

NXx1

Fi(x;) = 2hp, (x;) — h?py (x) , Fo(x;) = —4hp,(x;) + 2h%po(x;)
F;(x;) = 2hp,(x;) + h?py(x;) fori=2.3,....N
Gy = —450hp,(x;) + 275h*p, (x,)
G, = —300hp,(x;) — 550h?p, (x1) + 825h3p,y(x;)
G, = 150hp,(x;) + 550h%*p;(x;) ,G3 = —450hp,(x;)

Now, using LU-decomposition with MATLAB, we will solve the linear
system (2.36), to reduce calculations at several values of step-size (A=0.1,
0.05, 0.025), then we will extrapolate the solution to get higher-order

accuracy.
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Algorithm (2.4): Linear Finite-Difference Method (2.4) for Solving
Third-Order BVPS Case (IV): See full MATLAB program (p.208-212)

To approximate the solution for the boundary-value problem
¥ =p,()y" +p1()y +po()y +7(x), a<x<b
with boundary conditions y'(a) = a4, y(b) = By, v'(b) =

This algorithm has the same steps in algorithm (2.1) except modification in

steps (5) &(6) as:

Step(5):To determine A matrix diagonals in the system (2.79); For
i=1,2,3,..., Ny set

(The main diagonal for A (d0))

d0=[(1749 — G;) 10-F5(2) .....(36-3F,(Ni-1)) (18-3F,(Ny))];

(The first upper diagonal for A (dU1))

dU1=[—(3168 + G;) -(12+F5(2)) ....... -(54+3F;(Ng-1))];

(The second upper diagonal for A (dU2))

dU2=[1683 — G3 6 ... 6]1x(, —2)

(The third upper diagonal for A (dU3)),dU3=[-264 —1 .. — 1]1xw,-3)
(The first lower diagonal for A (dL1))

dL1=[-(3+F(2)) -(3+Fi(3)) ...... (36-F(Nk-1) -Fi(NW)] ;

(The second lower diagonal for A (dL2))
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dL2= [0 0 - 2]1X(Nk—2)
(The constant vector on (c) Eq.(2.76))

c=[((3 + Gg)ha; + 825h3r(x;)) ; 2h3r(3);...;(2h3r(Ny — 2) + by ) ;( —28B, +
12hpB; + 6h°r(xy,-1)) ;( (16 + 3F3(xn,))Bo — 12hp; + 6h3r(xy, )]

Step (6): Factorize A into LU, where L is lower tri-diagonal matrix with

unit main diagonal and U is upper four-diagonal.

Then we complete the other steps in algorithm to get the results.
Example 4: Consider the linear third-order boundary value problem
y'""(x) = 2x%y" — 3xy’ —5x%y + e**(3x3 —x* —5x—4),0 < x <I
with boundary conditions :  y'(0) =1, y(1)=0, vy'(1)=—e?
So p,(x) = 2x?, p,(x) = =3x, po(x) = —5x2, and
r(x) = e?*(3x3 — x? — 5x — 4) on the interval [0, /]

Now by applying algorithm (2.4) to the example we get the following
results that approximated solutions at several values of h as listed in Table

(2.8) Table 2.8

x;i ExactY  wjh=0.1) w;(h=0.05) w;(h=0.025) w;(h=0.0125) Ext3(0.1) Ext4(0.1)

0.1 1.09926248 1.05898030 1.08713743 1.09617385 1.09849834 1.09936351 1.09927765
0.2 1.19345976 1.15575555 1.18203872 1.19054483 1.19273820 1.19355222 1.19347404

0.3 1.27548316 1.24190126 1.26518109 1.27284419 1.27482924 1.27556239 1.27549605
0.4 1.33532456 1.30710705 1.32649177 1.33304879 1.33475972 1.33538653 1.33533560
0.5 1.35914091 1.33713767 1.35204337 1.35729604 1.35868187 1.35918259 1.35914976
0.6 1.32804677 1.31259711 1.32283842 1.32667453 1.32770399 1.32806663 1.32805320
0.7 1.21655999 1.20734691 1.21324331 1.21566698 1.21633546 1.21655928 1.21656392
0.8 0.99060648 0.98651200 0.98897681 0.99015092 0.99049051 0.99059188 0.99060806
0.9 0.60496475 0.60404784 0.60453932 0.60483719 0.60493129 0.60495203 0.60496460
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The previous results reveal that as h decreases the accuracy increases and

the maximum error for each approximation decreases as listed in Table

(2.9).
Table 2.9 Y — W| Maximum Error
Y —w;(h =0.1)| 4,03 x 1072
Y — w;(h = 0.05)] 1.21 x 1072
Y —w;(h = 0.025)| 3.1x1073
Y —w;(h = 0.0125)| 7.4614 x 10~*
|Y — Ext3;(h = 0.1)| 1.0696 x 1075
|Y — Ext4;(h = 0.1)| 1.5167 x 1075

This table reveals that the results of this method are better than method
(2.3), but method (2.1) and (2.2) are better than method (2.4).

Table 2.10
Boundary Conditions for Third-Order Boundary-Value Problems
Case (I) Case (IT) Case (I1I) Case
av
Max Error for y(a) = ao y(a) = ao y(a) = ao y,(a) = al
y'(@)=a y(b) = B, y'(@)=a y(b) =By
y(b) = Bo y"'(b) =B, y"'(b) = p, y'(b) = p;
Y —w;(h=0.1)| 7.7 x 1073 7.9792 x 1073 3.1646 4,03 x 1072
Y —w;(h=0.05)] 2.4x1073 5.9320 x 1073 2.4004 1.21 x 1072
Y —w;(h = 0.025)| 6.4415 x 1074 2.0350 x 1073 1.2252 3.1x10°3
|¥ — w;(h = 0.0125)| 1.6704 x 107 5.8377 x 10~* 0.4382 7.4614 x 1074
|Y — Ext3;(h=0.1)| 3.2016 x 107° 1.0003 x 107 7.460 x 107! | 1.0696 x 10~°
|Y — Ext4;(h=0.1)| 1.6704 x 107 4.7850 X 10~° 1.224x 1071 | 1.5167 x 107°
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Now we will discuss the boundary conditions at each case and their effects

in method accuracy.

Table (2.10) shows that the bad approximations are in the two cases (III) &
(IV), where S, is absence in case (III) and ¢, is absence in case (IV). And
case (I) approximation is better than case (II) approximation, where the
order of derivative in boundary condition in case (I) is one and is two in
case (II). So we can conclude that the order of derivatives in boundary
conditions and the absence of initial value for problem at endpoints interval

affect and control the method accuracy.

So this explains when we can say that the method has good results or not.
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CHAPTER THREE

Fourth-Order Linear Boundary-Value Problem

This chapter is concerned with the finite-difference methods for solving
linear fourth-order boundary-value problems, that have many applications
in physics and engineering especially the famous case for the equilibrium

states of a beam-column and others several cases of beam vibrations.

There are many cases for the linear fourth-order boundary-value problem
that differ as the boundary conditions differ, which their solution existence

and uniqueness are discussed widely by several papers (see [6]).

In this thesis we will discuss the solution approximations for three cases of

fourth-order boundary-value problem using some finite-difference method.
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3.1 Finite-Difference Method (3.1) for Solving Fourth-Order

Boundary Value Problem:
Consider the linear fourth-order boundary-value problem:
Yy = ps )y +p()y + p1 ()Y +po()y +7(x), a<x<b
...(3.1D)
with first especial case of four boundary conditions:
y(a) = ay,y"(a) = ay,y(b) =B,y (b) = p; ...(3.2)

First, we select an integer N>0 and divide the interval [a,b] into (N+1)
equal subintervals whose endpoints are the mesh points x; = a + ih for

i=0,1,2,...,N+1,where the step size h = (b —a)/(N + 1) .

Second, we approximate all derivatives in Eq.(3.1) using finite-difference

approximation on the interior mesh points.

y'(x) =2 (xi“)z_hy s _ r2ymr(g) ..(3.3)

Y (x;) = Y(xi_1)—2yh(:i)+y(xi+1) _ %y(iv)(m) .34

y" () = TERIRIED BRI ) _ 2y 0(g) . (3.)
y(iv) (x,) = Y(xi—z)_43’(xi—1)+6yh(fi)_4J’(xi+1)+Y(xi+2) _ %y(”i) (0) ...(3.6)

Those are centered-difference formulas with second order convergence.

Now substituting the equations (3.3), (3.4), (3.5) and (3.6) in Eq. (3.1) we

get the equation
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V(xi—2)—4y(xi—1)+6y(x;)—4y(xit1)+Y(Xit2) —

h4
=y (xi—2)+2y(xi—1)—2y(xi41)+Y(Xit+2) y(xi—1)—2y(x)+Yy(xXiy1)
p3 () [ LTI 4y (o) [P

P () YD) 4 )y () + 1) — 22y Gy ™ (6 +

p2(x)y ™ (M) + 3p3(x)y @ () + 2y @D ()] .. (3.7)

]+

A Finite-Difference method with second order truncation error results by

using this equation together with the boundary conditions as

_ no_ _ I
Wo = Qg ,Wg = 2 ,Wyni1 = Bo,Wog = B4

Wi —4Wi 1 +6W;—4Wiy1+Y(Xit2) (x;) Wi +2Wi 1 —2Wiy1tWigo |

P () [ME2 |, () [Pt — py (xdwy = 7(x) ... (B.8)

fori=2,3,4,...,N-1
Now by multiplying Eq.(3.8) by 2h* it can be written as :

[2 + hps (x)]w;_ — [8 + 2hp3 (x;) + 2h*p, (%) — hWPpy (x)lw;—q +
[12 + 4h®p, (x;) + h*po(x)1w; — [8 — 2hp3(x;) + 2h°p, (x;) +
Ry (x)Iwipr + [2 — hps(x)1wiy, = 2h%r(x;) ...(3.9)

But this formula is suitable for N-2 mesh points, so we need to derive
special formulas at i=1, N using the boundary conditions to define finite-

difference approximation for third and fourth derivatives

/ Yo=Y T,
V1 22_ho_ oY (El) (310)
1" —-2y1+ i
yy = Yo hi);l_yz — };zy(lv)(nl) (311)
" +3y,—9y,+5y _6h2y” 2
Y Yot3Y1 121h3 3 o __ %y(V)((l) (312)



50

In order to maintain second order convergence we derive a new finite-
difference approximation for fourth order derivative using the boundary
conditions at ;=0 and one more point using algorithm(1.2), which is given
by

(iv) _ —25Y0+64y;—54y,+16y3—y,+12h%y

2
o= 10h* —%y(’")((pl) ...(3.13)

By substituting equations (3.10),(3.11),(3.12) and (3.13) on Eq.(3.1) we get

—25y0+64y1 =54y, +16y3—y,+12h%y]

10h*
+3y1 -9y, +5y3—6h2y}’ -2y, + -
sy ) RIS TN0 g, () [2Z2A02] 4, () 222+ )y +

r(x1) = 2 [550p; (x,)y"" (&1) + 275p, (1, )y @ (1) + 675y () — 264y@D (¢,)]
(314

By omitting the error term and multiplying the previous equation by 110h*

we get the finite-difference formula at i=1

—[275 + 10hp5(x1) + 110h%p, (x;) — 55h3p, (x1)]wy + [704 —
30hp3(x;) + 220h%p, (x;) — 110h*py(x1)lwy — [594 — 90hp5(x;) +
110h?p, (x;) + 55h3p; (x1)]w, + [176 — 50hp;(x1)]ws — 11w, +
[132 + 60hp;(x1)]h*wy = 110h*r(x,) ...(3.15)

To find the suitable finite-difference formula at i=N we follow the same

step as ati=1 as

yIIV — J’N+12—hJ’N—1 _ %y”,(EN) (316)
" _1—2YyN+ i
YN = He ;sz e —%y(”’)(mv) -(3.17)
yir = _YN—2+9YN—1;E?N+1_6hyN+1__%g;y(v)((N) ...(3.18)
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(iv) _ —3YN-3+32YN—2—108yN—1+192YN~113YN+1+60hYyi1  p3_ (pii
N = T2ht _zy( (on) ...(3.19)

By substituting equations (3.16), (3.17), (3.18) and (2.19) in Eq.(3.1) we
get

—3yN_3+32YN_2—108yN_1+192y3—-113Y,+60hyy 41 _ ( )_YN—2+9YN—1_83/N+1_6’1YI,V+1 n
12h% = P3(Xn 3h3

P Gy ) =200 ] () [0 g (e )y + 7o) —

2 [70py (en)y"" () + 35p,(x2)y ™ () + 63y (L) — 20hy D ()] ...(3.20)

By omitting the error term and multiplying the previous equation by 12h*

we get the finite-difference formula at i=N

—3wy_3 + [32 + 4hp; (xy)lwy_, — [108 — 12h%p, (xy) — 6h3py (xp)Iwy_1 +
[192 — 36hp; (xy) + 24h°p, (xy) — 12po(xn)Iwy — [113 — 32hp3(xy) +
12h2p2(xN) + 6h3p1(xN)]WN+1 + [60 — 24hp; (xy)|Awy 41 = 12h4r(xN)

.(3.21)

Using equations (3.9), (3.15), and (3.21) together give a system with NxN

seven-diagonal matrix problem
Aw =c ...(3.22)
where

A:

[ 704—G, —(594+G,) 176 -G, -11
—(8+4 Fy(xp)) 12— F3(x;) —(8 + Fy(xy)) 2+ Fi(x2)
2—-F(x3) —(8+F,(x3)) 12— F3(x3) _(8 + F4(X3)) 2+ Fi(x3)

2 — F(xy_p)— B+ F(ey_1))12 = F3 (ey-1)—(8 + Fi(xy-1))
3 32—Gy, —(108+Gy) 192 — Gy

“NXN



52

Wy - [ (275 + Go)agy — (132 + 60hp;(x;))h? + 110h*r(x;)
W, (=2 + F1(x)ag + 2h*r(x,)
2h*r(x3)
w= ,C = :
2h*r(xy_5)
WN-1 —(2 + Fy(xy-1))Bo + 2h*r(xy_1)
- WN (113 + Gyo)Bo — (60 — 24hps (xy) )RBy + 12h*r(xpy)] |

Fi(x;) = —hps(x))  ,F2(x)) = 2hps(x;) + 2h%p,(x;) — h3py(x)

F3(x;) = —4h%p,(x;) + 2h*po (x) , Fa(x) = —2hp3(x)) + 2h%p, (x;) + R3py (x)
Go = 10hp;(x,) + 110h%p,(x,) — 55h3p;(xy),

G, = 30hp3(x;) — 220h?p,(x1) + 110h*py(x,)

G, = —90hp;(x;) + 110h2p,(x,) + 55h3p; (x;1), Gz = 50hp;(x;)

Gnz = —4hps(xy) , Gyy = 12h%p, (xy) — 6h%p; (xy)

Gy = 36hp;(xy) — 24h%p,(xy) + 12h%po (xy)

Gno = —32hp3(xy) + 12h%p,(xy) + 6R%p, (xy)

Now, we use the LU-decomposition method for solving the linear system
(3.22) at several values of step-size (h), and then we use Extrapolation

method to get more accuracy for the method without more calculations.

Algorithm (3.1): Linear Finite-Difference Method (3.1) for Solving
Fourth-Order BVPS Case (I): See full MATLAB program (p.213-218)

To approximate the solution of the boundary value problem

Yy = ps 0y + ()Y + 01y + o)y +7(x), a<x<b
with four boundary conditions: y(a) = a,,y" (@) = a,,y(b) = By ,y'(b) = B4
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Step(1):Input endpoints a,b; boundary conditions a, By, &5, b1
Step(2):For £=1,2,3,4 (To determine h=0.1,0.05,0.025,0,0125)

- set Ni=(10%2% D). 1;
- h=(b-a)/(N;+1);
- do steps(2-9)

Step(3):For i=1,2,3, ....N(k) set x,=a+ih

find po(x;), p1 (%), P2 (%), p3(x)and r(x;) .

(The values of associated functions on Eq.(2.1)

Step(4):For i=1,2,3,...,N; set

F1(D) = —hps (1), Fo(i) = 2hp3(i) + 2h%p, (i) — RPp1 (D)

F;(i) = —4h%p, (i) + 2h*p (i) ,F,(i) = —2hp5 (i) + 2h%p, (i) + h3p, (i)

(The adding Eq.(3.3),(3.4)&(3.5)finite-difference formula for y" ,y , y as
F's)

Go = 10hp;(1) + 110h%p,(1) — 55h3p,(1) , G, = 30hps(1) — 220h%p,(1) +

110h%p,(1)

(The adding Eq.(3.10),(3.11)&(3.12)finite-difference formula for y" .y, y
as Gi's)

Gnp = —4hps(Ny) Gy, = 12h2P2(Nk) - 6h3P1(Nk)

Gy = 36hps(Ny) — 24h*p,(Ny) + 12h*po(Ny)
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Gyo = —32hps(Ny) + 12h2p,(N,) + 6h3p, (N}

(The adding Eq.(3.16),(3.17) &(3.18) finite-difference formula for y"',y
and y'as Gni's)

Step(5):To determine the diagonals for matrix 4 in the system (3.22) ; For
i=1,2,3,...,N(k) set (The main diagonal for A (d0))

d0=[(704-G;) (12-F3(2)) ..... (12 = F5(Ni-1)) (192+Gy)];
(The first upper diagonal for A (dU1))

dU1=[-(594+G,) -(8+F4(2)) ....... -(8-F4(Nk-1))1;

(The second diagonal for A (dU2))

dU2=[(176-G3) (2+Fi(2)) .... 2+F,(Nk-2))]

(The third diagonal for A (dU3)) dU3=[-110 ... 0]1><(1vk—3)
(The first lower diagonal for A (dL1))

dL1=[—(8 + F2(2)) — (8 + F2(3)) ... — (8 + F2(N, — 1) - (108 +

Gn1)] 1xvg-1) |

(The second lower diagonal for A (dL2))

dL2=[(2 = F1(3)) ... 2= F1(Ny — 1) (32 = Gn2)]ix(vy-2)
(The third lower diagonal for A (dL3)) dL3=[0 ... 0 — 3]1x,-3)

(The constant vector on (c) Eq.(3.22))
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c=[(110h*r (1) + (275 — Go)a0 — (132 + 60hp;(1))h2a2) (2h*r(2) + (=2 +
F,(2))a0) ; 2h*r(3); .....;2h* (N, — 1) — (2 + F; (N — 1)); 2h*r(N,) —

(113 — Gno)Bo — (60 — 24hp3 (Ny)hb1]

Step(6): Factorize A into LU, where L is lower four-diagonal matrix with

unit main diagonal and U is upper tridiagonal.
Step(7) Fori=1,2,3,...,N;

- Solve LY=d to find Y using forward substitution
Step(8) For i=N;-1,.. 2,1

- Solve Uw=Y to find the approximation solution w using backward

substitution

Step(9) Set N1=9 Fori=1,2,3,... Ny, for j=1, 2, 4, ... Nyset W1 ,=w; ;
Step(10) For i=1,2,...,NI set h=(b-a)/N; ; x(i)=a+ih

Step(11) Extrapolate the solution at h=.1,0.05,0.025,0,0125
Ext2(h=0.1)=(4*W1(h=0.05)-W1(h=0.1))/3;
Ext2(h=0.05)=(4*W1(h=0.025)-W1(h=0.05))/3;
Ext2(h=0.025)=(4*W1(h=0.0125)-W1(h=0.025))/3;
Ext3(h=0.1)=(16*Ext2(h=0.05)-Ext1(h=0.1))/15;
Ext3(h=0.05)=(16*Ext2(h=0.025)-Ext2(h=0.05))/15;

Ext4=(64*Ext3(h=0.05)-Ext3(h=0.1))/63;
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Step(12) Output [x' ,W1',Ext4] (The approximation solutions and

Extrapolation)

Example 1: Consider the linear fourth-order boundary value problem

y@ (x) = (1 +2x2)y" —3xy"” —5x%y" + (x3 + 1)y + e?*(x* + 5x% + x% — 7x —

13),

on 0 < x <1 with boundary conditions:

y(O) = 11 y(l) = 01 y,(o) = 11 y”(l) = _482

So p3(x) = (1+2x%), p(x) = =3x, p;(x) = =5x%,po(x) =x° +1,
and r(x) = e**(x* + 5x3 + x? — 7x — 13) on the interval [0, ]

Now by applying algorithm (3.1) to the example we get the following
results that approximate the solutions at several values of h as listed in
Table (3.1)

Table 3.1

X; Exact(Y) w(h=0.1) w(h=0.05) w(h=0.025) w(h=0.0125) Ext3(h=0.1) Ext4(h=0.1)

0.1 1.09926248 1.09961120 1.09935462 1.09928575 1.09926831 1.09926237 1.09926248
0.2 1.19345976 1.19411723 1.19363232 1.19350327 1.19347065 1.19345955 1.19345976
0.3 1.27548316 1.27636680 1.27571399 1.27554130 1.27549772 1.27548289 1.27548316
0.4 1.33532456 1.33632049 1.33558390 1.33538983 1.33534089 1.33532425 1.33532455
0.5 1.35914091 1.36011973 1.35939540 1.35920492 1.35915693 1.35914060 1.35914091
0.6 1.32804677 1.32888386 1.32826449 1.32810152 1.32806047 1.32804647 1.32804676
0.7 1.21655999 1.21716008 1.21671664 1.21659938 1.21656985 1.21655973 1.21655999
0.8 0.99060648 0.99093068 0.99069209 0.99062803 0.99061188 0.99060629 0.99060648
0.9 0.60496475 0.60505621 0.60498997 0.60497113 0.60496634 0.60496464 0.60496474

The previous results reveal that as h decreases the accuracy increases and

that the maximum errors in approximations are as listed in Table (3.2)
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Table 3.2 Y — W| Maximum Error
Y —w;(h =0.1)| 9.9593 x 10~*
Y —w;(h = 0.05)| 2.5934 x 1074
Y —w;(h = 0.025)| 6.5268 x 1075
Y —w;(h = 0.0125)| 1.6338 x 1075
|Y — Ext3;(h = 0.1)| 3.1646 x 1077
|Y — Ext4;(h = 0.1)| 45419 x 10~°

From previous table we can say that this method has good approximation

results for the problem.

3.2 Finite-Difference Method (3.2) for Solving Fourth-Order

Boundary Value Problem:

Consider the linear fourth-order boundary-value problem:

Yy = ps )y + ()Y + 01y + o)y +7(x), a<x<b
..(3.23)

with second especial case of four boundary conditions:

y(a) =ag,y'(a) =a;,y(b) =B,y (b) = p; ...(3.24)

As in previous section ,we select an integer N>0 and divide the interval
[a,b] into (N+1) equal subintervals whose endpoints are the mesh points

x; = a + ih for i=0,1,2,...,N+1,where the step size h = (b —a)/(N + 1) .

Second, because of symmetry of the fourth-order derivate we will use the

finite difference formula Eq.(3.9) in pervious section for N=2,3,...N-1,

[2 + hps (x)]w;_ — [8 + 2hp3(x;) + 2h*p, (%) — hWPpy (k) w;—1 +
[12 + 4h®p, (x;) + h*po(x)1w; — [8 — 2hp3(x;) + 2h°p, (x;) +
R3py () IWigq + [2 = hps () Iwiy = 2h%r (x;) ...(3.9)
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that is centered-difference formula with second order convergence.

But this formula is suitable for N-2 mesh points, so we need to derive
special formula when i=1,N using the boundary conditions to define finite-

difference approximation for third and fourth derivatives

i 8Yo—9Y1+ys+6hy 2
yy = O _ 2y, 0)(,) .(3.25)

In order to maintain second order convergence, we derive a new finite-
difference approximation for fourth order derivative using the boundary
conditions at i=0 and one more point using (1.2) which is given by

(iv) _ —113y,+192y,—-108y,+32y3—3y,—60hy;

no = T2 +5y@0(gy) ...(3.26)

By substituting equations (3.10), (3.11), (3.25) and (3.26) in Eq.(3.23) we

get the equation

—113y,+192y,; —108y,+32y5—3y,—60hy 8Y0—9Yy1+y3+6hy
12h4 = pg(xl)[ 3h3 ] +
Yo—2yty V,—y 2
P, () [P | 4, Gy |22 + py Gedyy + ) = 070p, )y (8,) +
35p2(x1)y(iv) (771) + 147y(v)((1) + ZOhy(vii)(qol)] ...(3.27)

By omitting the error term and multiplying the previous equation by 12h*

we get the finite-difference formula at i=1

—[113 + 32hp3(x1) + 12h2p2(x1) - 6h3p1(x1)]W0 + [192 + 36hp3(x1) +
24h?p,(xy) — 12h*py(xy)]wy — [108 4+ 12h2p, (x;) + 6R3py (x1)]w, +
[32 — 4hp5(x,)|ws — 3w, — [60 + 24hp; (x;)]hAw) = 12h%*r(x;)  ...(3.28)

and by using finite-difference formula (3.21) at i=N in the previous section
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—3wy_3 + [32 + 4hp3(xN)]WN—2 —[108 — 12thz(x1v) - 6h3p1(xN)]WN—1 +
[192 — 36hp;(xy) + 24h%p,(xy) — 12po(xy)Iwy — [113 — 32hp5(xy) +

12h2p,(xy) + 6h3p, (xy)Iwysr + [60 — 24hps (xy) AWy, = 12h%r(xy) ....(3.21)

Using equations (3.9), (3.21), and (3.28) together give a system with NxN

seven-diagonal matrix problem
Aw =c ...(3.29)
where

A:

[ 192-G, —(108+G,) 32—G, -3
—(8+ Fy(xp)) 12— F3(x;) —(8 + Fy(xy)) 2+ Fi(x2)
2-F(x3) —(8+F,(x3)) 12— F3(x3) _(8 + F4(X3)) 2+ Fi(x3)

2—F(xy_1) _(8 +F (XN—1)) 12 — F5(xy-1) _(8 + F4(-XN—1))
-3 32 — Gy, —(108 + Gy1) 192 — Gy

“NxN

Wy - [ (113 + Gy)ag + (60 + 24hp;(x1))h? + 12h%r(x;) ]
W, (=2 + F1(x)ag + 2h*r(x,)
2h*r(x3)
w= ,C = :
2h*r(xy_5)
WN-1 —(2 + F1(xy-1))Bo + 2h*r(xy_1)
- WN (113 + Gyo)Bo — (60 — 24hps (xy) )RBy + 12h*r(xp)] |

Fi(x;) = —hps(x)) ,F,(x)) = 2hps(x;) + 2h%p,(x;) — h3py(x)

F3(x;) = —4h?p, (x;) + 2h*po(x) , Fa(x)) = —2hps(x) + 2h%p, (x) + RPpy (x)
Go = 32hp3(x;) + 12h%p,(x,) — 6h3p, (xy),

G, = —36hp;(x;) — 24h?p,(x;,) + 12h*py(x1)

G, = 12thz(x1) + 6h3p1(x1),G3 = 4hp;(x,)
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Gnz = —4hp3(xy), Gy = 12h2P2 (xn) — 6h3P1(xN)
Gy = 36hps(xy) — 24thz(x1v) + 12h4p0(xN)
Gno = —32hp3(xy) + 12h%p, (xy) + 6h3py (xy)

We use in some endpoints third-order convergence finite-difference

formula to get good approximations at that points.

Now, we will use the LU-decomposition method in MATLAB for solving
the linear system (3.29) at several values of step-size (%), and then we will
use Extrapolation method to get more accuracy for the method without

more calculations.

Algorithm (3.2): Linear Finite-Difference Method (3.2) for Solving
Fourth-Order BVPS Case (II): See full MATLAB program (p.218-223)

To approximate the solution of the boundary value problem
Yy = ps )y + p()y" + p1 ()Y +po()y +7(x), a<x<b
with four boundary conditions:
y(a) =ap,y"(a) = a;,y(b) =By,y"(b) = p1
It is the same as Alg.(3.1) with modifications in A ,C, and G's functions
Example 2: Consider the linear fourth-order boundary value problem

y@ (x) = (1 +2x2)y" —3xy"” —5x%y" + (x> + 1)y + e?*(x* + 5x% + x% — 7x —

13), on0 < x <1



61

with boundary conditions :

y(0)=1, y(1)=0, y,(0)=1, y,(l):_ez

So p3(x) = (1 +2x%), py(x) =—-3x, p(x) =—=5x%,po(x) =x>+1,
and r(x) = e**(x* + 5x3 + x? — 7x — 13) on the interval [0, ]

Now by applying algorithm (3.2) to the example we get the following

results that approximate solutions at several values of h as listed in Table
(3.3) Table 3.3

X; Exact(Y) w(h=0.1) w(h=0.05) w(h=0.025) w(h=0.0125) Ext3(h=0.1) Ext4(h=0.1)

0.1 1.09926248 1.09931028 1.09927527 1.09926570 1.09926329 1.09926243 1.09926248
0.2 1.19345976 1.19362142 1.19350158 1.19347023 1.19346238 1.19345966 1.19345976
0.3 1.27548316 1.27577197 1.27555712 1.27550166 1.27548778 1.27548302 1.27548316
0.4 1.33532456 1.33571058 1.33542305 1.33534918 1.33533071 1.33532438 1.33532455
0.5 1.35914091 1.35956443 1.35924894 1.35916791 1.35914766 1.35914072 1.35914091
0.6 1.32804677 1.32843558 1.32814624 1.32807163 1.32805298 1.32804656 1.32804677
0.7 1.21655999 1.21685013 1.21663488 1.21657872 1.21656467 1.21655980 1.21655999
0.8 0.99060648 0.99076439 0.99064822 0.99061695 0.99060910 0.99060633 0.99060648
0.9 0.60496475 0.60500667 0.60497691 0.60496782 0.60496552 0.60496465 0.60496475

The previous results reveal that as h decreases the accuracy increases. The

maximum error for each approximation is as listed in Table (3.4)

Table 3.4 Y — W| Maximum Error
Y —w;(h=0.1)| 42351 x 10~*
Y —w;(h = 0.05)| 1.0802 x 10~
Y —w;(h = 0.025)] 2.7 x 1073
Y —w;(h = 0.0125)| 6.7456 x 107°
|Y — Ext3;(h = 0.1)| 2.0615 x 1077
|Y — Ext4;(h = 0.1)| 2.7837 x 107°
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3.3 Finite-Difference Method (3.3) for Solving Fourth-Order

Boundary Value Problem:

Consider the linear fourth-order boundary-value problem:

Yy = ps )y + ()Y + 01y + o)y +7(x), a<x<b
...(3.30)

with third especial case of four boundary conditions:

y(a) =ag,y'(a) =a;,y"(b) =B,y (b) = B3 ...(3.31)

As in previous sections, we select an integer N>0 and divide the interval
[a,b] into (N+1) equal subintervals whose endpoints are the mesh points

x; = a + ih for i=0,1,2,...,N+1, where the step size h = (b —a)/(N + 1).

Second, because of symmetry of the fourth-order derivate we use the finite

difference formula Eq.(3.9) in pervious sections for i=2,3,...N-2,

[2 + hps (x)]w;_ — [8 + 2hp3(x;) + 2h*p, (%) — hPpy (x)Iw;—1 +
[12 + 4h®p, (x;) + h*po(x)1w; — [8 — 2hp3(x;) + 2h°p, (x;) +
R3py () IWigq + [2 = hps () Iwiy = 2h%r (x;) ...(3.9)

and we use finite-difference formula Eq.(3.28) for i=1

—[113 + 32hp3(x1) + 12h2p2(x1) - 6h3p1(x1)]W0 + [192 + 36hp3(x1) +
24h%p,(x;) — 12h*py (1) Iwy — [108 + 12h%p, (x1) + 6R%py (x1) 1w, +
[32 — 4hp5(x,)]ws — 3w, — [60 + 24hp;(x;)1hw) = 12h*r(x;)  ...(3.28)

those are centered-difference formulas with second order convergence.
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Now we derive special finite-difference formula when i=N-1, N using the
boundary conditions, so we define finite-difference approximation for

derivatives at i=N-1:

Viog = PRy (Ey ) -(332)

Yh—y = PRI _ Py ) () ..(3.33)

g = —56N_3+96y1v_2—24yN_i;51:§/N+72h2y1’v’+1—55h3y1’v’41 n %y(ui) Ty (3.34)
y]\(’ii;)1 _ 128yN_3—468yN_2+552yN;1L;i12yN+84h2y1'v'+1—40h3y1'v+1 _ %y(”i) (On_1) .. (3.35)

By substituting equations (3.32),(3.33),(3.34) and (3.35) in Eq.(3.30) we

get
128yN-_3-468YN_2+552YN_1—212yN+84h%yy,  —40h3yyL, _

145h*
s (xy_1) [—56N_3+96y1v_2—24yN_i;51:§/N+72h2y1’v’+1—55h3y,’v’5,1] +
po(xy_1) [J’N-z—zy;lvz_ﬁyzv-zl + p1(xn-1) [3/1\1—2—3}/11\1-2] + po () Y1 + 17 (xn_1) —
2 11450p, (oy — 1Y (En—1) + 725p, (22)y @ (1) — 1812hy P (Zy_y) —
786y (py_1)] ...(3.36)

We use the third-order convergence for some derivatives to get good
approximations for the method values. Now by omitting the error term and
multiplying the previous equation by 290r* we get the finite-difference

formula at i=N-1

[256 + 112hp;(xy_1) Wy _3 —

[936 + 192hp;(xy_1) + 290h%p, (xy_1) — 145h3p, (xp) lwy_, +
[1104 + 48hp;(xy_1) + 580h%p,(xy_1) — 290h*py(xy_1)Wy_1 —
[424 — 32hp;(xn_1) + 290h%p, (xy_1) + 145p; (xy_1)]wy +

[168 — 144hp, (xy_1)]h2Wiis 1 — [560 — 80hps (xy_ )] R3wWiL, = 290h*r(xy_y)...(3.37)
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Now we derive appropriate finite-difference formula at i=N using the
boundary conditions and finite-difference approximation with more one
point to maintain the second order convergence for fourth derivative in
Eq.(3.30) as:

1244

) _ —6YN-1+6YN+3RPYN —4R3YNLy g3 (i)
I = 6h t5 I Gn) ...(3.38)
1 _ 6YN-2—12yN_1+6yN+19h%yy,,—13h3yNL, + 2003, ®) 3.39
IN = 25h? 150 YN () ...(3.39)

i _ 22YN-3—162YN_+258yN_1—118YN+96h% Yy, —25h3YNhs 15143 (vi)(( )
N

yN - 145h3 2175 yN

...(3.40)

(iv) _ 28YN_3—48YN_2+12YN_1+8YN—36h%yy4,+100h3yy sy __ 589K2 (Ui)((p )
N - N

145h4 2175 yN

...(3.41)

By substituting equations (3.38), (3.39), (3.40) and (3.41) in Eq.(3.30) we

get the equation

28yN_3—48YN_p+12YN_1+8YN—36h%yy,+100h3yy L,

145h%
pa(x )[22yN_3—162yN_2+258yN_1—118yN+96h2y,’\,’+1—25h3y,’\,’J’d] n
3\EN 145h3
6YN—2—12YN_1+6YN+19R%Y\ 1 —13R3Y\ 1,
pZ(xN) > +
2IISh 1224
—6YN-1+6YN+3R%yN 1 —4h3 YN
p1(xy) + o (xp)yn + 7 (xy) +
6h

17}1300 [7975p1 (xn)y ™ (&1) + 3364p, (xN)y(v) (y) — 968p; (xN)y(vi) (Cn) +
47121y ()] ...(3.42)

By omitting error term and multiplying Eq.(3.42) by 4350h*we get the

finite-difference formula at i=N

[840 - 66th3 (XN)]WN_3 - [1440 - 486th3(xN) + 1044h2p2 (XN)]WN_Z +

[360 — 7740hp;(xy) + 2088h2%p,(xy) + 4350h3p, (xy)wy_1 + [240 +
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354th3 (XN) - 1044h2p2 (XN) - 4350h3p1(xN) - 4350h4p0(xN)]WN -
[1080 + 2880hp; (xy) + 3306h%p, (xy) + 2175h3p; Cen) 1h2Wi, 1 + [3000 —
750hp;(xy) + 2262h2%p,(xy) + 2900h3p, (xpy) h3wy' 1 = 4350h%*r(xy) ...(3.43)

Using equations (3.9), (3.28), (3.37), and (3.43) together give a system with

NxN seven-diagonal matrix problem

where A=
192—-G, —(108+G,) 32— G, -3

—(8+ F,(xy)) 12— F3(x;) —(8+ Fy(xp)) 2+ Fi(xz)
2—F(x3) —(8+Fy(x3)) 12— F3(x3) —(8+ Fy(x3)) 2 + Fi(x3)

256 — Gyqq —(936 + Gyqz) 1104 — Gygz —(424 + Gryq)

840 — Gy, —(1440 + Gyz) 360+ Gy, —(240 + Gyy) |

- Wy [ (113 + Gy)ay + (60 + 24hp;(x;))h? + 12h*r(x,)
W; (=2 + Fi(xp))ay + 2h*r(xy)
2h*r(x3)
w = ,C = :
2h*r(xy_,)
Wn-1 —(168 — Gy102)h%B, + (80 + Gy103)R3 B3 + 290h* r(xy_1)
Lwy g [ (1080 + Gop)h2B, — (3000 — Gyo3)hBs + 4350h*r(xy) |

Fi(x;) = —hps(x))  , F2(x)) = 2hps(x;) + 2h%p,(x;) — h3py(x)

F3(x;) = —4h?p, (x;) + 2h*po(x) , Fa(x) = —2hps(x) + 2h%p, (x) + RPpy (x)
Go = 986hp;(x;) + 2030h%p,(x;) + 2030h3p, (x,),

G, = —3306hp;(x;) — 4060h%p,(x;) + 2030h*py(x;)

G, = 3654hp;(x;) + 2030h?p,(x,) — 1015h3p, (%) , G3 = —2030hp5(x;)

Gy11 = —112hps(xy_1) , Gy1z = 192hp3(xy_4) + 290h2p2(xN_1) - 145h3p1(x1v—1) >
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Gy1z = —48hps(xy-_1) — 580h%p,(xy_1) + 290h*po(xy_1)
Gy1a = —32hps(xy-_1) + 290h%p, (xy_1)
Gnioz = 144hp3(xy_1) , G103 = —110hp;(xy_1)
Gy, = 660hp;(xy), Gyny = —4860hp;(xy) + 1044h%p,(xy)
Gyns = 7740hp5(xy) — 2088h%p, (xy) — 4350R3p, (xy) ,
Gyns = —3540hp;(xy) + 1044h%p, (xy) + 4350h3p, (xy) + 4350h%*p, (xy) ,
Grnoz = 2880hp;(xy) + 3306h%p, (xy) + 2175h3p, (xy)
Grnoz = —750hps(xy) — 2262h%p, (xy) — 2900h%p, (xy)

Now we will use the MATLAB LU-decomposition method for solving the
linear system (3.44) at several values of step-size (%) and then we will use
Extrapolation method to get more accuracy for the method without more

calculations.

Algorithm (3.3): Linear Finite-Difference Method (3.3) for Solving
Fourth-Order BVPS Case (I1I): See full MATLAB program (p.223-229)

To approximate the solution of the boundary value problem
Yy = p3()y" + p(0)y + P ()Y +po()y +7(x), a<x<b
with four boundary conditions:
y(@) =ag,y'(@) = a;,y"(b) = B,,y"" (b) = B

is the same as Algorithm(3.3) with some modification in matrix A and

constant vector C and G's functions
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Example 3: Consider the linear fourth-order boundary value problem

yW(x) = (1 + 2x2)y"" = 3xy"” — 5x%y" + (x> + 1)y + e (x* + 5x% + x% —

7x —13), on0 < x <1
with boundary conditions :
y(0) =1, Y0 =1, y"(1)=-4e?  y"(1) = —12¢?

So p3(x) = (1+2x%), p(x) = =3x, p;(x) = =5x%,po(x) =x° +1,
and r(x) = e**(x* + 5x3 + x? — 7x — 13) on the interval [0, /]

Now by applying algorithm (3.3) to the example, we get the following

results that approximate solutions at several values of h listed in Table (3.5)

Table 3.5

X; Exact(Y) w(h=0.1) w(h=0.05) w(h=0.025) w(h=0.0125) Ext3(h=0.1) Ext4(h=0.1)

0.1 1.09926248 1.10009312 1.09940021 1.09928315 1.09926558 1.09924913 1.09926094
0.2 1.19345976 1.19671377 1.19399729 1.19353953 1.19347144 1.19340662 1.19345360
0.3 1.27548316 1.28263291 1.27666224 1.27565626 1.27550794 1.27536419 1.27546932
0.4 1.33532456 1.34771433 1.33736657 1.33562126 1.33536607 1.33511429 1.33530002
0.5 1.35914091 1.37797513 1.36224660 1.35958788 1.35920205 1.35881483 1.35910273
0.6 1.32804677 1.35437197 1.33239527 1.32866742 1.32812985 1.32758180 1.32799213
0.7 1.21655999 1.25123662 1.22230651 1.21737470 1.21666694 1.21593527 1.21648631
0.8 0.99060648 1.03426402 0.99787739 0.99163254 0.99073897 0.98980442 0.99051151
0.9 0.60496475 0.65792945 0.61384781 0.60621547 0.60512422 0.60397251 0.60484674

The previous results reveal that as h decreases the accuracy increases. The

maximum error for each approximation is as listed in Table (3.6)

Table 3.6 Y — W]| Maximum Error
Y —w;(h=0.1)| 5.2965 x 1072
Y —w;(h = 0.05)| 8.8831 x 1073
Y —w;(h = 0.025)] 1.2507 x 1073
Y —w;(h = 0.0125)| 1.5947 x 10~
|Y — Ext3;(h = 0.1)| 9.9223 x 1074
|Y — Ext4;(h = 0.1)| 1.1301 x 10~*
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But we must note that if we use second-order convergence finite-difference
formula at end-points, the method gets bad approximations for the solution,
so we are concerned with getting higher order of convergence and using all

boundary conditions to get better approximation for the problem.

From the previous results that appear in tables (3.2), (3.4), & (3.6) and by
comparing them, we conclude that method (3.2) has the best results then

method (3.1), finally method (3.3).

Boundary Conditions for Fourth-Order Boundary-Value Problems
Table Case (I) Case (ll) Case (Ill)

3.7 y(@) = a, y(@) = a, y(@) = a,
Maximum Error for y'(a) = a, y'(a)=a y'(a)=a
y(b) = B, y(b) = B, y"(b) = p,
y'(b) = p; y'(b) = p; y"'(b) =By

Y —w;(h=0.1)| 9.9593 x 10™* 42351 x 10~ 5.2965 x 1072

Y —w;(h=0.05)]| 2.5934 x 10~* 1.0802 x 1074 8.8831 x 1073

Y —w;(h =0.025)| 6.5268 x 1075 2.7 x107° 1.2507 x 1073

Y —w;(h =0.0125)| 1.6338 x 1075 6.7456 x 107° 1.5947 x 10~*

|Y — Ext3;(h = 0.1)| 3.1646 x 1077 2.0615 x 1077 9.9223 x 10~*

|Y — Ext4;(h = 0.1)] 45419 x 10~° 2.7837 x 107° 1.1301 x 1074

Table (3.7) shows that the bad approximation is in the case (III), where S,

is absence. And case (II) approximation is better than case (I)

approximation, where the derivatives orders in boundary condition in case

(IT) are first-order and one of derivatives order in case (I) is second-order.

So we conclude that, if the problem has first-order boundary conditions

values at each interval endpoints, the approximations for its solution will be
better than any other boundary conditions. And the absence of initial value

for problem at endpoints interval affect and control the method accuracy.
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CHAPTER FOUR

Fifth & Sixth & Seventh-Order Linear Boundary-Value Problems

In this chapter we will discuss the finite-difference methods for solving
fifth, sixth and seventh-order linear boundary value problems with few

cases for each of them, that are used in several branches in science, see [9].

These methods use large equations with hard work and many permutations
using boundary conditions and more (one or two) points to derive suitable
form of finite-difference formula for derivatives to maintain the second

order convergence for the method.

We will sometimes in this chapter use third-order truncation error for some
derivatives less than the order of the problem to get good results for the

method.

The results of these methods are not good as we want, for example the
Differential Transform Method (DTM) that is used to solve a fifth-order
boundary-value problem gets a maximum error 9.94x10"see[9], which

needs hard work using finite-difference method.
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4.1 Finite-Difference Method (4.1) For Linear Fifth-Order

Boundary-Value Problem:

Consider the linear fifth-order boundary-value problem:

YO = pa )y + p3 )y () + 2y + ()Y + o)y + (),
forx, a<x<b ...(4.1)
With first especial case of five boundary conditions
y(@) =ao,y' (@) =a;,y"(a) = ay,y(b) = By,y"(b) = p; ...(42)

First, we select an integer N>4 and divide the interval [a,b] into (N+1)

equal subintervals whose endpoints are the mesh points x; = a + ih for

i=0,1,2,...,N+1, where the step size h=(b-a)/(N+1).

Second, we approximate all derivatives in (4.1) using finite-difference

approximation on the interior mesh points.

l ( i )— i— 2
y' () = LX) w2y (g .(43)
iz (xi—1)—2y(x)+ i 2 (i
y" (o) = TEELEROR ) _ @) () .(44)
" =y( i— )+2y( i— )—2y( i )+ i 2
y (xi) — y(Xi—> yx 12h3 Y(Xiy1 J’(x+2)_h7y(v)((i) (45)

i Y(xi—2)—4y(xi_1)+6Y(x)—4Y(Xir1)+Y(Xit2) 2 (pi
v (x;) = : — = 22— EyW(g)  ..(4.6)

which are centered-difference formulas with second order convergence.
But we take special finite-difference approximation for the fifth-derivative,
to be suitable to the problem boundary conditions and maintain the second

order convergence.



71

Y(xi—g)—8y(xi—3)+25y (x;—»)—40y (x;—1)+35y (x;)—16Y (Xi+1) +3¥ (Xi+2) 2 (vii
y(v)(xi) — 4 3 2 s 1 +1 +2 +h?y(vu)(pi)

(4.7

The substitution of the equations (4.3), (4.4), (4.5), (4.6) and (4.7) in
Eq.(4.1) gets the equation

Y (xi-4)—8Y(Xi-3)+25y(Xi—5)~40y (xi—1)+35y(xi) ~16y(Xi4+1) +3Y (Xiv2) _
2h5

pa(x;) [y(xi_z)—4y(xi_1)+6yh(iq)—4y(xi +1)+J’(xi+z)] N

p3(xi) [—y(xi-z)+2y(xi_12)h—32y(xi+1)+y(xi+z)] + pz(x )[J/(xl 1)— th(:cl)+y(xl+1)

Py (o) LEEYEED) ey () + () — 222 ()Y (6 +

p2(x)y P (M) + 3p3(x)y P (Q) + 2pa ()Y (@) + 2yP D (p)  ...(4.8)

]+

A Finite-Difference method with truncation error of order O (h?) results by

using (4.8) together with the boundary conditions (4.2) to define

_ 1 _ no__ _ ’ _
Wo =g, Wo=ay,Wy = Ay, Wxy1 = Po,Wni1 = By

and

Wi_s—8W;_3+25w;_,—40w;_1+36wW;—16W;1+3W;,> _

2h5
Py () [FE I R (o) [ S T |
Wi_1—2wW;+w; Wit 1 =W
P (x)[F=—F—= 1 - p:(x1) [—‘“Zh : 1] —po(xw; = r(x;)  ...(4.9)

For each i=4,5,...,N-1 .
Now by multiplying Eq.(4.9) by 2h° it can be written as :

Wi_g — 8W;_3 + [25 — 2hp,(x;) + h?p5(x)Iw;_ — [40 — 8hp,(x;) +
h?ps(x;) + 2h3p, (o) — h¥py () 1wi_q + [35 — 12hp,(x;) + 4h°p,(x;) —
h®po (x)lw; — [16 — 8hp,(x;) — 2h%p3(x) + 2R°p,y (x) + h*py (x )Wy +

[3 — 2hp,4(x) — h?ps(x)Iwiy = 2R () ...(4.10)
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But this formula is suitable for N-4 mesh points, so we need to derive

special formula when i=1, 2, 3, and N, using the boundary conditions

yi =22y (6) (411)
" —2y1+ [
yi =20 - 5y W) (412)

In order to maintain second order convergence we derive new finite-
difference approximation using the boundary conditions at ;=0 for third,

fourth and fifth-order derivatives using algorithm (2.2), which is given by:

m _ 39Y0—48y1+9y,+30hyg+6R%yy’  p3 (i
y! = e — =y (¢1) ...(4.13)
(iv) _ 19¥0—27y,+8y3+30hyo+18h%ys'  2p2 (4
= — — =y (91) ...(4.14)
(v) _ —425Y,+540y;—-135y,+20y3—330hy{—90R%yy'  ,p2  (pii
L= onS _73’( )(P1) ...(4.15)

By substituting equations (4.11), (4.12), (4.13), (4.14) and (4.15) in
Eq.(4.1) we get

—425y0+540y, —135y,+20y3—-330hy—90h%yy' 19y0—27y,+8y3+30hy,+18h%yy
ons = pa(xy) ond +

39y0—48y1+9y,+30hy+6h%y{ Yo—2y1tY> Y2—Yo
Py (xy) | 2 + pa () |22 | 4 py () 2220 +

Po(x)y(xy) +7(x) — %[70}91(351)3””(51) + 35pz(x1)y(i") (n1) +
7Thp3(x)y @D (81) + 56p4(x1)y ™ (91) — 40y (py)] ...(4.16)

By omitting the error term and multiplying the previous equation by 36h°

we get the finite-difference formula at i=1

—[1700 + 76hp,(x1) + 76R*p3(x;) + 36h3p,(x;) — 18h*p; (x1) 1wy +
[2160 + 432h2p3(x1) + 72h3p2(x1) - 36h5p0(x1)]W1 - [540 -
108hp,(x;) + 81h%p3(xy) + 36h3p,(x1) + 18h*p; (x))]w, +
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[80 — 32hp, (x,)]ws — [1320 + 120hp,(x;) + 270h%p5(x) | Awg —
[360 + 72hp,(x;) + 54h%p;(x;)|h?w) = 36h°r(x,) ...(4.17)

To find the suitable finite-difference formula at i=2 we follow the same

step at i=1
yp =20 —y(E) (4.18)
yy =T 1y ) () ..(4.19)
yy = —yo+23;1h—32y3+y4 . %y(v) @) (420)
yy ) = T e 18y D) () ..(4.21)

(v) _ 2825y,—4320y;+2160y,—-800y3+135y,+1860hy)+360h2y i (vii)( )
2 72h5 erd P2

...(4.22)
By substituting equations (4.18), (4.19), (4.20), (4.21) and (4.22) in
Eq.(4.1) we get
2825y,—4320y,+2160y,—-800y3+135y,+1860hy}+360h?y//
72h5 o
D (xz) [YO—4371+6}13;2—4373+374] + ps (xz) [‘%"‘23;1}1—32373"'374] +p, (xz) [Y1—2}13722+Y1] +
p1(x3) [y32_hy1] + o (x2)y(xz) + 1(x3) — 5[14291 (x)y"" (&) +

702 ()Y ™ (ny) + 21hps(x,)y P (82) + 14p, (x2)y P (902) — 8y P (p,)]
...(4.23)

By omitting the error term and multiplying the previous equation by 72h°

we get the finite-difference formula at ;=2

[2825 - 72hp4(x2) + 36h2p3(x2)]W0 - [4320 - 288hp4(x2) +
72h2p3 (xz) + 72h3p2(x2) - 36h4p1(x2)]W1 + [2160 - 432hp4(x2) +
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144h3p2(x2) — 72h5p0 (xz)]WZ — [800 - 288hp4(x2) - 72h2p3(x2) +
72h%p, (x2) — 36h*p; (x2)1ws + [135 — 72hp,(xz) — 36h°p3 (x2)]w, +
1860hw}, + 360h2wl = 72h57(x,) .(424)

To find the suitable finite-difference formula at i=3 we follow

yh =22 -y (E) .(4.25)

yy =B 1y () () ..(4.26)

yy! = rRemnlls 1, 0)(g) .(4.27)

yy ") = Bl s 1 00) () ..(4.28)

3@ _ —157y0+400y1—500y2J;t(;losy3—175y4+32y5—60hy(’, n %y(”ii)(pg)...(4.29)

By substituting equations (4.25), (4.26), (4.27), (4.28) and (4.29) in
Eq.(4.1) we get

—157y0+400y1—500y2+400y3—175y4+32y5—60hy6 _ V1—4Y2+6Y3—4Y,+Ys
20h5 _p4(x3) h4 +
—Y11+2Y2=2Y4+Ys Y2—2Y3+Y4 Va—Y2
P (org) [ERERAE  py (g) [ 4y (o) [2222] 4+ g (o )y () +

r(x3) — 5[14291(953)3’”’(53) + 7p,(x3)y " (3) + 21hps (x3)y P (&) +

14p, (x3)y "9 (93) + 8y ¥ (p3) ...(4.30)

By omitting the error term and multiplying the previous equation by 20h°

we get the finite-difference formula at ;=3

—157wq + [400 — 20hp,(x3) + 10h?p3(x3)]w, — [500 — 80hp, (x3) +
20h%p5(x3) + 20R3p,(x3) — 10h*p; (x3)]w, + [400 — 120hp, (x3) +
40h%p, (x3) — 20h°po (x3)]wz — [175 — 80hp, (x3) — 20R%p3(x3) +
20h3p, (x3) — 10h*p; (x3)]wy + [32 — 20hp,(x3) — 10h%p3 (x3)lws —
60hw, = 20h°7(x3) ...(4.31)
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To find the suitable finite-difference formula at i=N we follow the same

step as i=1 with more one point for fourth-order derivatives as:

! 2 24
Yy = P By () .(4.32)
7 —1—2YyN+t 2 (i
yy = AR Ry () () .(433)
77 —YN-219YN—8Y +6hy} 2
W = = Sy ) - (4.34)
(iv) _ —3YN-3+32YN_2—108YN_1+192YN—113Yn41+60hYN 41 _ B (viii)( )
N 12h* Er2d P
...(4.35)

(v) _ 16yN_4—125yN_3+400yN_2—700YN_1+800yN—391yy +1+180hYN 4 n gh2 (vii)( )
N = 205 Y PN

...(4.36)

By substituting equations (4.32), (4.33), (4.34), (4.35) and (4.36) in Eq.
(4.1) we get

16yN_4—125yN_3+400yN_2—700yN_1+800yN—391yN+1+180hy&+1__

20h> ,

—3yN_3+32yN_2—108yN_1+192yN—113yN+1+60hyN+1]_F
12h*

:—y _>+9yNy—8y +6hy, y 2y +y
Pg(xN) N—2 1\/3h3 N+1 o] n Z(xN)[ N—1—2YN N+1] n

p1(xn) M] + po (x2)y(xy) + r(xy) — 42(,[70191 )y () +

35p, (xn)y ™ (y) + 63hp3 (xn)y ™ (Gn) + 70hp, (xn)y 0 () +
160y (py)] ...(4.37)

pa(xy)

By omitting the error term and multiplying the previous equation by 20h°

we get the finite-difference formula at i=N

48WN_4 - [375 - 15hp4(xN)]WN_3 + [1200 - 16th4(xN) + 20h2p3(xN)]WN_2 -

[2100 - 54th4(xN) + 60h3p2(xN) - 30h4p1(xN)]WN_1 + [2400 - 96th4(xN) -
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180h2p3(xN) + 120h3p2(xN) - 6Oh5p0(xN)]WN - [1173 - 565hp4(xN) -
160h%p5(xy) + 60h%p,(xy) + 30h*p; (xn)IWy 41 + [540 — 300hp, (xy) —

120p3(xp) 1 hwy 41 = 60h5T(xy) ...(4.38)

Using equations (4.9), (4.17), (4.24), (4.31), and (4.37) together give a

system with NxN nearly seventh-diagonal matrix problem

Aw = ...(4.39)
Where 4=
[ (2160 — G;;) —(540 +G;,) (80 —Gy3) 0
—(4320 + 36F,,) (2160 — 36F,,) —(800 + 36F,,) (135 — Fs;)
(400 — 10F;3) —(500 + 10F,5) (400 — 10F;5) —(175 + 10F,;) (32 —10F53)
-8 (25-F,) —-@0+F,) (35-F,) ~16+F,)  (—Fw
1 -8 (25— Fg) -(40+Fy) (35—Fg) —(16+Fs) (3~ Fs)
1 _8 (25 — Fyy_p) —(40+ Fyy_0) (35— Fyy_p) —(16+ Fyy3) (3—Fsy-3)
1 _8 (25— Fiy_q) —(40 + Fyy_y) (35— Fypy_y) —(16 + Fyy_q)
0 48 —(375 + Gyq) (1200 — Gy,) —(2100 + Gy3) (2400 — Gyy) |
_ T
w=[w; w, Wy-1 Wylixn

F(1700 + Gyo)ag + (1320 + Gyo)hay + (360 + Gyop)h2a, + 36R57(x,)]
(2825 + Gyo)ay — (1860 — Gy )ha; — (360 — Gpp)h2a, + 72h57(x,)
—157a, + 60ha; + 20h°r(x3)

—ag + 2h57r(x,)

c= 2h5r(xs5)

2h5r(xy_53)
_3ﬁ0 + ZOhST(xN_l)
(1173 + GNO)ﬁO - (540 - GNOl)hﬁl + 60h5T(xN)

"NX1
Fii = 2hpa(x) — RPp3(xy) , Foy = —8hpa(x) + 2h%p3(x) + 2h°p, (x) — h*py (x)
F3; = 12hp,(x;) — 4h%p, (x) + 2R°po () ,

Fy; = —8hp,(x;) — 2h%p3(x;) + 2R%p, (x) + h*p1(x;) , Fsi = 2hpa(x;) + h?ps(x;)

Gy, = —432h%p5(x;y) — 72h*p,(x1) + 36R°py(xy) ,

NXN
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G1, = —108hp,(x,) + 81h2%p5(x;) + 36h3p,(xy) + 18h*p,(xq) ,

G153 = 32hp,(x1) , G1g = 76hp,(x1) + 351h%p;5(xy) + 36h3p,(x,) — 18h*p,(x;)
G101 = 120hp,(x1) + 270h%p3(x1) , Groz = 72hp,(x1) + 54h%p5(x,)

Gyy = —15hps(xy) . Gnp = 160hp,(xy) — 20hp; (xy),

Gz = —540hp,(xy) + 60h%p, (xy) — 30h*p; (xy) ,

Gna = 960hp, (xy) + 180h%p;(xy) — 120h3p, (xy) + 605D, (xy) ,

Gno = —565hp,(xy) — 160h%p;5(xy) + 60h3p,(xy) + 30h*p, (xy) ,

Gno1 = 300hp,(xy) + 120R%p3(xy),

Now, we use the MATLAB LU-decomposition method for solving the
linear system (4.39) at several values of step-size (h) and then we use
Extrapolation method to get more accuracy for the method without more

calculations.

Algorithm (4.1): Linear Finite-Difference Method (4.1) For Solving
Fifth-Order BVPS Case (I): See full MATLAB program (p.229-235)

To approximate the solution of the boundary value problem

YO = pa )y + p3 )y () + 2y + 1Y + o)y + (),
forx, a<x<b,with five boundary conditions

v(@) =ay,y' (@) =a;,y"(a) = az,y(b) = By, y'(b) = B,
Step(1):Input endpoints a,b; boundary conditions a, @1, @3, By, 51

Step(2):For £=1,2,3,4 (To determine h=0.1,0.05,0.025,0,0125)
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- set N(k)=(10*2%"1)-1;
- h=(b-a)/(N;+1);
- do steps(2-9)

Step(3):For i=1,2,3, ...,N(k) set x(i)=a+ih

Find po(x;), p1 (%), 02 (%), 3 (i) , pa(x)and r(x;) .
(The values of associated functions on Eq.(4.1)
Step(4):For i=1,2,3, ..., Ni set the function's F& G's

The adding of Eq.(4.3),(4.4),(4.5) ,(4.6)&(3.7)finite-difference formula for
y",y".y . yasF's)
The adding of y™ ,y" .y, v as Gi's) in Eq.(4.17),(4.24),(4.31) & (4.37)

Step(5):To determine the diagonals for matrix 4 in the system (4.39) ; For
i=1,2,3,..., Ny set

dO=the vector of entries for main diagonal of matrix A
dU1=the vector of entries for the first upper diagonal for A
dU2= the vector of entries for the second upper diagonal for A
dL1= the vector of entries for the first lower diagonal for A
dL2= the vector of entries for the second lower diagonal for A
dL3= the vector of entries for the third lower diagonal for A

C=the constant vector on (¢) Eq.(4.39)
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Step(6) Factorize A into LU, where L is lower tridiagonal matrix with unit

main diagonal and U is upper four-diagonal.
Step(7) For i=1,2,3,...,N(k) Solve LY=d to find Y using forward method

Step(8) For i=N-1,..2,1 Solve Un=Y to find the approximation solution w

using backward method

Step(9) Set N1=9 Fori=1,2,3,... Ny, for j=1,2,4,... Ny set W1;=w; ;
Step(10) For i=1,2,...,NI set h=(b-a)/N1 ; x(i)=a+ih

Step(11) Extrapolate the solution at h=.1,0.05,0.025,0,0125
Ext2(h=0.1)=(4*W1(h=0.05)-W1(h=0.1))/3;

Ext2(h=0.05)= (4*W1(h=0.025)-W1(h=0.05))/3;

Ext2(h=0.025)= (4*W1(h=0.0125)-W1(h=0.025))/3;
Ext3(h=0.1)=(16*Ext2(h=0.05)-Ext2(h=0.1))/15;
Ext3(h=0.05)=(16*Ext2(h=0.025)-Ext2(h=0.05)/15;
Ext4(h=0.1)=(64*Ext3(h=0.05)-Ext3(h=0.1))/63;

Step(12) Output [x' ,W1',Ext4] (The approximation solutions and

Extrapolation)
Example 1: Consider the linear fifth-order boundary value problem

y@(x) = Bx — D)y — (5x — 2)y"" + (3x3 — 2x2 + 1)y" + 2x?y’ —
9x2%y + e?*(12x* — 13x3 + 15x%2 — 56), On0 < x <1

With boundary conditions:
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y(0) =1 y@)=0 ' 0)=1, y'(1)=-€?,y"(0)=0
So pi(x) = (3x — 1), ps(x) = —(5x — 2), pp(x) = Bx3 - 2x% + 1),

p1(x) = 2x%,py(x) = —9x2,

And 7(x) = e**(12x* — 13x3 + 15x2 — 56) on interval [0, /]

Now by applying algorithm (4.1) to the example we get the following

results that approximated solutions at several values of h as listed in Table

4.1) Table 4.1
X;  Exact(Y) w(h=0.1) w(h=0.05) w(h=0.025) w(h=0.0125) Ext3(h=0.1) Ext4(h=0.1)
0.1 1.09926248 1.09926201 1.09925931 1.09926110 1.09926213 1.09926192 1.09926253
0.2 1.19345976 1.19353415 1.19345319 1.19345341 1.19345803 1.19345531 1.19346005
0.3 1.27548316 1.27579519 1.27547259 1.27546844 1.27547913 1.27547385 1.27548389
0.4 1.33532456 1.33597214 1.33530363 1.33529983 1.33531780 1.33531308 1.33532567
0.5 1.35914091 1.36005529 1.35910412 1.35910748 1.35913183 1.35913004 1.35914222
0.6 1.32804677 1.32903674 1.32799524 1.32800922 1.32803662 1.32803827 1.32804802
0.7 1.21655999 1.21739837 1.21650386 1.21652551 1.21655071 1.21655453 1.21656097
0.8 0.99060648 0.99112331 0.99056237 0.99058275 0.99060012 0.99060381 0.99060706
0.9 0.60496475 0.60513242 0.60494651 0.60495591 0.60496239 0.60496401 0.60496493

The previous results reveal that as h decreases the accuracy increases. The

maximum errors for each approximation are as listed in Table (4.2)

Table 4.2 Y — W| Maximum Error
Y —w;(h =0.1)| 9.8997 x 10™*
Y —w;(h = 0.05)| 5.6131 x 1075
Y —w;(h = 0.025)] 3.7545 x 1075
Y —w;(h = 0.0125)| 1.0153 x 1075
|Y — Ext3;(h = 0.1)| 1.1479 x 1075
|Y — Ext4;(h = 0.1)| 1.3065 x 107

But we must note that we use third and fourth-order convergence finite-
difference formula at end-points in the method to get good approximations
for the problem's solutions although the method keeps it general second-

order convergence.
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4.2 Finite-Difference Method (4.2) For Linear Fifth-Order

Boundary-Value Problem:
Consider the linear fifth-order boundary-value problem:

YO = pa )y + p3 )y () + 2y + ()Y + o)y + (),
forx, a<x<b ..(4.1)
With second especial case of five boundary conditions
y(@ = ay,y" (@) = as,y(b) = Bo,y"(b) = B2,y (b) = B4...(4.40)

To approximate the solution to this problem we will follow the same steps
in the previous sections by dividing the interval [a,b] into N+1 equal
subintervals whose endpoints x;=a+ih ,for i=0,1,2,...,N+1, then we

substitute all derivatives by appropriate finite-difference formulas.

By using algorithm (1.1) we get a suitable finite-difference approximation

for y®)

y(u) (xi) _ —3y(xi_2)+16y(xi_l)—35y(xi)+40;/’5956i+1)—25y(xi+2)+8y(xi+3)—y(xi+4) _ %y(”ii) (pi)

..(4.41)

Now we use the equations (4.3), (4.4), (4.5) & (4.6) centered-difference
formula for y',y",y"", y(and Eq.(4.41) and substituting in Eq.(4.1) to

get the equation

3y (xi—2)+16y(xi—1) ~35y(xi) +40Y(Xi+1) ~25Y (Xi+2) +8Y (Xi+3) ~Y (Xita) _
2h5
(%)) [y(xi_z)—4y(xi_1)+6yh(iq)—4y(xi +1)+J’(xi+z)] N
P3 (Xi) [_y(xi_Z)+2y(xi-12)h_32y(Xi+1)+J/(xi+2)] + p, (xl_)[J/(Xi—1)—2y}f:5i)+J/(Xi+1)

]+
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[Y(xi+1)—Y(xi—1)

o ]+ po(x)y(x;) +7r(x;) — %[2P1(xi)ym(fi) +

p1(x;)
b2 (xi)y(iv) (1) + 3p3 (xi)y(v) ¢) + 2P4(xi)y(vi) (@) — 2y(vii) (pi) ...(4.42)

A Finite-Difference method with truncation error of order 0 (h?) results by

using (4.42) together with the boundary conditions (4.40) to define

122

_ _ _ "o (iv) _
Wy =ao, Wo =d3 ,Wyni1 = o, Wnt1 = B2, Wyi1 = Ba

and

—3Wj_p,+16w;_1—35Ww;+40W;; 1 —25W;;1,+8W; 1 3—Wit4

2h5
Py () [FE I T Ry (o) [ S T |

Wi—1—2Wi+Wiyq
h2

P2 () 1= pa ) [Pt — g Gedwy = 7). (4.43)

For each i=2, 3..., N-3.
Now by multiplying Eq.(4.43) by 2h° it can be written as :

—[3 + 2hp,(x) — K?p3(x)w;_, + [16 + 8hp,(x;) — 2h%p3(x;) —

2h%p, (x) + h*py (x)Iwi_qy — [35 + 12hp,(x;) — 4h3p, (x;) + 2h°po (x)Iw; +
[40 4 8hp,(x;) + 2h*p3(x;) — 2R3p, (x;) — h*py (x) Iwiyy — [25 +

2hps(x) + WPp3 (x)1wisz + 8wiys — Wiy = 2R () ...(4.44)

But this formula is suitable for N-4 mesh points, so we need to derive

special formula when i=1,N-2,N-1,N using the boundary conditions(4.40)

In order to maintain second order convergence we derive new finite-
difference approximation using the boundary conditions at i=0 for third,
fourth and fifth-order derivatives with one more point for the fourth-order

derivative using algorithm(1.2) which is given by:

g —2Y0+6y,—6Y,+2y3+h3y)’ 3 ;
yi = ey () ..(4.45)



83

i —3Y,+8y,—6y,+y,—4h3yl’ 2 ]
yl(w) — 0+5Y1 7hz4 4 0 _%y(vz)((pl) ...(4.46)

(v) _ 12y,—46y;+68y,—48y3+16y,—2ys+4h3yy’
1 - 5h5

+ %y(”ii) (p1) ...(4.47)

By substituting equations (4.11), (4.12), the centered finite-difference
formula for first and second derivatives and Esq.(4.45) ,(4.46) and (4.47) in
Eq.(4.1) we get

i

12y0—46y,+68y,—48y3+16y,—2ys+4h3y)’ —-3y0+8y1—6y,+ys—4h3y("’
=hS = pa(xy) — +

—2y0+6y1—6Y,+2y3+h3y)’ Yo—2y1+Y Vo=
P (o) [N | 4 ) (o) [P 4y () 2222

Po(x)y(xy) +7(x) — %[350}71(351)3””(51) + 175p, (xl)y(“’) (n) +
700hps (x1)y 9 ($1) + 500, (x))y @ (1) + 252y (py)] ..(4.48)

By omitting the error term and multiplying the previous equation by 210h>

get the finite-difference formula at i=1

[504 + 90hp,(x;) + 140h%p3(x;) — 210h3p,(x1) + 105h%p; (1) Iwg —
[1932 + 240hp,(x;) + 420h%p5(x;) — 420h3p,(x1) + 210R5py(x)]w, +
[2856 + 180hp,(x;) + 420h?p3(x;) — 210h3p,(x;) — 105h*p, (x)Iw, —
[2016 + 140h%p5(x;)]ws + [672 — 30hp,(x;)]w, — 84ws + [168 +
120hp,(x;) — 70h2%p3(x)]h3wy" = 210h57(x;) ...(4.49)

To find the suitable finite-difference formula at i=N-2 we follow the same

step as i=1:
YN-2 = _yN_lz_hyN__3 - %ym(sﬂv—z) ...(4.50)
YN-2 = yN_3_2y}f;_2+yN_1 - %y(iv) (n-2) ...(4.51)
yu = —yN-4+2y1\;_;3—2yN_1+yN _ %y(v)(fw—z) (4.52)

(iv) _ YN-4—4YN-3+10YN—2~4YN-1+YN

IYn-2 = e %y(m.) (on-2) ...(4.53)
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iv
(v) _ —23YN_4+118YN_3-242YN_5+248YN—_1~127YN+26YN+1-3h Y ) 1 2902 (wi) )
In-2 = 17hS 1027 PN-2

..(4.5%)

By substituting equations (4.50), (4.51), (4.52), (4.53) and (4.54) in
Eq.(4.1) we get

iv
~23yy_4+118yy_3—242YN_,+248YN—_1—127yN+26VN41—3R YN

17h5 o

Y ) L.
YN-372YN-2+YN- YN-1—YN~—
p2(xy-2) [ =2 ;:2 =t 1] + py (xy-2) [—N 12h = 3] + po(ey_2)y(xy_2) +

r(xn-2) — %[34}91(%\1—2)3””(5\1—2) + 17p, (xN—z)y(iv) (My-2) +

51p3(xN_2)y(v) (Cn-2) + 34p4(x1v—2)y(vi) (pn-2) + 59y(vii) (Pn-2)] ...(4.55)

By omitting the error term and multiplying the previous equation by 34h°

we get the finite-difference formula at i/=N-2

—[46 + 34hp,(xy_p) — 17h*p3 (xy—_2)Iwy_s + [236 — 136hp,(xy_2) —
34h*ps (xy—2) — 34h%p, (xy_p) + 17h*p; (xy_z)Iwy_3 — [484 +
204hp,(xy_p) — 68h°p, (xy_p) — 34h°po (xy_2)Iwy_» + [496 +
136hps(xy-2) + 34h°p3 (xy_3) — 34h°p, (xy_3) —

17h*py (ey—2)Iwn_1 — [254 + 34hp,(xy_3) + 34h?p3 (xy_z)]wy +
52Wy41 — 6h WYY = 34h5T (xy_q) ...(4.56)

To derive the finite-difference formula at i=N-1 we will use the centered
formulas for first, second, third and fourth-order derivatives and special

formula for the fifth-order derivative using the boundary conditions (4.40)

iy = PR Ry (g ) (457

__ YN-2—2YN-1TYN

YN-1 = W2 - %y(iv) (Mn-1) ...(4.58)
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o _ TYN-3t2YN—2—2YNtYN+1 B2 (v)
YN-17 23 — 5y (Cn-1) ...(4.59)
(tv) _ YN-3"4YN—2+6YN-1—4YNtYN+1 K2 (vi)
() = 2 2y ED(gy_y) (4:60)
(v) _ —481yN_3+2584yN_5—5526yN—1+5224YN—1801YN1+1+660h2y  ~124Rty o) 4
Yn-1 = 302h5

%}1 (wid (pn-1)
..(4.61)

By substituting equations (4.57), (4.58), (4.59), (4.60) and (4.61) in
Eq.(4.1) we get

—481yN_3+2584YN_2~5526YN_1+5224YN—1801yN41+660h2yN ,  —124h*y 0,
302h5 -

YN-3—4YN-—2+6YN-1—4YNTYN+1 —YN-3+t2YN—2—2YN+YN+1
Pa(xy_1) [ ¥ + p3(xy_1) oh3 +

P2 (ty—y) [t g () 222 4 g (- )y (o) + 7o) —
1;%[302171(XN—1)3’”'(5N—1) + 151p, (ey—1)y ™ (1) + 453p3(en-1)y P (n-1) +

302p,4(xn-1)y ¥ (@n-1) + 134y¥ D (py_1)] ...(4.62)

By omitting the error term and multiplying the previous equation by 302h>

we get the finite-difference formula at i=N-1

—[481 + 302hp,(xy_1) — 151R2%p3(xy_1)]Wy_3 + [2584 — 1208hp,(xy_1) —
302h%p5(xy_1) — 302h3p,(xy_1) + 151h*p, (xy_1)IWwy_p —

[5526 + 1812hp,(xy_1) — 604h3p, (xy_1) — 302h°py(xy_1)lwy_1 + [5224 +
1208hp,(xy_1) + 302h%p5(xy_1) — 302h3p,(xy_1) — 151h*p, (xy_1) Wy —
[1801 + 302hp, (xy_1) + 151h%p;(xy_1)Wys1 + 660R%wir,, — 124h*w (Y =

302h57(xy_1) ...(4.63)

Finally we will derive the finite-difference formula at i=N by using the

centered formulas for first, second-order derivatives Eq.(4.32),(4.33) and
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special formulas for the third, fourth and fifth-order derivatives using the

boundary conditions (4.40) that maintain the second order convergence:

—4yN_p+12yN—8yy4+1 +12R2YN  ~3hty )
mno__ +1 N+1 41h3 (vz)
Yy = T + =y () ...(4.64)
(iv) _ 12VN-2—48YN_1+60yN—24YN+1+12h%yN ,, +hty () 2 (pi
yi = N+1 _ 59h y(vl) ((PN) (4 65)
12h% 360 )
W _ —121yN_3+424YN_p—486YN_1+184YN—VN +1-60h2Yh 11 +176 Ry (Y, _ 100k, i ()
302h5 as3 Y P
..(4.66)

By substituting equations (4.32), (4.33), (4.64), (4.65) and (4.66) in Eq.
(4.1) we get

—121yN—3+424YN—2—486YN_11+184YN—YN+1 __
302h5
2,11 4., (iv)
[12yN_,—48yN_1+60yN—24yN 4 1+12h2 YN 41 +h y,m] +
12h*

pa(xy)

. )
—4yN-—2+12yN— 83’N+1"'12”L23/N+1_3”L YNZ1 YN-1— 23’N+YN+1
% (xn) PTE + D2 (xn) +

p1(xy) m%hywq] + po(x2)y(xy) + 7 (xy) — le;m[36240p1(xN)y"'(fN) +

18120p2(xN)y(iv) (ny) — 18573hp; (XN)y(Ui) Cn) + 35636hp4(xN)y(vi) (on) —
50880y @™ (py)] ...(4.67)

By omitting the error term and multiplying the previous equation by

7248h°we get the finite-difference formula at i=N

—2904wy_3 + [10176 — 7248hp,(xy) + 1812h%p5(xy) lwy_, — [11664 —
28992hp, (xy) + 7248h3p,(xy) — 3624h*p, (xp)lwy_1 +

[4416 — 36240hp,(xy) — 5436h%p;(xy) + 14496h3p,(xy) — 7248h5py (xy)]wy —
[24 — 14496hp,(xy) — 3624h%p;(xy) + 7248h3p,(xy) + 3624h*p, (xpy)Iwysr —
[1440 + 7248hp,(xy) + 5436h%p;(xy)|h?wy .1 + [4224 — 604hp,(xy) +
1359h2p; (xy) | h*wie) = 7248h5T(xy) ...(4.68)
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Using equations (4.44), (4.49), (4.56), (4.63), and (4.68) together give a

system with NxN nearly seventh-diagonal matrix problem

Aw =c
Where A=
[—(1932 + Gy;) (2856 — Gy5) —(2016 + Gy3) 672 — Gy —84
16 — Fyy —35 — Fyy 40 — Fyy —25— Fgy 8 -1
—3-Fy 16 — Fy —35 — Fy, 40 — Fy —25 — Fs, 8
0
-3 — Fin_3 16 — Foy_s3 —35 — Fay_3 40 — Fyy_s

w=[w, w,

—(2904 + Gy1) (10176 — Gyp)

T

Wy-1 WN]1><N >

(_504 + Glo)ao - (168 - 6103)h30(3 + ZthST(Xl)

(3 + Fipag + 2h°r(x,)
2h5r(x3)

2h5r(xy_3)
_SZﬁO + 6h4ﬁ4 + 34h5T(xN_2)

(1801 + 151Fs y_1)By — 660h%B, + 144h*B, + 302h°r (xy_1)
_(24 + GNO)ﬁO + (1440 + GNoz)hzﬁz - (4224 - GN04)h4ﬁ4 + 7248h5T(xN)_NX1

—(46 —17F, y_p) (236 —17F,y5) —(484—17F;y_,) (496 —17Fy) —(254+17F5y ;)
—(481 + 151F; y_1)(2584 — 151F, y_1)—(5526 + 151F5y_, ) (5224 — 151F, y_1)
—(11664 + Gy3)

...(4.69)

—25—Fsy_3 8

(4416 —Gya) |

Fij = 2hp,(x;) — th3(xi) , Fpi = —8hp,(x;) + 2h2p3(xi) + 2h3pz(xi) - h4p1(xi)

F3; = 12hp,(x;) — 4h3p,(x;) + 2h%py (%)) ,

F,; = —8hp,(x;) — 2h%p5(x;) + 2h3p,(x;) + h*pi(x;) , Fs; = 2hpa(x;) + h?p5(x;)

G11 = 240hp,(x;) + 420h?p;(x1) — 420R3p, (x;) + 210h5p,(x1) ,

GlZ = —180hp4(x1) —_ 420h2p3(x1) + 210h3p2(x1) + 105h4p1(x1) .
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Gi3 = 140hp3(x1) , Gi4 = 30hps(x1) ,G1o3 = —120hp,(x1) + 70h%p3(x,) ,
Gy1 = 7248hp, (xy) — 1812h%p;(xy),
Gny = —28992hp,(xy) + 7248h3p,(xy) — 3624h*p, (xy) ,
Gyz = 36240hp,(xy) + 5436h%p5(xy) — 14496h3p,(xy) + 7248h%py (xy) ,
Gyno = —14496hp,(xy) — 3624h%p;(xy) + 7248h3p,(xy) + 3624h*p, (xy) ,
Grnoz = 7248hp,(xy) + 5436h%p3(xy), Grnoa = 604hp,(xy) — 1359h%p5 (xy)

Now we use the LU-decomposition method in MATLAB for solving the
linear system (4.69) at several values of step-size (h) and then we use
Extrapolation method to get more accuracy for the method without more

calculations.

The Algorithm (4.2) for this method is the same as of Algorithm (4.1) with
some differences in the diagonals of matrix A,F& G's functions, and the

LU-decomposition procedures suitable. See full program (p.235-241)
Example 2: Consider the linear fifth-order boundary value problem

y@(x) = Bx — D)y — (5x — 2)y"" + (3x3 — 2x2 + 1)y" + 2x?y’ —
9x2%y + e?*(12x* — 13x3 + 15x%2 — 56),0n 0 < x <1

With boundary conditions:
y©0) =1, y1) =0, y"(0) = —4,y"(1) = —4e*,y™ (1) = —32¢?
So pa(x) = Bx — 1), p3(x) = —(6x — 2), po(x) = 3x° — 2x* + 1),

p1(x) = 2x%,po(x) = —=9x%, And r(x) = e?*(12x* — 13x3 + 15x% —
56) on the interval [0, 1]
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Now by applying algorithm (4.2) to the example we get the following

results that approximated solutions at several values of h as listed in Table

(4.3) Table 4.3
X, Exact(Y) w(h=0.1) w(h=0.05) w(h=0.025) w(h=0.0125) Ext3(h=0.1) Ext4(h=0.1)
0.1 1.09926248 1.16159292 1.11970458 1.10487111 1.10072185 1.09953894 1.09929578
0.2 1.19345976 130076807 1.22869004 1.20312905 1.19597606 1.19393837 1.19351735
0.3 127548316 1.41109850 1.32006109 1.28772282 1.27866887 1.27609194 1.27555635
0.4 133532456 148365996 1.38414976 134873628 1.33881595 1.33599526 1.33540511
0.5 135914091 150606130 1.40757074 1.37245038 1.36260635 1.35981047 1.35922123
0.6 132804677 1.46120644 1.37200634 1.34013377 133119455 1.32865869 1.32812007
0.7 121655999 132570625 1.25264427 1.22648657 121914566 1.21706581 1.21662049
0.8 0.99060648 1.06783852 1.01617182 0.99764258 0.99243959 0.99096727 0.99064957
0.9 0.60496475 0.64492951 0.61820497 0.60860998 0.60591457 0.60515264 0.60498715

The previous results reveal that the approximations are not good as h value
large or N small, so to get more efficient accuracy, we must use large N
with small h, noting that the matrix system A is large with eighth-
diagonals, or we can use higher order of extrapolation to get good

approximations as listed in Table(4.4)

Table 4.4 Y — W] Maximum Error
Y —w;(h=0.1)| 1.4838 x 1071
Y —w;(h = 0.05)| 4.8825 x 1072
Y —w;(h = 0.025)] 1.3412 x 1072
Y —w;(h = 0.0125)| 3.4914 x 1073
|Y — Ext3;(h = 0.1)| 6.7070 x 10~*
|Y — Ext4;(h = 0.1)| 8.0550 x 107°

The previous errors table shows that realistic approximations appear when
h=0.0125, so this method accuracy must be accelerated in their end points
using higher order convergence to get more efficient results or using higher
extrapolations that the errors at Ext4(0.1) are small, so we can find Ext4 at

several values of h to receive our aim.
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By comparing table (4.2) with (4.4) we find that method (4.1) is better than
method (4.2), which another evidence that the boundary conditions effect

strongly the method accuracy.

4.3 Finite-Difference Method (4.3) For Solving Linear Sixth-
Order Boundary-Value Problem:

Consider the linear sixth-order boundary-value problem:

Yy (x) =

ps (YD + pa )y ™ + p3()y"' (x) + p()y" + p1 ()Y’ + Po(X)y +1(x)
forx, a<x<b ...(4.70)

With first especial case of six boundary conditions:

y(@ =ay,y' (@) =a,y"(a) =a,, y(b) = fy,y'(b) = B1,y"(b) = B,
...(4.71)

To approximate the solution to this problem we will follow the same steps
in the previous sections by dividing the interval [a,b] into N+1 equal
subintervals (N>5) whose endpoints x;=a+ih ,for i=0,1,2,...,N+1, then we
substitute all derivatives by second order centered finite-difference

formulas for each derivatives.

y(v) (x;) = _Y(xi—3)+4Y(xi—2)_537(xi—12)h+55Y(xi+1)_4Y(xi+2)+Y(xi+3) _ h3_2y(vii) (p;) (4.72)

y(ui) (x,) = Y(xi—s)—6Y(xi—2)+15y(Xi—1)—ZOZEX1)+15Y(xi+1)—63/(xi+2)+Y(xi+3) _ }l—zy(viii) (v0)

.(4.73)
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Now by substituting the finite-difference formulas for derivatives

(4.3),(4.4), (4.5),(4.6) ,(4.72) and (4.73) in Eq.(4.70) we get

Y(Xi_3)—6y(xi_2)+15Y (x;_1)—20y(Xi)+15Y (Xi41)—6Y (Xiy2)+Y(Xis3) —

h6
__Y(xi—s)+4'3/(xi—2)_SY(xi—l)+53/(xi+1)_4Y(xi+2)+3/(xi+3)] +

| 2h5

pa(x) _Y(xi—z)_4Y(xi—1)+6yh(fi)—43/(xi+1)+Y(xi+2)] n
—Y(xi—z)+ZY(xi—;)h;ZY(xi+1)+Y(xi+2)] +p2(xi) [Y(xi—1)—2yigci)+Y(xi+1)] +

ps (x;)

p3(x;)

pa ) PR Xm0 o () y () + () — 2023 ()Y (6 + p2 )y @ () +

3p3(x)y () + 2p4 (x)y @0 () + 4ps (x)y VP (p) — 3y @i ()] ..(4.74)

A Finite-Difference method with truncation error of order 0 (h?) results by

using (4.74) together with the boundary conditions (4.71) to define

— I "o o__ _ l _ " _
Wo = Qg ,Wo = a1, Wy = A ,Wxy1 = Bo »Whi1 = B1, Wyt = P

and

Y(xi-3)—6Y(Xi—2)+15y(Xi—1)—20y(Xi) +15y(Xi1 1) —6Y(Xi+2)+Y(Xi+3)

h6
ps (x;) _—J/(xi—3)+4-J/(xi_2)—5y(xl-_1)+5y(xi+1)_4y(xi+2)+y(xi+3)] _
vl 2h5
p4(xi) :J/(xi-z)—43/(xi-1)+6yh(ici)—4y(xi+1)+y(xi+2)] _
Ds (xi) __Y(xi—z)+ZJ/(xi—12)h—32yoCi+1)+Y(xi+2)] —p, (xi) [y(xi_1)—2yhgci)+y(xi +1)] B
¥ (Xi+1) =Y (xi-1)
Py Ox) [PE2Cm0)] Gy () = () L @475)

For each i=3,4,5,...,N-2 .
Now by multiplying Eq.(4.75) by 2h° it can be written as:

[2 4+ hps (x) Wiz — [12 + 4hps(x;) + 2h%p,(x;) — R3ps(x)Iw;_, +
[30 4 5hps (x;) 4+ 8h%p,(x;) — 2h3p3(x;) — 2h*p, (x;) + h*py () Iw;—y —
[40 + 12h%p,(x;) — 4h*p,(x;) + 2h®po(x)lw; + [30 — Shps(x;) +
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8h%p,(x;) + 2h3p5(x;) — 2h*p, (x;) — RPpy (x)Iwiyq — [12 — 4hps(x) +
2h%p,(x;) — RPps(x)Iwiyp + [2 — hps(x)Iwiyz = 2hOr(x;) ...(4.76)

But this formula is suitable for N-4 mesh points, so we need to derive

special formula when i=1, 2, 3, N using the boundary conditions.

We will use equations (4.11),(4.12),(4.13) ,(4.14)and (4.15) in section[4.2]
for first up to fourth-order derivatives that are second-order convergence
and verify the boundary conditions for problem, but we must derive new
finite-difference approximations for sixth-order derivatives that also

maintains that conditions as:

W) _ —749y+2754y,—4320y,+3820y3—2025y,4+594y5—74y6+180h2%y;’ +44h2 (m-l-l-)( )
yl 63h6 49 y yl

.(4.77)

Note that we use two more points to derive second-order convergence
finite-difference formula for sixth-order derivative with two boundary
conditions ay and a,instead of three to get smaller truncation error of
second-order; that if we use three conditions, the order of error will be one,

and if we use oy and a;, we get large value of truncation error
—h?y @i (y,) .

Now by substituting equations (4.11), (4.12), (4.13), (4.14), (4.15), and
(4.77) in Eq.(4.70) we get

—749y0+2754y1 —4320Y,+3820y3—-2025y,+594y5 - 74y +180h%yy

63h6
—425y0+540y,—135y,+20y3—330hy{—90h2y{/
p5(x1)[ ons +
19y0—27y,+8y3+30hy,+18h%yy 39y,—48y,+9y,+30hy+6h2y]
p4(x1)[ ona + p3(xy) and +

P2 () [ 4y, () 2220

x 20 4 o (g )y () + 7 () —
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%[490}91 (x1)y""(&1) + 245p, (x1)y(iv) (1) + 49hps (x1)y(vi) (¢ +

392p,(x1)y ) (¢1) + 280ps (x1)y ™ (p;) — 2640y V0 (y,)] ..(4.78)

By omitting the error term and multiplying the previous equation by 252h°

we get the finite-difference formula at i=1

—[2996 — 11900hps (x;) + 532h2p, (x;) + 532h3p;5(x;) + 252h*p, (x;) — 126h5p, (x,)]w, +
[11016 — 15120hps (x;) + 3024h3p5(x;) + 504h*p,(x;) — 252h8py (2 )]wy — [17280 —
3780hps(x;) — 756h%p,(x;) + 567h3p5(x;) + 252h*p,(x;) + 126h°p, (x;)]w, + [15280 —
560hpg(x,) — 224h%p, (x;)]ws — 8100w, + 2376ws — 296w, + [9240hps (x,) — 840R%p, (x,) —

1890h3p5 () Jhwg + [720 + 2520hps (x;) — 504h2p, (x;) — 378h3p5 (x)]h?wg = 252h87(x;)
...(4.79)

To find the suitable finite-difference formula at i=2, we follow the same

steps as i=1.

We will use the equations (4.18),(4.19),(4.20),(4.21) and (4.22) that satisfy
the boundary conditions (4.71)and derive a new formula for sixth-order

derivatives at i=2 with one more point

(wi) _ —969y,+2160y,—2250y, +1600y3—675y4+144y5—10y6—420hy6
2 - 6
60h

sy iy,
...(4.80)

By substituting equations (4.18), (4.19), (4.20), (4.21), (4.22) and (4.80) in
Eq.(4.70) we get

—969y,+2160y; 2250y, +1600y3—675y,+144y5—10y,—420hys
60h6 -

2825y,—4320y,+2160y,—800y3+135y,+1860hy4+360h2yy’ Yo—4Y1+6Y,—4Y3+V,
ps(x,) | - + pa(xz) 2% +

- 2y1—2 -2 -
P (o) |22 BE] ) () [H222028 4y (o) 2222 + o Gy () + () —
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%[28}71(952)}’”’(52) + 14p, (xz)y(iv) (n2) + 42hp; (xz)y(v) (G) + 28?4("2)}’@0(?2) -

4ps(x2)y VD (p,) + 21y Wiid (y,)] ...(4.81)

By omitting the error term and multiplying the previous equation by 360h®

we get the finite-difference formula at ;=2

—[5814 — 14125hps(x,) + 360h?p, (x,) — 180h3p;(xy)]w, + [12960 +
21600hps(x,) + 1440h%p,(x,) — 360h3p;(x,) — 360h*p,(x,) +

180h%p, (x,)]w; — [13500 — 10800hps(x,) + 2160h%p, (x,) — 720h*p,(x,) +
360h5py(x,)]w, + [9600 + 4000hps(x,) + 1440h%p,(x,) + 360h3p5(x,) —
360h*p,(x,) + 180h5p; (x,)]ws — [4050 + 675hps(x,) + 360h2p,(x,) +
180h3p;(x,)]w, + 864ws — 60w — [2520 + 9300hps (x,) | Aw} —

[1800hps (x,)]h?w) = 360h67(x,) ...(4.82)

Now we will derive the finite-difference formula at i=N-1, by following the
same previous steps and using the centered finite-difference
approximations for the first up to the fourth-order derivatives which are
equations (4.57), (4.58),(4.59) and (4.60) in section[4.3] that satisfy
boundary conditions(4.71).

We will derive suitable finite-difference approximations that verify the
boundary conditions and maintain the second order convergence using

Algorithm(1.2)

(v) __ —135yN_3+800yyN_p—2160yyN_;+4320yy—1825YN4+1+1860hyn,1—360R% YN 1 n2 (vii

IN-1= s — 2P on-1) -.(4.83)
) _

In-1 =

—10yN—5+144YN_4—675YN_3+1600YN_5—2250yN—1+2160yN—969VN1+1+420h%y)  p2 (Uiii)( )
60h6 -3y YnN-1

..(4.8%)
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by substituting equations (4.57), (4.58), (4.59), (4.60), (4.83) and (4.84) in
Eq.(4.70) we get

—10yN_5+144YN_4—675YN_3+1600Yy _2—2250yN_1+2160yN —969YN 41+420hy)
60h6 -

—135yN_3+800Yy_»,—2160Yy_1+4320Yy—2825Yy 4+1+1860hyy 1 —360R2YN 1
+ +
Ps(Xn-1) 72h5 +

YN-3—4YN-—2+6YN-1—4YNTYN+1 —YN-3+t2YN—2—2YN+YN+1
ACHE 1)[ ¥ + p3(xy-1) oh3 +

P Ctyoy) [P0y () 22282 g (o )y (tg) + 7Cawer) =
1}16—8[28P1(XN—1)3’”'(5N—1) + 14p, (ey— 1)y P (Ny—1) + 42hps (ey—1)y D (y-1) +

28P4(XN—1)3’M) (pn-1) + 4P5(XN—1)3’(Uii) (pn-1) — Zly(viii) (Yn-1)] ...(4.85)

By omitting the error term and multiplying the previous equation by 360h®

we get the finite-difference formula at i=N-/

—60wy_c + 864wy_, — [4050 — 675hps (xy_y1) + 360h%p, (xy_1) —
180h3p5(xy_1)]wy_1 + [9600 — 4000hps(xy_1) + 1440h%p, (xyn_1) —
360h3p;(x,) — 360h*p,(xy_1) + 180h°p; (xy_1)lwy_, — [13500 —
10800hps(xy_1) + 2160h%p,(xy_1) — 720h*p, (xy_1) +
360h%p(xy_1)wy_1 + [12960 — 21600hps (xy_1) + 1440h%p, (xy_1) +
360h%p;(xy_1) — 360h*p,(xy_1) + 180R°p; (xy_1)]wy — [5814 —
1425hps(xy_1) + 360h%p,(xy_1) + 180h3p3(xy_1) Wy + [2520 —
9300hps(xy_1)]1hwy 41 + [1800hps (xy_1)]R*Wr41 = 360h67(xy41)...(4.86)

Finally we will derive finite-difference formula at i=N using the boundary
conditions (4.71) and the finite difference formula for first and second
derivatives Eq.(4.32) and (4.33)in section[4.2] and special formulas for

third up to the sixth-order derivatives as:

mnro__ 93’N—1+4‘83IN—393’N+1+30hyllv+1_6h2yll\]’+1 n3. (vi
N = e + 2y (Gy) - (4.87)
1 2 "
(iv) _ 8YN-2—27YyN-1+19YN+1—30hyy (+18R"yy 1 ,p2 ;
In = ont - Tsy(vl)(<PN) ...(4.33)
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1 2 "
) _ —ZOyN_z+135yN_1—54—0yN+4—25yN+1—330hyN+1+90h YN+1 _ 2h2 (vu)( ) 4.89
N = ont 1Y pn) -(4.89)
(i) _ —74YN_5+594YN_4—2025YN_3+3820YN _2—4320yN_1+2754yN—749YN +1+180h2YN 44 +
N 63h6
44h2 iii
" y(vlu) (VN) (490)

By substituting equations (4.32), (4.33), (4.87), (4.88), (4.89) and (4.90) in
Eq.(4.70) we get

—74yN_5+594yN_4,—2025yNy_3+3820yN 7 —43203/,\,_1+2754y,\,—749y,\,+1+180h2y,'\,'+1 _
63h6 B

D (xN)[—ZOyN_z+135yN_1—540yN+:;45yN+1—330hy,’v+1+90h2yI,v’+1] _

P, Cxn) :83/N-2—27yN_1+19y1\;.,}.;—30hy1'\,+1+18h2y1'\,’+1] _

p3(xn) -_9yN_1+48yN_39yZ;§+30hy;v+1_6hzyx’+1] — p,(xy) [yN_l_Z;ﬁV-l-yNH] —
p1(xn) y’\’%hy’"-l] — poCep)y(xy) +1(xy) — %[1155291(,(1\’)},"'(51\’) n
2310p, Gen)y @ () — 231hps ey @0 (3y) + 1884hp, () y @D (on) +
1320p5 () y @™ (py) — 6160y V0 (yy )] @91

By omitting the error term and multiplying the previous equation by 252h°

we get the finite-difference formula at i=N

—296wWy_s + 2376wy_s — 8100wy_s +

[15280 + 560hps(xy) — 224h2%p,(xy)Iwy—_p — [17280 + 3780hps(xy) —
756h%p,(xy) — 567h3p3(xy) + 252h*p, (xy) — 126R°p; (xp)lwy_1 +

[11016 + 15120hps (xy) — 3024h3p5(xy) + 504h*p, (xy) —

252h%py(xp)lwy — [2996 + 11900hps (xy) + 532h%p,(xy) — 2457h3p3(xy) +
252h*p, (xy) + 126h°p; (xpn) W41 + [9240hps (xy) + 840h%p, (xy) —
1890h3p3 (xpn)1hAwg 41 + [720 — 2520hps(xy) — 504h%p, (xy) +

378h3p;(xpy) h?wy1 = 252h87(xy) ...(4.92)

Using equations (4.76),(4.79),(4.82),(4.86), and (4.92) together give a

system with NxN nearly eleventh-diagonal matrix problem
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Aw =C ...(4.93)
Where A=
[(11016 — G;1)— (17280 + G;5) (15280 — G;3)—(8100 + Gy,) 2376 =296 0
(10800 — G51)—(13500 + G;) (9600 — G,3) —(4050 + G,4) 864 —60
—(12+Fy3  30-F;3  —(40+F;) 30-Fy  —(12+F) 2+ Fis
2-Fy, —(12+F,) 30—Fy, —(40+F,)  30—Fs  —(12+F) 2+ Fiy
2—Fiy_s —(12+F,y_3) 30—Fyy_3; ~40—Fupy3 30—Fsy3 = —12—Fgy_ 2+ Fiys
" (2 - F1N21V2 3)—(12 + ;;VNEZ) (30— szvl\izg —(40+Fyy-,) B0+ stvN—23 —(12+Fen-2)
—60 864 —(4050 + Gy11) (9600 — Gy;,) —(13500 + Gy13)(12960 — Gy14)
0 —296 2376 —(8100 + Gy1) (15280 — Gy,) —(17280 + Gyz) (11016 = Gya) |
_ T

w=[w; w, Wy-1 Wylixn

(2996 + Glo)ao + Glmhal - (720 - Gloz)hzaz + 252h6r(x1)

(5814 + G,o)ay + (2520 + Go1)hay + Gyooh?a, + 360h°7(x5)

(=2 + Fi3)ag + 2ho7r(x3)
2h87(x,)
c= :
2h8r(xN_3)
—(2+ Fyn—2)Bo + 2h°r(xy_3)
(5814 + Gy10)Bo + (2520 + Gy101)hB1 + Gy1o2h? Bz + 360h°T (xy_1)
(2996 + Gro)Bo + GrorhB1 — (720 — Groz)h* B, + 252h81(xy)

"NXx1
Fi; = —hps(x)) , Fp = 4hps(x;) + 2h%p,(x)) — h3ps(x)

F3; = =5hps(x;) — 8h%ps(x;) + 2h3ps(x;) + 2h*p, (x) — h®py(x)

Fy = 12h%p,(x;) — 4h*p, (x;) + 2h°po(xy) ,

Fs; = 5hps(x;) — 8h%p,(x;) — 2h%p3(x) + 2h*p,(x;) + Rpy(xy)

Fei = —4hps (x;) + 2hp,(x;) + h*p3(x) ,

GlO = —11900hp5(x1) + 532h2p4(x1) + 532h3p3(x1) + 252h4p2(x1) -

126h%p,(x1)

Gll = 15120hp5 (xl) - 3024h3p3(x1) - 5O4h4p2(x1) + 252h6p0(x1)
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GlZ = —378th5(x1) - 756h2p4(x1) + 567h3p3(x1) + 252h4p2(x1) +

126h5p,(xy) ,

Gi3 = 560hps(x;) + 1568h%p,(x;) ,

G101 = —9240hps(x,) + 840h?p,(x,) + 1890h3p;5(x,) ,
G102 = —2520hps(x;) + 504h?p,(x;) + 378h3p5(x,)
G,o = —14125hps(x,) + 360h%p,(x,) — 180h3p;(x,)

621 = —21600hp5(x2) - 1440h2p4(x2) + 360h3p3(x2) + 360h4p2(x2) -

180R°p; (x2)
Gzz = —10800hp5(x2) + 216Oh2p4(x2) - 720h4p2(x2) + 360h6p0(x2) s

623 = —4000hp5(x2) - 1440h2p4(x2) - 360h3p3(x2) + 360h4p2(x2) -

180h%p, (x2) ,

Ga4 = 675hps(x;) + 360h°p,(x;) + 180h3p;3(x,), Goo1 = 9300hps(x,),
G202 = 1800hps (x2)

Gy11 = —675hps(xy—1) +360h*p,(xy_1) — 180h%p3 (xy_1)

Gniz = 4000hps(xy_1) — 1440h*p,(xy_1) + 360h3p3(xy_1) + 360h*p, (xy_1) +

180h5P1(xN—1)
Gy1z = 10800hps(xy_1) + 2160h%p,(xy_1) — 720h*p, (xy_1) + 360h8po(xy_1)

Gy1a = 21600hps (xy_1) — 1440h*p,(xy—_1) — 360h°p3 (xy_1) + 360h*p, (xy_1) —

180h5P1(xN—1)

Gn1o = —9125hps(xy_1) + 360R%*p,(xy_1) + 180h3p5 (xy_1)
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Gn101 = 9300hps(xy—1) , Gy1oa = —1800hps(xy—_1)

Grno = 11900hps(xy) + 532h%p,(xy) — 2457h3p3(xy) + 252h*p, (xy) +

126h%p; (xy)
Gy1 = —560hps(xy) + 244h%p,(xy),

GNZ = 378th5(xN) - 756h2p4(xN) - 567h3p3(xN) + 252h4p2(xN) -

126h%p; (xy)

Gyz = —15120hps(xy) + 3024h3p;(xy) — 504h*p,(xy) + 2528 (xy) ,
Gno1 = —9240ps(xy) — 840h%p, (xy) + 1890h%p;5(xy),

Grnoz = 2520hps(xy) + 504h2p,(xy) — 378h3p5 (xy)

Now we use the LU-decomposition method with MATLAB for solving the
linear system (4.93) at several values of step-size (h) and then we use
Extrapolation method to get more accuracy for the method without more

calculations.

Algorithm (4.3): Linear Finite-Difference Method (4.3) For Solving
Sixth-Order BVPS Case (I): See full MATLAB program (p.241-252)

To approximate the solution of the boundary value problem

y#(x) =

ps(X)y @ + pa()y ™ + p3 )y (x) + p2()y" + p1 ()Y’ + po(X)y +7(x)
forx, a<x<b,with six boundary conditions

y(@) =ay,y' (@) =a,y"(a) =a,,y(b) =B,y (b) =p1,y"(b) =,
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Step(1):Input endpoints a,b; boundary conditions &g, @1, @3, By, 51
Step(2):For £=2,3,4 (To determine h=0.1,0.05,0.025,0,0125)

- set Ni=(10%2% D). 1;
- h=(b-a)/(N;+1);
- do steps(2-9)

Step(3):For i=1,2,3, ...,N; set x(i)=a+ih

Find po(x;), p1 (x;), p2 (%), p3(x;) , pa(x), ps (x)and r(x;) .
(The values of associated functions on Eq.(4.70)

Step(4):For i=1,2,3,...,N; set

dO=the vector of entries for main diagonal of matrix A
dU1=the vector of entries for the first upper diagonal for A
dU2= the vector of entries for the second upper diagonal for A
dU3= the vector of entries for the third upper diagonal for A
dU4= the vector of entries for the fourth upper diagonal for A
dU5= the vector of entries for the fifth upper diagonal for A
dL1= the vector of entries for the first lower diagonal for A
dL2= the vector of entries for the second lower diagonal for A
dL3= the vector of entries for the third lower diagonal for A

dL4= the vector of entries for the fourth lower diagonal for A
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dL5= the vector of entries for the fifth lower diagonal for A
C=the constant vector on (¢) Eq.(4.93)

Step(6) Factorize A into LU, where L is lower sixth-diagonal matrix with

unit main diagonal and U is upper sixth-diagonal.
Step(7) For i=1,2,3,...,N; Solve LY=d to find Y using forward substitution

Step(8) For i=N;-1,..2,1 Solve Un=Y to find the approximation solution w

using backward substitution

Step(9) Set N1=9 Fori=1,2,3,... Ny, for j=1,2,4,... Ny set W1;=w; ;
Step(10) For i=1,2,...,NI set h=(b-a)/N1 ; x(i)=a+ih

Step(11) Extrapolate the solution at h=.1,0.05,0.025,0,0125
Ext2(h=0.1)=(4*W1(h=0.05)-W1(h=0.1))/3;

Ext2(h=0.05)= (4*W1(h=0.025)-W1(h=0.05))/3;

Ext2(h=0.025)= (4*W1(h=0.0125)-W1(h=0.025))/3;
Ext3(h=0.1)=(16*Ext2(h=0.05)-Ext2(h=0.1))/15;
Ext3(h=0.05)=(16*Ext2(h=0.025)-Ext2(h=0.05)/15;
Ext4(h=0.1)=(64*Ext3(h=0.05)-Ext3(h=0.1))/63;

Step(12) Output [x' ,W1',Ext4] (The approximation solutions and

Extrapolation)
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Example 3: Consider the linear sixth-order boundary value problem

y@(x) = 2xy® — 3x3y™ — (3x%2 — 1)y"" + (10x + 3)y" + (3 + 5x —
x2)y' — (2x — x?)y + e?*(—80x* — 37x% + 110x? — 43x — 121),

on 0 < x <1 ,with boundary conditions:

y(0)=1 y@)=0 y'(0)=1,

y'(1) =—e?,y"(0) =0,y" (1) = —4e?

So ps(x) = 2x% ,pu(x) = =3x3, p3(x) = —Bx* - 1), p,(x) = (10x + 3),
p1(x) = —(3 + 5x — x2),po(x) = (2x — x?), And

r(x) = e**(80x* + 37x3 — 110x?% + 43x + 121) on the interval [0, ]

Now by applying algorithm (4.3) to the example we get the following
results that approximated solutions at several values of h as listed in Table

4.5)
Table 4.5

X; Exact(Y) w(h=0.05) w(h=0.025) w(h=0.0125) w(h=0.0625) Ext3(h=0.05) Ext4(h=0.05)

0.1 1.09926248 1.06088276 1.08968773 1.09688801 1.09867183 1.09928801 1.09926463
0.2 1.19345976 1.12683020 1.17682775 1.18933474 1.19243366 1.19350441 1.19346352
0.3 1.27548316 1.19547087 1.25551029 1.27052987 1.27425108 1.27553726 1.27548772
0.4 1.33532456 1.25690577 1.31575905 1.33047332 1.33411799 1.33537817 1.33532910
0.5 1.35914091 1.29404718 1.34291749 1.35511994 1.35814102 1.35918608 1.35914478
0.6 1.32804677 1.28272323 1.31677271 1.32525438 1.32735260 1.32807887 1.32804957
0.7 1.21655999 1.19149206 1.21034669 1.21502291 1.21617808 1.21657832 1.21656165
0.8 0.99060648 0.98109326 0.98826633 0.99002900 0.99046316 0.99061384 0.99060720
0.9 0.60496475 0.60343798 0.60459807 0.60487495 0.60494253 0.60496607 0.60496490

The previous results reveal that errors are large although h is small, so h
must be sufficiently small to get good results or use extrapolation. The

errors of approximations are listed in (4.6)
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Table 4.6 Y — W| Maximum Error
Y —w;(h = 0.05)] 8.0012 x 1072
Y —w;(h = 0.025)| 1.9973 x 1072
Y —w;(h = 0.0125)| 49533 x 1073
Y —w;(h = 0.0625)| 1.2321 x 1073
|Y — Ext3;(h = 0.05)| 5.4099 x 1075
|Y — Ext4;(h = 0.05)| 45599 x 10°°

The previous errors table shows that good approximations appear when
h=0.0125, so this method's accuracy must be accelerated at end points
using higher order convergence to get more efficient results or using higher
extrapolations at which the errors for Ext3, Ext4(0.05) are small, so we can

find Ext3, Ext4 at several values of h to receive our aim.

4.4 Finite-Difference Method (4.4) For Solving Linear Sixth-
Order Boundary-Value Problem:

Consider the linear sixth-order boundary-value problem:

y#(x) =

ps (YD + pa ()™ + p3()y"" (x) + p2()y" + p1 ()Y’ + Po(X)y +1(x)
forx, a<x<b ...(4.70)

With second especial case of six boundary conditions:y(a) = a, ,y"""(a) =

a3,y(”) (@) = as,
y(b) =By, y" () =B,y ™ (D) = B4 ...(4.94)

To approximate the solution to this problem we will follow the same steps

in the previous sections and it's finite-difference formula is similar as for
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previous problem for i=3,4,...,N-2, so we use Eq.(4.76) in section[4.4], but
this formula is suitable for N-4 mesh points, so we need to derive special
formula when i=1,2,N-1,N using the boundary conditions (4.94) and
Algorithm(1.2)

Q)
77 _23’o+6y1—6y2+2y3+h3y(’)”—h5yo W3 (vi
v 3h3 —Ly@0(gy) ...(4.95)
[ )
(iv) _ —4Yo+12y1—12y,+4y5—4h3ys +h5y, 13h3, (vi)
o 6h* — ey (@1) ...(4.96)
v) _ 10y9—36y; +48y,~28y5+6Y,+4h3yy +3h5y 2
) _ 0 0 0 __ 107h (vu)( ) (4 97)
1 B 10h5 300 y pl .o .
(i) _ _173’0+903’1_1953’2+2203’3_1353’4+423’5—5y6—12h5yé”) R (viii)( )
N T 25h6 20y V1
...(4.98)

Now by substituting equations (4.11), (4.12), (4.95), (4.96), (4.97) and
(4.98) in Eq.(4.70) we get

~17Y6+90y; —195y,+220y5 - 135y, +42y5—5y6—12h5y")

25h®
[10y0—36y; +48y,—28y3+6y,+4h3y./ +3r5y»
ps(x1) 2 |+
| 10h5
- ) 3,01 _p5.(V)
—4yo+12y1—12y,+4y3—4h3yg' +h5y, —2y0+6y1—6y,+2y3+h3yg' —hSy,
pa(x1) ent + p3(x1) e +

P2 () |22 |y () [P222] + g Gy () + 7o) = L2751 )y (6 +

150p2(x1)y(iv) () + 300hp3(x1)y(vi) (¢ + 5hp4(x1)y(vi) (p1) +
3ps (x)y D (p,) — 45y (y,)] ...(4.99)

By omitting the error term and multiplying the previous equation by 150h®

we get the finite-difference formula at i=1

—[102 + 150hps(x;) — 100h?p,(x;) — 100h3p5(x;) + 150h*p, (x;) —
75h°p; (x1)]wy + [540 + 540hps(x;) — 300h%p,(x;) — 300h3p5(x;) +

300h*p,(x;) — 150h%py(x)]w; — [1170 + 720hps(x;) — 300h%p,(x,) —
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300h3p5(x,) + 150h*p, (x,) + 75h°p; (x1)]w, + [1320 + 420hps (x,) —
100h%p,(x;) — 100h3p5(x1)]ws — [810 + 90hps (x,)|w, + 252ws — 30wg —
[60hps(x,) — 100h2%p,(x;) + 50h3p5(x)]R3WS" — [72 4+ 45hps(x,) +

25h2p, (x1) — 50R3p; (x)|h5w.” = 150h5r(x;) ...(4.100)

To find the suitable finite-difference formula at i=2 we follow the same
steps as i=1, so we will use the equations (4.18),(4.19),(4.20)and (4.21)
that satisfy the boundary conditions (4.94) and derive a new formula for

fifth and sixth-order derivatives at i=2 with one more point for sixth-order

(v)
(v) _ 10y0—36y1+48y,—28y3+6y,+4h3y, —2h°y, 43h2_ (vii
= — — 81y (p,) ...(4.101)

i) _ 4301 +90y,~1405+120y,~54y5+10y5—6h5y "
25h6

— By EiD(y,)) ...(4.102)

By substituting equations (4.18), (4.19), (4.20), (4.21), (4.100) and (4.101)
in Eq.(4.70) we get

4y, —30y;+90y,~140y3+120y,~54y5+10ys—6h5y("
25h6 -
(v)
10y0—36Yy1 +48y,—28y3+6y4+4h3yy' —2h5y, Yo—4Y1+6Y2,=4y3+ys
ps(e) | rot +pa(x2) 22 ¥

P () [N (o) [A22225] 4y () [222] + py () () +

r(xz) — %[50}71(952)3””(52) +100p, (x2)y ™ (1) + 150p5(x)y @ ({,) +

100p,(x2)y "2 (92) + 214p5(x)y 0 (p;) — 30y 0 ()] ...(4.103)

By omitting the error term and multiplying the previous equation by 50h®

we get the finite-difference formula at ;=2

[8 — 100hps(x;) — 50h*p,(x;) + 25h3p3(x2)]wy — [60 — 360hps(x;) —
200h2p,(x;) + 50h3ps(x,) + 50h*p,(x,) — 25h°p; (x)wy +
[180 — 480hps(x,) — 300h%p,(x,) + 50h*p,(x,) — 50h8pg(x,)]w, — [280 —

280hps(x,) — 200h%p,(x,) — 50h3p5(x,) + 100h*p,(x,) + 25h5p; () ws +
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[240 — 60hps(x,) — 50h2p,(x,) — 25h3p;(x,)lw, — 108ws + 20wy —
[40hps (x,)1h3wg" — [12 — 20hps (x,)1hw” = 50h6r(x,) ...(4.104)

Now we will derive the finite-difference formula at i=N-1, we follow the
same previous steps and use the centered finite-difference approximations,
for the first up to the fourth-order derivatives which are equations (4.57),
(4.58), (4.59) and (4.60), and we will derive suitable finite-difference
approximations for sixth-order derivative that verify the boundary
conditions (4.94) and maintains the second order convergence using

Algorithm(1.2)

(i) _ —11yN_5+216yN_4—1080yy_3+2560yN_2—~3375yN_1+2376yN—686yN41+180h%y"  cop2 (m-ii)( )
yN 1 126h% 392 y YN-1

...(4.105)

By substituting equations (4.57),(4.58),(4.59),(4.60),(4.61)and(4.105) in
Eq.(4.70) we get

—11yN_5+216YN_4—1080yN_3+2560Yy_2—3375YN_1+2376YyN—686YN+1+180h%y)
126h6 -

[—481yN_3+2584yN_5—5526yN_1+5224YN— 1801yl\,+1+660hzy,’\,’+1—124}1‘*3/1(\,?1
pS(xN—l) 302h5 +

(YN -—3—4YN—2+6YN-1—4YN+tYN+1 YN-3+t2YN—2—2YN+YN+1

Pa(xyn-1) ht ] +p3(xy-1) [_ 2h3 ] +

2
P2 (1) %} + 1 Cty-1) 2222 4 g ey 1)y (oy) + 7o) =

177576[14798P1(xN )Y (En-1) +29596p, (xy_ 1)}’(1])(771\/ )+

44394hp; (xy_ 1)y (y_1) + 29596p, (xy_1)y "0 (py_1) —

13132p5(xy-1)y ¥ (py-1) — 31257y V0 (yy_y)] ..-(4.1006)

By omitting the error term and multiplying the previous equation by

19026h® we get the finite-difference formula at i=N-1

—1661wy_s + 32616wy_, — [163080 — 30303hps(xy_,) + 19026h%p, (xy_1) —

9513h3p4(xy_1)IWy_s + [386560 — 162792hps (xy_1) + 76104R%p, (xy_1) —
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19026h3p5(x,) — 19026 h*p, (xy_1) + 9513h5p; (xy_1)Iwy_, — [509625 —
348138hps(xy_,) + 114156h%p, (xy_,) — 38052h*p,(xy_1) +

19026h8p, (xy_)]wy_, + [358776 — 329112hps (xy_1) + 76104h%p, (xy_1) +
19026h3p;(xy_1) — 19026h*p, (xy_y) — 9513h5p, (xy_)]wy — [103586 —
113463hps(xy_,) + 19026h%p, (xy_1) + 9513h3p3 (xy_1) Wy, + [27180 —

41580hps (xy_1)1h*wi 1 + [7812hps(xy_ ) h*wY) = 19026h67r(xy,,)  ...(4.107)

Finally we will derive finite-difference formula at i=N using equations
(4.32), (4.33) for first and second derivatives in section [4.2] and (4.64),
(4.65) and (4.66) in section [4.3] for third up to the fifth-order derivatives
that satisfied the boundary conditions (4.94).

Now we derive new formula for sixth-order derivative:

y(vi) _ —13yN_s+102YN—_4—327YN_3+548YN_2—507YN_1+246yN—49YN +1+12h*y (Y, 4

N 21h6

4702 (viii

2y @i (yy) ...(4.108)

By substituting equations (4.32), (4.33), (4.64), (4.65), (4.66) and (4.108)
in Eq.(4.70) we get
—13yN_5+102yN_4—327yN_3+548yN_2—507yN_1+246yN—49yN+1+12h4yg:1::
—121yN_3+424yN_2—486yii?i184yN—yN+1—60h2yH+1+176h4ygza]__

302h5

- iv
12yN_2—4syN_1+60yN—24yN+1+12h2yH+1+h4y§+1]__
12h*

ps(xp) [

pa(xy)

[—4yn—, +1ZYN—83/N+1+12h2y1’v'+1—3h4y1$:)1 _ YN-1—2YN+YN+1] _
p3(xy) 16h3 p2(xy) 2

(YN +1-YN-1

pl(xN)_ h

| = PoCen)yCen) + () — 5tonss[126840p; () )y (E) +

253680p, (xy)y @ (y) — 130011hp; (xy)y @ ({y) + 249452hp, (xp)y“P (@p) +

1320p5(xp)y @D (py) — 356160y (y,)] ...(4.109)

By omitting the error term and multiplying the previous equation by

50736h° we get the finite-difference formula at i=N
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—31408wy_g + 246432wy_, — [790032 — 20328hps (xy)]Wy_s + [1323968 —
71232ps(xy) — 50736h%p,(xy) + 12684h3ps (xy)wy_, —

[1224912 — 85176hps(xy) — 202944h?p,(xy) + 50736 h*p, (xy) —

25368h5p, (xy)Iwy_, + [594336 + 81648hps (xy) — 2536680R2p, (xy) —

38052h3p, (xy) + 101472h%p, (xy) — 50736y (xy)]wy — [118384 — 168hps (xy) —
101472h%p,(xy) — 25368h3p;(xy) + 50736h*p,(xy) + 25368h°p; (xp)|Wys1 +
[10080hps (xy) — 50736h%p, (xy) — 38052h3p, Cxy ) h2wL, | + [28992 —

29568hps (xy) — 5228h2p, (xy) + 9513h3p, (xy)h*w) = 50736h°r(xy) ...(4.110)

Using equations (4.76),(4.100),(4.104), (4.107), and (4.110) together give a

system with NxN nearly eleventh-diagonal matrix problem

Aw =c¢ ...(4.111)
Where A=
[(540 — G11) —(1170 + Gy,) (1320 — Gy3) —(810 + Gyp) 252 =30 0
—(60+ Gy1) 180 — Gy, —(280 + Gpz) 240 — Gy —(108 —Gas) 20
~(12+Fy3 30—Fs3  —(40+F,;) 30 — Fa —(12 + Fg3) 2+ Fy3
2-F, —(2+F4) 30—F, ~—(40+F,)  30-Fs —(12 + Fea) 2+ Fiy
2—Fiyes —(12+Foy_g) 30— Fay_s  —40 = Fay_s 30 — Fsn—s —12 — Fey-3 2+ Fiy-3
2—Fiyo, —(12+ Fy;) 0= Fay2) —(40+ Fyy_2)  (B0+Fsyz) —(12+Fsy-3)
—1661 32616  —(163080 + Gy11) (386560 — Gyqp) —(509625 + Gyy3) (358776 — Gy14)
0 —31408 246432 —(790032 + Gy;) (1323968 — Gy,)—(1224912 + Gy3) (594336 — Gya) |
_ T
w=[w; w, Wy-1 Wylixn
(o

(102 + Gip)ag + Grozh3az + (72 + Gyos)h®as + 150h°r(x;)
(=8 + Gyo)ag + Gyosh3az + (12 + Gyos )R as + 50h67T(x,)
(=2 + Fi3)ag + 2ho7(x3)
2h87(x,)

2h8r(xy_3)
—(2 = Fiy-2)B0 + 2h°r(xy_5)
(103586 + GNlO)ﬁO - (27180 - GNlOZ)hZﬂZ + GN104h4ﬁ4 + 19026h6T(XN_1)
(118384 + GNO)ﬁO + GNozhzﬁz - (28992 - GN04)h4ﬁ4 + 50736h6T(XN)

“NX1
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Fiy = —hps(x;) , Fy = 4hps(x;) + 2h%pa(x;) — Kps(xy)
F3; = =5hps(x;) — 8h%ps(x;) + 2h3ps(x;) + 2h*p, (x) — h®py(x)
Fy = 12h%p,(x;) — 4h*p, (x;) + 2h°po (%)
Fs; = 5hps(x;) — 8h%p,(x;) — 2h%p3(x) + 2h*p,(x;) + Rpy(xy)
Fei = —4hps (x;) + 2hp,(x;) + h?p3(x) ,
G1o = 150hps(x;) — 100h?p,(x,) — 100h3p5(x1) + 150h*p,(x1) — 75h°p, (x1)
G11 = —540hps(x;) + 300h%p,(x;) + 300h3p;(x;) — 300h*p, (x;) + 150h8p,(x;)
G1z = 720hps(x,) — 300h%p,(x1) — 300h3p5(x1) + 150h*p,(x1) + 75h5p,(x1) ,
G153 = —420hps(x,) + 100h%p,(x1) + 100h3p5(x1) , G14 = 90hps(xy) ,
G103 = 60hps(x,) — 100h2p,(x,) + 50h3p5(x,) ,
G1os = 45hps(xy) + 25h%p,(x1) — 50h3p5(x,)
G0 = 100hps(x,) + 50h?p,(x,) — 25h3p5(x,)
G,1 = —360hps(x,) — 200h2p,(x,) + 50h3p5(x,) + 50h*p, (x,) — 25h°p, (x5) ,
G, = 480hps(x,) + 300h%p,(x,) — 100h*p,(x,) + 50h8py(x,) ,
G,3 = —280hps(x,) — 200h2p,(x,) — 50h3p5(x,) + 50h*p, (x,) + 25h°p, (x5) ,
Gou = 60hps(x,) + 50h2p,(x,) + 25h3p;5(x,), Goos = 40hps(x,),
G205 = —20hps(x;)

GNll = —30303hp5(xN_1) + 19026h2p4(xN_1) - 9513h3p3(xN_1)
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Gniz =
162792hp5(xN_1) - 76104h2p4(xN_1) + 19026h3p3(xN_1) + 19026h4p2(xN_1) -

9513h°py (xy-1)

GN13 = —348138hp5(xN_1) + 11415h2p4(xN_1) - 38052h4p2(xN_1) +

19026h%py(xyn_1)

Gnia =
329112hp5(xN_1) - 76104h2p4(xN_1) - 9026h3p3(xN_1) + 19026h4p2(xN_1) +

9513h°py (xy-1)
Gnio = —113463hps(xy_1) + 19026h%p,(xy_1) + 9513h3p3(xy_1)
Gn1o2 = 41580hps(xy_1) , Gy10a = —7812hps(xy_1)

GNO = —168hp5(xN) - 101472h2p4(xN) - 25368h3p3(xN) + 50736h4p2(xN) +

25368h°p, (xy)
GNl = —20328hp5(xN),GN2 = 71235hp5(xN) + 50736h2p4(xN) - 12684h3p3(xN)
GN3 = —81648hp5(xN) - 202944h2p4(xN) + 50736h4p2(xN) - 25368h5p1(xN) 5

Gra = 30912hp: (xy) + 253680h2p, (xy) + 38052h3p5(xy) — 101472Rh*p, (xy) +

50736h°%py(xy) ,

Grnox = —10080hps(xy) + 50736h%p,(xy) + 38052h3p5(xy),

GNO4- = 29568hp5(xN) + 4228h2p4(xN) - 9513h3p3(xN)

Now we use the LU-decomposition with MATLAB method for solving the
linear system (4.111) at several values of step-size (h) and then we use
Extrapolation method to get more accuracy for the method without more

calculations.
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The algorithm (4.4) is as Algorithm (4.3) with some modification in A, ¢
and G's function. See full MATLAB program (p.252-262)

Example 4: Consider the linear sixth-order boundary value problem

y@(x) = 2xy® — 3x3y™ — (3x%2 — 1)y"" + (10x + 3)y" + (3 + 5x —
x2)y' — (2x — x?)y + e?*(—80x* — 37x3 + 110x? — 43x — 121),

On0<x<l

With boundary conditions:

y0) =1, y"(0)=-4, y"(0) = -48,

y@) =0 ,y"(1) = —4e?,y™(1) = —32¢?

So ps(x) = 2x? ,py(x) = —3x%, p3(x) = —(Bx? — 1), p,(x) = (10x + 3),
pi(x) = —(3+ 5x — x2),po(x) = (2x — x?), And

r(x) = e?*(80x* + 37x3 — 110x? + 43x + 121) on the interval [0, ]

Now by applying algorithm (4.4) to the example we get the following
results that approximated solutions at several values of h as listed in Table
4.7)

Table 4.7

X; Exact(Y) w(h=0.05) w(h=0.025) w(h=0.0125) w(h=0.0625) Ext3(h=0.05) Ext4(h=0.05)

0.1 1.09926248 1.10573163 1.10171857 1.09994637 1.09963903 1.09928729 1.09955279
0.2 1.19345976 1.20436731 1.19764037 1.19462614 1.19411233 1.19350295 1.19396966
0.3 1.27548316 1.28901484 1.28071442 1.27694528 1.27631290 1.27553832 1.27613905
0.4 1.33532456 1.34988745 1.34099789 1.33691274 1.33623713 1.33538545 1.33605309
0.5 1.35914091 1.37336717 1.36472017 1.36070490 1.36004924 1.35920172 1.35987211
0.6 1.32804677 1.34079590 1.33307461 1.32945779 1.32887359 1.32810227 1.32871690
0.7 1.21655999 1.22691989 1.22066350 1.21771264 1.21724020 1.21660575 1.21711425
0.8 0.99060648 0.99789336 0.99350179 0.99142028 0.99108921 0.99063901 0.99100135
0.9 0.60496475 0.60872251 0.60646055 0.60538534 0.60521502 0.60498162 0.60516995
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The previous results reveal that the approximated solutions for first value
of h are not good but in the next values of h are some where realstic, but
we note at Ext4 column the values start to be far away from the exact
result, so the errors at Ext4 are increasing while before that are decreasing,
so this means that there are a good range for the h value must be choisen to
get good results either using extapolation or any method else. The errors of

approximations is listed in (4.8)

Table 4.8 Y — W] Maximum Error
Y —w;(h = 0.05)| 1.4563 x 1072
Y —w;(h = 0.025)| 5.6733 x 1073
Y —w;(h = 0.0125)| 1.5882 x 1073
Y —w;(h = 0.0625)| 9.1258 x 10~*
|Y — Ext3;(h = 0.05)| 6.0891 x 1075
|Y — Ext4;(h = 0.05)| 7.3120 x 1074

The previous errors' table shows that a good approximation appear when
h=0.0125, so this method's accuracy must be accelerated in its end points

using higher order convergence to get more efficient results.

We can continue in using higher extrapolations until the error for
Ext4(0.05) starts to be larger, but any way the approximated solution for
problem in this way at h=0.05, 0.0125 is better than that in method(4.3).
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4.5 Finite-Difference Method (4.5) For Solving Linear
Seventh-Order Boundary-Value Problem:

Consider the linear seventh-order boundary-value problem:

P (x) = pe()y D + ps ()Y@ + ()Y ™ + p3 ()Y (x) +
P2 (X)y" + ()Y + po(x)y +1r(x) forx, a<x<bh ...(4.112)

With especial seven boundary conditions
y(@ =ay,y' (@ =a;,y"(@) = a,,y(a) = as,
y(b) =By ,y' () =By ,yP(b) = Bs ...(4.113)

To approximate the solution to this problem we will follow the same steps
in the previous sections by dividing the interval [a,b] into N+1 equal
subintervals (N>6) whose endpoints x;=a+ih ,for i=0,1,2,...,N+1, then we
substitute all derivatives by second order centered finite-difference

formulas for each derivatives.

y(vii) (x) =

Y_5—10Y (Xj—4)+42Y (Xi-3)—98Y (x;—2)+140Y (x;—1) =126y (X)) + 70y (X;+1) =22y (Xi+2)+3Y (Xi+3) + Ey(viiii) ((D)
2h7 12 1

.(4.114)

We use this especially for two reasons; the first is to decrease number of

diagonals in the system matrix, in order to decrease calculations.

The second reason is the non symmetric of the number of the boundary-
conditions at the endpoints in the problem, which control the convergence

of the method at these points.
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Now by substituting the finite-difference formulas for derivatives
(4.3),(4.4), (4.5),(4.6),(4.72), (4.73) and (4.114) in Eq.(4.112) we get

Y-5=10y(Xi-4)+42Y(Xi-3) =98y (Xi—5) +140y (¥i-1) =126y (xi)+70y (Xi+1) =22y (Xi42) +3y (Kivs) _
2h7

_y(xi—3)_6y(xi—2)+15y(Xi_1)—20y(X1)+15y(xi+1)—6y(xi+2)+y(xi+3)] +

L h6

[—y(xi_3)+4Y(Xi—2) =5y (xi—1)+5V (Xi41) =4V (Xit2) +V(Xi+3)

- 2h5

_y(xi—z)_4y(xi—1)+6y(xi)—4y(xi+1)+y(xi+2)] +

i h4

ps(x;) —y(xi-z)+2y(xi_12)h—32y(xi+1)+y(xi+z)] + p, (%)) [y(xi_l)—th(:ci)+y(xi+1)] 4

i ( i+1)" ( i—1 2 nr
Py () [P0 4y (o )y (o) + () — 2 (e)y ™ (6 +

202 (x)y ™ (1) + 3p3 ()Y (8D + 204 (x)y PV (91) + 4ps(x)y TP (p;) +
3p6(x:)y "0 (v) — 5y (w))] ...(4.115)

pe(x;)

ps (x;) ] +

P4 (x;)

A Finite-Difference method with truncation error of order 0 (h?) results by

using (4.115) together with the boundary conditions (4.113) to define

_ I __ nr __ (v)_
Wy =Qy , Wy =Qq1,Wy =0az,Wy = s,

_ (iv) _ Wi _
Wy+1 = Bo Wyl = B4, Whit1 = Be

and

V_5—10y(x;_4)+42y(x;_3)—98y(x; ) +140y (x;—1)—126y (x;)+70y (x4 1) —22y (x;1.2) +3y (xi43) _

2h7
[V (xi—3)—6Y(Xi—2)+15Y(Xi—1)—20y(Xi)+15y(Xi+1)—6Y(Xi42)+Y(Xi43)
Pe(xi)_ 2 =2 L e L i i ]_
[—y(xi_3)+4y(xi_2)=5y(xi_1)+5Y(Xi11)—4Y (Xiy2) +Y(Xit3)
Ps(xi)_ 2 =2 lan L i i ]_
[V (xi—2)—4Yy(xXi—1)+6Y(xi)—4Y(Xi4+1)+Y(Xit2)
p4(xi) | 1—2 1—1 h4l 1+1 142 ] _
Ps (xi) _—Y(xi—z)+ZY(xi—12)}l;ZY(xi+1)+Y(xi+2)] —p, (xi) [Y(xi—ﬂ—zyigfi)"'Y(xiH)] —
[V (xi41) =y (xi_1)
Py () [P0 ) (o )y (o) = () ..(4.116)

For each i=5,...,N-2 .

Now by multiplying Eq.(4.116) by 2h° it can be written as :
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Wi_s — 10w;_4 + [42 — 2hpe (x;) + h?ps (x) w3 — [98 — 12p6 (x;) — 4h°ps(x;) —
2h3p,(x;) — K¥*ps(x)Iw;_, + [140 — 30hps (x;) + 5h?ps(x;) + 8R%py(x) —
2h*p3(x;) — 2h°py(x;) + hopy (x)Iwi_y — [126 — 40hpg(x;) + 12h%p,(x) —
4h%p, (x;) + 2h7po (x)]w; + [70 — 30hpe (x;) — 5h%ps (x;) + 8h3p, (x) +
2h*p3(x) — 2h°py (%) — hopy (x)1wipq — [22 — 12hpe (x) — 4h%ps(x) +

2h3p,(x;) — h*p3 (x)Iwiss + [3 — 2hpe(x;) — h?ps (x)wips = 2h77r(x;) ...(4.117)

But this formula is suitable for N-6 mesh points, so we need to derive

special formulas when i=1, 2, 3, 4, N-1, N using the boundary conditions

To derive new finite-difference formula at i=1 we use equations (4.11) and
(4.12) for first and second derivatives and new finite-difference
approximations for third up to seventh-order derivatives that satisfy the
boundary conditions (4.113) with more one up to three points to maintain
second order convergence for formula using Algorithm(1.2).

i1 39Y0—48y1+9y,+30hyo+6h%yy’ 3 (i
v = — 2y () ..(4.13)

4h3
. ®)
(iv) _ 1135y,—1080y;—135y,+80y3—1110hyy+450h?yy +18h5y, a3, (vi
1 = _;y( )((P1) (4.118)

135h*

(v) _ —4375Y+5640y; —1530y,+280y3—15Y,—3360hy—900h2y} —8hSy " Lo w1 ()
1 70h5 11767 P1

...(4.119)

. v
wi) _ 14875y0—23040y1+11880y2—4-4-80y3+765y4+9660hy6+1800h2y6'—432h5yé ) _ 70n2 (m-l-l-)( )
1 840h6 302 £

...(4.120)
y(vii) _ —10500y0+23040y1—23535y2+16760y3—7380y4+1800y5—185y6—4620hy5+234h5y§") +
1 - 7
315h

369h%, (vild) (¢ ) ...(4.121)

1861
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Now by substituting equations (4.11),(4.12),(4.13) ,(4.118), (4.119),
(4.120) and (4.121) in Eq.(4.112) we get

—10500y0+23040y1—23535y2+16760y3—7380y4+1800y5—185y6—4620hy5+234h5y§") _
315h7 -
14875y7—23040y, +11880y, —4480y5 +765y4+9660hy5+1800h2y5’—432h5y§")] N

Pe(x1)

| 840h6
_—4375y0+5640y1—1530y2+280y3—15y4—3360hy6—900h2y6'—8h5yév)] 4
| 70h5

[1135y0—1080y; —135y,+80y3—1110hy}+450h%y} +18h5y, (")] 4

135h%

ps(x1)

pa(x1)

:39 —48y,4+9y,+30hy}+6h> -2y +
p3(x1) _ Yo Y1 l;zhs Yo YO]+p2(x1) [YO Y1 YZ] +p1(x1) [YZ Y1] +

Po(x)ys +7(x1) — %[2735670}71(951)3’”'(51) + 5471340p2(x1)y(iv) (1) +
547134hp3(x1)y ¥ (3;) + 2084320hp, (x1)y W™ (1) — 27915hps (x)y D (p,) +

6615855p4(x;)y @ (1) + 6509160y (w,)] ..(4.122)

By omitting the error term and multiplying the previous equation by 7560h®

we get the finite-difference formula at i=1

—[252000 + 133875hpg (x,) — 472500h2p(x;) — 63560h3p, (x;) +
73710h*p;(x;) + 7560h5p, (x;) — 3780h%p, (x1)]w, +

[552960 + 207360hp, (x,) — 609120h2ps(x,) + 60480h%p, (x,) +
90720h*p3(x,) + 15120h%p, (x;) — 7560h7py(x)w, —

[564840 + 106920hp, (x,) — 165240h2ps(x,) — 7560h3p, (x,) +
17010h*p;5(x;) + 7560h5p, (x;) + 3780h%p, (x1)]w, +

[402240 + 40320hpg (x;) — 30240h2pg(x;) — 4480h3p,(x,)]ws — [177120 +
6885hp(x;) — 1620h%ps(x,)]w, + 43200ws — 4440wy —

[4620 + 86940hp, (x,) — 362880h2ps(x;) — 62160h%p, (x,) + 56700 —
30240h*p;(x;)]hwg — [16200hpg(x,) — 97200h%ps(x,) + 25200h3p,(x,) +
11340h*p;(x)]h*w{ + [5616 + 3888hpe(x,) + 864h2ps(x,) —

1008R3p, (x,)|R5w.” = 7560R7r(x,) ...(4.123)
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To find the suitable finite-difference formula at i=2 we follow the same

steps as i=1.

We will use the equations (4.18),(4.19),(4.20) and (4.21) that satisfy the
boundary conditions (4.113)and derive a new formula for fifth, sixth and
seventh-order derivatives at i=2 with one more point for sixth and seventh-

order

@)
(v) _ 863Y9—1620y;+1140y,—440y3+45y,+12y5+420hy,—11h°y, 7h3 . (viii
2 —_ 85h5 - 5—1y( )(pz) e (4124)
(i) _ —965y0+2130y; 2160y, +1460y3—555y,+90ys—420hy}—6h5y "
=

2 “ow
vy — 2y (y,)

...(4.125)

—16415y(+24192y, —11340y,+4480y3—-945y,+2380y5—11340hy—2520h2y}’ | 52 (l-x)( )
144h7 T Y W2

...(4.126)

By substituting equations (4.18),(4.19),(4.20),(4.21),(4.124),(4.125) and
(4.126) in Eq.(4.112) we get

—16415y,+24192y; 11340y, +4480y3—945y,+2380y—11340hy)—2520h%y;’

144h7
[ 965y, +2130y; —2160y,+1460y3 555y, +90y5—420hy—6hSy "
De(X2) 516 +
[863y0—1620y;+1140y,—440y3 +45y, +12y5 +420hys—11h5y "
pS(XZ) 85h5 +
[Vo—4Y1+6Y,—4Y3+Y, —Yo+2y1—2y3+Y, Y1—=2Y2+Y3
Pa(z) Ve py () [ () [ 4
[V3—y1 h2
P1(2) [Z222] + po () y () + 7(02) — 2, [102pp; (2 )y"" (€2) +

204P2(x2)y(iv) (n,) + 306p; (xz)y(v) (02) + 204P4(x2)y(vi) (p2) +
168hps(x2)y Y (p,) + 342pe (x2)y VD (y,) — 289y (w,)] ..(4.127)

By omitting the error term and multiplying the previous equation by

12240h7 we get the finite-difference formula at i=2
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—[1395275 — 138960hpg (x,) + 124272h%ps(x,) + 12240h3p,(x,) —
6120h*p;(x,)]w, + [2056320 — 306720hp,(x,) + 233280h%ps(x,) +
48960h3p,(x,) — 12240h*p5(x,) — 12240h>p, (x,) + 6120h%p, (x,)w, —
[963900 — 311040hp,(x,) + 164160h%ps(x,) — 73440h3p, (x,) —
24480h°p,(x,) + 12240h7py (x,) w, +

[380800 — 210240hp, (x,) + 63360h%ps(x,) + 48960h3p,(x,) +

12240h%*p5(x,) — 12240h°p, (x,) — 6120h°p, (x,)]ws —

[80325 — 79920hp4(x,) + 6480h%ps(x,) + 12240h3p,(x,) + 6120h*p5(x,)w, —
[12960hp,(x,) + 1728h%ps (x,)]ws + 2380w, — [963900 — 60480hps(x,) +
60480h2pg(x,)|Awy — 214200h2wy + [864hps(x,) + 1584h%ps(x,)|ASw” =

12240h77r(x,) ...(4.128)

Now we will derive the finite-difference formula at i=3, we will use the
equations (4.25), (4.26), (4.27) and (4.28) for first up to fourth-derivative

and we will use

(W) _ Yoty =5y, +5y,~4Vs+ye 12 (i
y @ = - _?y( )(p3) ...(4.129)
(i) _ Yo—6Y1+15y,—20y3+15Y4—6Ys+Yes  n2_ (viii
Y0 > — )(y3) ...(4.130)
(vii) 1008y, —2400; +2865y, ~2440y5+1320y,—408y5+55Y,+420hy—6hSy, " +
35h7
1o 09) (4. ...(4.131)

840

By substituting equations (4.25), (4.26), (4.27), (4.28), (4.129), (4.130) and
(4.131) in Eq.(4.112) we get

1008y, —2400y; +2865y, ~2440y3+1320y,—408ys +55y6+420hy; —6h5y("

35h7 N
[Vo—6y,+15y,— 20y3+15y4 6ys+Ye
Pe(X3) i 16

[V1—4Y,+6Y3—4Y,4+y
p4(x3) _ —= hf - 5] + p3(x + p,(x3)

Py (rs) [2222] + o (3)ys + 7(x3) = £[70p: )y ™ (&) +

[—yo+4y1—5yz+5y4—4ys+y6] +
2h5

|+ psCx2)
(x 3)[ y1+2yz—2y4+ys]

[YZ 2ys3 +Y4]
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140p, (x3)y ™ (13) + 210p3 (x3)y P ($3) + 140p, (x3)y ¥ (3) +
280hps(x3)y @ (p3) + 210p6 (x3) YD (y5) + 19y (w,)] ...(4.132)

By omitting the error term and multiplying the previous equation by 70h7

we get the finite-difference formula at ;=3

[2016 — 70hpg(x3) + 35h%ps(x3)Iwy — [4800 — 420hpg(x3) + 140h%ps(x3) +
70h3p,(x3) — 35h*p3(x,)]wy + [5730 — 1050hpe(x3) + 175h%ps(x3) —
280h3p,(x3) + 70h*p;(x3) — 70h°p,(x3) + 35h%p, (x3)]w, — [4880 —
1400hp(x3) + 420h3p,(x3) — 140h5p,(x3) + 70R7py(x3) |ws + [2640 —
1050hp(x3) — 175h%ps(x3) + 280h3p,(x3) + 70h*p5(x3) — 70h5p, (x3) —
35h%p, (x3)]w, — [816 — 420hpe(x3) — 140h%ps(x3) + 70h3p, (x3) +

35h5p; (x3)|ws + [110 — 70hp, (x3) — 35h%ps (x3)Iwe + 840hw) — 12h5w” =
70h7r(x3) ...(4.133)

To derive a suitable formula at i=4 we use the following equations which
are the centered finite-difference formulas for first up to sixth derivatives at
=4 and a special formula for seventh derivative that maintains second
order convergence and satisfies the boundary conditions (4.113) using
Algorithm(1.2) many times with several permutations of using boundary

conditions to get best local truncation error for the formula.

Vi =20y () .(4.134)

yy = BB 1y W) (p)) ..(4.135)

yy = 2B 00 .(4.136)
Y — y2—4y3+6hsi4—4y5+y6 — Ry (g,) L(4137)

=y, +4y,—5y3+5y;—4y+y 2 (pii
y& = 2t By p,) ...(4.138)
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yivi) _ y1—6y2+15y3—222'4+153’5—63’6+3’7 — gy(viii)(m) ...(4.139)

(vﬁ)::

YVa

—1194y7+3675y,—6615y, +8575y3—7350y4+3969y5—1225y6+165y7—420hy6
105h7

+ gy(ix) (w4)
...(4.140)

By substituting equations (4.134),(4.135),(4.136),(4.137),(4.138),(4.139)
and (4.140) in Eq.(4.112) we get

—1194y7+3675y,—6615y, +8575y3—7350y4+3969y5—1225y6+165y7—420hy6 _

p6(x4) :}’1—6}’2+15y3—222/4+15;/25_h67y6+y7] + ps (x4) [—y1+4y2—53;3h-|;5y5—4y6+y7] n
pa )[R0 4 () [ gy () [22220005]
1 Ces) [222] 4 po )y + ) = 203p1 (x)y" (&) + 692 (x)y @ (m,) +
903 (x)y P (La) + 6p4(x)y 0 (@a) + 12hps (xa)y ™D (ps) +

906 (x)y P (ra) + y ) (w4)] ..(4.141)

By omitting the error term and multiplying the previous equation by 210h’

we get the finite-difference formula at i=4

—2388w, + [7350 — 210hps(x,) + 105h%ps(x,)w; — [13230 — 1260hpg(x,) +
420h%ps(x,) + 210R3p,(x,) — 105h*p3(x4)Iw, + [17150 — 3150hpe(x,) +
525h%ps(x,) — 840h3p,(x,) + 210h*p5(x,) — 210h>p,(x,) + 105h%p, (x,)ws —
[14700 — 4200hp (x,) + 1260h3p,(x,) — 420h°p, (x4) + 210R7po (x4) Wy +
[7938 — 3150hpe(x4) — 525h%ps(x,) + 840h3p,(x,) + 210h*p5(x,) —
210h5p,(x4) — 105h%p; (x4)Iws — [2450 — 1260hpg(x,) — 420h%ps (x,) +
210h3p,(x4) + 105h5p5(x4)]we + [330 — 210hpe(x,) — 105h%ps(xy) W, —
840hw, = 210h77r(x,) ...(4.142)
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To find the suitable finite-difference formula at ;i=N-1, we use the
equations (4.57),(4.58),(4.59)and (4.60) that are the centered finite
difference approximations at i=N-1land derive a new formula for fifth, sixth

and seventh-order derivatives at i=N-1 with one more point for seventh-

order
(1) _ —12YN_4—45YN_3+440yN_;~1140YN_1+1620yN—863YN+1+420hyN 11— 11h5Y ), 4
Yn-1 = 85h5
7h3 . (viii
Hy( )(pn-1) ...(4.143)
(vi) _ 90YN_4—555YN_3+1460yN_2—2160yN_1+2130yN =965y +1+420h k41 +6h5Y\),
N-1 — 85h6
19h2 . (viii
Dy WD (yy ) ...(4.144)

N-1 3507

h;y(ix)(w,\,_l) ...(4.145)

(vii) _ 25WN_—245WN_5+1029YN_4,—2450YN_3+3675YN_2—3675YN-1+2695YN— 10543/1\,.,.1+420hyN_,_1 +

By substituting equations (4.57),(4.58),(4.59),(4.60),(4.143),(4.144) and
(4.145) in Eq.(4.112) we get

25WN_6—245Wp _5+1029YN _4—2450YN_3+3675YN _2—3675yN_1+2695YN—1054Y N +1+420hYN 1
35h7 -

[90Y N —4—555YN_3+1460yN _2~2160yN_1+2130y N —965Yy +1+420h YN 11 +6h5y V)|
D6 (Xn-1) o +

[—12yN_4—45yN_3+440Yy_—1140yy_1+1620y N —863 Yy 41+420hyk 1 ~11R5y )
pS(xN—l) 85h5 +

(YN _3—4YN_2+6YN_1—4YN+YN+1 —YN-3+t2YN—2—2YN+YN+1
Pa(xy_1) ¥ + p3(xy_1) oh3 +

2
p2(xy-1) w} + p1(Xy-1) [yN 2 yN] + po(Xy-1)yn-—1 +1(xy) —

%[17P1(XN—1)3’”'(5N—1) +34p, (xy-1)y ™ (y-1) + 51p3 (ey—1)y P (y-1) +

34?4(XN—1)3’(U0 (¢on-1) — 28hps (XN—1)y(viii) (pn-1) + 57P6(XN—1)y(viii) (Yn-1) +
51y @) (wy_) ...(4.146)

By omitting the error term and multiplying the previous equation by

1190h” we get the finite-difference formula at i=N-1
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850wy_¢ — 8330wy_c + [34986 — 1260Apg (xy_1) + 168h2ps (xy_ 1) |Wy_s —
[83300 — 7770hpg(xy_1) — 630h2%ps(xy_1) + 1190h3p, (xy_1) —
595h*ps(xn_1)wy_3 + [124950 — 20440hpe(xy_1) — 6160h%ps(xy_1) +
2380h3p, (xy_1) — 1190h*p3(xy_1) — 1190R°>p, (xy_1) +

595h%p; (xy_1)Iwy_p — [124950—30240hpg (xy—1) — 15960h%ps (xy_1) +
7140h3p, (xn_1) — 2380h°p, (xy_1) + 1190h7py(xy_1)]Wy—1 + [91630 —
29820hpg(xn_1) — 22680h%ps(xy_1) + 4760h3p,(xy_1) + 1190h*p3(xn_1) —
1190h>p, (xy_1) — 595h®p; (xy_1)]wy — [35836 — 13510hpg(xy_1) —
12082h%ps(xy_1) + 1190h3p,(xy_1) + 595h*p3(xy_1) Wy + [14280 —
5880hpg(xy-1) — 5880h°ps (xy—_1)]Awy .1 — [84hpe(xy—1) —

154h%pg (xy_)]R5wW?, = 1190h7r(xy_1) ...(4.147)

Finally we derive the suitable finite —difference formula at i=N using
equation (4.32) & (4.33) for first and second derivative and the following
equations for third up to seventh derivative using the boundary conditions

(4.113).

mo —ZOyN_2—180311\/—1603’N+1+120hW1,V+1_9h5y1EIv-|)-1
N 60h3

—Eyd(gy) ...(4.148)

5. (v)
YN+l _ Ey@id(py)  ...(4.149)

(iv) _ 20YN—2—90yN-_1+180yN—110ynN4+1+60hwy 1 +3h
N 15h*

(v) _ —15yN-3+80yN_2—180yN_1+240yN—125yy +1+60hwp ., +8R5Y T, 2. (vid) )
N -y Pn-1

20h5

.(4.150)
wi) _ 12YN 4 +45YN —3—440yy _+1140yy _1 ~1620y N +863 Yy +1—420hwp 1 +96R5y ) 3
N 170h®
4h?  (viii
Py @D (yy) ...(4.151)

v
wii) _ 185wN_5—1800yN_4+7380yN_3—16760yN_2+2353SyN_1—23040yN+10500yN+1—4620hw1'\,+1+234h5y1(vll 4

N 315h7

ﬂy(ix)(wlv) (4152)

1861
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Substituting equations (4.32), (4.33), (4.148), (4.149), (4.150), (4.151) and
(4.152) in equation (4.112) we get the equation

185wy _5—1800YN_4+7380YN_3-16760yN—2+23535Y N1 —23040YN+10500Yy +1—4620hwh 41 +234h5yF) _

315h7
) [12yN_4+45yN_3—440YN_2+1140yy_1—1620YN+863yy +1—420hwhy 1 +96h5y ") 4
X
Pe (XN i 170h6
[~ 15yN_3+80yN_2—180YN_1+240yN—125YN 41+60hwh 41 +8h5y )
ps(xn) 5 +
20h
[20YN—2—90yN—1-+180yN—110yy 4 1+60hWh 1 +3h 5y
p4(xN) 4 +
i 15h
r )
—20yN-2—180yN—160YN+1+120hwpy 1 —9h5 YN+1 YN- 1—23/N+YN+1
p3(xN) 3 +p2(xN) —_— |t
] 60h
(o) [22=222] 4 g e )y + 7 Cey) 221459p, (ey)y" (6n)
p1(xy oh +poXn)yn + 71Xy _2657508[ p1(xn)y™" (§n) +

442918p, (xpn)y ™ (ny) + 442918hp; (xx)y P9 ({y) + 885836p,(xy)y ) (py) +

1138932ps (xy)y V™ (py) + 625296p6 (xy)y Vi (yy) + 526932y ) (wy)]

..(4.153)

By omitting the error term and multiplying the previous equation by

21420h7 we get the finite-difference formula at (=N

12580wy_g — [122400 + 1512hpg Cxy)Wy_s + [501840 — 5670hp, (xy) +
16065h2ps () ]wy_s — [1139680 — 55440hp, (xy) + 85680h%ps (xy) +
28560h3p, (xy) — 7140h*p; (y)Iwy_p + [1600380—143640hp, (xy) +
192780h%ps(xy) + 128520h3p, (xy) — 21420h°p,(xy) + 10710h%p; (xp) JWy—1 —
[1566720 — 204120hp, (xy) + 257040h%ps (xy) + 257040h3p, (xy) —
64260h*p;(xy) — 42840h°p, (xy) + 21420h7py(xy)]wy + [714000 —

108738hpg (xy) + 133875h%ps (xy) + 157080h3p, (xy) + 57120h%*p; (xy) —
21420h>p,(xy) — 10710h%p; (xp) Wy 41 — [314160 — 52920hpg(xy) +
64260h2ps(xy) + 85680h3p,(xy) + 42840h*p; (xy) AWy, + [15912 —
12096hpg(xy) — 8568h2ps(xy) + 4284h3p, (xy) + 3213h*p; (xy)h5w?, =

21420h7r(xy) ...(4.154)
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Using equations (4.117),(4.123),(4.128),(4.133),(4.142),(5.147),and (4.154)

together gives a system with NxN nearly tenth-diagonal matrix problem

Aw =C ...(4.155)
Where A=
[(=552960 — Gy;) —(564840 + G;5) (402240 — Gy3) —(177120 + Gi4) 43200 —4440 0
(205632 — Gp;) —963900 — G, (380800 — G,3)  —80325 — Gy (=Gzs) 2380
—(4800 +35F,5) 5730 — 35F3; —(4880 + 35F,;) 2640 —35Fs; —(816 +35Fs;) 110 —35F,
7350 — 105F,, —(13230 + 105F,4) 17150 — 105F;, —(14700 + 105F,,) 7938 — 105F5,  —(2450 +Fe) 330 —35F,
~10 42 — Fig - (98 + Fys) 146 — F35 —(126 + Fys) 70 = Fss —(22 + Fes) 3—Fys
2—Fin_> —(12 + Fon—3) (30 — F3y—3) _(4'0 + F4.N—2) (30 + Fsn-2) —(12+ Fgn-2)
850 ~8330 (34986 — Gyyy) —(83300 + Gy1z) (124950 — Gyp3) —(124950 + Gygg) 91630 — Gy
0 185 —(122400 + Gy;) (501840 — Gy,) —(1139680 + Gys) (1600380 — Gy,) —(1566720 + Gys)],
_ T
w=[w; w, Wy-1 Wylixn

Cc =

(252000 + Gyo)a + (110830 + Gy )hay + Groph?aty + (5616 + Gyos)h5as + 756071 (x;)]
(1395275 + G,0)ag + (963900 + Gyoy)hay + 214200h%ct, + (Gaos)hSas + 12240h7r(xy)
(—2016 + 35F;3)a, — 840ha;, — 12h%as + 70h7r(x3)
2388a, + 840h°ag + 210h7r(x,)
—ay + 2h7r(xs)
2h77(xg)

—(B=Fny_2)Bo + 20771 (xy_3)
(35836 + Gy10)Bo + (—14280 + Gy11)RP; + Gy1osh®Bs + 1190h7 1 (xy_1)
(—71400 + Gyo) By + +(314160 + Gyoy)hB; — (15912 + Gyos)h®Bs + 21420h7r(xy) L I

Fyi = 2hpe(x) — hPps(x) » Foi = —12hpe(x;) — 4h%ps(x;) — 2h°p,(x;) — h*p3(x;)
F3; = 30hps(x;) — 5h?ps(x;) — 8R°p,(x;) + 2h*p3 (x;) + 2h°p, (x;) — hopy (%))
Fy; = —40hpe(x;) + 12h3p,(x;) — 4h%p, (x) + 2h7po(xy)

Fs; = 30hps(x;) + 5h?ps(x;) — 8R°pa(x;) — 2h*p3(x;) + 2h°p, (x;) + hopy (x)

Fgi = —12hpg(x;) — 4h*ps(x;) + 2hpy(x;) + h?ps(xy) , F7; = 2hpe(x;) + h2ps(x;)
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GO = [133875hp6(x1) - 472500h2p5(x1) - 6356Oh3p4(x1) + 73710h4p3(x1) +

756Oh5p2 (xl) - 3780h6p1(x1)]

G, = —[207360hpe(x,) — 609120h%*ps(x,) + 60480h3p,(x,) + 90720h*p5(x,) +

15120h%p,(x;) — 7560h7py (x,)]

Gz = [106920hp6(x1) - 165240h2p5(x1) - 756Oh3p4(x1) + 17010h4p3(x1) +

7560h°p,(x;) + 3780h%p, (x;)]
G3 = —[40320hp6(x1) - 3024Oh2p5(x1) - 4480h3p4(x1)]
G, = [6885hps(x;) — 1620h%ps(x;)]w, + 43200ws — 4440w,

Goy = [86940hp,(x,) — 362880h2ps(x;) — 62160h3p, (x,) + 56700 —

30240h*p5(x,)]

Goy = [16200hpg(x;) — 97200h%ps(x;) + 25200h3p,(x,) + 11340h*p;(x,)]

Gos = —[3888hp(x;) + 864h2ps(x;) — 1008h3p,(x,)]

G,o = —[—138960hpg(x,) + 124272h%p<(x,) + 12240h3p,(x,) — 6120h*p3(x,)]

G,1 = [—306720hpg(x,) + 233280h%ps(x,) + 48960h3p,(x,) — 12240h%*p;(x,) —

12240h%p,(x,) + 6120h%p; (x,)]

Gy =
—[—311040hp4(x,) + 164160h%ps (x,) — 73440h3p,(x,) — 24480h°p, (x,) +

12240h7py(x,)]

Gaz =
—[—210240hpe(x,) + 63360h2pg(x,) + 48960h3p,(x,) + 12240h*p;(x,) —

12240h%p,(x,) — 6120h%p, (x,)]
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Gys = [—79920hpg (x,) + 6480h%ps(x,) + 12240h3p,(x,) + 6120h*p5(x,)]

GZO = [12960hp6(x2) + 1728h2p5(x2)] 6201 = [963900 - 60480hp6(x2) +

60480h%ps(x,)]

Gpos = —[864hpe(x,) + 1584h2%ps(x,)]

Graz = —[—1260hp, (xy_1) + 168h°p, (xy—1)]

Gyn1z = [=7770hpg(xy_1) — 630h%ps(xy_1) + 1190R3p,(xy_1) — 595h*p3(xy_1)]

Ghis =
[—20440hp6(xN_1) - 6160h2p5(xN_1) + 2380h3p4(xN_1) - 1190h4p3(xN_1) -

1190h%p, (xy_1) + 595h%p; (xy_1)]

Gnia =
[—30240hp6(xN_1) - 15960h2p5(xN_1) + 714Oh3p4(xN_1) - 238Oh5p2(xN_1) +

1190h7P0(xN—1)]

GN15 = —[—29820hp6(xN_1) - 22680h2p5(xN_1) + 4760h3p4(xN_1) +

1190h*p; (xy-1) — 1190h°p, (xy_1) — 595h°p; (xy_1)]

Gnio =
[—13510hps (xy—_1) — 12082h%ps(xy—_1) + 1190h%p,(xy_1) + 595h*ps(xy_1)],
Gnior = —[—5880hp(xy_1) — 5880h%p, (xy_1)]

Grios = [84hp (xn_1) — 154h%p (xy_1)]
Gy = [1512hp6(xN)]rGN2 = —[—5670hp6(xN) + 16065h2P5(xN)],

GN3 = [—55440hp6(xN) + 85680h2p5(xN) + 28560h3p4(xN) - 7140h4p3(xN)],
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Gna =

—[—143640hpe(xy) + 192780h%*ps (xy) + 128520h3p, (xy) — 21420h%p, (xy) +

10710h%p; (xp)]

Gys =
[—204120hpg(xy) + 257040h%ps(xy) + 257040h3p, (xy) — 64260h*p;(xy) —

42840h°p,(xy) + 214207 py (xy)]

Gno =
—[—108738hpg(xy) + 133875h%ps (xy) + 157080h3p,(xy) + 57120h*p5 (xy) —

21420h5p2(xN) - 10710h6p1(xN)]
Grnor = [—52920hpe(xy) + 64260h2%ps(xy) + 85680h3p, (xy) + 42840h%*p;(xy)]
Grnos = —[—12096hpe(xy) — 8568h?ps(xy) + 4284h3p,(xy) + 3213h*p; (xy)]

Now we use the LU-decomposition method with MATLAB for solving the
linear system (4.111) at several values of step-size (h) and then we use
Extrapolation method to get more accuracy for the method without more

calculations.

Algorithm (4.5): Linear Finite-Difference Method (4.5) For Solving
Seventh-Order BVPS Case (I): See full MATLAB program (p.262-276)

To approximate the solution of the boundary value problem
y¥ () =

P6 ()Y D + ps(X)y® + pa(x)y @ + ps (X)y"" (x) + P (X)y”" +
p1(X)y" + po(x)y + r(x)

forx, a<x<b With seven boundary conditions
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y(@ =a,y'(@) =a;,y"(@) = a3,y (a) = as,
y(b) =By ,y' () =B,y (b) = Bs
Step(1):Input endpoints a,b; boundary conditions ag, @1, @5, as, Bo, f1, Ps
Step(2):For £/=2,3,4 (To determine h=0.1,0.05,0.025,0,0125)

- set Ni=(10%2% D). 1;
- h=(b-a)/(N;+1);
- do steps(2-9)

Step(3):For i=1,2,3, ...,Ni set x(i)=a+ih

Find po(x;), p1(x;), p2 (%), p3 (1) , pa(x), 05 (1), ps (x1)and r(x;) .
(The values of associated functions on Eq.(4.112)

Step(4):For i=1,2,3,...,N; set

dO=the vector of entries for main diagonal of matrix A
dU1=the vector of entries for the first upper diagonal for A
dU2= the vector of entries for the second upper diagonal for A
dU3= the vector of entries for the third upper diagonal for A
dU4= the vector of entries for the fourth upper diagonal for A
dU5= the vector of entries for the fifth upper diagonal for A
dL1= the vector of entries for the first lower diagonal for A

dL2= the vector of entries for the second lower diagonal for A
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dL3= the vector of entries for the third lower diagonal for A
dL4= the vector of entries for the fourth lower diagonal for A
dL5= the vector of entries for the fifth lower diagonal for A
dL6= the vector of entries for the sixth lower diagonal for A
C=the constant vector on (¢) Eq.(4.155)

Step(6) Factorize A into LU, where L is lower sixth-diagonal matrix with

unit main diagonal and U is upper sixth-diagonal.
Step(7) For i=1,2,3,...,N; Solve LY=d to find Y using forward method

Step(8) For i=N-1,..2,1 Solve Un=Y to find the approximation solution w

using backward method

Step(9) Set N1=9 Fori=1,2,3,... Ny, for j=1,2,4,... Ny set W1;=w; ;
Step(10) For i=1,2,...,NI set h=(b-a)/N1 ; x(i)=a+ih

Step(11) Extrapolate the solution at h=.1,0.05,0.025,0,0125
Ext2(h=0.1)=(4*W1(h=0.05)-W1(h=0.1))/3;

Ext2(h=0.05)= (4*W1(h=0.025)-W1(h=0.05))/3;

Ext2(h=0.025)= (4*W1(h=0.0125)-W1(h=0.025))/3;
Ext3(h=0.1)=(16*Ext2(h=0.05)-Ext2(h=0.1))/15;
Ext3(h=0.05)=(16*Ext2(h=0.025)-Ext2(h=0.05)/15;

Ext4(h=0.1)=(64*Ext3(h=0.05)-Ext3(h=0.1))/63;
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Step(12) Output [x' ,W1',Ext4] (The approximation solutions and

Extrapolation)

Example 5: Consider the linear seventh-order boundary value problem

y(vi)(x) — x2y(vi) _ (2x2 _ 1)y(v) _ (x3 + x2 + 1)y(lv) + 5x3ynl + 9xyu _
(1—x)y"' — 3+ 2x)y + 4e?*(4x* —3x3 + 13x> —29x — 71) on 0 < x <1

With boundary conditions:

y=1 y@=1 y"(0)=0, y®(0)=-48

y(1) =0,y'(1) = —e?,y™(1) = —80¢?

So pe() = x4 py(1) = (22 = 1) ,p,(8) = —(&* +x2 + 1),
p3(x) = 5x3,p,(x) = 9x,p;(x) = —(1 — x),po(x) = —(3 + 2x) And
r(x) = 4e**(4x* — 3x3 + 13x? — 29x — 71), on the interval [0, /]

Now by applying algorithm (4.5) to the example we get the following
results that approximated solutions at several values of h as listed in Table

(4.9) Table 4.9

X; Bxact(Y)  w(h=0.05) w(h=0.025) w(h=0.0125) w(h=0.0625) Ext3(h=0.05) Ext4(h=0.05)

0.1 1.09926248 1.09719711 1.10098335 1.11011953 1.12901734 1.11389288 1.13715688
0.2 1.19345976 1.19706218 1.22389714 1.28171988 1.39897242 1.30553759 1.44944261
0.3 1.27548316 1.29835857 1.36887006 1.51585274 1.81202645 1.57634517 1.93948536
0.4 1.33532456 1.38589853 1.50804434 1.75870995 2.26225104 1.86183219 2.47892907
0.5 1.35914091 1.43528422 1.59865041 1.93089270 2.59709146 2.06754242 2.88374539
0.6 1.32804677 1.41671207 1.59405539 1.95262027 2.67073972 2.10007337 2.97972211
0.7 1.21655999 1.29774294 1.45277668 1.76496186 2.38966750 1.89332818 2.65844968
0.8 0.99060648 1.04494540 1.14538311 1.34703034 1.75029102 1.42993832 1.92379205
0.9 0.60496475 0.62427555 0.65911995 0.72891955 0.86844117 0.75761618 0.92846876

The maximum errors of approximations are listed in Table(4.10)
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Table 4.10 Y —w| Maximum Error
Y — w,(h = 0.05)| 8.8665 x 102
Y — w(h = 0.025)] 2.6601 x 1072
Y —w;(h = 0.0125)| 6.2457 x 1071
Y — w,(h = 0.0625)] 1.3427
Y — Ext3;(h=0.05)| | 3.2512x 107!
Y — Ext4;(h = 0.05)] 1.6517

This table reveals that the errors increase while the step-size h decrease, so
the results for this method are not good as we want for the seventh-order
boundary-value problem.

The reasons for these large errors depend on the boundary-conditions and

derivatives that are used in the problem.

We use this method using other boundary-conditions
(ag, a1, a3, as, Bo, Ba, and B ) we get very bad results with (5.5676) value
of the smallest error is at h=0.05. So the order of derivatives in the

boundary-conditions affects strongly the results.

We note in this method that the best boundary-conditions that decrease the
more points used in the approximations and increase the convergence for

the method are that we use in our research.
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CHAPTER FIVE

Eighth-order Non-Linear Boundary-Value Problems
and Developed Methods for Solving
Some Even-Order Boundary-Value Problems

The Non-linear boundary value problems have many uses and applications

in scientific branches, and many researches discussed these problems see

13].

In this chapter we deal with especial case of non-linear boundary value
problems which are the even-order problems and especial cases of eighth-
order problems. Completing to rare previous studies of these problems
order types we modified it approximating solution methods to be suitable

for some even-order problems less than eighth-order using new algorithms.

The main idea for solving numerically these kinds of problems is to
transform it to system of finite linear equations using set of unknowns and

solving it using iterative methods.
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5.1 Finite — Difference Method For Solving 2m-Order

Boundary Value Problems:

In this way we will solve 2m-order boundary value problems numerically
by transforming the given differential equation into a system of (m) second
—order equations, then we use two-step finite — difference methods for their

solution.

Consider special non-linear 2mth-order boundary-value problem:
y@CM(x) = f(x,y) , a<x<b, abx€R (5.1)
y@(a) = ay Yy@MB) =6y ,i=012,..,m—1  (5.2)

(5.2) are the boundary conditions for (5.1) and y(x),f(x,y) are real and
differentiable as required ,and that ay; ,5,; for i= 0,1,2,...,m-1 are real finite

constants.
How are we solving it?

The differential equation (5.1) is replaced by a system of m-second order

differential equations:

Yi+1 (x) = yL” ) [ = 1;2;3; .m—1 (53)

Ym = f(x,¥1) (5.4)

And the boundary conditions are given by:

yi(@) =az_5 , yi(b) =Pri_5 ,i=123,..,m (5.5)

Which mean that if we take sixth-order non-linear boundary value problem:



134
y(6)(x)=f(x,y) ,a<x<b ,a,b,x€eR
y@ (@) = ay y@ (D) =By ,i=0,1.2

Note that we take the value for even derivatives as boundary conditions
value in our especial problem, and by applying (5.3),(5.4) in our problem it

will give the system of m=3 second-order boundary value problems:

y2 (x) =y, y1(a) =ag , y:1(b) =By .
vs(x) =y, y2(@) =a;, , y,(b) =P, 2
yi =fy1), y3(@) =as , y3(b) =B .3

Solution On A single Grid G;:

We select integer N>0 and divide the interval [a,b] into (N+1) equal
subintervals whose endpoints are the mesh points x,, = a + nh for(n=

0,1,2,3,...N+I)where h=(b—a)/(N +1) .

The solution y; (x) will be computed at the mesh point x, of G; and the
notation y; , will denote the solution of an approximating difference

method at the grid point x,, .
So yi0 = Yi(@)= azi—p and y; y11 = Yi(b) = Bai—2 ,i=1,2,3,...m.

Now we introduce a family of numerical methods for solving any second —

order problem of the form:

y'=v(y) ,x €lab] ,y(a)=a,,yb) =P (5.6)

is given by using centered-difference formula to approximate the derivative

as:
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~Yin-1+ 2Yin = Yiner + R2[0¥{n-1 + (1 = 20)yn + 0yipss| = 0
(5.7)
Where 0 is a parameter with 0 < < 1. This determines the order of

convergence for the method (5.7) which is second — order convergent for

6+0 and fourth- order convergent for 8 = % :

Now we use the equation (5.7) and the boundary values in equations (5.3)

and omitting error terms to obtain the following system:
For i=1
_Wl,O + 2W1,1 - W1,2 + h2 [HW{fO + (1 - ZH)W{fl + HW{fz] == O

_Wl,l + 2W1,2 - W1,3 + h2 [HW{fl + (1 - ZH)W{fZ + 6W{f3] == O

—WiN—1 T 2Wi Ny —Wyng1 T h2[9W1’,’N—1 + (1 —-20)wy'y + 9W1,,,N+1] =0

Which give the system:

2 -1 W11 11-26 6 M W21 1 [ag— 0h%a,]
-1 2 -1 W12 6 1-20 6 W22 0
+ =
-1 2 -1 W1 N-1 6 1-20 0 i(|IWwan-1 0
-1 2 HLwyl L 0 1-—-201L won I (B, —06h%pB, ]

Noting that w;" = w;; for i<m, so w;'(x,,) = w,(x,,), now this system can

be summarized in this formula:
]1W1 + h2M1W2 == bl

And so on for i<m, to a general formula:
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JAW; + h*M Wi, = b ...(5.8)
T. .
The vector W; = [Wi,l, Wi 2 o) Wi,N] is the solution vector.

Noting that J; and M, is tri-diagonal matrix of order N given by:

[ 2 -1
-1 2 -1
Ji =
-1 2 -1
-1 2
1 —26 0
0 1-26 0

0 1-126 0
0 1-206 -

The constant vector b; is of order N obtained from the boundary conditions

are given by:

b= [ay;_, — Oh%a,;, 0, ...,0, Bri—» — ORB]T i=12,...,m—1

now if i=m we substitute equation (5.4) in (5.7) and obtain the system:
~Wimo + 2Wim 1 — Wmo + h2[0F (o, @o) + (1 — 20) f (x4, Wy 1) + 0f (x2, w1 2)] = 0

~Wp1 + 2Wpp — Wiy 3 + A2 [ef(xliwl,l) + (1= 20)f (x5, Wy ) + 0f (x3,wy3)]| =0

—Wmn-1 T 2Wm,N — WmN+1

+ h? [ef(xN—lrwl,N—l) + (1 —260)f (xy, win) + 0f (Xy+1,B0)] =0

Which give the system:
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2 -1 1 Wm1 1 r1-26 0 N f(xl:Wl,l)
-1 2 -1 Wi, O  1-20 6 f (22w 2)
+
-1 2 -1 Wm,N-1 6 1—-260 6 f(xN—l:Wl,N—l)
-1 2 1L ]l L Y
Win N 6 1-—206 i f(xNJWLN) ]
2
-2 — 6h f(WO' yl,O)
0
0
2
_.Bm_z — Oh"f (XN 41, Wi n+1)]

this system can be summarized on this formula:
JiWo + h2M, f (x, W;) = b, ...(5.9)

The constant vectors b,, s of order N obtained from the boundary

conditions are given by:

b= [am — Oh?f (%9, W10),0, ...,0, B — thf(xN+1'W1,N+1)]T

and the vector f* of order N has the form: f=1lfi.fo, o fult

So we will solve these systems:
JiWm + R*Myf (x, W) = by, (5.9)
JiW; + RPM W, =b; ,i=m—1,..,1 (5.8)

Using backward substitution for (5.8) and (5.9) and combined to give:
JiWy + (D)™ R M (T M)™ (e, W) = b (5.10)

Where the constant vector b has the form:
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m-—
Z YR (M b

i=0
Local Truncation Error:

To find the local truncation error for the previous method we will find the

truncation error for equation first part of (5.7) as below:

, 2 3 (3
Wpoq1 = Wy — hwy + 2wy, — %W,E ) 4ot - ,5“’) T ,5”) + %Wn '+ 0(h®)
(D

! 2 m 3
Wit = Wy + hwy + By + By 4 120,00 4 12,0 4 18,00 o(h8)
(2)

by subtracting equations (1) & (2) from 2w, , we get the following equation

~Wn_1 + 2W, — Wppy = —2h*w” — Lhow " + 0(h®) 3)

360

now we will find the truncation error for the second part of equation (5.7)

OWn_y = By, — onw, + O2y ) — 02, ) 4 oty vt g (R8) )
Wy = Owy + onw'> + 22y (P 015, () 4 onty vt 4 0 (h®) (5)

by adding equations (4) & (5) to (1 — 26)w,, , we get the following

equation
R?(6w,_; + (1 — 20)wy + 6wy, = oh*w” + Zhéw(™ + 0(h®) (6)

by adding equation (3) to (4) we get the truncation error for (5.7)

= (6 - Hr*w™ + (£ - D)hdw + 0(h®) (5.11)

360
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so from equation (5.11) we note that the method will be second-order

convergent for 6= 0 and fourth-order convergent for g=—.
Example: The Eighth-order boundary value problem

y@D () = 7Ix e 8™ _2x7Ix(14+x)78 ,0<x< ez —1
With boundary conditions:

y(0) =0 ) y(el/2—1)=%

y20) = —-(i-1)!, y& (61/2 - 1) = y2i(0)e~, i=123

Has the exact solution is:
y*(x) =In(1+x)

Using previous steps in the equation give the system:

1
v2(xn) = y1' (x5) , =1, Po = E e (1)
y3(x) =y (%) , az=-1, PBy=—e! .....(2)
Vo) =5 (xp) ., ag=-6, PBo=-6e7? .....(3)

yi () = 7! x e 810 — 2 x 71 x (1 + x,) 78
ag = —120, g = —120e73 e (4)

and by applying algorithm (5.1) using MATLAB see Chapter 6 (p.157-
161), with N=7 we get the following results as in Table 5.1 with acceptable
tolerance value 1 X 10™° that was accomplished with five iterations at

6=0
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Table

5.1) X Wi Vi lw; — il
0 0 0
0.08109 0.07769 0.07797 6.5699¢-007
0.16218 0.15031 0.1503 8.307e-006
0.24327 0.21776 0.21775 1.8716e-005
0.32436 0.28096 0.28093 2.549¢-005
0.40545 0.34038 0.34036  2.621e-005
0.48654 0.39647 0.39645 2.0766e-005
0.56763 0.44958 0.44957 1.0957e-005
0.64872 0.5 0.5

5.2 Finite — Difference Method (5.1) for Solving Special
Eighth-Order Non-linear Boundary Value Problems:

On this method we will directly replace the derivatives in the given

differential equation by its finite difference approximations.

A Special Eight-Order Boundary -Value Problem:

Consider the special nonlinear eighth-order boundary value problem
yi) = f(x,y) , a<x<bh a,b,x €R .. (5.12)

With the associated boundary conditions:

y@=a, yP@=a, y@=a, y"(a)=a;

yb) =By, yOB =g, yPWB) =p, yP®B)=pF .. (513)
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We assume that f'is real and differentiable as many times as required for
xe[a.b], and that the values of even derivatives at end points are real and

finite constants.

We divide [a,b] into (N+1) equal subintervals whose endpoints are at

X, = a +nh, for n=0,1,....N+1,h = :I;Jj where N>7 is an integer.

Assuming that the exact solution has abounded tenth derivative allows us to

replace yP*Din the equation.

yP (x) = £ (e, y(x;))

The centered-finite difference formula for eighth-order differential equation

which is obtained using undetermined coefficients method is:

(Vill) _ Yiza=8Yi-s+28Yip=56Yi1+70i=56Yis1+28Yi2=8YirstViva | I () )
i h8 3 Y

L (5.14)
By using equation (5.14) and substituting it in equation (5.12) we get

Yi—a — 8Yi—3 + 28y;_5 — 56y;_1 + 70y; — 56y;41 + 28Y;45 — 8y;43 +
Visa —h3f +t, =0 ...(5.15)

Where y,, = y(x,), fn = f (X0, V) , ty, is the local truncation error at the
point x,,, for n=1,2,3,...,N.

Now a finite difference method with truncation error of order 0 (h?) results
by using this equation together with boundary conditions y?9(a) = «; ,
y@I(b) = B;,i = 0,1,2,3, to define:

wi = o , wi =By, i=0123
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Wi_4 — 8Wi_3 + 28Wi_2 - 56Wi_1 + 70Wl - 56Wi+1 + 28Wi+2 -

Where w(x)is the approximated solution for the problem and we will use
the notation w,, to denote the solution at x,,. But we note that formula
(5.16) can be applied to N-6 mesh points x,, ,(n = 4,5, ... ... ,N — 3) only.
So we must find another special formula that consists with the point's n=1,
2, 3, N-2, N-1, N in order to use powers of matrix J; , in previous section.

These formulas are assumed to be of the forms:
42w, — 48w, + 27ws — 8w, + ws — Yi, hZicl,iW(EZi) — h8f, = 0.(5.17)

—48w,; + 69w, — 56w; + 28w, — 8ws + wg — Xy hZicz’iW(SZi) _
hf =0 (5.18)

27w, — 56w, + 70w — 56w, + 28ws — 8wg + wy; — Yi g hZng,iWéZi) .

h8f3:O (519)

WN—6 - 8WN_5 + 28WN_4 - 56WN_3 + 7OWN_2 - 56WN_1 + 27WN -

. 2'
i=o0 h21C3,iW1$1+l)1 —h%fy_, =0 ...(5.20)

WN—5 - 8WN_4_ + 28WN_3 - 56WN_2 + 69WN_1 - 48WN -

. 2'
i=o0 hZLCZ,iWIEI-:)l —h%fy_, =0 ...(5.21)

WN—4- - 8WN_3 + 27WN—2 - 48WN_1 + 42WN - Z?=O hZicl,iWIgz_:)l -

h8fy_, =0 (5.22)

Where the 15 parameters ¢4 ; , ¢, ; and c3;, (i = 0,1,2,3,4) are chosen for
the convenience of using powers of J in the convergence analysis, we can

find the parameters using the undetermined coefficients method. See

Algorithm (5.2) & full MATLAB program in Chapter (6) p.(161-167).
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The parameters values using the Algorithm (5.2) are:

Table

(5.2) Coefficient i=0 i=1 i=2 i=3 i=4
C1i 14 -5 19, | 49 | 1158
Ca,i -14 4 %3 | Tlas | "*Yasae
C3,; 6 -1 Y2 | Y30 | 20160

So the resulting NxN nonlinear system obtained from this method of

equations (5.16), (5.17), (5.18), (5.19), (5.20), (5.21), and (5.22) can be

summarized as:

[ 42 —48
—-48 69
27 —56
-8 28
1 8
1
0
h8

27 -8 1
—-56 28 -8 1
70 —-56 28 -8 1 0
—-56 70 =56 28 -8 1
28 —-56 70 -56 28 -8 1
-8 28 -56 70 -56 28 -8 1
1 -8 28-56 70 -56 28 -8
1 -8 28 -56 70 —-56 27
1 -8 28 —-56 69 —48
1 —8 27 —48 42 11
1 [C10@0 + ci1h?ay + cpph*ay + ci3h®as + ¢ h8ay]
CroQg + C21h2a1 + C22h4a2 + C23h6a3 + C24h8a4
C30xg + C31h2a1 + C32h4a2 + C33h6a3 + C34h8a4
—a,
= ....(5.23)
—Bo
c30Po + €31h? By + c32h* By + c33h°P3 + c34h%B,
C20B0 + C21h? By + C22h* By + 230 B3 + 40P,
i | c10B0 + c11h*B1 + c12h* By + €13h° B3 + c14h%B, |

Wn-1
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This system can be summarized algebraically on the form:
JAW — RS f(,W)—b=0 ... (5.24)

Where J{ is the fourth power of matrix J;, W = [wy,w,, ..., wy]Tis the

solution vector, b is the constant vector of order N .

We will use Newton's method for nonlinear systems, discussed in [Bruden

& Faires, p.613-614] to approximate the solution to this system.
Local Truncation Error:

According to the finite-difference approximation to eight-order problem:
TTl = Clohlowr(lx) + Cllhllwr(lxi) + (525)

But as there is symmetry in the equation so that the odd terms will be equal
zero, so by using equation (5.14) we find C as:

2(4)10-2%8(3)10+2%28(2)10-2x56(1)1° 1
10! 3

from the above we can get:

T, = ghww,gx) + 0(h12), for n=13.4,... N-3 ...(5.26)

Now for n=1, 2, 3, N-2, N-1, N , we will use equations (5.17), (5.18),
(5.19), (5.20), (5.21), (5.22) to obtain the local truncation error as follows
and by using algorithm(5.2) :

—48(1)10+27(2)10-8(3) 0+ (4) 10 +14(=1) 0= 5(= )8+ (~1) 0~ (- 1) 31 (-1)?

5141 10,,,(%)
T, = <ol h*®w;™ +

0(ht) = 2L p10y, ™ 4 o(ntY) ...(5.27)

416

and by the same steps we can find the remnant truncation errors, which are:
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T, = %hlowz(") + 0(h'D) ...(5.28)
73 = =2 pl0w® 4+ 0(hY) ...(5.29)
Ty g = %hlowﬁ}z + 0 (h't ...(5.30)
Ty_q = ghww,g’?l + 0(h'D) ..(5.31)
Ty = ghww,gx) +0(h'D) ...(5.32)

Now we will discuss the following example to illustrate the previous

method steps:
Example: The Eighth-order boundary value problem
YOI () =71 x e 8@ —2x 7Ix (1+2)% ,0<x<e’2—1

With boundary conditions:

1
y(0) =0 ) y(e/2—1)=%
YA =-@i-1!,  y¥(eV2—1)=yM(0e, i=123
Has the exact solution is: y*(x) =In(1+ x)

Using the algorithm (5.3) in Chapter (6) p.(167-171),with second order
convergent for N=7 and tolerance value 1 X 107> that was accomplished

with four iterations, giving the results in Table 5.3
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Table
(5.3) X; Wi A Wi — vil

0 0 0

0.08109 0.077823 0.07797 1.473e-4
0.16218 0.15003 0.1503 2.703e-4
0.24327 0.2174 0.21775 3.501e-4
0.32436 0.28055 0.28093 3.754¢-4
0.40545 0.34001 0.34036 3.439¢-4
0.48654 0.39619 0.39645 2.615¢e-4
0.56763 0.44942 0.44957 1.409¢-4
0.64874 0.5 0.5

The previous method is modified to solve especial fourth and sixth —order
boundary value problems by finding the coefficients automatically using
Algorithm (1.1), (5.2) together with Algorithm (5.3) and get the results that
we want. See the full MATLAB program (p.171-175)

5.3 Finite — Difference Method (5.2) For Solving General
Eighth-Order Non-linear Boundary Value Problems:

In previous section we dealt with special nonlinear problems and replaced
directly the finite difference approximations. But in this method will deal

with general eighth-order boundary value problems.

Assume the general eighth-order nonlinear boundary value problem:

y @i = f(x, y}yl,y”,ym,y(iv)’y(v)’y(vi)’y(vii)) a<x<b ..533)
With special boundary conditions:

y(zi)(a) = q; ,y(Zi)(b) =3 ,i=0123
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Where fis real and differential as many times as required on [a,b], and that

a;, Bi, (i = 0,1,2,3) are real finite constant.

As in the previous section we first divide [a,b] into equal subintervals

whose endpoints are at x,, = a + nh , for n=0,1,2,...,N+1

To find the finite difference formula for this general problem we will use
appropriate centered-difference formula for each derivative found in the

problem especially the even derivatives, which is given as:

n yn_ —Zyn+yn h2 [
y, = o=t = +1 Ey(lv)(g) ...(5.34)
. _ _ 2 ,
éw) _ Yn-2 43’n—1+6}:l);n 4Ynr1tVn+z % y(vl)(g) ...(5.35)

(V) _ Yn-3=6Yn-2+15¥n-1=20¥n+15¥ns1=6¥ns2+¥nes _ h% i
) _ o ——y¥(§) ..(5.36)

(Wiil) _ Yn-4—8Yn-3+28Yn_2—56yn_1+70yn—56Yn411+28Yn12—8Vnt3+¥nsa h%: oy
= " E e (537)

Where y,=y(x,),for n=0, 1, 2,..., N+, then we substitute the
approximations in equation (5.33) and by omitting the error terms we get
the general finite difference formula with its boundary conditions, to

explain this method we will discuss the following example :

(D? — A? — po)[(D? — A? — 0)(D* — A®) + TD?]y(x) + RD*(D* —
A? —a)y(x) — f(x,y) =0, a<x<b ...(5.38)

With the boundary conditions of the form:
@) (q) = a; CO(p) = B; i=0123
y a al 'y l ) yLy&
The equation (5.38) can be simplified to the form:

(D8 — ¢;D® + ¢,D* — c3D% + ¢, Dy(x) — f(x,y) =0 ...(5.39)
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Where:
¢, =44+ (p+ 2)o
¢, =6A*+3(p+2)cA?+ (1 +2p)s?+T
c3=4A%+3(p+ 2)cA* +2(2p + 1)0%4% + po(6? + T) + (T — R)A?
ca =A%+ (p +2)dA® + 2p + 1)02A* + [po® — R(A?% + 0)]A?

To solve this problem first we will substitute the equations (5.34), (5.35),
(5.36) & (5.37) in the equation (5.38) to get the following finite difference

formula:

Wy_4 — (8 + cth®)w,,_3 + (28 + 6¢,h? + c,hH)w,,_, — (56 + 15¢,h? +
4c,h* + c3h®)w,_; + (70 4+ 20c,h? + 6¢,h* + 2¢3h8 + c,h®)w,, —
(56 + 15¢,h? + 4c,h* + c3h®) w1 + (28 + 6¢,h% + c,hY)w,,, —
(8 + cth®)wyy3 + Wyys — h8f, =0 ...(5.40)

With WéZi) = q; »W1512+i)1 =p; ,i=0,1,2,3, where w, is the approximated

solution at x,,.

The finite difference formula in (5.40) can be applied for n=4,5,...,N-3
only, so we need a special formulas for n=1,2,3,N-2,N-1,N, that suits the

powers of matrix J; in (5.11), so we will illustrate the steps to find.

For n=1

W{ _ W ...(5.41)
() = Sty oy it (5:42)
" 1(m-) _ —14w1+14w2—6w3+w4+5w0—2h2wg+§h4wgiv)+%h6wéw) ...(5.43)

h6
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" 19,4 (iv), 49 vi), 1158 viii
(Ulll) _ 42W1—48W2+27W3—8W4,+W5—14W0+5h2W0—Eh W(g )+ﬁh6Wé )+mh8Wé )
1 - h8

...(5.44)

By substituting the previous four equations in Eq.(5.34) give:

(42 + 14c,h? + 5¢,h* + 2¢3h® + ¢,h®)w; — (48 + 14¢,h? + 4c,h* +
C3h6)W2 + (27 + 6C1h2 + C2h4)W3 - (8 + Cth)W4 + d1 - h8f1=0 (545)

Where dl = —(14 + 5C1h2 + 2C2h4 + C3h6)a0 + h2(5 + 2C1h2 +
C2h4)a1 - h4 (% + gclhz - %Czhll') az + h6(g - ﬂclhz)ag + ﬂhgfo

180 5141

For n=2
wy = M ...(5.46)
wy ) = SR .(5.47)
W(vi) _ 14W1—20W2+15W3—6W4+W5—4W0+h2W8+%h4W(()iv)+31ﬁh6W(()m) . (5.48)
2 1o
Z(Uiii) _ —48W1+69W2—56W3+28w4—8W5+W6+14w0—4h2W8+§h"’wéiv)+4lsh6wévi)+%hswéviii) (5.49)
e ...(5.

By substituting the previous four equations in (5.33) give:

—(48 + 14c,h? + 4c,h* + c3h®)wy + (69 + 20c,h? + 6¢,h* + 2¢c3h° +
C4_h8)W2 - (56 + 15C1h2 + 4C2h4 + C3h6)W3 + (28 + 6C1h2 +
C2h4)W4 - (8 + Cth)WS + Wg + d2 - h8f2 =0 (550)

Where

d2 = (14 + 4C1h2 + C2h4)a0 - h2(4 + Clhz)al + h4 (2 - %Clhz) az +

h(Z — cih?)az + 2Lh3

360 514

For n=3

Wy —2W3+wW,

W3 - h2 (551)
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(iv) _ wi—4w,+6wz—4w,+wg

W3 - h4’ ...(5.52)
vi —6w{+15w,—-20w3+15w,—6Wcs+We+Ww,

WD) = ZOwa 15w, 20w 15w, —6ws twet o ..(5.53)

hoé
"1 iv 1 vi 1 viil
iii) _ 27w1—56w2+70w3—56w4+28w5—8w6+w7—6w0+h2w0+ﬁh4wé )+mh6wé )+20160h8wé i)
3 - h8

...(5.54)
By substituting the previous four equations in (5.34) give:

(27 + 6C1h2 + C2h4)W1 - (56 + 15C1h2 + 14‘C2h4 + C3h6)W2 + (70 +
20c,h? + 6¢c,h* + 2¢c3h® + c,h®)wy — (56 + 15¢,h? + 4c,h* + c3h®)w, +
(28 + 6C1h2 + C2h4)W5 - (8 + Cth)W6 + Wy + d3 - h8f3 =0 (555)

Where d3 = _(6 + Clhz)ao + hzal + %hll.az + L1’7.6(;(3 + L h8f0

360 20160

For n=N-2

wyy_y = ST ...(5.56)
(L) = M y=st Oy~ by (557)
ngv_l; _ —6WN_4+15WN_3—ZOWZ;2+15WN_1—6WN+WN+1 ...(5.58)

2" 1,4 (iv) 1 i) 1 (viii)
WN —6—8WN_5+28WN_4—56WN_3+70WN _—~56WN_1+27WN—6W 41 +h2Wy g +sh Wy ) +oash Wy +5areshBwy
h8

...(5.99)
By substituting the previous four equations in (5.34) give:

(27 + 6C1h2 + C2h4)WN - (56 + 15C1h2 + 14C2h4 + C3h6)WN_1 +
(70 + 20C1h2 + 6C2h4 + 2C3h6 + C4_h8)WN_2 - (56 + 15C1h2 + 4C2h4 +
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C3h6)WN_3 + (28 + 6C1h2 + C2h4)WN_4 - (8 + Cth)WN—S + WN—6 +
dN—Z - h8fN—2 =0 (560)

Where dN—Z = _(6 + Clhz)ﬁo + hzﬁl + %hll.ﬁz + L1’7.663 + ! h8fN+1

360 20160

For n=N-1
" _ WN—2—2Wn_1tWy
Wy_1 = 2 ...(5.61)
(iv) _ WN-3—4WN_2+6WN_1—4WN+WN4q
Wy_1= a ...(5.62)
. " 1 v 1 vi
wi) _ W4—6WN_3+15WN_2—ZOWN_1+14WN—4WN+1+h2WN+1+Eh4wl(v+)1+mhéwl(v+)1
Wy-1 = Y
...(5.63)
iii) _
N_l - . . P
WN—5—8WN —a+28WN_3~56Wy_5+69Wy_1—48WN +14Wp 41 —~4h2Wy 1+ 2R WD +hOw D+ hBw )
h8

...(5.64)
By substituting the previous four equations in (5.34) give:

—(48 + 14c,h? + 4c,h* + c3h®)wy + (69 + 20c,h? + 6¢c,h* + 2c3h® +
C4_h8)WN_1 - (56 + 15C1h2 + 4C2h4 + C3h6)WN_2 + (28 + 6C1h2 +
C2h4)WN_3 - (8 + Cth)WN_4 + Wn_s + dN—l - thN—l =0 (565)

Where
s = (14 + 40 % + Coh Do — K24 + k2B, + ht (2= Loh?) B, +
ho(Z — 25c1h2)Bs + 22 h% fyan

For n=N

WN-1—2WNtWN41
h2

Wi = ...(5.66)
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Wy —4WN_1+5WN—2Wpy 41 +h2W}'\,+1+%h4w(w)

() _ N+1

WN - h4’ ...(5.67)
, 2., 5 (iv) | 29 (i)
(i) _ WN—3—6Wn_p+14wy_; —14wy+5wy 1 —2h2wyq +2hH* w0 +25howr 2
h6
.(5.68)

(wiii) _

N - . . P
WN_4—8WN_3+27WN_> —48wN_1+42wN—14WN+1+5h2wN+1—%h4w1(\,lz)1+%h6wl(\ﬁ)1 +%h8wl(\ﬁl;)

...(5.69)

By substituting the previous four equations in (5.34) give:

(42 + 14c,h? + 5¢c,h* + 2c3h® + c,h®)wy — (48 + 14c,h? + 4c,h* +
C3h6)WN_1 + (27 + 6C1h2 + C2h4)WN_2 - (8 + Cth)WN_g + dN -
h8fN =0 ...(5.70)

Where

dN = _(14 + 5C1h2 + 2C2h4 + C3h6)ﬁo + h2(5 + 2C1h2 + C2h4)ﬁ1 -
n* (5 + 2eah? = Seah*) By + hO( — Zocih?)By + H2h

180 5141

Now the system of previous equations (5.40), (5.45), (5.51), (5.55), (5.60),
(5.65), & (5.70) can be summarized as:

[J* + ¢ h?]? + c,h** + c3h®] + c,hBIIW — h8f(x, W) +d = 0 ...(5.71)

where W = [wy,w,, ..., wy]T the solution vector , that was found by

solving the nonlinear algebraic system (5.71) using Newton's method.

d = [dy,d3,d3, —ag, 0, ...,0, —Bo, dy_2, dy_1, dN]T
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The Local Truncation Errors:

We can find easily the local truncation error for equation (5.40) by using

equations (5.2), (5.3), (5.4) & (5.5) for n=4, 5, ..., N-3 as follows:

7, = h'° [%W,,(Lx) — %clw,gviii) + %CZWT(L”D ¢ W(w)] +0(h'?)  ...(5.72)

but for n=1, 2, 3, N-2, N-1, N we will use the associated finite-difference
approximations with their truncation errors that were used to find equations
(5.13), (5.19), (5.24), (5.29), (5.34) &(5.39) by using (local Truncation)

algorithm:

T _h10[127 (x) _ 479 . (vzu)_l_ 59 2Wl(vl) 1 3w1w)]+0(h11) ... (5.73)

116 2016C1W1 360

Ty = WO[w ™ — 200, WM +low (™ — Lew(M ]+ 0(R1) . (5.74)
T3 = h1O[22590y, ) 1oy, WD 4 ac 0 1o w4 onthy  LL(5.75)

Ty_p = h1O[201599,(0) 1clwlf,vuzl) +2 cw™) — Lesw wi ]+ 0(h'Y) ...(5.76)

604798

Tyog = ROy 0) — 12600,y D 41w — Leawg) ] + 0K ..(5.77)

( ..
ty = W[ — 5w + 2wl - Lew(P] + 0 (578)

116 2016 17N

This method is like method (4.6) with some differences in coefficients and

matrix diagonal that we can see some of their results in reference [3].
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CHAPTER SIX

Difficulties, Conclusions and Computer Programming

This chapter discusses the difficulties that we faced while preparing this
thesis, and how we dealt with, and the associated MATLAB 7.0 computer
programs we constructed for this aim. Besides that the development of
some new programs to reduce time and efforts in calculations, and others to

solve linear boundary-value problems of order three up to seven.
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6.1 Difficulties:

We faced many difficulties while preparing this thesis that can be

summarized in these questions:

(1)

(i)

(iii)

(iv)

(vi)

How can we write a derivative of order (O) using any set of
points w(x+ih) easily with simple time and effort?

How can we write a derivative of order (O) using any set of
points w(x+ih) and any set of derivatives we want, easily with
simple time and effort?

How can we write an even derivative of order (O) using a set of
especial points w(x+ih) and a set of even derivatives equal and
less than its order, easily with less time and effort?

How can we use the powers of JI matrix entries without using the
power process?

How can we find the local truncation error for any finite
difference approximation, easily with simple time and effort?
Method (5.2) approximates the solution only for eighth-order
BVPs with N>7, consequently how we can modify this method to
approximate the solution for some Even-order BVPs with N> O-

1?
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6.2 Conclusions:

The approximated solutions for problems that we discussed in this thesis
have good errors using finite-difference methods, but they depend on the

problem order, as the order is smaller the results will be better.

The main reasons for accumulative errors in each method depend on using
more derivative approximations in the high-order problems, and also on the

boundary conditions for the problem.

We note that when a or 8, absence the errors in approximation are large

and method needs to use higher order of accuracy at the endpoints.

The seventh-order problem in chapter four takes long time in testing and

calculating to get more accurate results. But we cannot get good results.

The Finite-Difference methods need hard-work while deriving the finite-
difference approximations especially for these high-order problems and
using many permutations at their endpoints to get our convergence order,
but in this thesis we simplify this routine by using especial and new

algorithms.
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6.3 Computer Programs:

In this section we use (MATLAB 7.0) package in programming and we use
MATLAB functions to simplify our work.

Now we will discuss some important computer programs that we did not
discuss in the previous chapters that solve some of above difficulties and

others that modified and developed especially in chapter five.
Program (5.1):

This program is used to approximate the solution for Even-BVPs by
transforming it to system of second- order problem. This method is second
order convergent if = 0 and fourth-order convergent if 6=1/12 and this

was modified to select any 6 the user want.

The Finite-Difference Method using 2m-order BVPs Program

% To Approximate The Solution for Non-linear Even-Order BVPs.
% With Boundary Conditions d(21)WO0 ,d(21))WN+1.

% INPUTS: - The Order of the Problem

% - The Function for BVP f{X,W)

% - The Derivative of f(X,W) with respect to W
% - The Interval End-points
% - The Number of Subinterval

% - The Boundary Condition for problem
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% - The Maximum Number of Iterations
% - The Tolerance
% - Theta

% OUTPUTS: - The Approximation of W(X)

syms ("X','W");

o=input ('"Write the order of problem=");

a=input (‘"Write the initial point of interval a =');

b=input ('Write the end point of interval b =');

N=input ('"Write the number of sub-interval [a,b] =');

display ("Write the boundary condition as vector [WO0 d2iW0] =");
AO=input (" ");

display ('"Write the boundary condition as vector [WN+1 d2iWN+1] =");
BO=input (' ");

MM-=input (‘Write the maximum number of iteration=");
F3=input ("Write the exact function for the problem=");

T=input (‘"Write the tolerance you want=");

TaO=mnput ("Write 0<=Theta <=1, Theta=");

% Calculate the step-size
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h= (b-a)/ (N+1); m=0/2;
% The initial approximation for Wi
for i=1:N

x(i)=a+i*h; w(i)=A0(1)+i*h*((A0(1)-B0O(1))/(b-a));end
%The appropriate matrix for system
for i=1:N

for j=1:N

ifi==] JI1(1,j))=2, MI(i,j)=(1-2*Ta0);
% The constants vector for problem
for i=1:m+1
for j=1:N
if j== d1(i,j)=A0(1);
elseif j==N d1(i,j)=B0(1); end , end, end
d=d1(1,1:N)-(Ta0*h"2)*d1(2,1:N);
for i=2:m

d11=((M1*IvI*M1)A(i-1))*(d1(i,1:N)-
(Ta0*h"2)*d1(i+1,1:N)))*(h 2 *(i-1)))*(-)AG-1);

d=d+d11";end

k=1;
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while (k<=MM)
% Evaluate the function and its derivative at W
Fnl1=FmethodlI(x,w,F);
Fn2=F2methodIl(x,w,F2);
Fn3=ExactFn(x,F3);
% The Jacobian Matrix for system
c=((-)Nm-1))*(h(2*m));J2=c*(M1*((Jv1*M1)Nm-1)))*(diag(c*Fn2));
J=J1+12;
% The system function at Wi
=-(J1*wW'+(c*M1*((Jv1I*M1)N(m-1)))*Fnl')-d");
% The solution vector for system Jv=-f
v=linsolve(J,f);
1f t<=T break, end
% The new approximated solution for system
w=w+Vv'; x; ww(k,1:N)=w;
k=k+1; end
ifo==0 display('The Method Is Second-Order Convergent');

elseif o==1/12 display('The Method Is Fourth-Order Convergent'); end
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fprintf(1," x WW exact\n'); [x' w' Fn3' abs(w-Fn3)']
Program (5.2):

This program is designed in order to solve difficulty (ii1). While we
construct a general formula for solving eighth-order BVPs, we need a
special formula for six points using especial even-derivatives as boundary
conditions and set of points W(x+ih) which their coefficients are the entries

of the power of J;.

This program find the coefficients of the even derivatives less than or equal

to the problem order (O).
The program steps:

(1)  Find the matrix of h coefficients for w(x+ih) points we enter.
(i)  Determine the index of W, at which we want to use the associated

or
row of J;°.

(i11) Find the matrix of h coefficients for even derivatives WéZi) less
than or equal to the problem order.

(iv)  Find the constant vector, which came from subtracting two parts:
1. by multiplying the results from step(i) and step(2).

2. the corresponding problem order factorial.

(v)  Use forward substitution method to solve (ii1) and (iv).
% INPUTS: - The Order of the Derivative.
% - The Number & Coefficient of h for W(x+ah).

% - The Number & Even-Derivative & Coefficient of h for
DW(x+ah).
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% OUTPUTS: - The Coefficients For W(x+ah).
% - The Coefficients for Even-DW (x+ah).
format rat
o=input('The Order of Differential Equation =');
n=input('The xn index ='");
Nl=input('Number of Wn terms =");
aN1=input('The coefficient of h for w(x+ah)as vector between [ ] =');
N2=input('Number of even derivatives =');
aN2=input('The coefficient of h for W0& Dw(x+ah)as vector between [ ] =');
N=NI1+N2;
%To determine the h power associated with even derivatives
h=sym('h','unreal'),c=1/(h"0);
for i=1:N2
de(i)=h"((i-1)*2);end
% The system of the coefficients of h for W(x+nh)
for i=1:N1+N2+1

for j=1:N1

if (i==1)  aaNI(i,j)=1;
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else aaN1(i,j)=aN1(j)*(i-1); end, end, end
% The system of the coefficients of h for even derivatives D2iW(x+nh)
%lower triangular matrix
aaN2(1,1)=1;
for i=1:N2+1
for j=1:N2
if j== aaN2(i,j)=aN2(j)"N(2*(i-1));
elseif i==1 & j>1 aaN2(1,)=0;
elseif i==) aaN2(i,j)=factorial((2*(i-1)));
elseif j<I
aaN2(1,))=(aN2(j)(2*abs(i-j)))*(factorial((2*(i-1)))/factorial(2*abs(i-})));
end, end ,end
%The constant vector for the system of unknown Au=b.
fo=factorial(o);
for i=1:N2
if i==(0/2+1)  bN2(i)=fo;
else bN2(1)=0; end, end

% The constant vector for Ad2iW=b that is the result from multiplying

aaN1 in the suitable vector of J1
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JJ1=coefn2(o,N1,n,N); bN21(1)=aaNI1(1,1:N1)*JJ1";

for i=2:N2

bN21(i)=(aaN1((2*i-1),1:N1))*JJ1"; end

b=bN2-bN21,bb=(b);
% use forward substitution method for solving Aw=b
ccl=forwmethod(N2,b,aaN2);
fprintf('The Coefficient for W0 & Even-Derivatives\n');ccl
fprintf('Multiplying By:\n');dc

%The local truncation error which was given from to part t1 from Wn and

t2 from even derivatives d2iW

tl=aaN1(o+3,1:N1)*JJ1"; t2=aaN2(N2+1,1:N2)*ccl";
t=(t1+t2)/factorial(o+2);

fprintf('The Local Truncation Error for Wn\n',t) ,t
fprintf('Multiplying by:\n'); h"(0+2)
The [coefn2] Programming Function:

This is a programming function used to find the entries of O/2 rows of J; to
the power O/2 matrix that is necessary for finite difference method 5.1,
method 5.2, and method 5.3 for solving even-order BVPs with even-

boundary conditions.
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We note that while programming previous methods, the J; powers entries
are used many times to determine the finite-difference formula for the
problem. When we divide the problem interval into N+/ subintervals, we
used J,of order NxN. If we need ]f /% the computer will multiplying J;
(o/2)times, which needs (2N xo0/2) processes for only one entry. So we think

of a code that gives the entries without using the power of J;.
The main steps:

(1)  Find the central finite-difference approximation for problem.

(i1)  Use the central finite-difference approximation to find the matrix
rows that are not similar to the central formula.

(111)  Omit first entries respectively down —up and subtracting it from

the following entry.

Example: Find the J{matrix entries, which are needed for solving eight-

order BVPs.

We note that middle matrix rows are similar to the central finite-difference
approximation for eighth-order problem (O=8) as:

1 [ 42 —48 27 -8 1

w2 |-48 69 -56 28 -8 1

.3 | 27 =56 70 -56 28 -8 1 0
r4 | -8 28 -56 70 —-56 28 -8 1

5 | 1 8 28 -5 70 -56 28 -8 1

1 -8 28 -56 70 —56 28 -8 1

rN —3 1 -8 28-56 70 —-56 28 -8
rN —2 0 1 -8 28 =56 70 —-56 27
rN—1

1 -8 28 —56 69 —48
N | 1 -8 27 —48 42 |
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Note that the row (5=1+0/2) is the entry of the central finite difference

formula for (O=8), and to find the upper rows we follow these steps:
row (4): results from omitting the first entry which is (1) from row(5)
r4)=-8 28 -56 70 -56 28 -8 1 0

row(3): results from omitting the first entry which is (-8) from the previous

row(4) and subtracting the previous omitting entry from the new first entry

of row(3).
r3)=(28-1) —-56 70 —-56 28 -8 1 0 0
r3)=27 -56 70 —-56 28 -8 1 0 0

row(2):results from omitting the first entry which is (27) from row(3) and

subtracting the previous omitting entry -8 ,1 from the first two new entry of

row(2).
r2)=(-56+8) (70—-1) -56 28 -8 1 0 0 0
r2)=—48 69 —-56 28 -8 1 0 0 0
Row(1):results from the same routine which is used above.
r(1)) =(69-27) (-56+8) (28—1) -8 1 0 0 0
r(1)=42 —-48 27 -8 1 0 0 0

Now because of symmetry, the lower O/2 rows are the same as the above
rows with some modifications by using especial MATLAB functions to
calculate the reverse of vectors and flip matrices up-down, which are

consequently (seqreverse , flipud). And remaining rows entries are central
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finite difference formula and we determine the position of zeros according
to the size of matrix, but this algorithm must use matrix of size greater than

or equal to (O-1).

We note from these steps that we do not need for using the power matrix,
only what we need is the finite difference formula for the problem and the

matrix size.
Program (5.3):

This method is used to approximate the solution for Eighth-Order BVPs

with Even-boundary conditions.
yO = flx,y) asx<b  ,abx€R
with boundary conditions y(SZi) =q; , yls,zﬁ =By, 1=01,23
Noting that N is greater than problem order.
% The Second-Order Finite-Difference Method 5.1
% To Approximate The Solution for Non-linear Eighth-Order BVP.
% With Boundary Conditions d(21)WO0 ,d(21))WN+1.

% INPUTS:- The Function For BVP f{(X,W)

% - The Derivative of f{X,W) with respect to W
% - The Interval End-points
% - The Number of Subinterval

% - The Boundary Condition for problem
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% - The Maximum Number of Iterations
% - The Tolerance
% OUTPUTS: The Approximated Solution for The 8"-order BVP
syms("X",'W');
F=imput('Write The F(xn,wn)for Problem:');
F2=input('Write the derivative for F(xn,wn) with respect to Wn:');
a=input('Write the initial point of interval a ='");
b=input("Write the end point of interval b =');
N=input('Write the number of sub-interval[a,b] =');

AO=1input("Write The boundary condition as vector[ W0 d2W0 d4W0 d6W0
d8WO0]=");

BO=input('Write The boundary condition as vector[ WN+1 d2WN+1
d4WN+1 d6WN+1 dSWN+1]=";

M=input("Write The Maximum Number of iteration=") ;
F3=input('Write The Exact Function for The Problem=");
T=input('Write The Tolerance You want=");

% Calculate the step-size

h=(b-a)/(N+1);

% The Initial Approximation for Wi
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for i=1:N
x(i)=a+i*h; w(i)=A0(1)+i*h*((A0(1)-B0(1))/(b-a));end
k=1
while (k<=M)
% The constants vector for problem
if (N==7)

d1=[14 -5*h"2 19*h"4/12 -49*h"6/72 1158*h"8/5141;-14 4*h"2 -2*h"4/3
-7*h"6/45 -31*h"8/2520;6 -1*h”2 -1*h"4/12 -1*h"6/360 1*h"8/20160] ;

dN=[6 -1*h"2 -1*h"4/12 -1*h"6/360 1*h"8/20160;-14 4*h"*2 -2*h"4/3 -
7*h"6/45 -31*h"8/2520;14 -5*h"2 19*h*4/12 -49*h"6/72 1158*h"8/5141];

d=[(d1*A0")' -(A0(1)+B0(1)) (AN*B0")'];
else

d1=[14 -5*h2 19%h4/12 -49*h~6/72 1158*h 8/5141;-14 4*h 2 -2*h"4/3
7¥h76/45 -31%h"8/2520;6 -1*h"2 -1¥h"4/12 -1*h"6/360 1*h*8/20160;-1 0
000];

dN=[-1 0 00 0;6 -1*h"2 -1*h"4/12 -1*h"6/360 1*h"8/20160;-14 4*h"2 -
2*h"4/3 -7*h"6/45 -31*h"8/2520;14 -5*h"2 19*h"4/12 -49*h"6/72
1158*h"8/5141];

d=[(d1*A0")' zeros(1,N-8) (dAN*B0")'];end

% Evaluate The function and its derivative at W
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Fnl1=FmethodlI(x,w,F);
Fn2=F2methodIl(x,w,F2);
Fn3=ExactFn(x,F3);
%The Appropriate Matrix for system
for i=1:N

for j=1:N

ifi==  JI(i,j)=-2;

elseif abs(i-))== J1(1,))=1; end, end, end
% The Jacobian Matrix for system
J=J1"4-diag(h”8*Fn2);
% The system function at Wi
=-(J1"4*w'-h"8*Fn1'-d");
% The solution vector for system Jv=-f
v=linsolve(J,f); t=norm(v);
ift<=T break, end
% The New Approximated solution for system
w=w+Vv'; ww(k,1:N)=w;

k=k+1; end
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disp(' The x and it is approximated solution is:");[x' ww'];
Modified Program (5.3):

This program is modification for program(5.3) that is modified to
approximate the solution for any Even-Order BVPs with Even-boundary
conditions less than or equal to the order of the problem and with N> O-1

equal subsets .

The modification is depending on usingFN1, FN3, coefn, coefn2 and FN4

programming functions.

coefn and coefn2 programming functions we discuss previously so now we

will discuss FN1,FN3and FN4 then the method.

%This function is used to calculate constant vector for any even-order

BVPs

FN1 -Function

function [res]=FN1(o,N,h,A0,B0)

Ho(1)=1;

for i=2:1+0/2
Ho(i)=h"(2*(i-1)),end

if N>0-1 d1=-FN3(o,N)*diag(Ho); dN=flipud(dl)*diag(Ho);
d11=[(d1*A0")' zeros(1,N-4) (AN*B0")']; res=dll;

elseif N==0-1 d1=-FN3(o,N)*diag(Ho(2:0/2);
dN=flipud(d1)*diag(Ho(2:0/2);
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d11=[(d1*A0")' -(A0(1)+B0(1)) (AN*B0")']; res=dll;
else fprintf(1,'Sorry The Program cannot do this Presses'); end
FN2 —Function:

%This function is used to find Even-derivative coefficients for any even-

order BVPs

function [res]=FN3(o,N)

%N?2 :the number of row different on the power of J1

N2=1+0/2;

if N>o0-1 kk=0/2

elseif N==0-1 kk=0/2-1 ,end

for k=1:kk

n=k; N1=k+o0/2;

% The coefficient vector for h in W(x+ah) point according to J1 power
aN1=[-k+1:0/2];

% The coefficient vector for h in even-derivative less than and equal to O

d2iW(x+ah)
aN2=-k*ones(1,N2); fo=factorial(o);
% The first part of constant vector to find the even derivatives coefficients

for i=1:N2
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if i==(0/2+1) bN2(i)=fo;

else bN2(1)=0; end, end
% The coefficients matrix of h power for the set point W(x+ah)
for i=1:N1+N2

for j=1:N1
if (i==1) aaN1(i,j)=1;
else aaN1(1,j)=aN1(j)*(i-1); end, end ,end

% The coefficients matrix of h power for the set of even derivative d2i

W(x+ah)
aaN2(1,1)=1;
for i=1:N2
for j=1:N2
if j==1 aaN2(i,j)=aN2(j)"N(2*(i-1));
elseif i==1 & j>1  aaN2(i,))=0;
elseif i==) aaN2(i,j)=factorial((2*(i-1)));
elseif j<i

aaN2(1,))=(aN2(j)(2*abs(i-))))*(factorial((2*(i-1)))/factorial(2*abs(i-})));

end, end, end

% The coefficients vector associated with J1 power rows
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JJ1=coefn2(o,N1,n,N);
%The second part of constant vector
bN21(1)=aaNI1(1,1:N1)*JJ1";
for i=2:N2
bN21(i)=(aaN1((2*i-1),1:N1))*JJ1'; end
b=bN2-bN21; bb=floor(b);
% The even derivative coefficients
ccl=forwmethod(N2,b,aaN2);
ch(k,1:N2)=ccl; end; res=ch;
FN4 - Function :
% This function to determine J1*O/2 entries
function [rec]=FN4(o,N)
N2=1+0/2; NN=0+1;
% To get the central finite-difference formula (The middle rows of J1°0/2)
Jml=coefn(o,NN);
if N>o-1
for i=1:0/2

n=1; N1=i1+0/2; aN1=[-i+1:0/2]; aN2=-i*ones(1,N2);
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% To get the entry for O/2 rows of J1 to power O/2
Jm=coefn2(o,N1,n); E=seqreverse(Jm);
A(1,1:N)=[Jm zeros(1,N-N1)]; A(N-i1+1,1:N)=[zeros(1,N-N1) E]; end
for i=N2:N-0/2
A(1,1:N)=[zeros(1,1-N2) Jm1 zeros(1,(N-NN-i+N2))];end
% The J1 to power 0o/2 if N=o0-1
elseif N==o-1
for i=1:0/2-1 n=1;N1=1+0/2; aN1=[-1+1:0/2]; aN2=-1*ones(1,N2);
Jm=coefn2(o,N1,n); E=seqreverse(Jm);
A(1,1:N)=[Jm zeros(1,N-N1)];
A(N-i+1,1:N)=[zeros(1,N-N1) E];end
A(0/2,1:N)=Jm1(2:NN-1);end

% The matrix J1 to the power O/2 ; rec=A;

The Modified Second-Order Finite-Difference Method 5.1:
% To Approximate The Solution for Non-linear Even-Order BVP.

% With Boundary Conditions d(21)WO0 ,d(21))WN+1.



176

% INPUTS:- The Function For BVP f{(X,W)

% - The Derivative of f(X,W) with respect to W
% - The Interval End-points
% - The Number of Subinterval

% - The Problem Order

% - The Boundary Condition for problem
% - The Maximum Number of Iterations
% - The Tolerance

% OUTPUTS:- The Approximated Solution For Problem.

% - The Associated Error For Approximated Wn
syms("X",'W');

F=imput('Write The F(xn,wn)for Problem:');

F2=input('Write the derivative for F(xn,wn) with respect to Wn:');
a=input('Write the initial point of interval a ='");

b=input("Write the end point of interval b =');

N=input('Write the number of sub-interval[a,b] =');
o=input('Write The Problem Order =');

AO=1input("Write The boundary condition as vector[ W0 d2W0 d4W0 d6W0
d8WO0]=");
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BO=input('Write The boundary condition as vector[ WN+1 d2WN+1
d4WN+1 d6WN+1 dSWN+1]=";

M=input('Write The Maximum Number of iteration=") ;
F3=input('Write The Exact Function for The Problem=");
T=input("Write The Tolerance You want=");
% Calculate the step-size
h=(b-a)/(N+1);
% The Initial Approximation for Wi
for i=1:N
x(1)=a+i*h;
w(1)=A0(1)+1*h*((A0(1)-B0O(1))/(b-a));end
k=1
while (k<=M)

% The constants vector for problem using FN1 function for any even-order

BVPs

d=FN1(o,N,h,A0,B0);

% Evaluate The function and its derivative at W
Fnl1=FmethodlI(x,w,F);

Fn2=F2methodIl(x,w,F2);
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Fn3=ExactFn(x,F3);
%The Appropriate Matrix for system using function FN4 instead of J1°0O/2
J1=FN4(o,N);
% The Jacobian Matrix for system
J=J1-diag(h"o*Fn2);
% The system function at Wi
f=-(J1*w'-h"o*Fnl'-d");
% The solution vector for system Jv=-f
v=linsolve(J,f); t=norm(v);
1f t<=T break, end
% The New Approximated solution for system
w=w+Vv'; ww(k,1:N)=w;
k=k+1;
% The Error For approximated solution
e=abs(Fn3-w); end
% The approximated solution for the given BVP

fprintf(1,’ X WW Error'), [x' ww'e']
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Program (5.4):
This program used to determine the entries of J; power with size NxN
% INPUTS: - The order of the problem.
% - The Matrix Size
%OUTPUTS: - The J%/? with size NxN
o=input('The Order of Differential Equation =");
N=input('The Number of Subinterval =');
N2=1+0/2 ,NN=0+1;
% This function used to find central finite-difference method
Jml=coefn(o,NN);
if N>o-1
for i=1:0/2
n=I, N1=i+o0/2; aNI=[-1+1:0/2]; aN2=-1*ones(1,N2);
% The programming function to determine the O/2 rows for ]f /2,
Jm=coefn2(o,N1,n,N);
E=seqreverse(Jm); A(i,1:N)=[Jm zeros(1,N-N1)];
A(N-i+1,1:N)=[zeros(1,N-N1) E]; end

for i=N2:N-0/2
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A(1,1:N)=[zeros(1,i-N2) Jm1 zeros(1,(N-NN-1+N2))]; end
elseif N==o-1
for i=1:0/2-1
n=1; N1=i1+0/2; aN1=[-i+1:0/2]; aN2=-i*ones(1,N2);
Jm=coefn2(o,N1,n,N); E=seqreverse(Jm);
A(1,1:N)=[Jm zeros(1,N-N1)]; A(N-i1+1,1:N)=[zeros(1,N-N1) E];end
A(0/2,1:N)=Jm1(2:NN-1);end
disp("The O/2 Power of J1 Is:");A

% The Programming Function To Determine O/2 Rows of J1 To The
Power O/2

function [conf2]=coefn2(o,N1,n,N)

NN=o0+1;

% The Central Finite-Difference Formula

V=coefn(o,NN);

if N>o0-1 & n==0/2 VVI1=V(2:NN);

elseif N==o0-1 & n==0/2 VVI1=V(2:NN-1);

else I[I=(NN-(0/2)+n+1); [11=(N1-(0/2)+n); I112=(NN-n-(0/2)+1);
vI=V(II:NN); v2=[v1 zeros(1,I11)]; VV1=V(II12:NN)-v2; end

conf2=round(VV1);
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% This Function Is Used To Determine Central Finite-Difference

Approximation

cofnl-Programming Function:

function [cofnl]=coefn(o,NN)

format rat

NN=o0+1,fo=factorial(o),

%aNN= The h Coefficients For W(x+ah) Vector For Central Formula
%bNN=The Constant Vector To The System
aNN(1)=-0/2;

for i=2:NN

aNN(i)=aNN(1)+(i-1);end

for i=1:NN

if i==o+1 bNN(1)=fo;

else bNN(1)=0; end, end

% The Matrix of the h coefficients powers
for i=1:NN

for j=1:NN

if i== aaNN(i,j)=1;

else aaNN(i,j)=aNN(j)"(i-1); end, end, end
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%The Coefficient Vector For W(x+ah)

cNN=linsolve(aaNN,bNN"); cofn1=(cNN");
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Appendix (I)
This appendix contains the computer programs for chapter one
Program(1.1).m:
%Deriving Finite-Difference Approximations.
%Using undetermined coefficients.
% INPUTS: - The Order of Derivative.
% - The Number & Coefficient of h for Y(x+ah).
% OUTPUTS:- The Coefticients for Y(x+ah).
% - The Local Truncation Error
format rat
o=input('The Order of Differential Equation =");
n=input('Number of terms =');
if n<o+1
display("The number of terms must be greater than the order of derivative');
n=input('Number of terms =');end
a=input('The coefficient of h for Y(x+ah) as vector between [ ] =');
No=size(a);

if No<n |[No>n
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display("Y ou miss some terms please input all terms you want');
a=input('The coefficient of h for Y(x+ah) as vector between [ ] =");
h=sym('h','unreal’);c=1/(h"0); fo=factorial(o);
%The constant vector for the system
for i=1:n
ifi==o+1  b(i)=fo;
else b(1)=0; end, end
% The coefficients of h matrix of Y (x+ah)
for i=1:n+o0+2
for j=1'n

ifi==1 aa(i,))=1;

else aa(i,j)=a()"(i-1); end, end, end
% The coefficients of Y(x+ah)
col=linsolve(aa(1:n,1:n),b");
% process to release the error
[x,y]=rat(col);
co=round(x)./round(y);

% process to deal with errors result from machine and the using of format

% rat to find the local truncation error for formula
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t1=0; k=o0+2;
while t1==0
tn=aa(k,1:n)*co/factorial(k-1);
if tn==0 k=k+1;
else tl=ltel(co,n,aa,k);
if t1~=0 break end
k=k+1; end, end
% The local truncation error of the finite-difference formula
tn=aa(k,1:n)*co/factorial(k-1);
% The order of the local truncation error
cl=h"(k-o-1);
fprintf("The Coefficients of u(x+ah) as you arrange are respectively\n');co’
disp('Multiplying By:');c
display("With Local Truncation Error');tn

disp('Multiplying By:');c1
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Program(1.2).m:

This program is used for deriving finite-difference approximations for
derivative using undetermined coefficients method with respect to Yn and

applying derivatives.

%INPUTS: - The Order Of Derivative.

%The Number & Coefficients of h for Y(x+ah)

%The Number & Derivative & Coefficients of h for Dy(x+ah)
%OUTPUTS: - The Coefticients For Y(x+ah)

- %The Coefficients For DY (x+ah)

fprintf(1,'This is the Finite-Difference Method Approximations for

Derivative.\n")

fprintf(1,'Using undetermined coefficients.\n')

fprintf(1,'with respect to Yn and applying any derivatives. \n');
format rat

o=input('The Order of Derivative =');

nl=input('Number of Yn terms =");

an=input('The coefficients of h for y(x+ah)as vector between [ ] =');
nn=size(an);

if nn<nl | nn>nl
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display("Y ou write the terms wrong. Please input all terms you want

exactly");

an=input('The coefficient of h for Y(x+ah) as vector between [ ] =');
end

m=input('Number of derivatives =');

if m+nl<o+1

display('The number of Y terms and of derivatives must be greater than

Order of the problem");
break, end
if m >0
v=input("The derivatives you want=");
am=input('The coefficient of h for Dy(x+ah)as vector between [ ] =");
h=sym('h','unreal’); c=1/(h"0);
fo=factorial(o); mn=m+nl;
%The constant vector for system
for i=1:mn

if i==(0+1) b(i)=fo;

else b(1)=0; end, end

%The coefficients of h matrix for Y (x+ah)
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for i=1:mn+2*0
for j=1:nl
if (I==1)&(j<=nl) aa(i,))=1;
elseif j<=nl aa(i,j)=an(j)*(i-1); end, end, end
%The coefficients of h matrix for diY(x+ah)
for i=1:mn+2%*0
for j=1:m
if i<v(§)+1 aam(i,j)=0¢
elseif i==v(j)+1 aam(i,j)=(factorial(v(j)));
elseif j<i aam(i,j))=am(j)"(i-v(j)-1)*(factorial(i-1)/factorial(abs(i-v(j)-1)));
end , end ,end

% process to deal with some cases when the No. derivative=1 and the

derivative greater than the order of derivatives
if (m==1 & v(m)>0) |(m+nl)<v(m) An=(1:nl); Am=v+ones(1l,m);
for i=1:mn
if i<nl+1 F(i,1:nl)=aa(An(i),1:nl);F1(1,1:m)=aam(An(i),1:m);
elseif (i>nl)&(i<=mn) F(i,1:nl)=aa(Am(i-nl),1:nl);
F1(i,1:m)=aam(Am(i-nl),1:m); end, end

%The matrix of h coefficients for Y(x+ah) & diY(x+ah)
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A=[F F1 b];

%To test if the matrix singular or not.

Ronl=det([F F1]);

if Ron1==0 break ;display(' repeat input');end

else A=[aa(l:mn,1:nl) aam(1:mn,1:m) b'];end

%The coefficients of Y(x+ah) and derivatives we want
col=linsolve(A(1:mn,1:mn),b");

for i=1:m

de(i)=h"((v(i)));end

%To prevent machine error & format rat error
[x,y]=rat(col); co=round(x)./round(y);t1=0;k=0+2¢
while t1==0
Al=[aa(k,1:nl) aam(k,1:m)]; tn=Al*co/factorial(k-1)
if tn==0 k=k+1;

else n=mn; Al; tl=lte2(co,n,Alk)

if t1~=0 break ;end
k=k+1;end;end

%The local truncation error of finite-difference formula
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tn=A1*co/factorial(k-1)
%The order of the local truncation error
cl=h"(k-o-1);
fprintf("The coefficients for Yn are respectively = \n');cof=co(1:nl");
fprintf('Multiplying By: \n");c
fprintf("The derivatives coefficients are respectively = \n');co(nl+1:mn")
fprintf('Multiplying by :\n');dc
fprintf('The Associated Local Truncation Error is = \n'); tn
fprintf('Multiplying by :\n');c1
elseif m==

fprintf('Please This Program cannot do this process. Use Algorithm(1.2)\n")

Program (1.3).m:

We enter this algorithm through the programs to find the finite —difference

approximation which gets the error and it is order.

% The steps to determine the associated local truncation error
% aa : is the coefficient h matrix

% co :is the coefficient of W(x+1ih) the program.

t1=0;k=0+2;
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%This loop to find the first coefficient (tn) not equal to zero
while t1==0
tn=aa(k,1:n)*co/factorial(k-1);
if tn==0 k=k+1;
else

%]tel : is a programming function to test if the calculated coefficient for

%LTE=0 or not

t1=ltel(co,n,aa,k);

% This if statement to break loop if the value of tn is not zero
if t1~=0 break ,end

k=k+1;end,end

% The LTE for the formula
tn=aa(k,1:n)*co/factorial(k-1);

% The Order of the error

cl=h"(k-o-1);

display("With Local Truncation Error');tn
disp('Multiplying By:");cl

function [rec]=lIte1(co,n,aa, k)

% discrete fraction to nominator and denominator
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[el,e2]=rat(co);el 1=round(el);e22=round(e2);
% Steps to get the least common divisor for denominator vector
ne2=length(e22);k1=1;me2=max(e22);lme=e22;te=1;
while te~=0
for i=1:ne2
Ime(i)=lcm(me2,lme(i));end
me2=max(lme); g=me2*ones(1,ne2); te=max(abs(lme-g"));
if te== break,end
k1=k1+1;end
% The new vector nominator after we get the same denominator
ce2=round(lme./e22);co2=e11.*ce2;
% The error for the nominator vector

tt=aa(k,1:n)*co2;rec=tt;
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Appendix (II)
This appendix contains the computer programs for chapter two.
Program (2.1).m:
LINEAR FINITE-DIFFERENCE METHOD (2.1)

To approximate the solution for the linear boundary-value problem
Y"=F(X)Y,Y,Y"), a<=X<=b, Y(a) = ALPHAO, Y'(a) =ALPHAI
Y(b)=BETAO0
% INPUT: Endpoints A,B; boundary conditions a0,al,b0.

% OUTPUT: Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1
format

% Step(1):determines step-size h and controls it

for k=1:4

N(k)=(10*2"(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1)

% The boundary conditions value

a0=1;b0=0;al=1;

%The associated functions with derivative in problem and the remainder
for i=1:N(k)

x(=ati*h;  p2(1)=(2*x(1)"2); pl()=-G*x(1); pPOH=(-5*x(1)"2);
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1(1)=2*h"3*(exp(2*x(1))*(3*x(1)"3-x(1)"2-5*x(1)-4));end
%The finite-difference formula for 1st and 2nd derivative in problem
for i=1:N(k)
F1(1))=2*h*p2(1)-h"2*p1(i); F2(i)=-4*h*p2(i)+2*h"3*p0(i);
F3(1)=2*h*p2(i)+h"2*p1(i);end
%The diagonals for matrix A for system Aw=c
dO(1)=-(18+3*F2(1));dU1(1)=-3*F3(1);dU2(1)=2;
dL1(1)=54-3*F1(2);dL2(1)=-6;dL3(1)=1;
for i=2:N(k)
ifi==2  d0(1)=-(36+3*F2(i)); dU1(1)=10-3*F3(i); dU2(i)=0;
dL1(i)=12-F1(i+1); dL2(i)=-6; dL3(i)=1;
elseif >2 & 1<=N(k)-3
dO(i)=-(10+F2(i)); dU1(1)=3-F3(i); dU2(1)=0; dLI1(i)=12-F1(i+1);
dL2(i)=-6; dL3(i)=1;

elseif i==N(k)-2 dO()=-(10+F2(i)); dU1(i)=3-F3(i); dU2(i)=0;
dL1G)=12-F1(i+1); dL2(i)=-6;

elseif i==N(K)-1 dO(i)=-(10+F2(i)); dU1())=3-F3(i); dL1(i)=12-F1(i+1);
elseif i==N(k) dO0(i)=-(10+F2(i)); end, end

% The constant vector ¢
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c1=3*r(1)+(-16+3*F1(1))*a0-12*h*al ;c2=3*r(2)+28*a0+12*h*al;
¢3=1(3)-a0;cN=r(N(k))+(-3+F3(N(k)))*b0;

C=[cl ¢2 ¢3 r(4:(N(k)-1)) eN J;

% Factorize The Matrix A=LU
U2=dU2;L0=ones(1,N(k));U1(1)=dU1(1);
U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1;L3=dL3(1)/U0(1);
for i=2:N(k)

ifi==2  U0()=d0(i)-U1(i-1)*L1(i-1); U1(i)=dU1(i)-U2(i-1)*L1(i-1);
L1()=(dL1(i)-U1(i-1)*L2(i-1))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(); L3(i)=dL3(i)/U0();

elseif i>2 & i<=N(k)-3 U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);
U1(i)=dU1(i)-U2(i-1)*L1(i-1);

L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0(i);
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); L3(i)=dL3(i)/U0(i);

elseif i==N(k)-2  U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);
U1(i)=dU1(i)-U2(i-1)*L1(i-1);

L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0(i);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);
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elseif i==N(k)-1

U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);
U1(i)=dU1(i)-U2(i-1)*L1(i-1);

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0();

elseif i==N(k) U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2); end,end
%To solve AW=dd using factorized matrix

%Step(1):We solve LY 1=dd;

yI(D=C(1);y12)=C2)-L1(1)*y1(1);
y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2));

for i=4:N(k)
y1()=C(i)-(L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end
%Step(2):We solve UW=Y1

ww(N(k))=y1(N(k))/UO(N(k));
ww(N(k)-1)=(yI(N(k)-1)-UI(N(k)-1)*ww(N(k)))/UO(N(k)-1);

for i=2:N(k)-1

ww(N(k)-1)=(y1(N(k)-1)-UT(N(k)-1) *ww(N(k)-i+1)-U2(N(k)-1) *ww(N(k)-
i+2))/UON(k)-i);end

WI(1:N1,k)=ww(2"(k-1):2"(k-1):N(k));end

% The Exact solution for y and X
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for i=1:9
h=(b-a)/10; X(@i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end

% The Extrapolation for approximated solution
Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;
Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3;
Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;
Ext31=(16*Ext22-Ext21)/15; Ext32=(16*Ext23-Ext22)/15;
Ext41=(64*Ext32-Ext31)/63;
% The approximated solution
MR=[X; Y;W1(:;,1);WI1(:;,2);W1(:,3);W1(:,4);Ext21"; Ext31"]
plot(X,W1(1:N1,4),red" . X,Ext31,blue',X,Y,'green")

fprintf(1,'%6.11 %12.8f %12.8f %12.81 %12.81%12.8f %12.8f
%12.8f\n',MR );

Program (2.2).m:
LINEAR FINITE-DIFFERENCE METHOD (2.2)

% To approximate the solution for the linear boundary-value problem

% Y" = F(X,Y,Y',Y"), a<=X<=b, Y(a) = ALPHAO, Y(b)=BETAO, Y"(b)
—BETA2

% INPUT: Endpoints A,B; boundary conditions a0,al,b0.



198
% OUTPUT: Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1
format
% Step(1):determines step-size h and controls it
for k=1:4
N(k)=(10*2"(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1)
% The boundary conditions value
a0=1;b0=0;b2=-4*exp(2);
%The associated functions with derivative in problem and the remainder
for i=1:N(k)
x(i)=ati*h; p2(1)=(2*x(1)"2); p1()=-(*x(1)); pO(1)=-(5*x(1)"2);
r(1)=2*h"3*(exp(2*x(1))*(3*x(1)"3-x(1)"2-5*x(1)-4));end
%The finite-difference formula for 1st and 2nd derivative in problem
for i=1:N(k)
F1(1))=2*h*p2(i)-h"2*p1(i); F2(i)=-4*h*p2(i)+2*h"3*p0(i);
F3(1)=2*h*p2(i)+h"2*p1(i);end
%The diagonals for matrix A for system Aw=c

d0(1)=10-F2(1);dU1(1)=-(12+F3(1));dU2(1)=6;dU3(1)=-1;dL1(1)=-
(3+F1(2));dL2(1)=0;

for i=2:N(k)
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if i>1 & i<=(N(k)-3) d0(i)=10-F2(i); dUI(1)=-(12+F3(i)); dU2(i)=6;
dU3(i)=-1; dL1(i)=-(3+F1(i+1)); dL2(i)=0;
elseif i==(N(k)-2) dO(i)=10-F2(i); dU1(1)=-(12+F3(i)); dU2(i)=6;
dL1(i)=-(34+11*F1(i+1)); dL2(i)=-10;
elseif i==N(k)-1 dO(i)=(114-11*F2(1)); dU1(i)=-(126+11*F3(1));
dL1(i)=18-11*F1(i+1);
elseif i==N(k) dO(i)=-(6+11*F2(i)); end,end
% The constant vector ¢
cl=r(1)+(3+F1(1))*a0;cN2=r(N(k)-2)+b0;
cN1=11*r(N(k)-1)-46*b0+12*h"2*b2;
cN=11*r(N(k))+(2+11*F3(N(k)))*b0-12*h"2*b2;
C=[cl r(2:(N(k)-3)) cN2 cNI1 ¢N ];
% Factorize The Matrix A=LU
U3=dU3;L0=ones(1,N(k));
Ul(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1);
U2(1)=dU2(1);
for i=2:N(k)

ifi==2 U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1())=dU1(i)-(L1(i-1)*U2(i-1));
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U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); L1(i)=(dL1(Q)-U1(i-1)*L2(i-1))/U0();
L2(i)=dL2(i)/U0(i);

elseif i>2 &i<N(k)-2

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1()=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); L1(1)=(dL1(i)-U1(i-1)*L2(i-1))/U0();
L2(i)=dL2(i)/U0(i);

elseif i==N(k)-2  U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); L1(1)=(dL1(i)-U1(i-1)*L2(i-1))/U0();
L2(i)=dL2(i)/U0(i);

elseif i==N(k)-1  U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
L1()=(dL1(i)-U1(i-1)*L2(i-1))/U0();

elseif i==N(k) U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); end, end
%To solve AW=dd using factorized matrix

%Step(1):We solve LY 1=dd;

yl(D=C(1);y1(2)=C(2)-L1(1)*y1(1);
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for i=3:N(k)
y1(1)=C(1)-(L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end
%Step(2):We solve UW=Y1

w(N(K))=y L(N(k))/UON(k));w(N(k)-1)=(y I(N(k)-1)-UT(N(k)-
D*w(N(k)))/UON(k)-1);

W(N(k)-2)=(y1(N(k)-2)-(UT(N(k)-2)*w(N(k)-1)+U2(N(k)-
2)*w(N(K))))/UON(k)-2);

W(N(k)-3)=(y1(N(k)-3)-(UL(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-
D+U3(N(K)-3)*w(N(k))))/UON(k)-3);

W(N(k)-4)=(y1(N(k)-4)-(UL(N(k)-4)*w(N(k)-3)+U2(N(k)-4) *w(N(k)-
2)+U3(N(K)-4)*w(N(k)-1)))/UO(N(k)-4);

for i=5:N(k)-1

cc(N(k)-1)=UT1(N(k)-1)*w(N(k)-i+1)+U2(N(k)-1)*w(N(k)-i+2)+U3(N(k)-
1)*wW(N(k)-1+3);

w(N(k)-1)=(y1(N(k)-1)-cc(N(k)-1))/UO(N(k)-1);end
WI(1:N1K)=w(2"(k-1):2(k-1):N(k));end

% The Exact solution for y and X

for i=1:9

h=(b-a)/10; X(i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end

% The Extrapolation for approximated solution
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Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;
Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3;
Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;
Ext31=(16*Ext22-Ext21)/15;Ext32=(16*Ext23-Ext22)/15;
Ext41=(64*Ext32-Ext31)/63;

% The approximated solution
MR=[X; Y;WI(;,1);W1(;,2);W1(:,3);W1(:,4);Ext31'; Ext41'"];
plot(X,W1(1:N1,4),red" . X,Ext41,blue',X,Y,'green")

fprintf(1,'%6.11 %12.8f %12.8f %12.81f %12.8f %12.8f %12.8f
%12.8f\n',MR );

Program (2.3).m:

LINEAR FINITE-DIFFERENCE METHOD(2.3)

% To approximate the solution for the linear boundary-value problem
% Y"=F(X)Y,Y,Y"), a<=X<=b, Y(a) = ALPHAO, Y'(a) =ALPHA1
% Y"(b)=BETA2

% INPUT: Endpoints A,B; boundary conditions a0,al,b2.

% OUTPUT: Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1
format

% Step(1):determines step-size h and controls it
p p



203

for k=1:8
N(k)=(10*2"(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1);
% Case(III) :The boundary conditions value
a0=1;al=1;b2=-4*exp(2);
%The associated functions with derivative in problem and the remainder
for i=1:N(k)
x(i)y=a+i*h; p2()=(2*x(1)"2); p1()=(3*x(D); pOGi)=(5*x()"2);
r(1)=2*h"3*(exp(2*x(1))*(3*x(1)"3-x(1)"2-5*x(1)-4));end
%The finite-difference formula for 1st and 2nd derivative in problem
for i=1:N(k)-1
F1(1))=2*h*p2(i)-h"2*p1(i); F2(i)=-4*h*p2(i)+2*h"3*p0(i);

F3(1)=2*h*p2(i)+h"2*p1(i);end
GO=35*(h*p2(N(k))+h"2*p1(N(k)));G1=35*h*p2(N(k));
G2=-70*(h*p2(N(k))+h"2*p1(N(k)));
G3=35*(h*p2(N(k))+2*h"2*p1(N(k))+2*h"3*pO(N(k)));

%The diagonals for matrix A for system Aw=c

d0(1)=-(18+3*F2(1));dU1(1)=-3*F3(1);dU2(1)=2;dL1(1)=54-
3*F1(2):dL2(1)=-6;dL3(1)=1;

for i=2:N(k)
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ifi==2  dO0(1)=-(36+3*F2(i)); dU1(1)=10-3*F3(i); dU2(i)=0;
dL1(i)=12-F1(i+1); dL2(i)=-6; dL3(i)=1;
elseif i>2 & i<N(k)-3 dO0(i)=-(10+F2(i)); dU1(1)=3-F3(i); dU2(i)=0;
dL1(i)=12-F1(i+1); dL2(i)=-6; dL3(i)=1;
elseif i==N(k)-3 dO0(i)=-(10+F2(i)); dU1(1)=3-F3(i); dU2(i)=0;
dL1(i)=12-F1(i+1); dL2(i)=-6; dL3(1)=2;
elseif i==N(k)-2 dO(®i)=-(10+F2(1)); dU1(1)=3-F3(i); dU2(1)=0;
dL1(i)=12-F1(i+1); dL2(i)=-(42+G1);
elseif i==N(k)-1 dO(i)=-(10+F2(i)); dU1(1)=3-F3(i); dL1(i)=78-G2;
elseif i==N(k) dO0(1)=-(38+G3); end,end
% The constant vector ¢
cl=(-16+3*F1(1))*a0+3*r(1)-12*h*al;c2=28*a0+3*r(2)+12*h*al;
c3=r(3)-a0;cN=35*r(N(k))+(-36+G0)*b2*h"2;
C=[cl c2 ¢3 r(4:N(k)-1) cNJ;
% Factorize The Matrix A=LU
U2=dU2;L0=ones(1,N(k));U1(1)=dU1(1);
U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1);L3=dL3(1)/U0(1);

for i=2:N(k)
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ifi==2  U0(i)=d0(i)-U1(i-1)*L1(i-1); UI(i)=dU1(i)-U2(i-1)*L1(i-1);
L1()=(dL1(i)-U1(i-1)*L2(i-1))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(); L3(i)=dL3(i)/U0();
elseif i>2 & i<=N(k)-3 U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);
U1(i)=dU1(i)-U2(i-1)*L1(i-1);
L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0(i);
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(); L3(i)=dL3(i)/U0();
elseif i==N(k)-2  U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);
U1(i)=dU1(i)-U2(i-1)*L1(i-1);
L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0();
elseif i==N(k)-1  U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);
U1(i)=dU1(i)-U2(i-1)*L1(i-1);
L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0(i);
elseif i==N(k) U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);end, end
%To solve AW=dd using factorized matrix

%Step(1):We solve LY 1=dd;

yl(D=C(1);y1(2)=C(2)-L1(1)*y1(1);y1(3)=C(3)-L1(2)*y1(2)-L2(1)*y1(1);
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for i=4:N(k)
y1(1)=C(1)-(L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end
%Step(2):We solve UW=Y1

w(N(K))=y L(N(k))/UON(k));w(N(k)-1)=(y I(N(k)-1)-UT(N(k)-
D*w(N(k)))/UON(k)-1);

W(N(k)-2)=(y1(N(k)-2)-(UT(N(k)-2)*w(N(k)-1)+U2(N(k)-
2)*w(N(K))))/UON(k)-2);

for i=3:N(k)-1

cc(N(k)-1)=U L(N(k)-1)*wW(N(k)-i+1)+U2(N(k)-1)*w(N(k)-i+2);
W(N(k)-1)=(y 1(N(k)-1)-cc(N(k)-1))/UO(N(k)-i);end
WI1(1:N1,k)=w(2*(k-1):2"(k-1):N(k));end

% The Exact solution for y and X

for i=1:9

h=(b-a)/10; X(i)=a+i*h; Y(@1)=(1-X(i))*exp(2*X(i));end
% The Extrapolation for approximated solution
Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;
Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3;
Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;

Ext24=(4*W1(1:N1,5)-W1(1:N1,4))/3;
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Ext25=(4*W1(1:N1,6)-W1(1:N1,5))/3;
Ext26=(4*W1(1:N1,7)-W1(1:N1,6))/3;

Ext27=(4*W1(1:N1,8)-W1(1:N1,7))/3;Ext31=(16*Ext22-Ext21)/15;
Ext32=(16*Ext23-Ext22)/15;Ext33=(16*Ext24-Ext23)/15;
Ext34=(16*Ext25-Ext24)/15;Ext35=(16*Ext26-Ext25)/15;

Ext41=(64*Ext32-Ext31)/63; Ext42=(64*Ext33-Ext32)/63;
Ext43=(64*Ext34-Ext33)/63; Ext44=(64*Ext35-Ext34)/63;

Ext51=(256*Ext42-Ext41)/255;Ext52=(256*Ext43-Ext42)/255;

Ext53=(256*Ext44-Ext43)/255;Ext61=(1024*Ext52-Ext51)/1023;
Ext62=(1024*Ext53-Ext52)/1023;Ext71=(4096 *Ext62-Ext61)/4095;

% The approximated solution

MR=[X; Y;W1(:;,1);WI1(:;,6);WI1(:,7);W1(:,8);Ext21";
Ext31";Ext41";Ext51";Ext61';Ext71'];

plot(X,W1(1:N1,8),'red" . X,Ext71,blue',X,Y,'green")
fprintf(1,'%6.11 %12.8f %12.8f %12.8f %12.81f %12.8f\n', MR(1:6,:));

fprintf(1,'%6.1f %12.8f %12.8f %12.81 %12.8f %12.8f %12.8f
%12.8\n',[ X;Y;MR(7:12,)]);
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Program (2.4).m:
LINEAR FINITE-DIFFERENCE METHOD (2.4)
% To approximate the solution for the linear boundary-value problem
% Y"=FX)Y,Y\Y"), a<=X<=b, Y'(a) = ALPHAI, Y'(b) =ALPHAI
% Y(b)=BETAO
% INPUT: Endpoints A,B; boundary conditions a0,al,b0.

% OUTPUT: Approximations W(I) TO Y (X(I)) for each i=0,1,...,N+1

% Step(1): determines step-size h and controls it

for k=1:4

N(k)=(10*2"(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1)

% The boundary conditions value

al=1;b0=0;b1=-exp(2);

%The associated functions with derivative in problem and the remainder
for i=1:N(k)

x(D)=at+i*h; p2()=(2*x(1)"2); pl(H)=-G3*x(D)); POH=(-5*x(1)"2);
1(1)=2*h"3*(exp(2*x(1))*(3*x(1)"3-x(1)"2-5*x(1)-4));end

%The finite-difference formula for 1st and 2nd derivative in problem
for i=2:N(k)

F1(i)=2*h*p2(i)-h*2*p1(i); F2(i)=-4*h*p2(i)+2*h"3*p0(i);
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F3(1)=2*h*p2(i)+h"2*p1(i);end
GO0=-450*h*p2(1)+275*h"2*p1(1);
G1=-(300*h*p2(1)+550*h"2*p1(1)-825*h"3*p0(1));
G2=150*h*p2(1)+550*h"2*p1(1);G3=150*h*p2(1);
%The diagonals for matrix A for system Aw=c

d0(1)=1749-G1;dU1(1)=-(3168+G2);dU2(1)=(1683-G3);dU3(1)=-264;
dL1(1)=-3-F1(2);dL2(1)=0;

for i=2:N(k)

ifi>1 & i<=N(k)-3 d0(i)=10-F2(i); dU1(i)=-12-F3(i); dU2(i)=6;
dU3(>i)=-1; dL1(i)=-3-F1(i+1); dL2(i)=0;

elseif i==N(k)-2 d0(1)=10-F2(i); dU1(i)=-12-F3(1); dU2(1)=6;
dL1(1)=-10-3*F1(i+1); dL2(1)=-2;

elseif i==N(k)-1 d0(1)=36-3*F2(1); dU1(1)=-54-3*F3(1);dL1(1)=-3*F1(i+1);
elseif ==N(k) d0(1)=18-3*F2(1); end,end

% The constant vector c
c1=(825/2)*r(1)+(-594+G0)*h*al;cN2=b0+r(N(k)-2);
cN1=-28*b0+12*h*b1+3*r(N(k)-1);
cN=3*r(N(k))+(16+3*F3(N(k)))*b0-12*h*b1;

C=[cl r(2:(N(k)-3)) cN2 cN1 ¢cN J;



210
% Factorize The Matrix A=LU

U3=dU3;L0=ones(1,N(k));U1(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1
:L2(1)=dL2(1)/U0(1);U2(1)=dU2(1);

for i=2:N(k)
if i==2 U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1(i)=dU1(i)-(L1(i-1)*U2(-1));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); L1(1)=(dL1(i)-U1(i-1)*L2(i-1))/U0();
L2(i)=dL2(i)/U0(i);

elseif i>2 &i<N(k)-2  UO0()=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1));L1(i)=(dL1()-U1(i-1)*L2(i-1))/U0();
L2(i)=dL2(i)/U0(i);

elseif i==N(k)-2 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1));L1(i)=(dL1()-U1(i-1)*L2(i-1))/U0();
L2(i)=dL2(i)/U0(i);

elseif i==N(k)-1  U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
L1()=(dL1(i)-U1(i-1)*L2(i-1))/U0();

elseif i==N(k) U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); end, end
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%To solve AW=dd using factorized matrix

%Step(1):We solve LY 1=dd;
yl(1)=C(1);y1(2)=C(2)-L1(1)*y1(1);

for i=3:N(k) yl1(@1)=C(1)-(L2(i-2)*y1(i-2)+L1(-1)*y1(i-1));end
%Step(2):We solve UW=Y1

w(N(K))=y L(N(k))/UON(k));w(N(k)-1)=(y I(N(k)-1)-UT(N(k)-
D*w(N(k)))/UON(k)-1);

W(N(k)-2)=(y1(N(k)-2)-(UT(N(k)-2)*w(N(k)-1)+U2(N(k)-
2)*w(N(K))))/UON(k)-2);

W(N(k)-3)=(y1(N(k)-3)-(UL(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-
D+U3(N(K)-3)*w(N(k))))/UON(k)-3);

WN(K)-4)=(y L (N(K)-4)-(UT(N()-4)wN(K)-3)+U2(N(k)-4) Fw(N(k)-
2)+U3(N(K)-4)*w(N(k)-1)))/UON(k)-4);

for i=5:N(k)-1

cc(N(k)-1)=UIT1(N(k)-1)*w(N(k)-i+1)+U2(N(k)-1)*w(N(k)-i+2)+U3(N(k)-
1)*wW(N(k)-1+3);

W(N(k)-1)=(y 1(N(k)-1)-cc(N(k)-1))/UO(N(k)-i);end
WI1(1:N1,k)=w(2*(k-1):2"(k-1):N(k));end
% The Exact solution for y and X

for i=1:9
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h=(b-a)/10; X(i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end
% The Extrapolation for approximated solution
Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;
Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3;

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;
Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63;

% The approximated solution
MR=[X; Y;W1(:;,1);WI1(:;,2);WI1(:,3);W1(:,4);Ext31"; Ext41']
plot(X,W1(1:N1,4),red" . X,Ext41,blue',X,Y,'green")

fprintf(1,'%6.11 %12.8f %12.8f %12.81f %12.81%12.8f %12.8f
%12.8f\n',MR );
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Appendix (IIT)
This appendix contains the computer programs for chapter three
Program (3.1).m:
LINEAR FINITE-DIFFERENCE METHOD (3.1)
% To approximate the solution for the linear boundary-value problem
% Y"=FX)Y,Y,Y"), a<=X<=b, Y(a) = ALPHAO, Y(b) = BETAO
% Y"(a)=ALPHA2 ,Y"(b)= BETA2
% INPUT: Endpoints A,B; boundary conditions a0,a2,b0,b2.
% OUTPUT: Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1
format
% Step(1): determines steps-size h and controls it
for k=1:4
N(k)=(10*2"(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1)
% The boundary conditions value
a0=1;a2=0;b0=0;b1=-exp(2);
%The associated functions with derivative in problem and the remainder
for i=1:N(k)

x(iy=ati*h;  p3(1)=h*(1+2*x(1)"2); p2())=h"2*(-3*x(1));
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PIH)="3*(-5%x(1)"2);  pOGi)=h d*(1+x(i)"3);
r(i)=h"4*(exp(2*x(1)) *(x(1) 4+5*x(1)"3+x(1)"2-7*x(1)-13));end
%The finite-difference formula for 1st and 2nd derivative in problem
for i=2:N(k)-1
F1(1)=-p3(i); F2(1)=2*p3(1)+2*p2(i)-p1(i); F3(1)=-4*p2(i)+2*p0(i);
F4(1)=-2*p3(1)+2*p2(i)tp1(i);end
GO=10*p3(1)+110*p2(1)-55*p1(1);G1=30*p3(1)-220*p2(1)+110*p0(1);
G2=-90*p3(1)+110*p2(1)+55*p1(1);G3=50*p3(1);G02=-60*p3(1);
GNO=-32*p3(N(k))+12*p2(N(k))+6*p1(N(k));
GN3=36*p3(N(k))-24*p2(N(k))+12*pO(N(k));
GN2=12*p2(N(k))-6*p1(N(k));GN1=-4*p3(N(k));GNO1=24*p3(N(k));
%The diagonals for matrix A for system Aw=c

d0(1)=704-G1;dU1(1)=-(594+G2);dU2(1)=(176-G3);dU3(1)=-11;dL1(1)=-
8-F2(2);dL2(1)=2-F1(3);dL3(1)=0;

for i=2:N(k)

if i>1 & i<N(k)-3  dO()=12-F3(i); dUI(i)=-8-F4(i); dU2(i)=2+F1(i);
dU3(i)=0; dL1(i)=-8-F2(i+1); dL2(i)=2-F1(i+2); dL3(i)=0;

elseif i==N(k)-3 d0(i)=12-F3(i); dU1(i)=-8-F4(i); dU2(i)=2+F1(i);

dU3(i)=0; dL1(i)=-8-F2(i+1); dL2(i)=2-F1(i+2); dL3(i)=-3;
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elseif i==N(k)-2 d0(i)=12-F3(i); dUI(i)=-8-F4(i); dU2(i)=2+F1(i);
dL1(i)=-8-F2(i+1); dL2(i)=32-GN1;
elseif i==N(k)-1 d0(i)=12-F3(i); dU1(i)=-8-F4(i); dL1(i)=-108-GN2;
elseif i==N(k) d0(i)=192-GN3; end,end
% The constant vector ¢
c1=110*r(1)+(275+G0)*a0+(-132+G02) *h 2 *a2;
c2=(-2+F1(2))*a0+2*r(2);cN1=(-2-F1(N(k)-1))*b0+2*r(N(k)-1);
cN=12*r(N(k))+(113+GN0)*b0+(-60+GNO1)*h*b1;
C=[cl ¢2 2*r(3:(N(k)-2)) cN1 cN J;
% Factorize The Matrix A=LU for 2 upper and 3 lower
U3=dU3;U2(1)=dU2(1);L0=ones(1,N(k));U1(1)=dU1(1);
U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1;;L3=dL3(1)/U0(1);
for i=2:N(k)
ifi==2  U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1(i)=dU1(i)-(L1(i-1)*U2(-1));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1));L1(i)=(dL1()-U1(i-1)*L2(i-1))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); L3(i)=dL3(i)/U0(i);
elseif i>2 & i<=N(k)-3 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));

U1(i)=dU13i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2));
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U2(i)=dU2(i)-(L1(i-1)*U3(i-1));
L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0(i);
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(); L3(i)=dL3(i)/U0();
elseif i==N(k)-2 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1()=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1));
L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0(i);
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0();
elseif i==N(k)-1  U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1()=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0(i);
elseif i==N(k) U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);  end,end
%To solve AW=dd using factorized matrix
%Step(1):We solve LY 1=dd;
yl(1)=C(1);y1(2)=C(2)-L1(1)*y1(1);
y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2));
for i=4:N(k)

y1(1)=C(i)-(L3(i-3)*y1(-3)+L2(i-2)*y 1 (i-2)+L1(i-1)*y1(i-1));end
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%Step(2):We solve UW=Y1

w(N(K))=y L(N(k))/UON(k));w(N(k)-1)=(y I(N(k)-1)-UT(N(k)-
D*w(N(k)))/UON(k)-1);

WN(K)-2)=(y 1 (N(K)-2)-(UL(N(K)-2)*w(N(K)-1 U2 (N (K)-
2)*w(N(K))UON(K)-2);

W(N(k)-3)=(y1(N(k)-3)-(UL(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-
D+U3(N(K)-3)*w(N(k))))/UON(k)-3);

W(N(k)-4)=(y1(N(k)-4)-(UL(N(k)-4)*w(N(k)-3)+U2(N(k)-4) *w(N(k)-
2)+U3(N(K)-4)*w(N(k)-1)))/UO(N(k)-4);

for i=5:N(k)-1

cc(N(k)-1)=UIT1(N(k)-1)*w(N(k)-i+1)+U2(N(k)-1)*w(N(k)-i+2)+U3(N(k)-
1)*wW(N(k)-1+3);

WN(K)-1)=(y 1 (N(K)-)-co(N(K)-)/UON(K)-i)send
WI1(1:N1,k)=w(2*(k-1):2"(k-1):N(k));end

% The Exact solution for y and X

for i=1:9

h=(b-a)/10; X(i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end
% The Extrapolation for approximated solution
Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;

Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3;
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Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;
Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63;

% The approximated solution
MR=[X; Y;WI(;,1);W1(:,2);W1(:,3);W1(:,4);Ext31"; Ext41']
plot(X,W1(1:N1,1),'red", X,Ext41,blue',X,Y,'green")

fprintf(1,'%6.11 %12.8f %12.8f %12.81f %12.81%12.8f %12.8f
%12.8f\n',MR );

% The Error of results

for i=1:k

ER1(1)=max(abs(Y'-W1(:,1)));end

ERTI1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ]
Program (3.2).m:

LINEAR FINITE-DIFFERENCE METHOD (3.2)

% To approximate the solution for the linear boundary-value problem

% Y"=FX)Y,Y,Y"), a<=X<=b, Y(a) = ALPHAO, Y(b) = BETAO
% Y'(a=ALPHAI ,Y'(b)= BETAI

% INPUT: Endpoints A,B; boundary conditions a0,a2,b0,b1.

% OUTPUT: Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1

format
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% Step(1):determines steps-size h and controls it
for k=1:4
N(k)=(10*2"(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1)
% The boundary conditions value
a0=1;al=1;b0=0;b1=-exp(2);
%The associated functions with derivative in problem and the remainder
for i=1:N(k)
x(i)=a+i*h; p3(1)=h*(1+2*x(1)"2); p2(i)=h"2*(-3*x(i));
pl(1)=h"3*(-5*x(1)"2); pO(i)=h"4*(1+x(1)"3);
r(i)=h"4*(exp(2*x(1))*(x(1)"4+5*x(1)"3+x(1)"2-7*x(1)-13));end
%The finite-difference formula for 1st and 2nd derivative in problem
for i=2:N(k)-1
F1()=-p3(); F2()=2*p3(1)+2*p2(1)-pl(i); F3(1)=-4*p2(i)+2*p0(i);
F4(1)=-2*p3(1)+2*p2(i)tp1(i);end
GO=32*p3(1)+12*p2(1)-6*p1(1);G1=-36*p3(1)-24*p2(1)+12*p0(1);
G2=12*p2(1)+6*p1(1);G3=4*p3(1);G01=24*p3(1);
GNO=-32*p3(N(k))+12*p2(N(k))+6*p1(N(k));

GN3=36%p3(N(k))-24*p2(N(K))+12*pO(N(k));
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GN2=12*p2(N(k))-6*p1(N(k));GN1=-4*p3(N(k));GNO1=24*p3(N(k));
%The diagonals for matrix A for system Aw=c
d0(1)=192-G1;dU1(1)=(-108-G2);dU2(1)=(32-G3);dU3(1)=-3;
dL1(1)=-8-F2(2);dL2(1)=2-F1(3);dL3(1)=0;
for i=2:N(k)
if i>1 & i<N(k)-3 d0(i)=12-F3(i); dU1(1)=-8-F4(i); dU2(i)=2+F1(i);
dU3(1)=0; dL1(i)=-8-F2(i+1); dL2(i)=2-F1(i+2); dL3(i)=0;
elseif i==N(k)-3 d0(i)=12-F3(i); dU1(1)=-8-F4(i); dU2(i)=2+F1(i);
dU3(1)=0; dL1(i)=-8-F2(i+1); dL2(i)=2-F1(i+2); dL3(i)=-3;
elseif i==N(k)-2 dO0(i)=12-F3(i); dU1(i)=-8-F4(i); dU2(1)=2+F1(i);
dL1(1)=-8-F2(i+1); dL2(i)=32-GNI1;
elseif i==N(k)-1 d0(i)=12-F3(i); dU1(i)=-8-F4(i); dL1(i)=-108-GN2;
elseif i==N(k) d0(1)=192-GN3; end,end
% The constant vector ¢
c1=12*r(1)+(113+G0)*a0+(60+G01)*h*al;c2=(-2+F1(2))*a0+2*r(2);
cN1=(-2-FI1(N(k)-1))*b0+2*r(N(k)-1);
cN=12*r(N(k))+(113+GNO0)*b0+(-60+GNO1)*h*b1;

C=[cl ¢2 2*r(3:(N(k)-2)) cN1 cN ];
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% Factorize The Matrix A=LU for 2 upper and 3 lower
U3=dU3;U2(1)=dU2(1);L0=ones(1,N(k));U1(1)=dU1(1);
U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1;L3=dL3(1)/U0(1);
for i=2:N(k)
ifi==2  U0()=d0(i)-(L1(i-1)*U1(i-1));U1(i)=dU1(i)-(L1(i-1)*U2(i-1));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1));L1(i)=(dL1()-U1(i-1)*L2(i-1))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); L3(i)=dL3(i)/U0(i);
elseif i>2 & i<=N(k)-3 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));

U1()=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) ¥U3(i-2));U2(1)=dU2(i)-(L 1 (i-
1)*U3(i-1));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i);
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(); L3(i)=dL3(i)/U0();
elseif i==N(k)-2  U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));

U1(i)=dU1(1)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2));U2(i)=dU2())~(L1(i-
1)*U3(i-1)); L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);
elseif i==N(k)-1 U0()=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1(3i)=dU1(i)-(L1(-1)*U2(i- 1)+L2(i-2)*U3(i-2));

L1(1))=(dL1(1)-U1(1-1)*L2(1-1)-U2(i-2)*L3(1-2))/U0(1);
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elseif i==N(k) UO0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2); end, end
%To solve AW=dd using factorization of matrix
%Step(1):We solve LY 1=dd;
yl(D=C(1);y1(2)=C(2)-L1(1)*y1(1);
yl1(3)=C(3)-(L2(1)*y1()+L1(2)*y1(2));
for i=4:N(k)
y1(1)=C(1)-(L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end
%Step(2):We solve UW=Y1

w(N(K))=y L(N(k))/UON(k));w(N(k)-1)=(y I(N(k)-1)-UT(N(k)-
D*w(N(k)))/UON(k)-1);

W(N(k)-2)=(y1(N(k)-2)-(UT(N(k)-2)*w(N(k)-1)+U2(N(k)-
2)*w(N(K))))/UON(k)-2);

W(N(k)-3)=(y1(N(k)-3)-(UL(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-
D+U3(N(K)-3)*w(N(k))))/UON(k)-3);

W(N(k)-4)=(y1(N(k)-4)-(UL(N(k)-4)*w(N(k)-3)+U2(N(k)-4) *w(N(k)-
2)+U3(N(k)-4)*w(N(k)-1)))/UO(N(k)-4);

for i=5:N(k)-1

cc(N(k)-1)=UIT1(N(k)-1)*w(N(k)-i+1)+U2(N(k)-1)*w(N(k)-i+2)+U3(N(k)-
1)*W(N(k)-1+3);

W(N(K)-D)=(y1(N(k)-1)-cc(N(k)-1))/UON(k)-i);end
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WI1(1:N1,k)=w(2*(k-1):2"(k-1):N(k));end
% The Exact solution for y and X
for i=1:9
h=(b-a)/10; X(i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end
% The Extrapolation for approximated solution
Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;
Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3;

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;
Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63;

% The approximated solution

MR=[X; Y;W1(:;,1);WI1(:;,2);WI1(:,3);W1(:,4);Ext31'; Ext41']
plot(X,W1(1:N1,1),'red", X,Ext41,blue',X,Y,'green")

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f\n',MR );
Program (3.3).m:

LINEAR FINITE-DIFFERENCE METHOD (3.3)

% To approximate the solution for the linear boundary-value problem

% Y"=FX)Y,Y,Y"), a<=X<=b, Y(a) = ALPHAO, Y'(a) = ALPHAI
% Y"(b)=BETA2 ,Y"(b)= BETA3

% INPUT: Endpoints A,B; boundary conditions a0,al,b2,b3.
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% OUTPUT: Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1
format
% Step(1):determines steps-size h and controls it
for k=1:6
N(k)=(10*2"(k-1))-1; a=0 ;b=1 ;N1=N(1); h=(b-a)/(N(k)+1);
% The boundary conditions value
a0=1;al=1;b2=-4*exp(2);b3=-12*exp(2);
%The associated functions with derivative in problem and the remainder
for i=1:N(k)
x(i)=a+i*h; p3(1)=h*(1+2*x(1)"2); p2(1)=h"2*(-3*x(1));
pl(1)=h"3*(-5*x(1)"2); pO0(i)=h"4*(1+x()"3);
r(1)=h"4*(exp(2*x(1))*(x(1)"4+5*x(1)"3+x(1)"2-7*x(1)-13)); end
%The finite-difference formula for 1st and 2nd derivative in problem
for i=2:N(k)-2
F1(1)=-p3(1); F2(1)=2*p3(1)+2*p2(i)-pl1(i); F3(1)=-4*p2(i)+2*p0(i);
F4(1)=-2*p3(1)+2*p2(i)tp1(i);end
GO=32*p3(1)+12*p2(1)-6*p1(1); G1=-36*p3(1)-24*p2(1)+12*p0(1);

G2=12*p2(1)+6*p1(1); G3=4*p3(1);G01=24*p3(1);
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GN14=-32*p3(N(k)-1)+290*p2(N(k)-1)+(145)*p1 (N(k)-1);
GN13=-48*p3(N(k)-1)-580*p2(N(k)-1)+290*p0O(N(k)-1);
GN12=192*p3(N(k)-1)+290*p2(N(k)-1)-(145)*p1(N(k)-1);
GN11=-112*p3(N(k)-1);GN102=144*p3(N(k)-1);GN103=-110*p3(N(k)-1);
GN02=2880*p3(N(k))+3306*p2(N(k))+2175*p1(N(K));
GN4=-3540*p3(N(K))+1044*p2(N(k))+4350*p1(N(k))+4350*pO(N(k));
GN3=7740*p3(N(k))-2088*p2(N(k))-4350*p1 (N(k));
GN2=-4860*p3(N(k))+1044*p2(N(k));GN 1=660*p3(N(k));
GN03=-750*p3(N(k))-2262*p2(N(k))-2900*p1(N(k));

%The diagonals for matrix A for system Aw=c
d0(1)=192-G1;dU1(1)=(-108-G2);dU2(1)=(32-G3);dU3(1)=-3;
dL1(1)=-8-F2(2);dL2(1)=2-F1(3);dL3(1)=0;

for i=2:N(k)

if i>1 & i<N(k)-3 d0(i)=12-F3(i); dU1(i)=-8-F4(i); dU2(i)=2+F1(i);
dU3(i)=0; dL1(i)=-8-F2(i+1); dL2(i)=2-F1(i+2); dL3(i)=0;

elseif i==N(k)-3 d0(i)=12-F3(i); dU1(i)=-8-F4(i); dU2(i)=2+F1(i);
dU3(i)=0; dL1(i)=-8-F2(i+1); dL2()=256-GN11; dL3(i)=840-GN;

elseif i==N(k)-2 d0(i)=12-F3(i); dU1(i)=-8-F4(i); dU2(i)=2+F1(i);
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dL1(1)=-936-GN12; dL2(i)=-1440-GN2;
elseif i==N(k)-1 d0(i)=1104-GN13; dU1(i)=-424-GN14; dL1(1)=360-GN3;
elseif i==N(k) d0(1)=240-GN4; end, end
% The constant vector c
cl=12*r(1)+(113+G0)*a0+(60+G01)*h*al;c2=(-2+F1(2))*a0+2*r(2);
cN1=(-168+GN102)*h"2*b2+(80+GN103)*h"3*b3+290*r(N(k)-1);
cN=4350*r(N(k))+(1080+GNO02)*h"2*b2+(-3000+GNO03)*h"3*b3;
C=[cl ¢2 2*r(3:(N(k)-2)) cN1 cN ];
% Factorize The Matrix A=LU for 2 upper and 3 lower
U3=dU3;U2(1)=dU2(1);L0=ones(1,N(k));Ul(1)=dU1(1);
UO0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1);L3(1)=dL3(1)/U0(1)
for i=2:N(k)
if i==2 U0(1)=d0(i)-(L1(i-1)*U1(i-1)); Ul(i))=dU1(1)-(L1(i-1)*U2(i-1));
U2(1)=dU2(1)-(L1(i-1)*U3(i-1)); L1(1)=(dL1(1)-U1(@-1)*L2(i-1))/U0(1);
L2(i)=(dL2(1)-U1(i-1)*L3(i-1))/U0(1); L3(1)=dL3(i)/U0(i);
elseif >2 & i<=N(k)-3 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));

U1(i)=dU1(1)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2));U2(i)=dU2())~(L1(i-
1)*U3(i-1));  L1G)=(dL1(3i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/UO();

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(); L3(i)=dL3(i)/U0();
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elseif i==N(k)-2  U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));

U1(1)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2));U2(1)=dU2(i)-(L1(i-1)*U3(i-
1)); L1()=(dL1(i)-U1(3i-1)*L2(3i-1)-U2(i-2)*L3(i-2))/U0();

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0();
elseif i==N(k)-1  U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0(i);

elseif i==N(k) U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);end ,end
%To solve AW=dd using factorized matrix

%Step(1):We solve LY 1=dd;
y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1);y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2));
for i=4:N(k)
y1()=C(i)-(L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end
%Step(2):We solve UW=Y1

w(N(k))=y1(N(k))/UON(k));
w(N(k)-1)=(y1(N(k)-1)-UI(N(k)-1)*w(N(k)))/UON(k)-1);

W(N(k)-2)=(y1(N(k)-2)-(UT(N(k)-2)*w(N(k)-1)+U2(N(k)-
2)*w(N(K))))/UON(k)-2);
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W(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-
D+U3(N(K)-3)*w(N(k))))/UON(k)-3);

W(N(k)-4)=(y1(N(k)-4)-(UL(N(k)-4)*w(N(k)-3)+U2(N(k)-4) *w(N(k)-
2)+U3(N(K)-4)*w(N(k)-1)))/UON(k)-4);

for i=5:N(k)-1

ce(N(K)-1)=U 1 (N(k)-))*w(N(K)-i+1)+U2(N(K)-i) *w(N(k)-i+2)+ U3 (N(k)-
D *W(N(K)-i+3);

W(N(k)-1)=(y1 (N(k)-1)-cc(N(k)-1))/UO(N(k)-1);end
WI1(1:N1,k)=w(2*(k-1):2"(k-1):N(k));end

% The Exact solution for y and X

for i=1:9

h=(b-a)/10; X(i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end
% The Extrapolation for approximated solution
Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;
Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3;

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;
Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63;

% The approximated solution
MR=[X; Y;W1(:;,1);WI1(:;,2);WI1(:,3);W1(:,4);Ext31'; Ext41']

plot(X,W1(1:N1,2),'red", X,Ext41,blue',X,Y,'green")
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fprintf(1,'%6.11 %12.81 %12.81 %12.81 %12.8f %12.8f %12.8f %12.8f\n',MR );
Appendix (IV)
This appendix contains the computer programs for chapter four
Program (4.1).m:
% LINEAR FINITE-DIFFERENCE METHOD (4.1)
% To approximate the solution for the linear boundary-value problem
% d5SY =F(X,Y,Y.,Y"Y""), a<=X<=b,

% With boundary conditions Y(a) = ALPHAO, Y(b) = BETAO
,Y'(a=ALPHA1 Y"(a)=ALPHA2 ,Y'(b)=BETAI

% INPUT: Endpoints A,B; boundary conditions a0,al,a2,b0,b1.

% OUTPUT: Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1
format

% Step(1):determines steps-size h and controls it

for k=1:4

N(k)=(10*2"(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1)

% The boundary conditions value

a0=1;al=1;a2=0;b0=0;b1=-exp(2);

%The associated functions with derivative in problem and the remainder

for i=1:N(k)
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x(i)=a+i*h; p4(i)=h*(3*x(i)-1); p3()=-h"2*(5*x(i)-2);
p2(i)=h"3*(3*x(i)3-2%x(i)"2+1);  pl()=h 4*(2*x(i)"2);

pO(1)=h"5*(-9*x(1)"2);
r(1)=h"5*(exp(2*x(1))*(12*x(1)"4-13*x(1)"3+15*x(1)"2-56));end
%The finite-difference formula for 1st and 2nd derivative in problem
for i=2:N(k)-1

F1(1)=2*p4(1)-p3(1); F2(1)=-8*p4(1)+2*p3(i)+2*p2(i)-p1(i);
F3(i)=12%p4(1)-4*p2(1)+2*p0(i); FA(1)=-8*p4(1)-2*p3(i))+2*p2(i)+p1(i);
F5(1)=2*p4(i)+p3(i);end
GO=76*p4(1)+351*p3(1)+36*p2(1)-18*p1(1);
G1=-432*p3(1)-72*p2(1)+36*p0(1);
G2=-108%*p4(1)+81*p3(1)+36*p2(1)+18*p1(1);
G3=32*p4(1);GO01=120*p4(1)+270*p3(1);G02=72*p4(1)+54*p3(1);
GNO=-565*p4(N(k))-160*p3(N(k))+60*p2(N(k))+30*p1(N(k));
GN1=-15*p4(N(k));GN2=160*p4(N(k))-20*p3(N(k));
GN3=-540*p4(N(k))+60*p2(N(k))-30*p 1(N(k));
GN4=960*p4(N(k))+180*p3(N(k))-120*p2(N(k))+60*pO(N(k));
GNO01=300*p4(N(k))+120*p3(N(k));

%The diagonals for matrix A for system Aw=c
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d0(1)=2160-G1;dU1(1)=(-540-G2):dU2(1)=(80-G3):dL1(1)=-4320-
36*F2(2);dL2(1)=400-10*F1(3);dL3(1)=-8;dL4(1)=1;

for i=2:N(k)

if i==2 d0(i)=2160-36*F3(i):dU1(i)=-800-36*F4(i);dU2(i)=135-36*F5(i);
dL1(i)=-500-10*F2(i+1); dL2(i)=25-F1(i+2);dL3(i)=-8; dL4(i)=1;

elseif i==3 d0(i)=400-10*F3(i):dU1(i)=-175-10*F4(i);dU2(i)=32-10*F5(i)
dL1(i)=-40-F2(i+1); dL2(i)=25-F1(i+2); dL3(i)=-8;dL4(i)=1;

elseif i>=4 & i<N(k)-4 d0(i)=35-F3(i); dU1(i)=-16-F4(i); U2(i)=3-F5(i);
dL1()=-40-F2(i+1); dL2())=25-F1(i+2); dL3(i)=-8;dL4(i)=1;

elseif i==N(k)-4 d0()=35-F3(i); dU1(i)=-16-F4(i); dU2(i)=3-F5(i);
dL1(i)=-40-F2(i+1); dL2(i)=25-F1(i+2); dL3(i)=-8;dL4(i)=48;

elseif i==N(k)-3  d0())=35-F3(i); dU1(i)=-16-F4(i); dU2(i)=3-F5(i);
dL1()=-40-F2(i+1); dL2())=25-F1(i+2); dL3(i)=-375-GNI;

elseif i==N(k)-2 d0(1)=35-F3(i); dUI1(@G)=-16-F4(1); dU2(1)=3-F5(i);
dL1(1)=-40-F2(i+1); dL2(i)=1200-GN2;

elseif i==N(k)-1 dO(1)=35-F3(i); dU1(1)=-16-F4(i); dL1(i)=-2100-GN3;
elseif i==N(k) d0(1)=2400-GN4; end,end

% The constant vector c
c1=60*r(1)+(1700+G0)*a0+(1320+G01)*h*al+(360+G02)*h 2*a2;

c2=(-2825+36*F1(2))*a0+72*r(2)-1860*h*al-360*h"2*a2;
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c3=157*a0+20*r(2)+60*h*al; c4=-a0+2*r(3);
cN1=(-3+F5(N(k)-1))*b0+2*r(N(k)-1);
cN=60*r(N(k))+(1173+GNO0)*b0+(-540+GNO1)*h*b1;
C=[cl c2 ¢3 c4 2*r(5:(N(k)-2)) cN1 cN |;

% Factorize The Matrix A=LU for 3 upper and 4 lower

U2=dU2;U1(1)=dU1(1); LO=ones(1,N(k));U1(1)=dU1(1); UO(1)=dO(1);
L1(1)=dL1(1)/U0(1); L2(1)=dL2(1)/U0(1); L3(1)=dL3(1)/U0(1);
L4(1)=dL4(1)/U0(1);

for i=2:N(k)
ifi==2  U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1(i)=dU1(i)-(L1(i-1)*U2(-1));
L1()=(dL1(i)-U1(i-1)*L2(i-1))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0();
L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0(i); L4(i)=dL4(i)/U0();

elseif i>2 & i<=N(k)-4 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));

U1(3i)=dU1(i)-(L1(-1)*U2(i-1)); L1()=(dL1(i)-U1(-1)*L2(i-1)-U2(i-
2)*L3(i-2))U0(); L2())=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2))/U0(i):;

L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0(i); L4(i)=dL4(i)/U0(i);
elseif i==N(k)-3  U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));

U1(>i)=dU1(i)-(L1(-1)*U2(i-1)); L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-
2)*L3(i-2))/U0(I); L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2))/U0(i);
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L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0();
elseif i==N(k)-2 U0(i)=d0(i)-(L1(i-1)*U1 (i-1)+L2(i-2)*U2(i-2));

U1(3i)=dU1(i)-(L1(-1)*U2(i-1)); L1()=(dL1(i)-U1(-1)*L2(i-1)-U2(i-
2)*L3(i-2))U0(); L2())=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2))/U0(i):;

elseif i==N(k)-1 U0()=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));

U1(i)=dU1(i)-(L1(-1)*U2(3i-1)); L1()=(dL1(i)-U1(-1)*L2(i-1)-U2(i-
2)*L3(i-2))/U0();

elseif i==N(k) U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2); end,end
%To solve AW=dd using factorized matrix

%Step(1):We solve LY 1=dd;

yI(D=C(1);y12)=C2)-L1(1)*y1(1);
y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2));
y1(4)=C(4)-(L3(1)*y I (1)+L2(2)*y 1(2)+L1(3)*y1(3));

for i=5:N(k)

y1(1)=C(1)-(L4(i-4)*y1(i-4)+L3(i-3)*y1(i-3)+L2(i-2)*y 1 (i-2)+L1(i-1)*y 1 (i-
1));end

%Step(2):We solve UW=Y1

w(N(K))=y L(N(k))/UON(K));
W(N(k)-D)=(y1(N(k)-1)-ULN(K)-1)*w(N(&)))/ UON(k)-1);



234

W(N(k)-2)=(y1(N(k)-2)-(UT(N(k)-2)*w(N(k)-1)+U2(N(k)-
2)*w(N(K))))/UON(k)-2);

W(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-
D)/UON(k)-3);

W(N(k)-4)=(y1(N(k)-4)-(UT(N(k)-4)*w(N(k)-3)+U2(N(k)-4) *w(N(k)-
2)))/UO(N(k)-4);

for i=5:N(k)-1
cc(N(K)-1)=U1(N(K)-i) *w(N(K)-i+ 1)+ U2(N(K)-) *w(N(k)-i+2);
w(N(k)-1)=(y1(N(k)-1)-cc(N(k)-1))/UO(N(k)-1);end
WI(1:N1K)=w(2"(k-1):2(k-1):N(k));end

% The Exact solution for y and X

for i=1:9

h=(b-a)/10; X(i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end

% The Extrapolation for approximated solution

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;Ext22=(4*W1(1:N1,3)-
WI1(1:N1,2))/3;

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;
Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63;
% The approximated solution

MR=[X; Y;W1(,1);WI1(:,2);WI1(:,3);W1(:,4);Ext31"; Ext41'];
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plot(X,W1(1:N1,1),red", X,Y,'green',X,Ext41,'blue")

fprintf(1,'%6.11 %12.8f %12.8f %12.81f %12.81%12.8f %12.8f
%12.8f\n',MR );

for i=1:k

ER1(i)=max(abs(Y'-W1(:,1)));end

ERT1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ]
Program (4.2).m:

% LINEAR FINITE-DIFFERENCE METHOD (4.2)

% To approximate the solution for the linear boundary-value problem
% d5Y =FXY,Y,Y",Y""), a<=X<=D,

% With boundary conditions Y(a) = ALPHAO, Y(b) = BETAO
,Y"(a)=ALPHA3

% Y"(b)=BETA2 ,Y"'(b)= BETA4

% INPUT: Endpoints A,B; boundary conditions a0,al,a2,b0,b1.

% OUTPUT: Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1
format

% Step(1):determines steps-size h and controls it

for k= 1:4 N(k)=(10*2"(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1)

% The boundary conditions value
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a0=1;a3=-4;b0=0;b2=-4*exp(2);b4=-32*exp(2);
%The associated functions with derivative in problem and the remainder
for i=1:N(k)

x(iy=ati*h; p4(i)=h*(3*x(i)-1); p3(1)=-h"2*(5*x(1)-2);
p2(i)=h"3*(3*x(i)*3-2*x(1)"2+1);p1 (1)=h"4*(2*x(i)"2);

pO(1)=h"5*(-9*x(1)"2);
r())=h"5*(exp(2*x(1))*(12*x(1)"4-13*x(1)"3+15*x(1)"2-56));end

%The finite-difference formula for 1st and 2nd derivative in problem
for i=2:N(k)-1

F1(1)=2*p4(1)-p3(1); F2(1)=-8*p4(D)+2*p3(1)+2*p2(i)-p1(1);
F3(1)=12*p4(1)-4*p2(1)+2*p0(i); F4(1)=-8*p4(1)-2*p3(1)+2*p2(i)+p1(i);
F5(1)=2*p4(i)+p3(i);end
G0=-90*p4(1)-140*p3(1)+210*p2(1)-105*p1(1);
G1=240*p4(1)+420*p3(1)-420*p2(1)+210*p0(1);
G2=-180*p4(1)-420*p3(1)+210*p2(1)+105*p1(1);
G3=140*p3(1);G4=30*p4(1);G03=-120*p4(1)+70*p3(1);
GNO0=-14496*p4(N(k))-3624*p3(N(k))+7248*p2(N(k))+3624*p 1(N(k));
GN1=7248*p4(N(k))-1812*p3(N(k));

GN2=-28992*p4(N(k))+7248*p2(N(k))-3624*p1(N(k));
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GN3=36240*p4(N(k))+5436*p3(N(k))-14496*p2(N(k))+7248*pO(N(k));
GN02=7248*p4(N(k))+5436*p3(N(k));
GN04=604*p4(N(k))-1359*p3(N(k));

%The diagonals for matrix A for system Aw=c

d0(1)=-1932-G1;dU 1(1)=(2856-G2);dU2(1)=(-2016-G3);dU3(1)=672-
G4;dU4(1)=-84:dL1(1)=16-F2(2);dL2(1)=-3-F1(3):dL3(1)=0;

for i=2:N(k)
if >=2 & i<N(k)-4 d0(i)=-35-F3(1); dU1(1)=40-F4(1); dU2(1)=-25-F5(1);
dU3(1)=8; dU4(i)=-1; dL1(i)=16-F2(i+1);dL2(i)=-3-F1(i+2);dL3(i)=0;

elseif i==N(k)-4 d0())=-35-F3(i); dU1(i)=40-F4(i); dU2(i)=-25-F5(i);
dU3(i)=8; dU4(i)=-1; dL1(i)=16-F2(i+1);dL2(i)=-46-17*F1(i+2);dL3(i)=0;

elseif i==N(k)-3 d0(i)=-35-F3(i); dU1(i)=40-F4(i);dU2(i)=-25-F5(i);
dU3(i)=8; dL1(i)=236-17*F2(i+1);dL2(i)=-481-151*F1(i+2);

dL3(i)=-2904;

elseif i==N(k)-2  d0())=-484-17*F3(i); dU1(i)=496-17*F4(i);
dU2(i)=-254-17*F5(i); dL1(i)=2584-151*F2(i+1); dL2(i)=10176-GNI;
elseif i==N(k)-1 d0(i)=-5526-151*F3(i); dU1(i)=5224-151*F4(i);
dL1(i)=-11664-GN2;

elseif i==N(k) dO0(1)=4416-GN3; end,end
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% The constant vector ¢

c1=210*r(1)+(-504+G0)*a0+(-168+G03)*h 3*a3;
c2=(3+F1(2))*a0+2*r(2);cN3=b0+2*r(N(k)-3);

cN2=-52*b0+6*h"4*b4+34*r(N(k)-2);
cNI1=(1801+151*F5(N(k)-1))*b0-660*h"2*b2+124*h"4*b4+302*r(N(k)-1);

cN=7248*r(N(K))*+(24+GN0)*b0+(1440+GN02)*h"2*b2-+(-
4224+GN04)*h 4 *b4;

C=[c] c2 2*r(3:(N(k)-4)) cN3 cN2 N1 cN J;

% Factorize The Matrix A=LU for 4 upper and 3 lower
U4=dU4;L1=ones(1,N(k));
U1(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1 ;L2(1)=dL2(1)/U0(1);
L3(1)=dL3(1)/U0(1);U2(1)=dU2(1);U3(1)=dU3(1);

for i=2:N(k)

if i==2 U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1(i)=dU1(i)-(L1(i-1)*U2(-1));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); U3(i)=dU3(i)-(L1(i-1)*U4(i-1));
L1()=(dL1(i)-U1(i-1)*L2(i-1))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); L3(i)=dL3(i)/U0(i);

elseif i>2 &i<=N(k)-3 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2) *U2(i-2));

U1(3i)=dU1(i)-(L1(-1)*U2(i- 1)+L2(i-2)*U3(i-2));
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U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2));
U3(i)=dU3(i)-(L1(i-1)*U4(i-1));

L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0(i);
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(); L3(i)=dL3(i)/U0();

elseif i==N(k)-2 U0()=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1()=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2));
L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0(i);
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0();

elseif i==N(k)-1

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0(i);

elseif i==N(k)
U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3));end,end
%To solve AW=dd using factorization of matrix

%Step(1):We solve LY 1=dd;

yl(D=C(1);y1(2)=C(2)-L1(1)*y1(1);
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y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2));
for i=4:N(k)
y1(1)=C(i)-(L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end
%Step(2):We solve UW=Y1
w(N(k))=y1(N(k))/UON(k));
w(N(k)-1)=(y1(N(k)-1)-UI(N(k)-1)*w(N(k)))/UON(k)-1);

W(N(k)-2)=(y1(N(k)-2)-(UT(N(k)-2)*w(N(k)-1)+U2(N(k)-
2)*w(N(K))))/UON(k)-2);

W(N(k)-3)=(y1(N(k)-3)-(UL(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-
D+U3(N(K)-3)*w(N(k))))/UON(k)-3);

W(N(k)-4)=(y1(N(k)-4)-(UL(N(k)-4)*w(N(k)-3)+U2(N(k)-4) *w(N(k)-
2)+U3(N(K)-4)*w(N(k)-1)+U4(N(k)-4)*w(N(k))))/UON(k)-4);

for i=5:N(k)-1

cc(N(k)-1)=UT1(N(k)-1)*w(N(k)-i+1)+U2(N(k)-1)*w(N(k)-i+2)+U3(N(k)-
1)*W(N(k)-1+3)+U4(N(k)-1)*w(N(k)-1+4);

wN(K)-)=(y 1 (N(K)-i)-cc(N(K)-) UON(K)-)send
WI1(1:NLK)=w(2"(k-1):2/(k-1):N(k));end

% The Exact solution for y and X

for 1=1:9

h=(b-a)/10; X(i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end
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% The Extrapolation for approximated solution
Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;
Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3;
Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;
Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63;
% The approximated solution
MR=[X; Y;W1(,1);WI1(,2);WI1(:,3);W1(:,4);Ext31'; Ext41'];
plot(X,W1(1:N1,1),red" X,Y,'green',X,Ext41,'blue")

fprintf(1,'%6.11 %12.8f %12.8f %12.81f %12.8f %12.8f %12.8f
%12.8f\n',MR );

for i=1:k

ER1(i)=max(abs(Y'-W1(:,1)));end

ERTI1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ]
Program (4.3).m:

% LINEAR FINITE-DIFFERENCE METHOD (4.3)

% To approximate the solution for the linear boundary-value problem
% d6Y =F(X,Y,Y,Y",d4Y,d5Y), a<=X<=b,

% With boundary conditions Y(a) = ALPHAO, Y(b) = BETAO
,Y'(a=ALPHAI
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% Y'(b)=BETAL1,Y"(a)= ALPHA2 ,Y"(b)=BETA2
% INPUT: Endpoints A,B; boundary conditions a0,al,a2,b0,b1,b2.
% OUTPUT: Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1
format
% Step(1): determines steps-size h and controls it
for k= 2:5N(k)=(10*2"(k-1))-1;a=0;b=1;N1=9;h=(b-a)/(N(k)+1)
% The boundary conditions value
a0=1;al=1;a2=0;b0=0;b1=-exp(2);b2=-4*exp(2);
%The associated functions with derivative in problem and the remainder
for i=1:N(k) x(i)=a+ti*h; p5(1)=2*h*x(1)"2; p4(1)=h"2*(-5*x(1)"3);
p3(1)=-h"3*(3*x(1)"2-1); p2(1)=h"4*(10*x(1)+3);
pL(1)=-h"5*(B+5*x(1)-x(1)"2); p0(1)=-h"6*(2*x(1)-x(1)"2);
r(i)=h"6*(exp(2*x(1))*(-80*x(1)"4-37*x(1)"3+110*x(1)"2-43*x(1)-121));
end
%The finite-difference formula for 1st and 2nd derivative in problem
for i=3:N(k)-2 F1(1)=-p5(1); F2(1)=4*p5()+2*p4(1)-p3(1);
F3(1)=-5*p5(1)-8*p4(1)+2*p3(1))+2*p2(i)-p1(i);

F4(1)=12*p4(1)-4*p2(1)+2*p0(i);
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F5(1)=5%p5(i)-8 *p4(i)-2*p3(1)+2*p2(i)+p1(i):;
F6(1)=-4*p5(i)+2*p4(i)+p3(i);F7(1)=p5(i);end
GO=-11900*p5(1)+532%p4(1)+2457*p3(1)+252*p2(1)-126*p1(1);
G1=15120%p5(1)-3024*p3(1)+504*p2(1)+252*p0(1);
G2=-3780*p5(1)-756*p4(1)+567*p3(1)+252*p2(1)+126*p1(1);
G3=560%p5(1)+224*p4(1);G01=-9240*p5(1)+840*p4(1)+1890*p3(1);
G02=-2520*p5(1)+504*p4(1)+378*p3(1);
G20=-14125*p5(2)+180*(2*p4(2)-p3(2));
G21=-21600*p5(2)+180*(-8*p4(2)+2*p3(2)+2*p2(2)-p1(2));
G22=-10800*p5(2)+180*(12*p4(2)-4*p2(2)+2*p0(2));
G23=-4000*p5(2)+180*(-8*p4(2)-2*p3(2)+2*p2(2)+p1(2));
G24=675*p5(2)+180*(2*p4(2)+p3(2));
G201=9300%p5(2);G202=1800*p5(2);
GN20=-14125*p5(N(k)-1)+180*(2*p4(N(k)-1)+p3(N(k)-1));

GN24=21600*p5(N(k)-1)+180*(-8*p4(N(k)-1)-2*p3(N(k)-1)+2*p2(N(k)-
D+pI(N(k)-1));
GN23=-10800*p5(N(k)-1)+180*(12*p4(N(k)-1)-4*p2(N(Kk)-1)+2 *pO(N(k)-
1));
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GN22=4000*p5(N(k)-1)+180%(-8*p4(N(k)-1)+2*p3(N(k)-1)+2*p2(N(k)-
1)-p1(N(k)-1));

GN21=-675*p5(N(k)-1)+180*(2*p4(N(k)-1)-p3(N(k)-1));
GN201=9300*p5(N(k)-1);GN202=-1800*p5(N(k)-1);

GNO=11900*p5(N(k))+532*p4(N(k))-
2457*p3(N(K))+252 *p2(N(k))+126*p L (N(K));

GN3=-15120*p5(N(k))+3024*p3(N(k))+504*p2(N(k))+252*pO(N(k));

GN2=3780%p5(N(k))-756*p4(N(k))-567*p3(N(K))+252*p2(N(K))-
126*p 1 (N(K));

GN1=-560*p5(N(k))+224*p4(N(k));GNO1=-9240*p5(N(k))-
840*p4(N(k))+1890*p3(N(K));

GN02=2520*p5(N(k))+504*p4(N(k))-378*p3(N(k));
%The diagonals for matrix A for system Aw=c

d0=[11016-G1 -13500-G22 -40*ones(1,N(k)-4)-F4(3:N(k)-2) -13500-
GN23 11016-GN3];

dU1=[-17280-G2 9600-G23 30*ones(1,N(k)-4)-F5(3:N(k)-2) 12960-
GN24];

dU2=[15280-G3 -4050-G24 -12*ones(1,N(k)-4)-F6(3:N(k)-2)];
dU3=[-8100 864 2*ones(1,N(k)-5)-F7(3:N(k)-3)];

dU4=[2376 -60 zeros(1,N(k)-6)];dU5=[-296 zeros(1,N(k)-6)];
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dL1=[12960-G21 30*ones(1,N(k)-4)-F3(3:N(k)-2) 9600-GN22 -17280-
GN2J;

dL2=[-12*ones(1,N(k)-4)-F2(3:N(k)-2) -4050-GN21 15280-GN1];
dL3=[2*ones(1,N(k)-5)-F1(4:N(k)-2) 864 -8100 ];dL4=seqreverse(dU4);
dL5=seqreverse(dU5);

% The constant vector c
c1=252*r(1)+(2996+G0)*a0+GO01*h*al+(-720+G02)*h"2*a2;
c2=(5814+G20)*a0+(2520+G201)*h*al+G202*h"2*a2+360*1r(2);
c3=(-2+F1(3))*a0+2*r(3);cN2=(-2+F7(N(k)-2))*b0+2*r(N(k)-2);
cN1=(5814+GN20)*b0+(-2520+GN201)*h*b1+GN202*h"2*b2+360*r(N(k)-1);
cN=252*r(N(k))*+(2996+GN0)*b0+(-720+GN02)*h"2*b2+GNO1*h*b1;
C=[c1 c2 c3 2*r(4:(N(k)-3)) cN2 cNI1 cN |;

% Factorize The Matrix A=LU for 4 upper and 3 lower

U5=dUS5;L1=ones(1,N(k));U1(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1
):L2(1)=dL2(1)/U0(1);L3(1)=dL3(1)/U0(1);U2(1)=dU2(1);
U3(1)=dU3(1);U4(1)=dU4(1);L4(1)=dL4(1)/UO(1);L5(1)=dL5(1)/UO(1);

for i=2:N(k)
if i==2 U0(1)=d0(1)-(L1(1-1)*U1(1-1));U1(1)=dU1(1)-(L1(1-1)*U2(i-1));

U2(i)=dU2(3i)-(L1(i-1)*U3(i-1)); U3(i)=dU3(i)-(L1(i-1)*U4(i-1));



246
U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); L1(1)=(dL1(i)-U1(i-1)*L2(i-1))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0();
L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0();
LA4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=dL5(i)/U0();
elseif i==3 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
U2()=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2));
U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2) *U5(i-2));
U4(i)=dU4(i)-(L1(i-1)*U5(i-1));
L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2) *L5(i-2))/U0(i);
LA4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(); L5(i)=dL5(i)/U0();
elseif i==
U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3));
U1()=dU1(i)-(L1(i-1)*U2(i- 1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3));
U2()=dU2(i)-(L1(i-1)*U3(i- 1) +L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3));

U3(i)=dU3(i)-(L1(i- 1)*U4(i-1)+L2(i-2)*U5(i-2));
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U4(i)=dU4(i)-(L1(i-1)*U5(i-1));
L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3) *L4(i-3))/U0(0);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i);

L4(1)=(dL4(1)-U1(i-1)*L5(-1))/U0(1);L5(1)=dL5(1)/U0(i);
elseif >=5 &i<=N(k)-5

U0(i)=d0(i)-(L1(i-1)*U1(i- 1 )+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*UA(i-4));

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+LA(i-
4)¥U5(i-4));

U2(i)=dU2(i)~(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2)+L3(i-3)*¥U5(i-3));
U3(i)=dU3(3i)-(L1(i- 1)*U4(i-1)+L2(i-2)*U5(i-2));

U4(i)=dU4(i)-(L1(-1)*U5(i-1));L1 ())=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-
2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-4) *L5(i-4))/U0(i);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2) *L5(i-2))/U0(i);
LA4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=dL5(i)/U0();

elseif i==N(k)-4

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*UA(i-4));
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U1(>i)=dU1(i)-(L1(-1)*U2(i- 1)+L2(-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-
4)*U5(i-4));

U2(i)=dU2(i)~(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2)+L3(i-3)¥U5(i-3));
U3(i)=dU3(3i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2));

U4(1)=dU4(1)-(L1(1-1)*U5(i-1));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2) *L5(i-2))/U0(i);
LA4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0();

elseif i==N(k)-3

U0(i)=d0(i)-(L1(i-1)*U1(i- 1 )+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*UA(i-4));

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3) *U4(i-3)+LA4(i-
4)¥US(i-4));

U2(i)=dU2(i)~(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2)+L3(i-3)¥U5(i-3));
U3(i)=dU3(i)-(L1(i-1)*U4(i- 1)+L2(i-2)*U5(i-2));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3) *L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
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L3(i)=(dL3(1)-U1(i-1)*L4(i-1)-U2(i-2)*L5(1-2))/U0(i);
elseif i==N(k)-2

U0(i)=d0(i)-(L1(i-1)*U1(i- 1 )+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*UA(i-4));

U1(3i)=dU1(i)-(L1(-1)*U2(i- 1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-
4)*U5(i-4));

U2(i)=dU2(1)~(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2)+L3(i-3)¥U5(i-3));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

L2(i)=(dL2(1)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
elseif i==N(k)-1

U0(i)=d0(i)-(L1(i-1)*U1(i- 1 )+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*UA(i-4));

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3) *U4(i-3)+LA4(i-
4)¥US(i-4));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3) *L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

elseif i==N(k)

U0(1)=d0(i)-(L1(1-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(1-3)*U3(i-3)+L4(i-
4)*U4(1-4)); end,end

%To solve AW=dd using factorized matrix
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%Step(1):We solve LY 1=dd;

yL(D=C(1);y12)=C2)-L1(1)*y1(1);y1(3)=C(3)-
(L2(1)*y1(D+L1Q2)*y1(2));

yl($H=CH-(L3(1)*yl(D)+L2(2)*y1(2)+L1(3)*y1(3));
y1(5)=C(5)-(L4(1)*yl(I)+L3(2)*y1(2)+L2(3)*y1(3)+L1(4)*y1(4));
for i=6:N(k)

y1(i)=C(i)-(L5(i-5)*y1(i-5)+L4(>i-4)*y1 (i-4)+L3(i-3)*y 1 (i-3)+L2(i-2)*y1(i-
2+L1(i-1)*y1(i-1)); end

%Step(2):We solve UW=Y1

w(N(K))=y L(N(k))/UON(k));w(N(k)-1)=(y I(N(k)-1)-UT(N(k)-
D*w(N(k)))/UON(k)-1);

W(N(k)-2)=(y1(N(k)-2)-(UT(N(k)-2)*w(N(k)-1)+U2(N(k)-
2)*w(N(K))))/UON(k)-2);

W(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-
D+U3(N(K)-3)*w(N(k))))/UON(k)-3);

W(N(k)-4)=(y1(N(k)-4)-(UT(N(k)-4)*w(N(k)-3)+U2(N(k)-4)*w(N(k)-
2)+U3(N(K)-4)*w(N(k)-1)+U4(N(k)-4)*w(N(k))))/UON(k)-4);

WN(K)-5)=(y 1 (N(K)-5)-(UL(N(K)-3)*w(N(K)-4)-U2(N(K)-5) *w(N(K) -
3)+U3(N(k)-5)*w(N(k)-2)+U4(N(k)-5)*w(N(k)-1))+US5(N(k)-
5y w(N(K))UON(K)-5);

for i=6:N(k)-1
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ce(N(K)-1)=U 1 (N(k)-)) *w(N(K)-i+1)+U2(N(K)-i) *w(N(k)-i+2)+ U3 (N(k)-
D) *W(N(k)-i+3 )+ U4(N(k)-i) *w(N(K)-i+4)+US(N(K)-i) *w(N(k)-i+5);

W(N(k)-1)=(y1 (N(k)-1)-cc(N(k)-1))/UO(N(k)-1);end
WI1(1:N1,k-1)=w(2”(k-1):2"(k-1):N(k));end

% The Exact solution for y and X

for i=1:9 h=(b-a)/10; X(i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end
% The Extrapolation for approximated solution

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;Ext22=(4*W1(1:N1,3)-
WI1(1:N1,2))/3;

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;
Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63;

% The approximated solution

MR=[X; Y;W1(,1);WI1(:,2);WI1(:,3);W1(:,4);Ext31"; Ext41'];
plot(X,W1(1:N1,2),red", X,Y,'green',X,Ext21,'blue")

fprintf(1,'%6.11 %12.8f %12.8f %12.81f %12.81%12.8f %12.8f
%12.8f\n',MR );

for i=1:k-1 ERI(i)=max(abs(Y'-W1(:,1)));end,ER1

ERT1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ]
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Program (4.4).m:
% LINEAR FINITE-DIFFERENCE METHOD (4.4)
% To approximate the solution for the linear boundary-value problem
% doY =F(X,Y,Y',Y"d4Y,d5Y), a<=X<=b,

% With boundary conditions Y(a) = ALPHAO, Y(b) = BETAO
,Y"(a)=ALPHA3

% Y"(b)=BETA2 ,d5Y(a)= ALPHAS ,d4Y(b)=BETA4

% INPUT: Endpoints A,B; boundary conditions a0,a3,a5,b0,b2,b4.
% OUTPUT: Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1
format

% Step(1):determines steps-size h and controls it

for k=2:5

N(k)=(10*2"(k-1))-1;a=0;b=1;N1=9;h=(b-a)/(N(k)+1)

% The boundary conditions value
a0=1;a3=-4;a5=-48;b0=0;b2=-4*exp(2);b4=-32*exp(2);

%The associated functions with derivative in problem and the remainder
for i=1:N(k) x(i)=a+i*h; p5(1)=2*h*x(1)"2; p4(1)=h"2*(-5*x(i)"3);
p3(i)=-h"3*(3*x(1)"2-1); p2(i)=h"4*(10*x(i)+3);

p1()=-h"5*(3+5%x(i)-x(1)"2); pO(i)=-h"6*(2*x(i)-x(i)"2);
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r(i)=h"6*(exp(2 *x(1)) *(-80*x (i) 4-37*x(1)"3+110*x(i)"2-43 *x(i)-121));
end
%The finite-difference formula for 1st and 2nd derivative in problem
for i=3:N(k)-2 F1(i)=-p5(i); F2())=4*p5(i)+2*p4(i)-p3(i);
F3(1)=-5*p5(i)-8*p4(i)+2*p3(i)+2 *p2(i)-p1(i);
F4(1)=12*p4(i)-4*p2(1)+2*p0(i);
F5(1)=5*p5(1)-8*p4(1)-2*p3()+2*p2(1)+p1(1);
F6(1)=-4*p5(i)+2*p4(i)+p3(i); F7(i)=p5(i);end
G0=150*p5(1)-100*p4(1)-100*p3(1)+150*p2(1)-75*p1(1);
G1=-540%p5(1)+300*p4(1)+300*p3(1)-300*p2(1)+150*p0(1);
G2=720%p5(1)-300*p4(1)-300*p3(1)+150*p2(1)+75*p1(1);
G3=-420*p5(1)+100*p4(1)+100*p3(1); G4=90*p5(1);
G03=60*p5(1)-100*p4(1)+50*p3(1);G05=45*p5(1)+25%p4(1)-50*p3(1);
G20=100*p5(2)+25*(2*p4(2)-p3(2));
G21=-360*p5(2)+25*(-8*p4(2)+2*p3(2)+2*p2(2)-p1(2));
G22=480*p5(2)+25*(12*p4(2)-4*p2(2)+2*p0(2));
G23=-280*p5(2)+25%(-8*p4(2)-2*p3(2)+2*p2(2)+p1(2));

G24=60*p5(2)+25*(2*p4(2)+p3(2));G203=40%p5(2):G205=-20*p5(2);
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GN20=-113463*p5(N(k)-1)+9513*(2*pd(N(K)-1)+p3(N(k)-1));

GN24=329112*p5(N(k)-1)+9513*(-8*p4(N(k)-1)-2*p3(N(k)-
D+2*p2(N(k)-1)+p1(N(k)-1));

GN23=-348138*p5(N(k)-1)+9513*(12*p4(N(k)-1)-4*p2(N(k)-
D+2*p0(N(k)-1));

GN22=162792*p5(N(k)-1)+9513*(-8*pd(N(k)-1)+2*p3(N(k)-
D+2%*p2(N(k)-1)-p1(N(k)-1));

GN21=-30303*p5(N(k)-1)+9513*(2*p4(N(k)-1)-p3(N(k)-1));
GN202=41580*p5(N(k)-1):GN204=-7812*p5(N(k)-1);

GNO=-168*p5(N(k))-101472*p4(N(k))-
25368*p3(N(k))+50736*p2(N(k))+25368*p1(N(k));

GN4=30912*p5(N(k))+253680*p4(N(k))+38052*p3(N(k))-
101472*p2(N(K))+50736*pO(N(K));

GN3=-81648*p5(N(k))-202944*p4(N(k))+50736*p2(N(k))-
25368*p1 (N(K));

GN2=71232*p5(N(k))+50736*p4(N(k))-12684*p3(N(k));
GN1=-20328*p5(N(k));
GNO02=-10080*p5(N(k))+50736*p4(N(k))+38052*p3(N(k));
GNO04=29568*p5(N(k))+4228*p4(N(k))-9513*p3(N(k));

%The diagonals for matrix A for system Aw=c
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d0=[540-G1 180-G22 -40*ones(1,N(k)-4)-F4(3:N(k)-2) -509625-GN23
594336-GN4];

dU1=[-1170-G2 -280-G23 30*ones(1,N(k)-4)-F5(3:N(k)-2) 358776-
GN24];

dU2=[1320-G3 240-G24 -12*ones(1,N(k)-4)-F6(3:N(k)-2)];
dU3=[-810-G4 -108 2*ones(1,N(k)-5)-F7(3:N(k)-3)];
dU4=[252 20 zeros(1,N(k)-6)];dU5=[-30 zeros(1,N(k)-6)];

dL1=[-60-G21 30*ones(1,N(k)-4)-F3(3:N(k)-2) 386560-GN22 -1224912-
GN3];

dL2=[-12*ones(1,N(k)-4)-F2(3:N(k)-2) -163080-GN21 1323968-GN2];
dL3=[2*ones(1,N(k)-5)-F1(4:N(k)-2) 32616 -790032-GN17];
dL4=[zeros(1,N(k)-6) -1661 246432];dL5=[zeros(1,N(k)-6) -31408];

% The constant vector c
c1=150*r(1)+(102+G0)*a0+G03*h"3*a3+(72+G0S5)*h"5*as;
c2=(-8+G20)*a0+G203*h"3*a3+(12+G205)*h"5*a5+50*r(2);
c3=(-2+F1(3))*a0+2*r(3);cN2=(-2+F7(N(k)-2))*b0+2*r(N(k)-2);

cN1=(103586+GN20)*b0-+(-
27180+GN202)*h"2*b2+GN204*h"4*b4+19026*r(N(k)-1);

cN=50736*r(N(k))+(118384-+GN0)*b0-+(GN02)*h" 2*b2+(-
28992+GN04)*h 4*b4;
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C=[cl ¢2 ¢3 2*r(4:(N(k)-3)) cN2 cN1 oN ];
% Factorize The Matrix A=LU for 3 upper and 3 lower
U5=dU5;L1=ones(1,N(k));
U1(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1 ;L2(1)=dL2(1)/U0(1);
L3(1)=dL3(1)/U0(1);U2(1)=dU2(1);U3(1)=dU3(1);U4(1)=dU4(1);
L4(1)=dL4(1)/U0(1;L5(1)=dL5(1)/U0(1);
for i=2:N(k)

if i==2 U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1(i)=dU1(i)-(L1(i-1)*U2(i-1));
U2()=dU2(i)-(L1(i-1)*U3(i-1)); U3(1)=dU3(i)-(L1(i-1)*U4(i-1));
U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0();
L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0();
LA4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(); L5(i)=dL5(i)/U0();
elseif i==3  U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2) *U3(i-2));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2));
U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2) *U5(i-2));

U4(i)=dU4(3i)-(L1(i-1)*U5(i-1));
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L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2) *L5(i-2))/U0(i);
LA4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=dL5(i)/U0();
elseif i==
U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3));
U1()=dU1(i)-(L1(i-1)*U2(i- )+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3));
U2()=dU2(i)-(L1(i-1)*U3(i- 1) +L2(i-2) *U4(i-2)+L3(i-3)*U5(i-3));
U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2) *U5(i-2));
U4(i)=dU4(i)-(L1(i-1)*U5(i-1));
L1()=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2) *L3(i-2)-U3(i-3)*L4(i-3))/U0(i);
L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2) *L5(i-2))/U0(i);
LA4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=dL5(i)/U0();
elseif i>=5 &i<=N(k)-5

U0(i)=d0(i)-(L1(i-1)*U1(i- 1 )+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*UA(i-4));

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3) *U4(i-3)+LA4(i-
4)¥U5(i-4));
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U2()=dU2(i)-(L1(i-1)*U3(i- 1) +L2(i-2) *U4(i-2)+L3(i-3)*U5(i-3));
U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2) *U5(i-2));
U4(i)=dU4(i)-(L1(i-1)*U5(i-1));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2) *L5(i-2))/U0(i);
LA(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=dL5(i)/U0();

elseif i==N(k)-4

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)¥U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*UA(i-4));

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3) *U4(i-3)+LA4(i-
4)¥US(i-4));

U2(i)=dU2(i)~(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2)+L3(i-3)¥U5(i-3));
U3(i)=dU3(i)-(L1(i-1)*U4(i- 1)+L2(i-2)*U5(i-2));
U4(i)=dU4(i)-(L1(-1)*U5(i-1));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i);

L3(1)=(dL3(1)-U1(i-1)*L4(1-1)-U2(i-2)*L5(1-2))/U0(1);
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L4(i)=(dL4(1)-U1(i-1)*L5(i-1))/U0(i);
elseif i==N(k)-3

U0(i)=d0(i)-(L1(i-1)*U1(i- 1 )+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*UA(i-4));

U1(3i)=dU1(i)-(L1(-1)*U2(i- 1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-
4)*U5(i-4));

U2(i)=dU2(1)~(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2)+L3(i-3)¥U5(i-3));
U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

L2(i)=(dL2(1)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
L3(i)=(dL3(1)-U1(i-1)*L4(i-1)-U2(i-2)*L5(1-2))/U0(1);
elseif i==N(k)-2

U0(>i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*U4(i-4));

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3) *U4(i-3)+LA4(i-
4)¥US(i-4));

U2(i)=dU2(i)~(L1(i-1)*U3 (i-1)+L2(i-2) *U4(i-2)+L3(i-3)*¥U5(i-3));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);
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L2(i)=(dL2(1)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
elseif i==N(k)-1

U0(i)=d0(i)-(L1(i-1)*U1(i- 1 )+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*UA(i-4));

U1(3i)=dU1(i)-(L1(-1)*U2(i- 1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-
4)*U5(i-4));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

elseif i==N(k)

U0(1)=d0(i)-(L1(-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(1-3)*U3(i-3)+L4(i-
4)*U4(1-4)); end,end

%To solve AW=dd using factorized matrix
%Step(1):We solve LY 1=dd;

yl(1)=C(1); yl(2)=C(2)-L1(1)*yl(1);
y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2));
y1(4)=C(4)-(L3(1)*y 1 (1)+L2(2)*y 1(2)+L1(3)*y1(3));
y1(5)=C(5)-(L4(1)*y1(1)+L3(2)*y 1(2)+L2(3)*y1(3)+L1(4)*y1(4));
for i=6:N(K)

y1(1)=C(i)-(L5(i-5)*y 1 (i-5)+LA(i-4)*y1(i-4)+L3(i-3)*y1 (i-3)+L2(i-
2)*y1(i-2)+L1(i-1)*y1(i-1));end
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%Step(2):We solve UW=Y1

w(N(K))=y L(N(k))/UON(k));w(N(k)-1)=(y I(N(k)-1)-UT(N(k)-
D*w(N(k)))/UON(k)-1);

WN(K)-2)=(y 1 (N(K)-2)-(UL(N(K)-2)*w(N(K)-1 U2 (N (K)-
2)*w(N(K))UON(K)-2);

W(N(k)-3)=(y1(N(k)-3)-(UL(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-
D+U3(N(K)-3)*w(N(k))))/UON(k)-3);

W(N(k)-4)=(y1(N(k)-4)-(UL(N(k)-4)*w(N(k)-3)+U2(N(k)-4) *w(N(k)-
2)+U3(N(K)-4)*w(N(k)-1)+U4(N(k)-4)*w(N(k))))/UON(k)-4);

W(N(K)-5)=(y1(N(k)-5)-(UL(N(k)-5)*w(N(k)-4)+U2(N(k)-5)*w(N(k)-
3)+U3(N(k)-5)*w(N(k)-2)+U4(N(k)-5)*w(N(k)-1))+US(N(k)-
5)*w(N(k)))/UON(k)-5);

for i=6:N(k)-1

ce(N(K)-1)=U 1 (N(k)-)) *w(N(K)-i+1)+U2(N(K)-i) *w(N(k)-i+2)+ U3 (N(k)-
D) *W(N(K)-i+3 )+ U4(N(k)-i) *w(N(K)-i+4)+US(N(K)-i) *w(N(k)-i+5);

W(N(k)-1)=(y1(N(k)-1)-cc(N(k)-1))/UO(N(k)-1);end
WI1(1:N1,k-1)=w(2"(k-1):2"(k-1):N(k));end

% The Exact solution for y and X

fori=1:9 h=(b-a)/10; X(i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end
% The Extrapolation for approximated solution

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;
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Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3;
Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;
Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63;

% The approximated solution
MR=[X; Y;WI(;,1);W1(;,2);W1(:,3);W1(:,4);Ext31'; Ext41'"];
plot(X,W1(1:N1,1),"red . X,W1(1:N1,2),'yellow',X,Y,'green',X,Ext41,'blue")

fprintf(1,'%6.1f %12.8f %12.8f %12.81f %12.81%12.8f %12.8f
%12.8f\n',MR );

for i=1:k-1 ERI1(i)=max(abs(Y'-W1(:,1))); end
ERTI1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ]
Program (4.5).m:
% LINEAR FINITE-DIFFERENCE METHOD (4.5)
% To approximate the solution for the linear boundary-value problem
d7Y = F(X,Y,Y',Y",d4Y,d5Y,d6Y), a<=X<=b,

% With boundary conditions Y(a) = ALPHAO, Y(b) = BETAO
,Y'(a=ALPHAI

% Y"(a)=ALPHAZ2,d5Y(a)=ALPHA5 ,Y'(a)= BETA1 ,d5Y(b)=BETA5S
% INPUT: Endpoints A,B; boundary conditions a0,al,a2,a5,b0,b1,b5.

% OUTPUT: Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1
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format

% Step(1)

% determines step-size h and controls it

for k=2:5

N(k)=(10*2"(k-1))-1;a=0;b=1;N1=9;

h=(b-a)/(N(k)+1)

% The boundary conditions value
a0=1;al=1;a2=0;a5=-48;b0=0;b1=-exp(2);b5=-80*exp(2);

%The associated functions with derivative in problem and the remainder
for i=1:N(k)

x(1)=a+1*h;

p6(1)=h*x(1)"2; p5(1)=-h"2*(2*x(1)"2-1);
pA(1)=-h"3*(x(1)"3+x(1)"2+1);  p3())=h"4*(5*x(1)"3);
P2()=h"S*(9*x(D));  p1()=-h"6*(1-x()); pO(i)=-h"T*(3+2*x(i));
r(1)=h"7*(4*exp(2*x(1)))*(6*x(1)"4-3*x(1)"3+13*x(1)"2-29*x(1)-71);end
%The finite-difference formula for 1st and 2nd derivative in problem
for i=3:N(k)-2

F1(1))=2*p6(1)-p3(i);
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F2(i)=-12*p6(i)+4*p5(i)+2*p4(i)-p3(i);
F3(1)=30%p6(i)-5*p5(i)-8 *p4(i)+2*p3(i)+2*p2(i)-p1 (i);
F4(i)=-40*p6(i)+12*p4(i)-4*p2(i)+2*p0(i);
F5(i)=30*p6(i)+5*p5(i)-8*p4(i)-2*p3(i)+2*p2(i)+p1 (i);
F6(i)=-12*p6(i)-4*p5(i)+2*p4(i)+p3(i);
F7(i)=2*p6(i)+p5(i);end

G10=133875*p6(1)-472500*p5(1)+63560%p4(1)+73710*p3(1)+7560%p2(1)-
3780*p1(1);

G11=-207360*p6(1)+609120*p5(1)-60480%p4(1)-90720*p3(1)-
15120%*p2(1)+7560*p0(1);

G12=106920*p6(1)-165240%*p5(1)-7560*p4(1)+17010%p3(1)+7560%*p2(1)+3780*p1(1);
G13=-40320*p6(1)+30240*p5(1)+4480*p4(1);
G14=6885*p6(1)-1620%p5(1);
G101=86940*p6(1)-362880*p5(1)+62160*p4(1)+56700*p3(1);
G102=16200*p6(1)-97200*p5(1)+25200*p4(1)+11340*p3(1);
G105=-3888*p6(1)-864*p5(1)+1008*p4(1);
G20=-138960*p6(2)+124272*p5(2)+6120*(2*p4(2)-p3(2));
G21=306720*p6(2)-233280%p5(2)+6120%(-8*p4(2)+2*p3(2)+2*p2(2)-p1(2));

G22=-311040*p6(2)+164160*p5(2)+6120%(12*p4(2)-4*p2(2)+2*p0(2));
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G23=210240*p6(2)-63360*p5(2)+6120*(-8*p4(2)-2*p3(2)+2*p2(2)+p1(2));
G24=-79920*p6(2)+6480%p5(2)+6120*(2*p4(2)+p3(2));
G25=12960*p6(2)+1728*p5(2);G201=-60480*p6(2)+60480%p5(2);
G205=-864*p6(2)-1584*p5(2);
GN11=1260*p6(N(k)-1)-168*p5(N(k)-1);
GN12=-7770*p6(N(k)-1)-630*p5(N(k)-1)+595*(2*p4(N(k)-1)-p3(N(k)-1));

GN13=20440*p6(N(k)-1)+6160%*p5(N(k)-1)+595*(-8*p4(N(k)-
D+2*p3(N(k)-1)+2*p2(N(k)-1)-p1(N(k)-1));

GN14=-30240*p6(N(k)-1)-15960*p5(N(k)-1)+595*(12*p4(N(k)-1)-
4*p2(N(k)-1)+2*pO(N(k)-1));

GN15=29820*p6(N(k)-1)+22680*p5(N(k)-1)+595*(-8*p4(N(k)-1)-
2*p3(N(k)-1)+2*p2(N(k)-1)+p1(N(k)-1));

GN10=-13510*p6(N(k)-1)-12082*p5(N(k)-1)+595 *(2*p4(N(k)-
D+p3(N(k)-1));

GN101=5880*p6(N(k)-1)+5880*p5(N(k)-1);
GN105=84*p6(N(k)-1)-154*p5(N(k)-1);

GN1=1512*p6(N(k)); GN2=5670*p6(N(k))-16065*p5(N(k));
GN3=-55440*p6(N(k))+85680*p5(N(k))+28560*p4(N(k))-7140*p3(N(k));

GN4=143640*p6(N(k))-192780*p5(N(k))-128520*p4(N(k))+2 1420*p2(N(k))-
10710*p1(N(K));
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GN5=-
204120*p6(N(k))+257040%pS(N(K))+257040*p4(N (k) )+64260*p3(N(K))-
42840*p2(N(k))+21420*pO(N(K));

GNO0=108738*p6(N(k))-133875*p5(N(k))-157080*p4(N(k))-
57120*p3(N(k))+21420*p2(N(k))+10710*p1(N(k));

GNO01=-52920*p6(N(K))+64260%*p5(N(K))+85680*p4(N(k))+42840*p3(N(K));
GNO05=12096*p6(N(k))+8568*pS5(N(k))+4284*p4(N(k))-3213*p3(N(k));
%The diagonals for matrix A for system Aw=c

d0=[552960-G11 -963900-G21 -4880-35*F4(3) -14700-105*F4(4) -
126*0nes(1,N(k)-6)-F4(5:N(k)-2) -124950-GN 14 -1566720-GN5];

dU1=[-564840-G12 380800-G23 2640-35*F5(3) 7938-105*F5(4)
70*ones(1,N(k)-6)-F5(5:N(k)-2) 91630-GN15];

dU2=[402240-G13 -80325-G24 -816-35*F6(3) -2450-105*F6(4) -
22*ones(1,N(k)-6)-F6(5:N(k)-2)];

dU3=[-177120-G14 -G25 110-35*F7(3) 330-105*F7(4) 3*ones(1,N(k)-
7)-F7(5:N(k)-3) ];

dU4=[43200 2380 zeros(1,N(k)-6)]; dU5=[-4440 zeros(1,N(k)-6)];

dL1=[2056320-G21 5730-35*F3(3) 17150-105*F3(4) 140*ones(1,N(k)-6)-
F3(5:N(k)-2) 124950-GN13 1600380-GN4];

dL2=[-4800-35*F2(3) -13230-105*F2(4) -98*ones(1,N(k)-6)-F2(5:N(k)-
2) -83300-GN12 -1139680-GN3];
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dL3=[7350-105*F1(4) 42*ones(1,N(k)-6)-F1(5:N(k)-2) 34986-GN11
501840-GN2J;

dL4=[-10*ones(1,N(k)-6) -8330 -122400-GN1];
dL5=[ones(1,N(k)-7) 850 12580];
% The constant vector ¢

c1=(252000+G10)*a0+(110880+G101)*h*al+G102*h"2*a2-(5616-
G105)*h"5*a5+7560*r(1);

¢2=(1395275+G20)*a0+(963900+G201)*h*al+(214200)*h"2*a2+G205*h
A5%a5+12240%1(2):

c3=(-2016+35*F1(3))*a0-(840)*h*al+12*h"5*a5+70*r(3);
c4=2388*a0+840*h*al+210*r(4);

c5=-a0+2*1(5);

cN2=(-3+F7(N(k)-2))*b0+2*r(N(k)-2);

cN1=(35836-+GN10)*b0-(14280-
GN101)*h*b1+GN105*h"5*b5+1190*r(N(k)-1);

cN=(-714000+GN0)*b0+(314160+GNO1)*h*b1 -(15912-
GNO05)*h"5*b5+21420*r(N(K));

C=[cl c2 ¢3 c4 c5 2*1(6:(N(k)-3)) cN2 cN1 cN |;
% Factorize The Matrix A=LU for 5 upper and 5 lower

U5=dUS5;L1=ones(1,N(k));
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U1(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1 ;L2(1)=dL2(1)/U0(1);
L3(1)=dL3(1)/U0(1);U2(1)=dU2(1);U3(1)=dU3(1);U4(1)=dU4(1);
L4(1)=dL4(1)/U0(1;L5(1)=dL5(1)/U0(1);
for i=2:N(k)
if i==
U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1(i)=dU1(i)-(L1(i-1)*U2(-1));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1));U3(i)=dU3(i)-(L1(i-1)*U4(i-1));
U4(i)=dU4(i)-(L1(i-1)*U5(i-1));
L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0();
L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0();
LA(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(); L5(i)=(dL5(i))/U0();
elseif i==
U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));
U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2));
U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2));
U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2));

U4(1)=dU4(1)-(L1(1-1)*U5(i-1));
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L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0();
L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2))/U0();
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0();
LA(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=(dL5(i))/U0();
elseif i==
U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3));
U1()=dU1(i)~(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3));
U2(i)=dU2(i)~(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3));
U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2));
U4(i)=dU4(i)-(L1(i-1)*U5(i-1));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3))/U0(i);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0();
LA(®i)=(dLA()-U1(i-1)*L5(i-1))/U0();

L5(i)=(dL5(i))/U0(i);
elseif i==

U0(i)=d0(i)-(L1(i-1)*U1(i- 1 )+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*UA(i-4));
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U1(>i)=dU1(i)-(L1(-1)*U2(i- 1)+L2(-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-
4)*U5(i-4));

U2(i)=dU2(i)~(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2)+L3(i-3)¥U5(i-3));
U3(i)=dU3(i)-(L1(i-1)*U4(i- 1)+L2(i-2)*U5(i-2));
U4(i)=dU4(i)-(L1(-1)*U5(i-1));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2) *L5(i-2))/U0(i);
LA4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(); L5())=(dL5(i))/U0()

elseif i>5 &i<=N(k)-6

U0(i)=d0(i)-(L1(i-1)*U1(i- 1 )+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)¥U4(i-4)+L5(i-5)*U5(i-5))

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3) *U4(i-3)+LA4(i-
4)¥US(i-4));

U2(i)=dU2(i)~(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2)+L3(i-3)¥U5(i-3));
U3(i)=dU3(i)-(L1(i-1)*U4(i- 1)+L2(i-2)*U5(i-2));
U4(i)=dU4(i)-(L1(i-1)*U5(i-1));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)*L5(i-4))/U0();
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L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2) *L5(i-2))/U0(i);
LA4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(); L5()=(dL5(i))/U0();

elseif i==N(k)-5

U0(>i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)¥U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*U4(i-4)+L5(i-5)*U5(i-5));

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3) *U4(i-3)+LA4(i-
4)¥U5(i-4));

U2(i)=dU2(1)~(L1(i-1)*U3 (i-1)+L2(i-2) *U4(i-2)+L3(i-3)¥U5(i-3));
U3(i)=dU3(i)-(L1(i-1)*U4(i- 1)+L2(i-2)*U5(i-2));
U4(i)=dU4(i)-(L1(-1)*U5(i-1));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2) *L5(i-2))/U0(i);
LA4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(); L5()=(dL5(i))/U0();

elseif i==N(k)-4

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*U4(i-4)+L5(i-5)*U5(i-5));
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U1(3i)=dU1(i)-(L1(-1)*U2(i- 1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-
4)*U5(i-4));

U2(i)=dU2(i)~(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2)+L3(i-3)¥U5(i-3));
U3(i)=dU3(i)-(L1(i-1)*U4(i- 1)+L2(i-2)*U5(i-2));
U4(i)=dU4(i)-(L1(-1)*U5(i-1));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3) *L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2) *L5(i-2))/U0(i);
LA4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0();

elseif i==N(k)-3

U0(i)=d0(i)-(L1(i-1)*U1(i- 1 )+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)¥U4(i-4)+L5(i-5)*U5(i-5));

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3) *U4(i-3)+LA4(i-
4)¥US(i-4));

U2(i)=dU2(i)~(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2)+L3(i-3)¥U5(i-3));
U3(i)=dU3(i)-(L1(i-1)*U4(i- 1)+L2(i-2)*U5(i-2));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)*L5(i-4))/U0();

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
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L3(i)=(dL3(1)-U1(i-1)*L4(i-1)-U2(i-2)*L5(1-2))/U0(i);
elseif i==N(k)-2

U0(>i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*U4(i-4)+L5(i-5)*U5(i-5));

U1(3i)=dU1(i)-(L1(-1)*U2(i- 1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-
4)*U5(i-4));

U2(i)=dU2(1)~(L1(i-1)*U3(i-1)+L2(i-2) *U4(i-2)+L3(i-3)¥U5(i-3));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

L2(i)=(dL2(1)-U1(i-1)*L3(i-1)-U2(i-2) *L4(i-2)-U3(i-3)*L5(i-3))/U0(i);
elseif i==N(k)-1

U0(i)=d0(i)-(L1(i-1)*U1(i- 1 )+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)¥U4(i-4)+L5(i-5)*U5(i-5));

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3) *U4(i-3)+LA4(i-
4)¥US(i-4));

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3) *L4(i-3)-U4(i-
4)¥L5(i-4))/U0(i);

elseif i==N(k)

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2) *U2(i-2)+L3(i-3)*U3(i-3)+L4(i-
4)*U4(i-4)+L5(i-5)*U5(i-5)); end,end

%To solve AW=dd using factorized matrix
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%Step(1):We solve LY 1=dd;
yl(1D=C(1):y1(2)=CQ)-LI(1*y1(1):yl1(3)=C3)-(L2(1)*y1 (1)+L12)*y1(2));
yL(H)=C(4)-(L3(1)*y L(1)TL2(2)*y1(2)+L1(3)*y1(3));
y1(5)=C(S)-(LA(D)*yL(1)TL3(2)*y1(2)+L2(3)*y1(3)+L1(4)*y1(4));

y1(6)=C(6)-
(L5(1)*y1(1)+L4(2)*y1(2)+L3(3)*y1(3)+L2(4)*y1(4)+L1(5)*y1(5));

for i=7:N(k)

y1(1)=C(i)-(L5(i-5)*y1(i-5)+L4(>i-4)*y1 (i-4)+L3(i-3)*y 1 (i-3)+L2(i-2)*y1 (i-
2H+L13i-1)*y1(i-1));end

%Step(2):We solve UW=Y1

w(N(K))=y L(N(k))/UON(k));w(N(k)-1)=(y I(N(k)-1)-UT(N(k)-
D*w(N(k)))/UON(k)-1);

WN(K)-2)=(y 1 (N(K)-2)-(U L (N(K)-2)*w(N(K)-1 U2 (N (K)-
2)*w(N(K))UON(K)-2);

WN(K)-3)=(y L (N(K)-3)-(UL(N(K)-3)*w(N(K)-2)FU2(N(K)-3) *w(N(K) -
IY+U3IN(K)-3)*w(N(K))UON(K)-3);

W(N(k)-4)=(y1(N(k)-4)-(UT(N(k)-4)*w(N(k)-3)+U2(N(k)-4) *w(N(k)-
2)+U3(N(K)-4)*w(N(k)-1)+U4(N(k)-4)*w(N(k))))/ UON(k)-4);

W(N(K)-5)=(y1(N(k)-5)-(UL(N(k)-5)*w(N(k)-4)+U2(N(k)-5)*w(N(k)-
3)+U3(N(k)-5)*w(N(k)-2)+U4(N(k)-5)*w(N(k)-1))+US(N(k)-
5)*w(N(k)))/UON(k)-5);
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for i=6:N(k)-1

cc(N(k)-1)=UIT1(N(k)-1)*wW(N(k)-i+1)+U2(N(k)-1)*w(N(k)-i+2)+U3(N(k)-
1)*W(N(k)-1+3)+U4(N(k)-1)*w(N(k)-1+4)+US(N(k)-1) *w(N(k)-1+5);

WN(K)-)=(y 1 (N(k)-0)-ce(N(k)-))/UON(K)-i)end
WI1(1:N1,k-1)=w(2”(k-1):2"(k-1):N(k));end
% The Exact solution for y and X
for i=1:9

h=(b-a)/10; X(@i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end
% The Extrapolation for approximated solution
Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;
Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3;
Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;
Ext31=(16*Ext22-Ext21)/15;Ext32=(16*Ext23-Ext22)/15;
Ext41=(64*Ext32-Ext31)/63;
% The approximated solution
MR=[X; Y;W1(,1);WI1(:,2);WI1(:,3);W1(:,4);Ext31"; Ext41'];
plot(X,W1(1:N1,1),red" X,Y,'green', X,W1(1:N1,2),blue")
fprintf(1,'%6.11f %12.81%12.8f%12.8f%12.8f %12.8f %12.8f %12.8f\n',MR );

for i=1:k-1
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ER1(1)=max(abs(Y'-W1(:,1)));end ,ER1

ERTI1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ]
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