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Abstract 

The Boundary Value-Problems (BVPs) either the linear or nonlinear 

problems have many life and scientific applications. 

Many studies concerned with solving second-order boundary-value 

problems using several numerical methods, and few studies concerned with 

especial cases of higher order boundary-value problems using several 

numerical methods to solve them. But However, in our thesis we concerned 

with the finite-difference methods for solving general high-order linear 

boundary-value problems (from order three up to order seven), modifying, 

and developing some finite-difference methods for solving especial eighth-

order nonlinear boundary value problems to enable them solve any even-

order problem beyond it. 

The main steps in this thesis depended on: 

- Using special finite-difference approximations for derivatives and 

formatting a formula that can be deal with endpoints that exceed the 

usual finite-difference formula for derivatives  

- Constructing linear system and solved it using the LU-decomposition 

method to decrease the computational processes. 

- Using The Richardson's Extrapolation method to get more accurate 

results. 

The numerical results for methods that appear in this thesis are good, but 

the errors in the methods increase when the order of the boundary-value 

problems becomes higher i.e. the fifth-order problem needs all derivatives 
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,ᇱݕ ,ᇱᇱݕ … ,  so by using approximations many times the errors will ,(௜௩)ݕ

increase. Also the method accuracy depends on the boundary conditions 

values, that method has large error when ߙ଴ ,  ଴ are not given nor one ofߚ

them, as well as the changes on the order of boundary conditions values. 

Besides that, this method requires long computing time and hard work 

while using very large equations that increase while the problem order 

increases.  
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In this chapter we will discuss some important definitions that are 

necessary in our research, and very important three new algorithms used to 

find the finite- difference approximation for any derivative with associated 

local truncation error. 

The main idea for two of these algorithms depends on the undetermined 

coefficients method that is using a set of points or derivatives. 

The first algorithm in this chapter is used to derive the finite-difference 

approximation for any derivative, and the second is used to derive a finite-

difference approximation for any derivative using a set of points and a set 

of known derivatives (The boundary conditions for problem). 

The third algorithm is used to find local truncation error for finite-

difference approximation for any derivative that is derived using algorithm 

one and two and determined its order. 

The importance of these algorithms came from our need to use them many 

times with many permutations until getting suitable formula and 

convergence without hard hand work. 

 
  



2 
 

1.1 Definitions: 

In this section we will demonstrate some important definitions for terms 

that we will use in our thesis.  

Ordinary Differential Equation (ODE): 

It is a relation that contains functions of only one independent variable, and 

one or more of its derivatives with respect to that variable. See [4] 

The Order of Differential Equation: 

It is the order of the highest –order derivative involved in the equation. 

Example: ௗ௬
ௗ௫

+ ௗయ௬
ௗ௫య = ݁ି௫  is a Third-Order ordinary differential equation. 

See [8] 

The Degree of the Differential Equation: 

It is the highest power to which the highest-order derivative is raised. 

Example: 

 (ୢ୷
ୢ୶

)ହ + (ௗయ௬
ௗ௫య)ଶ − ݕݔ = ݁ି௫ It is a Third-Order, Second-degree ODE. 

Linear & Nonlinear Ordinary Differential Equation: 

An equation in which the dependent variable and all its pertinent 

derivatives are of the first degree is called (Linear ODE), otherwise, the 

equation is said to be (Non-Linear). 

Example: 

(i)  ߚ ௗ௬
ௗ௫

+ ௗయ௬
ௗ௫య =  .௫  It is linear, third-order differential equationି݁ߩ
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 (ii)  ௗ௬
ௗ௫

+ ݕ ௗయ௬
ௗ௫య = ݁ି௫  It is non-linear, third-order differential equation. 

A Solution to a differential Equation: 

It is a function of independent variables that when replaced in the equation, 

produces an expression that can be reduced, through algebraic 

manipulation, to the form (0=0). 

Example: 

y=sin(x) is a solution to the equation  ݕ" + ݕ = 0, that –sin(x) +sin(x) =0 

Boundary Conditions: 

That are conditions provided at more than one value of the independent 

variables which evaluated at the boundaries of solution domain and its 

number is usually equal to the order of the ODE. 

Non-Linear Boundary-Value Problem: 

It is a non-linear differential equation which is determined by conditions 

given at two or more distinct points. 

These problems can be solved numerically by iterative methods. In each 

iterative step a linear problem should be solved, that obtained by 

approximating non-linear equation to a system of linear equations. 

A Finite Difference: 

It is a mathematical expression of the form f(x + b) − f(x + a). If a finite 

difference is divided by b − a, one gets a difference quotient. The 

approximation of derivatives by finite differences plays a central role in 
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finite difference methods for the numerical solution of differential 

equations, especially boundary value problems. 

Finite-Difference Method: 

It is a general method used to solve boundary value ordinary differential 

equations, in which derivatives in equation are substituted by finite 

difference approximations to convert the ordinary differential equation into 

a system of equations with more than one unknown at different points 

(mesh points) at which the equation is valid and the resulting system can be 

solved using the suitable techniques for solving systems.    

1.2 Deriving Finite-Difference Approximation: 

To derive a finite difference approximation to any derivative say ݑ(௡)(̅ݔ) 

based on a given set of points that there number must be greater than the 

derivative order. We will use Taylor series to derive an appropriate 

formula, and then use the method of undetermined coefficients. 

Example (1.2): Find the finite difference approximation to (ݔ̅)′′ݑ based on 

ݔ̅)ݑ ,(ݔ̅)ݑ − ℎ) and ݔ̅)ݑ − 2ℎ), of the form: 

(ݔ̅)′′ݑ = (ݔ̅)ݑܽ + ݔ̅)ݑܾ − ℎ) + ݔ̅)ݑܿ − 2ℎ)                                    … (1.1) 

Our aim is to determine the coefficients a, b and c, so the first step is: 

Expanding ݔ̅)ݑ − ℎ) and ݔ̅)ݑ − 2ℎ) in Taylor series: 

ݔ̅)ݑܾ  − ℎ) = (ݔ̅)ݑܾ − ܾℎ(ݔ̅)′ݑ + ܾ೓మ

మ (ݔ̅)′′ݑ − ܾ೓య

ల (ݔ̅)′′′ݑ + ⋯       …(1.2) 

ݔ̅)ݑܿ − 2ℎ) = (ݔ̅)ݑܿ − 2ܿℎ(ݔ̅)′ݑ + 4ܿ೓మ

మ (ݔ̅)′′ݑ − 8ܿ೓య

ల (ݔ̅)′′′ݑ + ⋯…(1.3) 
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By adding ܽ(ݔ̅)ݑ to the equations (1.2) & (1.3) and collecting the terms: 

(ݔ̅)ݑܽ + ݔ̅)ݑܾ − ℎ) + ݔ̅)ݑܿ − 2ℎ) = (ܽ + ܾ + (ݔ̅)ݑ(ܿ − (ܾ + 2ܿ)ℎ(ݔ̅)′ݑ +

(ܾ + 4ܿ)೓మ

మ (ݔ̅)′′ݑ − (ܾ + 8ܿ)೓య

ల (ݔ̅)′′′ݑ + ⋯                                                     …(1.4) 

The second step is finding the values of a, b and c: 

We have now three unknowns and we get a system of three equations by 

putting the coefficients of any order except second-order –as we want u'' - 

to be zero: 

                                           
ܽ + ܾ + ܿ = 0

ܾ + 2ܿ = 0
ܾ + 4ܿ = మ

೓మ

                                       … (1.5) 

By solving the above system using MATLAB 7.0 we get the coefficients: 

                                    ܽ = భ
೓మ  , ܾ = − మ

೓మ , ܿ = భ
೓మ                                ...(1.6) 

So the difference formula is: 

(ݔ̅)′′ݑ                     ≈ ௨(௫̅)ିଶ௨(௫̅ି௛)ା௨(௫̅ିଶ௛)
௛మ + ܱ(ℎ)                         …(1.7) 

In this thesis we construct an algorithm that finds finite difference 

approximations to any derivative using a set of ݔ̅)ݑ + ܽℎ) and another two 

algorithms one that uses a set of  ݔ̅)ݑ + ܽℎ) and even known derivatives 

and the other uses a set of ݔ̅)ݑ + ܽℎ)and any set of derivatives we want. 

Algorithm (1.1): See MATLAB 7.0 program (p.183-184) 

To find the finite-difference approximation for the derivative ݑ(௢)(ݔ௜) . 

Step (1): Input the order of derivative (o), the number of ݔ̅)ݑ + ܽℎ) terms 

set (N) and the coefficients of h (a). 
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Step (2): Form (A) the power of h coefficients matrix with size NN for 

the system (1.4) as:  

(i) The first row is ones, (The first term coefficients in Eq.(1.4)) 

(ii) For i=2,3,…,N and j=1,2,3,…,N  , set Ai,j=a(j)(i-1)  

(The rest terms coefficients in Eq. (1.4)) 

Step(3): Form the constant vector(b) for system (1.4), which are zeros 

except the terms when i = o+1 the derivative order so, For i=1 , 2, 3 ,. . . ,N  

(i) If i=o+1 set bi= factorial of the order (o). 

(ii) else set bi=0. 

Step(4): Solve the linear system ݑܣ = ܾ using any Direct numerical 

method for solving the linear system(Gaussian Elimination, LU-

Decomposition,…), to get the coefficients vector for the set of ݔ̅)ݑ + ܽℎ). 

Step(5): Determine the order of (h) in the denominator for derivative 

approximation 

(i) set h as unreal symbol  

(ii)  set c= ho 

Step(6): Output is the coefficients vector for ݔ̅)ݑ + ܽℎ)set to approximate 
the derivative .ݑ(௢)(̅ݔ) ≈ ௖భ௨(௫̅ା௔భ௛)ା௖మ௨(௫̅ା௔మ௛)ା௖య௨(௫̅ା௔య௛)ା⋯ା௖ಿ௨(௫̅ା௔ಿ௛)

௛೚  
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1.3 The Finite-Difference Approximation for Derivative Using 
Known Derivatives and Set of Points: 

This method depends on the previous method with some modifications. 

We use a set of known derivatives at endpoint and a set of points. Then we 

need to form linear system that can be solved by direct method. 

Example (1.3): Derive the finite-difference approximation for third-order 

derivative ݕ′′′ at i=1 using ݑ଴
′ , ଴ݑ

′′ , ,௜ିଵݑ ௜ݑ , ,௜ାଵݑ  .௜ାଶݑ

So this means that we use the first and second derivatives at ݔ௜ or ݔ௜ିଵ, ݅ = 0 

Now we rewrite the derivative in the form 

(ଵݔ)′′′ݑ = (ଵݔ)ݑܽ + ଵݔ)ݑܾ − ℎ) + ଵݔ)ݑܿ + ℎ) + ଵݔ)ݑ݀ + 2ℎ) + ݁ℎݔ)′ݑଵ − ℎ) +

݂ℎଶݔ)′′ݑଵ − ℎ)                                                                                                      …(1.8) 

Our aim is to find the coefficients a, b, c, d, e and f so the first step is: 

Expanding  ݔ)ݑଵ ± ℎ) , ଵݔ)ݑ + 2ℎ), ଵݔ)′ݑ − ℎ), ଵݔ)′′ݑ − ℎ) using Taylor 

series: 

ଵݔ)ݑܾ − ℎ) = (ଵݔ)ݑܾ − ܾℎݑ′(ݔଵ) + ܾ೓మ

మ (ଵݔ)′′ݑ − ܾ೓య

ల (ଵݔ)′′′ݑ + ܾ೓ర

మరݑ(௜௩)(ݔଵ) −

ܾ ೓ఱ

భమబݑ(௩)(ݔଵ) + ܾ ೓ల

ళమబݑ(௩௜)(ݔଵ) +  …                                                          …(1.9) 

ଵݔ)ݑܿ + ℎ) = (ଵݔ)ݑܿ + ܿℎݑ′(ݔଵ) + ܿ೓మ

మ (ଵݔ)′′ݑ + ܿ೓య

ల (ଵݔ)′′′ݑ + ܿ೓ర

మరݑ(௜௩)(ݔଵ) +

ܿ ೓ఱ

భమబݑ(௩)(ݔଵ) + ܿ ೓ల

ళమబݑ(௩௜)(ݔଵ) + ⋯                                                         …(1.10) 

ଵݔ)ݑ݀ + 2ℎ) = (ଵݔ)ݑ݀ + 2݀ℎݑ′(ݔଵ) + 4݀೓మ

మ (ଵݔ)′′ݑ + 8݀೓య

ల (ଵݔ)′′′ݑ +

16݀೓ర

మరݑ(௜௩)(ݔଵ) + 32݀ ೓ఱ

భమబݑ(௩)(ݔଵ) + 64ܿ ೓ల

ళమబݑ(௩௜)(ݔଵ) + ⋯                     …(1.11) 
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݁ℎݔ)′ݑଵ − ℎ) = ݁ℎݑ′(ݔଵ) − ݁௛మݑ′′(ݔଵ) + ݁೓య

మ (ଵݔ)′′′ݑ − ݁೓ర

ల (ଵݔ)(௜௩)ݑ +

݁೓ఱ

మరݑ(௩)(ݔଵ) − ݁ ೓ల

భమబݑ(௩௜)(ݔଵ) + …                                                         …(1.12) 

݂ℎଶݔ)′′ݑଵ − ℎ) = ݂ℎଶݑ′′(ݔଵ) − ݂ℎଷݑ′′′(ݔଵ) + ݂೓ర

మ (ଵݔ)(௜௩)ݑ − ݂೓ఱ

ల (ଵݔ)(௩)ݑ +

݂೓ల

మరݑ(௩௜)(ݔଵ) + …                                                                                …(1.13) 

By adding ܽݑ(ݔଵ) to the equations (1.9), (1.10), (1.11), (1.12) & (1.13) and 

collecting the coefficients for the same terms we get: 

(ଵݔ)ݑܽ + ଵݔ)ݑܾ − ℎ) + ଵݔ)ݑܿ + ℎ) + ଵݔ)ݑ݀ + 2ℎ) + ݁ℎݔ)′ݑଵ − ℎ) +

݂ℎଶݔ)′′ݑଵ − ℎ) = (ܽ + ܾ + ܿ + (ଵݔ)ݑ(݀ + (−ܾ + ܿ + 2݀ + ݁)ℎݑ′(ݔଵ) +

(ܾ + ܿ + 4݀ − 2݁ + 2݂)೓మ

మ (ଵݔ)′′ݑ + (−ܾ + ܿ + 8݀ + 3݁ − 6݂)೓య

ల (ଵݔ)′′′ݑ +

(ܾ + ܿ + 16݀ − 4݁ + 12݂)೓ర

మరݑ(௜௩)(ݔଵ) + ⋯                                             …(1.14) 

The second step is finding the values of a, b, c, d, e, and f: 

As we have five unknowns, we get a system of five equations by putting 

the coefficients of any derivative except third-order –as we want ݑ′′′ - to be 

zero: 

                            

ܽ + ܾ + ܿ + ݀ = 0
−ܾ + ܿ + 2݀ + ݁ = 0

ܾ + ܿ + 4݀ − 2݁ + 2݂ = 0
−ܾ + ܿ + 8݀ + 3݁ − 6݂ = ଷ!

௛య

ܾ + ܿ + 16݀ − 4݁ + 12݂ = 0
−ܾ + ܿ + 32݀ + 5݁ − 20݂ = 0

                             …(1.15) 

By solving the above linear system using MATLAB 7.0 we get the 
coefficients:  ܽ = భమ

೓య  , ܾ = యవ
ర೓య , ܿ = వ

ర೓య , ݀ = 0 , ݁ = భఱ
మ೓య , ݂ = య

మ೓య      ...(1.16) 

So the difference formula is: 

(ଵݔ)′′′ݑ ≈ ସ଼௨(௫భ)ାଷଽ௨(௫భି௛)ାଽ௨(௫భା௛)ାଷ଴௛௨′(௫భି௛)ା଺௛మ௨′′(௫భି௛)
ସ௛య − ೓య

లబ௬(೔ೡ)(కభ) ..(1.17) 
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but in this thesis we construct an algorithm that finds finite difference 

approximations to any derivative we want using a set of points and any set 

of derivatives, which we used many times to form a finite-difference 

formula for boundary-value problems at the end points where the centered 

formula has not any value. 

The most usefulness for this program is helping to construct and solve large 

matrix to derive the suitable finite-difference formula at a point satisfying 

the boundary conditions of the problem with best global error value for 

method, which needs long time and hard hand work calculations that we 

may repeat many times until finding best local truncation error with second 

order convergence. 

Algorithm (1.2): See the MATLAB 7.0 program (p.186-190) 

To find the finite-difference approximation for the derivative ݑ(௢)(ݔ௜) 

using a set of points and a set of derivatives. 

Step(1): Input the order of derivative (o), the number of  u(x+ah) terms set 

(N) and the coefficients of h (a), the number of derivatives (M), the order 

of derivatives (v(m)), the coefficients of (h) in the derivatives (am). 

Step(2): Form (A) the matrix of the h coefficients power with size 

(N+M)(N+M)  for the system (1.114) as:  

(i) The first row is ones until j=N, and zero's if j>N  

          (The first term of equation coefficients in equation 1.14) 

(ii) For i=2,3,…,N+M and j=1,2,3,…,N , set Ai,j=aj
(i-1).  

(The rest terms coefficients in equation (1.14) 
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For j>N 

if  i=vj+1  ,  Ai,j= factorial(vj);  

 else  Ai,j= amj
(i-vj-1)*(factorial(i-1)/factorial(abs(i-vj-1))); 

Step(3): Form the constant vector(b) for system (1.14), which is zeros 

except the terms when i = o+1 the derivative order so, For i=1 , … ,N+M  

(iii) if i=o+1 set bi = factorial(o). 

(iv) else set bi =0. 

Step(4): Solve the linear system ݑܣ = ܾ using any Direct numerical 

method for solving the linear system(Gaussian Elimination, LU-

Decomposition,…), to get the coefficients vector for the u(x+ah) and d(i) 

u(x+ah)set. 

Step(5): Determine the order of (h) in the denominator for derivative 

(iii) set h as unreal symbol  

(iv)  set c= ho 

Step(6): Output is the coefficients vector for u(x+ah)set to approximate the 

derivative 

(ݔ)(௢)ݑ ≈ ௖భ௨(௫ା௔భ௛)ା௖మ௨(௫ା௔మ௛)ା⋯ା௖ಿ௨(௫ା௔ಿ௛)ା∑ ௛ೡ(೔)೘
೔ ௖೔௨(ೡ(೔)൫௫ା௔೘(೔)௛൯

௛೚   

1.4 Local Truncation Error (LTE): 

It is defined by replacing wi by the true solution u(xi) in finite formula, in 

general the true solution  u(xi) will not satisfy this equation exactly, and the 

discrepancy is the LTE which is denoted by ߬௜. 
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Suppose we want find the local truncation error for the finite difference 
formula for the second-order derivative ݑ′′(ݔ௜) ≈ ௨(௫೔షమ)ିଶ௨(௫೔షభ)ା௨(௫೔)

௛మ  

         ߬௜ = భ
೓మ(ݓ௜ିଶ − ௜ିଵݓ2 + (௜ݓ −  (1.18)…                                  (௜ݔ)′′ݑ

         ߬௜ = ௜ݑ
′′ − ℎݑ௜

′′′ + ܱ(ℎ) −  (1.19)…                                         (௜ݔ)′′ݑ

         ߬௜ = −ℎݑ௜
′′′ + ܱ(ℎ)                                                               …(1.20) 

Although ݑ௜
′′′ is in general unknown, it is some fixed function independent 

of h and so ߬௜ = ܱ(ℎ) as ℎ → 0. 

Algorithm (1.4): See the MATLAB 7.0 program (p.190-192) 

To find the local truncation error for finite-difference approximation, we 
use the equation:     ߬௞ = ∑ ௖೔௨(೚శೖ)(௫ା௔೔௛)

(௢ା௞)
 ℎ(௢ା௞)ே

௜ୀଵ                       … (1.21) 

Where k=1,2,3,.. until finding ߬௞ ≠ 0. 

Step (1): Input the order of derivative, the number of u(x+ah) and its h 

coefficient. 

Step (2): Find the finite-difference approximation vector (co) for the 

derivative using Algorithm (1.1). 

Step (3): Set k=o+2, T=0 

Step (4): While T=0 do Steps (5- 13) 

Step (5): Find the vector of h to the power (o+k)  

For i=1,2,3,…,N  set A1k,i=a(i)(o+k) 

Step (6): Find the nonzero truncation error, T=A1k,i*co 
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Step (7): if T=0 set k=k+1 

Step (8): if T0 do steps (9-12) 

The following steps are used to prevent a very small error, caused by 

machine, as well as, the use of rational formatting while finding (co). 

We find that T=0 using hand calculations, but when we use the program 

with MATLAB 7.0 we get very small value of ܶ = 1 × 10ିଵ଺, so we 

follow these steps, which depend on the fact that (if the nominator of a real 

fraction equals zero so the fraction will be zero). 

Step (9): Separate the fractions vector (co) to two vectors nominators 

vector and denominators vector as [n,d]=rat(co)  

[n,d]: it is a MATLAB 7.0 function that separate the fraction vector to two 

vectors. (n= nominators vector and d= denominators vector). 

Step (10): To get the exact value for each part of fraction it should be 

rounded to the nearest integer (to prevent the rational formatting). 

Step (11): As (co) has different fractions so we must uniform their 

denominators, which is the vector (d) from step (9): 

Find the least common divisor for denominator vector (d), but there are no 

MATAB function that gets it directly, so we follow these steps: 

(i) set N1=length of vector (d) , k1=1, m=maximum entry of (d), e=1 

(ii) while  e0 do 

(iii) For i=1, 2, 3,…, N1   Li=lcm(di ,m)  
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lcm: MATLAB function that finds the least common multiple for two 

integers. 

To test if denominator vector is uniform or not: 

(iv) set G vector of the maximum value of (L) ,  

(v) set e= maximum entry of vector |L-G|  

If the maximum difference between two positive integers equals zero this 

means that the integers are equal, else they are not equal. 

(vi) test if e0    set k=k+1 and repeat steps(ii-v) 

(vii) if e=0  Stop and do the steps (viii-xi) so we uniform the 

denominator vector. 

(viii) Now we must uniform the fractions by getting the number that 

multiplies (d) to be uniformed. 

(ix) set m1=divide the entries of L on entries of d for i=1,2,3,…N1) 

(x) set new n(k)=multiply the entries of n by the entries of m1 for 

i=1,2,3,.. N1) 

(xi) set T1= A1k,i *n(k)    

Step (12): if T1 =0, set k=k+1  

Step (13): if T1  0, Stop 

                tn=(A1k,i *co)/factorial for (k-1) 

Step (14): To determine the order of truncation error O(h): 

(i) set (h) unreal symbol. 

(ii) c1 = h(k-o-1). 
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Step (15): Output the local truncation is (tn ) with order (c1) . 

The three previous algorithms are very important for our thesis that gets us 

the suitable form we need for derivative with suitable order of truncation 

error on short time. 

For example, the hand calculations for deriving the finite-difference 

formula for a third-order derivative (ݕ௜
′′′) in example (1.3) need about 30 

minutes, but using these algorithms we need 0.047 seconds. 

1.5 Newton's Method for Non-Linear System: 

This method can be summarized by this equation: 

௞࢞ = ௞ିଵ࢞ −  (௞ିଵ࢞)ܨ(௞ିଵ࢞)ଵିܬ

Where F is the non-linear system that we want to solve and must be written 

on the form F(x) =0. 

J is the Jacobin NN matrix which is given as: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
߲ ଵ݂

ଵݔ߲

߲ ଵ݂

ଶݔ߲
⋯

߲ ଵ݂

ேݔ߲
߲ ଶ݂

ଵݔ߲

߲ ଶ݂

ଶݔ߲
⋯

߲ ଶ݂

ேݔ߲
⋮     ⋮     ⋮

߲ ே݂

ଵݔ߲

߲ ே݂

ଶݔ߲
⋯

߲ ே݂

⎦ேݔ߲
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

to solve the above equation we will select initial x0 guess and generating for 

k1 then solve ݕܬ =   to get the vector increment of  y then ܨ−

(௞)ݔ = (௞ିଵ)ݔ +  (௞ିଵ)ݕ

and so on until reaching convergence or exceeding the maximum number 

of  iterations. 
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Linear third-order boundary-value problems have many applications in 

physics, engineering, and chemistry, see [1], [5], &[8]. 

In this chapter our concern is approximating the solution for a third-order 

linear boundary-value problem by using finite-difference approximations 

with second order convergence and then we will use Richardson's 

Extrapolation methods to obtain a better approximation for the problem. 

There are many cases for the linear third-order boundary-value problems. 

These have different forms of boundary conditions; there solution existence 

and uniqueness are discussed widely by several papers, see [1]. 

In this chapter we will discuss the numerical solution for four cases of the 

problem using finite-difference method.  
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2.1 Finite-Difference Method (2.1) for Linear Third-Order 
Boundary-Value Problem: 

Consider the linear third-order boundary-value problem: 

(ݔ)′′′ݕ     = ′′ݕ(ݔ)ଶ݌ + ′ݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ        ,(ݔ)ݎ ≤ ݔ ≤ ܾ   …(2.1) 

with first especial case of three boundary conditions 

(ܽ)ݕ             = ,  ଴ߙ (ܽ)′ݕ = , ଵߙ (ܾ)ݕ =  ଴                                       …(2.2)ߚ

First, we select an integer N>0 and divide the interval [a,b] into (N+1) 

equal subintervals whose endpoints are the mesh points ݔ௜ = ܽ + ݅ℎ for 

i=0,1,2,…,N+1, where the step size h=(b-a)/(N+1). 

Second, we approximate all derivatives in (2.1) using finite-difference 

approximation on the interior mesh points. 

(௜ݔ)′ݕ            = ௬(௫೔శభ)ି௬(௫೔షభ)
ଶ௛

− ೓మ

ల  (2.3)…                                         (௜ߦ)′′′ݕ

(௜ݔ)′′ݕ           = ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)
௛మ − ೓మ

భమݕ(௜௩)(ߟ௜)                            …(2.4) 

which are centered-difference formulas with second order convergence. 

But we take special finite-difference approximation for the third-derivative, 

to be suitable to the problem boundary conditions and maintain the second 

order convergence. 

(௜ݔ)′′′ݕ = ௬(௫೔షయ)ି଺௬(௫೔షమ)ାଵଶ௬(௫೔షభ)ିଵ଴௬(௫೔)ାଷ௬(௫೔శభ)
ଶ௛య + ೓మ

ర  (2.5)…      (௜ߞ)(௩)ݕ

Now the substituting of the equations (2.3), (2.4) and (2.5) in Eq.(2.1) gets 

the equation 
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௬(௫೔షయ)ି଺௬(௫೔షమ)ାଵଶ௬(௫೔షభ)ିଵ଴௬(௫೔)ାଷ௬(௫೔శభ)
ଶ௛య = ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)](௜ݔ)ଶ݌

௛మ ] +

௬(௫೔శభ)ି௬(௫೔షభ)](௜ݔ)ଵ݌
ଶ௛

] + (௜ݔ)ݕ(௜ݔ)଴݌ + (௜ݔ)ݎ − ೓మ

భమ[2݌ଵ(ݔ௜)ݕ′′′(ߦ௜) +

(௜ߟ)(௜௩)ݕ(௜ݔ)ଶ݌ +  (2.6)…                                                               [(௜ߞ)(௩)ݕ3

A Finite-Difference method with truncation error of order ܱ(ℎଶ) results by 

using (2.6) together with the boundary conditions (2.2) to define  

଴ݓ = ேାଵݓ         , ଴ߙ = ଴ݓ          ,଴ߚ
′ =  ଵߙ

and  

௪೔షయି଺௪೔షమାଵଶ௪೔షభିଵ଴௪೔ାଷ௪೔శభ
ଶ௛య − (௜ݔ)ଶ݌ ቂ௪೔షభିଶ௪೔ା௪೔శభ

௛మ ቃ − (௜ݔ)ଵ݌ ቂ௪೔శభି௪೔షభ
ଶ௛

ቃ −

௜ݓ(௜ݔ)଴݌ =  (2.7)…                                                                                  (௜ݔ)ݎ

for each i= 3,4,5,…,N . 

Now by multiplying Eq.(2.7) by 2ℎଷ it can be written: 

௜ିଷݓ − ௜ିଶݓ6 + [12 − 2ℎ݌ଶ(ݔ௜) + ℎଶ݌ଵ(ݔ௜)]ݓ௜ିଵ − [10 − 4ℎ݌ଶ(ݔ௜) +

2ℎଷ݌଴(ݔ௜)]ݓ௜ + [3 − 2ℎ݌ଶ(ݔ௜) − ℎଶ݌ଵ(ݔ௜)]ݓ௜ାଵ = 2ℎଷݎ(ݔ௜)          …(2.8) 

for each i= 3,4,5,…,N . 

but this formula is suitable for N-2 mesh points, so we need to derive 

special formula when i=1,2 using the boundary conditions 

ଵݕ                                      
′ = ௬మି௬బ

ଶ௛
− ೓మ

ల  (2.9)…                                 (ଵߦ)′′′ݕ

ଵݕ                             
′′ = ௬బିଶ௬భା௬మ

௛మ  − ೓మ

భమݕ(௜௩)(ߟଵ)                              …(2.10) 

In order to maintain second order convergence, we derive new finite-

difference approximation using the first derivative at i=0 and one more 

point in difference formula using special algorithm (1.2) which is given by 
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ଵݕ                      
′′′ = ଼௬బିଽ௬భା௬యା଺௛௬బ

′

ଷ௛య − య೓మ

మబ  (2.11)…                          (ଵߞ)(௩)ݕ

by substituting equations (2.9),(2.10)and (2.11) in Eq.(2.1) we get 

଼௬బିଽ௬భା௬యା଺௛௬బ
′

ଷ௛య = (ଵݔ)ଶ݌ ቂ௬బିଶ௬భା௬మ

௛మ ቃ + (ଵݔ)ଵ݌ ቂ௬మି௬బ

ଶ௛
ቃ + ଵݕ(ଵݔ)଴݌ +

(ଵݔ)ݎ − ೓మ

లబ[10݌ଵ(ݔଵ)ݕ′′′(ߦଵ) + (ଵߟ)(௜௩)ݕ(ଵݔ)ଶ݌5 −  (2.12)…       [(ଵߞ)(௩)ݕ9

by omitting the error term and multiplying the previous equation by 6ℎଷ we 

get the finite-difference formula at i=1  

[16 − 6ℎ݌ଶ(ݔଵ) + 3ℎଶ݌ଵ(ݔଵ)]ݓ଴ − [18 − 12ℎ݌ଶ(ݔଵ) + 6ℎଷ݌଴(ݔଵ)]ݓଵ −

[6ℎ݌ଶ(ݔଵ) + 3ℎଶ݌ଵ(ݔଵ)]ݓଶ + ଷݓ2 + 12ℎݓ଴
′ = 6ℎଷݎ(ݔଵ)              …(2.13) 

To find the suitable finite-difference formula at i=2 we follow the same 

step as i=1, but without using more one point in deriving it 

ଶݕ                                    
′ = ௬యି௬భ

ଶ௛
− ೓మ

ల  (2.14) …                                (ଶߦ)′′′ݕ

ଶݕ                               
′′ = ௬భିଶ௬మା௬య

௛మ  − ೓మ

భమݕ(௜௩)(ߟଶ)                            …(2.15) 

ଶݕ          
′′′ = ିଵସ௬బାଶ଻௬భିଵ଼௬మାହ௬యି଺௛௬బ

′

ଷ௛య + య೓మ

మబ  (2.16)…                       (ଶߞ)(௩)ݕ

by substituting equations (2.14),(2.15)and (2.16) on Eq.(2.1) we get 

ିଵସ௬బାଶ଻௬భିଵ଼௬మାହ௬యି଺௛௬బ
′

ଷ௛య = (ଶݔ)ଶ݌ ቂ௬భିଶ௬మା௬య

௛మ ቃ + (ଶݔ)ଵ݌ ቂ௬యି௬భ

ଶ௛
ቃ +

ଶݕ(ଶݔ)଴݌ + (ଶݔ)ݎ − ೓మ

లబ[10݌ଵ(ݔଶ)ݕ′′′(ߦଶ) + (ଶߟ)(௜௩)ݕ(ଶݔ)ଶ݌5 +                    [(ଶߞ)(௩)ݕ9

                                                                                                        …(2.17) 

by omitting the error term and multiplying the previous equation by 6ℎଷ we 

get the finite-difference formula at i=2  
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଴ݓ28− + [54 − 6ℎ݌ଶ(ݔଶ) + 3ℎଶ݌ଵ(ݔଶ)]ݓଵ − [36 − 12ℎ݌ଶ(ݔଶ) +

6ℎଷ݌଴(ݔଶ)]ݓଶ + [10 − 6ℎ݌ଶ(ݔଶ) − 3ℎଶ݌ଵ(ݔଶ)]ݓଷ − 12ℎݓ଴
′ = 6ℎଷݎ(ݔଶ)  

                                                                                                           …(2.18) 

Using equations (2.8), (2.13), and (2.18) together give a system with NN 

nearly penta-diagonal matrix problem 

ݓܣ                                                       =c                                         …(2.19) 

where 

ܣ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡−(18 + ((ଵݔ)ଶܨ3 (ଵݔ)ଷܨ3− 2

54 − (ଶݔ)ଵܨ3 −(36 + ((ଶݔ)ଶܨ3 10 − (ଶݔ)ଷܨ3
−6
1

0

12 − (ଷݔ)ଵܨ
−6

⋱

−(10 + ((ଷݔ)ଶܨ
12 − (ସݔ)ଵܨ

⋱
1

    

0

3 − (ଷݔ)ଷܨ
−(10 + ((ସݔ)ଶܨ

⋱
−6

3 − (ସݔ)ଷܨ

⋱
12 − (ேݔ)ଵܨ

⋱
−(10 + ⎦((ேݔ)ଶܨ

⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

         

ݓ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ଵݓ
ଶݓ

⋮

ேିଵݓ
ேݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

          , and   ܿ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡6ℎଷݎ(ݔଵ) − ൫16 + ଴ߙ൯(ଵݔ)ଵܨ3 − 12ℎߙଵ

6ℎଷݎ(ݔଶ) + ଴ߙ28 + 12ℎߙଵ
2ℎଷݎ(ݔଷ) − ଴ݓ

2ℎଷݎ(ݔସ)
⋮

2ℎଷݎ(ݔேିଵ)
2ℎଷݎ(ݔே) − (3 − ଴ߚ((ேݔ)ଷܨ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

                         

(௜ݔ)ଵܨ = 2ℎ݌ଶ(ݔ௜) − ℎଶ݌ଵ(ݔ௜), ܨଶ(ݔ௜) = −4ℎ݌ଶ(ݔ௜) + 2ℎଷ݌଴(ݔ௜) 

(௜ݔ)ଷܨ = 2ℎ݌ଶ(ݔ௜) + ℎଶ݌ଵ(ݔ௜), for i=1,2,3,…,N 

Now, using LU-decomposition with MATLAB, we will solve the linear 

system (2.19), to reduce calculations at several values of step-size (h=0.1, 

0.05, 0.025), then we will extrapolate the solution to get higher-order 

accuracy. 
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Algorithm (2.1): Linear Finite-Difference Method (2.1) for Solving 

Third-Order BVPS Case (I): See full MATLAM program (p.193-197) 

To approximate the solution for the boundary-value problem  

′′′ݕ = ′′ݕ(ݔ)ଶ݌ + ′ݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ        ,(ݔ)ݎ ≤ ݔ ≤ ܾ 

with boundary conditions ݕ(ܽ) = ,଴ߙ (ܾ)ݕ = ,଴ߚ (ܽ)′ݕ =   ଵߙ

Step(1):Input endpoints a, b; boundary conditions ߙ଴, ,଴ߚ   ଵߙ

Step(2):For k=1,2,3,4 (To determine h=0.1,0.05,0.025,0,0125) 

- set Nk=(10*2(k-1))-1; 

- h=(b-a)/(Nk+1); 

- do steps(2-9) 

Step(3):For i=1,2,3, …,Nk set x(i)=a+ih , find p0(xi), p1(xi), p0(xi), and r(xi). 

(The values of associated functions on Eq.(2.1)) 

Step(4):For i=1,2,3,…,Nk set  

- F1(i)= 2ℎ݌ଶ(݅) − ℎଶ݌ଵ(݅); 

- F2(i)=−2ℎଷ݌଴(݅) + 4ℎ݌ଶ(݅); 

- F3(i)= 2ℎ݌ଶ(݅) + ℎଶ݌ଵ(݅); 

(The adding Eq.(2.3)&(2.4) finite-difference  formula for y",y'as F's) 

Step(5):To determine the diagonals for matrix A in the system (2.19) ; For 

i=1,2,3,…,Nk set 

(The main diagonal for A (d0)) 

d0=[-(18+3F2(1))  -(36+3F2(2))  -(10+F2(3))   ….. –(10+F2(Nk))]; 
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(The first upper diagonal for A (dU1)) 

dU1=[-3F3(1)  (10-3F3(2))  (3-F3(3))    …….  (3-F3(Nk-1))]; 

(The second diagonal for A (dU2)) 

dU2=[2  0 …  0]ଵ×(ேೖିଶ)     

(The first lower diagonal for A (dL1)) 

dL1=[(54+3F1(2))  (12+F1(3)) …… (12+F1(Nk)] ; 

(The second lower diagonal for A (dL2)) 

dL2= [−6 … − 6]ଵ×(ேೖିଵ)  

(The third lower diagonal for A (dL3)) 

dL3=[1 … 1]ଵ×(ேೖିଶ) 

(The constant vector on (c) Eq.(2.19)) 

c=[(12ℎଷ(1)ݎ − ൫16 − ଵ(1)൯ܽ0ܨ3 − 6ℎa1) ;(12ℎଷ(2)ݎ + 28ܽ0 + 6ℎa1) 

;( 2ℎଷ(3)ݎ − ܽ0); 2ℎଷ2;..… ;(4)ݎℎଷݎ(ܰ(݇) − 1); 2ℎଷݎ(ܰ(݇)) − (3 −  [଴ߚ(((݇)ܰ)ଷܨ

Step(6)  Factorize A to two diagonals matrix: matrix L has main diagonal-

ones entries- and other three lower ,and U has main diagonal and two upper  

Step(7) For i=1,2,3,…,Nk Solve LY=d to find Y using forward substitution 

Step(8) For i=N, Nk-1 ,…, 2, 1 Solve Uw=Y to find the approximation 

solution w using backward substitution 

To write the w's values at xi=a+0.1*i , for i=0,1,…,9 
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Step(9) Set N1=9 

For i=1,2,3,…Nk , for j= 0,2,4,8,…,Nk  set W1i,k=wj; 

Step(10) For i=1,2,…,N1 set h=(b-a)/N1 ; x(i)=a+ih  

Step(11) Extrapolate the solution at h= 0.1,0.05,0.025,0,0125 by set  

Ext2(h=0.1)=(4*W1(h=0.05)-W1(h=0.1))/3; 

Ext2(h=0.05)=(4*W1(h=0.025)-W1(h=0.05))/3; 

Ext2(h=0.025)=(4*W1(h=0.0125)-W1(h=0.025))/3; 

Ext3(h=0.1)=(16*Ext2(h=0.05)-Ext2(h=0.1))/15; 

Ext3(h=0.05)=(16*Ext2(h=0.025)-Ext2(h=0.05))/15; 

Ext4(h=0.1)=(64*Ext3(h=0.05)-Ext3(h=0.1))/63; 

Step(12) Output [x' ,W1',Ext4] (The approximation solutions and 

Extrapolation) 

Example 1: Consider the linear third-order boundary value problem 

(ݔ)′′′ݕ = ′′ݕଶݔ2 − ′ݕݔ3 − ݕଶݔ5 + ݁ଶ௫(3ݔଷ − ଶݔ − ݔ5 − 4), 0 ≤ ݔ ≤1 

with boundary conditions :    (0)ݕ = (1)ݕ      ,1 = 0, (0)′ݕ       = 1   

So            ݌ଶ(ݔ) = , ଶݔ2 (ݔ)ଵ݌           = , ݔ3− (ݔ)଴݌               =  ଶ , andݔ5−

(ݔ)ݎ  = ݁ଶ௫(3ݔଷ − ଶݔ − ݔ5 − 4) on the interval [0,1] 
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Now by applying algorithm (2.1) to the example we get the following 

results that approximated solutions at several values of h as listed in Table 

(2.1) 

 
    xi       Exact Y        wi(h=0.1)      wi(h=0.05)    wi(h=0.025)  wi(h=0.0125)  Ext3(0.1)     Ext4(0.1) 
   0.1   1.09926248   1.09945718   1.09934530   1.09928723   1.09926910   1.09926520   1.09926269 
   0.2   1.19345976   1.19433658   1.19379324   1.19355538   1.19348492   1.19346702   1.19346036 
   0.3   1.27548316   1.27753316   1.27620571   1.27568575   1.27553614   1.27549571   1.27548435 
   0.4   1.33532456   1.33890771   1.33652472   1.33565662   1.33541109   1.33534304   1.33532645 
   0.5   1.35914091   1.36439876   1.36084026   1.35960702   1.35926211   1.35916540   1.35914355 
   0.6   1.32804677   1.33481404   1.33017748   1.32862762   1.32819757   1.32807627   1.32805003 
   0.7   1.21655999   1.22425193   1.21893383   1.21720414   1.21672703   1.21659201   1.21656358 
   0.8   0.99060648   0.99806306   0.99287133   0.99121882   0.99076513   0.99063646   0.99060989 
   0.9   0.60496475   0.61022938   0.60654294   0.60539014   0.60507488   0.60498532   0.60496710 

The previous results reveal that as h is decreases the accuracy increases. 

The maximum error for each approximation is as listed in Table (2.2) 

ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૚)|  7.7 × 10ିଷ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  2.4 × 10ିଷ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  6.4415 × 10ିସ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    1.6704 × 10ିସ 

ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૚)|  3.2016 × 10ିହ 

ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૚)|  1.6704 × 10ି଺ 

Table (2.2) values reveal that the best error is at the Fourth-Extrapolation 

when h=0.1. 

 

Table 2.2 

Table 2.1 
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2.2 Finite-Difference Method (2.2) for Linear Third-Order 
Boundary-Value Problem: 

 Consider the linear third-order boundary-value problem: 

(ݔ)′′′ݕ  = ′′ݕ(ݔ)ଶ݌ + ′ݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ        ,(ݔ)ݎ ≤ ݔ ≤ ܾ      ..(2.20) 

with second especial case of three boundary conditions 

(ܽ)ݕ          = ,  ଴ߙ (ܾ)ݕ = ,   ଴ߚ (ܾ)′′ݕ =  ଶ                                    …(2.21)ߚ

To approximate the solution to this problem we will follow the same steps 

in the previous by dividing the interval [a,b] into N+1 equal subintervals 

whose endpoints xi=a+ih ,for i=0,1,2,…,N+1, then we substitute all 

derivatives by appropriate finite-difference formulas. 

By using algorithm (1.1) we get a suitable finite-difference approximation 

for ݕ′′′ 

(௜ݔ)′′′ݕ = ିଷ௬(௫೔షభ)ାଵ଴௬(௫೔)ିଵଶ௬(௫೔శభ)ା଺௬(௫೔శమ)ି௬(௫೔శయ)
ଶ௛య + ೓మ

ర  (2.22)..    (௜ߞ)(௩)ݕ

The use of this formula maintains the convergence of this method and 

decreases the use of one more points at endpoints where their boundary 

conditions are not sufficient. 

Now we use the equations (2.3), (2.4) centered-difference formula for 

,′ݕ  and Eq.(2.22) and substituting in Eq.(2.20) to get the equation′′ݕ

ିଷ௬(௫೔షభ)ାଵ଴௬(௫೔)ିଵଶ௬(௫೔శభ)ା଺௬(௫೔శమ)ି௬(௫೔శమ)
ଶ௛య =

(௜ݔ)ଶ݌ ቂ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)
௛మ ቃ + ௬(௫೔శభ)ି௬(௫೔షభ)](௜ݔ)ଵ݌

ଶ௛
] + (௜ݔ)ݕ(௜ݔ)଴݌ +

(௜ݔ)ݎ − ೓మ

భమ[2݌ଵ(ݔ௜)ݕ′′′(ߦ௜) + (௜ߟ)(௜௩)ݕ(௜ݔ)ଶ݌ +  (2.23)…              [(௜ߞ)(௩)ݕ3
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A Finite-Difference method with truncation error of order ܱ(ℎଶ) results by 

using (2.23) together with the boundary conditions (2.21) to define  

଴ݓ = ேାଵݓ         , ଴ߙ = ேାଵݓ          ,଴ߚ
′′ =  ଶߚ

and  

ିଷ௪(௫೔షభ)ାଵ଴௪(௫೔)ିଵଶ௪(௫೔శభ)ା଺௪(௫೔శమ)ି௪(௫೔శమ)
ଶ௛య − (௜ݔ)ଶ݌ ቂ௪೔షభିଶ௪೔ା௪೔శభ

௛మ ቃ −

(௜ݔ)ଵ݌ ቂ௪೔శభି௪೔షభ

ଶ௛
ቃ − ௜ݓ(௜ݔ)଴݌ =  (2.24) …                                           (௜ݔ)ݎ

for each i=1,2, 3,4,5,…,N-2 . 

Now by multiplying Eq.(2.24) by 2ℎଷ it can be written as : 

−[3 + 2ℎ݌ଶ(ݔ௜) − ℎଶ݌ଵ(ݔ௜)]ݓ௜ିଵ + [10 + 4ℎ݌ଶ(ݔ௜) − 2ℎଷ݌଴(ݔ௜)]ݓ௜ −

[12 + 2ℎ݌ଶ(ݔ௜) + ℎଶ݌ଵ(ݔ௜)]ݓ௜ାଵ + ௜ାଶݓ6 − ௜ାଷݓ = 2ℎଷݎ(ݔ௜)     …(2.25) 

but this equation is suitable for N-2 mesh points that we must derive a 

special formula that maintains the second order convergence at i=N-1,N 

Now we will derive the formula when i=N-1 using boundary conditions 

ேିଵݕ                          
′ = ௬ಿି௬ಿషమ

ଶ௛
− ೓మ

ల  (2.26)…                              (ேିଵߦ)′′′ݕ

ேିଵݕ                   
′′ = ௬ಿషమିଶ௬ಿషభା௬ಿ

௛మ  − ೓మ

భమݕ(௜௩)(ߟேିଵ)                        …(2.27) 

ேିଵݕ
′′′ = ିଵ଻௬ಿషమାହ଻௬ಿషభି଺ଷ௬ಿାଶଷ௬ಿశభି଺௛మ௬ಿశభ

′′

ଵଵ௛య + వ೓మ

రర  (2.28)…       (ேିଵߞ)(௩)ݕ

By substituting equations (2.26), (2.27) and (2.28) in (2.20) we get 

ିଵ଻௬ಿషమାହ଻௬ಿషభି଺ଷ௬ಿାଶଷ௬ಿశభି଺௛మ௬ಿశభ
′′

ଵଵ௛య = (ேିଵݔ)ଶ݌ ቂ௬ಿషమିଶ௬ಿషభା௬ಿ

௛మ ቃ +

(ேିଵݔ)ଵ݌ ቂ௬ಿି௬ಿషమ

ଶ௛
ቃ + ேିଵݕ(ேିଵݔ)଴݌ + (ேିଵݔ)ݎ − ೓మ

భయమ[22݌ଵ(ݔேିଵ)ݕ (ேିଵߦ)′′′ +

(ேିଵߟ)(௜௩)ݕ(ேିଵݔ)ଶ݌11 +                                                                                                  (2.29)…                                                  [(ேିଵߞ)(௩)ݕ18
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By omitting the error term and multiplying the previous equation by 22ℎଷ 

we get the finite-difference formula at i=N-1 

−[34 + 22ℎ݌ଶ(ݔேିଵ) − 11ℎଶ݌ଵ(ݔேିଵ)]ݓேିଶ + [114 + 44ℎ݌ଶ(ݔேିଵ) −

22ℎଷ݌଴(ݔேିଵ)]ݓேିଵ − [126 + 22ℎ݌ଶ(ݔேିଵ) + 11ℎଶ݌ଵ(ݔேିଵ)]ݓே +

ேାଵݓ46 − 12ℎଶݓேାଵ
′′ = 22ℎଷݎ(ݔேିଵ)                                            …(2.30) 

Finally, to derive finite-difference formula at i=N, we use  

ேݕ                                      
′ = ௬ಿశభି௬ಿషభ

ଶ௛
− ೓మ

ల  (2.31)…                       (ேߦ)′′′ݕ

ேݕ                                
′′ = ௬ಿషభିଶ௬ಿା௬ಿశభ

௛మ  − ೓మ

భమݕ(௜௩)(ߟே)                  …(2.32) 

In order to maintain second order convergence, we derive new finite-

difference approximation for third-order derivative using the second 

derivative at i=N and one more point using special algorithm (1.2), which 

is given by 

ேݕ             
′′′ = ିହ௬ಿషమାଽ௬ಿషభିଷ௬ಿି௬ಿశభା଺௛మ௬ಿశభ

′′

ଵଵ௛య − వ೓మ

రర  (2.33)…         (ேߞ)(௩)ݕ

By substituting equations (2.31), (2.32) and (2.33) in Eq.(2.20) we get 

ିହ௬ಿషమାଽ௬ಿషభିଷ௬ಿି௬ಿశభା଺௛మ௬ಿశభ
′′

ଵଵ௛య =

(ேݔ)ଶ݌ ቂ௬ಿషభିଶ௬ಿା௬ಿశభ

௛మ ቃ + (ேݔ)ଵ݌ ቂ௬ಿశభି௬ಿషభ

ଶ௛
ቃ + ேݕ(ேݔ)଴݌ + (ேݔ)ݎ −

೓మ

భయమൣ22݌ଵ(ݔଵ)ݕ′′′(ߦଵ) + (ଵߟ)(௜௩)ݕ(ଵݔ)ଶ݌11 −  ൧               …(2.34)(ଵߞ)(௩)ݕ18

By omitting the error term and multiplying the previous equation by 22ℎଷ 

we get the finite-difference formula at i=N  

ேିଶݓ10− + [18 − 22ℎ݌ଶ(ݔே) + 11ℎଶ݌ଵ(ݔே)]ݓேିଵ − [6 − 44ℎ݌ଶ(ݔே) +

ℎଷ݌଴(ݔே)]ݓே − [2 + 22ℎ݌ଶ(ݔே) + 11ℎଶ݌ଵ(ݔே)]ݓேାଵ + 6ℎଶݓேାଵ
′′ =

22ℎଷݎ(ݔே)                                                                                         …(2.35) 
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Using equations (2.25), (2.30), and (2.35) together give a system with NN 

nearly penta-diagonal matrix problem 

ݓܣ                                                       =c                                         …(2.36) 

Where 

A= 

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 10 − (ଵݔ)ଶܨ −(12 + ((ଵݔ)ଷܨ 6
−(3 + ((ଶݔ)ଵܨ 10 − (ଶݔ)ଶܨ −(12 + ((ଶݔ)ଷܨ3

0

⋱ ⋱     

−1 0
6 −1

⋱
−(3 + ((ேିଶݔ)ଵܨ

−(34 + ((ேିଵݔ)ଵܨ11
−10

⋱
10 − (ேିଶݔ)ଶܨ

126 − (ேିଵݔ)ଶܨ11
18 − (ேݔ)ଵܨ11

⋱
−(12 + ((ேିଶݔ)ଷܨ3

−(126 + ((ேିଵݔ)ଷܨ11
−(6 + ((ேݔ)ଶܨ11 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

    

 

ݓ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ଵݓ
ଶݓ

⋮

ேିଵݓ
ேݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

    ;      ܿ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ൫3 + ଴ߙ൯(ଵݔ)ଵܨ + 2ℎଷݎ(ݔଵ)

2ℎଷݎ(ݔଶ)

⋮

଴ߚ + 2ℎଷݎ(ݔேିଶ)
଴ߚ46− + 12ℎଶߚଶ + 22ℎଷݎ(ݔேିଵ)

(2 + ଴ߚ((ேݔ)ଷܨ11 − 12ℎଶߚଶ + 22ℎଷݎ(ݔே)⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

  

(௜ݔ)ଵܨ = 2ℎ݌ଶ(ݔ௜) − ℎଶ݌ଵ(ݔ௜) , 

(௜ݔ)ଶܨ  = −4ℎ݌ଶ(ݔ௜) + 2ℎଷ݌଴(ݔ௜) 

(௜ݔ)ଷܨ = 2ℎ݌ଶ(ݔ௜) + ℎଶ݌ଵ(ݔ௜), for i=1,2,3,…,N 

Now, using LU-decomposition with MATLAB, we will solve the linear 

system (2.36), to reduce calculations at several values of step-size (h=0.1, 

0.05, 0.025), then we will extrapolate the solution to get higher-order 

accuracy. 
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Algorithm (2.2): Linear Finite-Difference Method (2.2) for Solving 

Third-Order BVPS Case (II): See full MATLAM program (p.197-202) 

To approximate the solution for the boundary-value problem  

(ଷ)ݕ = ′′ݕ(ݔ)ଶ݌ + ′ݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ        ,(ݔ)ݎ ≤ ݔ ≤ ܾ 

with boundary conditions ݕ(ܽ) = ,଴ߙ (ܾ)ݕ = ,଴ߚ (ܾ)′′ݕ =   ଶߚ

We use the same steps in algorithm (2.1) except modification in steps (5) 

&(6) as: 

Step(5):To determine the diagonals for matrix A in the system (2.36) ;  

For i=1,2,3,…,Nk set  (The main diagonal for A (d0)) 

d0=[10-F2(1) 10-F2(2)   ….. (114-11F2(N-1)) –(6+11F2(Nk))]; 

(The first upper diagonal for A (dU1)) 

dU1=[-(12+F3(1))  -(12+F3(2))  …….  -(126+11F3(Nk-1))]; 

(The second upper diagonal for A (dU2)):dU2=[6 … 6]ଵ×(ேೖିଶ) 

(The third upper diagonal for A (dU3)):dU3=[−1 … − 1]ଵ×(ேೖିଷ); 

(The first lower diagonal for A (dL1)) 

dL1=[(54+3F1(2))  (12+F1(3)) …… (12+F1(Nk)] ; 

(The second lower diagonal for A (dL2)) : dL2= [ 0 … 0 − 10]ଵ×(ேೖିଶ)  

 (The constant vector on (c) Eq.(2.36)) 

c=[(2hଷr(1) + ൫3 + Fଵ(1)൯a0) ; 2hଷr(3);…2hଷr(N୩ − 2) + b଴ ; 
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(-46b0+ 12h2b2+22 h3r(N୩-1) ; (2+11F3(N୩))b0 -12h2b2+22r(Nk )] 

Step(6): Factorize A into LU,  where L is lower tridiagonal matrix with 

unit main diagonal and U is upper fourth-diagonal. 

Then we complete the other steps in algorithm to get the results. 

 

Example 2: Consider the linear third-order boundary value problem 

(ݔ)ᇱᇱᇱݕ = ᇱᇱݕଶݔ2 − ᇱݕݔ3 − ݕଶݔ5 + ݁ଶ௫(3ݔଷ − ଶݔ − ݔ5 − 4), 0 ≤ ݔ ≤1 

with boundary conditions :    (0)ݕ = (1)ݕ      ,1 = 0, ᇱᇱ(1)ݕ       = −4݁ଶ   

So            ݌ଶ(ݔ) = , ଶݔ2 (ݔ)ଵ݌           = , ݔ3− (ݔ)଴݌               =  ଶ , andݔ5−

(ݔ)ݎ  = ݁ଶ௫(3ݔଷ − ଶݔ − ݔ5 − 4) on interval [0,1] 

Now by applying algorithm (2.2) to the example we get the following 

results that approximated solutions at several values of h as listed in Table 

(2.3) 

 
   xi      Exact Y     wi(h=0.1)    wi(h=0.05)    wi(h=0.025)  wi(h=0.0125)   Ext3(0.1)  Ext4(0.1) 
   0.1   1.09926248   1.09473860   1.09670179   1.09843355   1.09903139   1.09912112   1.09924730 
   0.2   1.19345976   1.18634766   1.18908380   1.19202138   1.19305661   1.19320088   1.19343204 
   0.3   1.27548316   1.26750392   1.26999876   1.27364690   1.27496522   1.27513179   1.27544567 
   0.4   1.33532456   1.32792833   1.32939255   1.33329311   1.33474718   1.33490747   1.33528027 
   0.5   1.35914091   1.35342815   1.35336365   1.35710591   1.35855714   1.35868741   1.35909306 
   0.6   1.32804677   1.32466256   1.32294828   1.32618503   1.32750650   1.32758974   1.32799893 
   0.7   1.21655999   1.21556413   1.21255574   1.21502730   1.21610862   1.21613770   1.21651617 
   0.8   0.99060648   0.99134977   0.98795838   0.98952776   0.99028264   0.99026575   0.99057126 
   0.9   0.60496475   0.60609462   0.60372300   0.60441868   0.60479665   0.60476512   0.60494357 

The previous results reveal that as h decreases the accuracy increases. The 

maximum error for each approximation is as listed in Table (2.4) 

Table 2.3 
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ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૚)|  7.9792 × 10ିଷ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  5.9320 × 10ିଷ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  2.0350 × 10ିଷ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    5.8377 × 10ିସ 

ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૚)|  1.0003 × 10ିସ 

ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૚)|  4.7850 × 10ିହ 

But this table reveals that the results for method (2.1) is better than method 

(2.2) which means, that the derivatives order in boundary conditions have a 

control on the method accuracy. 

2.3 Finite-Difference Method (2.3) for Linear Third-Order 
Boundary-Value Problem: 

Consider the linear third-order boundary-value problem: 

(ݔ)ᇱᇱᇱݕ  = ᇱᇱݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ        ,(ݔ)ݎ ≤ ݔ ≤ ܾ     ...(2.37) 

with third especial case of three boundary conditions 

(ܽ)ݕ          = ,  ଴ߙ (ܽ)ᇱݕ = ,   ଵߙ (ܾ)ᇱᇱݕ =  ଶ                                  …(2.38)ߚ

To approximate the solution to this problem we will follow the same steps 

in the previous section by dividing the interval [a,b] into N+1 equal 

subintervals whose endpoints xi=a+ih ,for i=0,1,2,…,N+1. Then we 

substitute all derivatives by appropriate finite-difference formulas. 

Table 2.4 
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By using algorithm (1.1) we get a suitable finite-difference approximation 

for ݕᇱᇱᇱ 

(௜ݔ)ᇱᇱᇱݕ = ௬(௫೔షయ)ି଺௬(௫೔షమ)ାଵଶ௬(௫೔షభ)ିଵ଴௬(௫೔)ାଷ௬(௫೔శభ)
ଶ௛య − ೓మ

ర  (2.39)…    (௜ߞ)(௩)ݕ

Now we use equations (2.3), (2.4) the centered-difference formula for 

,ᇱݕ  ᇱᇱand Eq.(2.39), and substituting in Eq.(2.37) to get the equationݕ

௬(௫೔షయ)ି଺௬(௫೔షమ)ାଵଶ௬(௫೔షభ)ିଵ଴௬(௫೔)ାଷ௬(௫೔శభ)
ଶ௛య = (௜ݔ)ଶ݌ ቂ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)

௛మ ቃ +

(௜ݔ)ଵ݌ ቂ௬(௫೔శభ)ି௬(௫೔శభ)
ଶ௛

ቃ + (௜ݔ)ݕ(௜ݔ)଴݌ + (௜ݔ)ݎ − ೓మ

భమ[2݌ଵ(ݔ௜)ݕ(ଷ)(ߦ௜) +

(௜ߟ)(௜௩)ݕ(௜ݔ)ଶ݌ −  (2.40)…                                                             [(௜ߞ)(௩)ݕ3

A Finite-Difference method with truncation error of order ܱ(ℎଶ) results by 

using (2.40) together with the boundary conditions (2.38) to define  

଴ݓ = ଴ݓ         , ଴ߙ
ᇱ = ேାଵݓ          ,ଵߙ

ᇱᇱ =  ଶߚ

and  

௜ିଷݓ − ௜ିଶݓ6 + ௜ିଵݓ12 − ௜ݓ10 + ௜ାଵݓ3

2ℎଷ − (௜ݔ)ଶ݌ ൤
௜ିଵݓ − ௜ݓ2 + ௜ାଵݓ

ℎଶ ൨ 

(௜ݔ)ଵ݌− ቂ௪೔శభି௪೔షభ

ଶ௛
ቃ − ௜ݓ(௜ݔ)଴݌ =  (2.41)…                                          (௜ݔ)ݎ

for each  i=3,4,5,…,N-1 

Now by multiplying Eq.(2.41) by 2h3 we can rewrite it as: 

௜ିଷݓ − ௜ିଶݓ6 + [12 − 2ℎ݌ଶ(ݔ௜) + ℎଶ݌ଵ(ݔ௜)]ݓ௜ିଵ − [10 − 4ℎ݌ଶ(ݔ௜) +

2ℎଷ݌଴(ݔ௜)]ݓ௜ + [3 − 2ℎ݌ଶ(ݔ௜) − ℎଶ݌ଵ(ݔ௜)]ݓ௜ାଵ = 2ℎଷݎ(ݔ௜)        …(2.42) 

But this formula is suitable for N-3 mesh points, so we need to derive 

special formula when i=1,2,N using the boundary conditions, that maintains 

the second order convergence for the method. 



32 
 

Now we will derive finite-difference formula at i=1 

ଵݕ                                      
ᇱ = ௬మି௬బ

ଶ௛
− ೓మ

ల  (2.43)…                               (ଵߦ)ᇱᇱᇱݕ

ଵݕ                             
ᇱᇱ = ௬బିଶ௬భା௬మ

௛మ  − ೓మ

భమݕ(௜௩)(ߟଵ)                             …(2.44) 

In order to maintain second order convergence, we derive new finite-

difference approximation for third-order derivative by using the first 

derivative at i=0 and one more point in algorithm (2.1), as following 

ଵݕ                      
ᇱᇱᇱ = ଼௬బିଽ௬భା௬యା଺௛௬బ

ᇲ

ଷ௛య − య೓మ

మబ  (2.45)…                          (ଵߞ)(௩)ݕ

By substituting equations (2.43), (2.44) and (2.45) in Eq.(2.37) we get 

଼௬బିଽ௬భା௬యା଺௛௬బ
ᇲ

ଷ௛య = (ଵݔ)ଶ݌ ቂ௬బିଶ௬భା௬మ

௛మ ቃ + (ଵݔ)ଵ݌ ቂ௬మି௬బ

ଶ௛
ቃ + ଵݕ(ଵݔ)଴݌ +

(ଵݔ)ݎ − ೓మ

లబ[10݌ଵ(ݔଵ)ݕᇱᇱᇱ(ߦଵ) + (ଵߟ)(௜௩)ݕ(ଵݔ)ଶ݌5 −  (2.46)…       [(ଵߞ)(௩)ݕ9

By omitting the error term and multiplying the previous equation by 6ℎଷ 

we get the finite-difference formula at i=1  

[16 − 6ℎ݌ଶ(ݔଵ) + 3ℎଶ݌ଵ(ݔଵ)]ݓ଴ − [18 − 12ℎ݌ଶ(ݔଵ) + 6ℎଷ݌଴(ݔଵ)]ݓଵ −

[6ℎ݌ଶ(ݔଵ) + 3ℎଶ݌ଵ(ݔଵ)]ݓଶ + ଷݓ2 + 12ℎݓ଴
ᇱ = 6ℎଷݎ(ݔଵ)              …(2.47) 

To find the suitable finite-difference formula at i=2, we follow the same 

step as in i=1, but without using more one point in deriving it 

ଶݕ                                    
ᇱ = ௬యି௬భ

ଶ௛
− ೓మ

ల  (2.48)…                                 (ଶߦ)ᇱᇱᇱݕ

ଶݕ                               
ᇱᇱ = ௬భିଶ௬మା௬య

௛మ  − ೓మ

భమݕ(௜௩)(ߟଶ)                            …(2.49) 

ଶݕ          
ᇱᇱᇱ = ିଵସ௬బାଶ଻௬భିଵ଼௬మାହ௬యି଺௛௬బ

ᇲ

ଷ௛య + య೓మ

మబ  (2.50)…                      (ଶߞ)(௩)ݕ

By substituting equations (2.48), (2.49) and (2.50) in Eq.(2.37) we get 
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ିଵସ௬బାଶ଻௬భିଵ଼௬మାହ௬యି଺௛௬బ
ᇲ

ଷ௛య = (ଶݔ)ଶ݌ ቂ௬భିଶ௬మା௬య

௛మ ቃ + (ଶݔ)ଵ݌ ቂ௬యି௬భ

ଶ௛
ቃ +

ଶݕ(ଶݔ)଴݌ + (ଶݔ)ݎ − ೓మ

లబ[10݌ଵ(ݔଶ)ݕᇱᇱᇱ(ߦଶ) + (ଶߟ)(௜௩)ݕ(ଶݔ)ଶ݌5 +                    [(ଶߞ)(௩)ݕ9

                                                                                                          …(2.51)   

By omitting the error term and multiplying the previous equation by 6ℎଷ 

we get the finite-difference formula at i=2  

଴ݓ28− + [54 − 6ℎ݌ଶ(ݔଶ) + 3ℎଶ݌ଵ(ݔଶ)]ݓଵ − [36 − 12ℎ݌ଶ(ݔଶ) + 6ℎଷ݌଴(ݔଶ)]ݓଶ +

[10 − 6ℎ݌ଶ(ݔଶ) − 3ℎଶ݌ଵ(ݔଶ)]ݓଷ − 12ℎݓ଴
ᇱ = 6ℎଷݎ(ݔଶ)                               …(2.52)                                            

Now we will find suitable finite-difference formula at i=N which maintains 

second order convergence and specify the boundary conditions   

ேݕ                          
ᇱ = ௬ಿషమିସ௬ಿషభାଷ௬ಿ

ଶ௛
+ ೓మ

య  (2.53)…                          (ேߦ)ᇱᇱᇱݕ

ேݕ                  
ᇱᇱ = ௬ಿషమିଶ௬ಿషభା௬ಿା௛మ௬ಿశభ

ᇲᇲ

ଶ௛మ − భయ೓మ

మర  (2.54)…                  (ேߟ)(௜௩)ݕ

ேݕ        
ᇱᇱᇱ = ௬ಿషయିଶଵ௬ಿషమାଷଽ௬ಿషభିଵଽ௬ಿାଵ଼௛మ௬ಿశభ

ᇲᇲ

ଷହ௛య − ఱ೓మ

మఴ  (2.55)…         (ேߞ)(௩)ݕ

By substituting equations (2.53), (2.54) and (2.55) in Eq.(2.37) we get 

௬ಿషయିଶଵ௬ಿషమାଷଽ௬ಿషభିଵଽ௬ಿାଵ଼௛మ௬ಿశభ
ᇲᇲ

ଷହ௛య = (ேݔ)ଶ݌ ቂ௬ಿషమିଶ௬ಿషభା௬ಿା௛మ௬ಿశభ
ᇲᇲ

ଶ௛మ ቃ +

(ேݔ)ଵ݌ ቂ௬ಿషమିସ௬ಿషభାଷ௬ಿ

ଶ௛
ቃ + ேݕ(ேݔ)଴݌ + (ேݔ)ݎ + ೓మ

భలఴ[56݌ଵ(ݔே)ݕ(ଷ)(ߦே) −

(ேߟ)(௜௩)ݕ(ேݔ)ଶ݌91 +  (2.56)…                                                   [(ேߞ)(௩)ݕ30

By omitting the error term and multiplying Eq.(2.56) by 70ℎଷwe get the 

finite-difference formula at i=N 

ேିଷݓ2 − [42 + 35ℎ݌ଶ(ݔே) + 35ℎଶ݌ଵ(ݔே)]ݓேିଶ + [78 + 70ℎ݌ଶ(ݔே) +

140ℎଶ݌ଵ(ݔே)]ݓேିଵ − [38 + 35ℎ݌ଶ(ݔே) + 105ℎଶ݌ଵ(ݔே) + 70ℎଷ݌଴(ݔே)]ݓே +

[36 − 35ℎ݌ଶ(ݔே)]ℎଶݓேାଵ
ᇱᇱ = 70ℎଷݎ(ݔே)                                              …(2.57) 
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Finally, using equations (2.42), (2.47),(2.52), and (2.57) together give a 

linear system with NN nearly penta-diagonal matrix problem 

ݓܣ                                                       =c                                          …(2.58) 

Where  

A= 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡−(18 + ((ଵݔ)ଶܨ3 (ଵݔ)ଷܨ3− 2

54 − (ଶݔ)ଵܨ3 −(36 + ((ଶݔ)ଶܨ3 10 − (ଶݔ)ଷܨ3
−6
1

0

12 − (ଷݔ)ଵܨ
−6

⋱
1

−(10 + ((ଷݔ)ଶܨ
12 − (ସݔ)ଵܨ

⋱
−6
2

    

0

3 − (ଷݔ)ଷܨ
−(10 + ((ସݔ)ଶܨ

⋱
12 − (ேݔ)ଵܨ

−(42 + ((ேݔ)ସܨ

3 − (ସݔ)ଷܨ

⋱
−(10 + ((ேିଵݔ)ଶܨ

78 − (ேݔ)ହܨ

⋱
3 − (ேିଵݔ)ଷܨ

−(38 + ⎦((ேݔ)଺ܨ
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

  

ݓ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ଵݓ
ଶݓ

⋮

ேିଵݓ
ேݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

    ; ܿ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡6ℎଷݎ(ݔଵ) − ൫16 + ଴ߙ൯(ଵݔ)ଵܨ3 − 12ℎߙଵ

6ℎଷݎ(ݔଶ) + ଴ߙ28 + 12ℎߙଵ
2ℎଷݎ(ݔଷ) − ଴ߙ

2ℎଷݎ(ݔସ)
⋮

2ℎଷݎ(ݔேିଵ)
70ℎଷݎ(ݔே) − (36 − 35ℎ݌ଶ(ݔே))ℎଶߚଶ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

 

(௜ݔ)ଵܨ = 2ℎ݌ଶ(ݔ௜) − ℎଶ݌ଵ(ݔ௜) , 

(௜ݔ)ଶܨ  = −4ℎ݌ଶ(ݔ௜) + 2ℎଷ݌଴(ݔ௜) 

(௜ݔ)ଷܨ = 2ℎ݌ଶ(ݔ௜) + ℎଶ݌ଵ(ݔ௜), for i=1,2,3,…,N-1 

(ேݔ)ସܨ = 35ℎ݌ଶ(ݔே) + 35ℎଶ݌ଵ(ݔே) , 

(ேݔ)ହܨ  = −70ℎ݌ଶ(ݔே) − 140ℎଶ݌ଵ(ݔே) 

(ேݔ)଺ܨ = 35ℎ݌ଶ(ݔே) + 105ℎଶ݌ଵ(ݔே) + 70ℎଷ݌଴(ݔே)  
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Now, using LU-decomposition with MATLAB, we will solve the linear 

system (2.19), to reduce calculations at several values of step-size (h=0.1, 

0.05, 0.025), then we extrapolate the solution to get higher-order accuracy. 

Algorithm (2.3): Linear Finite-Difference Method (2.3) for Solving 

Third-Order BVPS Case (III): See full MATLAM program (p.202-207) 

To approximate the solution for the boundary-value problem  

(ଷ)ݕ = ᇱᇱݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ        ,(ݔ)ݎ ≤ ݔ ≤ ܾ 

with boundary conditions ݕ(ܽ) = ,  ଴ߙ (ܽ)ᇱݕ = ,   ଵߙ (ܾ)ᇱᇱݕ =  ଶߚ

This algorithm is the same as algorithm (2.1) with some modifications in 

steps (4and 5) as: 

Step(4):For i=1,2,3,…,Nk set  

- F1(i)= 2ℎ݌ଶ(݅) − ℎଶ݌ଵ(݅); 

- F2(i)=−2ℎଷ݌଴(݅) + 4ℎ݌ଶ(݅); 

- F3(i)= 2ℎ݌ଶ(݅) + ℎଶ݌ଵ(݅) 

(ேݔ)ସܨ - = 35ℎ݌ଶ(ݔே) + 35ℎଶ݌ଵ(ݔே) , 

(ேݔ)ହܨ  - = −70ℎ݌ଶ(ݔே) − 140ℎଶ݌ଵ(ݔே) 

(ேݔ)଺ܨ - = 35ℎ݌ଶ(ݔே) + 105ℎଶ݌ଵ(ݔே) + 70ℎଷ݌଴(ݔே)  

(The adding Eq.(2.3) &(2.4) finite-difference  formula for y", y' as F's) 

Step(5):To determine the diagonals for matrix A in the system (2.58);  

 For i=1, 2, 3…, Nk set (The main diagonal for A (d0)) 

d0= [-(18+3F2(1))  -(36+3F2(2))  -(10+F2(3))   ….. –(39+F6(Nk))]; 
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(The first upper diagonal for A (dU1)) 

dU1=[-3F3(1)  (10-3F3(2))  (3-F3(3))    ……. (3-F3(Nk-1))]; 

(The second diagonal for A (dU2)) 

dU2=[2 0 … 0]ଵ×(ேೖିଵ)     

(The first lower diagonal for A (dL1)) 

dL1=[(54+3F1(2))  (12+F1(3)) …… (78- F5(Nk-1)] ; 

(The second lower diagonal for A (dL2)) 

dL2= [−6 … − 6  − 42 −  ଵ×(ேೖିଶ)[ (ܰ)4ܨ

(The third lower diagonal for A (dL3)) 

dL3=[1 … 1  2]ଵ×(ேೖିଷ); 

(The constant vector on (c) Eq.(2.58)) 

c=[(12ℎଷ(1)ݎ − ൫16 − ଵ(1)൯ܽ0ܨ3 − 6ℎa1) ;(12ℎଷ(2)ݎ + 28ܽ0 + 6ℎa1) ;( 2ℎଷ(3)ݎ −

ܽ0); 2ℎଷ2;..… ;(4)ݎℎଷݎ( ௞ܰ − 1); 70ℎଷݎ(ݔே) − (36 − 35ℎ݌ଶ(ݔே))ℎଶߚଶ ] 

then we continue the algorithm to get the approximation vector w 

Example 3: Consider the linear third-order boundary value problem 

(ݔ)ᇱᇱᇱݕ = ᇱᇱݕଶݔ2 − ᇱݕݔ3 − ݕଶݔ5 + ݁ଶ௫(3ݔଷ − ଶݔ − ݔ5 − 4), 0 ≤ ݔ ≤1 

with boundary conditions :    (0)ݕ = ᇱ(0)ݕ      ,1 = 1, ᇱᇱ(1)ݕ       = −4݁ଶ   

So            ݌ଶ(ݔ) = , ଶݔ2 (ݔ)ଵ݌           = , ݔ3− (ݔ)଴݌               =  ଶ , andݔ5−

(ݔ)ݎ  = ݁ଶ௫(3ݔଷ − ଶݔ − ݔ5 − 4) on interval [0,1] 
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Now by applying algorithm (2.3) to the example we get results, which 

approximated the solutions for the problem at several values of h as listed 

in Table (2.5). 
    xi        Exact Y         wi(h=0.1)        wi(h=3.125-3)     wi(h=1.5625-3)   wi(h=7.8125-4)    
   0.1    1.09926248     1.05859890    1.09883598    1.09915376    1.09923508 
   0.2    1.19345976     1.03091315    1.19175407    1.19302494    1.19335018 
   0.3    1.27548316     0.91005993    1.27164775    1.27450542    1.27523677 
   0.4    1.33532456     0.68658141    1.32851532    1.33358872    1.33488713 
   0.5    1.35914091     0.34789500    1.34852799    1.35643543    1.35845914 
   0.6    1.32804677    -0.12237751   1.31282786    1.32416712    1.32706911 
   0.7    1.21655999    -0.74516754   1.19598188    1.21131417    1.21523806 
   0.8    0.99060648    -1.54676537   0.96399897    0.98382364    0.98889724 
   0.9    0.60496475    -2.55960248   0.57179284    0.59650850    0.60283381 

We note from the results that the first approximation has bad values, so we 

decrease h values to approach more realistic approximations, and then we 

use Extrapolation method at several values of h. In this table we choose the 

first approximations that their maximum error less than 10-2. 

 
   Xi      Exact Y        Ext2             Ext3              Ext4            Ext5               Ext6               Ext7 
ࢎ                              = ૟. ૛૞ି૜        ࢎ = ૚. ૛૞ି૛        ࢎ = ૙. ૙૞          ࢎ ࢎ                 0.1= ࢎ                0.1= =0.1  

   0.1   1.09926248   1.09897925   1.09925114   1.09913578   1.09914145   1.09925393   1.09926159 
   0.2   1.19345976   1.19232705   1.19341438   1.19295305   1.19297575   1.19342555   1.19345619 
   0.3   1.27548316   1.27293622   1.27538113   1.27434382   1.27439485   1.27540624   1.27547513 
   0.4   1.33532456   1.33080297   1.33514343   1.33330191   1.33339250   1.33518800   1.33531030 
   0.5   1.35914091   1.35209385   1.35885863   1.35598857   1.35612976   1.35892809   1.35911869 
   0.6   1.32804677   1.31794180   1.32764200   1.32352659   1.32372904   1.32774160   1.32801490 
   0.7   1.21655999   1.20289742   1.21601272   1.21044848   1.21072220   1.21614739   1.21651691 
   0.8   0.99060648   0.97294186   0.98989892   0.98270489   0.98305880   0.99007304   0.99055078 
   0.9   0.60496475   0.58294356   0.60408271   0.59511459   0.59555579   0.60429977   0.60489531 

The Table (2.6) lists the first good approximations for the problem which 

reveal using Richardson's Extrapolation with maximum error less than 

110-2 for second, third, fourth, fifth, sixth and seventh Extrapolation. 

 The previous results reveal that as h decreases the accuracy increases. 

Now the maximum error for each approximation is as listed in Table(2.6) 

Table 2.5 

Table 2.6 
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ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૚)|  3.1664 

หࢅ − ࢎ)࢏࢝ = ૜. ૚૛૞ି૜)ห  3.3172 × 10ିଶ 

หࢅ − ࢎ)࢏࢝ = ૚. ૟૞૛૞ି૜)ห  8.4562 × 10ିଷ 

หࢅ − ࢎ)࢏࢝ = ૠ. ૡ૚૛૞ି૝)ห    2.1309 × 10ିଷ 

หࢅ − ࢎ)࢏૛࢚࢞ࡱ = ૟. ૛૞ି૜)ห  2.2032 × 10ିଷ 

หࢅ − ࢎ)࢏૜࢚࢞ࡱ = ૚. ૛૞ି૛)ห   8.8203 × 10ିସ 

ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૙૞)|  9.8502 × 10ିଷ 

ࢅ| − ࢎ)࢏૞࢚࢞ࡱ = ૙. ૚)|  9.4090 × 10ିଷ 

ࢅ| − ࢎ)࢏૟࢚࢞ࡱ = ૙. ૚)|  6.6498 × 10ିସ 

ࢅ| − ࢎ)࢏ૠ࢚࢞ࡱ = ૙. ૚)|  6.9438 × 10ିହ 

The results in this method are worse than the previous methods because of 

 .଴ absence, which confirm our conclusionߚ

2.4 Finite-Difference Method (2.4) for Linear Third-Order 
Boundary-Value Problem: 

Consider the linear third-order boundary-value problem: 

(ݔ)ᇱᇱᇱݕ = ᇱᇱݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ        ,(ݔ)ݎ ≤ ݔ ≤ ܾ      .. (2.59) 

with third especial case of three boundary conditions 

(ܽ)ᇱݕ          = ,  ଵߙ (ܾ)ݕ = ,   ଴ߚ (ܾ)ᇱݕ =  ଵ                                   …(2.60)ߚ

To approximate the solution to this problem we will follow the same steps 

in the previous sections by dividing the interval [a,b] into N+1 equal 

Table 2.7 
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subintervals whose endpoints xi=a+ih ,for i=0,1,2,…,N+1, then we 

substitute all derivatives by appropriate finite-difference formulas. 

By using algorithm (1.1) we get a suitable finite-difference approximation 

for ݕᇱᇱᇱ 

(௜ݔ)ᇱᇱᇱݕ = ିଷ௬(௫೔షభ)ାଵ଴௬(௫೔)ିଵଶ௬(௫೔శభ)ା଺௬(௫೔శమ)ି௬(௫೔శయ)
ଶ௛య + ೓మ

ర  (2.61)…  (௜ߞ)(௩)ݕ

Now we use the equations (2.3), (2.4) the centered-difference formula for 

,ᇱݕ  ᇱᇱand Eq.(2.61) and substituting in Eq.(2.59) to get the equationݕ

ିଷ௬(௫೔షభ)ାଵ଴௬(௫೔)ିଵଶ௬(௫೔శభ)ା଺௬(௫೔శమ)ି௬(௫೔శయ)
ଶ௛య =

(௜ݔ)ଶ݌ ቂ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)
௛మ ቃ + (௜ݔ)ଵ݌ ቂ௬(௫೔శభ)ି௬(௫೔షభ)

ଶ௛
ቃ + (௜ݔ)ݕ(௜ݔ)଴݌ +

(௜ݔ)ݎ − ೓మ

భమ[2݌ଵ(ݔ௜)ݕᇱᇱᇱ(ߦ௜) − (௜ߟ)(௜௩)ݕ(௜ݔ)ଶ݌ −  (2.62)…              [(௜ߞ)(௩)ݕ3

A Finite-Difference method with truncation error of order ܱ(ℎଶ) results by 

using (2.62) together with the boundary conditions (2.60) to define  

଴ݓ
ᇱ = ,ଵߙ ேାଵݓ               = ேାଵݓ         , ଴ߚ

ᇱ =  ଵߚ

and  

௜ିଵݓ3− + ௜ݓ10 − ௜ାଵݓ12 + ௜ାଶݓ6 − ௜ାଷݓ

2ℎଷ − (௜ݔ)ଶ݌ ൤
௜ିଵݓ − ௜ݓ2 + ௜ାଵݓ

ℎଶ ൨

− (௜ݔ)ଵ݌ ቂ
௜ାଵݓ − ௜ିଵݓ

2ℎ
ቃ − ௜ݓ(௜ݔ)଴݌ …                        (௜ݔ)ݎ  (2.63) 

for each i=2,3,4,…N-2 

Now by multiplying Eq.(2.63) by 2h3 we rewrite it in the form as 

−(3 + 2ℎ݌ଶ(ݔ௜) − ℎଶ݌ଵ(ݔ௜))ݓ௜ିଵ + (10 + 4ℎ݌ଶ(ݔ௜) − 2ℎଷ݌଴(ݔ௜))ݓ௜ −

(12 + 2ℎ݌ଶ(ݔ௜) + ℎଶ݌ଵ(ݔ௜))ݓ௜ାଵ + ௜ାଶݓ6 − ௜ାଷݓ = 2ℎଷݎ(ݔ௜)     …(2.64) 
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but this formula is suitable for N-3 mesh points, that it not suitable for 

i=1,2 and N. 

We must derive formulas that are suitable for the three points and maintain 

the second order convergence using boundary conditions and use more one 

point if we need that. 

Now we will derive finite-difference formula at i=1, using algorithm (1.2) 

by applying boundary condition to get 

ଵݕ                               
ᇱ = ିଶ௬భାଶ௬మା௛௬బ

ᇲ

ଷ௛
 − ఱ೓మ

భఴ  (2.65)…                     (ଵߦ)(ᇱᇱᇱ)ݕ

ଵݕ                     
ᇱᇱ = ିସ௬భାଶ௬మାଶ௬యି଺௛௬బ

ᇲ

ଵଵ௛మ  − మవ೓మ

భయమ  (2.66)…                     (ଵߟ)(௜௩)ݕ

ଵݕ                  
ᇱᇱᇱ = ହଷ௬భିଽ଺௬మାହଵ௬యି଼௬రାଵ଼௛௬బ

ᇲ

ଶହ௛మ + ఱయ೓మ

ఱబబ  (2.67)…              (ଵߞ)(௩)ݕ

By substituting equations (2.65), (2.66) and (2.67) in Eq.(2.59) we get 

ହଷ௬భିଽ଺௬మାହଵ௬యି଼௬రାଵ଼௛௬బ
ᇲ

ଶହ௛మ =

(ଵݔ)ଶ݌ ቂିସ௬భାଶ௬మାଶ௬యି଺௛௬బ
ᇲ

ଵଵ௛మ ቃ + (ଵݔ)ଵ݌ ቂିଶ௬భାଶ௬మା௛௬బ
ᇲ

ଷ௛
ቃ + ଵݕ(ଵݔ)଴݌ + (ଵݔ)ݎ −

೓మ

రవఱబబ[13750݌ଵ(ݔଵ)ݕᇱᇱᇱ(ߦଵ) + (ଵߟ)(௜௩)ݕ(ଵݔ)ଶ݌10875 +                                                                                     (2.68)…   [(ଵߞ)(௩)ݕ5247

By omitting the error term and multiplying the previous equation by 825ℎଷ 

we get the finite-difference formula at i=1  

[1749 + 300ℎ݌ଶ(ݔଵ) + 550ℎଶ݌ଵ(ݔଵ) − 825ℎଷ݌଴(ݔଵ)]ݓଵ − [3168 +

150ℎ݌ଶ(ݔଵ) + 550ℎଶ݌ଵ(ݔଵ)]ݓଶ + [1682 − 150ℎ݌ଶ(ݔଵ)]ݓଷ − ସݓ264 +

[594 + 450ℎ݌ଶ(ݔଵ) − 275ℎଶ݌ଵ(ݔଵ)]ℎݓ଴
ᇱ = 825ℎଷݎ(ݔଵ)               …(2.69)  

Now we will derive the formula at i=N-1using boundary conditions  

ேିଵݕ
ᇱᇱᇱ = ିହ௬ಿషమାଵ଼௬ಿషభିଶ଻௬ಿାଵସ௬ಿశభି଺௛௬ಿశభ

ᇲ

ଷ௛య + య೓మ

మబ  (2.70)…          (ேିଵߞ)(௩)ݕ
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Then substituting equations (2.26),(2.27) the centered finite-difference 

formula for ݕᇱ,  ᇱᇱ and (2.70) in (2.69) we getݕ

ିହ௬ಿషమାଵ଼௬ಿషభିଶ଻௬ಿାଵସ௬ಿశభି଺௛௬ಿశభ
ᇲ

ଷ௛య = (ேିଵݔ)ଶ݌ ቂ௬ಿషమିଶ௬ಿషభା௬ಿ
௛మ ቃ +

(ேିଵݔ)ଵ݌ ቂ௬ಿି௬ಿషమ
ଶ௛

ቃ + ேିଵݕ(ேିଵݔ)଴݌ + (ேିଵݔ)ݎ −
೓మ
లబ[20݌ଵ(ݔேିଵ)ݕᇱᇱᇱ(ߦேିଵ) + (ேିଵߟ)(௜௩)ݕ(ேିଵݔ)ଶ݌5 +  (2.71)...    [(ேିଵߞ)(௩)ݕ3

By omitting the error term and multiplying the previous equation by 6ℎଷ 

we get the finite-difference formula at i=N-1 

−[10 + 6ℎ݌ଶ(ݔேିଵ) − 3ℎଶ݌ଵ(ݔேିଵ)]ݓேିଶ + [36 + 12ℎ݌ଶ(ݔேିଵ) − 6ℎଷ݌଴(ݔேିଵ)]ݓேିଵ −

[54 + 6ℎ݌ଶ(ݔேିଵ) + 3ℎଶ݌ଵ(ݔேିଵ)]ݓே + ேାଵݓ28 − 12ℎݓேାଵ
ᇱ = 6ℎଷݎ(ݔேିଵ)    …(2.72) 

In order to maintain second order convergence, we derive a new finite-

difference approximation for third derivative using the first derivative at 

i=N and one more point using algorithm (1.2) as following: 

ேݕ                       
ᇱᇱᇱ = ି௬ಿషమାଽ௬ಿି଼௬ಿశభା଺௛௬ಿశభ

ᇲ

ଷ௛య − య೓మ

మబ  (2.73)…           (ேߞ)(௩)ݕ

By substituting equations (2.31), (2.32) and (2.73) in Eq.(2.59) we get 

ି௬ಿషమାଽ௬ಿି଼௬ಿశభା଺௛௬ಿశభ
ᇲ

ଷ௛య =

(ேݔ)ଶ݌ ቂ௬ಿషభିଶ௬ಿା௬ಿశభ

௛మ ቃ + (ேݔ)ଵ݌ ቂ௬ಿశభି௬ಿషభ

ଶ௛
ቃ + ேݕ(ேݔ)଴݌ + (ேݔ)ݎ −

೓మ

లబൣ10݌ଵ(ݔଵ)ݕᇱᇱᇱ(ߦଵ) + (ଵߟ)(௜௩)ݕ(ଵݔ)ଶ݌5 −  ൧                    …(2.74)(ଵߞ)(௩)ݕ3

By omitting the error term and multiplying the previous equation by 6ℎଷ 

we get the finite-difference formula at i=N  

ேିଶݓ2− − [6ℎ݌ଶ(ݔே) − 3ℎଶ݌ଵ(ݔே)]ݓேିଵ + [18 + 12ℎ݌ଶ(ݔே) −

6ℎଷ݌଴(ݔே)]ݓே − [16 + 6ℎ݌ଶ(ݔே) + 3ℎଶ݌ଵ(ݔே)]ݓேାଵ + 12ℎݓேାଵ
ᇱ =

6ℎଷݎ(ݔே)                                                                                                  …(2.75) 



42 
 

 Using equations (2.64), (2.69), (2.72) and (2.75) together gives a linear 

system with NN nearly penta-diagonal matrix problem 

ݓܣ                                                       =c                                         …(2.76) 

Where  A= 

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1749 − ଵܩ −(3168 + (ଶܩ 1683 − ଷܩ
−(3 + ((ଶݔ)ଵܨ 10 − (ଶݔ)ଶܨ −(12 + ((ଶݔ)ଷܨ

0

⋱ ⋱     

−264 0
6 −1

⋱
−(3 + ((ேିଶݔ)ଵܨ

−(10 + ((ேିଵݔ)ଵܨ3
−2

⋱
10 − (ேିଶݔ)ଶܨ

36 − (ேିଵݔ)ଶܨ3
(ேݔ)ଵܨ3−

⋱
−(12 + ((ேିଶݔ)ଷܨ3
−(54 + ((ேିଵݔ)ଷܨ3

(18 − ((ேݔ)ଶܨ3 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

 

ݓ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ଵݓ
ଶݓ

⋮

ேିଵݓ
ேݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

    ;      ܿ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ (3 + ଵߙ଴)ℎܩ + 825ℎଷݎ(ݔଵ)

2ℎଷݎ(ݔଶ)

⋮

଴ߚ + 2ℎଷݎ(ݔேିଶ)
଴ߚ28− + 12ℎߚଵ + 6ℎଷݎ(ݔேିଵ)

(16 + ଴ߚ((ேݔ)ଷܨ3 − 12ℎߚଵ + 6ℎଷݎ(ݔே)⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

  

(௜ݔ)ଵܨ = 2ℎ݌ଶ(ݔ௜) − ℎଶ݌ଵ(ݔ௜) , ܨଶ(ݔ௜) = −4ℎ݌ଶ(ݔ௜) + 2ℎଷ݌଴(ݔ௜) 

(௜ݔ)ଷܨ = 2ℎ݌ଶ(ݔ௜) + ℎଶ݌ଵ(ݔ௜) ,for i=2,3,…,N 

଴ܩ = −450ℎ݌ଶ(ݔଵ) + 275ℎଶ݌ଵ(ݔଵ) 

ଵܩ = −300ℎ݌ଶ(ݔଵ) − 550ℎଶ݌ଵ(ݔଵ) + 825ℎଷ݌଴(ݔଵ) 

ଶܩ = 150ℎ݌ଶ(ݔଵ) + 550ℎଶ݌ଵ(ݔଵ) ,ܩଷ = −450ℎ݌ଶ(ݔଵ) 

Now, using LU-decomposition with MATLAB, we will solve the linear 

system (2.36), to reduce calculations at several values of step-size (h=0.1, 

0.05, 0.025), then we will extrapolate the solution to get higher-order 

accuracy. 
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Algorithm (2.4): Linear Finite-Difference Method (2.4) for Solving 

Third-Order BVPS Case (IV): See full MATLAB program (p.208-212) 

To approximate the solution for the boundary-value problem  

(ଷ)ݕ = ᇱᇱݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ        ,(ݔ)ݎ ≤ ݔ ≤ ܾ 

with boundary conditions ݕᇱ(ܽ) = ,ଵߙ (ܾ)ݕ = ,଴ߚ (ܾ)ᇱݕ =   ଵߚ

This algorithm has the same steps in algorithm (2.1) except modification in 

steps (5) &(6) as: 

Step(5):To determine A matrix diagonals in the system (2.79); For 

i=1,2,3,…,Nk set 

(The main diagonal for A (d0)) 

d0=[(1749 −  ;[ଵ)  10-F2(2)   …..(36-3F2(Nk-1)) (18-3F2(Nk))ܩ

(The first upper diagonal for A (dU1)) 

dU1=[−(3168 +  ;[ଶ)  -(12+F3(2))  …….  -(54+3F3(Nk-1))ܩ

(The second upper diagonal for A (dU2)) 

dU2=[1683 − ଷ 6ܩ … 6]ଵ×(ேೖିଶ)   

(The third upper diagonal for A (dU3)),dU3=[−264  − 1 … − 1]ଵ×(ேೖିଷ) 

(The first lower diagonal for A (dL1)) 

dL1=[-(3+F1(2))  -(3+F1(3)) ……(36-F1(Nk-1) -F1(Nk)] ; 

(The second lower diagonal for A (dL2)) 
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Table 2.8 

 dL2= [ 0 …  0 − 2]ଵ×(ேೖିଶ) 

 (The constant vector on (c) Eq.(2.76)) 

c=[((3 + G଴)hαଵ + 825hଷr(xଵ)) ; 2hଷr(3);…;(2hଷr(N୩ − 2) + b଴ ) ;( −28β଴ +

12hβଵ + 6hଷr(x୒ౡିଵ)) ;( (16 + 3Fଷ(x୒ౡ ))β଴ − 12hβଵ + 6hଷr(x୒ౡ))] 

Step (6):  Factorize A into LU, where L is lower tri-diagonal matrix with 

unit main diagonal and U is upper four-diagonal. 

Then we complete the other steps in algorithm to get the results. 

Example 4: Consider the linear third-order boundary value problem 

(ݔ)ᇱᇱᇱݕ = ᇱᇱݕଶݔ2 − ᇱݕݔ3 − ݕଶݔ5 + ݁ଶ௫(3ݔଷ − ଶݔ − ݔ5 − 4), 0 ≤ ݔ ≤1 

with boundary conditions :    ݕᇱ(0) = (1)ݕ      ,1 = 0, ᇱ(1)ݕ       = −݁ଶ   

So            ݌ଶ(ݔ) = , ଶݔ2 (ݔ)ଵ݌           = , ݔ3− (ݔ)଴݌               =  ଶ , andݔ5−

(ݔ)ݎ  = ݁ଶ௫(3ݔଷ − ଶݔ − ݔ5 − 4) on the interval [0,1] 

Now by applying algorithm (2.4) to the example we get the following 

results that approximated solutions at several values of h as listed in Table 

(2.8) 
     xi      Exact Y       wi(h=0.1)      wi(h=0.05)   wi(h=0.025)  wi(h=0.0125)   Ext3(0.1)     Ext4(0.1) 

   0.1   1.09926248   1.05898030   1.08713743   1.09617385   1.09849834   1.09936351   1.09927765 
   0.2   1.19345976   1.15575555   1.18203872   1.19054483   1.19273820   1.19355222   1.19347404 
   0.3   1.27548316   1.24190126   1.26518109   1.27284419   1.27482924   1.27556239   1.27549605 
   0.4   1.33532456   1.30710705   1.32649177   1.33304879   1.33475972   1.33538653   1.33533560 
   0.5   1.35914091   1.33713767   1.35204337   1.35729604   1.35868187   1.35918259   1.35914976 
   0.6   1.32804677   1.31259711   1.32283842   1.32667453   1.32770399   1.32806663   1.32805320 
   0.7   1.21655999   1.20734691   1.21324331   1.21566698   1.21633546   1.21655928   1.21656392 
   0.8   0.99060648   0.98651200   0.98897681   0.99015092   0.99049051   0.99059188   0.99060806 
   0.9   0.60496475   0.60404784   0.60453932   0.60483719   0.60493129   0.60495203   0.60496460 
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The previous results reveal that as h decreases the accuracy increases and 

the maximum error for each approximation decreases as listed in Table 

(2.9). 

ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૚)|  4.03 × 10ିଶ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  1.21 × 10ିଶ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  3.1 × 10ିଷ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    7.4614 × 10ିସ 

ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૚)|  1.0696 × 10ିହ 

ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૚)|  1.5167 × 10ିହ 

This table reveals that the results of this method are better than method 

(2.3), but method (2.1) and (2.2) are better than method (2.4). 

 

Max Error for 

Boundary Conditions for Third-Order Boundary-Value Problems 
         Case (I)                        Case (II)                     Case (III)                  Case 
(IV) 

(ܽ)ݕ =   ଴ߙ
(ܽ)ᇱݕ =  ଵߙ
(ܾ)ݕ =  ૙ߚ

(ܽ)ݕ =   ଴ߙ
(ܾ)ݕ =  ଴ߚ

(ܾ)ᇱᇱݕ =  ଶߚ

(ܽ)ݕ =   ଴ߙ
(ܽ)ᇱݕ =  ଵߙ
(ܾ)ᇱᇱݕ =  ଶߚ

(ܽ)ᇱݕ =  ଵߙ
(ܾ)ݕ =  ଴ߚ
(ܾ)ᇱݕ =  ଵߚ

ࢅ| − ࢎ)࢏࢝ = ૙. ૚)|  7.7 × 10ିଷ 7.9792 × 10ିଷ 3.1646 4.03 × 10ିଶ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  2.4 × 10ିଷ 5.9320 × 10ିଷ 2.4004 1.21 × 10ିଶ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  6.4415 × 10ିସ 2.0350 × 10ିଷ 1.2252 3.1 × 10ିଷ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    1.6704 × 10ିସ 5.8377 × 10ିସ 0.4382 7.4614 × 10ିସ 

ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૚)|  3.2016 × 10ିହ 1.0003 × 10ିସ 7.460 × 10ିଵ 1.0696 × 10ିହ 

ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૚)|  1.6704 × 10ି଺ 4.7850 × 10ିହ 1.224 × 10ିଵ 1.5167 × 10ିହ 

Table 2.10 

Table 2.9 
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Now we will discuss the boundary conditions at each case and their effects 

in method accuracy. 

Table (2.10) shows that the bad approximations are in the two cases (III) & 

(IV), where ߚ଴ is absence in case (III) and ߙ଴ is absence in case (IV). And 

case (I) approximation is better than case (II) approximation, where the 

order of derivative in boundary condition in case (I) is one and is two in 

case (II). So we can conclude that the order of derivatives in boundary 

conditions and the absence of initial value for problem at endpoints interval 

affect and control the method accuracy. 

So this explains when we can say that the method has good results or not. 
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This chapter is concerned with the finite-difference methods for solving 

linear fourth-order boundary-value problems, that have many applications 

in physics and engineering especially the famous case for the equilibrium 

states of a beam-column and others several cases of beam vibrations.  

There are many cases for the linear fourth-order boundary-value problem 

that differ as the boundary conditions differ, which their solution existence 

and uniqueness are discussed widely by several papers (see [6]). 

In this thesis we will discuss the solution approximations for three cases of 

fourth-order boundary-value problem using some finite-difference method.  
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3.1 Finite-Difference Method (3.1) for Solving Fourth-Order 
Boundary Value Problem: 

Consider the linear fourth-order boundary-value problem: 

(௜௩)ݕ = ᇱᇱᇱݕ(ݔ)ଷ݌ + "ݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ    ,(ݔ)ݎ ≤ ݔ ≤ ܾ       

                                                                                                           …(3.1)  

with first especial case of four boundary conditions: 

(ܽ)ݕ           = , ଴ߙ (ܽ)ᇱᇱݕ = , ଶߙ (ܾ)ݕ = , ଴ߚ (ܾ)ᇱݕ =  ଵ                 …(3.2)ߚ

First, we select an integer N>0 and divide the interval [a,b] into (N+1) 

equal subintervals whose endpoints are the mesh points ݔ௜ = ܽ + ݅ℎ for 

i=0,1,2,…,N+1,where the step size ℎ = (ܾ − ܽ)/(ܰ + 1) . 

Second, we approximate all derivatives in Eq.(3.1) using finite-difference 

approximation on the interior mesh points. 

(௜ݔ)ᇱݕ           = ௬(௫೔శభ)ି௬(௫೔షభ)
ଶ௛

− ೓మ

ల  (3.3)…                                       (௜ߦ)ᇱᇱᇱݕ

(௜ݔ)ᇱᇱݕ           = ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)
௛మ − ೓మ

భమݕ(௜௩)(ߟ௜)                         …(3.4) 

(௜ݔ)ᇱᇱᇱݕ       = ି௬(௫೔షమ)ାଶ௬(௫೔షభ)ିଶ௬(௫೔శభ)ା௬(௫೔శమ)
ଶ௛య − ೓మ

ర  (3.5) …           (௜ߞ)(௩)ݕ

(௜ݔ)(௜௩)ݕ = ௬(௫೔షమ)ିସ௬(௫೔షభ)ା଺௬(௫೔)ିସ௬(௫೔శభ)ା௬(௫೔శమ)
௛ర − ೓మ

ల  (3.6) …     (௜߮)(௩௜)ݕ

Those are centered-difference formulas with second order convergence. 

Now substituting the equations (3.3), (3.4), (3.5) and (3.6) in Eq. (3.1) we 

get the equation 
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௬(௫೔షమ)ିସ௬(௫೔షభ)ା଺௬(௫೔)ିସ௬(௫೔శభ)ା௬(௫೔శమ)
௛ర =

௬(௫೔షమ)ାଶ௬(௫೔షభ)ିଶ௬(௫೔శభ)ା௬(௫೔శమ)ି](௜ݔ)ଷ݌
ଶ௛య ] + ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)](௜ݔ)ଶ݌

௛మ ] +

௬(௫೔శభ)ି௬(௫೔షభ)](௜ݔ)ଵ݌
ଶ௛

] + (௜ݔ)ݕ(௜ݔ)଴݌ + (௜ݔ)ݎ − ೓మ

భమ[2݌ଵ(ݔ௜)ݕᇱᇱᇱ(ߦ௜) +

(௜ߟ)(௜௩)ݕ(௜ݔ)ଶ݌ + (௜ߟ)(௩)ݕ(௜ݔ)ଷ݌3 +  (3.7) …                             [(௜߮)(௩௜)ݕ2

A Finite-Difference method with second order truncation error results by 

using this equation together with the boundary conditions as  

଴ݓ = , ଴ߙ ଴ݓ
ᇱᇱ = , ଶߙ ேାଵݓ = , ଴ߚ ଴ݓ

ᇱ =  ଵߚ

௪೔షమିସ௪೔షభା଺௪೔ିସ௪೔శభା௬(௫೔శమ)
௛ర − (௜ݔ)ଷ݌ ቂି௪೔షమାଶ௪೔షభିଶ௪೔శభା௪೔శమ

ଶ௛య ቃ −

(௜ݔ)ଶ݌ ቂ௪೔షభିଶ௪೔ା௪೔శభ

௛మ ቃ − (௜ݔ)ଵ݌ ቂ௪೔శభି௪೔షభ

ଶ௛
ቃ − ௜ݓ(௜ݔ)଴݌ =  (3.8) …     (௜ݔ)ݎ

for i=2,3,4,…,N-1 

Now by multiplying Eq.(3.8) by 2ℎସ it can be written as : 

[2 + ℎ݌ଷ(ݔ௜)]ݓ௜ିଶ − [8 + 2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) − ℎଷ݌ଵ(ݔ௜)]ݓ௜ିଵ +

[12 + 4ℎଶ݌ଶ(ݔ௜) + ℎସ݌଴(ݔ௜)]ݓ௜ − [8 − 2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) +

ℎଷ݌ଵ(ݔ௜)]ݓ௜ାଵ + [2 − ℎ݌ଷ(ݔ௜)]ݓ௜ାଶ = 2ℎସݎ(ݔ௜)                             …(3.9) 

But this formula is suitable for N-2 mesh points, so we need to derive 

special formulas at i=1, N using the boundary conditions to define finite-

difference approximation for third and fourth derivatives 

ଵݕ                                      
ᇱ = ௬మି௬బ

ଶ௛
− ೓మ

ల  (3.10)…                            (ଵߦ)ᇱᇱᇱݕ

ଵݕ                             
ᇱᇱ = ௬బିଶ௬భା௬మ

௛మ  − ೓మ

భమݕ(௜௩)(ߟଵ)                          …(3.11) 

ଵݕ                     
ᇱᇱᇱ = ௬బାଷ௬భିଽ௬మାହ௬యି଺௛మ௬బ

ᇲᇲ

ଵଵ௛య  − వ೓మ

రర  (3.12)…                (ଵߞ)(௩)ݕ
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In order to maintain second order convergence we derive a new finite-

difference approximation for fourth order derivative using the boundary 

conditions at i=0 and one more point using algorithm(1.2), which is given 

by 

ଵݕ            
(௜௩) = ିଶହ௬బା଺ସ௬భିହସ௬మାଵ଺௬యି௬రାଵଶ௛మ௬బ

ᇲᇲ

ଵ଴௛ర − మ೓మ

మఱ  (3.13)…     (ଵ߮)(௩௜)ݕ

By substituting equations (3.10),(3.11),(3.12) and (3.13) on Eq.(3.1) we get 

ିଶହ௬బା଺ସ௬భିହସ௬మାଵ଺௬యି௬రାଵଶ௛మ௬బ
ᇲᇲ

ଵ଴௛ర =

௬బାଷ௬భିଽ௬మାହ௬యି଺௛మ௬బ](ଵݔ)ଷ݌
ᇲᇲ

ଵଵ௛య ] + (ଵݔ)ଶ݌ ቂ௬బିଶ௬భା௬మ
௛మ ቃ + (ଵݔ)ଵ݌ ቂ௬మି௬బ

ଶ௛
ቃ + ଵݕ(ଵݔ)଴݌ +

(ଵݔ)ݎ − ೓మ

యయబబ[550݌ଵ(ݔଵ)ݕᇱᇱᇱ(ߦଵ) + (ଵߟ)(௜௩)ݕ(ଵݔ)ଶ݌275 + (ଵߞ)(௩)ݕ675 −   [(ଵ߮)(௩௜)ݕ264

                                                                                                         …(3.14) 

By omitting the error term and multiplying the previous equation by 110ℎସ 

we get the finite-difference formula at i=1  

−[275 + 10ℎ݌ଷ(ݔଵ) + 110ℎଶ݌ଶ(ݔଵ) − 55ℎଷ݌ଵ(ݔଵ)]ݓ଴ + [704 −

30ℎ݌ଷ(ݔଵ) + 220ℎଶ݌ଶ(ݔଵ) − 110ℎସ݌଴(ݔଵ)]ݓଵ − [594 − 90ℎ݌ଷ(ݔଵ) +

110ℎଶ݌ଶ(ݔଵ) + 55ℎଷ݌ଵ(ݔଵ)]ݓଶ + [176 − 50ℎ݌ଷ(ݔଵ)]ݓଷ − ସݓ11 +

[132 + 60ℎ݌ଷ(ݔଵ)]ℎଶݓ଴
ᇱᇱ = 110ℎସݎ(ݔଵ)                                       …(3.15) 

To find the suitable finite-difference formula at i=N we follow the same 

step as at i=1 as  

ேݕ                                
ᇱ = ௬ಿశభି௬ಿషభ

ଶ௛
− ೓మ

ల  (3.16)…                          (ேߦ)ᇱᇱᇱݕ

ேݕ                                
ᇱᇱ = ௬ಿషభିଶ௬ಿା௬ಿశభ

௛మ  − ೓మ

భమݕ(௜௩)(ߟே)                 …(3.17) 

ேݕ              
ᇱᇱᇱ = ି௬ಿషమାଽ௬ಿషభି଼௬ಿశభି଺௛௬ಿశభ

ᇲ

ଷ௛య − య೓మ

మబ  (3.18)…              (ேߞ)(௩)ݕ
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ேݕ
(௜௩) = ିଷ௬ಿషయାଷଶ௬ಿషమିଵ଴଼௬ಿషభାଵଽଶ௬ಿିଵଵଷ௬ಿశభା଺଴௛௬ಿశభ

ᇲ

ଵଶ௛ర − ೓య

మభݕ(௩௜௜)(߮ே)   …(3.19) 

By substituting equations (3.16), (3.17), (3.18) and (2.19) in Eq.(3.1) we 

get 

ିଷ௬ಿషయାଷଶ௬ಿషమିଵ଴଼௬ಿషభାଵଽଶ௬యିଵଵଷ௬రା଺଴௛௬ಿశభ
ᇲ

ଵଶ௛ర = (ேݔ)ଷ݌ ቂି௬ಿషమାଽ௬ಿషభି଼௬ಿశభି଺௛௬ಿశభ
ᇲ

ଷ௛య ቃ +

(ேݔ)ଶ݌ ቂ௬ಿషభିଶ௬ಿା௬ಿశభ
௛మ ቃ + (ேݔ)ଵ݌ ቂ௬ಿశభି௬ಿ

ଶ௛
ቃ + ேݕ(ேݔ)଴݌ + (ேݔ)ݎ −

೓మ

రమబ[70݌ଵ(ݔே)ݕᇱᇱᇱ(ߦே) + (ேߟ)(௜௩)ݕ(ଶݔ)ଶ݌35 + (ேߞ)(௩)ݕ63 − 20ℎݕ(௩௜௜)(߮ே)]   …(3.20) 

By omitting the error term and multiplying the previous equation by 12ℎସ 

we get the finite-difference formula at i=N 

ேିଷݓ3− + [32 + 4ℎ݌ଷ(ݔே)]ݓேିଶ − [108 − 12ℎଶ݌ଶ(ݔே) − 6ℎଷ݌ଵ(ݔே)]ݓேିଵ +

[192 − 36ℎ݌ଷ(ݔே) + 24ℎଶ݌ଶ(ݔே) − ேݓ[(ேݔ)଴݌12 − [113 − 32ℎ݌ଷ(ݔே) +

12ℎଶ݌ଶ(ݔே) + 6ℎଷ݌ଵ(ݔே)]ݓேାଵ + [60 − 24ℎ݌ଷ(ݔே)]ℎݓேାଵ
ᇱ = 12ℎସݎ(ݔே)  

                                                                                                          …(3.21) 

Using equations (3.9), (3.15), and (3.21) together give a system with NN 

seven-diagonal matrix problem 

ݓܣ                                                     =c                                        …(3.22) 

where  

A= 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 704 − ଵܩ
−(8 + ((ଶݔ)ଶܨ

2 − (ଷݔ)ଵܨ

−(594 + (ଶܩ
12 − (ଶݔ)ଷܨ

−(8 + ((ଷݔ)ଶܨ

⋱

176 − ଷܩ
−(8 + ((ଶݔ)ସܨ

12 − (ଷݔ)ଷܨ

⋱

−11
2 + (ଶݔ)ଵܨ

−൫8 + ൯(ଷݔ)ସܨ

⋱

2 + (ଷݔ)ଵܨ

⋱

2 − (ேିଵݔ)ଵܨ
−3

⋱

−(8 + ((ேିଵݔ)ଶܨ
32 − ேଶܩ

12 − (ேିଵݔ)ଷܨ
−(108 + (ேଵܩ

−൫8 + ൯(ேିଵݔ)ସܨ
192 − ேܩ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

   



52 
 

ݓ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ଵݓ
ଶݓ

⋮

ேିଵݓ
ேݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

  , ܿ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ (275 + ଴ߙ(଴ܩ − (132 + 60ℎ݌ଷ(ݔଵ))ℎଶ + 110ℎସݎ(ݔଵ)

(−2 + ଴ߙ((ଶݔ)ଵܨ + 2ℎସݎ(ݔଶ)
2ℎସݎ(ݔଷ)

⋮
2ℎସݎ(ݔேିଶ)

−(2 + ଴ߚ((ேିଵݔ)ଵܨ + 2ℎସݎ(ݔேିଵ)
(113 + ଴ߚ(ே଴ܩ − ൫60 − 24ℎ݌ଷ(ݔே)൯ℎߚଵ + 12ℎସݎ(ݔே)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

 

(௜ݔ)ଵܨ = −ℎ݌ଷ(ݔ௜)      , (௜ݔ)ଶܨ = 2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) − ℎଷ݌ଵ(ݔ௜) 

(௜ݔ)ଷܨ = −4ℎଶ݌ଶ(ݔ௜) + 2ℎସ݌଴(ݔ௜)  , (௜ݔ)ସܨ = −2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) + ℎଷ݌ଵ(ݔ௜) 

଴ܩ = 10ℎ݌ଷ(ݔଵ) + 110ℎଶ݌ଶ(ݔଵ) − 55ℎଷ݌ଵ(ݔଵ),  

ଵܩ = 30ℎ݌ଷ(ݔଵ) − 220ℎଶ݌ଶ(ݔଵ) + 110ℎସ݌଴(ݔଵ) 

ଶܩ = −90ℎ݌ଷ(ݔଵ) + 110ℎଶ݌ଶ(ݔଵ) + 55ℎଷ݌ଵ(ݔଵ), ଷܩ = 50ℎ݌ଷ(ݔଵ) 

ேଶܩ = −4ℎ݌ଷ(ݔே)    , ேଵܩ = 12ℎଶ݌ଶ(ݔே) − 6ℎଷ݌ଵ(ݔே) 

ேܩ  = 36ℎ݌ଷ(ݔே) − 24ℎଶ݌ଶ(ݔே) + 12ℎସ݌଴(ݔே) 

ே଴ܩ  = −32ℎ݌ଷ(ݔே) + 12ℎଶ݌ଶ(ݔே) + 6ℎଷ݌ଵ(ݔே) 

Now, we use the LU-decomposition method for solving the linear system 

(3.22) at several values of step-size (h), and then we use Extrapolation 

method to get more accuracy for the method without more calculations. 

Algorithm (3.1): Linear Finite-Difference Method (3.1) for Solving 

Fourth-Order BVPS Case (I): See full MATLAB program (p.213-218) 

To approximate the solution of the boundary value problem  

(௜௩)ݕ = ᇱᇱᇱݕ(ݔ)ଷ݌ + "ݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ    ,(ݔ)ݎ ≤ ݔ ≤ ܾ 

with four boundary conditions: ݕ(ܽ) = , ଴ߙ (ܽ)ᇱᇱݕ = , ଶߙ (ܾ)ݕ = , ଴ߚ (ܾ)ᇱݕ =   ଵߚ
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Step(1):Input endpoints a,b; boundary conditions ߙ଴, ,଴ߚ ,ଶߙ   ଵߚ

Step(2):For k=1,2,3,4 (To determine h=0.1,0.05,0.025,0,0125) 

- set Nk=(10*2(k-1))-1; 

- h=(b-a)/(Nk+1); 

- do steps(2-9) 

Step(3):For i=1,2,3, …,N(k) set xi=a+ih  

find  ݌଴(ݔ௜), ,(௜ݔ)ଵ݌ ,(௜ݔ)ଶ݌  . (௜ݔ)ݎ ݀݊ܽ(௜ݔ)ଷ݌

(The values of associated functions on Eq.(2.1) 

Step(4):For i=1,2,3,…,Nk set  

(݅)ଵܨ = −ℎ݌ଷ(݅)      , (݅)ଶܨ = 2ℎ݌ଷ(݅) + 2ℎଶ݌ଶ(݅) − ℎଷ݌ଵ(݅) 

(݅)ଷܨ = −4ℎଶ݌ଶ(݅) + 2ℎସ݌଴(݅)  , (݅)ସܨ = −2ℎ݌ଷ(݅) + 2ℎଶ݌ଶ(݅) + ℎଷ݌ଵ(݅) 

(The adding Eq.(3.3),(3.4)&(3.5)finite-difference formula for y''' ,y", y 'as 

F's) 

଴ܩ = 10ℎ݌ଷ(1) + 110ℎଶ݌ଶ(1) − 55ℎଷ݌ଵ(1)  , ଵܩ = 30ℎ݌ଷ(1) − 220ℎଶ݌ଶ(1) +

110ℎସ݌଴(1)  

ଶܩ = −90ℎ݌ଷ(1) + 110ℎଶ݌ଶ(1) + 55ℎଷ݌ଵ(1)  , ଷܩ = 50ℎ݌ଷ(1) 

(The adding Eq.(3.10),(3.11)&(3.12)finite-difference formula for y''' ,y", y 

'as Gi's) 

ேଶܩ = −4ℎ݌ଷ( ௞ܰ)    , ேଵܩ = 12ℎଶ݌ଶ( ௞ܰ) − 6ℎଷ݌ଵ( ௞ܰ) 

ேܩ  = 36ℎ݌ଷ( ௞ܰ) − 24ℎଶ݌ଶ( ௞ܰ) + 12ℎସ݌଴( ௞ܰ) 
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ே଴ܩ  = −32ℎ݌ଷ( ௞ܰ) + 12ℎଶ݌ଶ( ௞ܰ) + 6ℎଷ݌ଵ( ௞ܰ) 

(The adding Eq.(3.16),(3.17) &(3.18) finite-difference formula for y''' ,y" 

and  y 'as GNi's) 

Step(5):To determine the diagonals for matrix A in the system (3.22) ; For 

i=1,2,3,…,N(k) set (The main diagonal for A (d0)) 

d0=[(704-G1)  (12-F3(2)) ….. (12 – F3(Nk-1)) (192+GN)]; 

(The first upper diagonal for A (dU1)) 

dU1=[-(594+G2)  -(8+F4(2))  …….  -(8-F4(Nk-1))]; 

(The second diagonal for A (dU2)) 

dU2=[(176-G3) (2+F1(2)) …. (2+F2(Nk-2))] 

(The third diagonal for A (dU3)) dU3=[−11 0 …  0]ଵ×(ேೖିଷ) 

(The first lower diagonal for A (dL1))  

dL1=[−(8 + ((2)2ܨ   − (8 + … ((3)2ܨ … − (8 + )2ܨ ௞ܰ − 1) – (108 +

 [ ேଵ)] ଵ×(ேೖିଵ)ܩ

(The second lower diagonal for A (dL2)) 

dL2= [(2 − … ((3)1ܨ  2 − )1ܨ ௞ܰ − 1) (32 −  ேଶ)]ଵ×(ேೖିଶ)ܩ

(The third lower diagonal for A (dL3)) dL3=[0 …  0 − 3]ଵ×(ேೖିଷ) 

(The constant vector on (c) Eq.(3.22)) 
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c=[(110ℎସ(1)ݎ + (275 − ଴)ܽ0ܩ − (132 + 60ℎ݌ଷ(1))ℎଶa2) ;(2ℎସ(2)ݎ + (−2 +

)ݎ2ℎସ;..… ;(3)ݎଵ(2))ܽ0) ; 2ℎସܨ ௞ܰ − 1) − (2 + )ଵܨ ௞ܰ − 1)); 2ℎସݎ( ௞ܰ) −

(113 − ଴ߚ(ே଴ܩ − (60 − 24ℎ݌ଷ( ௞ܰ)ℎܾ1] 

Step(6): Factorize A into LU, where L is lower four-diagonal matrix with 

unit main diagonal and U is upper tridiagonal. 

Step(7) For i=1,2,3,…,Nk  

- Solve LY=d to find Y using forward substitution 

Step(8) For i=Nk-1 ,.. 2,1 

- Solve Uw=Y to find the approximation solution w using backward 

substitution 

Step(9) Set N1=9 For i=1,2,3,…Nk , for j=1, 2, 4, …,Nk set W1i,k=wj ; 

Step(10) For i=1,2,…,N1 set h=(b-a)/N1 ; x(i)=a+ih  

Step(11) Extrapolate the solution at h= .1,0.05,0.025,0,0125 

Ext2(h=0.1)=(4*W1(h=0.05)-W1(h=0.1))/3; 

Ext2(h=0.05)=(4*W1(h=0.025)-W1(h=0.05))/3; 

Ext2(h=0.025)=(4*W1(h=0.0125)-W1(h=0.025))/3; 

Ext3(h=0.1)=(16*Ext2(h=0.05)-Ext1(h=0.1))/15; 

Ext3(h=0.05)=(16*Ext2(h=0.025)-Ext2(h=0.05))/15; 

Ext4=(64*Ext3(h=0.05)-Ext3(h=0.1))/63; 
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Step(12) Output [x' ,W1',Ext4] (The approximation solutions and 

Extrapolation) 

 

Example 1: Consider the linear fourth-order boundary value problem 

(ݔ)(௜௩)ݕ = (1 + ᇱᇱᇱݕ(ଶݔ2 − ᇱᇱݕݔ3 − ᇱݕଶݔ5 + ଷݔ) + ݕ(1 + ݁ଶ௫(ݔସ + ଷݔ5 + ଶݔ − ݔ7 −

13),    

on 0 ≤ ݔ ≤1 with boundary conditions: 

(0)ݕ  = (1)ݕ      ,1 = 0, ᇱ(0)ݕ       = ᇱᇱ(1)ݕ    , 1 = −4݁ଶ   

So  ݌ଷ(ݔ) = (1 + ,(2ݔ2 (ݔ)ଶ݌    = , ݔ3− (ݔ)ଵ݌    = , ଶݔ5− (ݔ)଴݌ = ଷݔ + 1 , 

and  (ݔ)ݎ = ݁ଶ௫(ݔସ + ଷݔ5 + ଶݔ − ݔ7 − 13) on the interval [0,1] 

Now by applying algorithm (3.1) to the example we get the following 

results that approximate the solutions at several values of h as listed in 

Table (3.1) 

 
  Xi      Exact(Y)       w(h=0.1)       w(h=0.05)     w(h=0.025)   w(h=0.0125)   Ext3(h=0.1)  Ext4(h=0.1) 

0.1   1.09926248   1.09961120   1.09935462   1.09928575    1.09926831    1.09926237   1.09926248 
0.2   1.19345976   1.19411723   1.19363232   1.19350327    1.19347065    1.19345955   1.19345976 
0.3   1.27548316   1.27636680   1.27571399   1.27554130    1.27549772    1.27548289   1.27548316 
0.4   1.33532456   1.33632049   1.33558390   1.33538983   1.33534089     1.33532425   1.33532455 
0.5   1.35914091   1.36011973   1.35939540   1.35920492   1.35915693     1.35914060   1.35914091 
0.6   1.32804677   1.32888386   1.32826449   1.32810152   1.32806047     1.32804647   1.32804676 
0.7   1.21655999   1.21716008   1.21671664   1.21659938   1.21656985     1.21655973   1.21655999 
0.8   0.99060648   0.99093068   0.99069209   0.99062803   0.99061188     0.99060629   0.99060648 
0.9   0.60496475   0.60505621   0.60498997   0.60497113   0.60496634     0.60496464   0.60496474 

The previous results reveal that as h decreases the accuracy increases and 

that the maximum errors in approximations are as listed in Table (3.2) 

Table 3.1 
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ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૚)|  9.9593 × 10ିସ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  2.5934 × 10ିସ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  6.5268 × 10ିହ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    1.6338 × 10ିହ 
ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૚)|  3.1646 × 10ି଻ 
ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૚)|  4.5419 × 10ିଽ 

From previous table we can say that this method has good approximation 

results for the problem. 

3.2 Finite-Difference Method (3.2) for Solving Fourth-Order 
Boundary Value Problem: 

Consider the linear fourth-order boundary-value problem: 

(௜௩)ݕ = ᇱᇱᇱݕ(ݔ)ଷ݌ + "ݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ    ,(ݔ)ݎ ≤ ݔ ≤ ܾ       

                                                                                                         …(3.23)  

with second especial case of four boundary conditions: 

(ܽ)ݕ           = , ଴ߙ (ܽ)ᇱݕ = , ଵߙ (ܾ)ݕ = , ଴ߚ (ܾ)ᇱݕ =  ଵ                …(3.24)ߚ

As in previous section ,we select an integer N>0 and divide the interval 

[a,b] into (N+1) equal subintervals whose endpoints are the mesh points 

௜ݔ = ܽ + ݅ℎ for i=0,1,2,…,N+1,where the step size ℎ = (ܾ − ܽ)/(ܰ + 1) . 

Second, because of symmetry of the fourth-order derivate we will use the 

finite difference formula Eq.(3.9) in pervious section for N=2,3,…N-1, 

[2 + ℎ݌ଷ(ݔ௜)]ݓ௜ିଶ − [8 + 2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) − ℎଷ݌ଵ(ݔ௜)]ݓ௜ିଵ +

[12 + 4ℎଶ݌ଶ(ݔ௜) + ℎସ݌଴(ݔ௜)]ݓ௜ − [8 − 2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) +

ℎଷ݌ଵ(ݔ௜)]ݓ௜ାଵ + [2 − ℎ݌ଷ(ݔ௜)]ݓ௜ାଶ = 2ℎସݎ(ݔ௜)                             …(3.9) 

Table 3.2 
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that is centered-difference formula with second order convergence.  

But this formula is suitable for N-2 mesh points, so we need to derive 

special formula when i=1,N using the boundary conditions to define finite-

difference approximation for third and fourth derivatives  

ଵݕ                  
ᇱᇱᇱ = ଼௬బିଽ௬భା௬యା଺௛௬బ

ᇲ

ଷ௛య  − య೓మ

మబ  (3.25)…                          (ଵߞ)(௩)ݕ

In order to maintain second order convergence, we derive a new finite-

difference approximation for fourth order derivative using the boundary 

conditions at i=0 and one more point using (1.2) which is given by 

ଵݕ          
(௜௩) = ିଵଵଷ௬బାଵଽଶ௬భିଵ଴଼௬మାଷଶ௬యିଷ௬రି଺଴௛௬బ

ᇲ

ଵଶ௛ర + ೓య

మభݕ(௩௜௜)(߮ଵ)   …(3.26) 

By substituting equations (3.10), (3.11), (3.25) and (3.26) in Eq.(3.23) we 

get the equation 

ିଵଵଷ௬బାଵଽଶ௬భିଵ଴଼௬మାଷଶ௬యିଷ௬రି଺଴௛௬బ
ᇲ

ଵଶ௛ర = ](1ݔ)3݌
଼௬బିଽ௬భା௬యା଺௛௬బ

ᇲ

ଷ௛య ] +

(1ݔ)2݌ ቂ2ݕ+1ݕ2−0ݕ

ℎ2 ቃ + (1ݔ)1݌ ቂ0ݕ−2ݕ

2ℎ
ቃ + 1ݕ(1ݔ)0݌ + (1ݔ)ݎ − ℎ2

420
1൯ߦ൫′′′ݕ(1ݔ)1݌70] +

1൯ߟ൫(ݒ݅)ݕ(1ݔ)2݌35 + 1൯ߞ൫(ݒ)ݕ147 + 20ℎ(݅݅ݒ)ݕ൫߮1൯]                               …(3.27)                                                                                      

By omitting the error term and multiplying the previous equation by 12ℎସ 

we get the finite-difference formula at i=1  

−[113 + 32ℎ݌ଷ(ݔଵ) + 12ℎଶ݌ଶ(ݔଵ) − 6ℎଷ݌ଵ(ݔଵ)]ݓ଴ + [192 + 36ℎ݌ଷ(ݔଵ) +

24ℎଶ݌ଶ(ݔଵ) − 12ℎସ݌଴(ݔଵ)]ݓଵ − [108 + 12ℎଶ݌ଶ(ݔଵ) + 6ℎଷ݌ଵ(ݔଵ)]ݓଶ +

[32 − 4ℎ݌ଷ(ݔଵ)]ݓଷ − ସݓ3 − [60 + 24ℎ݌ଷ(ݔଵ)]ℎݓ଴
ᇱ = 12ℎସݎ(ݔଵ)       …(3.28) 

and by using finite-difference formula (3.21) at i=N in the previous section 
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ேିଷݓ3− + [32 + 4ℎ݌ଷ(ݔே)]ݓேିଶ − [108 − 12ℎଶ݌ଶ(ݔே) − 6ℎଷ݌ଵ(ݔே)]ݓேିଵ +

[192 − 36ℎ݌ଷ(ݔே) + 24ℎଶ݌ଶ(ݔே) − ேݓ[(ேݔ)଴݌12 − [113 − 32ℎ݌ଷ(ݔே) +

12ℎଶ݌ଶ(ݔே) + 6ℎଷ݌ଵ(ݔே)]ݓேାଵ + [60 − 24ℎ݌ଷ(ݔே)]ℎݓேାଵ
ᇱ = 12ℎସݎ(ݔே) ….(3.21) 

Using equations (3.9), (3.21), and (3.28) together give a system with NN 

seven-diagonal matrix problem       

ݓܣ                                                         =c                                      …(3.29) 

where  

A= 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 192 − ଵܩ
−(8 + ((ଶݔ)ଶܨ

2 − (ଷݔ)ଵܨ

−(108 + (ଶܩ
12 − (ଶݔ)ଷܨ

−(8 + ((ଷݔ)ଶܨ

⋱

32 − ଷܩ
−(8 + ((ଶݔ)ସܨ

12 − (ଷݔ)ଷܨ

⋱

−3
2 + (ଶݔ)ଵܨ

−൫8 + ൯(ଷݔ)ସܨ

⋱

2 + (ଷݔ)ଵܨ

⋱

2 − (ேିଵݔ)ଵܨ
−3

⋱

 −൫8 + ൯(ேିଵݔ)ଶܨ
32 − ேଶܩ

 12 − (ேିଵݔ)ଷܨ
 −(108 + (ேଵܩ

  −൫8 + ൯(ேିଵݔ)ସܨ
192 − ேܩ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

   

ݓ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ଵݓ
ଶݓ

⋮

ேିଵݓ
ேݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

  , ܿ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ (113 + ଴ߙ(଴ܩ + (60 + 24ℎ݌ଷ(ݔଵ))ℎଶ + 12ℎସݎ(ݔଵ)

(−2 + ଴ߙ((ଶݔ)ଵܨ + 2ℎସݎ(ݔଶ)
2ℎସݎ(ݔଷ)

⋮
2ℎସݎ(ݔேିଶ)

−(2 + ଴ߚ((ேିଵݔ)ଵܨ + 2ℎସݎ(ݔேିଵ)
(113 + ଴ߚ(ே଴ܩ − ൫60 − 24ℎ݌ଷ(ݔே)൯ℎߚଵ + 12ℎସݎ(ݔே)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

 

(௜ݔ)ଵܨ = −ℎ݌ଷ(ݔ௜)      , (௜ݔ)ଶܨ = 2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) − ℎଷ݌ଵ(ݔ௜) 

(௜ݔ)ଷܨ = −4ℎଶ݌ଶ(ݔ௜) + 2ℎସ݌଴(ݔ௜)  , (௜ݔ)ସܨ = −2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) + ℎଷ݌ଵ(ݔ௜) 

଴ܩ = 32ℎ݌ଷ(ݔଵ) + 12ℎଶ݌ଶ(ݔଵ) − 6ℎଷ݌ଵ(ݔଵ), 

ଵܩ = −36ℎ݌ଷ(ݔଵ) − 24ℎଶ݌ଶ(ݔଵ) + 12ℎସ݌଴(ݔଵ) 

ଶܩ = 12ℎଶ݌ଶ(ݔଵ) + 6ℎଷ݌ଵ(ݔଵ), ଷܩ = 4ℎ݌ଷ(ݔଵ) 



60 
 

ேଶܩ = −4ℎ݌ଷ(ݔே), ேଵܩ = 12ℎଶ݌ଶ(ݔே) − 6ℎଷ݌ଵ(ݔே) 

ேܩ  = 36ℎ݌ଷ(ݔே) − 24ℎଶ݌ଶ(ݔே) + 12ℎସ݌଴(ݔே) 

ே଴ܩ  = −32ℎ݌ଷ(ݔே) + 12ℎଶ݌ଶ(ݔே) + 6ℎଷ݌ଵ(ݔே) 

We use in some endpoints third-order convergence finite-difference 

formula to get good approximations at that points. 

Now, we will use the LU-decomposition method in MATLAB for solving 

the linear system (3.29) at several values of step-size (h), and then we will 

use Extrapolation method to get more accuracy for the method without 

more calculations. 

Algorithm (3.2): Linear Finite-Difference Method (3.2) for Solving 

Fourth-Order BVPS Case (II): See full MATLAB program (p.218-223) 

To approximate the solution of the boundary value problem  

(௜௩)ݕ = ᇱᇱᇱݕ(ݔ)ଷ݌ + "ݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ    ,(ݔ)ݎ ≤ ݔ ≤ ܾ 

with four boundary conditions: 

(ܽ)ݕ           = , ଴ߙ (ܽ)ᇱݕ = , ଵߙ (ܾ)ݕ = , ଴ߚ (ܾ)ᇱݕ =         ଵߚ

It is the same as Alg.(3.1) with modifications in A ,C, and G's functions 

Example 2: Consider the linear fourth-order boundary value problem 

(ݔ)(௜௩)ݕ = (1 + ᇱᇱᇱݕ(ଶݔ2 − ᇱᇱݕݔ3 − ᇱݕଶݔ5 + ଷݔ) + ݕ(1 + ݁ଶ௫(ݔସ + ଷݔ5 + ଶݔ − ݔ7 −

13),   on 0 ≤ ݔ ≤1  
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Table 3.3 

with boundary conditions : 

(0)ݕ  = (1)ݕ      ,1 = 0, ᇱ(0)ݕ       = ᇱ(1)ݕ    , 1 = −݁ଶ   

So  ݌ଷ(ݔ) = (1 + ,(2ݔ2 (ݔ)ଶ݌    = , ݔ3− (ݔ)ଵ݌    = , ଶݔ5− (ݔ)଴݌ = ଷݔ + 1 , 

and  (ݔ)ݎ = ݁ଶ௫(ݔସ + ଷݔ5 + ଶݔ − ݔ7 − 13) on the interval [0,1] 

Now by applying algorithm (3.2) to the example we get the following 

results that approximate solutions at several values of h as listed in Table 

(3.3) 
  Xi      Exact(Y)       w(h=0.1)       w(h=0.05)     w(h=0.025)   w(h=0.0125)  Ext3(h=0.1)  Ext4(h=0.1) 

   0.1   1.09926248   1.09931028   1.09927527   1.09926570   1.09926329   1.09926243   1.09926248 
   0.2   1.19345976   1.19362142   1.19350158   1.19347023   1.19346238   1.19345966   1.19345976 
   0.3   1.27548316   1.27577197   1.27555712   1.27550166   1.27548778   1.27548302   1.27548316 
   0.4   1.33532456   1.33571058   1.33542305   1.33534918   1.33533071   1.33532438   1.33532455 
   0.5   1.35914091   1.35956443   1.35924894   1.35916791   1.35914766   1.35914072   1.35914091 
   0.6   1.32804677   1.32843558   1.32814624   1.32807163   1.32805298   1.32804656   1.32804677 
   0.7   1.21655999   1.21685013   1.21663488   1.21657872   1.21656467   1.21655980   1.21655999 
   0.8   0.99060648   0.99076439   0.99064822   0.99061695   0.99060910   0.99060633   0.99060648 
   0.9   0.60496475   0.60500667   0.60497691   0.60496782   0.60496552   0.60496465   0.60496475 

The previous results reveal that as h decreases the accuracy increases. The 

maximum error for each approximation is as listed in Table (3.4) 

 
ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૚)|  4.2351 × 10ିସ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  1.0802 × 10ିସ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  2.7 × 10ିହ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    6.7456 × 10ି଺ 
ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૚)|  2.0615 × 10ି଻ 
ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૚)|  2.7837 × 10ିଽ 

Table 3.4 
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3.3 Finite-Difference Method (3.3) for Solving Fourth-Order 
Boundary Value Problem: 

Consider the linear fourth-order boundary-value problem: 

(௜௩)ݕ = ᇱᇱᇱݕ(ݔ)ଷ݌ + "ݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ    ,(ݔ)ݎ ≤ ݔ ≤ ܾ       

                                                                                                         …(3.30)  

with third especial case of four boundary conditions: 

(ܽ)ݕ  = , ଴ߙ (ܽ)ᇱݕ = , ଵߙ (ܾ)ᇱᇱݕ = , ଶߚ (ܾ)ᇱᇱᇱݕ =  ଷ                     …(3.31)ߚ

As in previous sections, we select an integer N>0 and divide the interval 

[a,b] into (N+1) equal subintervals whose endpoints are the mesh points 

௜ݔ = ܽ + ݅ℎ for i=0,1,2,…,N+1, where the step size ℎ = (ܾ − ܽ)/(ܰ + 1). 

Second, because of symmetry of the fourth-order derivate we use the finite 

difference formula Eq.(3.9) in pervious sections for i=2,3,…N-2, 

[2 + ℎ݌ଷ(ݔ௜)]ݓ௜ିଶ − [8 + 2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) − ℎଷ݌ଵ(ݔ௜)]ݓ௜ିଵ +

[12 + 4ℎଶ݌ଶ(ݔ௜) + ℎସ݌଴(ݔ௜)]ݓ௜ − [8 − 2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) +

ℎଷ݌ଵ(ݔ௜)]ݓ௜ାଵ + [2 − ℎ݌ଷ(ݔ௜)]ݓ௜ାଶ = 2ℎସݎ(ݔ௜)                             …(3.9) 

and we use finite-difference formula Eq.(3.28) for i=1 

−[113 + 32ℎ݌ଷ(ݔଵ) + 12ℎଶ݌ଶ(ݔଵ) − 6ℎଷ݌ଵ(ݔଵ)]ݓ଴ + [192 + 36ℎ݌ଷ(ݔଵ) +

24ℎଶ݌ଶ(ݔଵ) − 12ℎସ݌଴(ݔଵ)]ݓଵ − [108 + 12ℎଶ݌ଶ(ݔଵ) + 6ℎଷ݌ଵ(ݔଵ)]ݓଶ +

[32 − 4ℎ݌ଷ(ݔଵ)]ݓଷ − ସݓ3 − [60 + 24ℎ݌ଷ(ݔଵ)]ℎݓ଴
ᇱ = 12ℎସݎ(ݔଵ)      …(3.28) 

those are centered-difference formulas with second order convergence.  
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Now we derive special finite-difference formula when i=N-1, N using the 

boundary conditions, so we define finite-difference approximation for 

derivatives at i=N-1: 

ேିଵݕ                               
ᇱ = ௬ಿି௬ಿషమ

ଶ௛
− ೓మ

ల  (3.32)…                         (ேିଵߦ)ᇱᇱᇱݕ

ேିଵݕ                       
ᇱᇱ = ௬ಿషమିଶ௬ಿషభା௬ಿ

௛మ − ೓మ

భమݕ(௜௩)(ߟேିଵ)                  …(3.33) 

ேିଵݕ
ᇱᇱᇱ = ିହ଺ಿషయାଽ଺௬ಿషమିଶସ௬ಿషభିଵ଺௬ಿା଻ଶ௛మ௬ಿశభ

ᇲᇲ ିହହ௛య௬ಿశభ
ᇲᇲᇲ

ଵସହ௛య + భఱభ೓య

భరఱ  (3.34)...        (ேିଵߞ)(௩௜)ݕ

ேିଵݕ
(௜௩) = ଵଶ଼௬ಿషయିସ଺଼௬ಿషమାହହଶ௬ಿషభିଶଵଶ௬ಿା଼ସ௛మ௬ಿశభ

ᇲᇲ ିସ଴௛య௬ಿశభ
ᇲ

ଵସହ௛ర − భయభ೓మ

భరఱబ  (3.35) .. (ேିଵ߮)(௩௜)ݕ

By substituting equations (3.32),(3.33),(3.34) and (3.35) in Eq.(3.30) we 

get  

ଵଶ଼௬ಿషయିସ଺଼௬ಿషమାହହଶ௬ಿషభିଶଵଶ௬ಿା଼ସ௛మ௬ಿశభ
ᇲᇲ ିସ଴௛య௬ಿశభ

ᇲᇲᇲ

ଵସହ௛ర =

(ேିଵݔ)ଷ݌ ቂିହ଺ಿషయାଽ଺௬ಿషమିଶସ௬ಿషభିଵ଺௬ಿା଻ଶ௛మ௬ಿశభ
ᇲᇲ ିହହ௛య௬ಿశభ

ᇲᇲᇲ

ଵସହ௛య ቃ +

(ேିଵݔ)ଶ݌ ቂ௬ಿషమିଶ௬ಿషభା௬ಿషమ

௛మ ቃ + (ேିଵݔ)ଵ݌ ቂ௬ಿି௬ಿషమ

ଶ௛
ቃ + ேିଵݕ(ேݔ)଴݌ + (ேିଵݔ)ݎ −

೓మ

ఴళబబ[1450݌ଵ(ݔே − (ேିଵߦ)ᇱᇱᇱݕ(1 + (ேିଵߟ)(௜௩)ݕ(ଶݔ)ଶ݌725 − 1812ℎݕ(௩௜)(ߞேିଵ) −

 (3.36)…                                                                                       [(ேିଵ߮)(௩௜)ݕ786

We use the third-order convergence for some derivatives to get good 

approximations for the method values. Now by omitting the error term and 

multiplying the previous equation by 290ℎସ we get the finite-difference 

formula at i=N-1  

[256 + 112ℎ݌ଷ(ݔேିଵ)]ݓேିଷ −

[936 + 192ℎ݌ଷ(ݔேିଵ) + 290ℎଶ݌ଶ(ݔேିଵ) − 145ℎଷ݌ଵ(ݔே)]ݓேିଶ +

[1104 + 48ℎ݌ଷ(ݔேିଵ) + 580ℎଶ݌ଶ(ݔேିଵ) − 290ℎସ݌଴(ݔேିଵ)]ݓேିଵ −

[424 − 32ℎ݌ଷ(ݔேିଵ) + 290ℎଶ݌ଶ(ݔேିଵ) + ேݓ[(ேିଵݔ)ଵ݌145 +

[168 − 144ℎ݌ଷ(ݔேିଵ)]ℎଶݓேାଵ
ᇱᇱ − [560 − 80ℎ݌ଷ(ݔேିଵ)]ℎଷݓேାଵ

ᇱᇱᇱ = 290ℎସݎ(ݔேିଵ)...(3.37)                                            
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Now we derive appropriate finite-difference formula at i=N using the 

boundary conditions and finite-difference approximation with more one 

point to maintain the second order convergence for fourth derivative in 

Eq.(3.30) as: 

ேݕ
ᇱ = ି଺௬ಿషభା଺௬ಿାଷ௛మ௬ಿశభ

ᇲᇲ ିସ௛య௬ಿశభ
ᇲᇲᇲ

଺௛
+ భభ೓య

మర ேݕ
(௜௩)(ߦே)                         …(3.38) 

ேݕ
ᇱᇱ = ଺௬ಿషమିଵଶ௬ಿషభା଺௬ಿାଵଽ௛మ௬ಿశభ

ᇲᇲ ିଵଷ௛య௬ಿశభ
ᇲᇲᇲ

ଶହ௛మ + మవ೓య
భఱబ ேݕ

(௩)(ߟே)             …(3.39) 

ேݕ
ᇱᇱᇱ = ଶଶ௬ಿషయିଵ଺ଶ௬ಿషమାଶହ଼௬ಿషభିଵଵ଼௬ಿାଽ଺௛మ௬ಿశభ

ᇲᇲ ିଶହ௛య௬ಿశభ
ᇲᇲᇲ

ଵସହ௛య − భమభ೓య
మభళఱ ேݕ

(௩௜)(ߞே)  

                                                                                                         …(3.40) 

ேݕ
(௜௩) = ଶ଼௬ಿషయିସ଼௬ಿషమାଵଶ௬ಿషభା଼௬ಿିଷ଺௛మ௬ಿశభ

ᇲᇲ ାଵ଴଴௛య௬ಿశభ
ᇲᇲᇲ

ଵସହ௛ర − ఱఴవ೓మ
మభళఱ ேݕ

(௩௜)(߮ே)  

                                                                                                         …(3.41) 

By substituting equations (3.38), (3.39), (3.40) and (3.41) in Eq.(3.30) we 

get the equation   

ଶ଼௬ಿషయିସ଼௬ಿషమାଵଶ௬ಿషభା଼௬ಿିଷ଺௛మ௬ಿశభ
ᇲᇲ ାଵ଴଴௛య௬ಿశభ

ᇲᇲᇲ

ଵସହ௛ర =

ଶଶ௬ಿషయିଵ଺ଶ௬ಿషమାଶହ଼௬ಿషభିଵଵ଼௬ಿାଽ଺௛మ௬ಿశభ](ேݔ)ଷ݌
ᇲᇲ ିଶହ௛య௬ಿశభ

ᇲᇲᇲ

ଵସହ௛య ] +

(ேݔ)ଶ݌ ቂ଺௬ಿషమିଵଶ௬ಿషభା଺௬ಿାଵଽ௛మ௬ಿశభ
ᇲᇲ ିଵଷ௛య௬ಿశభ

ᇲᇲᇲ

ଶହ௛మ ቃ +

(ேݔ)ଵ݌ ቂି଺௬ಿషభା଺௬ಿାଷ௛మ௬ಿశభ
ᇲᇲ ିସ௛య௬ಿశభ

ᇲᇲᇲ

଺௛
ቃ + ேݕ(ேݔ)଴݌ + (ேݔ)ݎ +

೓య

భళరబబ[7975݌ଵ(ݔே)ݕ(௜௩)(ߦଵ) + (ேߟ)(௩)ݕ(ேݔ)ଶ݌3364 − (ேߞ)(௩௜)ݕ(ேݔ)ଷ݌968 +

4712భ
೓ݕ(௩௜)(߮ே)]                                                                                        …(3.42) 

By omitting error term and multiplying Eq.(3.42) by 4350ℎସwe get the 

finite-difference formula at i=N 

[840 − 660ℎ݌ଷ(ݔே)]ݓேିଷ − [1440 − 4860ℎ݌ଷ(ݔே) + 1044ℎଶ݌ଶ(ݔே)]ݓேିଶ +

[360 − 7740ℎ݌ଷ(ݔே) + 2088ℎଶ݌ଶ(ݔே) + 4350ℎଷ݌ଵ(ݔே)]ݓேିଵ + [240 +
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3540ℎ݌ଷ(ݔே) − 1044ℎଶ݌ଶ(ݔே) − 4350ℎଷ݌ଵ(ݔே) − 4350ℎସ݌଴(ݔே)]ݓே −

[1080 + 2880ℎ݌ଷ(ݔே) + 3306ℎଶ݌ଶ(ݔே) + 2175ℎଷ݌ଵ(ݔே)]ℎଶݓேାଵ
ᇱᇱ + [3000 −

750ℎ݌ଷ(ݔே) + 2262ℎଶ݌ଶ(ݔே) + 2900ℎଷ݌ଵ(ݔே)]ℎଷݓேାଵ
ᇱᇱᇱ = 4350ℎସݎ(ݔே)   ...(3.43) 

Using equations (3.9), (3.28), (3.37), and (3.43) together give a system with 

NN seven-diagonal matrix problem 

ݓܣ                                                     =c                                         …(3.44) 

where  A= 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 192 − ଵܩ
−(8 + ((ଶݔ)ଶܨ

2 − (ଷݔ)ଵܨ

−(108 + (ଶܩ
12 − (ଶݔ)ଷܨ

−(8 + ((ଷݔ)ଶܨ

⋱

32 − ଷܩ
−(8 + ((ଶݔ)ସܨ

12 − (ଷݔ)ଷܨ

⋱

−3
2 + (ଶݔ)ଵܨ

−൫8 + ൯(ଷݔ)ସܨ

⋱

2 + (ଷݔ)ଵܨ

⋱

256 − ேଵଵܩ
840 − ேଵܩ

⋱

 −(936 + (ேଵଶܩ
−(1440 + (ேଷܩ

   1104 − ேଵଷܩ
  360 + ேଶܩ

  −(424 + (ேଵସܩ
−(240 + (ேଵܩ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

   

ݓ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ଵݓ
ଶݓ

⋮

ேିଵݓ
ேݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

  , ܿ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ (113 + ଴ߙ(଴ܩ + (60 + 24ℎ݌ଷ(ݔଵ))ℎଶ + 12ℎସݎ(ݔଵ)

(−2 + ଴ߙ((ଶݔ)ଵܨ + 2ℎସݎ(ݔଶ)
2ℎସݎ(ݔଷ)

⋮
2ℎସݎ(ݔேିଶ)

−(168 − ଶߚேଵ଴ଶ)ℎଶܩ + (80 + ଷߚேଵ଴ଷ)ℎଷܩ + 290ℎସݎ(ݔேିଵ)
(1080 + ଶߚே଴ଶ)ℎଶܩ − (3000 − ଷߚே଴ଷ)ℎଷܩ + 4350ℎସݎ(ݔே)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

 

(௜ݔ)ଵܨ = −ℎ݌ଷ(ݔ௜)      , (௜ݔ)ଶܨ = 2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) − ℎଷ݌ଵ(ݔ௜)  

(௜ݔ)ଷܨ = −4ℎଶ݌ଶ(ݔ௜) + 2ℎସ݌଴(ݔ௜)  , (௜ݔ)ସܨ = −2ℎ݌ଷ(ݔ௜) + 2ℎଶ݌ଶ(ݔ௜) + ℎଷ݌ଵ(ݔ௜)  

଴ܩ = 986ℎ݌ଷ(ݔଵ) + 2030ℎଶ݌ଶ(ݔଵ) + 2030ℎଷ݌ଵ(ݔଵ) ,   

ଵܩ = −3306ℎ݌ଷ(ݔଵ) − 4060ℎଶ݌ଶ(ݔଵ) + 2030ℎସ݌଴(ݔଵ)  

ଶܩ = 3654ℎ݌ଷ(ݔଵ) + 2030ℎଶ݌ଶ(ݔଵ) − 1015ℎଷ݌ଵ(ݔଵ)  , ܩଷ = −2030ℎ݌ଷ(ݔଵ)  

ேଵଵܩ = −112ℎ݌ଷ(ݔேିଵ) , ேଵଶܩ = 192ℎ݌ଷ(ݔேିଵ) + 290ℎଶ݌ଶ(ݔேିଵ) − 145ℎଷ݌ଵ(ݔேିଵ) ,  



66 
 

ேଵଷܩ  = −48ℎ݌ଷ(ݔேିଵ) − 580ℎଶ݌ଶ(ݔேିଵ) + 290ℎସ݌଴(ݔேିଵ) , 

ேଵସܩ  = −32ℎ݌ଷ(ݔேିଵ) + 290ℎଶ݌ଶ(ݔேିଵ) 

ேଵ଴ଶܩ = 144ℎ݌ଷ(ݔேିଵ)   ,  ܩேଵ଴ଷ = −110ℎ݌ଷ(ݔேିଵ) 

ேଵܩ  = 660ℎ݌ଷ(ݔே) ,   ܩேଶ = −4860ℎ݌ଷ(ݔே) + 1044ℎଶ݌ଶ(ݔே)  

ேଷܩ  = 7740ℎ݌ଷ(ݔே) − 2088ℎଶ݌ଶ(ݔே) − 4350ℎଷ݌ଵ(ݔே) , 

ேସܩ  = −3540ℎ݌ଷ(ݔே) + 1044ℎଶ݌ଶ(ݔே) + 4350ℎଷ݌ଵ(ݔே) + 4350ℎସ݌଴(ݔே) , 

ே଴ଶܩ  = 2880ℎ݌ଷ(ݔே) + 3306ℎଶ݌ଶ(ݔே) + 2175ℎଷ݌ଵ(ݔே)  

ே଴ଷܩ = −750ℎ݌ଷ(ݔே) − 2262ℎଶ݌ଶ(ݔே) − 2900ℎଷ݌ଵ(ݔே) 

Now we will use the MATLAB LU-decomposition method for solving the 

linear system (3.44) at several values of step-size (h) and then we will use 

Extrapolation method to get more accuracy for the method without more 

calculations. 

Algorithm (3.3): Linear Finite-Difference Method (3.3) for Solving 

Fourth-Order BVPS Case (III): See full MATLAB program (p.223-229) 

To approximate the solution of the boundary value problem  

(௜௩)ݕ = ᇱᇱᇱݕ(ݔ)ଷ݌ + "ݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ    ,(ݔ)ݎ ≤ ݔ ≤ ܾ 

with four boundary conditions: 

(ܽ)ݕ = , ଴ߙ (ܽ)ᇱݕ = , ଵߙ (ܾ)ᇱᇱݕ = , ଶߚ (ܾ)ᇱᇱᇱݕ =  ଵߚ

is the same as Algorithm(3.3) with some modification in matrix A and 

constant vector C and G's functions        



67 
 

Table 3.5 

Example 3: Consider the linear fourth-order boundary value problem 

(ݔ)(௜௩)ݕ = (1 + ᇱᇱᇱݕ(ଶݔ2 − ᇱᇱݕݔ3 − ᇱݕଶݔ5 + ଷݔ) + ݕ(1 + ݁ଶ௫(ݔସ + ଷݔ5 + ଶݔ −

ݔ7 − 13),   on 0 ≤ ݔ ≤1  

with boundary conditions : 

(0)ݕ  = ᇱ(0)ݕ          ,1 = ᇱᇱ(1)ݕ    , 1 = −4݁ଶ, ᇱᇱᇱ(1)ݕ         = −12݁ଶ   

So  ݌ଷ(ݔ) = (1 + ,(2ݔ2 (ݔ)ଶ݌    = , ݔ3− (ݔ)ଵ݌    = , ଶݔ5− (ݔ)଴݌ = ଷݔ + 1 , 

and  (ݔ)ݎ = ݁ଶ௫(ݔସ + ଷݔ5 + ଶݔ − ݔ7 − 13) on the interval [0,1] 

Now by applying algorithm (3.3) to the example, we get the following 

results that approximate solutions at several values of h listed in Table (3.5) 

 
  Xi      Exact(Y)     w(h=0.1)      w(h=0.05)     w(h=0.025)   w(h=0.0125)  Ext3(h=0.1)  Ext4(h=0.1) 

 0.1   1.09926248   1.10009312   1.09940021   1.09928315   1.09926558   1.09924913   1.09926094 
 0.2   1.19345976   1.19671377   1.19399729   1.19353953   1.19347144   1.19340662   1.19345360 
 0.3   1.27548316   1.28263291   1.27666224   1.27565626   1.27550794   1.27536419   1.27546932 
 0.4   1.33532456   1.34771433   1.33736657   1.33562126   1.33536607   1.33511429   1.33530002 
 0.5   1.35914091   1.37797513   1.36224660   1.35958788   1.35920205   1.35881483   1.35910273 
 0.6   1.32804677   1.35437197   1.33239527   1.32866742   1.32812985   1.32758180   1.32799213 
 0.7   1.21655999   1.25123662   1.22230651   1.21737470   1.21666694   1.21593527   1.21648631 
 0.8   0.99060648   1.03426402   0.99787739   0.99163254   0.99073897   0.98980442   0.99051151 
 0.9   0.60496475   0.65792945   0.61384781   0.60621547   0.60512422   0.60397251   0.60484674 

The previous results reveal that as h decreases the accuracy increases. The 

maximum error for each approximation is as listed in Table (3.6) 
ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૚)|  5.2965 × 10ିଶ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  8.8831 × 10ିଷ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  1.2507 × 10ିଷ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    1.5947 × 10ିସ 
ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૚)|  9.9223 × 10ିସ 
ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૚)|  1.1301 × 10ିସ 

Table 3.6 
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Table 
3.7 

But we must note that if we use second-order convergence finite-difference 

formula at end-points, the method gets bad approximations for the solution, 

so we are concerned with getting higher order of convergence and using all 

boundary conditions to get better approximation for the problem. 

From the previous results that appear in tables (3.2), (3.4), & (3.6) and by 

comparing them, we conclude that method (3.2) has the best results then 

method (3.1), finally method (3.3). 

 

 

 

 

 

 

 

Table (3.7) shows that the bad approximation is in the case (III), where ߚ଴ 

is absence. And case (II) approximation is better than case (I) 

approximation, where the derivatives orders in boundary condition in case 

(II) are first-order and one of derivatives order in case (I) is second-order. 

So we conclude that, if the problem has first-order boundary conditions 

values at each interval endpoints, the approximations for its solution will be 

better than any other boundary conditions. And the absence of initial value 

for problem at endpoints interval affect and control the method accuracy. 

Maximum Error for 

Boundary Conditions for Fourth-Order Boundary-Value Problems 
            Case (I)                           Case (II)                         Case (III) 

(ܽ)ݕ =  ଴ߙ
(ܽ)ᇱᇱݕ =  ଶߙ
(ܾ)ݕ =  ଴ߚ
(ܾ)ᇱݕ =  ଵߚ

(ܽ)ݕ =  ଴ߙ
(ܽ)ᇱݕ =  ଵߙ
(ܾ)ݕ =  ଴ߚ
(ܾ)ᇱݕ =  ଵߚ

(ܽ)ݕ =  ଴ߙ
(ܽ)ᇱݕ =  ଵߙ
(ܾ)ᇱᇱݕ =  ଶߚ
(ܾ)ᇱᇱᇱݕ =  ଵߚ

ࢅ| − ࢎ)࢏࢝ = ૙. ૚)| 9.9593 × 10ିସ 4.2351 × 10ିସ 5.2965 × 10ିଶ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)| 2.5934 × 10ିସ 1.0802 × 10ିସ 8.8831 × 10ିଷ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)| 6.5268 × 10ିହ 2.7 × 10ିହ 1.2507 × 10ିଷ 

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)| 1.6338 × 10ିହ 6.7456 × 10ି଺ 1.5947 × 10ିସ 

ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૚)| 3.1646 × 10ି଻ 2.0615 × 10ି଻ 9.9223 × 10ିସ 

ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૚)| 4.5419 × 10ିଽ 2.7837 × 10ିଽ 1.1301 × 10ିସ 
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In this chapter we will discuss the finite-difference methods for solving 

fifth, sixth and seventh-order linear boundary value problems with few 

cases for each of them, that are used in several branches in science, see [9]. 

These methods use large equations with hard work and many permutations 

using boundary conditions and more (one or two) points to derive suitable 

form of finite-difference formula for derivatives to maintain the second 

order convergence for the method. 

We will sometimes in this chapter use third-order truncation error for some 

derivatives less than the order of the problem to get good results for the 

method.  

The results of these methods are not good as we want, for example the 

Differential Transform Method (DTM) that is used to solve a fifth-order 

boundary-value problem gets a maximum error 9.9410-7see[9], which 

needs hard work using finite-difference method. 
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4.1 Finite-Difference Method (4.1) For Linear Fifth-Order 
Boundary-Value Problem: 

Consider the linear fifth-order boundary-value problem: 

(ݔ)(௩)ݕ = (௜௩)ݕ(ݔ)ସ݌ + (ݔ)ᇱᇱᇱݕ(ݔ)ଷ݌ + ᇱᇱݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ +     ,(ݔ)ݎ

ܽ     ,ݔ ݎ݋݂ ≤ ݔ ≤ ܾ                                                                                              …(4.1) 

With first especial case of five boundary conditions 

(ܽ)ݕ = ,  ଴ߙ (ܽ)ᇱݕ = , ଵߙ (ܽ)ᇱᇱݕ = , ଶߙ (ܾ)ݕ = , ଴ߚ (ܾ)ᇱݕ =  ଵ       …(4.2)ߚ

First, we select an integer N>4 and divide the interval [a,b] into (N+1) 

equal subintervals whose endpoints are the mesh points ݔ௜ = ܽ + ݅ℎ for 

i=0,1,2,…,N+1, where the step size h=(b-a)/(N+1). 

Second, we approximate all derivatives in (4.1) using finite-difference 

approximation on the interior mesh points. 

(௜ݔ)ᇱݕ                    = ௬(௫೔శభ)ି௬(௫೔షభ)
ଶ௛

− ೓మ

ల  (4.3)…                              (௜ߦ)ᇱᇱᇱݕ

(௜ݔ)ᇱᇱݕ           = ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)
௛మ − ೓మ

భమݕ(௜௩)(ߟ௜)                         …(4.4) 

(௜ݔ)ᇱᇱᇱݕ    = ି௬(௫೔షమ)ାଶ௬(௫೔షభ)ିଶ௬(௫೔శభ)ା௬(௫೔శమ)
ଶ௛య − ೓మ

ర  (4.5)…               (௜ߞ)(௩)ݕ

(௜ݔ)(௜௩)ݕ  = ௬(௫೔షమ)ିସ௬(௫೔షభ)ା଺௬(௫೔)ିସ௬(௫೔శభ)ା௬(௫೔శమ)
௛ర − ೓మ

ల  (4.6)...      (௜߮)(௩௜)ݕ

which are centered-difference formulas with second order convergence. 

But we take special finite-difference approximation for the fifth-derivative, 

to be suitable to the problem boundary conditions and maintain the second 

order convergence. 
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(௜ݔ)(௩)ݕ = ௬(௫೔షర)ି଼௬(௫೔షయ)ାଶହ௬(௫೔షమ)ିସ଴௬(௫೔షభ)ାଷହ௬(௫೔)ିଵ଺௬(௫೔శభ)ାଷ௬(௫೔శమ)
ଶ௛ఱ + ೓మ

ల    (௜ߩ)(௩௜௜)ݕ

                                                                                                          …(4.7) 

The substitution of the equations (4.3), (4.4), (4.5), (4.6) and (4.7) in 

Eq.(4.1)  gets  the equation 

௬(௫೔షర)ି଼௬(௫೔షయ)ାଶହ௬(௫೔షమ)ିସ଴௬(௫೔షభ)ାଷହ௬(௫೔)ିଵ଺௬(௫೔శభ)ାଷ௬(௫೔శమ)
ଶ௛ఱ =

(௜ݔ)ସ݌ ቂ௬(௫೔షమ)ିସ௬(௫೔షభ)ା଺௬(௫೔)ିସ௬(௫೔శభ)ା௬(௫೔శమ)
௛ర ቃ +

(௜ݔ)ଷ݌ ቂି௬(௫೔షమ)ାଶ௬(௫೔షభ)ିଶ௬(௫೔శభ)ା௬(௫೔శమ)
ଶ௛య ቃ + ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)](௜ݔ)ଶ݌

௛మ ] +

௬(௫೔శభ)ି௬(௫೔షభ)](௜ݔ)ଵ݌
ଶ௛

] + (௜ݔ)ݕ(௜ݔ)଴݌ + (௜ݔ)ݎ − ೓మ

భమ[2݌ଵ(ݔ௜)ݕᇱᇱᇱ(ߦ௜) +

(௜ߟ)(௜௩)ݕ(௜ݔ)ଶ݌ + (௜ߞ)(௩)ݕ(௜ݔ)ଷ݌3 + (௜߮)(௩௜)ݕ(௜ݔ)ସ݌2 +  (4.8)...       (௜ߩ)(௩௜௜)ݕ2

A Finite-Difference method with truncation error of order ܱ(ℎଶ) results by 

using (4.8) together with the boundary conditions (4.2) to define  

଴ݓ = ଴ݓ    , ଴ߙ
ᇱ = , ଵߙ ଴ݓ

ᇱᇱ = , ଶߙ ேାଵݓ = ,଴ߚ ேାଵݓ
ᇱ =   ଵߚ

and  

௪೔షరି଼௪೔షయାଶହ௪೔షమିସ଴௪೔షభାଷ଺௪೔ିଵ଺௪೔శభାଷ௪೔శమ

ଶ௛ఱ −

௪೔షమିସ௪೔షభା଺௪೔ିସ௪೔శభା௪೔శమ](௜ݔ)ସ݌

௛ర ] − ௪೔షమାଶ௪೔షభିଶ௪೔శభା௪೔శమି](௜ݔ)ଷ݌

ଶ௛య  ] −

௪೔షభିଶ௪೔ା௪೔శభ](௜ݔ)ଶ݌

௛మ  ] − (௜ݔ)ଵ݌ ቂ௪೔శభି௪೔షభ

ଶ௛
ቃ − ௜ݓ(௜ݔ)଴݌ =  (4.9)…     (௜ݔ)ݎ

For each i= 4,5,…,N-1 . 

Now by multiplying Eq.(4.9) by 2ℎହ it can be written as : 

௜ିସݓ − ௜ିଷݓ8 + [25 − 2ℎ݌ସ(ݔ௜) + ℎଶ݌ଷ(ݔ௜)]ݓ௜ିଶ − [40 − 8ℎ݌ସ(ݔ௜) +

2ℎଶ݌ଷ(ݔ௜) + 2ℎଷ݌ଶ(ݔ௜) − ℎସ݌ଵ(ݔ௜)]ݓ௜ିଵ + [35 − 12ℎ݌ସ(ݔ௜) + 4ℎଷ݌ଶ(ݔ௜) −

2ℎହ݌଴(ݔ௜)]ݓ௜ − [16 − 8ℎ݌ସ(ݔ௜) − 2ℎଶ݌ଷ(ݔ௜) + 2ℎଷ݌ଶ(ݔ௜) + ℎସ݌ଵ(ݔ௜)]ݓ௜ାଵ +

[3 − 2ℎ݌ସ(ݔ௜) − ℎଶ݌ଷ(ݔ௜)]ݓ௜ାଶ = 2ℎହݎ(ݔ௜)                                           …(4.10) 
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But this formula is suitable for N-4 mesh points, so we need to derive 

special formula when i=1, 2, 3, and N, using the boundary conditions 

ଵݕ                                      
ᇱ = ௬మି௬బ

ଶ௛
− ೓మ

ల  (4.11)…                             (ଵߦ)ᇱᇱᇱݕ

ଵݕ                             
ᇱᇱ = ௬బିଶ௬భା௬మ

௛మ  − ೓మ

భమݕ(௜௩)(ߟଵ)                           …(4.12) 

In order to maintain second order convergence we derive new finite-

difference approximation using the boundary conditions at i=0 for third, 

fourth and fifth-order derivatives using algorithm (2.2), which is given by: 

ଵݕ          
ᇱᇱᇱ = ଷଽ௬బିସ଼௬భାଽ௬మାଷ଴௛௬బ

ᇲା଺௛మ௬బ
ᇲᇲ

ସ௛య − ೓య

లబݕ(௩௜)(ߞଵ)                   …(4.13) 

ଵݕ           
(௜௩) = ଵଽ௬బିଶ଻௬మା଼௬యାଷ଴௛௬బ

ᇲାଵ଼௛మ௬బ
ᇲᇲ

ଽ௛ర − మ೓మ

భఱ  (4.14)…             (ଵ߮)(௩௜)ݕ

ଵݕ
(௩) = ିସଶହ௬బାହସ଴௬భିଵଷହ௬మାଶ଴௬యିଷଷ଴௛௬బ

ᇲିଽ଴௛మ௬బ
ᇲᇲ

ଽ௛ఱ − మ೓మ

మభ  (4.15)…      (ଵߩ)(௩௜௜)ݕ

By substituting equations (4.11), (4.12), (4.13), (4.14) and (4.15) in 

Eq.(4.1) we get 

ିସଶହ௬బାହସ଴௬భିଵଷହ௬మାଶ଴௬యିଷଷ଴௛௬బ
ᇲିଽ଴௛మ௬బ

ᇲᇲ

ଽ௛ఱ = (ଵݔ)ସ݌ ቂଵଽ௬బିଶ଻௬మା଼௬యାଷ଴௛௬బ
ᇲାଵ଼௛మ௬బ

ᇲᇲ

ଽ௛ర ቃ +

(ଵݔ)ଷ݌ ቂଷଽ௬బିସ଼௬భାଽ௬మାଷ଴௛௬బ
ᇲା଺௛మ௬బ

ᇲᇲ

ସ௛య ቃ + (ଵݔ)ଶ݌ ቂ௬బିଶ௬భା௬మ

௛మ ቃ + (ଵݔ)ଵ݌ ቂ௬మି௬బ

ଶ௛
ቃ +

(ଵݔ)ݕ(ଵݔ)଴݌ + (ଵݔ)ݎ − ೓మ

రమబ[70݌ଵ(ݔଵ)ݕᇱᇱᇱ(ߦଵ) + (ଵߟ)(௜௩)ݕ(ଵݔ)ଶ݌35 +

7ℎ݌ଷ(ݔଵ)ݕ(௩௜)(ߞଵ) + (ଵ߮)(௩௜)ݕ(ଵݔ)ସ݌56 −  (4.16)…                       [(ଵߩ)(௩௜௜)ݕ40

By omitting the error term and multiplying the previous equation by 36ℎହ 

we get the finite-difference formula at i=1  

−[1700 + 76ℎ݌ସ(ݔଵ) + 76ℎଶ݌ଷ(ݔଵ) + 36ℎଷ݌ଶ(ݔଵ) − 18ℎସ݌ଵ(ݔଵ)]ݓ଴ +

[2160 + 432ℎଶ݌ଷ(ݔଵ) + 72ℎଷ݌ଶ(ݔଵ) − 36ℎହ݌଴(ݔଵ)]ݓଵ − [540 −

108ℎ݌ସ(ݔଵ) + 81ℎଶ݌ଷ(ݔଵ) + 36ℎଷ݌ଶ(ݔଵ) + 18ℎସ݌ଵ(ݔଵ)]ݓଶ +
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[80 − 32ℎ݌ସ(ݔଵ)]ݓଷ − [1320 + 120ℎ݌ସ(ݔଵ) + 270ℎଶ݌ଷ(ݔଵ)]ℎݓ଴
ᇱ −

[360 + 72ℎ݌ସ(ݔଵ) + 54ℎଶ݌ଷ(ݔଵ)]ℎଶݓ଴
ᇱᇱ = 36ℎହݎ(ݔଵ)                 …(4.17) 

To find the suitable finite-difference formula at i=2 we follow the same 

step at i=1  

ଶݕ                                    
ᇱ = ௬యି௬భ

ଶ௛
− ೓మ

ల  (4.18)…                                (ଶߦ)ᇱᇱᇱݕ

ଶݕ                               
ᇱᇱ = ௬భିଶ௬మା௬య

௛మ  − ೓మ

భమݕ(௜௩)(ߟଶ)                          …(4.19) 

ଶݕ                            
ᇱᇱᇱ = ି௬బାଶ௬భିଶ௬యା௬ర

ଶ௛య − ೓మ

ర  (4.20)…                    (ଶߞ)(௩)ݕ

ଶݕ                          
(௜௩) = ௬బିସ௬భା଺௬మିସ௬యା௬ర

௛ర − ೓మ

ల  (4.21)…             (ଶ߮)(௩௜)ݕ

ଶݕ
(௩) = ଶ଼ଶହ௬బିସଷଶ଴௬భାଶଵ଺଴௬మି଼଴଴௬యାଵଷହ௬రାଵ଼଺଴௛௬బ

ᇲାଷ଺଴௛మ௬బ
ᇲᇲ

଻ଶ௛ఱ − ೓మ

రభݕ(௩௜௜)(ߩଶ)  

                                                                                                         …(4.22) 

By substituting equations (4.18), (4.19), (4.20), (4.21) and (4.22) in 

Eq.(4.1) we get 

ଶ଼ଶହ௬బିସଷଶ଴௬భାଶଵ଺଴௬మି଼଴଴௬యାଵଷହ௬రାଵ଼଺଴௛௬బ
ᇲାଷ଺଴௛మ௬బ

ᇲᇲ

଻ଶ௛ఱ =

(ଶݔ)ସ݌ ቂ௬బିସ௬భା଺௬మିସ௬యା௬ర

௛ర ቃ + (ଶݔ)ଷ݌ ቂି௬బାଶ௬భିଶ௬యା௬ర

ଶ௛య ቃ + (ଶݔ)ଶ݌ ቂ௬భିଶ௬మା௬భ

௛మ ቃ +

(ଶݔ)ଵ݌ ቂ௬యି௬భ

ଶ௛
ቃ + (ଶݔ)ݕ(ଶݔ)଴݌ + (ଶݔ)ݎ − ೓మ

ఴర[14݌ଵ(ݔଶ)ݕᇱᇱᇱ(ߦଶ) +

(ଶߟ)(௜௩)ݕ(ଶݔ)ଶ݌7 + 21ℎ݌ଷ(ݔଶ)ݕ(௩)(ߞଶ) + (ଶ߮)(௩௜)ݕ(ଶݔ)ସ݌14 −   [(ଶߩ)(௩௜௜)ݕ8

                                                                                                         …(4.23) 

By omitting the error term and multiplying the previous equation by 72ℎହ 

we get the finite-difference formula at i=2  

[2825 − 72ℎ݌ସ(ݔଶ) + 36ℎଶ݌ଷ(ݔଶ)]ݓ଴ − [4320 − 288ℎ݌ସ(ݔଶ) +

72ℎଶ݌ଷ(ݔଶ) + 72ℎଷ݌ଶ(ݔଶ) − 36ℎସ݌ଵ(ݔଶ)]ݓଵ + [2160 − 432ℎ݌ସ(ݔଶ) +
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144ℎଷ݌ଶ(ݔଶ) − 72ℎହ݌଴(ݔଶ)]ݓଶ − [800 − 288ℎ݌ସ(ݔଶ) − 72ℎଶ݌ଷ(ݔଶ) +

72ℎଷ݌ଶ(ݔଶ) − 36ℎସ݌ଵ(ݔଶ)]ݓଷ + [135 − 72ℎ݌ସ(ݔଶ) − 36ℎଶ݌ଷ(ݔଶ)]ݓସ +

1860ℎݓ଴
ᇱ + 360ℎଶݓ଴

ᇱᇱ = 72ℎହݎ(ݔଶ)                                              …(4.24) 

To find the suitable finite-difference formula at i=3 we follow  

ଷݕ                                   
ᇱ = ௬రି௬మ

ଶ௛
− ೓మ

ల  (4.25)…                                  (ଷߦ)ᇱᇱᇱݕ

ଷݕ                               
ᇱᇱ = ௬మିଶ௬యା௬ర

௛మ  − ೓మ

భమݕ(௜௩)(ߟଷ)                           …(4.26) 

ଷݕ                            
ᇱᇱᇱ = ି௬భାଶ௬మିଶ௬రା௬ఱ

ଶ௛య − ೓మ

ర  (4.27)…                     (ଷߞ)(௩)ݕ

ଷݕ                          
(௜௩) = ௬భିସ௬మା଺௬యିସ௬రା௬ఱ

௛ర − ೓మ

ల  (4.28)…              (ଷ߮)(௩௜)ݕ

ଷݕ
(௩) = ିଵହ଻௬బାସ଴଴௬భିହ଴଴௬మାସ଴଴௬యିଵ଻ହ௬రାଷଶ௬ఱି଺଴௛௬బ

ᇲ

ଶ଴௛ఱ + మ೓మ

మభ  (4.29)…(ଷߩ)(௩௜௜)ݕ

By substituting equations (4.25), (4.26), (4.27), (4.28) and (4.29) in 

Eq.(4.1) we get 

ିଵହ଻௬బାସ଴଴௬భିହ଴଴௬మାସ଴଴௬యିଵ଻ହ௬రାଷଶ௬ఱି଺଴௛௬బ
ᇲ

ଶ଴௛ఱ = (ଷݔ)ସ݌ ቂ௬భିସ௬మା଺௬యିସ௬రା௬ఱ

௛ర ቃ +

(ଷݔ)ଷ݌ ቂି௬భାଶ௬మିଶ௬రା௬ఱ

ଶ௛య ቃ + (ଷݔ)ଶ݌ ቂ௬మିଶ௬యା௬ర

௛మ ቃ + (ଷݔ)ଵ݌ ቂ௬రି௬మ

ଶ௛
ቃ + (ଷݔ)ݕ(ଷݔ)଴݌ +

(ଷݔ)ݎ − ೓మ

ఴర[14݌ଵ(ݔଷ)ݕᇱᇱᇱ(ߦଷ) + (ଷߟ)(௜௩)ݕ(ଷݔ)ଶ݌7 + 21ℎ݌ଷ(ݔଷ)ݕ(௩)(ߞଷ) +

(ଷ߮)(௩௜)ݕ(ଷݔ)ସ݌14 +  (4.30)…                                                              (ଷߩ)(௩௜௜)ݕ8

By omitting the error term and multiplying the previous equation by 20ℎହ 

we get the finite-difference formula at i=3  

଴ݓ157− + [400 − 20ℎ݌ସ(ݔଷ) + 10ℎଶ݌ଷ(ݔଷ)]ݓଵ − [500 − 80ℎ݌ସ(ݔଷ) +

20ℎଶ݌ଷ(ݔଷ) + 20ℎଷ݌ଶ(ݔଷ) − 10ℎସ݌ଵ(ݔଷ)]ݓଶ + [400 − 120ℎ݌ସ(ݔଷ) +

40ℎଷ݌ଶ(ݔଷ) − 20ℎହ݌଴(ݔଷ)]ݓଷ − [175 − 80ℎ݌ସ(ݔଷ) − 20ℎଶ݌ଷ(ݔଷ) +

20ℎଷ݌ଶ(ݔଷ) − 10ℎସ݌ଵ(ݔଷ)]ݓସ + [32 − 20ℎ݌ସ(ݔଷ) − 10ℎଶ݌ଷ(ݔଷ)]ݓହ −

60ℎݓ଴
ᇱ = 20ℎହݎ(ݔଷ)                                                                        …(4.31) 
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To find the suitable finite-difference formula at i=N we follow the same 

step as i=1 with more one point for fourth-order derivatives as: 

ேݕ                           
ᇱ = ௬ಿశభି௬ಿషభ

ଶ௛
− ೓మ

ల  (4.32)…                               (ேߦ)ᇱᇱᇱݕ

ேݕ                     
ᇱᇱ = ௬ಿషభିଶ௬ಿା௬ಿశభ

௛మ  − ೓మ

భమݕ(௜௩)(ߟே)                           …(4.33) 

ேݕ                 
ᇱᇱᇱ = ି௬ಿషమାଽ௬ಿି଼௬ಿశభା଺௛௬బ

ᇲ

ଷ௛య − య೓మ

మబ  (4.34)…                   (ேߞ)(௩)ݕ

ேݕ
(௜௩) = ିଷ௬ಿషయାଷଶ௬ಿషమିଵ଴଼௬ಿషభାଵଽଶ௬ಿିଵଵଷ௬ಿశభା଺଴௛௬ಿశభ

ᇲ

ଵଶ௛ర − ೓య

భమݕ(௩௜௜௜)(߮ே)                  

                                                                                                         …(4.35) 

ேݕ
(௩) = ଵ଺௬ಿషరିଵଶହ௬ಿషయାସ଴଴௬ಿషమି଻଴଴௬ಿషభା଼଴଴௬ಿିଷଽଵ௬ಿశభାଵ଼଴௛௬ಿశభ

ᇲ

ଶ଴௛ఱ + ఴ೓మ

మభ   (ேߩ)(௩௜௜)ݕ

                                                                                                                 …(4.36) 

By substituting equations (4.32), (4.33), (4.34), (4.35) and (4.36) in Eq. 

(4.1) we get 

ଵ଺௬ಿషరିଵଶହ௬ಿషయାସ଴଴௬ಿషమି଻଴଴௬ಿషభା଼଴଴௬ಿିଷଽଵ௬ಿశభାଵ଼଴௛௬ಿశభ
ᇲ

ଶ଴௛ఱ =

(ேݔ)ସ݌ ቂିଷ௬ಿషయାଷଶ௬ಿషమିଵ଴଼௬ಿషభାଵଽଶ௬ಿିଵଵଷ௬ಿశభା଺଴௛௬ಿశభ
ᇲ

ଵଶ௛ర ቃ +

(ேݔ)ଷ݌ ቂି௬ಿషమାଽ௬ಿି଼௬ಿశభା଺௛௬బ
ᇲ

ଷ௛య ቃ + (ேݔ)ଶ݌ ቂ௬ಿషభିଶ௬ಿା௬ಿశభ

௛మ ቃ +

(ேݔ)ଵ݌ ቂ௬ಿశభି௬ಿషభ

ଶ௛
ቃ + (ேݔ)ݕ(ଶݔ)଴݌ + (ேݔ)ݎ − ೓మ

రమబ[70݌ଵ(ݔே)ݕᇱᇱᇱ(ߦே) +

(ேߟ)(௜௩)ݕ(ேݔ)ଶ݌35 + 63ℎ݌ଷ(ݔே)ݕ(௩)(ߞே) + 70ℎ݌ସ(ݔே)ݕ(௩௜௜௜)(߮ே) +

 (4.37)…                                                                                  [(ேߩ)(௩௜௜)ݕ160

By omitting the error term and multiplying the previous equation by 20ℎହ 

we get the finite-difference formula at i=N  

ேିସݓ48 − [375 − 15ℎ݌ସ(ݔே)]ݓேିଷ + [1200 − 160ℎ݌ସ(ݔே) + 20ℎଶ݌ଷ(ݔே)]ݓேିଶ −

[2100 − 540ℎ݌ସ(ݔே) + 60ℎଷ݌ଶ(ݔே) − 30ℎସ݌ଵ(ݔே)]ݓேିଵ + [2400 − 960ℎ݌ସ(ݔே) −
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180ℎଶ݌ଷ(ݔே) + 120ℎଷ݌ଶ(ݔே) − 60ℎହ݌଴(ݔே)]ݓே − [1173 − 565ℎ݌ସ(ݔே) −

160ℎଶ݌ଷ(ݔே) + 60ℎଷ݌ଶ(ݔே) + 30ℎସ݌ଵ(ݔே)]ݓேାଵ + [540 − 300ℎ݌ସ(ݔே) −

ேାଵݓℎ[(ேݔ)ଷ݌120
ᇱ = 60ℎହݎ(ݔே)                                                                      …(4.38) 

Using equations (4.9), (4.17), (4.24), (4.31), and (4.37) together give a 

system with NN nearly seventh-diagonal matrix problem 

ݓܣ                                                       = ܿ                                       …(4.39) 

Where A= 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ (2160 − (ଵଵܩ
−(4320 + (ଶଶܨ36

(400 − (ଵଷܨ10
−8  

1

⋱

0

−(540 + (ଵଶܩ
(2160 − (ଷଶܨ36
−(500 + (ଶଷܨ10

(25 − (ଵସܨ
−8

⋱

1

(80 − (ଵଷܩ
−(800 + (ସଶܨ36
(400 − (ଷଷܨ10
 −(40 +   (ଶସܨ

(25 − (ଵହܨ

⋱

−8
1

(135 − (ହଶܨ
−(175 + (ସଷܨ10

(35 −  (ଷସܨ
– (40 + (ଶହܨ

⋱

(25 − (ଵ,ேିଶܨ
−8
48

(32 − (ହଷܨ10
−(16 +    (ସସܨ

(35 − (ଷହܨ

⋱

−(40 + (ଶ,ேିଶܨ
(25 − (ଵ,ேିଵܨ
−(375 + (ேଵܩ

(3 − (ହସܨ
−(16 +  (ସହܨ

⋱

൫35 − ଷ,ேିଶ൯ܨ
−(40 + (ଶ,ேିଵܨ
(1200 − (ேଶܩ

(3 − (ହହܨ

⋱

−(16 + (ସ,ேିଶܨ
൫35 − ଷ,ேିଵ൯ܨ

−(2100 + (ேଷܩ

0

(3 − (ହ,ேିଶܨ
−(16 + (ସ,ேିଵܨ
(2400 − (ேସܩ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

 

ݓ = ଵݓ] ଶݓ … ேିଵݓ ே]ଵ×ேݓ
்   ,  

ܿ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡(1700 + ଴ߙ(ଵ଴ܩ + (1320 + ଵߙଵ଴ଵ)ℎܩ + (360 + ଶߙଵ଴ଶ)ℎଶܩ + 36ℎହݎ(ݔଵ)
(2825 + ଴ߙ(ଶ଴ܩ − (1860 − ଵߙଶ଴ଵ)ℎܩ − (360 − ଶߙଶ଴ଶ)ℎଶܩ + 72ℎହݎ(ݔଶ)

଴ߙ157− + 60ℎߙଵ + 20ℎହݎ(ݔଷ)
଴ߙ− + 2ℎହݎ(ݔସ)

2ℎହݎ(ݔହ)
⋮

2ℎହݎ(ݔேିଶ)
଴ߚ3− + 20ℎହݎ(ݔேିଵ)

(1173 + ଴ߚ(ே଴ܩ − (540 − ଵߚே଴ଵ)ℎܩ + 60ℎହݎ(ݔே) ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

 

ଵ௜ܨ = 2ℎ݌ସ(ݔ௜) − ℎଶ݌ଷ(ݔ௜)   , ܨଶ௜ = −8ℎ݌ସ(ݔ௜) + 2ℎଶ݌ଷ(ݔ௜) + 2ℎଷ݌ଶ(ݔ௜) − ℎସ݌ଵ(ݔ௜) 

ଷ௜ܨ = 12ℎ݌ସ(ݔ௜) − 4ℎଷ݌ଶ(ݔ௜) + 2ℎହ݌଴(ݔ௜) , 

ସ௜ܨ  = −8ℎ݌ସ(ݔ௜) − 2ℎଶ݌ଷ(ݔ௜) + 2ℎଷ݌ଶ(ݔ௜) + ℎସ݌ଵ(ݔ௜) , ܨହ௜ = 2ℎ݌ସ(ݔ௜) + ℎଶ݌ଷ(ݔ௜) 

ଵଵܩ = −432ℎଶ݌ଷ(ݔଵ) − 72ℎସ݌ଶ(ݔଵ) + 36ℎହ݌଴(ݔଵ) , 
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ଵଶܩ = −108ℎ݌ସ(ݔଵ) + 81ℎଶ݌ଷ(ݔଵ) + 36ℎଷ݌ଶ(ݔଵ) + 18ℎସ݌ଵ(ݔଵ) , 

ଵଷܩ = 32ℎ݌ସ(ݔଵ) , ܩଵ଴ = 76ℎ݌ସ(ݔଵ) + 351ℎଶ݌ଷ(ݔଵ) + 36ℎଷ݌ଶ(ݔଵ) − 18ℎସ݌ଵ(ݔଵ) 

ଵ଴ଵܩ = 120ℎ݌ସ(ݔଵ) + 270ℎଶ݌ଷ(ݔଵ) , ܩଵ଴ଶ = 72ℎ݌ସ(ݔଵ) + 54ℎଶ݌ଷ(ݔଵ) 

ேଵܩ = −15ℎ݌ସ(ݔே) ,     ܩேଶ = 160ℎ݌ସ(ݔே) − 20ℎଶ݌ଷ(ݔே), 

ேଷܩ = −540ℎ݌ସ(ݔே) + 60ℎଷ݌ଶ(ݔே) − 30ℎସ݌ଵ(ݔே) ,  

ேସܩ = 960ℎ݌ସ(ݔே) + 180ℎଶ݌ଷ(ݔே) − 120ℎଷ݌ଶ(ݔே) + 60ℎହ݌଴(ݔே) , 

ே଴ܩ = −565ℎ݌ସ(ݔே) − 160ℎଶ݌ଷ(ݔே) + 60ℎଷ݌ଶ(ݔே) + 30ℎସ݌ଵ(ݔே) , 

ே଴ଵܩ = 300ℎ݌ସ(ݔே) + 120ℎଶ݌ଷ(ݔே), 

Now, we use the MATLAB LU-decomposition method for solving the 

linear system (4.39) at several values of step-size (h) and then we use 

Extrapolation method to get more accuracy for the method without more 

calculations. 

Algorithm (4.1): Linear Finite-Difference Method (4.1) For Solving 

Fifth-Order BVPS Case (I): See full MATLAB program (p.229-235) 

To approximate the solution of the boundary value problem  

(ݔ)(௩)ݕ = (௜௩)ݕ(ݔ)ସ݌ + (ݔ)ᇱᇱᇱݕ(ݔ)ଷ݌ + ᇱᇱݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ +     ,(ݔ)ݎ

ܽ     ,ݔ ݎ݋݂ ≤ ݔ ≤ ܾ, with five boundary conditions 

(ܽ)ݕ = ,  ଴ߙ (ܽ)ᇱݕ = , ଵߙ (ܽ)ᇱᇱݕ = , ଶߙ (ܾ)ݕ = , ଴ߚ (ܾ)ᇱݕ =         ଵߚ

Step(1):Input endpoints a,b; boundary conditions ߙ଴, ,ଵߙ ,ଶߙ ,଴ߚ   ଵߚ

Step(2):For k=1,2,3,4 (To determine h=0.1,0.05,0.025,0,0125) 
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- set N(k)=(10*2(k-1))-1; 

- h=(b-a)/(Nk+1); 

- do steps(2-9) 

Step(3):For i=1,2,3, …,N(k) set x(i)=a+ih  

Find  ݌଴(ݔ௜), ,(௜ݔ)ଵ݌ ,(௜ݔ)ଶ݌ , (௜ݔ)ଷ݌  . (௜ݔ)ݎ ݀݊ܽ(௜ݔ)ସ݌

(The values of associated functions on Eq.(4.1) 

Step(4):For i=1,2,3,…,Nk set the function's F& G's 

The adding of Eq.(4.3),(4.4),(4.5) ,(4.6)&(3.7)finite-difference formula for 

y(iv) , y''' ,y", y 'as F's) 

The adding of y(iv) ,y''' ,y", y' as Gi's) in Eq.(4.17),(4.24),(4.31) & (4.37) 

Step(5):To determine the diagonals for matrix A in the system (4.39) ; For 

i=1,2,3,…,Nk set  

d0=the vector of entries for main diagonal of matrix A 

dU1=the vector of entries for the first upper diagonal for A  

dU2= the vector of entries for the second upper diagonal for A 

dL1= the vector of entries for the first lower diagonal for A 

dL2= the vector of entries for the second lower diagonal for A 

dL3= the vector of entries for the third lower diagonal for A 

C=the constant vector on (c) Eq.(4.39) 
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Step(6) Factorize A into LU, where L is lower tridiagonal matrix with unit 

main diagonal and U is upper four-diagonal. 

Step(7) For i=1,2,3,…,N(k) Solve LY=d to find Y using forward method 

Step(8) For i=Nk-1 ,..2,1 Solve Uw=Y to find the approximation solution w 

using backward method 

Step(9) Set N1=9 For i=1,2,3,…Nk , for j=1,2,4,…,Nk set W1i,k=wj ; 

Step(10) For i=1,2,…,N1 set h=(b-a)/N1 ; x(i)=a+ih  

Step(11) Extrapolate the solution at h= .1,0.05,0.025,0,0125 

Ext2(h=0.1)=(4*W1(h=0.05)-W1(h=0.1))/3; 

Ext2(h=0.05)= (4*W1(h=0.025)-W1(h=0.05))/3; 

Ext2(h=0.025)= (4*W1(h=0.0125)-W1(h=0.025))/3; 

Ext3(h=0.1)=(16*Ext2(h=0.05)-Ext2(h=0.1))/15; 

Ext3(h=0.05)=(16*Ext2(h=0.025)-Ext2(h=0.05)/15; 

Ext4(h=0.1)=(64*Ext3(h=0.05)-Ext3(h=0.1))/63; 

Step(12) Output [x' ,W1',Ext4] (The approximation solutions and 

Extrapolation) 

Example 1: Consider the linear fifth-order boundary value problem 

(ݔ)(௩)ݕ = ݔ3) − (௜௩)ݕ(1 − ݔ5) − ᇱᇱᇱݕ(2 + ଷݔ3) − ଶݔ2 + ᇱᇱݕ(1 + ᇱݕଶݔ2 −

ݕଶݔ9 + ݁ଶ௫(12ݔସ − ଷݔ13 + ଶݔ15 − 56),   On 0 ≤ ݔ ≤1  

With boundary conditions: 
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Table 4.1 

(0)ݕ  = (1)ݕ      ,1 = 0, ᇱ(0)ݕ       = ᇱ(1)ݕ    , 1 = −݁ଶ , ᇱᇱ(0)ݕ = 0   

So  ݌ସ(ݔ) = ݔ3) − 1), (ݔ)ଷ݌ = ݔ5)− − 2), (ݔ)ଶ݌  = ଷݔ3) − ଶݔ2 + 1) , 

(ݔ)ଵ݌ = , ଶݔ2 (ݔ)଴݌ =   , ଶݔ9−

And  (ݔ)ݎ = ݁ଶ௫(12ݔସ − ଷݔ13 + ଶݔ15 − 56) on interval [0,1] 

Now by applying algorithm (4.1) to the example we get the following 

results that approximated solutions at several values of h as listed in Table 

(4.1) 
 Xi      Exact(Y)     w(h=0.1)      w(h=0.05)     w(h=0.025)   w(h=0.0125)  Ext3(h=0.1)  Ext4(h=0.1) 
0.1   1.09926248   1.09926201   1.09925931   1.09926110   1.09926213   1.09926192   1.09926253 
0.2   1.19345976   1.19353415   1.19345319   1.19345341   1.19345803   1.19345531   1.19346005 
0.3   1.27548316   1.27579519   1.27547259   1.27546844   1.27547913   1.27547385   1.27548389 
0.4   1.33532456   1.33597214   1.33530363   1.33529983   1.33531780   1.33531308   1.33532567 
0.5   1.35914091   1.36005529   1.35910412   1.35910748   1.35913183   1.35913004   1.35914222 
0.6   1.32804677   1.32903674   1.32799524   1.32800922   1.32803662   1.32803827   1.32804802 
0.7   1.21655999   1.21739837   1.21650386   1.21652551   1.21655071   1.21655453   1.21656097 
0.8   0.99060648   0.99112331   0.99056237   0.99058275   0.99060012   0.99060381   0.99060706 
0.9   0.60496475   0.60513242   0.60494651   0.60495591   0.60496239   0.60496401   0.60496493 

The previous results reveal that as h decreases the accuracy increases. The 

maximum errors for each approximation are as listed in Table (4.2) 
ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૚)|  9.8997 × 10ିସ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  5.6131 × 10ିହ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  3.7545 × 10ିହ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    1.0153 × 10ିହ 
ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૚)|  1.1479 × 10ିହ 
ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૚)|  1.3065 × 10ି଺ 

But we must note that we use third and fourth-order convergence finite-

difference formula at end-points in the method to get good approximations 

for the problem's solutions although the method keeps it general second-

order convergence. 

Table 4.2 
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4.2 Finite-Difference Method (4.2) For Linear Fifth-Order 
Boundary-Value Problem: 

Consider the linear fifth-order boundary-value problem: 

(ݔ)(௩)ݕ = (௜௩)ݕ(ݔ)ସ݌ + (ݔ)ᇱᇱᇱݕ(ݔ)ଷ݌ + ᇱᇱݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ +     ,(ݔ)ݎ

ܽ     ,ݔ ݎ݋݂ ≤ ݔ ≤ ܾ                                                                                              …(4.1) 

With second especial case of five boundary conditions 

(ܽ)ݕ = ,  ଴ߙ (ܽ)ᇱᇱᇱݕ = ,ଷߙ (ܾ)ݕ = , ଴ߚ (ܾ)ᇱᇱݕ = ,  ଶߚ (ܾ)(௜௩)ݕ =  ସ…(4.40)ߚ

To approximate the solution to this problem we will follow the same steps 

in the previous sections by dividing the interval [a,b] into N+1 equal 

subintervals whose endpoints xi=a+ih ,for i=0,1,2,…,N+1, then we 

substitute all derivatives by appropriate finite-difference formulas. 

By using algorithm (1.1) we get a suitable finite-difference approximation 

for ݕ(௩) 

(௜ݔ)(௩)ݕ = ିଷ௬(௫೔షమ)ାଵ଺௬(௫೔షభ)ିଷହ௬(௫೔)ାସ଴௬(௫೔శభ)ିଶହ௬(௫೔శమ)ା଼௬(௫೔శయ)ି௬(௫೔శర)
ଶ௛ఱ − ೓మ

ల   (௜ߩ)(௩௜௜)ݕ

…(4.41) 

Now we use the equations (4.3), (4.4), (4.5) & (4.6) centered-difference 

formula for ݕᇱ, ,ᇱᇱݕ ,ᇱᇱᇱݕ  and Eq.(4.41) and substituting in Eq.(4.1) to(௜௩)ݕ

get the equation 

ିଷ௬(௫೔షమ)ାଵ଺௬(௫೔షభ)ିଷହ௬(௫೔)ାସ଴௬(௫೔శభ)ିଶହ௬(௫೔శమ)ା଼௬(௫೔శయ)ି௬(௫೔శర)
ଶ௛ఱ =

(௜ݔ)ସ݌ ቂ௬(௫೔షమ)ିସ௬(௫೔షభ)ା଺௬(௫೔)ିସ௬(௫೔శభ)ା௬(௫೔శమ)
௛ర ቃ +

(௜ݔ)ଷ݌ ቂି௬(௫೔షమ)ାଶ௬(௫೔షభ)ିଶ௬(௫೔శభ)ା௬(௫೔శమ)
ଶ௛య ቃ + ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)](௜ݔ)ଶ݌

௛మ ] +
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௬(௫೔శభ)ି௬(௫೔షభ)](௜ݔ)ଵ݌
ଶ௛

] + (௜ݔ)ݕ(௜ݔ)଴݌ + (௜ݔ)ݎ − ೓మ

భమ[2݌ଵ(ݔ௜)ݕᇱᇱᇱ(ߦ௜) +

(௜ߟ)(௜௩)ݕ(௜ݔ)ଶ݌ + (௜ߞ)(௩)ݕ(௜ݔ)ଷ݌3 + (௜߮)(௩௜)ݕ(௜ݔ)ସ݌2 −  (4.42)…      (௜ߩ)(௩௜௜)ݕ2

A Finite-Difference method with truncation error of order ܱ(ℎଶ) results by 

using (4.42) together with the boundary conditions (4.40) to define  

଴ݓ = ଴ݓ    , ଴ߙ
ᇱᇱᇱ = ,  ଷߙ ேାଵݓ = ,଴ߚ ேାଵݓ

ᇱᇱ = ,ଶߚ ேାଵݓ
(௜௩) =   ସߚ

and  

ିଷ௪೔షమାଵ଺௪೔షభିଷହ௪೔ାସ଴௪೔శభିଶହ௪೔శమା଼௪೔శయି௪೔శర

ଶ௛ఱ −

௪೔షమିସ௪೔షభା଺௪೔ିସ௪೔శభା௪೔శమ](௜ݔ)ସ݌

௛ర ] − ௪೔షమାଶ௪೔షభିଶ௪೔శభା௪೔శమି](௜ݔ)ଷ݌

ଶ௛య  ] −

௪೔షభିଶ௪೔ା௪೔శభ](௜ݔ)ଶ݌

௛మ  ] − (௜ݔ)ଵ݌ ቂ௪೔శభି௪೔షభ

ଶ௛
ቃ − ௜ݓ(௜ݔ)଴݌ =  (4.43)…    (௜ݔ)ݎ

For each i= 2, 3…, N-3. 

Now by multiplying Eq.(4.43) by 2ℎହ it can be written as : 

−[3 + 2ℎ݌ସ(ݔ௜) − ℎଶ݌ଷ(ݔ௜)]ݓ௜ିଶ + [16 + 8ℎ݌ସ(ݔ௜) − 2ℎଶ݌ଷ(ݔ௜) −

2ℎଷ݌ଶ(ݔ௜) + ℎସ݌ଵ(ݔ௜)]ݓ௜ିଵ − [35 + 12ℎ݌ସ(ݔ௜) − 4ℎଷ݌ଶ(ݔ௜) + 2ℎହ݌଴(ݔ௜)]ݓ௜ +

[40 + 8ℎ݌ସ(ݔ௜) + 2ℎଶ݌ଷ(ݔ௜) − 2ℎଷ݌ଶ(ݔ௜) − ℎସ݌ଵ(ݔ௜)]ݓ௜ାଵ − [25 +

2ℎ݌ସ(ݔ௜) + ℎଶ݌ଷ(ݔ௜)]ݓ௜ାଶ + ௜ାଷݓ8 − ௜ାସݓ = 2ℎହݎ(ݔ௜)                        …(4.44) 

But this formula is suitable for N-4 mesh points, so we need to derive 

special formula when i=1,N-2,N-1,N using the boundary conditions(4.40) 

In order to maintain second order convergence we derive new finite-

difference approximation using the boundary conditions at i=0 for third, 

fourth and fifth-order derivatives with one more point for the fourth-order 

derivative using algorithm(1.2) which is given by: 

ଵݕ               
ᇱᇱᇱ = ିଶ௬బା଺௬భି଺௬మାଶ௬యା௛య௬బ

ᇲᇲᇲ

ଷ௛య − ೓య

య  (4.45)…                   (ଵߞ)(௩௜)ݕ
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ଵݕ           
(௜௩) = ିଷ௬బା଼௬భି଺௬మା௬రିସ௛య௬బ

ᇲᇲᇲ

଻௛ర − ఱ೓మ

మభ  (4.46)…                    (ଵ߮)(௩௜)ݕ

ଵݕ
(௩) = ଵଶ௬బିସ଺௬భା଺଼௬మିସ଼௬యାଵ଺௬రିଶ௬ఱାସ௛య௬బ

ᇲᇲᇲ

ହ௛ఱ + య೓మ

మఱ  (4.47)…          (ଵߩ)(௩௜௜)ݕ

By substituting equations (4.11), (4.12), the centered finite-difference 

formula for first and second derivatives and Esq.(4.45) ,(4.46) and (4.47) in 

Eq.(4.1) we get 

ଵଶ௬బିସ଺௬భା଺଼௬మିସ଼௬యାଵ଺௬రିଶ௬ఱାସ௛య௬బ
ᇲᇲᇲ

ହ௛ఱ = (ଵݔ)ସ݌ ቂିଷ௬బା଼௬భି଺௬మା௬రିସ௛య௬బ
ᇲᇲᇲ

଻௛ర ቃ +

(ଵݔ)ଷ݌ ቂିଶ௬బା଺௬భି଺௬మାଶ௬యା௛య௬బ
ᇲᇲᇲ

ଷ௛య ቃ + (ଵݔ)ଶ݌ ቂ௬బିଶ௬భା௬మ

௛మ ቃ + (ଵݔ)ଵ݌ ቂ௬మି௬బ

ଶ௛
ቃ +

(ଵݔ)ݕ(ଵݔ)଴݌ + (ଵݔ)ݎ − ೓మ

మభబబ[350݌ଵ(ݔଵ)ݕᇱᇱᇱ(ߦଵ) + (ଵߟ)(௜௩)ݕ(ଵݔ)ଶ݌175 +

700ℎ݌ଷ(ݔଵ)ݕ(௩௜)(ߞଵ) + (ଵ߮)(௩௜)ݕ(ଵݔ)ସ݌500 +  (4.48)…              [(ଵߩ)(௩௜௜)ݕ252

By omitting the error term and multiplying the previous equation by 210ℎହ 

get the finite-difference formula at i=1  

[504 + 90ℎ݌ସ(ݔଵ) + 140ℎଶ݌ଷ(ݔଵ) − 210ℎଷ݌ଶ(ݔଵ) + 105ℎସ݌ଵ(ݔଵ)]ݓ଴ −

[1932 + 240ℎ݌ସ(ݔଵ) + 420ℎଶ݌ଷ(ݔଵ) − 420ℎଷ݌ଶ(ݔଵ) + 210ℎହ݌଴(ݔଵ)]ݓଵ +

[2856 + 180ℎ݌ସ(ݔଵ) + 420ℎଶ݌ଷ(ݔଵ) − 210ℎଷ݌ଶ(ݔଵ) − 105ℎସ݌ଵ(ݔଵ)]ݓଶ −

[2016 + 140ℎଶ݌ଷ(ݔଵ)]ݓଷ + [672 − 30ℎ݌ସ(ݔଵ)]ݓସ − ହݓ84 + [168 +

120ℎ݌ସ(ݔଵ) − 70ℎଶ݌ଷ(ݔଵ)]ℎଷݓ଴
ᇱᇱᇱ = 210ℎହݎ(ݔଵ)                               …(4.49) 

To find the suitable finite-difference formula at i=N-2 we follow the same 

step as i=1: 

ேିଶݕ                       
ᇱ = ௬ಿషభି௬ಿషయ

ଶ௛
− ೓మ

ల  (4.50)…                           (ேିଶߦ)ᇱᇱᇱݕ

ேିଶݕ               
ᇱᇱ = ௬ಿషయିଶ௬ಿషమା௬ಿషభ

௛మ  − ೓మ

భమݕ(௜௩)(ߟேିଶ)                      …(4.51) 

ேିଶݕ          
ᇱᇱᇱ = ି௬ಿషరାଶ௬ಿషయିଶ௬ಿషభା௬ಿ

ଶ௛య − ೓మ

ర  (4.52)…                    (ேିଶߞ)(௩)ݕ

ேିଶݕ
(௜௩) = ௬ಿషరିସ௬ಿషయା଺௬ಿషమିସ௬ಿషభା௬ಿ

௛ర − ೓మ

ల  (4.53)…                     (ேିଶ߮)(௩௜)ݕ
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ேିଶݕ
(௩) = ିଶଷ௬ಿషరାଵଵ଼௬ಿషయିଶସଶ௬ಿషమାଶସ଼௬ಿషభିଵଶ଻௬ಿାଶ଺௬ಿశభିଷ௛ర௬ಿశభ

(೔ೡ)

ଵ଻௛ఱ + మవ೓మ

భబమ   (ேିଶߩ)(௩௜௜)ݕ

                                                                                                                        …(4.54) 

By substituting equations (4.50), (4.51), (4.52), (4.53) and (4.54) in 

Eq.(4.1) we get 

ିଶଷ௬ಿషరାଵଵ଼௬ಿషయିଶସଶ௬ಿషమାଶସ଼௬ಿషభିଵଶ଻௬ಿାଶ଺௬ಿశభିଷ௛ర௬ಿశభ
(೔ೡ)

ଵ଻௛ఱ =

(ேିଶݔ)ସ݌ ቂ௬ಿషరିସ௬ಿషయା଺௬ಿషమିସ௬ಿషభା௬ಿ

௛ర ቃ + (ேିଶݔ)ଷ݌ ቂି௬ಿషరାଶ௬ಿషయିଶ௬ಿషభା௬ಿ

ଶ௛య ቃ +

(ேିଶݔ)ଶ݌ ቂ௬ಿషయିଶ௬ಿషమା௬ಿషభ

௛మ ቃ + (ேିଶݔ)ଵ݌ ቂ௬ಿషభି௬ಿషయ

ଶ௛
ቃ + (ேିଶݔ)ݕ(ேିଶݔ)଴݌ +

(ேିଶݔ)ݎ − ೓మ

మబర[34݌ଵ(ݔேିଶ)ݕᇱᇱᇱ(ߦேିଶ) + (ேିଶߟ)(௜௩)ݕ(ேିଶݔ)ଶ݌17 +

(ேିଶߞ)(௩)ݕ(ேିଶݔ)ଷ݌51 + (ேିଶ߮)(௩௜)ݕ(ேିଶݔ)ସ݌34 +  (4.55)…    [(ேିଶߩ)(௩௜௜)ݕ59

By omitting the error term and multiplying the previous equation by 34ℎହ 

we get the finite-difference formula at i=N-2  

−[46 + 34ℎ݌ସ(ݔேିଶ) − 17ℎଶ݌ଷ(ݔேିଶ)]ݓேିସ + [236 − 136ℎ݌ସ(ݔேିଶ) −

34ℎଶ݌ଷ(ݔேିଶ) − 34ℎଷ݌ଶ(ݔேିଶ) + 17ℎସ݌ଵ(ݔேିଶ)]ݓேିଷ − [484 +

204ℎ݌ସ(ݔேିଶ) − 68ℎଷ݌ଶ(ݔேିଶ) − 34ℎ଺݌଴(ݔேିଶ)]ݓேିଶ + [496 +

136ℎ݌ସ(ݔேିଶ) + 34ℎଶ݌ଷ(ݔேିଶ) − 34ℎଷ݌ଶ(ݔேିଶ) −

17ℎସ݌ଵ(ݔேିଶ)]ݓேିଵ − [254 + 34ℎ݌ସ(ݔேିଶ) + 34ℎଶ݌ଷ(ݔேିଶ)]ݓே +

ேାଵݓ52 − 6ℎସݓேାଵ
(௜௩) = 34ℎହݎ(ݔேିଵ)                                             …(4.56) 

To derive the finite-difference formula at i=N-1 we will use the centered 

formulas for first, second, third and fourth-order derivatives and special 

formula for the fifth-order derivative using the boundary conditions (4.40)   

ேିଵݕ                       
ᇱ = ௬ಿି௬ಿషమ

ଶ௛
− ೓మ

ల  (4.57)…                               (ேିଵߦ)ᇱᇱᇱݕ

ேିଵݕ                  
ᇱᇱ = ௬ಿషమିଶ௬ಿషభା௬ಿ

௛మ  − ೓మ

భమݕ(௜௩)(ߟேିଵ)                      …(4.58) 
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ேିଵݕ          
ᇱᇱᇱ = ି௬ಿషయାଶ௬ಿషమିଶ௬ಿା௬ಿశభ

ଶ௛య − ೓మ

ర  (4.59)…                    (ேିଵߞ)(௩)ݕ

ேିଵݕ
(௜௩) = ௬ಿషయିସ௬ಿషమା଺௬ಿషభିସ௬ಿା௬ಿశభ

௛ర − ೓మ

ల  (4.60)…                     (ேିଵ߮)(௩௜)ݕ

ேିଵݕ
(௩) = ିସ଼ଵ௬ಿషయାଶହ଼ସ௬ಿషమିହହଶ଺௬ಿషభାହଶଶସ௬ಿିଵ଼଴ଵ௬ಿశభା଺଺଴௛మ௬ಿశభ

ᇲᇲ ିଵଶସ௛ర௬ಿశభ
(೔ೡ)

ଷ଴ଶ௛ఱ +

లళ೓మ

వబల   (ேିଵߩ)(௩௜௜)ݕ

                                                                                                        …(4.61) 

By substituting equations (4.57), (4.58), (4.59), (4.60) and (4.61) in 

Eq.(4.1) we get 

ିସ଼ଵ௬ಿషయାଶହ଼ସ௬ಿషమିହହଶ଺௬ಿషభାହଶଶସ௬ಿିଵ଼଴ଵ௬ಿశభା଺଺଴௛మ௬ಿశభ
ᇲᇲ ିଵଶସ௛ర௬ಿశభ

(೔ೡ)

ଷ଴ଶ௛ఱ =

(ேିଵݔ)ସ݌ ቂ௬ಿషయିସ௬ಿషమା଺௬ಿషభିସ௬ಿା௬ಿశభ
௛ర ቃ + (ேିଵݔ)ଷ݌ ቂି௬ಿషయାଶ௬ಿషమିଶ௬ಿା௬ಿశభ

ଶ௛య ቃ +

(ேିଵݔ)ଶ݌ ቂ௬ಿషమିଶ௬ಿషభା௬ಿ
௛మ ቃ + (ேିଶݔ)ଵ݌ ቂ௬ಿି௬ಿషమ

ଶ௛
ቃ + (ேିଵݔ)ݕ(ேିଵݔ)଴݌ + (ேିଵݔ)ݎ −

೓మ

భఴభమ[302݌ଵ(ݔேିଵ)ݕᇱᇱᇱ(ߦேିଵ) + (ேିଵߟ)(௜௩)ݕ(ேିଵݔ)ଶ݌151 + (ேିଵߞ)(௩)ݕ(ேିଵݔ)ଷ݌453 +

(ேିଵ߮)(௩௜)ݕ(ேିଵݔ)ସ݌302 +  (4.62)…                                          [(ேିଵߩ)(௩௜௜)ݕ134

By omitting the error term and multiplying the previous equation by 302ℎହ 

we get the finite-difference formula at i=N-1  

−[481 + 302ℎ݌ସ(ݔேିଵ) − 151ℎଶ݌ଷ(ݔேିଵ)]ݓேିଷ + [2584 − 1208ℎ݌ସ(ݔேିଵ) −

302ℎଶ݌ଷ(ݔேିଵ) − 302ℎଷ݌ଶ(ݔேିଵ) + 151ℎସ݌ଵ(ݔேିଵ)]ݓேିଶ −

[5526 + 1812ℎ݌ସ(ݔேିଵ) − 604ℎଷ݌ଶ(ݔேିଵ) − 302ℎହ݌଴(ݔேିଵ)]ݓேିଵ + [5224 +

1208ℎ݌ସ(ݔேିଵ) + 302ℎଶ݌ଷ(ݔேିଵ) − 302ℎଷ݌ଶ(ݔேିଵ) − 151ℎସ݌ଵ(ݔேିଵ)]ݓே −

[1801 + 302ℎ݌ସ(ݔேିଵ) + 151ℎଶ݌ଷ(ݔேିଵ)]ݓேାଵ + 660ℎଶݓேାଵ
ᇱᇱ − 124ℎସݓேାଵ

(௜௩) =

302ℎହݎ(ݔேିଵ)                                                                                             …(4.63) 

Finally we will derive the finite-difference formula at i=N by using the 

centered formulas for first, second-order derivatives Eq.(4.32),(4.33) and 
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special formulas for the third, fourth and fifth-order derivatives using the 

boundary conditions (4.40) that maintain the second order convergence: 

ேݕ
ᇱᇱᇱ = ିସ௬ಿషమାଵଶ௬ಿି଼௬ಿశభାଵଶ௛మ௬ಿశభ

ᇲᇲ ିଷ௛ర௬ಿశభ
(೔ೡ)

ଵ଺௛య + రభ೓య

రఴబ  (4.64)…           (ேߞ)(௩௜)ݕ

ேݕ
(௜௩) = ଵଶ௬ಿషమିସ଼௬ಿషభା଺଴௬ಿିଶସ௬ಿశభାଵଶ௛మ௬ಿశభ

ᇲᇲ ା௛ర௬ಿశభ
(೔ೡ)

ଵଶ௛ర − ఱవ೓మ

యలబ  (4.65)...     (ே߮)(௩௜)ݕ

ேݕ
(௩) = ିଵଶଵ௬ಿషయାସଶସ௬ಿషమିସ଼଺௬ಿషభାଵ଼ସ௬ಿି௬ಿశభି଺଴௛మ௬ಿశభ

ᇲᇲ ାଵ଻଺௛ర௬ಿశభ
(೔ೡ)

ଷ଴ଶ௛ఱ − భబల೓మ

రఱయ   (ேߩ)(௩௜௜)ݕ

                                                                                                                …(4.66) 

By substituting equations (4.32), (4.33), (4.64), (4.65) and (4.66) in Eq. 

(4.1) we get 

ିଵଶଵ௬ಿషయାସଶସ௬ಿషమିସ଼଺௬ಿషభାଵ଼ସ௬ಿି௬ಿశభ
ଷ଴ଶ௛ఱ =

(ேݔ)ସ݌ ൤ଵଶ௬ಿషమିସ଼௬ಿషభା଺଴௬ಿିଶସ௬ಿశభାଵଶ௛మ௬ಿశభ
ᇲᇲ ା௛ర௬ಿశభ

(೔ೡ)

ଵଶ௛ర ൨ +

(ேݔ)ଷ݌ ൤ିସ௬ಿషమାଵଶ௬ಿି଼௬ಿశభାଵଶ௛మ௬ಿశభ
ᇲᇲ ିଷ௛ర௬ಿశభ

(೔ೡ)

ଵ଺௛య ൨ + (ேݔ)ଶ݌ ቂ௬ಿషభିଶ௬ಿା௬ಿశభ
௛మ ቃ +

(ேݔ)ଵ݌ ቂ௬ಿశభି௬ಿషభ
ଶ௛

ቃ + (ேݔ)ݕ(ଶݔ)଴݌ + (ேݔ)ݎ − ೓మ

మభళరరబ[36240݌ଵ(ݔே)ݕᇱᇱᇱ(ߦே) +

(ேߟ)(௜௩)ݕ(ேݔ)ଶ݌18120 − 18573ℎ݌ଷ(ݔே)ݕ(௩௜)(ߞே) + 35636ℎ݌ସ(ݔே)ݕ(௩௜)(߮ே) −

 (4.67)…                                                                                 [(ேߩ)(௩௜௜)ݕ50880

By omitting the error term and multiplying the previous equation by 

7248ℎହwe get the finite-difference formula at i=N  

ேିଷݓ2904− + [10176 − 7248ℎ݌ସ(ݔே) + 1812ℎଶ݌ଷ(ݔே)]ݓேିଶ − [11664 −

28992ℎ݌ସ(ݔே) + 7248ℎଷ݌ଶ(ݔே) − 3624ℎସ݌ଵ(ݔே)]ݓேିଵ +

[4416 − 36240ℎ݌ସ(ݔே) − 5436ℎଶ݌ଷ(ݔே) + 14496ℎଷ݌ଶ(ݔே) − 7248ℎହ݌଴(ݔே)]ݓே −

[24 − 14496ℎ݌ସ(ݔே) − 3624ℎଶ݌ଷ(ݔே) + 7248ℎଷ݌ଶ(ݔே) + 3624ℎସ݌ଵ(ݔே)]ݓேାଵ −

[1440 + 7248ℎ݌ସ(ݔே) + 5436ℎଶ݌ଷ(ݔே)]ℎଶݓேାଵ
ᇱᇱ + [4224 − 604ℎ݌ସ(ݔே) +

1359ℎଶ݌ଷ(ݔே)]ℎସݓேାଵ
(௜௩) = 7248ℎହݎ(ݔே)                                                         …(4.68) 
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Using equations (4.44), (4.49), (4.56), (4.63), and (4.68) together give a 

system with NN nearly seventh-diagonal matrix problem 

ݓܣ                                                       =c                                       …(4.69) 

Where A= 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡−(1932 + ଵଵܩ )

16 − ଶଵܨ
−3 − ଵଵܨ

0

0

 (2856 − (ଵଶܩ
−35 − ଷଵܨ
16 − ଶଶܨ

⋱

 −(2016 + (ଵଷܩ
40 − ସଵܨ

−35 − ଷଶܨ
 
⋱

−3 − ଵேିଷܨ

672 − ଵସܩ
−25 − ହଵܨ
40 − ସଶܨ

⋱

16 − ଶேିଷܨ
−(46 − (ଵ,ேିଶܨ17

−84
8

−25 − ହଶܨ

⋱

−35 − ଷேିଷܨ
(236 − (ଶ,ேିଶܨ17

−(481 + (ଵ,ேିଵܨ151
−(2904 + (ேଵܩ

−1
8

⋱

40 − ସேିଷܨ
−൫484 − ଷ,ேିଶ൯ܨ17
(2584 − (ଶ,ேିଵܨ151

(10176 − (ேଶܩ

−1

⋱

−25 − ହேିଷܨ
(496 − (ସ,ேିଶܨ17

−൫5526 + ଷ,ேିଵ൯ܨ151
−(11664 + (ேଷܩ

0

⋱

8
−(254 + (ହ,ேିଶܨ17
(5224 − (ସ,ேିଵܨ151

(4416 − (ேସܩ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

 

ݓ = ଵݓ] ଶݓ … ேିଵݓ ே]ଵ×ேݓ
்   ,  

ܿ

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ (−504 + ଴ߙ(ଵ଴ܩ − (168 − ଷߙଵ଴ଷ)ℎଷܩ + 210ℎହݎ(ݔଵ)

(3 + ଴ߙ(ଵଵܨ + 2ℎହݎ(ݔଶ)
2ℎହݎ(ݔଷ)

⋮
2ℎହݎ(ݔேିଷ)

଴ߚ52− + 6ℎସߚସ + 34ℎହݎ(ݔேିଶ)
൫1801 + ଴ߚହ,ேିଵ൯ܨ151 − 660ℎଶߚଶ + 144ℎସߚସ + 302ℎହݎ(ݔேିଵ)

(24 + ଴ߚ(ே଴ܩ + (1440 + ଶߚே଴ଶ)ℎଶܩ − (4224 − ସߚே଴ସ)ℎସܩ + 7248ℎହݎ(ݔே)⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

 

ଵ௜ܨ = 2ℎ݌ସ(ݔ௜) − ℎଶ݌ଷ(ݔ௜)   , ܨଶ௜ = −8ℎ݌ସ(ݔ௜) + 2ℎଶ݌ଷ(ݔ௜) + 2ℎଷ݌ଶ(ݔ௜) − ℎସ݌ଵ(ݔ௜) 

ଷ௜ܨ = 12ℎ݌ସ(ݔ௜) − 4ℎଷ݌ଶ(ݔ௜) + 2ℎହ݌଴(ݔ௜) , 

ସ௜ܨ  = −8ℎ݌ସ(ݔ௜) − 2ℎଶ݌ଷ(ݔ௜) + 2ℎଷ݌ଶ(ݔ௜) + ℎସ݌ଵ(ݔ௜) , ܨହ௜ = 2ℎ݌ସ(ݔ௜) + ℎଶ݌ଷ(ݔ௜) 

ଵଵܩ = 240ℎ݌ସ(ݔଵ) + 420ℎଶ݌ଷ(ݔଵ) − 420ℎଷ݌ଶ(ݔଵ) + 210ℎହ݌଴(ݔଵ) , 

ଵଶܩ = −180ℎ݌ସ(ݔଵ) − 420ℎଶ݌ଷ(ݔଵ) + 210ℎଷ݌ଶ(ݔଵ) + 105ℎସ݌ଵ(ݔଵ) , 
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ଵଷܩ = 140ℎ݌ଷ(ݔଵ) , ܩଵସ = 30ℎ݌ସ(ݔଵ) ,ܩଵ଴ଷ = −120ℎ݌ସ(ݔଵ) + 70ℎଶ݌ଷ(ݔଵ) ,  

ேଵܩ  = 7248ℎ݌ସ(ݔே) − 1812ℎଶ݌ଷ(ݔே), 

ேଶܩ = −28992ℎ݌ସ(ݔே) + 7248ℎଷ݌ଶ(ݔே) − 3624ℎସ݌ଵ(ݔே) ,  

ேଷܩ = 36240ℎ݌ସ(ݔே) + 5436ℎଶ݌ଷ(ݔே) − 14496ℎଷ݌ଶ(ݔே) + 7248ℎହ݌଴(ݔே) , 

ே଴ܩ = −14496ℎ݌ସ(ݔே) − 3624ℎଶ݌ଷ(ݔே) + 7248ℎଷ݌ଶ(ݔே) + 3624ℎସ݌ଵ(ݔே) , 

ே଴ଶܩ = 7248ℎ݌ସ(ݔே) + 5436ℎଶ݌ଷ(ݔே), ܩே଴ସ = 604ℎ݌ସ(ݔே) − 1359ℎଶ݌ଷ(ݔே) 

Now we use the LU-decomposition method in MATLAB for solving the 

linear system (4.69) at several values of step-size (h) and then we use 

Extrapolation method to get more accuracy for the method without more 

calculations. 

The Algorithm (4.2) for this method is the same as of Algorithm (4.1) with 

some differences in the diagonals of matrix A,F& G's functions, and the 

LU-decomposition procedures suitable. See full program (p.235-241) 

Example 2: Consider the linear fifth-order boundary value problem 

(ݔ)(௩)ݕ = ݔ3) − (௜௩)ݕ(1 − ݔ5) − ᇱᇱᇱݕ(2 + ଷݔ3) − ଶݔ2 + ᇱᇱݕ(1 + ᇱݕଶݔ2 −

ݕଶݔ9 + ݁ଶ௫(12ݔସ − ଷݔ13 + ଶݔ15 − 56), on 0 ≤ ݔ ≤1  

With boundary conditions: 

(0)ݕ  = (1)ݕ   ,1 = 0, ᇱᇱᇱ(0)ݕ  = −4 , ᇱᇱ(1)ݕ = −4݁ଶ , (1)(௜௩)ݕ = −32݁ଶ   

So  ݌ସ(ݔ) = ݔ3) − 1), (ݔ)ଷ݌ = ݔ5)− − 2), (ݔ)ଶ݌  = ଷݔ3) − ଶݔ2 + 1) , 

(ݔ)ଵ݌ = , ଶݔ2 (ݔ)଴݌ = (ݔ)ݎ  ଶ , Andݔ9− = ݁ଶ௫(12ݔସ − ଷݔ13 + ଶݔ15 −

56) on the interval [0,1] 
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Table 4.3 

Now by applying algorithm (4.2) to the example we get the following 

results that approximated solutions at several values of h as listed in Table 

(4.3) 
 Xi      Exact(Y)     w(h=0.1)      w(h=0.05)     w(h=0.025)   w(h=0.0125)  Ext3(h=0.1)  Ext4(h=0.1) 
0.1   1.09926248   1.16159292   1.11970458   1.10487111   1.10072185   1.09953894   1.09929578 
0.2   1.19345976   1.30076807   1.22869004   1.20312905   1.19597606   1.19393837   1.19351735 
0.3   1.27548316   1.41109850   1.32006109   1.28772282   1.27866887   1.27609194   1.27555635 
0.4   1.33532456   1.48365996   1.38414976   1.34873628   1.33881595   1.33599526   1.33540511 
0.5   1.35914091   1.50606130   1.40757074   1.37245038   1.36260635   1.35981047   1.35922123 
0.6   1.32804677   1.46120644   1.37200634   1.34013377   1.33119455   1.32865869   1.32812007 
0.7   1.21655999   1.32570625   1.25264427   1.22648657   1.21914566   1.21706581   1.21662049 
0.8   0.99060648   1.06783852   1.01617182   0.99764258   0.99243959   0.99096727   0.99064957 
0.9   0.60496475   0.64492951   0.61820497   0.60860998   0.60591457   0.60515264   0.60498715 

The previous results reveal that the approximations are not good as h value 

large or N small, so to get more efficient accuracy, we must use large N 

with small h, noting that the matrix system A is large with eighth-

diagonals, or we can use higher order of extrapolation to get good 

approximations as listed in Table(4.4) 
ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૚)|  1.4838 × 10ିଵ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  4.8825 × 10ିଶ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  1.3412 × 10ିଶ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    3.4914 × 10ିଷ 
ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૚)|  6.7070 × 10ିସ 
ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૚)|  8.0550 × 10ିହ 

The previous errors table shows that realistic approximations appear when 

h=0.0125, so this method accuracy must be accelerated in their end points 

using higher order convergence to get more efficient results or using higher 

extrapolations that the errors at Ext4(0.1) are small, so we can find Ext4 at 

several values of h to receive our aim. 

Table 4.4 
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By comparing table (4.2) with (4.4) we find that method (4.1) is better than 

method (4.2), which another evidence that the boundary conditions effect 

strongly the method accuracy. 

4.3 Finite-Difference Method (4.3) For Solving Linear Sixth-
Order Boundary-Value Problem: 

Consider the linear sixth-order boundary-value problem: 

(ݔ)(௩௜)ݕ = 

(௩)ݕ(ݔ)ହ݌ + (௜௩)ݕ(ݔ)ସ݌ + (ݔ)ᇱᇱᇱݕ(ݔ)ଷ݌ + ᇱᇱݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ +   (ݔ)ݎ

ܽ     ,ݔ ݎ݋݂ ≤ ݔ ≤ ܾ                                                                                            …(4.70) 

With first especial case of six boundary conditions: 

(ܽ)ݕ = ,  ଴ߙ (ܽ)ᇱݕ = ,ଵߙ (ܽ)ᇱᇱݕ = , ଶߙ (ܾ)ݕ = , ଴ߚ (ܾ)ᇱݕ = , ଵߚ (ܾ)ᇱᇱݕ =   ଶߚ

                                             …(4.71) 

To approximate the solution to this problem we will follow the same steps 

in the previous sections by dividing the interval [a,b] into N+1 equal 

subintervals (N>5) whose endpoints xi=a+ih ,for i=0,1,2,…,N+1, then we 

substitute all derivatives by second order centered finite-difference 

formulas for each derivatives. 

(௜ݔ)(௩)ݕ = ି௬(௫೔షయ)ାସ௬(௫೔షమ)ିହ௬(௫೔షభ)ାହ௬(௫೔శభ)ିସ௬(௫೔శమ)ା௬(௫೔శయ)
ଶ௛ఱ − ೓మ

య  (4.72). (௜ߩ)(௩௜௜)ݕ

(௜ݔ)(௩୧)ݕ = ௬(௫೔షయ)ି଺௬(௫೔షమ)ାଵହ௬(௫೔షభ)ିଶ଴୷(୶౟)ାଵହ௬(௫೔శభ)ି଺௬(௫೔శమ)ା௬(௫೔శయ)
௛ల − ೓మ

ర   (γ୧)(௩௜௜௜)ݕ

                                                                                                        …(4.73) 
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Now by substituting the finite-difference formulas for derivatives 

(4.3),(4.4), (4.5),(4.6) ,(4.72) and (4.73) in Eq.(4.70) we get  

௬(௫೔షయ)ି଺௬(௫೔షమ)ାଵହ௬(௫೔షభ)ିଶ଴୷(୶౟)ାଵହ௬(௫೔శభ)ି଺௬(௫೔శమ)ା௬(௫೔శయ)
௛ల =

(௜ݔ)ହ݌ ቂି௬(௫೔షయ)ାସ௬(௫೔షమ)ିହ௬(௫೔షభ)ାହ௬(௫೔శభ)ିସ௬(௫೔శమ)ା௬(௫೔శయ)
ଶ௛ఱ ቃ +

(௜ݔ)ସ݌ ቂ௬(௫೔షమ)ିସ௬(௫೔షభ)ା଺௬(௫೔)ିସ௬(௫೔శభ)ା௬(௫೔శమ)
௛ర ቃ +

(௜ݔ)ଷ݌ ቂି௬(௫೔షమ)ାଶ௬(௫೔షభ)ିଶ௬(௫೔శభ)ା௬(௫೔శమ)
ଶ௛య ቃ + (௜ݔ)ଶ݌ ቂ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)

௛మ ቃ +

(௜ݔ)ଵ݌ ቂ௬(௫೔శభ)ି௬(௫೔షభ)
ଶ௛

ቃ + (௜ݔ)ݕ(௜ݔ)଴݌ + (௜ݔ)ݎ − ೓మ

భమ[2݌ଵ(ݔ௜)ݕᇱᇱᇱ(ߦ௜) + (௜ߟ)(௜௩)ݕ(௜ݔ)ଶ݌ +

(௜ߞ)(௩)ݕ(௜ݔ)ଷ݌3 + (௜߮)(௩௜)ݕ(௜ݔ)ସ݌2 + (௜ߩ)(௩௜௜)ݕ(௜ݔ)ହ݌4 −  (4.74)…          [(௜ߛ)(௩௜௜௜)ݕ3

A Finite-Difference method with truncation error of order ܱ(ℎଶ) results by 

using (4.74) together with the boundary conditions (4.71) to define  

଴ݓ = ,  ଴ߙ ଴ݓ
ᇱ = ,ଵߙ ଴ݓ

ᇱᇱ = , ଶߙ ேାଵݓ = ,  ଴ߚ ேାଵݓ
ᇱ = ,ଵߚ ேାଵݓ

ᇱᇱ =    ଶߚ

and  

௬(௫೔షయ)ି଺௬(௫೔షమ)ାଵହ௬(௫೔షభ)ିଶ଴୷(୶౟)ାଵହ௬(௫೔శభ)ି଺௬(௫೔శమ)ା௬(௫೔శయ)
௛ల −

(௜ݔ)ହ݌ ቂି௬(௫೔షయ)ାସ௬(௫೔షమ)ିହ௬(௫೔షభ)ାହ௬(௫೔శభ)ିସ௬(௫೔శమ)ା௬(௫೔శయ)
ଶ௛ఱ ቃ −

(௜ݔ)ସ݌ ቂ௬(௫೔షమ)ିସ௬(௫೔షభ)ା଺௬(௫೔)ିସ௬(௫೔శభ)ା௬(௫೔శమ)
௛ర ቃ −

(௜ݔ)ଷ݌ ቂି௬(௫೔షమ)ାଶ௬(௫೔షభ)ିଶ௬(௫೔శభ)ା௬(௫೔శమ)
ଶ௛య ቃ − (௜ݔ)ଶ݌ ቂ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)

௛మ ቃ −

(௜ݔ)ଵ݌ ቂ௬(௫೔శభ)ି௬(௫೔షభ)
ଶ௛

ቃ − (௜ݔ)ݕ(௜ݔ)଴݌ =  (4.75)…                                         (௜ݔ)ݎ

For each i= 3,4,5,…,N-2 . 

Now by multiplying Eq.(4.75) by 2ℎ଺ it can be written as: 

[2 + ℎ݌ହ(ݔ௜)]ݓ௜ିଷ − [12 + 4ℎ݌ହ(ݔ௜) + 2ℎଶ݌ସ(ݔ௜) − ℎଷ݌ଷ(ݔ௜)]ݓ௜ିଶ +

[30 + 5ℎ݌ହ(ݔ௜) + 8ℎଶ݌ସ(ݔ௜) − 2ℎଷ݌ଷ(ݔ௜) − 2ℎସ݌ଶ(ݔ௜) + ℎସ݌ଵ(ݔ௜)]ݓ௜ିଵ −

[40 + 12ℎଶ݌ସ(ݔ௜) − 4ℎସ݌ଶ(ݔ௜) + 2ℎ଺݌଴(ݔ௜)]ݓ௜ + [30 − 5ℎ݌ହ(ݔ௜) +



92 
 

8ℎଶ݌ସ(ݔ௜) + 2ℎଷ݌ଷ(ݔ௜) − 2ℎସ݌ଶ(ݔ௜) − ℎହ݌ଵ(ݔ௜)]ݓ௜ାଵ − [12 − 4ℎ݌ହ(ݔ௜) +

2ℎଶ݌ସ(ݔ௜) − ℎଷ݌ଷ(ݔ௜)]ݓ௜ାଶ + [2 − ℎ݌ହ(ݔ௜)]ݓ௜ାଷ = 2ℎ଺ݎ(ݔ௜)               …(4.76) 

But this formula is suitable for N-4 mesh points, so we need to derive 

special formula when i=1, 2, 3, N using the boundary conditions. 

We will use equations (4.11),(4.12),(4.13) ,(4.14)and (4.15) in section[4.2] 

for first up to fourth-order derivatives that are second-order convergence 

and verify the boundary conditions for problem, but we must derive new 

finite-difference approximations for sixth-order derivatives that also 

maintains that conditions as: 

ଵݕ
(௩௜) = ି଻ସଽ௬బାଶ଻ହସ௬భିସଷଶ଴௬మାଷ଼ଶ଴௬యିଶ଴ଶହ௬రାହଽସ௬ఱି଻ସ௬లାଵ଼଴௛మ௬బ

ᇲᇲ

଺ଷ௛ల + రర೓మ

రవ   (ଵߛ)(௩௜௜௜)ݕ

                                                                                                                 …(4.77) 

Note that we use two more points to derive second-order convergence 

finite-difference formula for sixth-order derivative with two boundary 

conditions ߙ଴ ܽ݊݀ ߙଶinstead of three to get smaller truncation error of 

second-order; that if we use three conditions, the order of error will be one, 

and if we use ߙ଴ ܽ݊݀ ߙଵ, we get large value of truncation error 

−ℎଶݕ(௩௜௜௜)(ߛଵ) . 

Now by substituting equations (4.11), (4.12), (4.13), (4.14), (4.15), and 

(4.77) in Eq.(4.70) we get 

ି଻ସଽ௬బାଶ଻ହସ௬భିସଷଶ଴௬మାଷ଼ଶ଴௬యିଶ଴ଶହ௬రାହଽସ௬ఱି଻ସ௬లାଵ଼଴௛మ௬బ
ᇲᇲ

଺ଷ௛ల =

(ଵݔ)ହ݌ ቂିସଶହ௬బାହସ଴௬భିଵଷହ௬మାଶ଴௬యିଷଷ଴௛௬బ
ᇲିଽ଴௛మ௬బ

ᇲᇲ

ଽ௛ఱ ቃ +

(ଵݔ)ସ݌ ቂଵଽ௬బିଶ଻௬మା଼௬యାଷ଴௛௬బ
ᇲାଵ଼௛మ௬బ

ᇲᇲ

ଽ௛ర ቃ + (ଵݔ)ଷ݌ ቂଷଽ௬బିସ଼௬భାଽ௬మାଷ଴௛௬బ
ᇲା଺௛మ௬బ

ᇲᇲ

ସ௛య ቃ +

(ଵݔ)ଶ݌ ቂ௬బିଶ௬భା௬మ

௛మ ቃ + (ଵݔ)ଵ݌ ቂ௬మି௬బ

ଶ௛
ቃ + (ଵݔ)ݕ(ଵݔ)଴݌ + (ଵݔ)ݎ −
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೓మ

మవరబ[490݌ଵ(ݔଵ)ݕᇱᇱᇱ(ߦଵ) + (ଵߟ)(௜௩)ݕ(ଵݔ)ଶ݌245 + 49ℎ݌ଷ(ݔଵ)ݕ(௩௜)(ߞଵ) +

(ଵ߮)(௩௜)ݕ(ଵݔ)ସ݌392 + (ଵߩ)(௩௜௜)ݕ(ଵݔ)ହ݌280 −  (4.78)…             [(ଵߛ)(௩௜௜௜)ݕ2640

By omitting the error term and multiplying the previous equation by 252ℎ଺ 

we get the finite-difference formula at i=1  

−[2996 − 11900ℎ݌ହ(ݔଵ) + 532ℎଶ݌ସ(ݔଵ) + 532ℎଷ݌ଷ(ݔଵ) + 252ℎସ݌ଶ(ݔଵ) − 126ℎହ݌ଵ(ݔଵ)]ݓ଴ +

[11016 − 15120ℎ݌ହ(ݔଵ) + 3024ℎଷ݌ଷ(ݔଵ) + 504ℎସ݌ଶ(ݔଵ) − 252ℎ଺݌଴(ݔଵ)]ݓଵ − [17280 −

3780ℎ݌ହ(ݔଵ) − 756ℎଶ݌ସ(ݔଵ) + 567ℎଷ݌ଷ(ݔଵ) + 252ℎସ݌ଶ(ݔଵ) + 126ℎହ݌ଵ(ݔଵ)]ݓଶ + [15280 −

560ℎ݌ହ(ݔଵ) − 224ℎଶ݌ସ(ݔଵ)]ݓଷ − ସݓ8100 + ହݓ2376 − ଺ݓ296 + [9240ℎ݌ହ(ݔଵ) − 840ℎଶ݌ସ(ݔଵ) −

1890ℎଷ݌ଷ(ݔଵ)]ℎݓ଴
ᇱ + [720 + 2520ℎ݌ହ(ݔଵ) − 504ℎଶ݌ସ(ݔଵ) − 378ℎଷ݌ଷ(ݔଵ)]ℎଶݓ଴

ᇱᇱ = 252ℎ଺ݎ(ݔଵ)                                                      

…(4.79) 

To find the suitable finite-difference formula at i=2, we follow the same 

steps as i=1. 

We will use the equations (4.18),(4.19),(4.20),(4.21) and (4.22) that satisfy 

the boundary conditions (4.71)and derive a new formula for sixth-order 

derivatives at i=2 with one more point 

ଶݕ
(௩௜) = ିଽ଺ଽ௬బାଶଵ଺଴௬భିଶଶହ଴௬మାଵ଺଴଴௬యି଺଻ହ௬రାଵସସ௬ఱିଵ଴௬లିସଶ଴௛௬బ

ᇲ

଺଴௛ల − ೓మ

ఴ   (ଶߛ)(௩௜௜௜)ݕ

…(4.80) 

By substituting equations (4.18), (4.19), (4.20), (4.21), (4.22) and (4.80) in 

Eq.(4.70) we get 

ିଽ଺ଽ௬బାଶଵ଺଴௬భିଶଶହ଴௬మାଵ଺଴଴௬యି଺଻ହ௬రାଵସସ௬ఱିଵ଴௬లିସଶ଴௛௬బ
ᇲ

଺଴௛ల =

(ଶݔ)ହ݌ ቂଶ଼ଶହ௬బିସଷଶ଴௬భାଶଵ଺଴௬మି଼଴଴௬యାଵଷହ௬రାଵ଼଺଴௛௬బ
ᇲ ାଷ଺଴௛మ௬బ

ᇲᇲ

଻ଶ௛ఱ ቃ + (ଶݔ)ସ݌ ቂ௬బିସ௬భା଺௬మିସ௬యା௬ర
௛ర ቃ +

(ଶݔ)ଷ݌ ቂି௬బାଶ௬భିଶ௬యା௬ర
ଶ௛య ቃ + (ଶݔ)ଶ݌ ቂ௬భିଶ௬మା௬భ

௛మ ቃ + (ଶݔ)ଵ݌ ቂ௬యି௬భ
ଶ௛

ቃ + (ଶݔ)ݕ(ଶݔ)଴݌ + (ଶݔ)ݎ −
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೓మ

భలఴ[28݌ଵ(ݔଶ)ݕᇱᇱᇱ(ߦଶ) + (ଶߟ)(௜௩)ݕ(ଶݔ)ଶ݌14 + 42ℎ݌ଷ(ݔଶ)ݕ(௩)(ߞଶ) + (ଶ߮)(௩௜)ݕ(ଶݔ)ସ݌28 −

(ଶߩ)(௩௜௜)ݕ(ଶݔ)ହ݌4 +  (4.81)...                                                             [(ଶߛ)(௩௜௜௜)ݕ21

By omitting the error term and multiplying the previous equation by 360ℎ଺ 

we get the finite-difference formula at i=2  

−[5814 − 14125ℎ݌ହ(ݔଶ) + 360ℎଶ݌ସ(ݔଶ) − 180ℎଷ݌ଷ(ݔଶ)]ݓ଴ + [12960 +

21600ℎ݌ହ(ݔଶ) + 1440ℎଶ݌ସ(ݔଶ) − 360ℎଷ݌ଷ(ݔଶ) − 360ℎସ݌ଶ(ݔଶ) +

180ℎହ݌ଵ(ݔଶ)]ݓଵ − [13500 − 10800ℎ݌ହ(ݔଶ) + 2160ℎଶ݌ସ(ݔଶ) − 720ℎସ݌ଶ(ݔଶ) +

360ℎ଺݌଴(ݔଶ)]ݓଶ + [9600 + 4000ℎ݌ହ(ݔଶ) + 1440ℎଶ݌ସ(ݔଶ) + 360ℎଷ݌ଷ(ݔଶ) −

360ℎସ݌ଶ(ݔଶ) + 180ℎହ݌ଵ(ݔଶ)]ݓଷ − [4050 + 675ℎ݌ହ(ݔଶ) + 360ℎଶ݌ସ(ݔଶ) +

180ℎଷ݌ଷ(ݔଶ)]ݓସ + ହݓ864 − ଺ݓ60 − [2520 + 9300ℎ݌ହ(ݔଶ)]ℎݓ଴
ᇱ −

[1800ℎ݌ହ(ݔଶ)]ℎଶݓ଴
ᇱᇱ = 360ℎ଺ݎ(ݔଶ)                                                           …(4.82) 

Now we will derive the finite-difference formula at i=N-1, by following the 

same previous steps and using the centered finite-difference 

approximations for the first up to the fourth-order derivatives which are 

equations (4.57), (4.58),(4.59) and (4.60) in section[4.3] that satisfy 

boundary conditions(4.71). 

We will derive suitable finite-difference approximations that verify the 

boundary conditions and maintain the second order convergence using 

Algorithm(1.2) 

ேିଵݕ
(௩) = ିଵଷହ௬ಿషయା଼଴଴௬ಿషమିଶଵ଺଴௬ಿషభାସଷଶ଴௬ಿିଵ଼ଶହ௬ಿశభାଵ଼଺଴௛௬ಿశభ

ᇲ ିଷ଺଴௛మ௬ಿశభ
ᇲᇲ

଻ଶ௛ఱ − ೓మ

రమݕ(௩௜௜)(ߩேିଵ) …(4.83) 

ேିଵݕ
(௩௜) =  

ିଵ଴௬ಿషఱାଵସସ௬ಿషరି଺଻ହ௬ಿషయାଵ଺଴଴௬ಿషమିଶଶହ଴௬ಿషభାଶଵ଺଴௬ಿିଽ଺ଽ௬ಿశభାସଶ଴௛మ௬బ
ᇲᇲ

଺଴௛ల − ೓మ

ఴ   (ேିଵߛ)(௩௜௜௜)ݕ

…(4.84) 
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by substituting equations (4.57), (4.58), (4.59), (4.60), (4.83) and (4.84) in 

Eq.(4.70) we get 

ିଵ଴௬ಿషఱାଵସସ௬ಿషరି଺଻ହ௬ಿషయାଵ଺଴଴௬ಿషమିଶଶହ଴௬ಿషభାଶଵ଺଴௬ಿିଽ଺ଽ௬ಿశభାସଶ଴௛௬బ
ᇲ

଺଴௛ల =

(ேିଵݔ)ହ݌ ቂିଵଷହ௬ಿషయା଼଴଴௬ಿషమିଶଵ଺଴௬ಿషభାସଷଶ଴௬ಿିଶ଼ଶହ௬ಿశభାଵ଼଺଴௛௬ಿశభ
ᇲ ିଷ଺଴௛మ௬ಿశభ

ᇲᇲ

଻ଶ௛ఱ ቃ +

(ேିଵݔ)ସ݌ ቂ௬ಿషయିସ௬ಿషమା଺௬ಿషభିସ௬ಿା௬ಿశభ
௛ర ቃ + (ேିଵݔ)ଷ݌ ቂି௬ಿషయାଶ௬ಿషమିଶ௬ಿା௬ಿశభ

ଶ௛య ቃ +

(ேିଵݔ)ଶ݌ ቂ௬ಿషమିଶ௬ಿషభା௬ಿ
௛మ ቃ + (ேିଵݔ)ଵ݌ ቂ௬ಿି௬ಿషమ

ଶ௛
ቃ + (ேିଵݔ)ݕ(ேିଵݔ)଴݌ + (ேିଵݔ)ݎ −

೓మ

భలఴ[28݌ଵ(ݔேିଵ)ݕᇱᇱᇱ(ߦேିଵ) + (ேିଵߟ)(௜௩)ݕ(ேିଵݔ)ଶ݌14 + 42ℎ݌ଷ(ݔேିଵ)ݕ(௩௜)(ߞேିଵ) +

(ேିଵ߮)(௩௜)ݕ(ேିଵݔ)ସ݌28 + (ேିଵߩ)(௩௜௜)ݕ(ேିଵݔ)ହ݌4 −  (4.85)…            [(ேିଵߛ)(௩௜௜௜)ݕ21

By omitting the error term and multiplying the previous equation by 360ℎ଺ 

we get the finite-difference formula at i=N-1 

ேିହݓ60− + ேିସݓ864 − [4050 − 675ℎ݌ହ(ݔேିଵ) + 360ℎଶ݌ସ(ݔேିଵ) −

180ℎଷ݌ଷ(ݔேିଵ)]ݓேିଵ + [9600 − 4000ℎ݌ହ(ݔேିଵ) + 1440ℎଶ݌ସ(ݔேିଵ) −

360ℎଷ݌ଷ(ݔଶ) − 360ℎସ݌ଶ(ݔேିଵ) + 180ℎହ݌ଵ(ݔேିଵ)]ݓேିଶ − [13500 −

10800ℎ݌ହ(ݔேିଵ) + 2160ℎଶ݌ସ(ݔேିଵ) − 720ℎସ݌ଶ(ݔேିଵ) +

360ℎ଺݌଴(ݔேିଵ)]ݓேିଵ + [12960 − 21600ℎ݌ହ(ݔேିଵ) + 1440ℎଶ݌ସ(ݔேିଵ) +

360ℎଷ݌ଷ(ݔேିଵ) − 360ℎସ݌ଶ(ݔேିଵ) + 180ℎହ݌ଵ(ݔேିଵ)]ݓே − [5814 −

1425ℎ݌ହ(ݔேିଵ) + 360ℎଶ݌ସ(ݔேିଵ) + 180ℎଷ݌ଷ(ݔேିଵ)]ݓேାଵ + [2520 −

9300ℎ݌ହ(ݔேିଵ)]ℎݓேାଵ
ᇱ + [1800ℎ݌ହ(ݔேିଵ)]ℎଶݓேାଵ

ᇱᇱ = 360ℎ଺ݎ(ݔேାଵ)…(4.86) 

Finally we will derive finite-difference formula at i=N using the boundary 

conditions (4.71) and the finite difference formula for first and second 

derivatives Eq.(4.32) and (4.33)in section[4.2] and special formulas for 

third up to the sixth-order derivatives as: 

ேݕ 
ᇱᇱᇱ = ିଽ௬ಿషభାସ଼௬ಿିଷଽ௬ಿశభାଷ଴௛௬ಿశభ

ᇲ ି଺௛మ௬ಿశభ
ᇲᇲ

ସ௛య + ೓య

లబݕ(௩௜)(ߞே)             …(4.87) 

ேݕ
(௜௩) =

଼௬ಿషమିଶ଻௬ಿషభାଵଽ௬ಿశభି30ℎ1+ܰݕ
′ +18ℎ21+ܰݕ

′′

ଽ௛ర − మ೓మ

భఱ   (4.88)...              (ே߮)(௩௜)ݕ
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ேݕ
(௩) =

ିଶ଴௬ಿషమାଵଷହ௬ಿషభିହସ଴௬ಿାସଶହ௬ಿశభିଷ30ℎ1+ܰݕ
′ +90ℎ21+ܰݕ

′′

ଽ௛ర − మ೓మ

మభ  (4.89).. (ேߩ)(௩௜௜)ݕ

ேݕ
(௩௜) = ି଻ସ௬ಿషఱାହଽସ௬ಿషరିଶ଴ଶହ௬ಿషయାଷ଼ଶ଴௬ಿషమିସଷଶ଴௬ಿషభାଶ଻ହସ௬ಿି଻ସଽ௬ಿశభାଵ଼଴௛మ௬ಿశభ

ᇲᇲ

଺ଷ௛ల +

రర೓మ

వవ  (4.90)…                                                                                               (ேߛ)(௩௜௜௜)ݕ

By substituting equations (4.32), (4.33), (4.87), (4.88), (4.89) and (4.90) in 

Eq.(4.70) we get 

ି଻ସ௬ಿషఱାହଽସ௬ಿషరିଶ଴ଶହ௬ಿషయାଷ଼ଶ଴௬ಿషమିସଷଶ଴௬ಿషభାଶ଻ହସ௬ಿି଻ସଽ௬ಿశభାଵ଼଴௛మ௬ಿశభ
ᇲᇲ

଺ଷ௛ల =

ଶ଴௬ಿషమାଵଷହ௬ಿషభିହସ଴௬ಿାସଶହ௬ಿశభିଷଷ଴௛௬ಿశభି](ேݔ)ହ݌
ᇲ ାଽ଴௛మ௬ಿశభ

ᇲᇲ

ଽ௛ర ] −

(ேݔ)ସ݌ ቂ଼௬ಿషమିଶ଻௬ಿషభାଵଽ௬ಿశభିଷ଴௛௬ಿశభ
ᇲ ାଵ଼௛మ௬ಿశభ

ᇲᇲ

ଽ௛ర ቃ −

(ேݔ)ଷ݌ ൤
1+ܰݕ30ℎ+1+ܰݕ39−ܰݕ48+1−ܰݕ9−

′ −6ℎ21+ܰݕ
′′

4ℎ3 ൨ − (ேݔ)ଶ݌ ቂ௬ಿషభିଶ௬ಿା௬ಿశభ

௛మ ቃ −

(ேݔ)ଵ݌ ቂ௬ಿశభି௬ಿషభ

ଶ௛
ቃ − (ேݔ)ݕ(ேݔ)଴݌ + (ேݔ)ݎ − ೓మ

భయఴలబ[1155݌ଵ(ݔே)ݕᇱᇱᇱ(ߦே) +

(ேߟ)(௜௩)ݕ(ேݔ)ଶ݌2310 − 231ℎ݌ଷ(ݔே)ݕ(௩௜)(ߞே) + 1884ℎ݌ସ(ݔே)ݕ(௩௜)(߮ே) +

(ேߩ)(௩௜௜)ݕ(ேݔ)ହ݌1320 −  (4.91)…                                          [(ேߛ)(௩௜௜௜)ݕ6160

By omitting the error term and multiplying the previous equation by 252ℎ଺ 

we get the finite-difference formula at i=N  

ேିହݓ296− + ேିସݓ2376 − ேିଷݓ8100 +

[15280 + 560ℎ݌ହ(ݔே) − 224ℎଶ݌ସ(ݔே)]ݓேିଶ − [17280 + 3780ℎ݌ହ(ݔே) −

756ℎଶ݌ସ(ݔே) − 567ℎଷ݌ଷ(ݔே) + 252ℎସ݌ଶ(ݔே) − 126ℎହ݌ଵ(ݔே)]ݓேିଵ +

[11016 + 15120ℎ݌ହ(ݔே) − 3024ℎଷ݌ଷ(ݔே) + 504ℎସ݌ଶ(ݔே) −

252ℎ଺݌଴(ݔே)]ݓே − [2996 + 11900ℎ݌ହ(ݔே) + 532ℎଶ݌ସ(ݔே) − 2457ℎଷ݌ଷ(ݔே) +

252ℎସ݌ଶ(ݔே) + 126ℎହ݌ଵ(ݔே)]ݓேାଵ + [9240ℎ݌ହ(ݔே) + 840ℎଶ݌ସ(ݔே) −

1890ℎଷ݌ଷ(ݔே)]ℎݓேାଵ
ᇱ + [720 − 2520ℎ݌ହ(ݔே) − 504ℎଶ݌ସ(ݔே) +

378ℎଷ݌ଷ(ݔே)]ℎଶݓேାଵ
ᇱᇱ = 252ℎ଺ݎ(ݔே)                                                  …(4.92) 

Using equations (4.76),(4.79),(4.82),(4.86), and (4.92) together give a 

system with NN nearly eleventh-diagonal matrix problem 
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ݓܣ                                                       =C                                       …(4.93) 

Where A= 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡(11016 − (ଵଵܩ
(10800 − (ଶଵܩ

−(12 + (ଶଷܨ
2 − ଵସܨ

0

−(17280 + (ଵଶܩ
−(13500 + (ଶଶܩ

30 − ଷଷܨ
−(12 + (ଶସܨ

⋱

2 − ଵேିଷܨ

 (15280 − (ଵଷܩ
(9600 − (ଶଷܩ
−(40 + (ସଷܨ

30 −  ଷସܨ

⋱

−(12 + (ଶேିଷܨ
2 − ଵேିଶܨ

−60
−296

−(8100 + (ଵସܩ
−(4050 + (ଶସܩ

30 − ହଷܨ
−(40 + (ସସܨ

⋱

30 − ଷேିଷܨ
−(12 + (ଶேିଶܨ

864
2376

2376
864

−(12 + (଺ଷܨ
30 − ହସܨ

⋱

−40 − ସேିଷܨ
(30 − (ଷேିଶܨ

−(4050 + (ேଵଵܩ
−(8100 + (ேଵܩ

−296
−60

2 + ଵଷܨ
−(12 + (଺ସܨ

⋱

30 − ହேିଷܨ
−൫40 + ସ,ேିଶ൯ܨ
(9600 − (ேଵଶܩ
(15280 − (ேଶܩ

2 + ଵସܨ

⋱

−12 − ଺ேିଷܨ
(30 + (ହ,ேିଶܨ

−(13500 + (ேଵଷܩ
−(17280 + (ேଷܩ

0

2 + ଵேିଷܨ
−(12 + (଺,ேିଶܨ
(12960 − (ேଵସܩ
(11016 − (ேସܩ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

 

ݓ = ଵݓ] ଶݓ … ேିଵݓ ே]ଵ×ேݓ
்   ,  

ܿ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ (2996 + ଴ߙ(ଵ଴ܩ + ଵߙଵ଴ଵℎܩ − (720 − ଶߙଵ଴ଶ)ℎଶܩ + 252ℎ଺ݎ(ݔଵ)

(5814 + ଴ߙ(ଶ଴ܩ + (2520 + ଵߙଶ଴ଵ)ℎܩ + ଶߙଶ଴ଶℎଶܩ + 360ℎ଺ݎ(ݔଶ)
(−2 + ଴ߙ(ଵଷܨ + 2ℎ଺ݎ(ݔଷ)

2ℎ଺ݎ(ݔସ)
⋮

2ℎ଺ݎ(ݔேିଷ)
−(2 + ଴ߚ(ଵ ேିଶܨ + 2ℎ଺ݎ(ݔேିଶ)

(5814 + ଴ߚ(ேଵ଴ܩ + (2520 + ଵߚேଵ଴ଵ)ℎܩ + ଶߚேଵ଴ଶℎଶܩ + 360ℎ଺ݎ(ݔேିଵ)
(2996 + ଴ߚ(ே଴ܩ + ଵߚே଴ଵℎܩ − (720 − ଶߚே଴ଶ)ℎଶܩ + 252ℎ଺ݎ(ݔே) ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

 

ଵ௜ܨ = −ℎ݌ହ(ݔ௜) ,   ܨଶ௜ = 4ℎ݌ହ(ݔ௜) + 2ℎଶ݌ସ(ݔ௜) − ℎଷ݌ଷ(ݔ௜)   , 

ଷ௜ܨ  = −5ℎ݌ହ(ݔ௜) − 8ℎଶ݌ସ(ݔ௜) + 2ℎଷ݌ଷ(ݔ௜) + 2ℎସ݌ଶ(ݔ௜) − ℎହ݌ଵ(ݔ௜) 

ସ௜ܨ = 12ℎଶ݌ସ(ݔ௜) − 4ℎସ݌ଶ(ݔ௜) + 2ℎ଺݌଴(ݔ௜) , 

ହ௜ܨ  = 5ℎ݌ହ(ݔ௜) − 8ℎଶ݌ସ(ݔ௜) − 2ℎଷ݌ଷ(ݔ௜) + 2ℎସ݌ଶ(ݔ௜) + ℎହ݌ଵ(ݔ௜) , 

଺௜ܨ  = −4ℎ݌ହ(ݔ௜) + 2ℎ݌ସ(ݔ௜) + ℎଶ݌ଷ(ݔ௜) ,  

ଵ଴ܩ = −11900ℎ݌ହ(ݔଵ) + 532ℎଶ݌ସ(ݔଵ) + 532ℎଷ݌ଷ(ݔଵ) + 252ℎସ݌ଶ(ݔଵ) −

126ℎହ݌ଵ(ݔଵ)  

ଵଵܩ = 15120ℎ݌ହ(ݔଵ) − 3024ℎଷ݌ଷ(ݔଵ) − 504ℎସ݌ଶ(ݔଵ) + 252ℎ଺݌଴(ݔଵ)  
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ଵଶܩ = −3780ℎ݌ହ(ݔଵ) − 756ℎଶ݌ସ(ݔଵ) + 567ℎଷ݌ଷ(ݔଵ) + 252ℎସ݌ଶ(ݔଵ) +

126ℎହ݌ଵ(ݔଵ) , 

ଵଷܩ = 560ℎ݌ହ(ݔଵ) + 1568ℎଶ݌ସ(ݔଵ) , 

ଵ଴ଵܩ = −9240ℎ݌ହ(ݔଵ) + 840ℎଶ݌ସ(ݔଵ) + 1890ℎଷ݌ଷ(ݔଵ) ,  

ଵ଴ଶܩ = −2520ℎ݌ହ(ݔଵ) + 504ℎଶ݌ସ(ݔଵ) + 378ℎଷ݌ଷ(ݔଵ) 

ଶ଴ܩ = −14125ℎ݌ହ(ݔଶ) + 360ℎଶ݌ସ(ݔଶ) − 180ℎଷ݌ଷ(ݔଶ)  

ଶଵܩ = −21600ℎ݌ହ(ݔଶ) − 1440ℎଶ݌ସ(ݔଶ) + 360ℎଷ݌ଷ(ݔଶ) + 360ℎସ݌ଶ(ݔଶ) −

180ℎହ݌ଵ(ݔଶ) , 

ଶଶܩ = −10800ℎ݌ହ(ݔଶ) + 2160ℎଶ݌ସ(ݔଶ) − 720ℎସ݌ଶ(ݔଶ) + 360ℎ଺݌଴(ݔଶ) , 

ଶଷܩ = −4000ℎ݌ହ(ݔଶ) − 1440ℎଶ݌ସ(ݔଶ) − 360ℎଷ݌ଷ(ݔଶ) + 360ℎସ݌ଶ(ݔଶ) −

180ℎହ݌ଵ(ݔଶ) ,  

ଶସܩ = 675ℎ݌ହ(ݔଶ) + 360ℎଶ݌ସ(ݔଶ) + 180ℎଷ݌ଷ(ݔଶ), ଶ଴ଵܩ = 9300ℎ݌ହ(ݔଶ),  

ଶ଴ଶܩ  = 1800ℎ݌ହ(ݔଶ)   

ேଵଵܩ = −675ℎ݌ହ(ݔேିଵ) + 360ℎଶ݌ସ(ݔேିଵ) − 180ℎଷ݌ଷ(ݔேିଵ)  

ேଵଶܩ = 4000ℎ݌ହ(ݔேିଵ) − 1440ℎଶ݌ସ(ݔேିଵ) + 360ℎଷ݌ଷ(ݔேିଵ) + 360ℎସ݌ଶ(ݔேିଵ) +

180ℎହ݌ଵ(ݔேିଵ)  

ேଵଷܩ = 10800ℎ݌ହ(ݔேିଵ) + 2160ℎଶ݌ସ(ݔேିଵ) − 720ℎସ݌ଶ(ݔேିଵ) + 360ℎ଺݌଴(ݔேିଵ)  

ேଵସܩ = 21600ℎ݌ହ(ݔேିଵ) − 1440ℎଶ݌ସ(ݔேିଵ) − 360ℎଷ݌ଷ(ݔேିଵ) + 360ℎସ݌ଶ(ݔேିଵ) −

180ℎହ݌ଵ(ݔேିଵ)  

ேଵ଴ܩ = −9125ℎ݌ହ(ݔேିଵ) + 360ℎଶ݌ସ(ݔேିଵ) + 180ℎଷ݌ଷ(ݔேିଵ)  
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ேଵ଴ଵܩ = 9300ℎ݌ହ(ݔேିଵ) , ܩேଵ଴ସ = −1800ℎ݌ହ(ݔேିଵ) 

ே଴ܩ = 11900ℎ݌ହ(ݔே) + 532ℎଶ݌ସ(ݔே) − 2457ℎଷ݌ଷ(ݔே) + 252ℎସ݌ଶ(ݔே) +

126ℎହ݌ଵ(ݔே)  

ேଵܩ = −560ℎ݌ହ(ݔே) + 244ℎଶ݌ସ(ݔே), 

ேଶܩ = 3780ℎ݌ହ(ݔே) − 756ℎଶ݌ସ(ݔே) − 567ℎଷ݌ଷ(ݔே) + 252ℎସ݌ଶ(ݔே) −

126ℎହ݌ଵ(ݔே)  

ேଷܩ = −15120ℎ݌ହ(ݔே) + 3024ℎଷ݌ଷ(ݔே) − 504ℎସ݌ଶ(ݔே) + 252ℎ଺݌଴(ݔே) , 

ே଴ଵܩ = (ேݔ)ହ݌9240− − 840ℎଶ݌ସ(ݔே) + 1890ℎଷ݌ଷ(ݔே), 

ே଴ଶܩ = 2520ℎ݌ହ(ݔே) + 504ℎଶ݌ସ(ݔே) − 378ℎଷ݌ଷ(ݔே)  

Now we use the LU-decomposition method with MATLAB for solving the 

linear system (4.93) at several values of step-size (h) and then we use 

Extrapolation method to get more accuracy for the method without more 

calculations. 

Algorithm (4.3): Linear Finite-Difference Method (4.3) For Solving 

Sixth-Order BVPS Case (I): See full MATLAB program (p.241-252) 

To approximate the solution of the boundary value problem  

(ݔ)(௩௜)ݕ = 

(௩)ݕ(ݔ)ହ݌ + (௜௩)ݕ(ݔ)ସ݌ + (ݔ)ᇱᇱᇱݕ(ݔ)ଷ݌ + ᇱᇱݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ +   (ݔ)ݎ

ܽ     ,ݔ ݎ݋݂ ≤ ݔ ≤ ܾ, with six boundary conditions 

(ܽ)ݕ = ,  ଴ߙ (ܽ)ᇱݕ = ,ଵߙ (ܽ)ᇱᇱݕ = , ଶߙ (ܾ)ݕ = , ଴ߚ (ܾ)ᇱݕ = , ଵߚ (ܾ)ᇱᇱݕ =    ଶߚ
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Step(1):Input endpoints a,b; boundary conditions ߙ଴, ,ଵߙ ,ଶߙ ,଴ߚ   ଵߚ

Step(2):For k=2,3,4 (To determine h=0.1,0.05,0.025,0,0125) 

- set Nk=(10*2(k-1))-1; 

- h=(b-a)/(Nk+1); 

- do steps(2-9) 

Step(3):For i=1,2,3, …,Nk set x(i)=a+ih  

Find  ݌଴(ݔ௜), ,(௜ݔ)ଵ݌ ,(௜ݔ)ଶ݌ , (௜ݔ)ଷ݌ ,(௜ݔ)ସ݌  . (௜ݔ)ݎ ݀݊ܽ(௜ݔ)ହ݌

(The values of associated functions on Eq.(4.70) 

Step(4):For i=1,2,3,…,Nk set  

d0=the vector of entries for main diagonal of matrix A 

dU1=the vector of entries for the first upper diagonal for A  

dU2= the vector of entries for the second upper diagonal for A 

dU3= the vector of entries for the third upper diagonal for A 

dU4= the vector of entries for the fourth upper diagonal for A 

dU5= the vector of entries for the fifth upper diagonal for A 

dL1= the vector of entries for the first lower diagonal for A 

dL2= the vector of entries for the second lower diagonal for A 

dL3= the vector of entries for the third lower diagonal for A 

dL4= the vector of entries for the fourth lower diagonal for A 
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dL5= the vector of entries for the fifth lower diagonal for A 

C=the constant vector on (c) Eq.(4.93) 

Step(6) Factorize A into LU, where L is lower sixth-diagonal matrix with 

unit main diagonal and U is upper sixth-diagonal. 

Step(7) For i=1,2,3,…,Nk Solve LY=d to find Y using forward substitution 

Step(8) For i=Nk-1 ,..2,1 Solve Uw=Y to find the approximation solution w 

using backward substitution 

Step(9) Set N1=9 For i=1,2,3,…Nk , for j=1,2,4,…,Nk set W1i,k=wj ; 

Step(10) For i=1,2,…,N1 set h=(b-a)/N1 ; x(i)=a+ih  

Step(11) Extrapolate the solution at h= .1,0.05,0.025,0,0125 

Ext2(h=0.1)=(4*W1(h=0.05)-W1(h=0.1))/3; 

Ext2(h=0.05)= (4*W1(h=0.025)-W1(h=0.05))/3; 

Ext2(h=0.025)= (4*W1(h=0.0125)-W1(h=0.025))/3; 

Ext3(h=0.1)=(16*Ext2(h=0.05)-Ext2(h=0.1))/15; 

Ext3(h=0.05)=(16*Ext2(h=0.025)-Ext2(h=0.05)/15; 

Ext4(h=0.1)=(64*Ext3(h=0.05)-Ext3(h=0.1))/63; 

Step(12) Output [x' ,W1',Ext4] (The approximation solutions and 

Extrapolation) 
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Example 3: Consider the linear sixth-order boundary value problem 

(ݔ)(௩௜)ݕ = (௩)ݕݔ2 − (௜௩)ݕଷݔ3 − ଶݔ3) − ᇱᇱᇱݕ(1 + ݔ10) + ᇱᇱݕ(3 + (3 + ݔ5 −

ᇱݕ(ଶݔ − ݔ2) − ݕ(ଶݔ + ݁ଶ௫(−80ݔସ − ଷݔ37 + ଶݔ110 − ݔ43 − 121),    

on 0 ≤ ݔ ≤1 ,with boundary conditions: 

(0)ݕ  = (1)ݕ      ,1 = 0, ᇱ(0)ݕ       = 1 ,    

ᇱ(1)ݕ  = −݁ଶ , ᇱᇱ(0)ݕ = 0 , ᇱᇱ(1)ݕ = −4݁ଶ  

So  ݌ହ(ݔ) = ,  ଶݔ2 (ݔ)ସ݌ = ,ଷݔ3− (ݔ)ଷ݌ = ଶݔ3)− − 1), (ݔ)ଶ݌  = ݔ10) + 3) , 

(ݔ)ଵ݌ = −(3 + ݔ5 − ,(ଶݔ (ݔ)଴݌ = ݔ2) −  ଶ) , Andݔ

(ݔ)ݎ = ݁ଶ௫(80ݔସ + ଷݔ37 − ଶݔ110 + ݔ43 + 121) on the interval [0,1] 

Now by applying algorithm (4.3) to the example we get the following 

results that approximated solutions at several values of h as listed in Table 

(4.5) 

 
 
Xi       Exact(Y)       w(h=0.05)     w(h=0.025)   w(h=0.0125)  w(h=0.0625)  Ext3(h=0.05)  Ext4(h=0.05) 
0.1   1.09926248   1.06088276   1.08968773   1.09688801   1.09867183   1.09928801   1.09926463 
0.2   1.19345976   1.12683020   1.17682775   1.18933474   1.19243366   1.19350441   1.19346352 
0.3   1.27548316   1.19547087   1.25551029   1.27052987   1.27425108   1.27553726   1.27548772 
0.4   1.33532456   1.25690577   1.31575905   1.33047332   1.33411799   1.33537817   1.33532910 
0.5   1.35914091   1.29404718   1.34291749   1.35511994   1.35814102   1.35918608   1.35914478 
0.6   1.32804677   1.28272323   1.31677271   1.32525438   1.32735260   1.32807887   1.32804957 
0.7   1.21655999   1.19149206   1.21034669   1.21502291   1.21617808   1.21657832   1.21656165 
0.8   0.99060648   0.98109326   0.98826633   0.99002900   0.99046316   0.99061384   0.99060720 
0.9   0.60496475   0.60343798   0.60459807   0.60487495   0.60494253   0.60496607   0.60496490 

The previous results reveal that errors are large although h is small, so h 

must be sufficiently small to get good results or use extrapolation. The 

errors of approximations are listed in (4.6)  

Table 4.5 
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ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  8.0012 × 10ିଶ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  1.9973 × 10ିଶ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    4.9533 × 10ିଷ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૟૛૞)|    1.2321 × 10ିଷ 
ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૙૞)|  5.4099 × 10ିହ 
ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૙૞)|  4.5599 × 10ି଺ 

The previous errors table shows that good approximations appear when 

h=0.0125, so this method's accuracy must be accelerated at end points 

using higher order convergence to get more efficient results or using higher 

extrapolations at which the errors for Ext3, Ext4(0.05) are small, so we can 

find Ext3, Ext4 at several values of h to receive our aim. 

4.4 Finite-Difference Method (4.4) For Solving Linear Sixth-
Order Boundary-Value Problem: 

Consider the linear sixth-order boundary-value problem: 

(ݔ)(௩௜)ݕ = 

(௩)ݕ(ݔ)ହ݌ + (௜௩)ݕ(ݔ)ସ݌ + (ݔ)ᇱᇱᇱݕ(ݔ)ଷ݌ + ᇱᇱݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ +   (ݔ)ݎ

ܽ     ,ݔ ݎ݋݂ ≤ ݔ ≤ ܾ                                                                                            …(4.70) 

With second especial case of six boundary conditions:ݕ(ܽ) = ,  ଴ߙ (ܽ)ᇱᇱᇱݕ =

,ଷߙ (ܽ)(௩)ݕ =   , ହߙ

(ܾ)ݕ = , ଴ߚ (ܾ)ᇱᇱݕ = , ଶߚ (ܾ)(௜௩)ݕ =  ସ                                                …(4.94)ߚ

To approximate the solution to this problem we will follow the same steps 

in the previous sections and it's finite-difference formula is similar as for 

Table 4.6 
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previous problem for i=3,4,…,N-2, so we use Eq.(4.76) in section[4.4], but 

this formula is suitable for N-4 mesh points, so we need to derive special 

formula when i=1,2,N-1,N using the boundary conditions (4.94) and 

Algorithm(1.2) 

ଵݕ     
ᇱᇱᇱ = ିଶ௬బା଺௬భି଺௬మାଶ௬యା௛య௬బ

ᇲᇲᇲି௛ఱ௬బ
(ೡ)

ଷ௛య − ೓య

య            (4.95)…                   (ଵߞ)(௩௜)ݕ

ଵݕ
(௜௩) = ିସ௬బାଵଶ௬భିଵଶ௬మାସ௬యିସ௛య௬బ

ᇲᇲᇲା௛ఱ௬బ
(ೡ)

଺௛ర − భయ೓య

భఴబ  (4.96)…            (ଵ߮)(௩௜)ݕ

ଵݕ
(௩) = ଵ଴௬బିଷ଺௬భାସ଼௬మିଶ଼௬యା଺௬రାସ௛య௬బ

ᇲᇲᇲାଷ௛ఱ௬బ
(ೡ)

ଵ଴௛ఱ − భబళ೓మ

యబబ  (4.97)…    (ଵߩ)(௩௜௜)ݕ

ଵݕ
(௩௜) = ିଵ଻௬బାଽ଴௬భିଵଽହ௬మାଶଶ଴௬యିଵଷହ௬రାସଶ௬ఱିହ௬లିଵଶ௛ఱ௬బ

(ೡ)

ଶହ௛ల − ೓మ

మబݕ(௩௜௜௜)(ߛଵ)  

…(4.98) 

Now by substituting equations (4.11), (4.12), (4.95), (4.96), (4.97) and 

(4.98) in Eq.(4.70) we get 

ିଵ଻௬బାଽ଴௬భିଵଽହ௬మାଶଶ଴௬యିଵଷହ௬రାସଶ௬ఱିହ௬లିଵଶ௛ఱ௬బ
(ೡ)

ଶହ௛ల =

(ଵݔ)ହ݌ ൤ଵ଴௬బିଷ଺௬భାସ଼௬మିଶ଼௬యା଺௬రାସ௛య௬బ
ᇲᇲᇲାଷ௛ఱ௬బ

(ೡ)

ଵ଴௛ఱ ൨ +

(ଵݔ)ସ݌ ൤ିସ௬బାଵଶ௬భିଵଶ௬మାସ௬యିସ௛య௬బ
ᇲᇲᇲା௛ఱ௬బ

(ೡ)

଺௛ర ൨ + (ଵݔ)ଷ݌ ൤ିଶ௬బା଺௬భି଺௬మାଶ௬యା௛య௬బ
ᇲᇲᇲି௛ఱ௬బ

(ೡ)

ଷ௛య ൨ +

(ଵݔ)ଶ݌ ቂ௬బିଶ௬భା௬మ
௛మ ቃ + (ଵݔ)ଵ݌ ቂ௬మି௬బ

ଶ௛
ቃ + (ଵݔ)ݕ(ଵݔ)଴݌ + (ଵݔ)ݎ − ೓మ

వబబ[75݌ଵ(ݔଵ)ݕᇱᇱᇱ(ߦଵ) +

(ଵߟ)(௜௩)ݕ(ଵݔ)ଶ݌150 + 300ℎ݌ଷ(ݔଵ)ݕ(௩௜)(ߞଵ) + 5ℎ݌ସ(ݔଵ)ݕ(௩௜)(߮ଵ) +

(ଵߩ)(௩௜௜)ݕ(ଵݔ)ହ݌3 −  (4.99)…                                                               [(ଵߛ)(௩௜௜௜)ݕ45

By omitting the error term and multiplying the previous equation by 150ℎ଺ 

we get the finite-difference formula at i=1  

−[102 + 150ℎ݌ହ(ݔଵ) − 100ℎଶ݌ସ(ݔଵ) − 100ℎଷ݌ଷ(ݔଵ) + 150ℎସ݌ଶ(ݔଵ) −

75ℎହ݌ଵ(ݔଵ)]ݓ଴ + [540 + 540ℎ݌ହ(ݔଵ) − 300ℎଶ݌ସ(ݔଵ) − 300ℎଷ݌ଷ(ݔଵ) +

300ℎସ݌ଶ(ݔଵ) − 150ℎ଺݌଴(ݔଵ)]ݓଵ − [1170 + 720ℎ݌ହ(ݔଵ) − 300ℎଶ݌ସ(ݔଵ) −
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300ℎଷ݌ଷ(ݔଵ) + 150ℎସ݌ଶ(ݔଵ) + 75ℎହ݌ଵ(ݔଵ)]ݓଶ + [1320 + 420ℎ݌ହ(ݔଵ) −

100ℎଶ݌ସ(ݔଵ) − 100ℎଷ݌ଷ(ݔଵ)]ݓଷ − [810 + 90ℎ݌ହ(ݔଵ)]ݓସ + ହݓ252 − ଺ݓ30 −

[60ℎ݌ହ(ݔଵ) − 100ℎଶ݌ସ(ݔଵ) + 50ℎଷ݌ଷ(ݔଵ)]ℎଷݓ଴
ᇱᇱᇱ − [72 + 45ℎ݌ହ(ݔଵ) +

25ℎଶ݌ସ(ݔଵ) − 50ℎଷ݌ଷ(ݔଵ)]ℎହݓ଴
(௩) = 150ℎ଺ݎ(ݔଵ)                                           …(4.100) 

To find the suitable finite-difference formula at i=2 we follow the same 

steps as i=1, so we will use the equations (4.18),(4.19),(4.20)and (4.21) 

that satisfy the boundary conditions (4.94) and derive a new formula for 

fifth and sixth-order derivatives at i=2 with one more point for sixth-order 

ଶݕ
(௩) = ଵ଴௬బିଷ଺௬భାସ଼௬మିଶ଼௬యା଺௬రାସ௛య௬బ

ᇲᇲᇲିଶ௛ఱ௬బ
(ೡ)

ହ௛ఱ − రయ೓మ

భఱబ  (4.101)…              (ଶߩ)(௩௜௜)ݕ

ଶݕ
(௩௜) = ସ௬బିଷ଴௬భାଽ଴௬మିଵସ଴௬యାଵଶ଴௬రିହସ௬ఱାଵ଴௬లି଺௛ఱ௬బ

(ೡ)

ଶହ௛ల − భయ೓మ

మబ  (4.102)…    (ଶߛ)(௩௜௜௜)ݕ

By substituting equations (4.18), (4.19), (4.20), (4.21), (4.100) and (4.101) 

in Eq.(4.70) we get 

ସ௬బିଷ଴௬భାଽ଴௬మିଵସ଴௬యାଵଶ଴௬రିହସ௬ఱାଵ଴௬లି଺௛ఱ௬బ
(ೡ)

ଶହ௛ల =

(ଶݔ)ହ݌ ൤ଵ଴௬బିଷ଺௬భାସ଼௬మିଶ଼௬యା଺௬రାସ௛య௬బ
ᇲᇲᇲିଶ௛ఱ௬బ

(ೡ)

ହ௛ఱ ൨ + (ଶݔ)ସ݌ ቂ௬బିସ௬భା଺௬మିସ௬యା௬ర
௛ర ቃ +

(ଶݔ)ଷ݌ ቂି௬బାଶ௬భିଶ௬యା௬ర
ଶ௛య ቃ + (ଶݔ)ଶ݌ ቂ௬భିଶ௬మା௬య

௛మ ቃ + (ଶݔ)ଵ݌ ቂ௬యି௬భ
ଶ௛

ቃ + (ଶݔ)ݕ(ଶݔ)଴݌ +

(ଶݔ)ݎ − ೓మ

లబబ[50݌ଵ(ݔଶ)ݕᇱᇱᇱ(ߦଶ) + (ଶߟ)(௜௩)ݕ(ଶݔ)ଶ݌100 + (ଶߞ)(௩)ݕ(ଶݔ)ଷ݌150 +

(ଶ߮)(௩௜)ݕ(ଶݔ)ସ݌100 + (ଶߩ)(௩௜௜)ݕ(ଶݔ)ହ݌214 −  (4.103)...                    [(ଶߛ)(௩௜௜௜)ݕ30

By omitting the error term and multiplying the previous equation by 50ℎ଺ 

we get the finite-difference formula at i=2  

[8 − 100ℎ݌ହ(ݔଶ) − 50ℎଶ݌ସ(ݔଶ) + 25ℎଷ݌ଷ(ݔଶ)]ݓ଴ − [60 − 360ℎ݌ହ(ݔଶ) −

200ℎଶ݌ସ(ݔଶ) + 50ℎଷ݌ଷ(ݔଶ) + 50ℎସ݌ଶ(ݔଶ) − 25ℎହ݌ଵ(ݔଶ)]ݓଵ +

[180 − 480ℎ݌ହ(ݔଶ) − 300ℎଶ݌ସ(ݔଶ) + 50ℎସ݌ଶ(ݔଶ) − 50ℎ଺݌଴(ݔଶ)]ݓଶ − [280 −

280ℎ݌ହ(ݔଶ) − 200ℎଶ݌ସ(ݔଶ) − 50ℎଷ݌ଷ(ݔଶ) + 100ℎସ݌ଶ(ݔଶ) + 25ℎହ݌ଵ(ݔଶ)]ݓଷ +
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[240 − 60ℎ݌ହ(ݔଶ) − 50ℎଶ݌ସ(ݔଶ) − 25ℎଷ݌ଷ(ݔଶ)]ݓସ − ହݓ108 + ଺ݓ20 −

[40ℎ݌ହ(ݔଶ)]ℎଷݓ଴
ᇱᇱᇱ − [12 − 20ℎ݌ହ(ݔଶ)]ℎହݓ଴

(௩) = 50ℎ଺ݎ(ݔଶ)                     …(4.104) 

Now we will derive the finite-difference formula at i=N-1, we follow the 

same previous steps and use the centered finite-difference approximations, 

for the first up to the fourth-order derivatives which are equations (4.57), 

(4.58), (4.59) and (4.60), and we will derive suitable finite-difference 

approximations for sixth-order derivative that verify the boundary 

conditions (4.94) and maintains the second order convergence using 

Algorithm(1.2) 

ேିଵݕ
(௩௜) = ିଵଵ௬ಿషఱାଶଵ଺௬ಿషరିଵ଴଼଴௬ಿషయାଶହ଺଴௬ಿషమିଷଷ଻ହ௬ಿషభାଶଷ଻଺௬ಿି଺଼଺௬ಿశభାଵ଼଴௛మ௬బ

ᇲᇲ

ଵଶ଺௛ల − లవ೓మ

యవమ                       (ேିଵߛ)(௩௜௜௜)ݕ

…(4.105) 

By substituting equations (4.57),(4.58),(4.59),(4.60),(4.61)and(4.105) in 

Eq.(4.70) we get 

ିଵଵ௬ಿషఱାଶଵ଺௬ಿషరିଵ଴଼଴௬ಿషయାଶହ଺଴௬ಿషమିଷଷ଻ହ௬ಿషభାଶଷ଻଺௬ಿି଺଼଺௬ಿశభାଵ଼଴௛మ௬బ
ᇲᇲ

ଵଶ଺௛ల =

(ேିଵݔ)ହ݌ ൤ିସ଼ଵ௬ಿషయାଶହ଼ସ௬ಿషమିହହଶ଺௬ಿషభାହଶଶସ௬ಿିଵ଼଴ଵ௬ಿశభା଺଺଴௛మ௬ಿశభ
ᇲᇲ ିଵଶସ௛ర௬ಿశభ

(೔ೡ)

ଷ଴ଶ௛ఱ ൨ +

(ேିଵݔ)ସ݌ ቂ௬ಿషయିସ௬ಿషమା଺௬ಿషభିସ௬ಿ ା௬ಿశభ
௛ర ቃ + (ேିଵݔ)ଷ݌ ቂି௬ಿషయାଶ௬ಿషమିଶ௬ಿା௬ಿశభ

ଶ௛య ቃ +

(ேିଵݔ)ଶ݌ ቂ௬ಿషమିଶ௬ಿషభା௬ಿ
௛మ ቃ + (ேିଵݔ)ଵ݌ ቂ௬ಿ ି௬ಿషమ

ଶ௛
ቃ + (ேିଵݔ)ݕ(ேିଵݔ)଴݌ + (ேିଵݔ)ݎ −

೓మ

భళళఱళల[14798݌ଵ(ݔேିଵ)ݕᇱᇱᇱ(ߦேିଵ) + (ேିଵߟ)(௜௩)ݕ(ேିଵݔ)ଶ݌29596 +

44394ℎ݌ଷ(ݔேିଵ)ݕ(௩௜)(ߞேିଵ) + (ேିଵ߮)(௩௜)ݕ(ேିଵݔ)ସ݌29596 −

(ேିଵߩ)(௩௜௜)ݕ(ேିଵݔ)ହ݌13132 −  (4.106)…                                      [(ேିଵߛ)(௩௜௜௜)ݕ31257

By omitting the error term and multiplying the previous equation by 

19026ℎ଺ we get the finite-difference formula at i=N-1 

ேିହݓ1661− + ேିସݓ32616 − [163080 − 30303ℎ݌ହ(ݔேିଵ) + 19026ℎଶ݌ସ(ݔேିଵ) −

9513ℎଷ݌ଷ(ݔேିଵ)]ݓேିଷ + [386560 − 162792ℎ݌ହ(ݔேିଵ) + 76104ℎଶ݌ସ(ݔேିଵ) −
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19026ℎଷ݌ଷ(ݔଶ) − 19026ℎସ݌ଶ(ݔேିଵ) + 9513ℎହ݌ଵ(ݔேିଵ)]ݓேିଶ − [509625 −

348138ℎ݌ହ(ݔேିଵ) + 114156ℎଶ݌ସ(ݔேିଵ) − 38052ℎସ݌ଶ(ݔேିଵ) +

19026ℎ଺݌଴(ݔேିଵ)]ݓேିଵ + [358776 − 329112ℎ݌ହ(ݔேିଵ) + 76104ℎଶ݌ସ(ݔேିଵ) +

19026ℎଷ݌ଷ(ݔேିଵ) − 19026ℎସ݌ଶ(ݔேିଵ) − 9513ℎହ݌ଵ(ݔேିଵ)]ݓே − [103586 −

113463ℎ݌ହ(ݔேିଵ) + 19026ℎଶ݌ସ(ݔேିଵ) + 9513ℎଷ݌ଷ(ݔேିଵ)]ݓேାଵ + [27180 −

41580ℎ݌ହ(ݔேିଵ)]ℎଶݓேାଵ
ᇱᇱ + [7812ℎ݌ହ(ݔேିଵ)]ℎସݓேାଵ

(௜௩) = 19026ℎ଺ݎ(ݔேାଵ)     ...(4.107) 

Finally we will derive finite-difference formula at i=N using equations 

(4.32), (4.33) for first and second derivatives in section [4.2] and (4.64), 

(4.65) and (4.66) in section [4.3] for third up to the fifth-order derivatives 

that satisfied the boundary conditions (4.94). 

Now we derive new formula for sixth-order derivative: 

ேݕ
(௩௜) = ିଵଷ௬ಿషఱାଵ଴ଶ௬ಿషరିଷଶ଻௬ಿషయାହସ଼௬ಿషమିହ଴଻௬ಿషభାଶସ଺௬ಿିସଽ௬ಿశభାଵଶ௛ర௬ಿశభ

(೔ೡ)

ଶଵ௛ల +

రళ೓మ

భబఱ  (4.108)…                                                                                                      (ேߛ)(௩௜௜௜)ݕ

By substituting equations (4.32), (4.33), (4.64), (4.65), (4.66) and (4.108) 

in Eq.(4.70) we get 

ିଵଷ௬ಿషఱାଵ଴ଶ௬ಿషరିଷଶ଻௬ಿషయାହସ଼௬ಿషమିହ଴଻௬ಿషభାଶସ଺௬ಿ ିସଽ௬ಿశభାଵଶ௛ర௬ಿశభ
(೔ೡ)

ଶଵ௛ల =

ଵଶଵ௬ಿషయାସଶସ௬ಿషమିସ଼଺௬ಿషభାଵ଼ସ௬ಿି](ேݔ)ହ݌ ି௬ಿశభି଺଴௛మ௬ಿశభ
ᇲᇲ ାଵ଻଺௛ర௬ಿశభ

(೔ೡ)

ଷ଴ଶ௛ఱ ] −

(ேݔ)ସ݌ ൤ଵଶ௬ಿషమିସ଼௬ಿషభା଺଴௬ಿିଶସ௬ಿశభାଵଶ௛మ௬ಿశభ
ᇲᇲ ା௛ర௬ಿశభ

(೔ೡ)

ଵଶ௛ర ൨ −

(ேݔ)ଷ݌ ൤ିସ௬ಿషమାଵଶ௬ಿ ି଼௬ಿశభାଵଶ௛మ௬ಿశభ
ᇲᇲ ିଷ௛ర௬ಿశభ

(೔ೡ)

ଵ଺௛య ൨ − (ேݔ)ଶ݌ ቂ௬ಿషభିଶ௬ಿ ା௬ಿశభ
௛మ ቃ −

(ேݔ)ଵ݌ ቂ௬ಿశభି௬ಿషభ
ଶ௛

ቃ − (ேݔ)ݕ(ேݔ)଴݌ + (ேݔ)ݎ − ೓మ

భఱమమబఴబ[126840݌ଵ(ݔே)ݕᇱᇱᇱ(ߦே) +

(ேߟ)(௜௩)ݕ(ேݔ)ଶ݌253680 − 130011ℎ݌ଷ(ݔே)ݕ(௩)(ߞே) + 249452ℎ݌ସ(ݔே)ݕ(௩௜)(߮ே) +

(ேߩ)(௩௜௜)ݕ(ேݔ)ହ݌1320 −  (4.109)...                                             [(ேߛ)(௩௜௜௜)ݕ356160

By omitting the error term and multiplying the previous equation by 

50736ℎ଺ we get the finite-difference formula at i=N  
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ேିହݓ31408− + ேିସݓ246432 − [790032 − 20328ℎ݌ହ(ݔே)]ݓேିଷ + [1323968 −

(ேݔ)ହ݌71232 − 50736ℎଶ݌ସ(ݔே) + 12684ℎଷ݌ଷ(ݔே)]ݓேିଶ −

[1224912 − 85176ℎ݌ହ(ݔே) − 202944ℎଶ݌ସ(ݔே) + 50736ℎସ݌ଶ(ݔே) −

25368ℎହ݌ଵ(ݔே)]ݓேିଵ + [594336 + 81648ℎ݌ହ(ݔே) − 2536680ℎଶ݌ସ(ݔே) −

38052ℎଷ݌ଷ(ݔே) + 101472ℎସ݌ଶ(ݔே) − 50736ℎ଺݌଴(ݔே)]ݓே − [118384 − 168ℎ݌ହ(ݔே) −

101472ℎଶ݌ସ(ݔே) − 25368ℎଷ݌ଷ(ݔே) + 50736ℎସ݌ଶ(ݔே) + 25368ℎହ݌ଵ(ݔே)]ݓேାଵ +

[10080ℎ݌ହ(ݔே) − 50736ℎଶ݌ସ(ݔே) − 38052ℎଷ݌ଷ(ݔே)]ℎଶݓேାଵ
ᇱᇱ + [28992 −

29568ℎ݌ହ(ݔே) − 5228ℎଶ݌ସ(ݔே) + 9513ℎଷ݌ଷ(ݔே)]ℎସݓேାଵ
(௜௩) = 50736ℎ଺ݎ(ݔே)   ...(4.110) 

Using equations (4.76),(4.100),(4.104), (4.107), and (4.110) together give a 

system with NN nearly eleventh-diagonal matrix problem 

ݓܣ                                                       = ܿ                                       …(4.111) 

Where A= 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ (540 − (ଵଵܩ
−(60 + (ଶଵܩ
−(12 + (ଶଷܨ

2 − ଵସܨ

0

−(1170 + (ଵଶܩ
180 − ଶଶܩ
30 − ଷଷܨ

−(12 + (ଶସܨ
⋱

2 − ଵேିଷܨ

 (1320 − (ଵଷܩ
−(280 + (ଶଷܩ
−(40 + (ସଷܨ

30 −  ଷସܨ
⋱

−(12 + (ଶேିଷܨ
2 − ଵேିଶܨ

−1661
−31408

−(810 + (ଵସܩ
240 − ଶସܩ
30 − ହଷܨ

−(40 + (ସସܨ
⋱

30 − ଷேିଷܨ
−(12 + (ଶேିଶܨ

32616
246432

252
−(108 − (ଶହܩ
−(12 + (଺ଷܨ

30 − ହସܨ
⋱

−40 − ସேିଷܨ
(30 − (ଷேିଶܨ

−(163080 + (ேଵଵܩ
−(790032 + (ேଵܩ

−30
20

2 + ଵଷܨ
−(12 + (଺ସܨ

⋱

30 − ହேିଷܨ

−൫40 + ସ,ேିଶ൯ܨ
(386560 − (ேଵଶܩ
(1323968 − (ேଶܩ

2 + ଵସܨ
⋱

−12 − ଺ேିଷܨ
(30 + (ହ,ேିଶܨ

−(509625 + (ேଵଷܩ
−(1224912 + (ேଷܩ

0

⋱

2 + ଵேିଷܨ
−(12 + (଺,ேିଶܨ

(358776 − (ேଵସܩ
(594336 − (ேସܩ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

 

ݓ = ଵݓ] ଶݓ … ேିଵݓ ே]ଵ×ேݓ
்   ,  

ܿ

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ (102 + ଴ߙ(ଵ଴ܩ + ଷߙଵ଴ଷℎଷܩ + (72 + ହߙଵ଴ହ)ℎହܩ + 150ℎ଺ݎ(ݔଵ)

(−8 + ଴ߙ(ଶ଴ܩ + ଷߙଶ଴ଷℎଷܩ + (12 + ହߙଶ଴ହ)ℎହܩ + 50ℎ଺ݎ(ݔଶ)
(−2 + ଴ߙ(ଵଷܨ + 2ℎ଺ݎ(ݔଷ)

2ℎ଺ݎ(ݔସ)
⋮

2ℎ଺ݎ(ݔேିଷ)
−(2 − ଴ߚ(ଵ ேିଶܨ + 2ℎ଺ݎ(ݔேିଶ)

(103586 + ଴ߚ(ேଵ଴ܩ − (27180 − ଶߚேଵ଴ଶ)ℎଶܩ + ସߚேଵ଴ସℎସܩ + 19026ℎ଺ݎ(ݔேିଵ)
(118384 + ଴ߚ(ே଴ܩ + ଶߚே଴ଶℎଶܩ − (28992 − ସߚே଴ସ)ℎସܩ + 50736ℎ଺ݎ(ݔே) ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ
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ଵ௜ܨ = −ℎ݌ହ(ݔ௜) ,   ܨଶ௜ = 4ℎ݌ହ(ݔ௜) + 2ℎଶ݌ସ(ݔ௜) − ℎଷ݌ଷ(ݔ௜)   , 

ଷ௜ܨ  = −5ℎ݌ହ(ݔ௜) − 8ℎଶ݌ସ(ݔ௜) + 2ℎଷ݌ଷ(ݔ௜) + 2ℎସ݌ଶ(ݔ௜) − ℎହ݌ଵ(ݔ௜) 

ସ௜ܨ = 12ℎଶ݌ସ(ݔ௜) − 4ℎସ݌ଶ(ݔ௜) + 2ℎ଺݌଴(ݔ௜) , 

ହ௜ܨ  = 5ℎ݌ହ(ݔ௜) − 8ℎଶ݌ସ(ݔ௜) − 2ℎଷ݌ଷ(ݔ௜) + 2ℎସ݌ଶ(ݔ௜) + ℎହ݌ଵ(ݔ௜) , 

଺௜ܨ  = −4ℎ݌ହ(ݔ௜) + 2ℎ݌ସ(ݔ௜) + ℎଶ݌ଷ(ݔ௜) ,  

ଵ଴ܩ = 150ℎ݌ହ(ݔଵ) − 100ℎଶ݌ସ(ݔଵ) − 100ℎଷ݌ଷ(ݔଵ) + 150ℎସ݌ଶ(ݔଵ) − 75ℎହ݌ଵ(ݔଵ)  

ଵଵܩ = −540ℎ݌ହ(ݔଵ) + 300ℎଶ݌ସ(ݔଵ) + 300ℎଷ݌ଷ(ݔଵ) − 300ℎସ݌ଶ(ݔଵ) + 150ℎ଺݌଴(ݔଵ)  

ଵଶܩ = 720ℎ݌ହ(ݔଵ) − 300ℎଶ݌ସ(ݔଵ) − 300ℎଷ݌ଷ(ݔଵ) + 150ℎସ݌ଶ(ݔଵ) + 75ℎହ݌ଵ(ݔଵ) , 

ଵଷܩ = −420ℎ݌ହ(ݔଵ) + 100ℎଶ݌ସ(ݔଵ) + 100ℎଷ݌ଷ(ݔଵ) , ܩଵସ = 90ℎ݌ହ(ݔଵ) , 

ଵ଴ଷܩ = 60ℎ݌ହ(ݔଵ) − 100ℎଶ݌ସ(ݔଵ) + 50ℎଷ݌ଷ(ݔଵ) ,  

ଵ଴ହܩ = 45ℎ݌ହ(ݔଵ) + 25ℎଶ݌ସ(ݔଵ) − 50ℎଷ݌ଷ(ݔଵ) 

ଶ଴ܩ = 100ℎ݌ହ(ݔଶ) + 50ℎଶ݌ସ(ݔଶ) − 25ℎଷ݌ଷ(ݔଶ)  

ଶଵܩ = −360ℎ݌ହ(ݔଶ) − 200ℎଶ݌ସ(ݔଶ) + 50ℎଷ݌ଷ(ݔଶ) + 50ℎସ݌ଶ(ݔଶ) − 25ℎହ݌ଵ(ݔଶ) , 

ଶଶܩ = 480ℎ݌ହ(ݔଶ) + 300ℎଶ݌ସ(ݔଶ) − 100ℎସ݌ଶ(ݔଶ) + 50ℎ଺݌଴(ݔଶ) , 

ଶଷܩ = −280ℎ݌ହ(ݔଶ) − 200ℎଶ݌ସ(ݔଶ) − 50ℎଷ݌ଷ(ݔଶ) + 50ℎସ݌ଶ(ݔଶ) + 25ℎହ݌ଵ(ݔଶ) ,  

ଶସܩ = 60ℎ݌ହ(ݔଶ) + 50ℎଶ݌ସ(ݔଶ) + 25ℎଷ݌ଷ(ݔଶ), ଶ଴ଷܩ = 40ℎ݌ହ(ݔଶ),  

ଶ଴ହܩ  = −20ℎ݌ହ(ݔଶ)   

ேଵଵܩ = −30303ℎ݌ହ(ݔேିଵ) + 19026ℎଶ݌ସ(ݔேିଵ) − 9513ℎଷ݌ଷ(ݔேିଵ)  
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ேଵଶܩ =

162792ℎ݌ହ(ݔேିଵ) − 76104ℎଶ݌ସ(ݔேିଵ) + 19026ℎଷ݌ଷ(ݔேିଵ) + 19026ℎସ݌ଶ(ݔேିଵ) −

9513ℎହ݌ଵ(ݔேିଵ)  

ேଵଷܩ = −348138ℎ݌ହ(ݔேିଵ) + 11415ℎଶ݌ସ(ݔேିଵ) − 38052ℎସ݌ଶ(ݔேିଵ) +

19026ℎ଺݌଴(ݔேିଵ)  

ேଵସܩ =

329112ℎ݌ହ(ݔேିଵ) − 76104ℎଶ݌ସ(ݔேିଵ) − 9026ℎଷ݌ଷ(ݔேିଵ) + 19026ℎସ݌ଶ(ݔேିଵ) +

9513ℎହ݌ଵ(ݔேିଵ)  

ேଵ଴ܩ = −113463ℎ݌ହ(ݔேିଵ) + 19026ℎଶ݌ସ(ݔேିଵ) + 9513ℎଷ݌ଷ(ݔேିଵ)  

ேଵ଴ଶܩ = 41580ℎ݌ହ(ݔேିଵ) , ܩேଵ଴ସ = −7812ℎ݌ହ(ݔேିଵ) 

ே଴ܩ = −168ℎ݌ହ(ݔே) − 101472ℎଶ݌ସ(ݔே) − 25368ℎଷ݌ଷ(ݔே) + 50736ℎସ݌ଶ(ݔே) +

25368ℎହ݌ଵ(ݔே)  

ேଵܩ = −20328ℎ݌ହ(ݔே),ܩேଶ = 71235ℎ݌ହ(ݔே) + 50736ℎଶ݌ସ(ݔே) − 12684ℎଷ݌ଷ(ݔே)  

ேଷܩ = −81648ℎ݌ହ(ݔே) − 202944ℎଶ݌ସ(ݔே) + 50736ℎସ݌ଶ(ݔே) − 25368ℎହ݌ଵ(ݔே) , 

ேସܩ = 30912ℎ݌ହ(ݔே) + 253680ℎଶ݌ସ(ݔே) + 38052ℎଷ݌ଷ(ݔே) − 101472ℎସ݌ଶ(ݔே) +

50736ℎ଺݌଴(ݔே) , 

ே଴ଶܩ = −10080ℎ݌ହ(ݔே) + 50736ℎଶ݌ସ(ݔே) + 38052ℎଷ݌ଷ(ݔே), 

ே଴ସܩ = 29568ℎ݌ହ(ݔே) + 4228ℎଶ݌ସ(ݔே) − 9513ℎଷ݌ଷ(ݔே) 

Now we use the LU-decomposition with MATLAB method for solving the 

linear system (4.111) at several values of step-size (h) and then we use 

Extrapolation method to get more accuracy for the method without more 

calculations. 
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The algorithm (4.4) is as Algorithm (4.3) with some modification in A, c 

and G's function. See full MATLAB program (p.252-262) 

Example 4: Consider the linear sixth-order boundary value problem 

(ݔ)(௩௜)ݕ = (௩)ݕݔ2 − (௜௩)ݕଷݔ3 − ଶݔ3) − ᇱᇱᇱݕ(1 + ݔ10) + ᇱᇱݕ(3 + (3 + ݔ5 −

ᇱݕ(ଶݔ − ݔ2) − ݕ(ଶݔ + ݁ଶ௫(−80ݔସ − ଷݔ37 + ଶݔ110 − ݔ43 − 121),    

On 0 ≤ ݔ ≤1  

With boundary conditions: 

(0)ݕ  = 1, ᇱᇱᇱ(0)ݕ       = −4 , (0)(௩)ݕ = −48 ,  

(1)ݕ  = 0   , ᇱᇱ(1)ݕ = −4݁ଶ , (1)(௜௩)ݕ = −32݁ଶ   

So  ݌ହ(ݔ) = ,  ଶݔ2 (ݔ)ସ݌ = ,ଷݔ3− (ݔ)ଷ݌ = ଶݔ3)− − 1), (ݔ)ଶ݌  = ݔ10) + 3) , 

(ݔ)ଵ݌ = −(3 + ݔ5 − ,(ଶݔ (ݔ)଴݌ = ݔ2) −  ଶ) , Andݔ

(ݔ)ݎ = ݁ଶ௫(80ݔସ + ଷݔ37 − ଶݔ110 + ݔ43 + 121) on the interval [0,1] 

Now by applying algorithm (4.4) to the example we get the following 

results that approximated solutions at several values of h as listed in Table 

(4.7) 

 
 
Xi       Exact(Y)       w(h=0.05)     w(h=0.025)   w(h=0.0125)  w(h=0.0625)  Ext3(h=0.05)  Ext4(h=0.05) 
0.1   1.09926248   1.10573163   1.10171857   1.09994637   1.09963903   1.09928729   1.09955279 
0.2   1.19345976   1.20436731   1.19764037   1.19462614   1.19411233   1.19350295   1.19396966 
0.3   1.27548316   1.28901484   1.28071442   1.27694528   1.27631290   1.27553832   1.27613905 
0.4   1.33532456   1.34988745   1.34099789   1.33691274   1.33623713   1.33538545   1.33605309 
0.5   1.35914091   1.37336717   1.36472017   1.36070490   1.36004924   1.35920172   1.35987211 
0.6   1.32804677   1.34079590   1.33307461   1.32945779   1.32887359   1.32810227   1.32871690 
0.7   1.21655999   1.22691989   1.22066350   1.21771264   1.21724020   1.21660575   1.21711425 
0.8   0.99060648   0.99789336   0.99350179   0.99142028   0.99108921   0.99063901   0.99100135 
0.9   0.60496475   0.60872251   0.60646055   0.60538534   0.60521502   0.60498162   0.60516995 

Table 4.7 
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The previous results reveal that the approximated solutions for first value 

of h are not good but in the next values of  h are some where realstic, but 

we note at Ext4 column the values start to be far away from the exact 

result, so the errors at Ext4 are increasing while before that are decreasing, 

so this means that there are a good range for the h value must be choisen to 

get good results either using extapolation or any method else. The errors of 

approximations is listed in (4.8)  
ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  1.4563 × 10ିଶ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  5.6733 × 10ିଷ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    1.5882 × 10ିଷ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૟૛૞)|    9.1258 × 10ିସ 
ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૙૞)|  6.0891 × 10ିହ 
ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૙૞)|  7.3120 × 10ିସ 

The previous errors' table shows that a good approximation appear when 

h=0.0125, so this method's accuracy must be accelerated in its end points 

using higher order convergence to get more efficient results. 

We can continue in using higher extrapolations until the error for 

Ext4(0.05) starts to be larger, but any way the approximated solution for 

problem in this way at h=0.05, 0.0125 is better than that in method(4.3). 

 
 
 
 
 
 

Table 4.8 
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4.5 Finite-Difference Method (4.5) For Solving Linear 
Seventh-Order Boundary-Value Problem: 

Consider the linear seventh-order boundary-value problem: 

(ݔ)(௩௜௜)ݕ = (௩௜)ݕ(ݔ)଺݌ + (௩)ݕ(ݔ)ହ݌ + (௜௩)ݕ(ݔ)ସ݌ + (ݔ)ᇱᇱᇱݕ(ݔ)ଷ݌ +

ᇱᇱݕ(ݔ)ଶ݌ + ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ + ܽ     ,ݔ ݎ݋݂ (ݔ)ݎ ≤ ݔ ≤ ܾ                …(4.112) 

With especial seven boundary conditions 

(ܽ)ݕ = ,  ଴ߙ (ܽ)ᇱݕ = , ଵߙ (ܽ)ᇱᇱݕ = ,ଶߙ (ܽ)(௩)ݕ =   , ହߙ

(ܾ)ݕ                       = ,  ଴ߚ (ܾ)ᇱݕ = ,    ସߚ (ܾ)(௩)ݕ =  ହ                        …(4.113)ߚ

To approximate the solution to this problem we will follow the same steps 

in the previous sections by dividing the interval [a,b] into N+1 equal 

subintervals (N>6) whose endpoints xi=a+ih ,for i=0,1,2,…,N+1, then we 

substitute all derivatives by second order centered finite-difference 

formulas for each derivatives. 

(௜ݔ)(௩௜୧)ݕ = 

௬షఱିଵ଴௬(௫೔షర)ାସଶ௬(௫೔షయ)ିଽ଼௬(௫೔షమ)ାଵସ଴௬(௫೔షభ)ିଵଶ଺௬(௫೔)ା଻଴௬(௫೔శభ)ିଶଶ௬(௫೔శమ)ାଷ୷(௫೔శయ)
ଶ௛ళ + ೓మ

భమݕ(௩௜௜௜௜)(ω୧)  

…(4.114) 

We use this especially for two reasons; the first is to decrease number of 

diagonals in the system matrix, in order to decrease calculations. 

The second reason is the non symmetric of the number of the boundary-

conditions at the endpoints in the problem, which control the convergence 

of the method at these points.  
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 Now by substituting the finite-difference formulas for derivatives 

(4.3),(4.4), (4.5),(4.6),(4.72), (4.73) and (4.114) in Eq.(4.112) we get  

௬షఱିଵ଴௬(௫೔షర)ାସଶ௬(௫೔షయ)ିଽ଼௬(௫೔షమ)ାଵସ଴௬(௫೔షభ)ିଵଶ଺௬(௫೔)ା଻଴௬(௫೔శభ)ିଶଶ௬(௫೔శమ)ାଷ୷(௫೔శయ)
ଶ௛ళ =

(௜ݔ)଺݌ ቂ௬(௫೔షయ)ି଺௬(௫೔షమ)ାଵହ௬(௫೔షభ)ିଶ଴୷(୶౟)ାଵହ௬(௫೔శభ)ି଺௬(௫೔శమ)ା௬(௫೔శయ)
௛ల ቃ +

(௜ݔ)ହ݌ ቂି௬(௫೔షయ)ାସ௬(௫೔షమ)ିହ௬(௫೔షభ)ାହ௬(௫೔శభ)ିସ௬(௫೔శమ)ା௬(௫೔శయ)
ଶ௛ఱ ቃ +

(௜ݔ)ସ݌ ቂ௬(௫೔షమ)ିସ௬(௫೔షభ)ା଺௬(௫೔)ିସ௬(௫೔శభ)ା௬(௫೔శమ)
௛ర ቃ +

(௜ݔ)ଷ݌ ቂି௬(௫೔షమ)ାଶ௬(௫೔షభ)ିଶ௬(௫೔శభ)ା௬(௫೔శమ)
ଶ௛య ቃ + (௜ݔ)ଶ݌ ቂ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)

௛మ ቃ +

(௜ݔ)ଵ݌ ቂ௬(௫೔శభ)ି௬(௫೔షభ)
ଶ௛

ቃ + (௜ݔ)ݕ(௜ݔ)଴݌ + (௜ݔ)ݎ − ೓మ

భమ[݌ଵ(ݔ௜)ݕᇱᇱᇱ(ߦ௜) +

(௜ߟ)(௜௩)ݕ(௜ݔ)ଶ݌2 + (௜ߞ)(௩)ݕ(௜ݔ)ଷ݌3 + (௜߮)(௩௜)ݕ(௜ݔ)ସ݌2 + (௜ߩ)(௩௜௜)ݕ(௜ݔ)ହ݌4 +

(௜ߛ)(௩௜௜௜)ݕ(௜ݔ)଺݌3 −  (4.115)…                                                        [(௜߱)(௜௫)ݕ5

A Finite-Difference method with truncation error of order ܱ(ℎଶ) results by 

using (4.115) together with the boundary conditions (4.113) to define  

଴ݓ = ,  ଴ߙ ଴ݓ
ᇱ = ,ଵߙ ଴ݓ

ᇱᇱᇱ = , ଷߙ ଴ݓ
(௩) =  ,ହߙ

ேାଵݓ = ,  ଴ߚ ேାଵݓ
(௜௩) = ,ସߚ ேାଵݓ

(௩௜) =    ଺ߚ

and  

(3+݅ݔ)3y+(2+݅ݔ)ݕ22−(1+݅ݔ)ݕ70+(݅ݔ)ݕ126−(1−݅ݔ)ݕ140+(2−݅ݔ)ݕ98−(3−݅ݔ)ݕ42+(4−݅ݔ)ݕ10−5−ݕ

ଶ௛ళ −

(௜ݔ)଺݌ ቂ௬(௫೔షయ)ି଺௬(௫೔షమ)ାଵହ௬(௫೔షభ)ିଶ଴୷(୶౟)ାଵହ௬(௫೔శభ)ି଺௬(௫೔శమ)ା௬(௫೔శయ)
௛ల ቃ −

(௜ݔ)ହ݌ ቂି௬(௫೔షయ)ାସ௬(௫೔షమ)ିହ௬(௫೔షభ)ାହ௬(௫೔శభ)ିସ௬(௫೔శమ)ା௬(௫೔శయ)
ଶ௛ఱ ቃ −

(௜ݔ)ସ݌ ቂ௬(௫೔షమ)ିସ௬(௫೔షభ)ା଺௬(௫೔)ିସ௬(௫೔శభ)ା௬(௫೔శమ)
௛ర ቃ −

(௜ݔ)ଷ݌ ቂି௬(௫೔షమ)ାଶ௬(௫೔షభ)ିଶ௬(௫೔శభ)ା௬(௫೔శమ)
ଶ௛య ቃ − (௜ݔ)ଶ݌ ቂ௬(௫೔షభ)ିଶ௬(௫೔)ା௬(௫೔శభ)

௛మ ቃ −

(௜ݔ)ଵ݌ ቂ௬(௫೔శభ)ି௬(௫೔షభ)
ଶ௛

ቃ − (௜ݔ)ݕ(௜ݔ)଴݌ =  (4.116)…                                       (௜ݔ)ݎ

For each i=5,…,N-2 . 

Now by multiplying Eq.(4.116) by 2ℎ଺ it can be written as : 
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௜ିହݓ − ௜ିସݓ10 + [42 − 2ℎ݌଺(ݔ௜) + ℎଶ݌ହ(ݔ௜)]ݓ௜ିଷ − [98 − (௜ݔ)଺݌12 − 4ℎଶ݌ହ(ݔ௜) −

2ℎଷ݌ସ(ݔ௜) − ℎସ݌ଷ(ݔ௜)]ݓ௜ିଶ + [140 − 30ℎ݌଺(ݔ௜) + 5ℎଶ݌ହ(ݔ௜) + 8ℎଷ݌ସ(ݔ௜) −

2ℎସ݌ଷ(ݔ௜) − 2ℎହ݌ଶ(ݔ௜) + ℎ଺݌ଵ(ݔ௜)]ݓ௜ିଵ − [126 − 40ℎ݌଺(ݔ௜) + 12ℎଷ݌ସ(ݔ௜) −

4ℎହ݌ଶ(ݔ௜) + 2ℎ଻݌଴(ݔ௜)]ݓ௜ + [70 − 30ℎ݌଺(ݔ௜) − 5ℎଶ݌ହ(ݔ௜) + 8ℎଷ݌ସ(ݔ௜) +

2ℎସ݌ଷ(ݔ௜) − 2ℎହ݌ଶ(ݔ௜) − ℎ଺݌ଵ(ݔ௜)]ݓ௜ାଵ − [22 − 12ℎ݌଺(ݔ௜) − 4ℎଶ݌ହ(ݔ௜) +

2ℎଷ݌ସ(ݔ௜) − ℎସ݌ଷ(ݔ௜)]ݓ௜ାଶ + [3 − 2ℎ݌଺(ݔ௜) − ℎଶ݌ହ(ݔ௜)]ݓ௜ାଷ = 2ℎ଻ݎ(ݔ௜) …(4.117) 

But this formula is suitable for N-6 mesh points, so we need to derive 

special formulas when i=1, 2, 3, 4, N-1, N using the boundary conditions 

To derive new finite-difference formula at i=1 we use equations (4.11) and 

(4.12) for first and second derivatives and new finite-difference 

approximations for third up to seventh-order derivatives that satisfy the 

boundary conditions (4.113) with more one up to three points to maintain 

second order convergence for formula using Algorithm(1.2). 

ଵݕ
ᇱᇱᇱ = ଷଽ௬బିସ଼௬భାଽ௬మାଷ଴௛௬బ

ᇲା଺௛మ௬బ
ᇲᇲ

ସ௛య − ೓య

లబݕ(௩௜)(ߞଵ)                              …(4.13)           

ଵݕ
(௜௩) = ଵଵଷହ௬బିଵ଴଼଴௬భିଵଷହ௬మା଼଴௬యିଵଵଵ଴௛௬బ

ᇲାସହ଴௛మ௬బ
ᇲᇲାଵ଼௛ఱ௬బ

(ೡ)

ଵଷହ௛ర − ర೓య

లయ  (4.118). (ଵ߮)(௩௜)ݕ

ଵݕ
(௩) = ିସଷ଻ହ௬బାହ଺ସ଴௬భିଵହଷ଴௬మାଶ଼଴௬యିଵହ௬రିଷଷ଺଴௛௬బ

ᇲିଽ଴଴௛మ௬బ
ᇲᇲି଼௛ఱ௬బ

(ೡ)

଻଴௛ఱ + ೓య

భభళలݕ(௩ଵ௜௜)(ߩଵ)   

                                                                                                                 …(4.119) 

ଵݕ
(௩௜) = ଵସ଼଻ହ௬బିଶଷ଴ସ଴௬భାଵଵ଼଼଴௬మିସସ଼଴௬యା଻଺ହ௬రାଽ଺଺଴௛௬బ

ᇲ ାଵ଼଴଴௛మ௬బ
ᇲᇲିସଷଶ௛ఱ௬బ

(ೡ)

଼ସ଴௛ల − ళవ೓మ

యవమ   (ଵߛ)(௩௜௜௜)ݕ

…(4.120) 

ଵݕ
(௩௜௜) = ିଵ଴ହ଴଴௬బାଶଷ଴ସ଴௬భିଶଷହଷହ௬మାଵ଺଻଺଴௬యି଻ଷ଼଴௬రାଵ଼଴଴௬ఱିଵ଼ହ௬లିସ଺ଶ଴௛௬బ

ᇲ ାଶଷସ௛ఱ௬బ
(ೡ)

ଷଵହ௛ళ +

యలవ೓మ

భఴలభ  (4.121)…                                                                                                 (ଵ߱)(௩௜௜௜௜)ݕ
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Now by substituting equations (4.11),(4.12),(4.13) ,(4.118), (4.119), 

(4.120) and (4.121) in Eq.(4.112) we get 

ିଵ଴ହ଴଴௬బାଶଷ଴ସ଴௬భିଶଷହଷହ௬మାଵ଺଻଺଴௬యି଻ଷ଼଴௬రାଵ଼଴଴௬ఱିଵ଼ହ௬లିସ଺ଶ଴௛௬బ
ᇲାଶଷସ௛ఱ௬బ

(ೡ)

ଷଵହ௛ళ =

(ଵݔ)଺݌ ൤ଵସ଼଻ହ௬బିଶଷ଴ସ଴௬భାଵଵ଼଼଴௬మିସସ଼଴௬యା଻଺ହ௬రାଽ଺଺଴௛௬బ
ᇲ ାଵ଼଴଴௛మ௬బ

ᇲᇲିସଷଶ௛ఱ௬బ
(ೡ)

଼ସ଴௛ల ൨ +

(ଵݔ)ହ݌ ൤ିସଷ଻ହ௬బାହ଺ସ଴௬భିଵହଷ଴௬మାଶ଼଴௬యିଵହ௬రିଷଷ଺଴௛௬బ
ᇲିଽ଴଴௛మ௬బ

ᇲᇲି଼௛ఱ௬బ
(ೡ)

଻଴௛ఱ ൨ +

(ଵݔ)ସ݌ ൤ଵଵଷହ௬బିଵ଴଼଴௬భିଵଷହ௬మା଼଴௬యିଵଵଵ଴௛௬బ
ᇲ ାସହ଴௛మ௬బ

ᇲᇲାଵ଼௛ఱ௬బ
(ೡ)

ଵଷହ௛ర ൨ +

(ଵݔ)ଷ݌ ቂଷଽ௬బିସ଼௬భାଽ௬మାଷ଴௛௬బ
ᇲା଺௛మ௬బ

ᇲᇲ

ସ௛య ቃ + (ଵݔ)ଶ݌ ቂ௬బିଶ௬భା௬మ
௛మ ቃ + (ଵݔ)ଵ݌ ቂ௬మି௬భ

௛
ቃ +

ଵݕ(ଵݔ)଴݌ + (ଵݔ)ݎ − ೓మ

యమఴమఴబరబ[2735670݌ଵ(ݔଵ)ݕᇱᇱᇱ(ߦଵ) + (ଵߟ)(௜௩)ݕ(ଵݔ)ଶ݌5471340 +

547134ℎ݌ଷ(ݔଵ)ݕ(௩௜)(ߞଵ) + 2084320ℎ݌ସ(ݔଵ)ݕ(௩௜௜)(߮ଵ) − 27915ℎ݌ହ(ݔଵ)ݕ(௩௜௜௜)(ߩଵ) +

(ଵߛ)(௩௜௜)ݕ(ଵݔ)଺݌6615855 +  (4.122)...                                         [(ଵ߱)(௜௫)ݕ6509160

By omitting the error term and multiplying the previous equation by 7560ℎ଺ 

we get the finite-difference formula at i=1 

−[252000 + 133875ℎ݌଺(ݔଵ) − 472500ℎଶ݌ହ(ݔଵ) − 63560ℎଷ݌ସ(ݔଵ) +

73710ℎସ݌ଷ(ݔଵ) + 7560ℎହ݌ଶ(ݔଵ) − 3780ℎ଺݌ଵ(ݔଵ)]ݓ଴ +

[552960 + 207360ℎ݌଺(ݔଵ) − 609120ℎଶ݌ହ(ݔଵ) + 60480ℎଷ݌ସ(ݔଵ) +

90720ℎସ݌ଷ(ݔଵ) + 15120ℎହ݌ଶ(ݔଵ) − 7560ℎ଻݌଴(ݔଵ)]ݓଵ −

[564840 + 106920ℎ݌଺(ݔଵ) − 165240ℎଶ݌ହ(ݔଵ) − 7560ℎଷ݌ସ(ݔଵ) +

17010ℎସ݌ଷ(ݔଵ) + 7560ℎହ݌ଶ(ݔଵ) + 3780ℎ଺݌ଵ(ݔଵ)]ݓଶ +

[402240 + 40320ℎ݌଺(ݔଵ) − 30240ℎଶ݌ହ(ݔଵ) − 4480ℎଷ݌ସ(ݔଵ)]ݓଷ − [177120 +

6885ℎ݌଺(ݔଵ) − 1620ℎଶ݌ହ(ݔଵ)]ݓସ + ହݓ43200 − ଺ݓ4440 −

[4620 + 86940ℎ݌଺(ݔଵ) − 362880ℎଶ݌ହ(ݔଵ) − 62160ℎଷ݌ସ(ݔଵ) + 56700 −

30240ℎସ݌ଷ(ݔଵ)]ℎݓ଴
ᇱ − [16200ℎ݌଺(ݔଵ) − 97200ℎଶ݌ହ(ݔଵ) + 25200ℎଷ݌ସ(ݔଵ) +

11340ℎସ݌ଷ(ݔଵ)]ℎଶݓ଴
ᇱᇱ + [5616 + 3888ℎ݌଺(ݔଵ) + 864ℎଶ݌ହ(ݔଵ) −

1008ℎଷ݌ସ(ݔଵ)]ℎହݓ଴
(௩) = 7560ℎ଻ݎ(ݔଵ)                                                            …(4.123) 
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To find the suitable finite-difference formula at i=2 we follow the same 

steps as i=1. 

We will use the equations (4.18),(4.19),(4.20) and (4.21) that satisfy the 

boundary conditions (4.113)and derive a new formula for fifth, sixth and 

seventh-order derivatives at i=2 with one more point for sixth and seventh-

order  

ଶݕ
(௩) = ଼଺ଷ௬బିଵ଺ଶ଴௬భାଵଵସ଴௬మିସସ଴௬యାସହ௬రାଵଶ௬ఱାସଶ଴௛௬బ

ᇲିଵଵ௛ఱ௬బ
(ೡ)

଼ହ௛ఱ − ళ೓య

ఱభ  (4.124) …  (ଶߩ)(௩௜௜௜)ݕ

ଶݕ
(௩௜) = ିଽ଺ହ௬బାଶଵଷ଴௬భିଶଵ଺଴௬మାଵସ଺଴௬యିହହହ௬రାଽ଴௬ఱିସଶ଴௛௬బ

ᇲି଺௛ఱ௬బ
(ೡ)

଼ହ௛ల − భవ೓మ

లఴ   (ଶߛ)(௩௜௜௜)ݕ

…(4.125) 

ିଵ଺ସଵହ௬బାଶସଵଽଶ௬భିଵଵଷସ଴௬మାସସ଼଴௬యିଽସହ௬రାଶଷ଼଴௬లିଵଵଷସ଴௛௬బ
ᇲିଶହଶ଴௛మ௬బ

ᇲᇲ

ଵସସ௛ళ − భళ೓మ

ళమ    (ଶ߱)(௜௫)ݕ

         …(4.126) 

By substituting equations (4.18),(4.19),(4.20),(4.21),(4.124),(4.125) and 

(4.126) in Eq.(4.112) we get 

ିଵ଺ସଵହ௬బାଶସଵଽଶ௬భିଵଵଷସ଴௬మାସସ଼଴௬యିଽସହ௬రାଶଷ଼଴௬లିଵଵଷସ଴௛௬బ
ᇲିଶହଶ଴௛మ௬బ

ᇲᇲ

ଵସସ௛ళ =

(ଶݔ)଺݌ ൤ିଽ଺ହ௬బାଶଵଷ଴௬భିଶଵ଺଴௬మାଵସ଺଴௬యିହହହ௬రାଽ଴௬ఱିସଶ଴௛௬బ
ᇲି଺௛ఱ௬బ

(ೡ)

଼ହ௛ల ൨ +

(ଶݔ)ହ݌ ൤଼଺ଷ௬బିଵ଺ଶ଴௬భାଵଵସ଴௬మିସସ଴௬యାସହ௬రାଵଶ௬ఱାସଶ଴௛௬బ
ᇲିଵଵ௛ఱ௬బ

(ೡ)

଼ହ௛ఱ ൨ +

(ଶݔ)ସ݌ ቂ௬బିସ௬భା଺௬మିସ௬యା௬ర

௛ర ቃ + (ଶݔ)ଷ݌ ቂି௬బାଶ௬భିଶ௬యା௬ర

ଶ௛య ቃ + (ଶݔ)ଶ݌ ቂ௬భିଶ௬మା௬య

௛మ ቃ +

(ଶݔ)ଵ݌ ቂ௬యି௬భ

ଶ௛
ቃ + (ଶݔ)ݕ(ଶݔ)଴݌ + (ଶݔ)ݎ − ೓మ

భమమర[102݌ଵ(ݔଶ)ݕᇱᇱᇱ(ߦଶ) +

(ଶߟ)(௜௩)ݕ(ଶݔ)ଶ݌204 + (ଶߞ)(௩)ݕ(ଶݔ)ଷ݌306 + (ଶ߮)(௩௜)ݕ(ଶݔ)ସ݌204 +

168ℎ݌ହ(ݔଶ)ݕ(௩௜௜௜)(ߩଶ) + (ଶߛ)(௩௜௜௜)ݕ(ଶݔ)଺݌342 −  (4.127)...         [(ଶ߱)(௜௫)ݕ289

By omitting the error term and multiplying the previous equation by 

12240ℎ଻ we get the finite-difference formula at i=2  
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−[1395275 − 138960ℎ݌଺(ݔଶ) + 124272ℎଶ݌ହ(ݔଶ) + 12240ℎଷ݌ସ(ݔଶ) −

6120ℎସ݌ଷ(ݔଶ)]ݓ଴ + [2056320 − 306720ℎ݌଺(ݔଶ) + 233280ℎଶ݌ହ(ݔଶ) +

48960ℎଷ݌ସ(ݔଶ) − 12240ℎସ݌ଷ(ݔଶ) − 12240ℎହ݌ଶ(ݔଶ) + 6120ℎ଺݌ଵ(ݔଶ)]ݓଵ −

[963900 − 311040ℎ݌଺(ݔଶ) + 164160ℎଶ݌ହ(ݔଶ) − 73440ℎଷ݌ସ(ݔଶ) −

24480ℎହ݌ଶ(ݔଶ) + 12240ℎ଻݌଴(ݔଶ)]ݓଶ +

[380800 − 210240ℎ݌଺(ݔଶ) + 63360ℎଶ݌ହ(ݔଶ) + 48960ℎଷ݌ସ(ݔଶ) +

12240ℎସ݌ଷ(ݔଶ) − 12240ℎହ݌ଶ(ݔଶ) − 6120ℎ଺݌ଵ(ݔଶ)]ݓଷ −

[80325 − 79920ℎ݌଺(ݔଶ) + 6480ℎଶ݌ହ(ݔଶ) + 12240ℎଷ݌ସ(ݔଶ) + 6120ℎସ݌ଷ(ݔଶ)]ݓସ −

[12960ℎ݌଺(ݔଶ) + 1728ℎଶ݌ହ(ݔଶ)]ݓହ + ଺ݓ2380 − [963900 − 60480ℎ݌଺(ݔଶ) +

60480ℎଶ݌ହ(ݔଶ)]ℎݓ଴
ᇱ − 214200ℎଶݓ଴

ᇱᇱ + [864ℎ݌଺(ݔଶ) + 1584ℎଶ݌ହ(ݔଶ)]ℎହݓ଴
(௩) =

12240ℎ଻ݎ(ݔଶ)                                                                                                   …(4.128) 

Now we will derive the finite-difference formula at i=3, we will use the 

equations (4.25), (4.26), (4.27) and (4.28) for first up to fourth-derivative 

and we will use  

ଷݕ                     
(௩) = 6ݕ+5ݕ4−4ݕ5+2ݕ5−1ݕ4+0ݕ−

2ℎ5 − ℎ2

3
 (4.129)…               (3ߩ)(݅݅ݒ)ݕ

ଷݕ          
(௩௜) =  ௬బି଺௬భାଵହ௬మିଶ଴௬యାଵହ௬రି଺௬ఱା௬ల

௛ల − ೓మ

ల  (4.130)…       (ଷߛ)(௩௜௜௜)ݕ

ଷݕ
(௩௜௜) = ଵ଴଴଼௬బିଶସ଴଴௬భାଶ଼଺ହ௬మିଶସସ଴௬యାଵଷଶ଴௬రିସ଴଼௬ఱାହହ௬లାସଶ଴௛௬బ

ᇲି଺௛ఱ௬బ
(ೡ)

ଷହ௛ళ +
భవ೓మ

ఴరబ  (4.131)…                                                                                     (ଷ߱)(௜௫)ݕ

By substituting equations (4.25), (4.26), (4.27), (4.28), (4.129), (4.130) and 

(4.131) in Eq.(4.112) we get 

ଵ଴଴଼௬బିଶସ଴଴௬భାଶ଼଺ହ௬మିଶସସ଴௬యାଵଷଶ଴௬రିସ଴଼௬ఱାହହ௬లାସଶ଴௛௬బ
ᇲି଺௛ఱ௬బ

(ೡ)

ଷହ௛ళ =

(ଷݔ)଺݌ ቂ
6ݕ+5ݕ6−4ݕ15+3ݕ20−2ݕ15+1ݕ6−0ݕ

ℎ6 ቃ + (ଷݔ)ହ݌ ቂି௬బାସ௬భିହ௬మାହ௬రିସ௬ఱା௬ల

ଶ௛ఱ ቃ +

(ଷݔ)ସ݌ ቂ௬భିସ௬మା଺௬యିସ௬రା௬ఱ

௛ర ቃ + (ଷݔ)ଷ݌ ቂି௬భାଶ௬మିଶ௬రା௬ఱ

ଶ௛య ቃ + (ଷݔ)ଶ݌ ቂ௬మିଶ௬యା௬ర

௛మ ቃ +

(ଷݔ)ଵ݌ ቂ௬రି௬మ

ଶ௛
ቃ + ଷݕ(ଷݔ)଴݌ + (ଷݔ)ݎ − ೓మ

ఴరబ[70݌ଵ(ݔଷ)ݕᇱᇱᇱ(ߦଷ) +
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(ଷߟ)(௜௩)ݕ(ଷݔ)ଶ݌140 + (ଷߞ)(௩)ݕ(ଷݔ)ଷ݌210 + (ଷ߮)(௩௜)ݕ(ଷݔ)ସ݌140 +

280ℎ݌ହ(ݔଷ)ݕ(௩௜௜)(ߩଷ) + (ଷߛ)(௩௜௜௜)ݕ(ଷݔ)଺݌210 +  (4.132)...         [(ଷ߱)(௜௫)ݕ19

By omitting the error term and multiplying the previous equation by 70ℎ଻ 

we get the finite-difference formula at i=3  

[2016 − 70ℎ݌଺(ݔଷ) + 35ℎଶ݌ହ(ݔଷ)]ݓ଴ − [4800 − 420ℎ݌଺(ݔଷ) + 140ℎଶ݌ହ(ݔଷ) +

70ℎଷ݌ସ(ݔଷ) − 35ℎସ݌ଷ(ݔଶ)]ݓଵ + [5730 − 1050ℎ݌଺(ݔଷ) + 175ℎଶ݌ହ(ݔଷ) −

280ℎଷ݌ସ(ݔଷ) + 70ℎସ݌ଷ(ݔଷ) − 70ℎହ݌ଶ(ݔଷ) + 35ℎ଺݌ଵ(ݔଷ)]ݓଶ − [4880 −

1400ℎ݌଺(ݔଷ) + 420ℎଷ݌ସ(ݔଷ) − 140ℎହ݌ଶ(ݔଷ) + 70ℎ଻݌଴(ݔଷ)]ݓଷ + [2640 −

1050ℎ݌଺(ݔଷ) − 175ℎଶ݌ହ(ݔଷ) + 280ℎଷ݌ସ(ݔଷ) + 70ℎସ݌ଷ(ݔଷ) − 70ℎହ݌ଶ(ݔଷ) −

35ℎ଺݌ଵ(ݔଷ)]ݓସ − [816 − 420ℎ݌଺(ݔଷ) − 140ℎଶ݌ହ(ݔଷ) + 70ℎଷ݌ସ(ݔଷ) +

35ℎହ݌ଷ(ݔଷ)]ݓହ + [110 − 70ℎ݌଺(ݔଷ) − 35ℎଶ݌ହ(ݔଷ)]ݓ଺ + 840ℎݓ଴
ᇱ − 12ℎହݓ଴

(௩) =

70ℎ଻ݎ(ݔଷ)                                                                                                         …(4.133) 

To derive a suitable formula at i=4 we use the following equations which 

are the centered finite-difference formulas for first up to sixth derivatives at 

i=4 and a special formula for seventh derivative that maintains second 

order convergence and satisfies the boundary conditions (4.113) using 

Algorithm(1.2) many times with several permutations of using boundary 

conditions to get best local truncation error for the formula. 

ସݕ                                  
ᇱ = 3ݕ−5ݕ

2ℎ
− ℎ2

12
 (4.134)…                                      (4ߦ)′′′ݕ

ସݕ                             
ᇱᇱ =  ௬యିଶ௬రା௬ఱ

௛మ − ೓మ

ల  (4.135)…                         (ସߟ)(௜௩)ݕ

ସݕ                          
ᇱᇱᇱ = 6ݕ+5ݕ2−3ݕ2+2ݕ−

2ℎ3 − ℎ2

4
 (4.136)…                           (4ߞ)(ݒ)ݕ

ସݕ                  
(௜௩) =  ௬మିସ௬యା଺௬రିସ௬ఱା௬ల

௛ర − ೓మ

ల  (4.137)…                   (ସ߮)(௩௜)ݕ

ସݕ                
(௩) = 7ݕ+6ݕ4−5ݕ5+3ݕ5−2ݕ4+1ݕ−

2ℎ5 − ℎ2

3
 (4.138)…                     (4ߩ)(݅݅ݒ)ݕ



120 
 

ସݕ          
(௩௜) =  ௬భି଺௬మାଵହ௬యିଶ଴௬రାଵହ௬ఱି଺௬లା௬ళ

௛ల − ೓మ

ర  (4.139)…       (ସߛ)(௩௜௜௜)ݕ

ସݕ
(௩௜௜) = 

ିଵଵଽସ௬బାଷ଺଻ହ௬భି଺଺ଵହ௬మା଼ହ଻ହ௬యି଻ଷହ଴௬రାଷଽ଺ଽ௬ఱିଵଶଶହ௬లାଵ଺ହ௬ళିସଶ଴௛௬బ
ᇲ

ଵ଴ହ௛ళ + ೓మ

యలݕ(௜௫)(߱ସ)  

                                                                                                       …(4.140) 

By substituting equations (4.134),(4.135),(4.136),(4.137),(4.138),(4.139) 

and (4.140) in Eq.(4.112) we get 

ିଵଵଽସ௬బାଷ଺଻ହ௬భି଺଺ଵହ௬మା଼ହ଻ହ௬యି଻ଷହ଴௬రାଷଽ଺ଽ௬ఱିଵଶଶହ௬లାଵ଺ହ௬ళିସଶ଴௛௬బ
ᇲ

ଵ଴ହ௛ళ =

(ସݔ)଺݌ ቂ
7ݕ+6ݕ6−5ݕ15+4ݕ20−3ݕ15+2ݕ6−1ݕ

ℎ6 ቃ + (ସݔ)ହ݌ ቂି௬భାସ௬మିହ௬యାହ௬ఱିସ௬లା௬ళ

ଶ௛ఱ ቃ +

(ସݔ)ସ݌ ቂ
6ݕ+5ݕ4−4ݕ6+3ݕ4−2ݕ

ℎ4 ቃ + (ସݔ)ଷ݌ ቂି௬మାଶ௬యିଶ௬ఱା௬ల

ଶ௛య ቃ + (ସݔ)ଶ݌ ቂ௬యିଶ௬రା௬ఱ

௛మ ቃ +

(ଷݔ)ଵ݌ ቂ௬ఱି௬య

ଶ௛
ቃ + ସݕ(ସݔ)଴݌ + (ସݔ)ݎ − ೓మ

యల[3݌ଵ(ݔସ)ݕᇱᇱᇱ(ߦସ) + (ସߟ)(௜௩)ݕ(ସݔ)ଶ݌6 +

(ସߞ)(௩)ݕ(ସݔ)ଷ݌9 + (ସ߮)(௩௜)ݕ(ସݔ)ସ݌6 + 12ℎ݌ହ(ݔସ)ݕ(௩௜௜)(ߩସ) +

(ସߛ)(௩௜௜௜)ݕ(ସݔ)଺݌9 +  (4.141)...                                                          [(ସ߱)(௜௫)ݕ

By omitting the error term and multiplying the previous equation by 210ℎ଻ 

we get the finite-difference formula at i=4  

଴ݓ2388− + [7350 − 210ℎ݌଺(ݔସ) + 105ℎଶ݌ହ(ݔସ)]ݓଵ − [13230 − 1260ℎ݌଺(ݔସ) +

420ℎଶ݌ହ(ݔସ) + 210ℎଷ݌ସ(ݔସ) − 105ℎସ݌ଷ(ݔସ)]ݓଶ + [17150 − 3150ℎ݌଺(ݔସ) +

525ℎଶ݌ହ(ݔସ) − 840ℎଷ݌ସ(ݔସ) + 210ℎସ݌ଷ(ݔସ) − 210ℎହ݌ଶ(ݔସ) + 105ℎ଺݌ଵ(ݔସ)]ݓଷ −

[14700 − 4200ℎ݌଺(ݔସ) + 1260ℎଷ݌ସ(ݔସ) − 420ℎହ݌ଶ(ݔସ) + 210ℎ଻݌଴(ݔସ)]ݓସ +

[7938 − 3150ℎ݌଺(ݔସ) − 525ℎଶ݌ହ(ݔସ) + 840ℎଷ݌ସ(ݔସ) + 210ℎସ݌ଷ(ݔସ) −

210ℎହ݌ଶ(ݔସ) − 105ℎ଺݌ଵ(ݔସ)]ݓହ − [2450 − 1260ℎ݌଺(ݔସ) − 420ℎଶ݌ହ(ݔସ) +

210ℎଷ݌ସ(ݔସ) + 105ℎହ݌ଷ(ݔସ)]ݓ଺ + [330 − 210ℎ݌଺(ݔସ) − 105ℎଶ݌ହ(ݔସ)]ݓ଻ −

840ℎݓ଴
ᇱ = 210ℎ଻ݎ(ݔସ)                                                                         …(4.142) 
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To find the suitable finite-difference formula at i=N-1, we use the 

equations (4.57),(4.58),(4.59)and (4.60) that are the centered finite 

difference approximations at i=N-1and derive a new formula for fifth, sixth 

and seventh-order derivatives at i=N-1 with one more point for seventh-

order  

ேିଵݕ
(௩) = ିଵଶ௬ಿషరିସହ௬ಿషయାସସ଴௬ಿషమିଵଵସ଴௬ಿషభାଵ଺ଶ଴௬ಿି଼଺ଷ௬ಿశభାସଶ଴௛௬ಿశభ

ᇲ ିଵଵ௛ఱ௬ಿశభ
(ೡ)

଼ହ௛ఱ +

ళ೓య

ఱభ  (4.143)…                                                                                           (ேିଵߩ)(௩௜௜௜)ݕ

ேିଵݕ
(௩௜) = ଽ଴௬ಿషరିହହହ௬ಿషయାଵସ଺଴௬ಿషమିଶଵ଺଴௬ಿషభାଶଵଷ଴௬ಿିଽ଺ହ௬ಿశభାସଶ଴௛௬ಿశభ

ᇲ ା଺௛ఱ௬ಿశభ
(ೡ)

଼ହ௛ల −

భవ೓మ

లఴ  (4.144)…                                                                                          (ேିଵߛ)(௩௜௜௜)ݕ

ேିଵݕ
(௩௜௜) = ଶହ௪ಿషలିଶସହ௪ಿషఱାଵ଴ଶଽ௬ಿషరିଶସହ଴௬ಿషయାଷ଺଻ହ௬ಿషమିଷ଺଻ହ௬ಿషభାଶ଺ଽହ௬ಿିଵ଴ହସ௬ಿశభାସଶ଴௛௬ಿశభ

ᇲ

ଷହ௛ళ +

೓మ

ర  (4.145)…                                                                                                      (ேିଵ߱)(௜௫)ݕ

By substituting equations (4.57),(4.58),(4.59),(4.60),(4.143),(4.144) and 

(4.145) in Eq.(4.112) we get 

ଶହ௪ಿషలିଶସହ௪ಿషఱାଵ଴ଶଽ௬ಿషరିଶସହ଴௬ಿషయାଷ଺଻ହ௬ಿషమିଷ଺଻ହ௬ಿషభାଶ଺ଽହ௬ಿିଵ଴ହସ௬ಿశభାସଶ଴௛௬ಿశభ
ᇲ

ଷହ௛ళ =

(ேିଵݔ)଺݌ ൤ଽ଴௬ಿషరିହହହ௬ಿషయାଵସ଺଴௬ಿషమିଶଵ଺଴௬ಿషభାଶଵଷ଴௬ಿିଽ଺ହ௬ಿశభାସଶ଴௛௬ಿశభ
ᇲ ା଺௛ఱ௬ಿశభ

(ೡ)

଼ହ௛ల ൨ +

(ேିଵݔ)ହ݌ ൤ିଵଶ௬ಿషరିସହ௬ಿషయାସସ଴௬ಿషమିଵଵସ଴௬ಿషభାଵ଺ଶ଴௬ಿି଼଺ଷ௬ಿశభାସଶ଴௛௬ಿశభ
ᇲ ିଵଵ௛ఱ௬ಿశభ

(ೡ)

଼ହ௛ఱ ൨ +

(ேିଵݔ)ସ݌ ቂ௬ಿషయିସ௬ಿషమା଺௬ಿషభିସ௬ಿା௬ಿశభ
௛ర ቃ + (ேିଵݔ)ଷ݌ ቂି௬ಿషయାଶ௬ಿషమିଶ௬ಿା௬ಿశభ

ଶ௛య ቃ +

(ேିଵݔ)ଶ݌ ቂ௬ಿషమିଶ௬ಿషభା௬ಿ
௛మ ቃ + (ேିଵݔ)ଵ݌ ቂ௬ಿషమି௬ಿ

ଶ௛
ቃ + ேିଵݕ(ேିଵݔ)଴݌ + (ேݔ)ݎ −

೓మ

మబర[17݌ଵ(ݔேିଵ)ݕᇱᇱᇱ(ߦேିଵ) + (ேିଵߟ)(௜௩)ݕ(ேିଵݔ)ଶ݌34 + (ேିଵߞ)(௩)ݕ(ேିଵݔ)ଷ݌51 +

(ேିଵ߮)(௩௜)ݕ(ேିଵݔ)ସ݌34 − 28ℎ݌ହ(ݔேିଵ)ݕ(௩௜௜௜)(ߩேିଵ) + (ேିଵߛ)(௩௜௜௜)ݕ(ேିଵݔ)଺݌57 +

 (4.146)…                                                                                   (ேିଵ߱)(௜௫)ݕ51

By omitting the error term and multiplying the previous equation by 

1190ℎ଻ we get the finite-difference formula at i=N-1  
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ேି଺ݓ850 − ேିହݓ8330 + [34986 − 1260ℎ݌଺(ݔேିଵ) + 168ℎଶ݌ହ(ݔேିଵ)]ݓேିସ −

[83300 − 7770ℎ݌଺(ݔேିଵ) − 630ℎଶ݌ହ(ݔேିଵ) + 1190ℎଷ݌ସ(ݔேିଵ) −

595ℎସ݌ଷ(ݔேିଵ)]ݓேିଷ + [124950 − 20440ℎ݌଺(ݔேିଵ) − 6160ℎଶ݌ହ(ݔேିଵ) +

2380ℎଷ݌ସ(ݔேିଵ) − 1190ℎସ݌ଷ(ݔேିଵ) − 1190ℎହ݌ଶ(ݔேିଵ) +

595ℎ଺݌ଵ(ݔேିଵ)]ݓேିଶ − [124950−30240ℎ݌଺(ݔேିଵ) − 15960ℎଶ݌ହ(ݔேିଵ) +

7140ℎଷ݌ସ(ݔேିଵ) − 2380ℎହ݌ଶ(ݔேିଵ) + 1190ℎ଻݌଴(ݔேିଵ)]ݓேିଵ + [91630 −

29820ℎ݌଺(ݔேିଵ) − 22680ℎଶ݌ହ(ݔேିଵ) + 4760ℎଷ݌ସ(ݔேିଵ) + 1190ℎସ݌ଷ(ݔேିଵ) −

1190ℎହ݌ଶ(ݔேିଵ) − 595ℎ଺݌ଵ(ݔேିଵ)]ݓே − [35836 − 13510ℎ݌଺(ݔேିଵ) −

12082ℎଶ݌ହ(ݔேିଵ) + 1190ℎଷ݌ସ(ݔேିଵ) + 595ℎସ݌ଷ(ݔேିଵ)]ݓேାଵ + [14280 −

5880ℎ݌଺(ݔேିଵ) − 5880ℎଶ݌ହ(ݔேିଵ)]ℎݓேାଵ
ᇱ − [84ℎ݌଺(ݔேିଵ) −

154ℎଶ݌ହ(ݔேିଵ)]ℎହݓேାଵ
(௩) = 1190ℎ଻ݎ(ݔேିଵ)                                              …(4.147) 

Finally we derive the suitable finite –difference formula at i=N using 

equation (4.32) & (4.33) for first and second derivative and the following 

equations for third up to seventh derivative using the boundary conditions 

(4.113). 

ேݕ
ᇱᇱᇱ = ିଶ଴௬ಿషమିଵ଼଴௬ಿିଵ଺଴௬ಿశభାଵଶ଴௛௪ಿశభ

ᇲ ିଽ௛ఱ௬ಿశభ
(ೡ)

଺଴௛య − ೓య

ల  (4.148)…    (ேߞ)(௩௜)ݕ

ேݕ
(௜௩) =

ଶ଴௬ಿషమିଽ଴௬ಿషభାଵ଼଴௬ಿିଵଵ଴௬ಿశభା଺଴ℎ1+ܰݓ
′ +3ℎ51+ܰݕ

(ݒ)

ଵହ௛ర − ೓మ

య  (4.149)…      (ே߮)(௩௜௜௜)ݕ

ேݕ
(௩) = ିଵହ௬ಿషయା଼଴௬ಿషమିଵ଼଴௬ಿషభାଶସ଴௬ಿିଵଶହ௬ಿశభା଺଴௛௪ಿశభ

ᇲ ା଼௛ఱ௬ಿశభ
(ೡ)

ଶ଴௛ఱ − య೓మ

ళ     (ேିଵߩ)(௩௜௜)ݕ

…(4.150) 

ேݕ
(௩௜) = ଵଶ௬ಿషరାସହ௬ಿషయିସସ଴௬ಿషమାଵଵସ଴௬ಿషభିଵ଺ଶ଴௬ಿା଼଺ଷ௬ಿశభିସଶ଴௛௪ಿశభ

ᇲ ାଽ଺௛ఱ௬ಿశభ
(ೡ)

ଵ଻଴௛ల −

ర೓మ

భళ  (4.151)…                                                                                             (ேߛ)(௩௜௜௜)ݕ

ேݕ
(௩௜௜) = ଵ଼ହ௪ಿషఱିଵ଼଴଴௬ಿషరା଻ଷ଼଴௬ಿషయିଵ଺଻଺଴௬ಿషమାଶଷହଷହ௬ಿషభିଶଷ଴ସ଴௬ಿାଵ଴ହ଴଴௬ಿశభିସ଺ଶ଴௛௪ಿశభ

ᇲ ାଶଷସ௛ఱ௬ಿశభ
(ೡ)

ଷଵହ௛ళ +

యలవ೓మ

భఴలభ  (4.152)…                                                                                       (ே߱)(௜௫)ݕ
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Substituting equations (4.32), (4.33), (4.148), (4.149), (4.150), (4.151) and 

(4.152) in equation (4.112) we get the equation  

ଵ଼ହ௪ಿషఱିଵ଼଴଴௬ಿషరା଻ଷ଼଴௬ಿషయିଵ଺଻଺଴௬ಿషమାଶଷହଷହ௬ಿషభିଶଷ଴ସ଴௬ಿାଵ଴ହ଴଴௬ಿశభିସ଺ଶ଴௛௪ಿశభ
ᇲ ାଶଷସ௛ఱ௬ಿశభ

(ೡ)

ଷଵହ௛ళ =

(ேݔ)଺݌ ൤ଵଶ௬ಿషరାସହ௬ಿషయିସସ଴௬ಿషమାଵଵସ଴௬ಿషభିଵ଺ଶ଴௬ಿା଼଺ଷ௬ಿశభିସଶ଴௛௪ಿశభ
ᇲ ାଽ଺௛ఱ௬ಿశభ

(ೡ)

ଵ଻଴௛ల ൨ +

(ேݔ)ହ݌ ൤ିଵହ௬ಿషయା଼଴௬ಿషమିଵ଼଴௬ಿషభାଶସ଴௬ಿିଵଶହ௬ಿశభା଺଴௛௪ಿశభ
ᇲ ା଼௛ఱ௬ಿశభ

(ೡ)

ଶ଴௛ఱ ൨ +

(ேݔ)ସ݌ ൤ଶ଴௬ಿషమିଽ଴௬ಿషభାଵ଼଴௬ಿିଵଵ଴௬ಿశభା଺଴௛௪ಿశభ
ᇲ ାଷ௛ఱ௬ಿశభ

(ೡ)

ଵହ௛ర ൨ +

(ேݔ)ଷ݌ ൤ିଶ଴௬ಿషమିଵ଼଴௬ಿିଵ଺଴௬ಿశభାଵଶ଴௛௪ಿశభ
ᇲ ିଽ௛ఱ௬ಿశభ

(ೡ)

଺଴௛య ൨ + (ேݔ)ଶ݌ ቂ௬ಿషభିଶ௬ಿା௬ಿశభ
௛మ ቃ +

(ேݔ)ଵ݌ ቂ௬ಿషభି௬ಿశభ
ଶ௛

ቃ + ேݕ(ேݔ)଴݌ + (ேݔ)ݎ − ೓మ

మలఱళఱబఴ[221459݌ଵ(ݔே)ݕᇱᇱᇱ(ߦே) +

(ேߟ)(௜௩)ݕ(ேݔ)ଶ݌442918 + 442918ℎ݌ଷ(ݔே)ݕ(௩௜)(ߞே) + (ே߮)(௩௜)ݕ(ேݔ)ସ݌885836 +

(ேߩ)(௩௜௜)ݕ(ேݔ)ହ݌1138932 + (ேߛ)(௩௜௜௜)ݕ(ேݔ)଺݌625296 +    [(ே߱)(௜௫)ݕ526932

                                                                                                      …(4.153) 

By omitting the error term and multiplying the previous equation by 

21420ℎ଻ we get the finite-difference formula at i=N 

ேିହݓ12580 − [122400 + 1512ℎ݌଺(ݔே)]ݓேିସ + [501840 − 5670ℎ݌଺(ݔே) +

16065ℎଶ݌ହ(ݔே)]ݓேିଷ − [1139680 − 55440ℎ݌଺(ݔே) + 85680ℎଶ݌ହ(ݔே) +

28560ℎଷ݌ସ(ݔே) − 7140ℎସ݌ଷ(ݔே)]ݓேିଶ + [1600380−143640ℎ݌଺(ݔே) +

192780ℎଶ݌ହ(ݔே) + 128520ℎଷ݌ସ(ݔே) − 21420ℎହ݌ଶ(ݔே) + 10710ℎ଺݌ଵ(ݔே)]ݓேିଵ −

[1566720 − 204120ℎ݌଺(ݔே) + 257040ℎଶ݌ହ(ݔே) + 257040ℎଷ݌ସ(ݔே) −

64260ℎସ݌ଷ(ݔே) − 42840ℎହ݌ଶ(ݔே) + 21420ℎ଻݌଴(ݔே)]ݓே + [714000 −

108738ℎ݌଺(ݔே) + 133875ℎଶ݌ହ(ݔே) + 157080ℎଷ݌ସ(ݔே) + 57120ℎସ݌ଷ(ݔே) −

21420ℎହ݌ଶ(ݔே) − 10710ℎ଺݌ଵ(ݔே)]ݓேାଵ − [314160 − 52920ℎ݌଺(ݔே) +

64260ℎଶ݌ହ(ݔே) + 85680ℎଷ݌ସ(ݔே) + 42840ℎସ݌ଷ(ݔே)]ℎݓேାଵ
ᇱ + [15912 −

12096ℎ݌଺(ݔே) − 8568ℎଶ݌ହ(ݔே) + 4284ℎଷ݌ସ(ݔே) + 3213ℎସ݌ଷ(ݔே)]ℎହݓேାଵ
(௩) =

21420ℎ଻ݎ(ݔே)                                                                                              …(4.154) 
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Using equations (4.117),(4.123),(4.128),(4.133),(4.142),(5.147),and (4.154) 

together gives a system with NN nearly tenth-diagonal matrix problem 

ݓܣ                                                       =C                                       …(4.155) 

Where A= 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡(−552960 − (ଵଵܩ

(205632 − (ଶଵܩ
−(4800 + (ଶଷܨ35

7350 − ଵସܨ105
−10

0

−(564840 + (ଵଶܩ
−963900 − ଶଶܩ
5730 − ଷଷܨ35

−(13230 + (ଶସܨ105
42 − ଵହܨ

850

 (402240 − (ଵଷܩ
(380800 − (ଶଷܩ

−(4880 + (ସଷܨ35
17150 −  ଷସܨ105

– (98 + (ଶହܨ

2 − ଵேିଶܨ
−8330

185

−(177120 + (ଵସܩ
−80325 − ଶସܩ
2640 − ହଷܨ35

−(14700 + (ସସܨ105
146 − ଷହܨ

−(12 + (ଶேିଶܨ
(34986 − (ேଵଵܩ

−(122400 + (ேଵܩ

43200
(ଶହܩ−)

−(816 + (଺ଷܨ35
7938 − ହସܨ105
−(126 + (ସହܨ

(30 − (ଷேିଶܨ
−(83300 + (ேଵଶܩ
(501840 − (ேଶܩ

−4440
2380

110 − ଵଷܨ35
−(2450 + (଺ସܨ

70 − ହହܨ

−൫40 + ସ,ேିଶ൯ܨ
(124950 − (ேଵଷܩ

−(1139680 + (ேଷܩ

330 − ଻ସܨ35
−(22 + (଺ହܨ

(30 + (ହ,ேିଶܨ
−(124950 + (ேଵସܩ
(1600380 − (ேସܩ

0

3 − ଻ହܨ

−(12 + (଺,ேିଶܨ
91630 − ேଵହܩ

−(1566720 + ⎦(ேହܩ
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ே

 

ݓ = ଵݓ] ଶݓ … ேିଵݓ ே]ଵ×ேݓ
்   ,  

ܿ = 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡(252000 + ଴ߙ(ଵ଴ܩ + (110830 + ଵߙଵ଴ଵ)ℎܩ + ଶߙଵ଴ଶℎଶܩ + (−5616 + ହߙଵ଴ହ)ℎହܩ + 7560ℎ଻ݎ(ݔଵ)

(1395275 + ଴ߙ(ଶ଴ܩ + (963900 + ଵߙଶ଴ଵ)ℎܩ + 214200ℎଶߙଶ + ହߙℎହ(ଶ଴ହܩ) + 12240ℎ଻ݎ(ݔଶ)
(−2016 + ଴ߙ(ଵଷܨ35 − 840ℎߙଵ − 12ℎହߙହ + 70ℎ଻ݎ(ݔଷ)

଴ߙ2388 + 840ℎହߙହ + 210ℎ଻ݎ(ݔସ)
଴ߙ− + 2ℎ଻ݎ(ݔହ)

2ℎ଻ݎ(ݔ଺)
⋮

−(3 − ଴ߚ(଻ ேିଶܨ + 2ℎ଻ݎ(ݔேିଶ)
(35836 + ଴ߚ(ேଵ଴ܩ + (−14280 + ଵߚேଵ଴ଵ)ℎܩ + ହߚேଵ଴ହℎହܩ + 1190ℎ଻ݎ(ݔேିଵ)

(−71400 + ଴ߚ(ே଴ܩ + +(314160 + ଵߚே଴ଵ)ℎܩ − (15912 + ହߚே଴ହ)ℎହܩ + 21420ℎ଻ݎ(ݔே) ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ே×ଵ

 

ଵ௜ܨ = 2ℎ݌଺(ݔ௜) − ℎଶ݌ହ(ݔ௜) ,   ܨଶ௜ = −12ℎ݌଺(ݔ௜) − 4ℎଶ݌ହ(ݔ௜) − 2ℎଷ݌ସ(ݔ௜) − ℎସ݌ଷ(ݔ௜)    

ଷ௜ܨ  = 30ℎ݌଺(ݔ௜) − 5ℎଶ݌ହ(ݔ௜) − 8ℎଷ݌ସ(ݔ௜) + 2ℎସ݌ଷ(ݔ௜) + 2ℎହ݌ଶ(ݔ௜) − ℎ଺݌ଵ(ݔ௜) 

ସ௜ܨ = −40ℎ݌଺(ݔ௜) + 12ℎଷ݌ସ(ݔ௜) − 4ℎହ݌ଶ(ݔ௜) + 2ℎ଻݌଴(ݔ௜) , 

ହ௜ܨ  = 30ℎ݌଺(ݔ௜) + 5ℎଶ݌ହ(ݔ௜) − 8ℎଷ݌ସ(ݔ௜) − 2ℎସ݌ଷ(ݔ௜) + 2ℎହ݌ଶ(ݔ௜) + ℎ଺݌ଵ(ݔ௜) , 

଺௜ܨ  = −12ℎ݌଺(ݔ௜) − 4ℎଶ݌ହ(ݔ௜) + 2ℎ݌ସ(ݔ௜) + ℎଶ݌ଷ(ݔ௜) , ܨ଻௜ = 2ℎ݌଺(ݔ௜) + ℎଶ݌ହ(ݔ௜) 
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଴ܩ = [133875ℎ݌଺(ݔଵ) − 472500ℎଶ݌ହ(ݔଵ) − 63560ℎଷ݌ସ(ݔଵ) + 73710ℎସ݌ଷ(ݔଵ) +

7560ℎହ݌ଶ(ݔଵ) − 3780ℎ଺݌ଵ(ݔଵ)]  

ଵܩ = −[207360ℎ݌଺(ݔଵ) − 609120ℎଶ݌ହ(ݔଵ) + 60480ℎଷ݌ସ(ݔଵ) + 90720ℎସ݌ଷ(ݔଵ) +

15120ℎହ݌ଶ(ݔଵ) − 7560ℎ଻݌଴(ݔଵ)]  

ଶܩ = [106920ℎ݌଺(ݔଵ) − 165240ℎଶ݌ହ(ݔଵ) − 7560ℎଷ݌ସ(ݔଵ) + 17010ℎସ݌ଷ(ݔଵ) +

7560ℎହ݌ଶ(ݔଵ) + 3780ℎ଺݌ଵ(ݔଵ)]  

ଷܩ = −[40320ℎ݌଺(ݔଵ) − 30240ℎଶ݌ହ(ݔଵ) − 4480ℎଷ݌ସ(ݔଵ)]   

ସܩ = [6885ℎ݌଺(ݔଵ) − 1620ℎଶ݌ହ(ݔଵ)]ݓସ + ହݓ43200 −   ଺ݓ4440

଴ଵܩ = [86940ℎ݌଺(ݔଵ) − 362880ℎଶ݌ହ(ݔଵ) − 62160ℎଷ݌ସ(ݔଵ) + 56700 −

30240ℎସ݌ଷ(ݔଵ)]  

଴ଶܩ = [16200ℎ݌଺(ݔଵ) − 97200ℎଶ݌ହ(ݔଵ) + 25200ℎଷ݌ସ(ݔଵ) + 11340ℎସ݌ଷ(ݔଵ)]  

଴ହܩ = −[3888ℎ݌଺(ݔଵ) + 864ℎଶ݌ହ(ݔଵ) − 1008ℎଷ݌ସ(ݔଵ)]  

ଶ଴ܩ = −[−138960ℎ݌଺(ݔଶ) + 124272ℎଶ݌ହ(ݔଶ) + 12240ℎଷ݌ସ(ݔଶ) − 6120ℎସ݌ଷ(ݔଶ)]  

ଶଵܩ = [−306720ℎ݌଺(ݔଶ) + 233280ℎଶ݌ହ(ݔଶ) + 48960ℎଷ݌ସ(ݔଶ) − 12240ℎସ݌ଷ(ݔଶ) −

12240ℎହ݌ଶ(ݔଶ) + 6120ℎ଺݌ଵ(ݔଶ)]  

ଶଶܩ =

−[−311040ℎ݌଺(ݔଶ) + 164160ℎଶ݌ହ(ݔଶ) − 73440ℎଷ݌ସ(ݔଶ) − 24480ℎହ݌ଶ(ݔଶ) +

12240ℎ଻݌଴(ݔଶ)]  

ଶଷܩ =

−[−210240ℎ݌଺(ݔଶ) + 63360ℎଶ݌ହ(ݔଶ) + 48960ℎଷ݌ସ(ݔଶ) + 12240ℎସ݌ଷ(ݔଶ) −

12240ℎହ݌ଶ(ݔଶ) − 6120ℎ଺݌ଵ(ݔଶ)]   
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ଶସܩ = [−79920ℎ݌଺(ݔଶ) + 6480ℎଶ݌ହ(ݔଶ) + 12240ℎଷ݌ସ(ݔଶ) + 6120ℎସ݌ଷ(ݔଶ)]   

ଶ଴ܩ = [12960ℎ݌଺(ݔଶ) + 1728ℎଶ݌ହ(ݔଶ)] ܩଶ଴ଵ = [963900 − 60480ℎ݌଺(ݔଶ) +

60480ℎଶ݌ହ(ݔଶ)]  

ଶ଴ହܩ = −[864ℎ݌଺(ݔଶ) + 1584ℎଶ݌ହ(ݔଶ)]  

ேଵଵܩ = −ൣ−1260ℎ(1−ܰݔ)6݌ + 168ℎ2(1−ܰݔ)5݌൧  

ேଵଶܩ = [−7770ℎ݌଺(ݔேିଵ) − 630ℎଶ݌ହ(ݔேିଵ) + 1190ℎଷ݌ସ(ݔேିଵ) − 595ℎସ݌ଷ(ݔேିଵ)]   

ேଵଷܩ =

[−20440ℎ݌଺(ݔேିଵ) − 6160ℎଶ݌ହ(ݔேିଵ) + 2380ℎଷ݌ସ(ݔேିଵ) − 1190ℎସ݌ଷ(ݔேିଵ) −

1190ℎହ݌ଶ(ݔேିଵ) + 595ℎ଺݌ଵ(ݔேିଵ)]  

ேଵସܩ =

[−30240ℎ݌଺(ݔேିଵ) − 15960ℎଶ݌ହ(ݔேିଵ) + 7140ℎଷ݌ସ(ݔேିଵ) − 2380ℎହ݌ଶ(ݔேିଵ) +

1190ℎ଻݌଴(ݔேିଵ)]   

ேଵହܩ = −[−29820ℎ݌଺(ݔேିଵ) − 22680ℎଶ݌ହ(ݔேିଵ) + 4760ℎଷ݌ସ(ݔேିଵ) +

1190ℎସ݌ଷ(ݔேିଵ) − 1190ℎହ݌ଶ(ݔேିଵ) − 595ℎ଺݌ଵ(ݔேିଵ)]  

ேଵ଴ܩ =

[−13510ℎ݌଺(ݔேିଵ) − 12082ℎଶ݌ହ(ݔேିଵ) + 1190ℎଷ݌ସ(ݔேିଵ) + 595ℎସ݌ଷ(ݔேିଵ)],     

ேଵ଴ଵܩ = −ൣ−5880ℎ(1−ܰݔ)6݌ − 5880ℎ2(1−ܰݔ)5݌൧  

ேଵ଴ହܩ = [84ℎ(1−ܰݔ)6݌ − 154ℎ2(1−ܰݔ)5݌]  

ேଵܩ = [1512ℎ݌଺(ݔே)], ேଶܩ = −[−5670ℎ݌଺(ݔே) + 16065ℎଶ݌ହ(ݔே)],  

ேଷܩ = [−55440ℎ݌଺(ݔே) + 85680ℎଶ݌ହ(ݔே) + 28560ℎଷ݌ସ(ݔே) − 7140ℎସ݌ଷ(ݔே)],   
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ேସܩ =

−[−143640ℎ݌଺(ݔே) + 192780ℎଶ݌ହ(ݔே) + 128520ℎଷ݌ସ(ݔே) − 21420ℎହ݌ଶ(ݔே) +

10710ℎ଺݌ଵ(ݔே)]   

ேହܩ =

[−204120ℎ݌଺(ݔே) + 257040ℎଶ݌ହ(ݔே) + 257040ℎଷ݌ସ(ݔே) − 64260ℎସ݌ଷ(ݔே) −

42840ℎହ݌ଶ(ݔே) + 21420ℎ଻݌଴(ݔே)]  

ே଴ܩ =

−[−108738ℎ݌଺(ݔே) + 133875ℎଶ݌ହ(ݔே) + 157080ℎଷ݌ସ(ݔே) + 57120ℎସ݌ଷ(ݔே) −

21420ℎହ݌ଶ(ݔே) − 10710ℎ଺݌ଵ(ݔே)]  

ே଴ଵܩ = [−52920ℎ݌଺(ݔே) + 64260ℎଶ݌ହ(ݔே) + 85680ℎଷ݌ସ(ݔே) + 42840ℎସ݌ଷ(ݔே)]  

ே଴ହܩ = −[−12096ℎ݌଺(ݔே) − 8568ℎଶ݌ହ(ݔே) + 4284ℎଷ݌ସ(ݔே) + 3213ℎସ݌ଷ(ݔே)]  

Now we use the LU-decomposition method with MATLAB for solving the 

linear system (4.111) at several values of step-size (h) and then we use 

Extrapolation method to get more accuracy for the method without more 

calculations. 

Algorithm (4.5): Linear Finite-Difference Method (4.5) For Solving 

Seventh-Order BVPS Case (I): See full MATLAB program (p.262-276) 

To approximate the solution of the boundary value problem  

(ݔ)(௩௜௜)ݕ = 

(௩௜)ݕ(ݔ)଺݌ + (௩)ݕ(ݔ)ହ݌ + (௜௩)ݕ(ݔ)ସ݌ + (ݔ)ᇱᇱᇱݕ(ݔ)ଷ݌ + ᇱᇱݕ(ݔ)ଶ݌ +

ᇱݕ(ݔ)ଵ݌ + ݕ(ݔ)଴݌ +   (ݔ)ݎ

ܽ     ,ݔ ݎ݋݂ ≤ ݔ ≤ ܾ With seven boundary conditions 
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(ܽ)ݕ = ,  ଴ߙ (ܽ)ᇱݕ = , ଵߙ (ܽ)ᇱᇱݕ = ,ଶߙ (ܽ)(௩)ݕ =   , ହߙ

(ܾ)ݕ = ,  ଴ߚ (ܾ)ᇱݕ = ,    ଵߚ (ܾ)(௩)ݕ =  ହߚ

Step(1):Input endpoints a,b; boundary conditions ߙ଴, ,ଵߙ ,ଶߙ ,ହߙ ,଴ߚ ,ଵߚ   ହߚ

Step(2):For k=2,3,4 (To determine h=0.1,0.05,0.025,0,0125) 

- set Nk=(10*2(k-1))-1; 

- h=(b-a)/(Nk+1); 

- do steps(2-9) 

Step(3):For i=1,2,3, …,Nk set x(i)=a+ih  

Find  ݌଴(ݔ௜), ,(௜ݔ)ଵ݌ ,(௜ݔ)ଶ݌ , (௜ݔ)ଷ݌ ,(௜ݔ)ସ݌ ,(௜ݔ)ହ݌  . (௜ݔ)ݎ ݀݊ܽ(௜ݔ)଺݌

(The values of associated functions on Eq.(4.112) 

Step(4):For i=1,2,3,…,Nk set  

d0=the vector of entries for main diagonal of matrix A 

dU1=the vector of entries for the first upper diagonal for A  

dU2= the vector of entries for the second upper diagonal for A 

dU3= the vector of entries for the third upper diagonal for A 

dU4= the vector of entries for the fourth upper diagonal for A 

dU5= the vector of entries for the fifth upper diagonal for A 

dL1= the vector of entries for the first lower diagonal for A 

dL2= the vector of entries for the second lower diagonal for A 
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dL3= the vector of entries for the third lower diagonal for A 

dL4= the vector of entries for the fourth lower diagonal for A 

dL5= the vector of entries for the fifth lower diagonal for A 

dL6= the vector of entries for the sixth lower diagonal for A 

C=the constant vector on (c) Eq.(4.155) 

Step(6) Factorize A into LU, where L is lower sixth-diagonal matrix with 

unit main diagonal and U is upper sixth-diagonal.  

Step(7) For i=1,2,3,…,Nk Solve LY=d to find Y using forward method 

Step(8) For i=Nk-1 ,..2,1 Solve Uw=Y to find the approximation solution w 

using backward method 

Step(9) Set N1=9 For i=1,2,3,…Nk , for j=1,2,4,…,Nk set W1i,k=wj ; 

Step(10) For i=1,2,…,N1 set h=(b-a)/N1 ; x(i)=a+ih  

Step(11) Extrapolate the solution at h= .1,0.05,0.025,0,0125 

Ext2(h=0.1)=(4*W1(h=0.05)-W1(h=0.1))/3; 

Ext2(h=0.05)= (4*W1(h=0.025)-W1(h=0.05))/3; 

Ext2(h=0.025)= (4*W1(h=0.0125)-W1(h=0.025))/3; 

Ext3(h=0.1)=(16*Ext2(h=0.05)-Ext2(h=0.1))/15; 

Ext3(h=0.05)=(16*Ext2(h=0.025)-Ext2(h=0.05)/15; 

Ext4(h=0.1)=(64*Ext3(h=0.05)-Ext3(h=0.1))/63; 
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Table 4.9 

Step(12) Output [x' ,W1',Ext4] (The approximation solutions and 

Extrapolation) 

 

Example 5: Consider the linear seventh-order boundary value problem 

(ݔ)(௩௜)ݕ = (௩௜)ݕଶݔ − ଶݔ2) − (௩)ݕ(1 − ଷݔ) + ଶݔ + (௜௩)ݕ(1 + ᇱᇱᇱݕଷݔ5 + ᇱᇱݕݔ9 −

(1 − ᇱݕ(ݔ − (3 + ݕ(ݔ2 + 4݁ଶ௫(4ݔସ − ଷݔ3 + ଶݔ13 − ݔ29 − 71) on 0 ≤ ݔ ≤1  

With boundary conditions: 

(0)ݕ  = ᇱ(0)ݕ      ,1 = 1, ᇱᇱ(0)ݕ       = 0 , (0)(௩)ݕ = −48  

(1)ݕ  = 0, ᇱ(1)ݕ = −݁ଶ , (1)(௩)ݕ = −80݁ଶ  

So  ݌଺(ݔ) = ,2ݔ (ݔ)5݌ = 2ݔ2)− − 1) , (ݔ)4݌ = 3ݔ)−  + 2ݔ + 1),  

(ݔ)ଷ݌ = ,ଷݔ5 (ݔ)ଶ݌ = , ݔ9 (ݔ)ଵ݌ = −(1 − ,(ݔ (ݔ)଴݌ = −(3 +   And (ݔ2

(ݔ)ݎ = 4݁ଶ௫(4ݔସ − ଷݔ3 + ଶݔ13 − ݔ29 − 71),  on the interval [0,1] 

Now by applying algorithm (4.5) to the example we get the following 

results that approximated solutions at several values of h as listed in Table 

(4.9) 
Xi       Exact(Y)       w(h=0.05)     w(h=0.025)   w(h=0.0125)  w(h=0.0625)  Ext3(h=0.05)  Ext4(h=0.05) 

0.1   1.09926248   1.09719711   1.10098335   1.11011953   1.12901734   1.11389288   1.13715688 
0.2   1.19345976   1.19706218   1.22389714   1.28171988   1.39897242   1.30553759   1.44944261 
0.3   1.27548316   1.29835857   1.36887006   1.51585274   1.81202645   1.57634517   1.93948536 
0.4   1.33532456   1.38589853   1.50804434   1.75870995   2.26225104   1.86183219   2.47892907 
0.5   1.35914091   1.43528422   1.59865041   1.93089270   2.59709146   2.06754242   2.88374539 
0.6   1.32804677   1.41671207   1.59405539   1.95262027   2.67073972   2.10007337   2.97972211 
0.7   1.21655999   1.29774294   1.45277668   1.76496186   2.38966750   1.89332818   2.65844968 
0.8   0.99060648   1.04494540   1.14538311   1.34703034   1.75029102   1.42993832   1.92379205 
0.9   0.60496475   0.62427555   0.65911995   0.72891955   0.86844117   0.75761618   0.92846876 

The maximum errors of approximations are listed in Table(4.10) 
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ࢅ| −  Maximum Error |ࢃ

ࢅ| − ࢎ)࢏࢝ = ૙. ૙૞)|  8.8665 × 10ିଶ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૛૞)|  2.6601 × 10ିଵ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૚૛૞)|    6.2457 × 10ିଵ 
ࢅ| − ࢎ)࢏࢝ = ૙. ૙૟૛૞)|    1.3427 
ࢅ| − ࢎ)࢏૜࢚࢞ࡱ = ૙. ૙૞)|  3.2512 × 10ିଵ 
ࢅ| − ࢎ)࢏૝࢚࢞ࡱ = ૙. ૙૞)|  1.6517 

This table reveals that the errors increase while the step-size h decrease, so 
the results for this method are not good as we want for the seventh-order 
boundary-value problem. 

The reasons for these large errors depend on the boundary-conditions and 

derivatives that are used in the problem. 

We use this method using other boundary-conditions 

,଴ߙ) ,ଵߙ ,ଷߙ ,ହߙ ,଴ߚ ,ସߚ  ଺ ) we get very bad results with (5.5676) valueߚ ݀݊ܽ

of the smallest error is at h=0.05. So the order of derivatives in the 

boundary-conditions affects strongly the results. 

We note in this method that the best boundary-conditions that decrease the 

more points used in the approximations and increase the convergence for 

the method are that we use in our research. 

 
  

Table 4.10 
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The Non-linear boundary value problems have many uses and applications 

in scientific branches, and many researches discussed these problems see 

[3]. 

In this chapter we deal with especial case of non-linear boundary value 

problems which are the even-order problems and especial cases of eighth-

order problems. Completing to rare previous studies of these problems 

order types we modified it approximating solution methods to be suitable 

for some even-order problems less than eighth-order using new algorithms. 

The main idea for solving numerically these kinds of problems is to 

transform it to system of finite linear equations using set of unknowns and 

solving it using iterative methods. 
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5.1 Finite – Difference Method For Solving 2m-Order 
Boundary Value Problems: 

In this way we will solve 2m-order boundary value problems numerically 

by transforming the given differential equation into a system of (m) second 

–order equations, then we use two-step finite – difference methods for their 

solution. 

Consider special non-linear 2mth-order boundary-value problem: 

(ݔ)(ଶ௠)ݕ = ,ݔ)݂ ܽ      ,     (ݕ < ݔ < ܾ ,        ܽ, ܾ, ݔ ∈ ℝ                         (5.1) 

(ܽ)(ଶ௜)ݕ = ,               ଶ௜ߙ (ܾ)(ଶ௜)ݕ = ,         ଶ௜ߚ ݅ = 0,1,2, … , ݉ − 1         (5.2) 

(5.2) are the boundary conditions for (5.1) and y(x),f(x,y) are real and 

differentiable as required ,and that α2i ,β2i for i= 0,1,2,…,m-1 are real finite 

constants. 

How are we solving it? 

The differential equation (5.1) is replaced by a system of m-second order 

differential equations: 

௜ାଵ  (௫)ݕ = ௜ݕ 
ᇱᇱ            ,   ݅ = 1,2,3, … ݉ − 1                                               (5.3)                                           

  ௠ݕ 
ᇱᇱ = ,ݔ)݂      ଵ)                                                                                               (5.4)ݕ

And the boundary conditions are given by: 

(ܽ)௜ݕ = (ܾ)௜ݕ    ,   ଶ௜ିଶߙ = ,    ଶ௜ିଶߚ ݅ = 1,2,3, … , ݉                                (5.5)  

 

Which mean that if we take sixth-order non-linear boundary value problem: 
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(ݔ)(଺)ݕ = ,ݔ)݂ ܽ   ,     (ݕ < ݔ < ܾ    , ܽ, ܾ, ݔ ∈ ℝ  

(ܽ)(ଶ௜)ݕ = ,               ଶ௜ߙ (ܾ)(ଶ௜)ݕ = ,         ଶ௜ߚ ݅ = 0,1,2 

Note that we take the value for even derivatives as boundary conditions 

value in our especial problem, and by applying (5.3),(5.4) in our problem it 

will give the system of m=3 second-order boundary value problems: 

(ݔ)  ଶݕ = ଵݕ 
ᇱᇱ ,   ݕଵ(ܽ) = (ܾ)ଵݕ    ,   ଴ߙ = ଴ߚ                … .1 

(ݔ) ଷݕ = ଶݕ 
ᇱᇱ ,   ݕଶ(ܽ) = (ܾ)ଶݕ    ,   ଶߙ =  ଶ                      ….2ߚ

  ଷݕ
ᇱᇱ = ,ݔ)݂ (ܽ)ଷݕ   ,  (ଵݕ = (ܾ)ଷݕ    ,   ସߙ = …            ସߚ .3 

 Solution On A single Grid G1: 

We select integer N>0 and divide the interval [a,b] into (N+1) equal 

subintervals whose endpoints are the mesh points ݔ௡ = ܽ + ݊ℎ  for(n=  

0,1, 2,3,…,N+1),where ℎ = (ܾ − ܽ) (ܰ + 1) ⁄  . 

The solution ݕ௜(ݔ) will be computed at the mesh point xn of G1 and the 

notation ݕ௜,௡ will denote the solution of an approximating difference 

method at the grid point xn . 

So ݕ௜,଴ = =(ܽ)௜ݕ ௜,ேାଵݕ ଶ௜ିଶ andߙ = (ܾ)௜ݕ =  .ଶ௜ିଶ  , i= 1,2,3,…,mߚ

Now we introduce a family of numerical methods for solving any second –

order problem of the form: 

ᇱᇱݕ = ,ݔ)߰ ,  (ݕ ݔ ∈ [ܽ, ܾ]    , (ܽ)ݕ = ,  ଴ߙ (ܾ)ݕ =   ଴                               (5.6)ߚ

is given by using centered-difference formula to approximate the derivative 

as: 
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௜,௡ିଵݕ− + ௜,௡ݕ2 − ௜,௡ାଵݕ + ℎଶൣݕߠ௜,௡ିଵ
ᇱᇱ  + (1 − ௜,௡ݕ( ߠ2

ᇱᇱ + ௜,௡ାଵݕߠ
ᇱᇱ ൧ = 0   

                                                                                                                (5.7)  

Where  is a parameter with 0    1. This determines the order of 

convergence for the method (5.7) which is second – order convergent for  

0 and fourth- order convergent for ߠ = ଵ
ଵଶ

 . 

Now we use the equation (5.7) and the boundary values in equations (5.3) 

and omitting error terms to obtain the following system: 

For  i=1  

ଵ,଴ݓ− + ଵ,ଵݓ2 − ଵ,ଶݓ + ℎଶൣݓߠଵ,଴
ᇱᇱ + (1 − ଵ,ଵݓ(ߠ2

ᇱᇱ + ଵ,ଶݓߠ
ᇱᇱ ൧ = 0 

ଵ,ଵݓ− + ଵ,ଶݓ2 − ଵ,ଷݓ + ℎଶൣݓߠଵ,ଵ
ᇱᇱ + (1 − ଵ,ଶݓ(ߠ2

ᇱᇱ + ଵ,ଷݓߠ
ᇱᇱ ൧ = 0    

                ⋱      ⋱    ⋱        ⋱ 

ଵ,ேିଵݓ− + ଵ,ேݓ2 − ଵ,ேାଵݓ + ℎଶൣݓߠଵ,ேିଵ
ᇱᇱ + (1 − ଵ,ேݓ(ߠ2

ᇱᇱ + ଵ,ேାଵݓߠ
ᇱᇱ ൧ = 0  

Which give the system: 

⎣
⎢
⎢
⎢
⎢
⎢
⎡

2 −1                      
    −1 2 −1                    

   
⋱           ⋱          ⋱  

                −1 2 −1
                          −1 2 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ଵ,ଵݓ
ଵ,ଶݓ

⋮

ଵ,ேିଵݓ
ଵ,ேݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

+

⎣
⎢
⎢
⎢
⎢
⎢
⎡
1 − ߠ2                           ߠ

ߠ 1 − ߠ2              ߠ

⋱ ⋱ ⋱

ߠ                   1 − ߠ2 ߠ
ߠ                         1 − ߠ2 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ଶ,ଵݓ
ଶ,ଶݓ

⋮

ଶ,ேିଵݓ
ଶ,ேݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
଴ߙ⎡ − ଶߙℎଶߠ

0

⋮

0
଴ߚ − ଴ߚℎଶߠ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

Noting that ݓ௜
ᇱᇱ = ଵݓ ௜ାଵ for i<m, soݓ

ᇱᇱ(ݔ௡) =  now this system can ,(௡ݔ)ଶݓ

be summarized in this formula: 

ଵܬ  ଵܹ + ℎଶܯଵ ଶܹ = ܾଵ 

And so on for i<m, to a general formula: 
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ଵܬ                      ௜ܹ + ℎଶܯଵ ௜ܹାଵ = ௜ܾ                                               …(5.8) 

The vector ௜ܹ = ,௜,ଵݓൣ ,௜,ଶݓ … , ௜,ே൧ݓ
்

 is the solution vector. 

Noting that J1 and M1 is tri-diagonal matrix of order N given by: 

J1 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 2 −1                  
−1    2 −1                   

  ⋱     ⋱     ⋱      

              −1  2 −1
                       −1    2 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

M1=

⎣
⎢
⎢
⎢
⎢
⎢
⎡
1 −                               ߠ       ߠ2

ߠ         1 −                    ߠ     ߠ2

⋱     ⋱      ⋱      

ߠ                1 − ߠ2 ߠ     
ߠ                                           1 − ߠ2 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

The constant vector bi  is of order N obtained from the boundary conditions 

are given by: 

bi= ଶ௜ିଶߙ] − ,ଶ௜ߙℎଶߠ 0, … ,0, ଶ௜ିଶߚ − ݅    ்[ଶ௜ߚℎଶߠ = 1,2, … , ݉ − 1 

now if i=m we substitute equation (5.4) in (5.7) and obtain the system: 

௠,଴ݓ− + ௠,ଵݓ2 − ௠,ଶݓ + ℎଶൣݔ)݂ߠ଴, (଴ߙ + (1 − ,ଵݔ)݂(ߠ2 (ଵ,ଵݓ + ,ଶݔ)݂ߠ ଵ,ଶ)൧ݓ = 0 

௠,ଵݓ− + ௠,ଶݓ2 − ௠,ଷݓ + ℎଶൣݔ)݂ߠଵ, (ଵ,ଵݓ + (1 − ,ଶݔ)݂(ߠ2 (ଵ,ଶݓ + ,ଷݔ)݂ߠ ଵ,ଷ)൧ݓ = 0 

⋱                                ⋱                                 ⋱ 

௠,ேିଵݓ− + ௠,ேݓ2 − ௠,ேାଵݓ

+ ℎଶൣݔ)݂ߠேିଵ, (ଵ,ேିଵݓ + (1 − ,ேݔ)݂(ߠ2 (ଵ,ேݓ + ,ேାଵݔ)݂ߠ ଴)൧ߚ = 0 

Which give the system: 
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⎣
⎢
⎢
⎢
⎢
⎢
⎡

2 −1                      
    −1 2 −1                    

   
⋱           ⋱          ⋱  

                −1  2 −1
                          −1 2 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎡

௠,ଵݓ
௠,ଶݓ

⋮

௠,ேିଵݓ
௠,ேݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

+

⎣
⎢
⎢
⎢
⎢
⎢
⎡

1 −                      ߠ       ߠ2
ߠ      1 − ߠ2        ߠ  

⋱          ⋱         ⋱

ߠ                        1 − ߠ2 ߠ
ߠ                                 1 − ⎦ߠ2

⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ݂൫ݔଵ, ଵ,ଵ൯ݓ

݂൫ݔଶ, ଵ,ଶ൯ݓ

⋮

݂൫ݔேିଵ, ଵ,ேିଵ൯ݓ
݂൫ݔே , ଵ,ே൯ݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 2−݉ߙ − ,0ݓ)ℎ2݂ߠ (1,0ݕ

0

⋮

0
2−݉ߚ − ,1+ܰݔ)ℎ2݂ߠ ⎦(1+ܰ,1ݓ

⎥
⎥
⎥
⎥
⎥
⎥
⎤

  

this system can be summarized on this formula: 

ଵܬ ௠ܹ + ℎଶܯଵ݂(ݔ, ଵܹ) = ܾ௠                                                          …(5.9) 

The constant vectors bm is of order N obtained from the boundary 

conditions are given by: 

bm= ௠ߙൣ − ,଴ݔ)ℎଶ݂ߠ ,ଵ,଴),0ݓ … ,0, ௠ߚ − ,ேାଵݔ)ℎଶ݂ߠ ଵ,ேାଵ)൧ݓ
்

     

and the vector f  of order N has the form:        ݂ = [ ଵ݂ , ଶ݂ , … , ே݂]் 

So we will solve these systems: 

ଵܬ ௠ܹ + ℎଶܯଵ݂(ݔ, ଵܹ) = ܾ௠                                                                      (5.9) 

ଵܬ ௜ܹ + ℎଶܯଵ ௜ܹାଵ = ௜ܾ  , ݅ = ݉ − 1, … ,1                                                (5.8) 

Using backward substitution for (5.8) and (5.9) and combined to give: 

ଵܬ ଵܹ + (−1)௠ାଵℎଶ௠ܯଵ(ܬଵ
ିଵܯଵ)௠ିଵ݂(ݔ, ଵܹ) = ܾ                           (5.10) 

Where the constant vector b has the form: 
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ܾ = ෍ (−1)௜ℎଶ௜(ܯଵܬଵ
ିଵ)௜

௜ܾାଵ

௠ିଵ

௜ୀ଴

 

Local Truncation Error: 

To find the local truncation error for the previous method we will find the 

truncation error for equation first part of (5.7) as below: 

௡ିଵݓ = ௡ݓ − ℎݓ௡
ᇱ + ೓మ

మ ௡ݓ
" − ೓య

ల ௡ݓ
(ଷ) + ೓ర

మరݓ௡
(௜௩) − ೓ఱ

భమబݓ௡
(௩) + ೓ల

యలబݓ௡
௩௜ + ܱ(ℎ଼)   

(1) 

௡ାଵݓ = ௡ݓ + ℎݓ௡
ᇱ + ೓మ

మ ௡ݓ
" + ೓య

ల ௡ݓ
(ଷ) + ೓ర

మరݓ௡
(௜௩) + ೓య

భమబݓ௡
(௩) + ೓ల

యలబݓ௡
௩௜ + ܱ(ℎ଼)   

(2) 

by subtracting equations (1) & (2) from 2wn , we get the following equation 

௡ିଵݓ− + ௡ݓ2 − ௡ାଵݓ = − భ
భమℎସݓ௡

(௜௩) − భ
యలబℎ଺ݓ௡

(௩௜) + ܱ(ℎ଼)                   (3)   

now we will find the truncation error for the second part of equation (5.7) 

௡ିଵݓߠ
" = ௡ݓߠ

" − ఏ௛ݓ௡
(ଷ) + ഇ೓మ

మ ௡ݓ
(௜௩) − ഇ೓య

ల ௡ݓ
(௩) + ഇ೓ర

మర ௡ݓ
௩௜ + ܱ(ℎ଼)            (4) 

௡ାଵݓߠ
" = ௡ݓߠ

" + ఏ௛ݓ௡
(ଷ) + ഇ೓మ

మ ௡ݓ
(௜௩) + ഇ೓య

ల ௡ݓ
(௩) + ഇ೓ర

మర ௡ݓ
௩௜ + ܱ(ℎ଼)            (5) 

by adding equations (4) & (5) to (1 − ௡ݓ(ߠ2
"  , we get the following 

equation 

ℎଶ൫ݓߠ௡ିଵ
" + (1 − ௡ݓ(ߠ2

" + ௡ାଵݓߠ
" ൯ = ఏℎସݓ௡

(௜௩) + ഇ
భమℎ଺ݓ௡

(௩௜) + ܱ(ℎ଼)   (6)   

by adding equation (3) to (4) we get the truncation error for (5.7) 

߬௡ = ൫ߠ − భ
భమ൯ℎସݓ௡

(௜௩) + ൫ ഇ
భమ − భ

యలబ൯ℎ଺ݓ௡
(௩௜) + ܱ(ℎ଼)                            (5.11) 
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so from equation (5.11) we note that the method will be second-order 

convergent for  = 0 and fourth-order convergent for ఏୀ భ
భమ . 

Example: The Eighth-order boundary value problem 

(ݔ)(௩௜௜௜)ݕ = 7! × ݁ି଼௬(௫) − 2 × 7! × (1 + ,   ଼ି(ݔ 0 < ݔ < ݁ଵ
ଶൗ − 1 

With boundary conditions: 

(0)ݕ = 0            , ݕ ቀ݁ଵ
ଶൗ − 1ቁ = ଵ

ଶ    

ଶ௜(0)ݕ = −(2݅ − 1)!  , ଶ௜ݕ ቀ݁ଵ
ଶൗ − 1ቁ = ݅   , ଶ௜(0)݁ି௜ݕ = 1,2,3 

Has the exact solution is: 

(ݔ)∗ݕ = ln(1 +  (ݔ

Using previous steps in the equation give the system: 

(௡ݔ)ଶݕ = ଵݕ
ᇱᇱ(ݔ௡)                 , ଴ߙ     = 1 , ଴ߚ        =

1
2

   … … . . (1) 

(௡ݔ)ଷݕ = ଶݕ
ᇱᇱ(ݔ௡)     , ଶߙ     = −1 , ଶߚ        = −݁ିଵ    … … . . (2) 

(௡ݔ)ସݕ = ଷݕ
ᇱᇱ(ݔ௡)    , ସߙ     = −6 , ସߚ        = −6݁ିଶ    … … . . (3) 

ସݕ
ᇱᇱ(ݔ௡) = 7! × ݁ି଼௬భ(௫೙) − 2 × 7! × (1 +                          ଼ି(௡ݔ

଺ߙ   = ଺ߚ   ,120− = −120݁ିଷ                                        … … . . (4) 

and by applying algorithm (5.1) using MATLAB see Chapter 6 (p.157-

161), with N=7 we get the following results as in Table 5.1 with acceptable 

tolerance value 1 × 10ିହ that was accomplished with five iterations at 

ߠ = 0 



140 
 

Table 
(5.1) 

 

xi wi yi |wi – yi| 

0 0 0  

0.08109 0.07769 0.07797 6.5699e-007 

0.16218 0.15031 0.1503 8.307e-006 

0.24327 0.21776 0.21775 1.8716e-005 

0.32436 0.28096 0.28093 2.549e-005 

0.40545 0.34038 0.34036 2.621e-005 

0.48654 0.39647 0.39645 2.0766e-005 

0.56763 0.44958 0.44957 1.0957e-005 

0.64872 0.5 0.5  

5.2 Finite – Difference Method (5.1) for Solving Special 
Eighth-Order Non-linear Boundary Value Problems: 

On this method we will directly replace the derivatives in the given 

differential equation by its finite difference approximations. 

A Special Eight-Order Boundary -Value Problem: 

Consider the special nonlinear eighth-order boundary value problem 

(௩௜௜௜)ݕ = ,ݔ)݂ ܽ               ,    (ݕ ≤ ݔ ≤ ܾ           , ܽ, ܾ, ݔ ∈ ℝ             … (5.12) 

With the associated boundary conditions: 

(ܽ)ݕ = ,  ଴ߙ (ܽ)(௜௜)ݕ      = (ܽ)(௜௩)ݕ       , ଵߙ = (ܽ)(௩௜)ݕ       , ଶߙ =               ଷߙ

(ܾ)ݕ = ,  ଴ߚ (ܾ)(௜௜)ݕ      = (ܾ)(௜௩)ݕ       , ଵߚ = (ܾ)(௩௜)ݕ      , ଶߚ = ଷߚ         … (5.13)       
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We assume that f is real and differentiable as many times as required for 

x[a.b], and that the values of even derivatives at end points are real and 

finite constants. 

We divide [a,b] into (N+1) equal subintervals whose endpoints are at 
௡ݔ = ܽ + ݊ℎ , for n=0,1,…,N+1,ℎ = ௕ି௔

ேାଵ
  where N7 is an integer. 

Assuming that the exact solution has abounded tenth derivative allows us to 

replace ݕ(௩௜௜௜)in the equation. 

(௜ݔ)(௩௜௜௜)ݕ = ௜ݔ)݂ ,  ((௜ݔ)ݕ

The centered-finite difference formula for eighth-order differential equation 

which is obtained using undetermined coefficients method is: 

௜ݕ
(௩௜௜௜) = ௬೔షరି଼௬೔షయାଶ଼௬೔షమିହ଺௬೔షభା଻଴௬೔ିହ଺௬೔శభାଶ଼௬೔శమି଼௬೔శయା௬೔శర

௛ఴ +
ℎ2

3
       (ߦ)(ݔ)ݕ

…(5.14) 

By using equation (5.14) and substituting it in equation (5.12) we get 

௜ିସݕ − ௜ିଷݕ8 + ௜ିଶݕ28 − ௜ିଵݕ56 + ௜ݕ70 − ௜ାଵݕ56 + ௜ାଶݕ28 − ௜ାଷݕ8 +

௜ାସݕ − ℎ଼
௡݂ + ௡ݐ = 0                                                                      …(5.15) 

Where ݕ௡ = ௡݂ ,(௡ݔ)ݕ = ௡ݔ)݂ ,  ௡ is the local truncation error at theݐ , (௡ݕ

point ݔ௡, for n=1,2,3,…,N. 

Now a finite difference method with truncation error of order ܱ(ℎଶ) results 

by using this equation together with boundary conditions ݕ(ଶ௜)(ܽ) =  , ௜ߙ

(ܾ)(ଶ௜)ݕ = ௜ߚ  , ݅ = 0,1,2,3 , to define: 

଴ݓ
(ଶ௜) = ேାଵݓ   ,          ௜ߙ

(ଶ௜) = ଶ௜ߚ  , ݅ = 0,1,2,3 
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௜ିସݓ − ௜ିଷݓ8 + ௜ିଶݓ28 − ௜ିଵݓ56 + ௜ݓ70 − ௜ାଵݓ56 + ௜ାଶݓ28 −

௜ାଷݓ8      + ௜ାସݓ − ℎ଼
௡݂ = 0                                                         …(5.16) 

Where (ݔ)ݓis the approximated solution for the problem and we will use 

the notation  ݓ௡ to denote the solution at ݔ௡. But we note that formula 

(5.16) can be applied to N-6 mesh points ݔ௡ , ( ݊ = 4,5, … … , ܰ − 3) only. 

So we must find another special formula that consists with the point's n=1, 

2, 3, N-2, N-1, N in order to use powers of matrix  ܬଵ , in previous section. 

These formulas are assumed to be of the forms: 

ଵݓ42 − ଶݓ48 + ଷݓ27 − ସݓ8 + ହݓ − ∑ ℎଶ௜ܿଵ,௜ݓ଴
(ଶ௜)ସ

௜ୀ଴ − ℎ଼
ଵ݂ = 0 .(5.17) 

ଵݓ48− + ଶݓ69 − ଷݓ56 + ସݓ28 − ହݓ8 + ଺ݓ − ∑ ℎଶ௜ܿଶ,௜ݓ଴
(ଶ௜)ସ

௜ୀ଴ −

ℎ଼
ଶ݂ = 0                                                                                            ...(5.18) 

ଵݓ27 − ଶݓ56 + ଷݓ70 − ସݓ56 + ହݓ28 − ଺ݓ8 + ଻ݓ − ∑ ℎଶ௜ܿଷ,௜ݓ଴
(ଶ௜)ସ

௜ୀ଴ −

ℎ଼
ଷ݂ = 0                                                                                          … (5.19) 

ேି଺ݓ − ேିହݓ8 + ேିସݓ28 − ேିଷݓ56 + ேିଶݓ70 − ேିଵݓ56 + ேݓ27 −

∑ ℎଶ௜ܿଷ,௜ݓேାଵ
(ଶ௜)ସ

௜ୀ଴ − ℎ଼
ே݂ିଶ = 0                                                       …(5.20) 

ேିହݓ − ேିସݓ8 + ேିଷݓ28 − ேିଶݓ56 + ேିଵݓ69 − ேݓ48 −

∑ ℎଶ௜ܿଶ,௜ݓேାଵ
(ଶ௜)ସ

௜ୀ଴ − ℎ଼
ே݂ିଶ = 0                                                       …(5.21) 

ேିସݓ − ேିଷݓ8 + ேିଶݓ27 − ேିଵݓ48 + ேݓ42 − ∑ ℎଶ௜ܿଵ,௜ݓேାଵ
(ଶ௜)ସ

௜ୀ଴ −

ℎ଼
ே݂ିଶ = 0                                                                                        ...(5.22) 

Where the 15 parameters ܿଵ,௜ , ܿଶ,௜ ܽ݊݀ ܿଷ,௜, (݅ = 0,1,2,3,4) are chosen for 

the convenience of using powers of J in the convergence analysis, we can 

find the parameters using the undetermined coefficients method. See 

Algorithm (5.2) & full MATLAB program in Chapter (6) p.(161-167). 
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The parameters values using the Algorithm (5.2) are: 

 

Coefficient i=0 i=1 i=2 i=3 i=4 

ܿଵ,௜ 14 -5 ૚ૢ
૚૛ൗ  −૝ૢ

ૠ૛ൗ  ૚૚૞ૡ
૞૚૝૚ൗ  

ܿଶ,௜ -14 4 ି૛
૜ൗ  ିૠ

૝૞ൗ  ି૜૚
૛૞૛૙ൗ  

ܿଷ,௜ 6 -1 ି૚
૚૛ൗ  ି૚

૜૟૙ൗ  ૚
૛૙૚૟૙ൗ  

So the resulting NN nonlinear system obtained from this method of 

equations (5.16), (5.17), (5.18), (5.19), (5.20), (5.21), and (5.22) can be 

summarized as: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

42
−48   

27
−8   

1

−48   
69

−56   
28
8
1

0

27  
−56     

70  
−56      

28   
−8    

−8  
28

−56  
70

−56  
28

1
−8   
28

−56  
70

−56   

⋱

1
−8   
28

−56    
70

1
−8   
28

−56  

⋱

1
−8   
28

1

1
−8   

⋱

−8
1

1

  
28
−8 

1

⋱

−56  
28

−8  
1

  
70

−56   
28
−8

−56  
70

−56   
27

0

28
−56   

69
−48   

−8
27

−48  
42 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

ଵݓ
ଶݓ

⋮

⋮

ேିଵݓ
ேݓ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

−

ℎ଼

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ଵ݂

ே݂⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ܿଵ଴ߙ଴ + ܿଵଵℎଶߙଵ + ܿଵଶℎସߙଶ + ܿଵଷℎ଺ߙଷ + ܿଵସℎ଼ߙସ
ܿଶ଴ߙ଴ + ܿଶଵℎଶߙଵ + ܿଶଶℎସߙଶ + ܿଶଷℎ଺ߙଷ + ܿଶସℎ଼ߙସ
ܿଷ଴ߙ଴ + ܿଷଵℎଶߙଵ + ܿଷଶℎସߙଶ + ܿଷଷℎ଺ߙଷ + ܿଷସℎ଼ߙସ

଴ߙ−

଴ߚ−
ܿଷ଴ߚ଴ + ܿଷଵℎଶߚଵ + ܿଷଶℎସߚଶ + ܿଷଷℎ଺ߚଷ + ܿଷସℎ଼ߚସ
ܿଶ଴ߚ଴ + ܿଶଵℎଶߚଵ + ܿଶଶℎସߚଶ + ܿଶଷℎ଺ߚଷ + ܿଶସℎ଼ߚସ
ܿଵ଴ߚ଴ + ܿଵଵℎଶߚଵ + ܿଵଶℎସߚଶ + ܿଵଷℎ଺ߚଷ + ܿଵସℎ଼ߚସ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 ….(5.23) 

 

Table 
 (5.2) 
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This system can be summarized algebraically on the form: 

ଵܬ                   
ସܹ − ℎ଼݂(ݔ, ܹ) − ܾ = 0                                      ……(5.24) 

Where ܬଵ
ସ  is the fourth power of matrix ܬଵ, ܹ = ,ଵݓ] ,ଶݓ … ,  ே]்is theݓ

solution vector, b is the constant vector of order N . 

We will use Newton's method for nonlinear systems, discussed in [Bruden 

& Faires, p.613-614] to approximate the solution to this system. 

Local Truncation Error:  

According to the finite-difference approximation to eight-order problem: 

߬௡ = ௡ݓଵ଴ℎଵ଴ܥ
(௫) + ௡ݓଵଵℎଵଵܥ

(௫௜) + ⋯                                          … (5.25) 

But as there is symmetry in the equation so that the odd terms will be equal 

zero, so by using equation (5.14) we find C10 as: 

ଵ଴ܥ = ଶ(ସ)భబିଶ∗଼(ଷ)భబାଶ∗ଶ଼(ଶ)భబିଶ∗ହ଺(ଵ)భబ

ଵ଴!
 = ଵ

ଷ
   

from the above we can get: 

߬௡ = ଵ
ଷ

ℎଵ଴ݓ௡
(௫) + ܱ(ℎଵଶ), for  n= 3,4,… ,N-3                                 …(5.26) 

Now for n=1, 2, 3 , N-2, N-1, N  , we will use equations (5.17), (5.18),  

(5.19), (5.20), (5.21), (5.22) to obtain the local truncation error as follows 

and by using  algorithm(5.2) : 

߬ଵ =
ିସ଼(ଵ)భబାଶ଻(ଶ)భబି଼(ଷ)భబା(ସ)భబାଵସ(ିଵ)భబିହ(ିଵ)ఴାభవ

భమ(ିଵ)లିరవ
ళమ(ିଵ)రାభభఱఴ

ఱభరభ(ିଵ)మ

ଵ଴!
 ℎଵ଴ݓଵ

(௫) +

ܱ(ℎଵଵ) =  ଵଶ଻
ସଵ଺

ℎଵ଴ݓଵ
(௫) + ܱ(ℎଵଵ)                                                                      …(5.27) 

and by the same steps we can find the remnant truncation errors, which are: 
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߬ଶ = ଵଽ଼
ହଽହ

ℎଵ଴ݓଶ
(௫) + ܱ(ℎଵଵ)                                                              …(5.28) 

߬ଷ = ଶ଴ଵହଽଽ
଺଴ସ଻ଽ଼

ℎଵ଴ݓଷ
(௫) + ܱ(ℎଵଵ)                                                         …(5.29) 

߬ேିଶ = ଶ଴ଵହଽଽ
଺଴ସ଻ଽ଼

ℎଵ଴ݓேିଶ
(௫) + ܱ(ℎଵଵ                                                     …(5.30) 

߬ேିଵ = ଵଽ଼
ହଽହ

ℎଵ଴ݓேିଵ
(௫) + ܱ(ℎଵଵ)                                                        …(5.31) 

߬ே = ଵଶ଻
ସଵ଺

ℎଵ଴ݓே
(௫) + ܱ(ℎଵଵ)                                                             …(5.32) 

Now we will discuss the following example to illustrate the previous 

method steps: 

Example: The Eighth-order boundary value problem 

(ݔ)(௩௜௜௜)ݕ = 7! × ݁ି଼௬(௫) − 2 × 7! × (1 + ,   ଼ି(ݔ 0 < ݔ < ݁ଵ
ଶൗ − 1 

With boundary conditions: 

(0)ݕ = 0            , ݕ ቀ݁ଵ
ଶൗ − 1ቁ = ଵ

ଶ    

ଶ௜(0)ݕ = −(2݅ − 1)!  , ଶ௜ݕ ቀ݁ଵ
ଶൗ − 1ቁ = ݅   , ଶ௜(0)݁ି௜ݕ = 1,2,3 

Has the exact solution is:          (ݔ)∗ݕ = ln(1 +  (ݔ

Using the algorithm (5.3) in Chapter (6) p.(167-171),with second order 

convergent for N=7 and tolerance value 1 × 10ିହ that was accomplished 

with four iterations, giving the results in Table 5.3  
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Table 
 (5.3) xi wi yi |wi – yi| 

0   0   0  

0.08109   0.077823     0.07797 1.473e-4 

0.16218       0.15003   0.1503 2.703e-4 

0.24327        0.2174      0.21775 3.501e-4 

0.32436         0.28055      0.28093 3.754e-4 

0.40545         0.34001       0.34036 3.439e-4 

0.48654         0.39619        0.39645 2.615e-4 

0.56763         0.44942         0.44957 1.409e-4 

0.64874   0.5   0.5  

The previous method is modified to solve especial fourth and sixth –order 

boundary value problems by finding the coefficients automatically using 

Algorithm (1.1), (5.2) together with Algorithm (5.3) and get the results that 

we want. See the full MATLAB program (p.171-175) 

5.3 Finite – Difference Method (5.2) For Solving General 
Eighth-Order Non-linear Boundary Value Problems: 

In previous section we dealt with special nonlinear problems and replaced 

directly the finite difference approximations. But in this method will deal 

with general eighth-order boundary value problems. 

Assume the general eighth-order nonlinear boundary value problem: 

(௩௜௜௜)ݕ = ݂൫ݔ, ,ݕ ,ᇱݕ ,"ݕ ,ᇱᇱᇱݕ ,(௜௩)ݕ ,(௩)ݕ ,(௩௜)ݕ ,    ൯(௩௜௜)ݕ ܽ ≤ ݔ ≤ ܾ   …(5.33) 

With special boundary conditions: 

(ܽ)(ଶ௜)ݕ = ௜ߙ       , (ܾ)(ଶ௜)ݕ = ௜ߚ       , ݅ = 0,1,2,3 
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Where f is real and differential as many times as required on [a,b], and that 

,௜ߙ ௜ߚ  , (݅ = 0,1,2,3) are real finite constant. 

As in the previous section we first divide [a,b] into equal subintervals 

whose endpoints are at ݔ௡ = ܽ + ݊ℎ  , for n=0,1,2,…,N+1 

To find the finite difference formula for this general problem we will use 

appropriate centered-difference formula for each derivative found in the 

problem especially the even derivatives, which is given as: 

௡ݕ
" = ௬೙షభିଶ௬೙ା௬೙శభ

௛మ − ௛మ

ଵଶ
 (5.34)...                                                      (ߦ)(௜௩)ݕ

௡ݕ
(௜௩) = ௬೙షమିସ௬೙షభା଺௬೙ିସ௬೙శభା௬೙శమ

௛ర − ௛మ

଺
 (5.35)…                             (ߦ)(௩௜)ݕ

௡ݕ
(௩௜) = ௬೙షయି଺௬೙షమାଵହ௬೙షభିଶ଴௬೙ାଵହ௬೙శభି଺௬೙శమା௬೙శయ

௛ల − ௛మ

ସ
 (5.36)...  (ߦ)(௩௜௜௜)ݕ

௡ݕ
(௩௜௜௜) = ௬೙షరି଼௬೙షయାଶ଼௬೙షమିହ଺௬೙షభା଻଴௬೙ିହ଺௬೙శభାଶ଼௬೙శమି଼௬೙శయା௬೙శర

௛ఴ − ௛మ

ଷ
 (5.37)  (ߦ)(௫)ݕ

Where yn=y(xn),for n=0, 1, 2,…, N+1, then we substitute the 

approximations in equation (5.33) and by omitting the error terms we get 

the general finite difference formula with its boundary conditions, to 

explain this method we will discuss the following example : 

ଶܦ) − ଶܣ − ଶܦ)](ߪ݌ − ଶܣ − ଶܦ)(ߪ − (ଶܣ + (ݔ)ݕ[ଶܦܶ + ଶܦ)ଶܦܴ −

ଶܣ − (ݔ)ݕ(ߪ − ,ݔ)݂ (ݕ = 0 ,   axb                                              …(5.38) 

With the boundary conditions of the form: 

(ܽ)(ଶ௜)ݕ = ௜ߙ       , (ܾ)(ଶ௜)ݕ = ௜ߚ       , ݅ = 0,1,2,3 

The equation (5.38) can be simplified to the form: 

଼ܦ) − ܿଵܦ଺ + ܿଶܦସ − ܿଷܦଶ + ܿସ(ݔ)ݕ(ܫ − ,ݔ)݂ (ݕ = 0                 …(5.39) 
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Where: 

ܿଵ = ଶܣ4 + ݌) +   ߪ(2

ܿଶ = ସܣ6 + ݌)3 + ଶܣߪ(2 + (1 + ଶߪ(݌2 + ܶ  

ܿଷ = ଺ܣ4 + ݌)3 + ସܣߪ(2 + ݌2)2 + ଶܣଶߪ(1 + ଶߪ)ߪ݌ + ܶ) + (ܶ −    ଶܣ(ܴ

ܿସ = ଼ܣ + ݌) + ଺ܣߪ(2 + ݌2) + ସܣଶߪ(1 + ଷߪ݌] − ଶܣ)ܴ +   ଶܣ[(ߪ

To solve this problem first we will substitute the equations (5.34), (5.35), 

(5.36) & (5.37) in the equation (5.38) to get the following finite difference 

formula: 

௡ିସݓ − (8 + ܿଵℎଶ)ݓ௡ିଷ + (28 + 6ܿଵℎଶ + ܿଶℎସ)ݓ௡ିଶ − (56 + 15ܿଵℎଶ +

4ܿଶℎସ + ܿଷℎ଺)ݓ௡ିଵ + (70 + 20ܿଵℎଶ + 6ܿଶℎସ + 2ܿଷℎ଺ + ܿସℎ଼)ݓ௡ −

(56 + 15ܿଵℎଶ + 4ܿଶℎସ + ܿଷℎ଺)ݓ௡ାଵ + (28 + 6ܿଵℎଶ + ܿଶℎସ)ݓ௡ାଶ −

(8 + ܿଵℎଶ)ݓ௡ାଷ + ௡ାସݓ − ℎ଼
௡݂ = 0                                              …(5.40) 

With ݓ଴
(ଶ௜) = ,   ௜ߙ ேାଵݓ

(ଶ௜) = ௜ߚ    , ݅ = 0,1,2,3, where wn is the approximated 

solution at xn. 

The finite difference formula in (5.40) can be applied for n=4,5,…,N-3 

only, so we need a special formulas for n=1,2,3,N-2,N-1,N, that suits the 

powers of matrix J1 in (5.11), so we will illustrate the steps to find. 

For n=1 

ଵݓ 
" = ௪బିଶ௪భା௪మ

௛మ                                                                               …(5.41)   

ଵݓ
(௜௩) =

ହ௪భିସ௪మା௪యିଶ௪బା௛మ௪బ
" ା భ

భమ௛ర௪బ
(೔ೡ)

௛ర                                           …(5.42) 

ଵݓ
(௩௜) =

ିଵସ௪భାଵସ௪మି଺௪యା௪రାହ௪బିଶ௛మ௪బ
" ାఱ

ల௛ర௪బ
(೔ೡ)ା మవ

భఴబ௛ల௪బ
(ೡ೔)

௛ల              …(5.43) 
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ଵݓ
(௩௜௜௜) =

ସଶ௪భିସ଼௪మାଶ଻௪యି଼௪రା௪ఱିଵସ௪బାହ௛మ௪బ
" ିభవ

భమ௛ర௪బ
(೔ೡ)ାరవ

ళమ௛ల௪బ
(ೡ೔)ାభభఱఴ

ఱభరభ௛ఴ௪బ
(ೡ೔೔೔)

௛ఴ   …(5.44) 

By substituting the previous four equations in Eq.(5.34) give: 

(42 + 14ܿଵℎଶ + 5ܿଶℎସ + 2ܿଷℎ଺ + ܿସℎ଼)ݓଵ − (48 + 14ܿଵℎଶ + 4ܿଶℎସ +

ܿଷℎ଺)ݓଶ + (27 + 6ܿଵℎଶ + ܿଶℎସ)ݓଷ − (8 + ܿଵℎଶ)ݓସ + ݀ଵ − ℎ଼
ଵ݂=0      …(5.45) 

Where ݀ଵ = −(14 + 5ܿଵℎଶ + 2ܿଶℎସ + ܿଷℎ଺)ߙ଴ + ℎଶ(5 + 2ܿଵℎଶ +
ܿଶℎସ)ߙଵ − ℎସ ቀଵଽ

ଵଶ
+ ఱ

లܿଵℎଶ − భ
భమܿଶℎସቁ ଶߙ + ℎ଺൫రవ

ళమ − మవ
భఴబܿଵℎଶ൯ߙଷ + భభఱఴ

ఱభరభℎ଼
଴݂ 

For n=2 

ଶݓ
" = ௪భିଶ௪మା௪య

௛మ                                                                                …(5.46)   

ଶݓ
(௜௩) = ିସ௪భା଺௪మିସ௪యା௪రା௪బ

௛ర                                                           …(5.47) 

ଶݓ
(௩௜) =

ଵସ௪భିଶ଴௪మାଵହ௪యି଺௪రା௪ఱିସ௪బା௛మ௪బ
" ା భ

భమ௛ర௪బ
(೔ೡ)ା భ

యలబ௛ల௪బ
(ೡ೔)

௛ల       …(5.48) 

ଶݓ
(௩௜௜௜) = ିସ଼௪భା଺ଽ௪మିହ଺௪యାଶ଼௪రି଼௪ఱା௪లାଵସ௪బିସ௛మ௪బ

" ାమ
య௛ర௪బ

(೔ೡ)ା ళ
రఱ௛ల௪బ

(ೡ೔)ା యభ
మఱమబ௛ఴ௪బ

(ೡ೔೔೔)

௛ఴ   …(5.49) 

By substituting the previous four equations in (5.33) give: 

−(48 + 14ܿଵℎଶ + 4ܿଶℎସ + ܿଷℎ଺)ݓଵ + (69 + 20ܿଵℎଶ + 6ܿଶℎସ + 2ܿଷℎ଺ +

ܿସℎ଼)ݓଶ − (56 + 15ܿଵℎଶ + 4ܿଶℎସ + ܿଷℎ଺)ݓଷ + (28 + 6ܿଵℎଶ +

ܿଶℎସ)ݓସ − (8 + ܿଵℎଶ)ݓହ + ଺ݓ + ݀ଶ − ℎ଼
ଶ݂ = 0                           …(5.50) 

Where 

 ݀ଶ = (14 + 4ܿଵℎଶ + ܿଶℎସ)ߙ଴ − ℎଶ(4 + ܿଵℎଶ)ߙଵ + ℎସ ቀଶ
ଷ

− భ
భమܿଵℎଶቁ ଶߙ +

ℎ଺൫ ళ
రఱ − భ

యలబܿଵℎଶ൯ߙଷ + యభ
ఱభరℎ଼

଴݂ 

For n=3 

ଷݓ
" = ௪మିଶ௪యା௪ర

௛మ                                                                                …(5.51)   
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ଷݓ
(௜௩) = ௪భିସ௪మା଺௪యିସ௪రା௪ఱ

௛ర                                                              …(5.52) 

ଷݓ
(௩௜) = ି଺௪భାଵହ௪మିଶ଴௪యାଵହ௪రି଺௪ఱା௪లା௪బ

௛ల                                        …(5.53) 

ଷݓ
(௩௜௜௜) =

ଶ଻௪భିହ଺௪మା଻଴௪యିହ଺௪రାଶ଼௪ఱି଼௪లା௪ళି଺௪బା௛మ௪బ
" ା భ

భమ௛ర௪బ
(೔ೡ)ା భ

యలబ௛ల௪బ
(ೡ೔)ା భ

మబభలబ௛ఴ௪బ
(ೡ೔೔೔)

௛ఴ  

…(5.54) 

By substituting the previous four equations in (5.34) give: 

(27 + 6ܿଵℎଶ + ܿଶℎସ)ݓଵ − (56 + 15ܿଵℎଶ + 14ܿଶℎସ + ܿଷℎ଺)ݓଶ + (70 +

20ܿଵℎଶ + 6ܿଶℎସ + 2ܿଷℎ଺ + ܿସℎ଼)ݓଷ − (56 + 15ܿଵℎଶ + 4ܿଶℎସ + ܿଷℎ଺)ݓସ +

(28 + 6ܿଵℎଶ + ܿଶℎସ)ݓହ − (8 + ܿଵℎଶ)ݓ଺ + ଻ݓ + ݀ଷ − ℎ଼
ଷ݂ = 0         …(5.55)   

Where ݀ଷ = −(6 + ܿଵℎଶ)ߙ଴ + ℎଶߙଵ + భ
భమℎସߙଶ + భ

యలబℎ଺ߙଷ + భ
మబభలబℎ଼

଴݂ 

For n=N-2 

ேିଶݓ
" = ௪ಿషయିଶ௪ಿషమା௪ಿషభ

௛మ                                                                 …(5.56)   

ேିଶݓ
(௜௩) = ௪ಿషరିସ௪ಿషయା଺௪ಿషమିସ௪ಿషభା௪ಿ

௛ర                                              …(5.57) 

ேିଶݓ
(௩௜) = ି଺௪ಿషరାଵହ௪ಿషయିଶ଴௪ಿషమାଵହ௪ಿషభି଺௪ಿା௪ಿశభ

௛ల                          …(5.58) 

ேିଶݓ
(௩௜௜௜) = 

௪ಿషలି଼௪ಿషఱାଶ଼௪ಿషరିହ଺௪ಿషయା଻଴௪ಿషమିହ଺௪ಿషభାଶ଻௪ಿି଺௪ಿశభା௛మ௪ಿశభ
" ା భ

భమ௛ర௪ಿశభ
(೔ೡ) ା భ

యలబ௛ల௪ಿశభ
(ೡ೔) ା భ

మబభలబ௛ఴ௪ಿశభ
(ೡ೔೔೔)

௛ఴ             

…(5.59) 

By substituting the previous four equations in (5.34) give: 

(27 + 6ܿଵℎଶ + ܿଶℎସ)ݓே − (56 + 15ܿଵℎଶ + 14ܿଶℎସ + ܿଷℎ଺)ݓேିଵ +

(70 + 20ܿଵℎଶ + 6ܿଶℎସ + 2ܿଷℎ଺ + ܿସℎ଼)ݓேିଶ − (56 + 15ܿଵℎଶ + 4ܿଶℎସ +
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ܿଷℎ଺)ݓேିଷ + (28 + 6ܿଵℎଶ + ܿଶℎସ)ݓேିସ − (8 + ܿଵℎଶ)ݓேିହ + ேି଺ݓ +

݀ேିଶ − ℎ଼
ே݂ିଶ = 0                                                                          …(5.60)  

Where  ݀ேିଶ = −(6 + ܿଵℎଶ)ߚ଴ + ℎଶߚଵ + భ
భమℎସߚଶ + భ

యలబℎ଺ߚଷ + భ
మబభలబℎ଼

ே݂ାଵ 

For n=N-1 

ேିଵݓ
" = ௪ಿషమିଶ௪ಿషభା௪ಿ

௛మ                                                                    …(5.61)   

ேିଵݓ
(௜௩) = ௪ಿషయିସ௪ಿషమା଺௪ಿషభିସ௪ಿା௪ಿశభ

௛ర                                              …(5.62) 

ேିଵݓ
(௩௜) =

௪రି଺௪ಿషయାଵହ௪ಿషమିଶ଴௪ಿషభାଵସ௪ಿିସ௪ಿశభା௛మ௪ಿశభ
" ା భ

భమ௛ర௪ಿశభ
(೔ೡ) ା భ

యలబ௛ల௪ಿశభ
(ೡ೔)

௛ల    

…(5.63) 

ேିଵݓ
(௩௜௜௜) =

௪ಿషఱି଼௪ಿషరାଶ଼௪ಿషయିହ଺௪ಿషమା଺ଽ௪ಿషభିସ଼௪ಿାଵସ௪ಿశభିସ௛మ௪ಿశభ
" ାమ

య௛ర௪ಿశభ
(೔ೡ) ା ళ

రఱ௛ల௪ಿశభ
(ೡ೔) ା యభ

మఱమబ௛ఴ௪ಿశభ
(ೡ೔೔೔)

௛ఴ   

 …(5.64) 

By substituting the previous four equations in (5.34) give: 

−(48 + 14ܿଵℎଶ + 4ܿଶℎସ + ܿଷℎ଺)ݓே + (69 + 20ܿଵℎଶ + 6ܿଶℎସ + 2ܿଷℎ଺ +

ܿସℎ଼)ݓேିଵ − (56 + 15ܿଵℎଶ + 4ܿଶℎସ + ܿଷℎ଺)ݓேିଶ + (28 + 6ܿଵℎଶ +

ܿଶℎସ)ݓேିଷ − (8 + ܿଵℎଶ)ݓேିସ + ேିହݓ + ݀ேିଵ − ℎ଼
ே݂ିଵ = 0     …(5.65) 

Where 

 ݀ேିଵ = (14 + 4ܿଵℎଶ + ܿଶℎସ)ߚ଴ − ℎଶ(4 + ܿଵℎଶ)ߚଵ + ℎସ ቀଶ
ଷ

− భ
భమܿଵℎଶቁ ଶߚ +

ℎ଺൫ ళ
రఱ − భ

యలబܿଵℎଶ൯ߚଷ + యభ
మఱమబℎ଼

ே݂ାଵ  

For n=N 

ேݓ
" = ௪ಿషభିଶ௪ಿା௪ಿశభ

௛మ                                                                        …(5.66)   
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ேݓ
(௜௩) =

௪ಿషమିସ௪ಿషభାହ௪ಿିଶ௪ಿశభା௛మ௪ಿశభ
" ା భ

భమ௛ర௪ಿశభ
(೔ೡ)

௛ర                           …(5.67) 

ேݓ
(௩௜) =

௪ಿషయି଺௪ಿషమାଵସ௪ಿషభିଵସ௪ಿାହ௪ಿశభିଶ௛మ௪ಿశభ
" ାఱ

ల௛ర௪ಿశభ
(೔ೡ) ା మవ

భఴబ௛ల௪ಿశభ
(ೡ೔)

௛ల   

…(5.68) 

ேݓ
(௩௜௜௜) =

௪ಿషరି଼௪ಿషయାଶ଻௪ಿషమିସ଼௪ಿషభାସଶ௪ಿିଵସ௪ಿశభାହ௛మ௪ಿశభ
" ିభవ

భమ௛ర௪ಿశభ
(೔ೡ) ାరవ

ళమ௛ల௪ಿశభ
(ೡ೔) ାభభఱఴ

భభఱఴ௛ఴ௪ಿశభ
(ೡ೔೔೔)

௛ఴ    

  …(5.69) 

By substituting the previous four equations in (5.34) give: 

(42 + 14ܿଵℎଶ + 5ܿଶℎସ + 2ܿଷℎ଺ + ܿସℎ଼)ݓே − (48 + 14ܿଵℎଶ + 4ܿଶℎସ +

ܿଷℎ଺)ݓேିଵ + (27 + 6ܿଵℎଶ + ܿଶℎସ)ݓேିଶ − (8 + ܿଵℎଶ)ݓேିଷ + ݀ே −

ℎ଼
ே݂ = 0                                                                                          …(5.70) 

Where 

 ݀ே = −(14 + 5ܿଵℎଶ + 2ܿଶℎସ + ܿଷℎ଺)ߚ଴ + ℎଶ(5 + 2ܿଵℎଶ + ܿଶℎସ)ߚଵ −
ℎସ ቀଵଽ

ଵଶ
+ ఱ

లܿଵℎଶ − భ
భమܿଶℎସቁ ଶߚ + ℎ଺൫రవ

ళమ − మవ
భఴబܿଵℎଶ൯ߚଷ + భభఱఴ

ఱభరభℎ଼
ே݂  

Now the system of previous equations (5.40), (5.45), (5.51), (5.55), (5.60), 

(5.65), & (5.70) can be summarized as: 

ସܬ ] + ܿଵℎଶܬଶ + ܿଶℎସܬସ + ܿଷℎ଺ܬ + ܿସℎ଼ܫ]ܹ − ℎ଼݂(ݔ, ܹ) + ݀ = 0 ...(5.71) 

where ܹ = ,ଵݓ] ,ଶݓ … ,  ே]் the solution vector , that was found byݓ

solving the nonlinear algebraic system (5.71) using Newton's method. 

 ݀ = [݀ଵ, ݀ଶ, ݀ଷ, ,଴ߙ− 0, … ,0, ,଴ߚ− ݀ேିଶ, ݀ேିଵ, ݀ே]்  
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The Local Truncation Errors: 

We can find easily the local truncation error for equation (5.40) by using 

equations (5.2), (5.3), (5.4) & (5.5) for n=4, 5, …, N-3 as follows: 

߬௡ = ℎଵ଴ ቂభ
యݓ௡

(௫) − భ
రܿଵݓ௡

(௩௜௜௜) + భ
లܿଶݓ௡

(௩௜) − భ
భమܿଷݓ௡

(௜௩)ቃ + ܱ(ℎଵଶ)      …(5.72) 

but for n=1, 2, 3, N-2, N-1, N we will use the associated finite-difference 

approximations with their truncation errors that were used to find equations 

(5.13), (5.19), (5.24), (5.29), (5.34) &(5.39) by using (local Truncation) 

algorithm: 

߬ଵ = ℎଵ଴ൣభమళ
రభలݓଵ

(௫) − రళవ
మబభలܿଵݓଵ

(௩௜௜௜) + ఱవ
యలబܿଶݓଵ

(௩௜) − భ
భమܿଷݓଵ

(௜௩)൧ + ܱ(ℎଵଵ)    … (5.73) 

߬ଶ = ℎଵ଴ൣభవఴ
ఱవఱݓଶ

(௫) − భమలబ
ఱబరభܿଵݓଶ

(௩௜௜௜) + భ
లܿଶݓଵ

(௩௜) − భ
భమܿଷݓଵ

(௜௩)൧ + ܱ(ℎଵଵ)      …  (5.74) 

߬ଷ = ℎଵ଴ൣమబభఱవవ
లబరళవఴݓଷ

(௫) − భ
రܿଵݓଵ

(௩௜௜௜) + భ
లܿଶݓଵ

(௩௜) − భ
భమܿଷݓଵ

(௜௩)൧ + ܱ(ℎଵଵ)        …(5.75) 

߬ேିଶ = ℎଵ଴ൣమబభఱవవ
లబరళవఴݓேିଶ

(௫) − భ
రܿଵݓேିଶ

(௩௜௜௜) + భ
లܿଶݓேିଶ

(௩௜) − భ
భమܿଷݓேିଶ

(௜௩) ൧ + ܱ(ℎଵଵ)  …(5.76) 

߬ேିଵ = ℎଵ଴ൣభవఴ
ఱవఱݓேିଵ

(௫) − భమలబ
ఱబరభܿଵݓேିଵ

(௩௜௜௜) + భ
లܿଶݓேିଵ

(௩௜) − భ
భమܿଷݓேିଵ

(௜௩) ൧ + ܱ(ℎଵଵ)  …(5.77) 

߬ே = ℎଵ଴ൣభమళ
రభలݓே

(௫) − రళవ
మబభలܿଵݓே

(௩௜௜௜) + ఱవ
యలబܿଶݓே

(௩௜) − భ
భమܿଷݓே

(௜௩)൧ + ܱ(ℎଵଵ)    …(5.78) 

This method is like method (4.6) with some differences in coefficients and 

matrix diagonal that we can see some of their results in reference [3]. 
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his chapter discusses the difficulties that we faced while preparing this 

thesis, and how we dealt with, and the associated MATLAB 7.0 computer 

programs we constructed for this aim. Besides that the development of 

some new programs to reduce time and efforts in calculations, and others to 

solve linear boundary-value problems of order three up to seven. 

 

  

T
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6.1 Difficulties: 

We faced many difficulties while preparing this thesis that can be 

summarized in these questions: 

(i) How can we write a derivative of order (O) using any set of 

points w(x+ih) easily with simple time and effort? 

(ii) How can we write a derivative of order (O) using any set of 

points w(x+ih) and any set of derivatives we want, easily with 

simple time and effort? 

(iii) How can we write an even derivative of order (O) using a set of 

especial points w(x+ih) and a set of even derivatives equal and 

less than its order, easily with less time and effort? 

(iv) How can we use the powers of J1 matrix entries without using the 

power process?  

(v) How can we find the local truncation error for any finite 

difference approximation, easily with simple time and effort? 

(vi) Method (5.2) approximates the solution only for eighth-order 

BVPs with N>7, consequently how we can modify this method to 

approximate the solution for some Even-order BVPs with N O-

1?  

 

 

 

 



156 
 

6.2 Conclusions: 

The approximated solutions for problems that we discussed in this thesis 

have good errors using finite-difference methods, but they depend on the 

problem order, as the order is smaller the results will be better. 

The main reasons for accumulative errors in each method depend on using 

more derivative approximations in the high-order problems, and also on the 

boundary conditions for the problem. 

We note that when ߙ଴ ߚ ݎ݋଴ absence the errors in approximation are large 

and method needs to use higher order of accuracy at the endpoints. 

The seventh-order problem in chapter four takes long time in testing and 

calculating to get more accurate results. But we cannot get good results. 

The Finite-Difference methods need hard-work while deriving the finite-

difference approximations especially for these high-order problems and 

using many permutations at their endpoints to get our convergence order, 

but in this thesis we simplify this routine by using especial and new 

algorithms. 
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6.3 Computer Programs: 

In this section we use (MATLAB 7.0) package in programming and we use 

MATLAB functions to simplify our work. 

Now we will discuss some important computer programs that we did not 

discuss in the previous chapters that solve some of above difficulties and 

others that modified and developed especially in chapter five.  

Program (5.1): 

This program is used to approximate the solution for Even-BVPs by 

transforming it to system of second- order problem. This method is second 

order convergent if  = 0 and fourth-order convergent if  =1/12 and this 

was modified to select any  the user want. 

The Finite-Difference Method using 2m-order BVPs Program 

% To Approximate The Solution for Non-linear Even-Order BVPs. 

% With Boundary Conditions d(2i)W0 ,d(2i)WN+1.  

% INPUTS: - The Order of the Problem 

%        - The Function for BVP f(X,W) 

%        - The Derivative of f(X,W) with respect to W 

%        - The Interval End-points 

%        - The Number of Subinterval 

%        - The Boundary Condition for problem 



158 
 

%        - The Maximum Number of Iterations 

%        - The Tolerance  

%        - Theta  

% OUTPUTS: - The Approximation of W(X) 

syms ('X','W'); 

o=input ('Write the order of problem='); 

a=input ('Write the initial point of interval a ='); 

b=input ('Write the end point of interval b ='); 

N=input ('Write the number of sub-interval [a,b] ='); 

display ('Write the boundary condition as vector [W0 d2iW0] ='); 

A0=input (' '); 

display ('Write the boundary condition as vector [WN+1 d2iWN+1] ='); 

B0=input (' '); 

MM=input ('Write the maximum number of iteration='); 

F3=input ('Write the exact function for the problem='); 

T=input ('Write the tolerance you want='); 

Ta0=input ('Write 0<=Theta <=1, Theta='); 

% Calculate the step-size 
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h= (b-a)/ (N+1); m=o/2; 

% The initial approximation for Wi 

for i=1:N 

    x(i)=a+i*h; w(i)=A0(1)+i*h*((A0(1)-B0(1))/(b-a));end 

%The appropriate matrix for system 

for i=1:N 

    for j=1:N 

    if i==j     J1(i,j)=2,    M1(i,j)=(1-2*Ta0); 

% The constants vector for problem 

for i=1:m+1 

for j=1:N 

if j==1          d1(i,j)=A0(i); 

elseif j==N   d1(i,j)=B0(i);        end , end, end 

d=d1(1,1:N)-(Ta0*h^2)*d1(2,1:N); 

for i=2:m 

d11=((M1*(Jv1*M1)^(i-1))*(d1(i,1:N)-

(Ta0*h^2)*d1(i+1,1:N))')*(h^(2*(i-1)))*(-1)^(i-1); 

d=d+d11';end 

k=1; 
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while (k<=MM) 

% Evaluate the function and its derivative at W 

Fn1=FmethodII(x,w,F); 

Fn2=F2methodII(x,w,F2); 

Fn3=ExactFn(x,F3); 

% The Jacobian Matrix for system 

c=((-1)^(m-1))*(h^(2*m));J2=c*(M1*((Jv1*M1)^(m-1)))*(diag(c*Fn2)); 

J=J1+J2; 

% The system function at Wi 

f=-(J1*w'+(c*(M1*((Jv1*M1)^(m-1)))*Fn1')-d'); 

% The solution vector for system Jv=-f 

v=linsolve(J,f); 

if t<=T       break, end 

% The new approximated solution for system 

w=w+v';  x;   ww(k,1:N)=w; 

k=k+1;  end 

if o==0    display('The Method Is Second-Order Convergent'); 

elseif o==1/12  display('The Method Is Fourth-Order Convergent'); end 
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fprintf(1,'   x                 ww                 exact\n'); [x'  w' Fn3' abs(w-Fn3)'] 

Program (5.2): 

This program is designed in order to solve difficulty (iii). While we 

construct a general formula for solving eighth-order BVPs, we need a 

special formula for six points using especial even-derivatives as boundary 

conditions and set of points W(x+ih) which their coefficients are the entries 

of the power of J1. 

This program find the coefficients of the even derivatives less than or equal 

to the problem order (O). 

The program steps: 

(i) Find the matrix of h coefficients for w(x+ih) points we enter. 

(ii) Determine the index of Wn at which we want to use the associated 

row of J1
O/2. 

(iii) Find the matrix of h coefficients for even derivatives ݓ଴
(ଶ௜) less 

than or equal to the problem order. 

(iv) Find the constant vector, which came from subtracting two parts: 

1. by multiplying the results from step(i) and step(2). 

2. the corresponding problem order factorial. 

(v) Use forward substitution method to solve (iii) and (iv). 

% INPUTS: - The Order of the Derivative. 

%         - The Number & Coefficient of h for W(x+ah). 

%         - The Number & Even-Derivative & Coefficient of h for 

DW(x+ah). 
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% OUTPUTS: - The Coefficients For W(x+ah). 

%          - The Coefficients for Even-DW(x+ah). 

format rat 

o=input('The Order of Differential Equation ='); 

n=input('The xn index ='); 

N1=input('Number of Wn terms ='); 

aN1=input('The coefficient of h for w(x+ah)as vector between [  ]  ='); 

N2=input('Number of even derivatives ='); 

aN2=input('The coefficient of h for W0& Dw(x+ah)as vector between [  ]  ='); 

N=N1+N2; 

%To determine the h power associated with even derivatives 

h=sym('h','unreal'),c=1/(h^o); 

for i=1:N2 

dc(i)=h^((i-1)*2);end 

% The system of the coefficients of h for W(x+nh) 

for i=1:N1+N2+1 

    for j=1:N1 

        if (i==1)       aaN1(i,j)=1; 
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        else          aaN1(i,j)=aN1(j)^(i-1);    end , end, end 

% The system of the coefficients of h for even derivatives D2iW(x+nh) 

%lower triangular matrix 

aaN2(1,1)=1; 

for i=1:N2+1 

    for j=1:N2 

        if j==1      aaN2(i,j)=aN2(j)^(2*(i-1)); 

        elseif i==1 & j>1        aaN2(i,j)=0; 

        elseif i==j   aaN2(i,j)=factorial((2*(i-1)));            

        elseif j<I  

 aaN2(i,j)=(aN2(j)^(2*abs(i-j)))*(factorial((2*(i-1)))/factorial(2*abs(i-j))); 

         end, end ,end 

%The constant vector for the system of unknown Au=b. 

fo=factorial(o); 

for i=1:N2 

    if i==(o/2+1)      bN2(i)=fo; 

    else bN2(i)=0; end, end 

% The constant vector for Ad2iW=b that is the result from multiplying 

aaN1 in the suitable vector of J1 
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JJ1=coefn2(o,N1,n,N);    bN21(1)=aaN1(1,1:N1)*JJ1'; 

   for i=2:N2 

   bN21(i)=(aaN1((2*i-1),1:N1))*JJ1';   end 

   b=bN2-bN21,bb=(b);         

% use forward substitution method for solving Aw=b 

cc1=forwmethod(N2,b,aaN2); 

fprintf('The Coefficient for W0 & Even-Derivatives\n');cc1 

fprintf('Multiplying By:\n');dc 

%The local truncation error which was given from to part t1 from Wn and 

t2 from even derivatives d2iW 

t1=aaN1(o+3,1:N1)*JJ1';  t2=aaN2(N2+1,1:N2)*cc1'; 

t=(t1+t2)/factorial(o+2); 

fprintf('The Local Truncation Error for Wn\n',t) ,t 

fprintf('Multiplying by:\n'); h^(o+2) 

The [coefn2] Programming Function: 

This is a programming function used to find the entries of O/2 rows of J1 to 

the power O/2 matrix that is necessary for finite difference method 5.1, 

method 5.2, and method 5.3 for solving even-order BVPs with even-

boundary conditions. 
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We note that while programming previous methods, the J1 powers entries 

are used many times to determine the finite-difference formula for the 

problem. When we divide the problem interval into N+1 subintervals, we 

used J1of order NN. If we need ܬଵ
௢/ଶ the computer will multiplying J1 

(o/2)times, which needs (2No/2) processes for only one entry. So we think 

of a code that gives the entries without using the power of J1. 

The main steps: 

(i) Find the central finite-difference approximation for problem. 

(ii) Use the central finite-difference approximation to find the matrix 

rows that are not similar to the central formula.   

(iii) Omit first entries respectively down –up and subtracting it from 

the following entry. 

Example: Find the ܬଵ
ସmatrix entries, which are needed for solving eight-

order BVPs. 

We note that middle matrix rows are similar to the central finite-difference 

approximation for eighth-order problem (O=8) as: 

1ݎ
2ݎ
3ݎ
4ݎ
5ݎ

ܰݎ − 3
ܰݎ − 2
ܰݎ − 1

ܰݎ ⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

42
−48   

27
−8   

1

−48   
69

−56   
28
8
1

0

27  
−56     

70  
−56      

28   
−8    

−8  
28

−56  
70

−56  
28

1
−8   
28

−56  
70

−56   

⋱

1
−8   
28

−56    
70

1
−8   
28

−56  

⋱

1
−8   
28

1

1
−8   

⋱

−8
1

1

  
28
−8 

1

⋱

−56  
28

−8  
1

  
70

−56   
28
−8

−56  
70

−56   
27

0

28
−56   

69
−48   

−8
27

−48  
42 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤
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Note that the row (5=1+O/2) is the entry of the central finite difference 

formula for (O=8), and to find the upper rows we follow these steps: 

row (4): results from omitting the first entry which is (1) from  row(5) 

(4)ݎ = −8 28 −56 70 −56 28 −8 1 0 

row(3): results from omitting the first entry which is (-8) from the previous 

row(4) and subtracting the previous omitting entry from the new first entry 

of row(3). 

(3)ݎ = (28 − 1) −56 70 −56 28 −8 1 0 0 

(3)ݎ = 27 −56 70 −56 28 −8 1 0 0 

row(2):results from omitting the first entry which is (27) from row(3) and 

subtracting the previous omitting entry -8 ,1 from the first two new entry of 

row(2). 

(2)ݎ = (−56 + 8) (70 − 1) −56 28 −8 1 0 0 0 

(2)ݎ = −48 69 −56 28 −8 1 0 0 0 

Row(1):results from the same routine which is used above. 

(1)ݎ = (69 − 27) (−56 + 8) (28 − 1) −8 1 0 0 0 

(1)ݎ = 42 −48 27 −8 1 0 0 0 

Now because of symmetry, the lower O/2 rows are the same as the above 

rows with some modifications by using especial MATLAB functions to 

calculate the reverse of vectors and flip matrices up-down, which are 

consequently (seqreverse , flipud). And remaining rows entries are central 
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finite difference formula and we determine the position of zeros according 

to the size of matrix, but this algorithm must use matrix of size greater than 

or equal to (O-1). 

 We note from these steps that we do not need for using the power matrix, 

only what we need is the finite difference formula for the problem and the 

matrix size. 

Program (5.3): 

This method is used to approximate the solution for Eighth-Order BVPs 

with Even-boundary conditions. 

(௩௜௜௜)ݕ = ,ݔ)݂ ܽ               ,    (ݕ ≤ ݔ ≤ ܾ           , ܽ, ܾ, ݔ ∈ ℝ          

with boundary conditions      ݕ଴
(ଶ௜) = ௜ߙ ேାଵݕ   ,          

(ଶ௜) = ଶ௜ߚ  , ݅ = 0,1,2,3 

Noting that N is greater than problem order. 

% The Second-Order Finite-Difference Method 5.1 

% To Approximate The Solution for Non-linear Eighth-Order BVP. 

% With Boundary Conditions d(2i)W0 ,d(2i)WN+1.  

% INPUTS:- The Function For BVP f(X,W) 

%        - The Derivative of f(X,W) with respect to W 

%        - The Interval End-points 

%        - The Number of Subinterval 

%        - The Boundary Condition for problem 
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%        - The Maximum Number of Iterations 

%        - The Tolerance  

% OUTPUTS: The Approximated Solution for The 8th-order BVP 

syms('X','W'); 

F=input('Write The F(xn,wn)for Problem:'); 

F2=input('Write the derivative for F(xn,wn) with respect to Wn:'); 

a=input('Write the initial point of interval a ='); 

b=input('Write the end point of interval b ='); 

N=input('Write the number of sub-interval[a,b] ='); 

A0=input('Write The boundary condition as vector[W0 d2W0 d4W0 d6W0 

d8W0]='); 

B0=input('Write The boundary condition as vector[WN+1 d2WN+1 

d4WN+1 d6WN+1 d8WN+1]='); 

M=input('Write The Maximum Number of iteration=') ; 

F3=input('Write The Exact Function for The Problem='); 

T=input('Write The Tolerance You want='); 

% Calculate the step-size 

h=(b-a)/(N+1); 

% The Initial Approximation for Wi 
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for i=1:N 

    x(i)=a+i*h;  w(i)=A0(1)+i*h*((A0(1)-B0(1))/(b-a));end 

k=1 

while (k<=M) 

% The constants vector for problem 

if (N==7) 

d1=[14 -5*h^2 19*h^4/12 -49*h^6/72 1158*h^8/5141;-14 4*h^2 -2*h^4/3 

-7*h^6/45 -31*h^8/2520;6 -1*h^2 -1*h^4/12 -1*h^6/360 1*h^8/20160] ; 

dN=[6 -1*h^2 -1*h^4/12 -1*h^6/360 1*h^8/20160;-14 4*h^2 -2*h^4/3 -

7*h^6/45 -31*h^8/2520;14 -5*h^2 19*h^4/12 -49*h^6/72 1158*h^8/5141]; 

d=[(d1*A0')' -(A0(1)+B0(1)) (dN*B0')']; 

else  

d1=[14 -5*h^2 19*h^4/12 -49*h^6/72 1158*h^8/5141;-14 4*h^2 -2*h^4/3 

-7*h^6/45 -31*h^8/2520;6 -1*h^2 -1*h^4/12 -1*h^6/360 1*h^8/20160;-1 0 

0 0 0] ; 

dN=[-1 0 0 0 0;6 -1*h^2 -1*h^4/12 -1*h^6/360 1*h^8/20160;-14 4*h^2 -

2*h^4/3 -7*h^6/45 -31*h^8/2520;14 -5*h^2 19*h^4/12 -49*h^6/72 

1158*h^8/5141]; 

d=[(d1*A0')' zeros(1,N-8) (dN*B0')'];end 

% Evaluate The function and its derivative at W 
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Fn1=FmethodII(x,w,F); 

Fn2=F2methodII(x,w,F2); 

Fn3=ExactFn(x,F3); 

%The Appropriate Matrix for system 

for i=1:N 

    for j=1:N 

    if i==j     J1(i,j)=-2; 

    elseif abs(i-j)==1         J1(i,j)=1;    end, end, end 

% The Jacobian Matrix for system 

J=J1^4-diag(h^8*Fn2); 

% The system function at Wi 

f=-(J1^4*w'-h^8*Fn1'-d'); 

% The solution vector for system Jv=-f 

v=linsolve(J,f);    t=norm(v); 

if t<=T    break, end 

% The New Approximated solution for system 

w=w+v';  ww(k,1:N)=w; 

k=k+1; end 
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disp(' The x and it is approximated solution is:');[x'  ww']; 

Modified Program (5.3): 

This program is modification for program(5.3) that is modified to 

approximate the solution for any Even-Order BVPs with Even-boundary 

conditions less than or equal to the order of the problem and with N O-1 

equal subsets . 

The modification is depending on usingFN1, FN3, coefn, coefn2 and FN4 

programming functions. 

coefn and coefn2 programming functions we discuss previously so now we 

will discuss FN1,FN3and FN4 then the method.   

%This function is used to calculate constant vector for any even-order 

BVPs 

FN1 -Function 

function [res]=FN1(o,N,h,A0,B0) 

Ho(1)=1; 

for i=2:1+o/2 

    Ho(i)=h^(2*(i-1)),end 

if N>o-1  d1=-FN3(o,N)*diag(Ho);   dN=flipud(d1)*diag(Ho); 

    d11=[(d1*A0')' zeros(1,N-4) (dN*B0')'];    res=d11; 

elseif N==o-1  d1=-FN3(o,N)*diag(Ho(2:o/2);   

dN=flipud(d1)*diag(Ho(2:o/2);   
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d11=[(d1*A0')' -(A0(1)+B0(1)) (dN*B0')'];   res=d11; 

else fprintf(1,'Sorry The Program cannot do this Presses'); end 

FN2 –Function: 

%This function is used to find Even-derivative coefficients for any even-

order BVPs  

function [res]=FN3(o,N) 

%N2 :the number of row different on the power of J1 

N2=1+o/2; 

if N>o-1    kk=o/2 

elseif N==o-1  kk=o/2-1 ,end 

for k=1:kk 

n=k;  N1=k+o/2; 

% The coefficient vector for h in W(x+ah)  point according to J1 power 

aN1=[-k+1:o/2]; 

% The coefficient vector for h in even-derivative less than and equal to O 

d2iW(x+ah)  

aN2=-k*ones(1,N2); fo=factorial(o); 

% The first part of constant vector to find the even derivatives coefficients  

for i=1:N2 
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    if i==(o/2+1)         bN2(i)=fo; 

    else bN2(i)=0;    end , end 

% The coefficients matrix of h power for the set point W(x+ah) 

for i=1:N1+N2 

    for j=1:N1 

 if (i==1)        aaN1(i,j)=1; 

else           aaN1(i,j)=aN1(j)^(i-1);   end , end ,end 

% The coefficients matrix of h power for the set of even derivative d2i 

W(x+ah) 

aaN2(1,1)=1; 

for i=1:N2 

    for j=1:N2 

 if j==1   aaN2(i,j)=aN2(j)^(2*(i-1)); 

elseif i==1 & j>1     aaN2(i,j)=0; 

elseif i==j    aaN2(i,j)=factorial((2*(i-1)));            

 elseif j<i 

aaN2(i,j)=(aN2(j)^(2*abs(i-j)))*(factorial((2*(i-1)))/factorial(2*abs(i-j)));         

end, end, end 

% The coefficients vector associated with J1 power rows 
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JJ1=coefn2(o,N1,n,N); 

%The second part of constant vector  

bN21(1)=aaN1(1,1:N1)*JJ1'; 

   for i=2:N2 

       bN21(i)=(aaN1((2*i-1),1:N1))*JJ1';   end 

b=bN2-bN21;   bb=floor(b); 

% The even derivative coefficients 

cc1=forwmethod(N2,b,aaN2); 

ch(k,1:N2)=cc1; end; res=ch; 

FN4 - Function : 

% This function to determine J1^O/2  entries 

function [rec]=FN4(o,N) 

N2=1+o/2; NN=o+1; 

% To get the central finite-difference formula (The middle rows of J1^O/2) 

Jm1=coefn(o,NN); 

if N>o-1 

for i=1:o/2 

n=i;  N1=i+o/2;  aN1=[-i+1:o/2];  aN2=-i*ones(1,N2); 
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% To get the entry for  O/2 rows of J1 to power O/2  

Jm=coefn2(o,N1,n);   E=seqreverse(Jm); 

A(i,1:N)=[Jm zeros(1,N-N1)]; A(N-i+1,1:N)=[zeros(1,N-N1) E]; end 

for i=N2:N-o/2 

    A(i,1:N)=[zeros(1,i-N2) Jm1 zeros(1,(N-NN-i+N2))];end 

% The J1 to power o/2 if N=o-1 

elseif N==o-1 

for i=1:o/2-1 n=i;N1=i+o/2; aN1=[-i+1:o/2]; aN2=-i*ones(1,N2); 

Jm=coefn2(o,N1,n); E=seqreverse(Jm); 

A(i,1:N)=[Jm zeros(1,N-N1)]; 

A(N-i+1,1:N)=[zeros(1,N-N1) E];end 

A(o/2,1:N)=Jm1(2:NN-1);end 

% The matrix J1 to the power  O/2 ; rec=A; 

 

 

The Modified Second-Order Finite-Difference Method 5.1:  

% To Approximate The Solution for Non-linear Even-Order BVP. 

% With Boundary Conditions d(2i)W0 ,d(2i)WN+1.  
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% INPUTS:- The Function For BVP f(X,W) 

%        - The Derivative of f(X,W) with respect to W 

%        - The Interval End-points 

%        - The Number of Subinterval 

%        - The Problem Order 

%        - The Boundary Condition for problem 

%        - The Maximum Number of Iterations 

%        - The Tolerance 

% OUTPUTS:- The Approximated Solution For Problem. 

%         - The Associated Error For Approximated Wn 

syms('X','W'); 

F=input('Write The F(xn,wn)for Problem:'); 

F2=input('Write the derivative for F(xn,wn) with respect to Wn:'); 

a=input('Write the initial point of interval a ='); 

b=input('Write the end point of interval b ='); 

N=input('Write the number of sub-interval[a,b] ='); 

o=input('Write The Problem Order ='); 

A0=input('Write The boundary condition as vector[W0 d2W0 d4W0 d6W0 

d8W0]='); 
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B0=input('Write The boundary condition as vector[WN+1 d2WN+1 

d4WN+1 d6WN+1 d8WN+1]='); 

M=input('Write The Maximum Number of iteration=') ; 

F3=input('Write The Exact Function for The Problem='); 

T=input('Write The Tolerance You want='); 

% Calculate the step-size 

h=(b-a)/(N+1); 

% The Initial Approximation for Wi 

for i=1:N 

    x(i)=a+i*h; 

    w(i)=A0(1)+i*h*((A0(1)-B0(1))/(b-a));end 

k=1 

while (k<=M) 

% The constants vector for problem using FN1 function for any even-order 

BVPs 

d=FN1(o,N,h,A0,B0); 

% Evaluate The function and its derivative at W 

Fn1=FmethodII(x,w,F); 

Fn2=F2methodII(x,w,F2); 
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Fn3=ExactFn(x,F3); 

%The Appropriate Matrix for system using function FN4 instead of J1^O/2   

J1=FN4(o,N); 

% The Jacobian Matrix for system 

J=J1-diag(h^o*Fn2); 

% The system function at Wi 

f=-(J1*w'-h^o*Fn1'-d'); 

% The solution vector for system Jv=-f 

v=linsolve(J,f);    t=norm(v); 

if t<=T       break, end 

% The New Approximated solution for system 

w=w+v';  ww(k,1:N)=w; 

k=k+1; 

% The Error For approximated solution 

e=abs(Fn3-w); end 

% The approximated solution for the given BVP 

fprintf(1,' X      WW                 Error'), [x'  ww' e'] 
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Program (5.4): 

This program used to determine the entries of J1 power with size NN 

% INPUTS: - The order of the problem. 

%                 - The Matrix Size 

%OUTPUTS: - The ܬଵ
௢/ଶ with size NN 

o=input('The Order of Differential Equation ='); 

N=input('The Number of Subinterval ='); 

N2=1+o/2 ,NN=o+1; 

% This function used to find central finite-difference method 

Jm1=coefn(o,NN); 

if N>o-1 

for i=1:o/2    

n=I, N1=i+o/2;  aN1=[-i+1:o/2];  aN2=-i*ones(1,N2); 

% The programming function to determine the O/2 rows for  ܬଵ
௢/ଶ. 

Jm=coefn2(o,N1,n,N); 

E=seqreverse(Jm);  A(i,1:N)=[Jm zeros(1,N-N1)]; 

A(N-i+1,1:N)=[zeros(1,N-N1) E]; end 

for i=N2:N-o/2 
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A(i,1:N)=[zeros(1,i-N2) Jm1 zeros(1,(N-NN-i+N2))]; end 

elseif N==o-1 

for i=1:o/2-1 

n=i;  N1=i+o/2;  aN1=[-i+1:o/2];  aN2=-i*ones(1,N2); 

Jm=coefn2(o,N1,n,N);  E=seqreverse(Jm); 

A(i,1:N)=[Jm zeros(1,N-N1)]; A(N-i+1,1:N)=[zeros(1,N-N1) E];end 

A(o/2,1:N)=Jm1(2:NN-1);end 

disp('The O/2 Power of J1 Is:');A 

% The Programming Function To Determine O/2 Rows of J1 To The 

Power O/2   

function [conf2]=coefn2(o,N1,n,N) 

NN=o+1; 

% The Central Finite-Difference Formula 

V=coefn(o,NN); 

if N>o-1 & n==o/2      VV1=V(2:NN); 

elseif N==o-1 & n==o/2     VV1=V(2:NN-1); 

else    II=(NN-(o/2)+n+1); II1=(N1-(o/2)+n);   II2=(NN-n-(o/2)+1); 

v1=V(II:NN);  v2=[v1 zeros(1,II1)]; VV1=V(II2:NN)-v2;  end 

conf2=round(VV1); 
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% This Function Is Used To Determine Central Finite-Difference 

Approximation 

cofn1-Programming Function: 

function [cofn1]=coefn(o,NN) 

format rat 

NN=o+1,fo=factorial(o), 

%aNN= The h Coefficients For W(x+ah) Vector For Central Formula 

%bNN=The Constant Vector To The System  

aNN(1)=-o/2; 

for i=2:NN 

aNN(i)=aNN(1)+(i-1);end 

for i=1:NN 

if i==o+1   bNN(i)=fo; 

else bNN(i)=0; end, end 

% The Matrix of the h coefficients powers  

for i=1:NN 

for j=1:NN 

if i==1      aaNN(i,j)=1; 

else       aaNN(i,j)=aNN(j)^(i-1);  end, end, end 
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%The Coefficient Vector For W(x+ah)  

cNN=linsolve(aaNN,bNN'); cofn1=(cNN'); 
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Appendix (I) 

This appendix contains the computer programs for chapter one 

Program(1.1).m: 

%Deriving Finite-Difference Approximations. 

%Using undetermined coefficients.  

% INPUTS: - The Order of Derivative. 

%         - The Number & Coefficient of h for Y(x+ah).        

% OUTPUTS:- The Coefficients for Y(x+ah). 

%         - The Local Truncation Error 

format rat 

o=input('The Order of Differential Equation ='); 

n=input('Number of terms ='); 

if n<o+1  

display('The number of terms must be greater than the order of derivative'); 

   n=input('Number of terms =');end 

a=input('The coefficient of h for Y(x+ah) as vector between [  ]  ='); 

No=size(a); 

if No<n |No>n 
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display('You miss some terms please input all terms you want'); 

a=input('The coefficient of h for Y(x+ah) as vector between [  ]  ='); 

h=sym('h','unreal');c=1/(h^o); fo=factorial(o); 

%The constant vector for the system 

for i=1:n 

if i==o+1     b(i)=fo; 

else b(i)=0;    end, end 

% The coefficients of h matrix of Y(x+ah) 

for i=1:n+o+2 

    for j=1:n 

        if i==1    aa(i,j)=1; 

         else     aa(i,j)=a(j)^(i-1);        end,     end, end 

% The coefficients of Y(x+ah) 

co1=linsolve(aa(1:n,1:n),b'); 

% process to release the error 

[x,y]=rat(co1);     

co=round(x)./round(y); 

% process to deal with errors result from machine and the using of format 

% rat to find the local truncation error for formula 
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t1=0;  k=o+2; 

while t1==0 

tn=aa(k,1:n)*co/factorial(k-1); 

if tn==0   k=k+1; 

else   t1=lte1(co,n,aa,k); 

if t1~=0 break   end 

k=k+1; end, end 

% The local truncation error of the finite-difference formula 

tn=aa(k,1:n)*co/factorial(k-1); 

% The order of the local truncation error 

c1=h^(k-o-1); 

fprintf('The Coefficients of u(x+ah) as you arrange are respectively\n');co' 

disp('Multiplying By:');c 

display('With Local Truncation Error');tn 

disp('Multiplying By:');c1 
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Program(1.2).m: 

This program is used for deriving finite-difference approximations for 

derivative using undetermined coefficients method with respect to Yn and 

applying derivatives. 

 %INPUTS: - The Order Of Derivative. 

%The Number & Coefficients of h for Y(x+ah) 

%The Number & Derivative & Coefficients of h for Dy(x+ah) 

 %OUTPUTS: - The Coefficients For Y(x+ah) 

          % - The Coefficients For DY(x+ah) 

fprintf(1,'This is the Finite-Difference Method Approximations for 

Derivative.\n') 

fprintf(1,'Using undetermined coefficients.\n') 

fprintf(1,'with respect to Yn and applying any derivatives. \n'); 

format rat 

o=input('The Order of Derivative ='); 

n1=input('Number of Yn terms ='); 

an=input('The coefficients of h for y(x+ah)as vector between [  ]  ='); 

nn=size(an); 

if nn<n1 | nn>n1 



187 
 

display('You write the terms wrong. Please input all terms you want 

exactly'); 

an=input('The coefficient of h for Y(x+ah) as vector between [  ]  ='); 

end 

m=input('Number of derivatives ='); 

if m+n1<o+1  

display('The number of Y terms and of derivatives must be greater than 

Order of the problem'); 

break, end 

if m >0  

v=input('The derivatives you want='); 

am=input('The coefficient of h for Dy(x+ah)as vector between [  ]  ='); 

h=sym('h','unreal'); c=1/(h^o); 

fo=factorial(o); mn=m+n1; 

 %The constant vector for system 

for i=1:mn 

    if i==(o+1)           b(i)=fo; 

    else b(i)=0;    end, end 

 %The coefficients of h matrix for Y(x+ah) 
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for i=1:mn+2*o 

    for j=1:n1 

        if (i==1)&(j<=n1)        aa(i,j)=1; 

        elseif j<=n1                 aa(i,j)=an(j)^(i-1);   end , end, end 

 %The coefficients of h matrix for diY(x+ah) 

for i=1:mn+2*o 

    for j=1:m 

        if i<v(j)+1            aam(i,j)=0؛ 

    elseif  i==v(j)+1       aam(i,j)=(factorial(v(j))); 

   elseif j<i aam(i,j)=am(j)^(i-v(j)-1)*(factorial(i-1)/factorial(abs(i-v(j)-1))); 

    end , end ,end 

 % process to deal with some cases when the No. derivative=1 and the 

derivative greater than the order of derivatives  

if (m==1 & v(m)>o) |(m+n1)<v(m)    An=(1:n1); Am=v+ones(1,m); 

for i=1:mn 

    if i<n1+1   F(i,1:n1)=aa(An(i),1:n1);F1(i,1:m)=aam(An(i),1:m); 

    elseif (i>n1)&(i<=mn) F(i,1:n1)=aa(Am(i-n1),1:n1); 

        F1(i,1:m)=aam(Am(i-n1),1:m);    end, end 

 %The matrix of h coefficients for Y(x+ah) & diY(x+ah) 
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A=[F F1 b]; 

 %To test if the matrix singular or not. 

Ron1=det([F F1]);  

if Ron1==0    break ;display(' repeat input');end 

else A=[aa(1:mn,1:n1) aam(1:mn,1:m) b'];end 

 %The coefficients of Y(x+ah) and derivatives we want 

co1=linsolve(A(1:mn,1:mn),b'); 

for i=1:m 

dc(i)=h^((v(i)));end 

 %To prevent machine error & format rat error 

[x,y]=rat(co1);   co=round(x)./round(y);t1=0;k=o+2؛ 

while t1==0 

A1=[aa(k,1:n1) aam(k,1:m)];    tn=A1*co/factorial(k-1) 

if tn==0 k=k+1; 

else   n=mn;    A1;    t1=lte2(co,n,A1,k) 

if t1~=0 break ;end 

k=k+1;end;end 

 %The local truncation error of finite-difference formula 
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tn=A1*co/factorial(k-1) 

 %The order of the local truncation error 

c1=h^(k-o-1); 

fprintf('The coefficients for Yn are respectively = \n');cof=co(1:n1'); 

fprintf('Multiplying By: \n');c 

fprintf('The derivatives coefficients are respectively = \n');co(n1+1:mn') 

fprintf('Multiplying by :\n');dc 

fprintf('The Associated Local Truncation Error is = \n'); tn 

fprintf('Multiplying by :\n');c1 

elseif m==0  

fprintf('Please This Program cannot do this process. Use Algorithm(1.2)\n') 

else fprintf('Sorry The Number of Derivatives is False !!!!!!!\n');end 

Program (1.3).m: 

We enter this algorithm through the programs to find the finite –difference 

approximation which gets the error and it is order. 

% The steps to determine the associated local truncation error 

% aa : is the coefficient h matrix 

% co :is the coefficient of W(x+ih) the program. 

t1=0;k=o+2; 
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%This loop to  find the first coefficient (tn) not equal to zero   

while t1==0 

tn=aa(k,1:n)*co/factorial(k-1); 

if tn==0 k=k+1; 

else 

%ltel : is a programming function to test if the calculated coefficient for 

%LTE=0 or not 

t1=lte1(co,n,aa,k); 

% This if statement to break loop if the value of tn is not zero 

if t1~=0 break ,end 

k=k+1;end,end 

% The LTE for the formula 

tn=aa(k,1:n)*co/factorial(k-1); 

% The Order of the error 

c1=h^(k-o-1);  

display('With Local Truncation Error');tn 

disp('Multiplying By:');c1 

function [rec]=lte1(co,n,aa,k) 

% discrete fraction to nominator and denominator 
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[e1,e2]=rat(co);e11=round(e1);e22=round(e2); 

% Steps to get the least common divisor for denominator vector 

ne2=length(e22);k1=1;me2=max(e22);lme=e22;te=1; 

while te~=0 

for i=1:ne2 

lme(i)=lcm(me2,lme(i));end 

me2=max(lme);   g=me2*ones(1,ne2);    te=max(abs(lme-g')); 

    if te==0        break,end 

 k1=k1+1;end 

% The new vector nominator after we get the same denominator  

ce2=round(lme./e22);co2=e11.*ce2; 

% The error for the nominator vector 

tt=aa(k,1:n)*co2;rec=tt; 
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Appendix (II) 

This appendix contains the computer programs for chapter two. 

Program (2.1).m: 

LINEAR FINITE-DIFFERENCE METHOD (2.1) 

 To approximate the solution for the linear boundary-value problem 

Y''' = F(X,Y,Y',Y''), a<=X<=b, Y(a) = ALPHA0, Y'(a) =ALPHA1 

Y(b)=BETA0  

% INPUT:   Endpoints A,B; boundary conditions a0,a1,b0. 

% OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1 

format 

% Step(1):determines step-size h and controls it  

for k= 1:4 

N(k)=(10*2^(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1) 

% The boundary conditions value 

a0=1;b0=0;a1=1; 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k) 

x(i)=a+i*h;    p2(i)=(2*x(i)^2);    p1(i)=-(3*x(i));    p0(i)=(-5*x(i)^2); 
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r(i)=2*h^3*(exp(2*x(i))*(3*x(i)^3-x(i)^2-5*x(i)-4));end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=1:N(k) 

F1(i)=2*h*p2(i)-h^2*p1(i);    F2(i)=-4*h*p2(i)+2*h^3*p0(i); 

F3(i)=2*h*p2(i)+h^2*p1(i);end 

%The diagonals for matrix A for system Aw=c 

d0(1)=-(18+3*F2(1));dU1(1)=-3*F3(1);dU2(1)=2; 

dL1(1)=54-3*F1(2);dL2(1)=-6;dL3(1)=1; 

for i=2:N(k) 

if i==2    d0(i)=-(36+3*F2(i));    dU1(i)=10-3*F3(i);    dU2(i)=0; 

dL1(i)=12-F1(i+1);    dL2(i)=-6;    dL3(i)=1; 

elseif i>2 & i<=N(k)-3 

d0(i)=-(10+F2(i));    dU1(i)=3-F3(i);    dU2(i)=0;    dL1(i)=12-F1(i+1); 

dL2(i)=-6;    dL3(i)=1;     

elseif i==N(k)-2    d0(i)=-(10+F2(i));    dU1(i)=3-F3(i);    dU2(i)=0;    

dL1(i)=12-F1(i+1);    dL2(i)=-6; 

 elseif i==N(k)-1   d0(i)=-(10+F2(i)); dU1(i)=3-F3(i);    dL1(i)=12-F1(i+1); 

elseif i==N(k)     d0(i)=-(10+F2(i));    end, end 

% The constant vector c 
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c1=3*r(1)+(-16+3*F1(1))*a0-12*h*a1;c2=3*r(2)+28*a0+12*h*a1; 

c3=r(3)-a0;cN=r(N(k))+(-3+F3(N(k)))*b0; 

C=[c1 c2 c3 r(4:(N(k)-1)) cN ]; 

% Factorize The Matrix A=LU 

U2=dU2;L0=ones(1,N(k));U1(1)=dU1(1); 

U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1);L3=dL3(1)/U0(1); 

for i=2:N(k) 

if i==2    U0(i)=d0(i)-U1(i-1)*L1(i-1);   U1(i)=dU1(i)-U2(i-1)*L1(i-1); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);  L3(i)=dL3(i)/U0(i); 

elseif  i>2 &  i<=N(k)-3   U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2); 

U1(i)=dU1(i)-U2(i-1)*L1(i-1); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); L3(i)=dL3(i)/U0(i); 

elseif i==N(k)-2    U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2); 

U1(i)=dU1(i)-U2(i-1)*L1(i-1); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); 
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elseif i==N(k)-1 

U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2); 

U1(i)=dU1(i)-U2(i-1)*L1(i-1); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

elseif i==N(k)   U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2); end,end 

%To solve AW=dd using factorized matrix 

%Step(1):We solve LY1=dd; 

y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1); 

y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2)); 

for i=4:N(k) 

y1(i)=C(i)-(L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end 

%Step(2):We solve UW=Y1 

ww(N(k))=y1(N(k))/U0(N(k)); 

ww(N(k)-1)=(y1(N(k)-1)-U1(N(k)-1)*ww(N(k)))/U0(N(k)-1); 

for i=2:N(k)-1 

ww(N(k)-i)=(y1(N(k)-i)-U1(N(k)-i)*ww(N(k)-i+1)-U2(N(k)-i)*ww(N(k)-

i+2))/U0(N(k)-i);end 

W1(1:N1,k)=ww(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 
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for i=1:9 

    h=(b-a)/10;    X(i)=a+i*h;    Y(i)=(1-X(i))*exp(2*X(i));end 

% The Extrapolation for approximated solution 

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3; 

Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3; 

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3; 

Ext31=(16*Ext22-Ext21)/15;  Ext32=(16*Ext23-Ext22)/15; 

Ext41=(64*Ext32-Ext31)/63; 

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,2)';W1(:,3)';W1(:,4)';Ext21'; Ext31'] 

plot(X,W1(1:N1,4),'red',X,Ext31,'blue',X,Y,'green') 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f 

%12.8f\n',MR ); 

Program (2.2).m: 

LINEAR FINITE-DIFFERENCE METHOD (2.2) 

% To approximate the solution for the linear boundary-value problem 

% Y''' = F(X,Y,Y',Y''), a<=X<=b, Y(a) = ALPHA0, Y(b)=BETA0, Y''(b) 

=BETA2 

% INPUT:   Endpoints A,B; boundary conditions a0,a1,b0. 
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% OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1      

format 

% Step(1):determines step-size h and controls it  

for k= 1:4 

N(k)=(10*2^(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1) 

% The boundary conditions value 

a0=1;b0=0;b2=-4*exp(2); 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k) 

x(i)=a+i*h; p2(i)=(2*x(i)^2); p1(i)=-(3*x(i));  p0(i)=-(5*x(i)^2); 

r(i)=2*h^3*(exp(2*x(i))*(3*x(i)^3-x(i)^2-5*x(i)-4));end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=1:N(k) 

F1(i)=2*h*p2(i)-h^2*p1(i); F2(i)=-4*h*p2(i)+2*h^3*p0(i); 

F3(i)=2*h*p2(i)+h^2*p1(i);end 

%The diagonals for matrix A for system Aw=c 

d0(1)=10-F2(1);dU1(1)=-(12+F3(1));dU2(1)=6;dU3(1)=-1;dL1(1)=-

(3+F1(2));dL2(1)=0; 

for i=2:N(k) 
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if i>1 & i<=(N(k)-3)   d0(i)=10-F2(i);  dU1(i)=-(12+F3(i));  dU2(i)=6; 

dU3(i)=-1; dL1(i)=-(3+F1(i+1));    dL2(i)=0; 

elseif i==(N(k)-2)    d0(i)=10-F2(i);    dU1(i)=-(12+F3(i));    dU2(i)=6; 

dL1(i)=-(34+11*F1(i+1));   dL2(i)=-10; 

elseif i==N(k)-1  d0(i)=(114-11*F2(i));  dU1(i)=-(126+11*F3(i)); 

dL1(i)=18-11*F1(i+1); 

elseif i==N(k)    d0(i)=-(6+11*F2(i));    end,end 

% The constant vector c 

c1=r(1)+(3+F1(1))*a0;cN2=r(N(k)-2)+b0;  

cN1=11*r(N(k)-1)-46*b0+12*h^2*b2; 

cN=11*r(N(k))+(2+11*F3(N(k)))*b0-12*h^2*b2; 

C=[c1 r(2:(N(k)-3)) cN2 cN1 cN ]; 

% Factorize The Matrix A=LU 

U3=dU3;L0=ones(1,N(k)); 

U1(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1); 

U2(1)=dU2(1); 

for i=2:N(k) 

if i==2   U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); 
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U2(i)=dU2(i)-(L1(i-1)*U3(i-1));  L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=dL2(i)/U0(i); 

elseif i>2 &i<N(k)-2 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=dL2(i)/U0(i); 

elseif i==N(k)-2     U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=dL2(i)/U0(i); 

elseif i==N(k)-1     U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

elseif i==N(k)    U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); end, end 

%To solve AW=dd using factorized matrix 

%Step(1):We solve LY1=dd; 

y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1); 
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for i=3:N(k) 

y1(i)=C(i)-(L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end 

%Step(2):We solve UW=Y1 

w(N(k))=y1(N(k))/U0(N(k));w(N(k)-1)=(y1(N(k)-1)-U1(N(k)-

1)*w(N(k)))/U0(N(k)-1); 

w(N(k)-2)=(y1(N(k)-2)-(U1(N(k)-2)*w(N(k)-1)+U2(N(k)-

2)*w(N(k))))/U0(N(k)-2); 

w(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-

1)+U3(N(k)-3)*w(N(k))))/U0(N(k)-3); 

w(N(k)-4)=(y1(N(k)-4)-(U1(N(k)-4)*w(N(k)-3)+U2(N(k)-4)*w(N(k)-

2)+U3(N(k)-4)*w(N(k)-1)))/U0(N(k)-4); 

for i=5:N(k)-1 

cc(N(k)-i)=U1(N(k)-i)*w(N(k)-i+1)+U2(N(k)-i)*w(N(k)-i+2)+U3(N(k)-

i)*w(N(k)-i+3); 

w(N(k)-i)=(y1(N(k)-i)-cc(N(k)-i))/U0(N(k)-i);end 

W1(1:N1,k)=w(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 

for i=1:9 

h=(b-a)/10;    X(i)=a+i*h;    Y(i)=(1-X(i))*exp(2*X(i));end 

% The Extrapolation for approximated solution 
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Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3; 

Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3; 

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3; 

Ext31=(16*Ext22-Ext21)/15;Ext32=(16*Ext23-Ext22)/15; 

Ext41=(64*Ext32-Ext31)/63; 

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,2)';W1(:,3)';W1(:,4)';Ext31'; Ext41']; 

plot(X,W1(1:N1,4),'red',X,Ext41,'blue',X,Y,'green') 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f 

%12.8f\n',MR ); 

Program (2.3).m: 

LINEAR FINITE-DIFFERENCE METHOD(2.3) 

% To approximate the solution for the linear boundary-value problem 

%    Y''' = F(X,Y,Y',Y''), a<=X<=b, Y(a) = ALPHA0, Y'(a) =ALPHA1 

%    Y''(b)=BETA2  

% INPUT:   Endpoints A,B; boundary conditions a0,a1,b2. 

% OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1 

format 

% Step(1):determines step-size h and controls it  
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for k= 1:8 

N(k)=(10*2^(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1); 

% Case(III) :The boundary conditions value 

a0=1;a1=1;b2=-4*exp(2); 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k) 

x(i)=a+i*h; p2(i)=(2*x(i)^2); p1(i)=-(3*x(i)); p0(i)=-(5*x(i)^2); 

r(i)=2*h^3*(exp(2*x(i))*(3*x(i)^3-x(i)^2-5*x(i)-4));end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=1:N(k)-1 

F1(i)=2*h*p2(i)-h^2*p1(i);  F2(i)=-4*h*p2(i)+2*h^3*p0(i); 

 F3(i)=2*h*p2(i)+h^2*p1(i);end 

G0=35*(h*p2(N(k))+h^2*p1(N(k)));G1=35*h*p2(N(k)); 

G2=-70*(h*p2(N(k))+h^2*p1(N(k)));  

G3=35*(h*p2(N(k))+2*h^2*p1(N(k))+2*h^3*p0(N(k)));  

%The diagonals for matrix A for system Aw=c 

d0(1)=-(18+3*F2(1));dU1(1)=-3*F3(1);dU2(1)=2;dL1(1)=54-

3*F1(2);dL2(1)=-6;dL3(1)=1; 

for i=2:N(k) 
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if i==2    d0(i)=-(36+3*F2(i));    dU1(i)=10-3*F3(i);    dU2(i)=0; 

dL1(i)=12-F1(i+1);    dL2(i)=-6;    dL3(i)=1; 

elseif i>2 & i<N(k)-3   d0(i)=-(10+F2(i));   dU1(i)=3-F3(i);   dU2(i)=0; 

dL1(i)=12-F1(i+1);  dL2(i)=-6;    dL3(i)=1;     

elseif i==N(k)-3   d0(i)=-(10+F2(i));  dU1(i)=3-F3(i);   dU2(i)=0; 

dL1(i)=12-F1(i+1);  dL2(i)=-6;    dL3(i)=2;         

elseif i==N(k)-2   d0(i)=-(10+F2(i)); dU1(i)=3-F3(i);   dU2(i)=0; 

dL1(i)=12-F1(i+1); dL2(i)=-(42+G1); 

elseif i==N(k)-1   d0(i)=-(10+F2(i));  dU1(i)=3-F3(i);  dL1(i)=78-G2; 

elseif i==N(k)  d0(i)=-(38+G3);    end,end 

% The constant vector c 

c1=(-16+3*F1(1))*a0+3*r(1)-12*h*a1;c2=28*a0+3*r(2)+12*h*a1; 

c3=r(3)-a0;cN=35*r(N(k))+(-36+G0)*b2*h^2; 

C=[c1 c2 c3 r(4:N(k)-1) cN]; 

% Factorize The Matrix A=LU 

U2=dU2;L0=ones(1,N(k));U1(1)=dU1(1); 

U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1);L3=dL3(1)/U0(1); 

for i=2:N(k) 
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if i==2   U0(i)=d0(i)-U1(i-1)*L1(i-1);  U1(i)=dU1(i)-U2(i-1)*L1(i-1); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);  L3(i)=dL3(i)/U0(i); 

elseif  i>2 &  i<=N(k)-3  U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2); 

U1(i)=dU1(i)-U2(i-1)*L1(i-1); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);  L3(i)=dL3(i)/U0(i); 

elseif i==N(k)-2    U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2); 

U1(i)=dU1(i)-U2(i-1)*L1(i-1); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); 

elseif i==N(k)-1       U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2); 

U1(i)=dU1(i)-U2(i-1)*L1(i-1); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

elseif i==N(k)    U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);end, end     

%To solve AW=dd using factorized matrix 

%Step(1):We solve LY1=dd; 

y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1);y1(3)=C(3)-L1(2)*y1(2)-L2(1)*y1(1); 
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for i=4:N(k) 

y1(i)=C(i)-(L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end 

%Step(2):We solve UW=Y1 

w(N(k))=y1(N(k))/U0(N(k));w(N(k)-1)=(y1(N(k)-1)-U1(N(k)-

1)*w(N(k)))/U0(N(k)-1); 

w(N(k)-2)=(y1(N(k)-2)-(U1(N(k)-2)*w(N(k)-1)+U2(N(k)-

2)*w(N(k))))/U0(N(k)-2); 

for i=3:N(k)-1 

cc(N(k)-i)=U1(N(k)-i)*w(N(k)-i+1)+U2(N(k)-i)*w(N(k)-i+2); 

w(N(k)-i)=(y1(N(k)-i)-cc(N(k)-i))/U0(N(k)-i);end 

W1(1:N1,k)=w(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 

for i=1:9 

h=(b-a)/10;    X(i)=a+i*h;    Y(i)=(1-X(i))*exp(2*X(i));end 

% The Extrapolation for approximated solution 

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3; 

Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3; 

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3; 

Ext24=(4*W1(1:N1,5)-W1(1:N1,4))/3; 
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Ext25=(4*W1(1:N1,6)-W1(1:N1,5))/3; 

Ext26=(4*W1(1:N1,7)-W1(1:N1,6))/3; 

Ext27=(4*W1(1:N1,8)-W1(1:N1,7))/3;Ext31=(16*Ext22-Ext21)/15;  

Ext32=(16*Ext23-Ext22)/15;Ext33=(16*Ext24-Ext23)/15;  

Ext34=(16*Ext25-Ext24)/15;Ext35=(16*Ext26-Ext25)/15; 

Ext41=(64*Ext32-Ext31)/63;   Ext42=(64*Ext33-Ext32)/63; 

Ext43=(64*Ext34-Ext33)/63;   Ext44=(64*Ext35-Ext34)/63; 

Ext51=(256*Ext42-Ext41)/255;Ext52=(256*Ext43-Ext42)/255; 

Ext53=(256*Ext44-Ext43)/255;Ext61=(1024*Ext52-Ext51)/1023; 

Ext62=(1024*Ext53-Ext52)/1023;Ext71=(4096*Ext62-Ext61)/4095; 

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,6)';W1(:,7)';W1(:,8)';Ext21'; 

Ext31';Ext41';Ext51';Ext61';Ext71']; 

plot(X,W1(1:N1,8),'red',X,Ext71,'blue',X,Y,'green') 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f\n',MR(1:6,:)); 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f 

%12.8f\n',[X;Y;MR(7:12,:)]); 
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Program (2.4).m: 

LINEAR FINITE-DIFFERENCE METHOD (2.4) 

% To approximate the solution for the linear boundary-value problem 

%   Y''' = F(X,Y,Y',Y''), a<=X<=b, Y'(a) = ALPHA1, Y'(b) =ALPHA1 

%   Y(b)=BETA0  

% INPUT:   Endpoints A,B; boundary conditions a0,a1,b0. 

 % OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1         

% Step(1): determines step-size h and controls it  

for k= 1:4  

N(k)=(10*2^(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1) 

% The boundary conditions value 

a1=1;b0=0;b1=-exp(2); 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k) 

 x(i)=a+i*h; p2(i)=(2*x(i)^2);    p1(i)=-(3*x(i));    p0(i)=(-5*x(i)^2); 

r(i)=2*h^3*(exp(2*x(i))*(3*x(i)^3-x(i)^2-5*x(i)-4));end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=2:N(k) 

F1(i)=2*h*p2(i)-h^2*p1(i); F2(i)=-4*h*p2(i)+2*h^3*p0(i); 
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F3(i)=2*h*p2(i)+h^2*p1(i);end 

G0=-450*h*p2(1)+275*h^2*p1(1); 

G1=-(300*h*p2(1)+550*h^2*p1(1)-825*h^3*p0(1)); 

G2=150*h*p2(1)+550*h^2*p1(1);G3=150*h*p2(1); 

%The diagonals for matrix A for system Aw=c 

d0(1)=1749-G1;dU1(1)=-(3168+G2);dU2(1)=(1683-G3);dU3(1)=-264; 

dL1(1)=-3-F1(2);dL2(1)=0; 

for i=2:N(k) 

if i>1 & i<=N(k)-3   d0(i)=10-F2(i); dU1(i)=-12-F3(i); dU2(i)=6;      

dU3(i)=-1;  dL1(i)=-3-F1(i+1);    dL2(i)=0; 

elseif i==N(k)-2   d0(i)=10-F2(i); dU1(i)=-12-F3(i); dU2(i)=6; 

dL1(i)=-10-3*F1(i+1); dL2(i)=-2; 

elseif i==N(k)-1 d0(i)=36-3*F2(i); dU1(i)=-54-3*F3(i);dL1(i)=-3*F1(i+1); 

elseif i==N(k)   d0(i)=18-3*F2(i);  end,end 

% The constant vector c 

c1=(825/2)*r(1)+(-594+G0)*h*a1;cN2=b0+r(N(k)-2); 

cN1=-28*b0+12*h*b1+3*r(N(k)-1); 

cN=3*r(N(k))+(16+3*F3(N(k)))*b0-12*h*b1; 

C=[c1 r(2:(N(k)-3)) cN2 cN1 cN ]; 
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% Factorize The Matrix A=LU 

U3=dU3;L0=ones(1,N(k));U1(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1

);L2(1)=dL2(1)/U0(1);U2(1)=dU2(1); 

for i=2:N(k) 

if i==2  U0(i)=d0(i)-(L1(i-1)*U1(i-1));  U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

 L2(i)=dL2(i)/U0(i); 

elseif i>2 &i<N(k)-2     U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1));L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=dL2(i)/U0(i); 

elseif i==N(k)-2   U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1));L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=dL2(i)/U0(i); 

elseif i==N(k)-1    U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

elseif i==N(k)  U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2));    end, end 
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%To solve AW=dd using factorized matrix 

%Step(1):We solve LY1=dd; 

y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1); 

for i=3:N(k)   y1(i)=C(i)-(L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end 

%Step(2):We solve UW=Y1 

w(N(k))=y1(N(k))/U0(N(k));w(N(k)-1)=(y1(N(k)-1)-U1(N(k)-

1)*w(N(k)))/U0(N(k)-1); 

w(N(k)-2)=(y1(N(k)-2)-(U1(N(k)-2)*w(N(k)-1)+U2(N(k)-

2)*w(N(k))))/U0(N(k)-2); 

w(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-

1)+U3(N(k)-3)*w(N(k))))/U0(N(k)-3); 

w(N(k)-4)=(y1(N(k)-4)-(U1(N(k)-4)*w(N(k)-3)+U2(N(k)-4)*w(N(k)-

2)+U3(N(k)-4)*w(N(k)-1)))/U0(N(k)-4); 

for i=5:N(k)-1 

cc(N(k)-i)=U1(N(k)-i)*w(N(k)-i+1)+U2(N(k)-i)*w(N(k)-i+2)+U3(N(k)-

i)*w(N(k)-i+3); 

w(N(k)-i)=(y1(N(k)-i)-cc(N(k)-i))/U0(N(k)-i);end 

W1(1:N1,k)=w(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 

for i=1:9 
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    h=(b-a)/10;    X(i)=a+i*h;   Y(i)=(1-X(i))*exp(2*X(i));end 

% The Extrapolation for approximated solution 

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3; 

Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3; 

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;   

Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63; 

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,2)';W1(:,3)';W1(:,4)';Ext31'; Ext41'] 

plot(X,W1(1:N1,4),'red',X,Ext41,'blue',X,Y,'green') 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f 

%12.8f\n',MR ); 
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Appendix (III) 

This appendix contains the computer programs for chapter three 

Program (3.1).m: 

LINEAR FINITE-DIFFERENCE METHOD (3.1) 

% To approximate the solution for the linear boundary-value problem 

%    Y'''' = F(X,Y,Y',Y'''), a<=X<=b, Y(a) = ALPHA0, Y(b) = BETA0 

%    Y''(a)=ALPHA2 ,Y''(b)= BETA2 

% INPUT:   Endpoints A,B; boundary conditions a0,a2,b0,b2. 

% OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1 

format 

% Step(1): determines steps-size h and controls it  

for k= 1:4 

N(k)=(10*2^(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1) 

% The boundary conditions value 

a0=1;a2=0;b0=0;b1=-exp(2); 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k) 

x(i)=a+i*h;    p3(i)=h*(1+2*x(i)^2); p2(i)=h^2*(-3*x(i)); 
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p1(i)=h^3*(-5*x(i)^2);    p0(i)=h^4*(1+x(i)^3); 

r(i)=h^4*(exp(2*x(i))*(x(i)^4+5*x(i)^3+x(i)^2-7*x(i)-13));end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=2:N(k)-1 

F1(i)=-p3(i);  F2(i)=2*p3(i)+2*p2(i)-p1(i); F3(i)=-4*p2(i)+2*p0(i); 

F4(i)=-2*p3(i)+2*p2(i)+p1(i);end 

G0=10*p3(1)+110*p2(1)-55*p1(1);G1=30*p3(1)-220*p2(1)+110*p0(1); 

G2=-90*p3(1)+110*p2(1)+55*p1(1);G3=50*p3(1);G02=-60*p3(1); 

GN0=-32*p3(N(k))+12*p2(N(k))+6*p1(N(k)); 

GN3=36*p3(N(k))-24*p2(N(k))+12*p0(N(k)); 

GN2=12*p2(N(k))-6*p1(N(k));GN1=-4*p3(N(k));GN01=24*p3(N(k)); 

%The diagonals for matrix A for system Aw=c 

d0(1)=704-G1;dU1(1)=-(594+G2);dU2(1)=(176-G3);dU3(1)=-11;dL1(1)=-

8-F2(2);dL2(1)=2-F1(3);dL3(1)=0; 

for i=2:N(k) 

if i>1 & i<N(k)-3    d0(i)=12-F3(i);    dU1(i)=-8-F4(i);   dU2(i)=2+F1(i); 

dU3(i)=0; dL1(i)=-8-F2(i+1); dL2(i)=2-F1(i+2); dL3(i)=0; 

elseif i==N(k)-3  d0(i)=12-F3(i); dU1(i)=-8-F4(i);   dU2(i)=2+F1(i); 

dU3(i)=0; dL1(i)=-8-F2(i+1);    dL2(i)=2-F1(i+2); dL3(i)=-3; 
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elseif i==N(k)-2  d0(i)=12-F3(i);    dU1(i)=-8-F4(i);    dU2(i)=2+F1(i); 

dL1(i)=-8-F2(i+1);   dL2(i)=32-GN1; 

elseif i==N(k)-1   d0(i)=12-F3(i);  dU1(i)=-8-F4(i);    dL1(i)=-108-GN2; 

elseif i==N(k)  d0(i)=192-GN3;    end,end 

% The constant vector c 

c1=110*r(1)+(275+G0)*a0+(-132+G02)*h^2*a2; 

c2=(-2+F1(2))*a0+2*r(2);cN1=(-2-F1(N(k)-1))*b0+2*r(N(k)-1); 

cN=12*r(N(k))+(113+GN0)*b0+(-60+GN01)*h*b1; 

C=[c1 c2 2*r(3:(N(k)-2)) cN1 cN ]; 

% Factorize The Matrix A=LU for 2 upper and 3 lower 

U3=dU3;U2(1)=dU2(1);L0=ones(1,N(k));U1(1)=dU1(1); 

U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1);L3=dL3(1)/U0(1); 

for i=2:N(k) 

if i==2   U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1));L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); L3(i)=dL3(i)/U0(i); 

elseif  i>2 &  i<=N(k)-3 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 



216 
 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);   L3(i)=dL3(i)/U0(i); 

elseif i==N(k)-2   U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); 

elseif i==N(k)-1    U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

elseif i==N(k)  U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);       end,end 

%To solve AW=dd using factorized matrix 

%Step(1):We solve LY1=dd; 

y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1); 

y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2)); 

for i=4:N(k) 

y1(i)=C(i)-(L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end 
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%Step(2):We solve UW=Y1 

w(N(k))=y1(N(k))/U0(N(k));w(N(k)-1)=(y1(N(k)-1)-U1(N(k)-

1)*w(N(k)))/U0(N(k)-1); 

w(N(k)-2)=(y1(N(k)-2)-(U1(N(k)-2)*w(N(k)-1)+U2(N(k)-

2)*w(N(k))))/U0(N(k)-2); 

w(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-

1)+U3(N(k)-3)*w(N(k))))/U0(N(k)-3); 

w(N(k)-4)=(y1(N(k)-4)-(U1(N(k)-4)*w(N(k)-3)+U2(N(k)-4)*w(N(k)-

2)+U3(N(k)-4)*w(N(k)-1)))/U0(N(k)-4); 

for i=5:N(k)-1 

cc(N(k)-i)=U1(N(k)-i)*w(N(k)-i+1)+U2(N(k)-i)*w(N(k)-i+2)+U3(N(k)-

i)*w(N(k)-i+3); 

w(N(k)-i)=(y1(N(k)-i)-cc(N(k)-i))/U0(N(k)-i);end 

W1(1:N1,k)=w(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 

for i=1:9 

h=(b-a)/10;   X(i)=a+i*h;    Y(i)=(1-X(i))*exp(2*X(i));end 

% The Extrapolation for approximated solution 

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3; 

Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3; 
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Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;   

Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63; 

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,2)';W1(:,3)';W1(:,4)';Ext31'; Ext41'] 

plot(X,W1(1:N1,1),'red',X,Ext41,'blue',X,Y,'green') 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f 

%12.8f\n',MR ); 

% The Error of results 

for i=1:k 

ER1(i)=max(abs(Y'-W1(:,i)));end 

ERT1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ] 

Program (3.2).m: 

 LINEAR FINITE-DIFFERENCE METHOD (3.2) 

% To approximate the solution for the linear boundary-value problem 

%    Y'''' = F(X,Y,Y',Y'''), a<=X<=b, Y(a) = ALPHA0, Y(b) = BETA0 

%   Y'(a)=ALPHA1 ,Y'(b)= BETA1 

% INPUT:   Endpoints A,B; boundary conditions a0,a2,b0,b1. 

% OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1 

format 



219 
 

% Step(1):determines steps-size h and controls it  

for k= 1:4 

N(k)=(10*2^(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1) 

% The boundary conditions value 

a0=1;a1=1;b0=0;b1=-exp(2); 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k) 

x(i)=a+i*h;    p3(i)=h*(1+2*x(i)^2);    p2(i)=h^2*(-3*x(i)); 

p1(i)=h^3*(-5*x(i)^2);    p0(i)=h^4*(1+x(i)^3); 

r(i)=h^4*(exp(2*x(i))*(x(i)^4+5*x(i)^3+x(i)^2-7*x(i)-13));end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=2:N(k)-1 

F1(i)=-p3(i);    F2(i)=2*p3(i)+2*p2(i)-p1(i);    F3(i)=-4*p2(i)+2*p0(i); 

F4(i)=-2*p3(i)+2*p2(i)+p1(i);end 

G0=32*p3(1)+12*p2(1)-6*p1(1);G1=-36*p3(1)-24*p2(1)+12*p0(1); 

G2=12*p2(1)+6*p1(1);G3=4*p3(1);G01=24*p3(1); 

GN0=-32*p3(N(k))+12*p2(N(k))+6*p1(N(k)); 

GN3=36*p3(N(k))-24*p2(N(k))+12*p0(N(k)); 



220 
 

GN2=12*p2(N(k))-6*p1(N(k));GN1=-4*p3(N(k));GN01=24*p3(N(k)); 

%The diagonals for matrix A for system Aw=c 

d0(1)=192-G1;dU1(1)=(-108-G2);dU2(1)=(32-G3);dU3(1)=-3; 

dL1(1)=-8-F2(2);dL2(1)=2-F1(3);dL3(1)=0; 

for i=2:N(k) 

if i>1 & i<N(k)-3  d0(i)=12-F3(i);    dU1(i)=-8-F4(i);   dU2(i)=2+F1(i); 

dU3(i)=0;    dL1(i)=-8-F2(i+1);    dL2(i)=2-F1(i+2);    dL3(i)=0; 

elseif i==N(k)-3  d0(i)=12-F3(i);  dU1(i)=-8-F4(i); dU2(i)=2+F1(i); 

dU3(i)=0;  dL1(i)=-8-F2(i+1);  dL2(i)=2-F1(i+2);   dL3(i)=-3; 

elseif i==N(k)-2   d0(i)=12-F3(i);    dU1(i)=-8-F4(i);    dU2(i)=2+F1(i); 

dL1(i)=-8-F2(i+1);  dL2(i)=32-GN1; 

elseif i==N(k)-1  d0(i)=12-F3(i);    dU1(i)=-8-F4(i);    dL1(i)=-108-GN2; 

elseif i==N(k)    d0(i)=192-GN3;    end,end 

% The constant vector c 

c1=12*r(1)+(113+G0)*a0+(60+G01)*h*a1;c2=(-2+F1(2))*a0+2*r(2); 

cN1=(-2-F1(N(k)-1))*b0+2*r(N(k)-1); 

cN=12*r(N(k))+(113+GN0)*b0+(-60+GN01)*h*b1; 

C=[c1 c2 2*r(3:(N(k)-2)) cN1 cN ]; 
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% Factorize The Matrix A=LU for 2 upper and 3 lower 

U3=dU3;U2(1)=dU2(1);L0=ones(1,N(k));U1(1)=dU1(1); 

U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1);L3=dL3(1)/U0(1); 

for i=2:N(k) 

if i==2    U0(i)=d0(i)-(L1(i-1)*U1(i-1));U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1));L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);   L3(i)=dL3(i)/U0(i); 

elseif  i>2 &  i<=N(k)-3 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2));U2(i)=dU2(i)-(L1(i-

1)*U3(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);  L3(i)=dL3(i)/U0(i); 

elseif i==N(k)-2   U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2));U2(i)=dU2(i)-(L1(i-

1)*U3(i-1)); L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); 

elseif i==N(k)-1 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 



222 
 

elseif i==N(k)   U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);    end, end 

%To solve AW=dd using factorization of matrix 

%Step(1):We solve LY1=dd; 

y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1); 

y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2)); 

for i=4:N(k) 

y1(i)=C(i)-(L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end 

%Step(2):We solve UW=Y1 

w(N(k))=y1(N(k))/U0(N(k));w(N(k)-1)=(y1(N(k)-1)-U1(N(k)-

1)*w(N(k)))/U0(N(k)-1); 

w(N(k)-2)=(y1(N(k)-2)-(U1(N(k)-2)*w(N(k)-1)+U2(N(k)-

2)*w(N(k))))/U0(N(k)-2); 

w(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-

1)+U3(N(k)-3)*w(N(k))))/U0(N(k)-3); 

w(N(k)-4)=(y1(N(k)-4)-(U1(N(k)-4)*w(N(k)-3)+U2(N(k)-4)*w(N(k)-

2)+U3(N(k)-4)*w(N(k)-1)))/U0(N(k)-4); 

for i=5:N(k)-1 

cc(N(k)-i)=U1(N(k)-i)*w(N(k)-i+1)+U2(N(k)-i)*w(N(k)-i+2)+U3(N(k)-

i)*w(N(k)-i+3); 

w(N(k)-i)=(y1(N(k)-i)-cc(N(k)-i))/U0(N(k)-i);end 
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W1(1:N1,k)=w(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 

for i=1:9 

 h=(b-a)/10;    X(i)=a+i*h;    Y(i)=(1-X(i))*exp(2*X(i));end 

% The Extrapolation for approximated solution 

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3; 

Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3; 

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;   

Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63;    

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,2)';W1(:,3)';W1(:,4)';Ext31'; Ext41'] 

plot(X,W1(1:N1,1),'red',X,Ext41,'blue',X,Y,'green') 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f\n',MR ); 

Program (3.3).m: 

LINEAR FINITE-DIFFERENCE METHOD (3.3) 

% To approximate the solution for the linear boundary-value problem 

%    Y'''' = F(X,Y,Y',Y'''), a<=X<=b, Y(a) = ALPHA0, Y'(a) = ALPHA1 

%    Y''(b)=BETA2 ,Y'''(b)= BETA3 

% INPUT:   Endpoints A,B; boundary conditions a0,a1,b2,b3. 
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% OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1 

format 

% Step(1):determines steps-size h and controls it  

for k= 1:6 

N(k)=(10*2^(k-1))-1; a=0 ;b=1 ;N1=N(1); h=(b-a)/(N(k)+1); 

% The boundary conditions value 

a0=1;a1=1;b2=-4*exp(2);b3=-12*exp(2); 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k) 

x(i)=a+i*h;   p3(i)=h*(1+2*x(i)^2);  p2(i)=h^2*(-3*x(i)); 

p1(i)=h^3*(-5*x(i)^2);   p0(i)=h^4*(1+x(i)^3); 

r(i)=h^4*(exp(2*x(i))*(x(i)^4+5*x(i)^3+x(i)^2-7*x(i)-13)); end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=2:N(k)-2 

F1(i)=-p3(i);   F2(i)=2*p3(i)+2*p2(i)-p1(i);  F3(i)=-4*p2(i)+2*p0(i); 

F4(i)=-2*p3(i)+2*p2(i)+p1(i);end 

G0=32*p3(1)+12*p2(1)-6*p1(1);   G1=-36*p3(1)-24*p2(1)+12*p0(1); 

G2=12*p2(1)+6*p1(1);   G3=4*p3(1);G01=24*p3(1); 
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GN14=-32*p3(N(k)-1)+290*p2(N(k)-1)+(145)*p1(N(k)-1); 

GN13=-48*p3(N(k)-1)-580*p2(N(k)-1)+290*p0(N(k)-1); 

GN12=192*p3(N(k)-1)+290*p2(N(k)-1)-(145)*p1(N(k)-1); 

GN11=-112*p3(N(k)-1);GN102=144*p3(N(k)-1);GN103=-110*p3(N(k)-1); 

GN02=2880*p3(N(k))+3306*p2(N(k))+2175*p1(N(k)); 

GN4=-3540*p3(N(k))+1044*p2(N(k))+4350*p1(N(k))+4350*p0(N(k)); 

GN3=7740*p3(N(k))-2088*p2(N(k))-4350*p1(N(k)); 

GN2=-4860*p3(N(k))+1044*p2(N(k));GN1=660*p3(N(k)); 

GN03=-750*p3(N(k))-2262*p2(N(k))-2900*p1(N(k)); 

%The diagonals for matrix A for system Aw=c 

d0(1)=192-G1;dU1(1)=(-108-G2);dU2(1)=(32-G3);dU3(1)=-3; 

dL1(1)=-8-F2(2);dL2(1)=2-F1(3);dL3(1)=0; 

for i=2:N(k) 

if i>1 & i<N(k)-3  d0(i)=12-F3(i);    dU1(i)=-8-F4(i);    dU2(i)=2+F1(i); 

dU3(i)=0;  dL1(i)=-8-F2(i+1);  dL2(i)=2-F1(i+2); dL3(i)=0; 

elseif i==N(k)-3    d0(i)=12-F3(i); dU1(i)=-8-F4(i);  dU2(i)=2+F1(i); 

dU3(i)=0;  dL1(i)=-8-F2(i+1); dL2(i)=256-GN11; dL3(i)=840-GN1; 

elseif i==N(k)-2  d0(i)=12-F3(i);  dU1(i)=-8-F4(i);  dU2(i)=2+F1(i); 



226 
 

dL1(i)=-936-GN12;  dL2(i)=-1440-GN2; 

elseif i==N(k)-1 d0(i)=1104-GN13; dU1(i)=-424-GN14; dL1(i)=360-GN3; 

elseif i==N(k)  d0(i)=240-GN4;    end, end 

% The constant vector c 

c1=12*r(1)+(113+G0)*a0+(60+G01)*h*a1;c2=(-2+F1(2))*a0+2*r(2); 

cN1=(-168+GN102)*h^2*b2+(80+GN103)*h^3*b3+290*r(N(k)-1); 

cN=4350*r(N(k))+(1080+GN02)*h^2*b2+(-3000+GN03)*h^3*b3; 

C=[c1 c2 2*r(3:(N(k)-2)) cN1 cN ]; 

% Factorize The Matrix A=LU for 2 upper and 3 lower 

U3=dU3;U2(1)=dU2(1);L0=ones(1,N(k));U1(1)=dU1(1); 

U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1);L3(1)=dL3(1)/U0(1) 

for i=2:N(k) 

if i==2   U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); L3(i)=dL3(i)/U0(i); 

elseif  i>2 &  i<=N(k)-3 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2));U2(i)=dU2(i)-(L1(i-

1)*U3(i-1));   L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);  L3(i)=dL3(i)/U0(i); 
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elseif i==N(k)-2    U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2));U2(i)=dU2(i)-(L1(i-1)*U3(i-

1));   L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); 

elseif i==N(k)-1    U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

elseif i==N(k)    U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2);end ,end 

%To solve AW=dd using factorized matrix 

%Step(1):We solve LY1=dd; 

y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1);y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2)); 

for i=4:N(k) 

 y1(i)=C(i)-(L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end 

%Step(2):We solve UW=Y1 

w(N(k))=y1(N(k))/U0(N(k)); 

w(N(k)-1)=(y1(N(k)-1)-U1(N(k)-1)*w(N(k)))/U0(N(k)-1); 

w(N(k)-2)=(y1(N(k)-2)-(U1(N(k)-2)*w(N(k)-1)+U2(N(k)-

2)*w(N(k))))/U0(N(k)-2); 
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w(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-

1)+U3(N(k)-3)*w(N(k))))/U0(N(k)-3); 

w(N(k)-4)=(y1(N(k)-4)-(U1(N(k)-4)*w(N(k)-3)+U2(N(k)-4)*w(N(k)-

2)+U3(N(k)-4)*w(N(k)-1)))/U0(N(k)-4); 

for i=5:N(k)-1 

cc(N(k)-i)=U1(N(k)-i)*w(N(k)-i+1)+U2(N(k)-i)*w(N(k)-i+2)+U3(N(k)-

i)*w(N(k)-i+3); 

w(N(k)-i)=(y1(N(k)-i)-cc(N(k)-i))/U0(N(k)-i);end 

W1(1:N1,k)=w(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 

for i=1:9 

 h=(b-a)/10;   X(i)=a+i*h;   Y(i)=(1-X(i))*exp(2*X(i));end 

% The Extrapolation for approximated solution 

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3; 

Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3; 

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15;   

Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63; 

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,2)';W1(:,3)';W1(:,4)';Ext31'; Ext41'] 

plot(X,W1(1:N1,2),'red',X,Ext41,'blue',X,Y,'green') 
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fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f\n',MR ); 

Appendix (IV) 

This appendix contains the computer programs for chapter four 

Program (4.1).m: 

% LINEAR FINITE-DIFFERENCE METHOD (4.1) 

% To approximate the solution for the linear boundary-value problem 

%    d5Y = F(X,Y,Y',Y''',Y''''), a<=X<=b, 

% With boundary conditions Y(a) = ALPHA0, Y(b) = BETA0 

,Y'(a)=ALPHA1  Y''(a)=ALPHA2 ,Y'(b)= BETA1 

% INPUT:   Endpoints A,B; boundary conditions a0,a1,a2,b0,b1. 

% OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1 

format 

% Step(1):determines steps-size h and controls it  

for k= 1:4 

N(k)=(10*2^(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1) 

% The boundary conditions value 

a0=1;a1=1;a2=0;b0=0;b1=-exp(2); 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k) 
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x(i)=a+i*h;    p4(i)=h*(3*x(i)-1);    p3(i)=-h^2*(5*x(i)-2);    

p2(i)=h^3*(3*x(i)^3-2*x(i)^2+1);    p1(i)=h^4*(2*x(i)^2);  

p0(i)=h^5*(-9*x(i)^2); 

r(i)=h^5*(exp(2*x(i))*(12*x(i)^4-13*x(i)^3+15*x(i)^2-56));end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=2:N(k)-1 

F1(i)=2*p4(i)-p3(i);  F2(i)=-8*p4(i)+2*p3(i)+2*p2(i)-p1(i); 

F3(i)=12*p4(i)-4*p2(i)+2*p0(i); F4(i)=-8*p4(i)-2*p3(i)+2*p2(i)+p1(i); 

F5(i)=2*p4(i)+p3(i);end 

G0=76*p4(1)+351*p3(1)+36*p2(1)-18*p1(1); 

G1=-432*p3(1)-72*p2(1)+36*p0(1); 

G2=-108*p4(1)+81*p3(1)+36*p2(1)+18*p1(1); 

G3=32*p4(1);G01=120*p4(1)+270*p3(1);G02=72*p4(1)+54*p3(1); 

GN0=-565*p4(N(k))-160*p3(N(k))+60*p2(N(k))+30*p1(N(k)); 

GN1=-15*p4(N(k));GN2=160*p4(N(k))-20*p3(N(k)); 

GN3=-540*p4(N(k))+60*p2(N(k))-30*p1(N(k)); 

GN4=960*p4(N(k))+180*p3(N(k))-120*p2(N(k))+60*p0(N(k)); 

GN01=300*p4(N(k))+120*p3(N(k)); 

%The diagonals for matrix A for system Aw=c 
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d0(1)=2160-G1;dU1(1)=(-540-G2);dU2(1)=(80-G3);dL1(1)=-4320-

36*F2(2);dL2(1)=400-10*F1(3);dL3(1)=-8;dL4(1)=1; 

for i=2:N(k) 

if i==2  d0(i)=2160-36*F3(i);dU1(i)=-800-36*F4(i);dU2(i)=135-36*F5(i);    

dL1(i)=-500-10*F2(i+1); dL2(i)=25-F1(i+2);dL3(i)=-8; dL4(i)=1; 

elseif i==3  d0(i)=400-10*F3(i);dU1(i)=-175-10*F4(i);dU2(i)=32-10*F5(i)     

dL1(i)=-40-F2(i+1);    dL2(i)=25-F1(i+2);    dL3(i)=-8;dL4(i)=1;  

elseif i>=4 & i<N(k)-4 d0(i)=35-F3(i); dU1(i)=-16-F4(i);    U2(i)=3-F5(i);    

dL1(i)=-40-F2(i+1);    dL2(i)=25-F1(i+2);    dL3(i)=-8;dL4(i)=1;     

elseif i==N(k)-4    d0(i)=35-F3(i);    dU1(i)=-16-F4(i);    dU2(i)=3-F5(i); 

dL1(i)=-40-F2(i+1);    dL2(i)=25-F1(i+2);    dL3(i)=-8;dL4(i)=48;     

elseif i==N(k)-3    d0(i)=35-F3(i);    dU1(i)=-16-F4(i);    dU2(i)=3-F5(i);    

dL1(i)=-40-F2(i+1);    dL2(i)=25-F1(i+2);    dL3(i)=-375-GN1; 

elseif i==N(k)-2    d0(i)=35-F3(i);    dU1(i)=-16-F4(i);    dU2(i)=3-F5(i); 

dL1(i)=-40-F2(i+1);    dL2(i)=1200-GN2; 

elseif i==N(k)-1  d0(i)=35-F3(i);    dU1(i)=-16-F4(i);    dL1(i)=-2100-GN3; 

elseif i==N(k)    d0(i)=2400-GN4;    end,end 

% The constant vector c 

c1=60*r(1)+(1700+G0)*a0+(1320+G01)*h*a1+(360+G02)*h^2*a2; 

c2=(-2825+36*F1(2))*a0+72*r(2)-1860*h*a1-360*h^2*a2; 
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c3=157*a0+20*r(2)+60*h*a1; c4=-a0+2*r(3);  

cN1=(-3+F5(N(k)-1))*b0+2*r(N(k)-1); 

cN=60*r(N(k))+(1173+GN0)*b0+(-540+GN01)*h*b1;  

C=[c1 c2 c3 c4 2*r(5:(N(k)-2)) cN1 cN ]; 

% Factorize The Matrix A=LU for 3 upper and 4 lower 

U2=dU2;U1(1)=dU1(1); L0=ones(1,N(k));U1(1)=dU1(1); U0(1)=d0(1); 

L1(1)=dL1(1)/U0(1); L2(1)=dL2(1)/U0(1); L3(1)=dL3(1)/U0(1); 

L4(1)=dL4(1)/U0(1); 

for i=2:N(k) 

if i==2   U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0(i); L4(i)=dL4(i)/U0(i); 

elseif  i>2 &  i<=N(k)-4 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-

2)*L3(i-2))/U0(i);  L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0(i); L4(i)=dL4(i)/U0(i); 

elseif i==N(k)-3   U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1));  L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-

2)*L3(i-2))/U0(i); L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2))/U0(i); 
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L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0(i); 

elseif i==N(k)-2 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-

2)*L3(i-2))/U0(i);  L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2))/U0(i);      

elseif i==N(k)-1 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

 U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-

2)*L3(i-2))/U0(i); 

elseif i==N(k) U0(i)=d0(i)-U1(i-1)*L1(i-1)-L2(i-2)*U2(i-2); end,end 

%To solve AW=dd using factorized matrix 

%Step(1):We solve LY1=dd; 

y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1); 

y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2)); 

y1(4)=C(4)-(L3(1)*y1(1)+L2(2)*y1(2)+L1(3)*y1(3)); 

for i=5:N(k) 

y1(i)=C(i)-(L4(i-4)*y1(i-4)+L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-

1));end 

%Step(2):We solve UW=Y1 

w(N(k))=y1(N(k))/U0(N(k)); 

w(N(k)-1)=(y1(N(k)-1)-U1(N(k)-1)*w(N(k)))/U0(N(k)-1); 
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w(N(k)-2)=(y1(N(k)-2)-(U1(N(k)-2)*w(N(k)-1)+U2(N(k)-

2)*w(N(k))))/U0(N(k)-2); 

w(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-

1)))/U0(N(k)-3); 

w(N(k)-4)=(y1(N(k)-4)-(U1(N(k)-4)*w(N(k)-3)+U2(N(k)-4)*w(N(k)-

2)))/U0(N(k)-4); 

for i=5:N(k)-1 

cc(N(k)-i)=U1(N(k)-i)*w(N(k)-i+1)+U2(N(k)-i)*w(N(k)-i+2); 

w(N(k)-i)=(y1(N(k)-i)-cc(N(k)-i))/U0(N(k)-i);end 

W1(1:N1,k)=w(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 

for i=1:9 

h=(b-a)/10;    X(i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end 

% The Extrapolation for approximated solution 

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;Ext22=(4*W1(1:N1,3)-

W1(1:N1,2))/3; 

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15; 

Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63; 

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,2)';W1(:,3)';W1(:,4)';Ext31'; Ext41']; 
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plot(X,W1(1:N1,1),'red',X,Y,'green',X,Ext41,'blue') 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f 

%12.8f\n',MR ); 

for i=1:k 

ER1(i)=max(abs(Y'-W1(:,i)));end 

ERT1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ] 

Program (4.2).m: 

% LINEAR FINITE-DIFFERENCE METHOD (4.2) 

% To approximate the solution for the linear boundary-value problem 

%    d5Y = F(X,Y,Y',Y''',Y''''), a<=X<=b, 

% With boundary conditions Y(a) = ALPHA0, Y(b) = BETA0 

,Y'''(a)=ALPHA3  

% Y''(b)=BETA2 ,Y''''(b)= BETA4 

% INPUT:   Endpoints A,B; boundary conditions a0,a1,a2,b0,b1. 

% OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1      

format 

% Step(1):determines steps-size h and controls it  

for k= 1:4  N(k)=(10*2^(k-1))-1;a=0;b=1;N1=N(1);h=(b-a)/(N(k)+1) 

% The boundary conditions value 
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a0=1;a3=-4;b0=0;b2=-4*exp(2);b4=-32*exp(2); 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k) 

x(i)=a+i*h;  p4(i)=h*(3*x(i)-1);    p3(i)=-h^2*(5*x(i)-2);    

p2(i)=h^3*(3*x(i)^3-2*x(i)^2+1);p1(i)=h^4*(2*x(i)^2); 

p0(i)=h^5*(-9*x(i)^2); 

r(i)=h^5*(exp(2*x(i))*(12*x(i)^4-13*x(i)^3+15*x(i)^2-56));end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=2:N(k)-1 

F1(i)=2*p4(i)-p3(i); F2(i)=-8*p4(i)+2*p3(i)+2*p2(i)-p1(i); 

F3(i)=12*p4(i)-4*p2(i)+2*p0(i); F4(i)=-8*p4(i)-2*p3(i)+2*p2(i)+p1(i); 

F5(i)=2*p4(i)+p3(i);end 

G0=-90*p4(1)-140*p3(1)+210*p2(1)-105*p1(1); 

G1=240*p4(1)+420*p3(1)-420*p2(1)+210*p0(1); 

G2=-180*p4(1)-420*p3(1)+210*p2(1)+105*p1(1); 

G3=140*p3(1);G4=30*p4(1);G03=-120*p4(1)+70*p3(1); 

GN0=-14496*p4(N(k))-3624*p3(N(k))+7248*p2(N(k))+3624*p1(N(k)); 

GN1=7248*p4(N(k))-1812*p3(N(k)); 

GN2=-28992*p4(N(k))+7248*p2(N(k))-3624*p1(N(k)); 
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GN3=36240*p4(N(k))+5436*p3(N(k))-14496*p2(N(k))+7248*p0(N(k)); 

GN02=7248*p4(N(k))+5436*p3(N(k)); 

GN04=604*p4(N(k))-1359*p3(N(k)); 

%The diagonals for matrix A for system Aw=c 

d0(1)=-1932-G1;dU1(1)=(2856-G2);dU2(1)=(-2016-G3);dU3(1)=672-

G4;dU4(1)=-84;dL1(1)=16-F2(2);dL2(1)=-3-F1(3);dL3(1)=0; 

for i=2:N(k) 

if i>=2 & i<N(k)-4 d0(i)=-35-F3(i); dU1(i)=40-F4(i); dU2(i)=-25-F5(i); 

dU3(i)=8;    dU4(i)=-1; dL1(i)=16-F2(i+1);dL2(i)=-3-F1(i+2);dL3(i)=0;     

elseif i==N(k)-4    d0(i)=-35-F3(i);    dU1(i)=40-F4(i);    dU2(i)=-25-F5(i);    

dU3(i)=8; dU4(i)=-1; dL1(i)=16-F2(i+1);dL2(i)=-46-17*F1(i+2);dL3(i)=0;     

elseif i==N(k)-3 d0(i)=-35-F3(i); dU1(i)=40-F4(i);dU2(i)=-25-F5(i);    

dU3(i)=8;  dL1(i)=236-17*F2(i+1);dL2(i)=-481-151*F1(i+2); 

dL3(i)=-2904;     

elseif i==N(k)-2    d0(i)=-484-17*F3(i);    dU1(i)=496-17*F4(i); 

dU2(i)=-254-17*F5(i);    dL1(i)=2584-151*F2(i+1);    dL2(i)=10176-GN1; 

elseif i==N(k)-1  d0(i)=-5526-151*F3(i);    dU1(i)=5224-151*F4(i); 

dL1(i)=-11664-GN2; 

elseif i==N(k)    d0(i)=4416-GN3;    end,end 
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% The constant vector c 

c1=210*r(1)+(-504+G0)*a0+(-168+G03)*h^3*a3; 

c2=(3+F1(2))*a0+2*r(2);cN3=b0+2*r(N(k)-3); 

cN2=-52*b0+6*h^4*b4+34*r(N(k)-2); 

cN1=(1801+151*F5(N(k)-1))*b0-660*h^2*b2+124*h^4*b4+302*r(N(k)-1); 

cN=7248*r(N(k))+(24+GN0)*b0+(1440+GN02)*h^2*b2+(-

4224+GN04)*h^4*b4; 

C=[c1 c2 2*r(3:(N(k)-4)) cN3 cN2 cN1 cN ]; 

% Factorize The Matrix A=LU for 4 upper and 3 lower 

U4=dU4;L1=ones(1,N(k)); 

U1(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1); 

L3(1)=dL3(1)/U0(1);U2(1)=dU2(1);U3(1)=dU3(1); 

for i=2:N(k) 

if i==2  U0(i)=d0(i)-(L1(i-1)*U1(i-1));  U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1));  U3(i)=dU3(i)-(L1(i-1)*U4(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); L3(i)=dL3(i)/U0(i); 

elseif i>2 &i<=N(k)-3 U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 
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U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);  L3(i)=dL3(i)/U0(i); 

elseif i==N(k)-2  U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);      

elseif i==N(k)-1 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

elseif i==N(k)  

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3));end,end       

%To solve AW=dd using factorization of  matrix 

%Step(1):We solve LY1=dd; 

y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1); 
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y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2)); 

for i=4:N(k) 

y1(i)=C(i)-(L3(i-3)*y1(i-3)+L2(i-2)*y1(i-2)+L1(i-1)*y1(i-1));end 

%Step(2):We solve UW=Y1 

w(N(k))=y1(N(k))/U0(N(k)); 

w(N(k)-1)=(y1(N(k)-1)-U1(N(k)-1)*w(N(k)))/U0(N(k)-1); 

w(N(k)-2)=(y1(N(k)-2)-(U1(N(k)-2)*w(N(k)-1)+U2(N(k)-

2)*w(N(k))))/U0(N(k)-2); 

w(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-

1)+U3(N(k)-3)*w(N(k))))/U0(N(k)-3); 

w(N(k)-4)=(y1(N(k)-4)-(U1(N(k)-4)*w(N(k)-3)+U2(N(k)-4)*w(N(k)-

2)+U3(N(k)-4)*w(N(k)-1)+U4(N(k)-4)*w(N(k))))/U0(N(k)-4); 

for i=5:N(k)-1 

cc(N(k)-i)=U1(N(k)-i)*w(N(k)-i+1)+U2(N(k)-i)*w(N(k)-i+2)+U3(N(k)-

i)*w(N(k)-i+3)+U4(N(k)-i)*w(N(k)-i+4); 

w(N(k)-i)=(y1(N(k)-i)-cc(N(k)-i))/U0(N(k)-i);end 

W1(1:N1,k)=w(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 

for i=1:9 

h=(b-a)/10;    X(i)=a+i*h;    Y(i)=(1-X(i))*exp(2*X(i));end 
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% The Extrapolation for approximated solution 

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3; 

Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3; 

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15; 

Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63; 

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,2)';W1(:,3)';W1(:,4)';Ext31'; Ext41']; 

plot(X,W1(1:N1,1),'red',X,Y,'green',X,Ext41,'blue') 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f 

%12.8f\n',MR ); 

for i=1:k 

ER1(i)=max(abs(Y'-W1(:,i)));end 

ERT1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ] 

Program (4.3).m: 

% LINEAR FINITE-DIFFERENCE METHOD (4.3) 

% To approximate the solution for the linear boundary-value problem 

%    d6Y = F(X,Y,Y',Y''',d4Y,d5Y), a<=X<=b, 

% With boundary conditions Y(a) = ALPHA0, Y(b) = BETA0 

,Y'(a)=ALPHA1  
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% Y'(b)=BETA1,Y''(a)= ALPHA2 ,Y''(b)=BETA2 

% INPUT:   Endpoints A,B; boundary conditions a0,a1,a2,b0,b1,b2. 

% OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1 

format 

% Step(1): determines steps-size h and controls it  

for k= 2:5N(k)=(10*2^(k-1))-1;a=0;b=1;N1=9;h=(b-a)/(N(k)+1) 

% The boundary conditions value 

a0=1;a1=1;a2=0;b0=0;b1=-exp(2);b2=-4*exp(2); 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k)    x(i)=a+i*h;    p5(i)=2*h*x(i)^2;    p4(i)=h^2*(-5*x(i)^3); 

p3(i)=-h^3*(3*x(i)^2-1); p2(i)=h^4*(10*x(i)+3); 

p1(i)=-h^5*(3+5*x(i)-x(i)^2); p0(i)=-h^6*(2*x(i)-x(i)^2); 

r(i)=h^6*(exp(2*x(i))*(-80*x(i)^4-37*x(i)^3+110*x(i)^2-43*x(i)-121)); 

end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=3:N(k)-2   F1(i)=-p5(i);   F2(i)=4*p5(i)+2*p4(i)-p3(i); 

F3(i)=-5*p5(i)-8*p4(i)+2*p3(i)+2*p2(i)-p1(i); 

F4(i)=12*p4(i)-4*p2(i)+2*p0(i); 
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F5(i)=5*p5(i)-8*p4(i)-2*p3(i)+2*p2(i)+p1(i); 

F6(i)=-4*p5(i)+2*p4(i)+p3(i);F7(i)=p5(i);end 

G0=-11900*p5(1)+532*p4(1)+2457*p3(1)+252*p2(1)-126*p1(1); 

G1=15120*p5(1)-3024*p3(1)+504*p2(1)+252*p0(1); 

G2=-3780*p5(1)-756*p4(1)+567*p3(1)+252*p2(1)+126*p1(1); 

G3=560*p5(1)+224*p4(1);G01=-9240*p5(1)+840*p4(1)+1890*p3(1); 

G02=-2520*p5(1)+504*p4(1)+378*p3(1); 

G20=-14125*p5(2)+180*(2*p4(2)-p3(2)); 

G21=-21600*p5(2)+180*(-8*p4(2)+2*p3(2)+2*p2(2)-p1(2)); 

G22=-10800*p5(2)+180*(12*p4(2)-4*p2(2)+2*p0(2)); 

G23=-4000*p5(2)+180*(-8*p4(2)-2*p3(2)+2*p2(2)+p1(2)); 

G24=675*p5(2)+180*(2*p4(2)+p3(2)); 

G201=9300*p5(2);G202=1800*p5(2); 

GN20=-14125*p5(N(k)-1)+180*(2*p4(N(k)-1)+p3(N(k)-1)); 

GN24=21600*p5(N(k)-1)+180*(-8*p4(N(k)-1)-2*p3(N(k)-1)+2*p2(N(k)-

1)+p1(N(k)-1)); 

GN23=-10800*p5(N(k)-1)+180*(12*p4(N(k)-1)-4*p2(N(k)-1)+2*p0(N(k)-

1)); 
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GN22=4000*p5(N(k)-1)+180*(-8*p4(N(k)-1)+2*p3(N(k)-1)+2*p2(N(k)-

1)-p1(N(k)-1)); 

GN21=-675*p5(N(k)-1)+180*(2*p4(N(k)-1)-p3(N(k)-1)); 

GN201=9300*p5(N(k)-1);GN202=-1800*p5(N(k)-1); 

GN0=11900*p5(N(k))+532*p4(N(k))-

2457*p3(N(k))+252*p2(N(k))+126*p1(N(k)); 

GN3=-15120*p5(N(k))+3024*p3(N(k))+504*p2(N(k))+252*p0(N(k)); 

GN2=3780*p5(N(k))-756*p4(N(k))-567*p3(N(k))+252*p2(N(k))-

126*p1(N(k)); 

GN1=-560*p5(N(k))+224*p4(N(k));GN01=-9240*p5(N(k))-

840*p4(N(k))+1890*p3(N(k)); 

GN02=2520*p5(N(k))+504*p4(N(k))-378*p3(N(k)); 

%The diagonals for matrix A for system Aw=c 

d0=[11016-G1 -13500-G22 -40*ones(1,N(k)-4)-F4(3:N(k)-2) -13500-

GN23 11016-GN3]; 

dU1=[-17280-G2 9600-G23 30*ones(1,N(k)-4)-F5(3:N(k)-2) 12960-

GN24]; 

dU2=[15280-G3 -4050-G24 -12*ones(1,N(k)-4)-F6(3:N(k)-2)]; 

dU3=[-8100 864 2*ones(1,N(k)-5)-F7(3:N(k)-3)]; 

dU4=[2376 -60 zeros(1,N(k)-6)];dU5=[-296 zeros(1,N(k)-6)]; 
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dL1=[12960-G21 30*ones(1,N(k)-4)-F3(3:N(k)-2) 9600-GN22 -17280-

GN2]; 

dL2=[-12*ones(1,N(k)-4)-F2(3:N(k)-2) -4050-GN21 15280-GN1]; 

dL3=[2*ones(1,N(k)-5)-F1(4:N(k)-2) 864 -8100 ];dL4=seqreverse(dU4); 

dL5=seqreverse(dU5); 

% The constant vector c 

c1=252*r(1)+(2996+G0)*a0+G01*h*a1+(-720+G02)*h^2*a2; 

c2=(5814+G20)*a0+(2520+G201)*h*a1+G202*h^2*a2+360*r(2); 

c3=(-2+F1(3))*a0+2*r(3);cN2=(-2+F7(N(k)-2))*b0+2*r(N(k)-2); 

cN1=(5814+GN20)*b0+(-2520+GN201)*h*b1+GN202*h^2*b2+360*r(N(k)-1); 

cN=252*r(N(k))+(2996+GN0)*b0+(-720+GN02)*h^2*b2+GN01*h*b1; 

C=[c1 c2 c3 2*r(4:(N(k)-3)) cN2 cN1 cN ]; 

% Factorize The Matrix A=LU for 4 upper and 3 lower 

U5=dU5;L1=ones(1,N(k));U1(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1

);L2(1)=dL2(1)/U0(1);L3(1)=dL3(1)/U0(1);U2(1)=dU2(1); 

U3(1)=dU3(1);U4(1)=dU4(1);L4(1)=dL4(1)/U0(1);L5(1)=dL5(1)/U0(1); 

for i=2:N(k) 

if i==2 U0(i)=d0(i)-(L1(i-1)*U1(i-1));U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)); U3(i)=dU3(i)-(L1(i-1)*U4(i-1)); 



246 
 

U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0(i);  

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i);  L5(i)=dL5(i)/U0(i); 

elseif i==3   U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i);   L5(i)=dL5(i)/U0(i); 

elseif i==4   

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 
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U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i);        

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i);  

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i);L5(i)=dL5(i)/U0(i); 

elseif i>=5 &i<=N(k)-5 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3));        

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2));  

U4(i)=dU4(i)-(L1(i-1)*U5(i-1));L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-

2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=dL5(i)/U0(i); 

 elseif i==N(k)-4 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)); 
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U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3));        

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2));  

U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); 

elseif i==N(k)-3 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 
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L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

elseif i==N(k)-2  

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

elseif i==N(k)-1 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i);       

elseif i==N(k) 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4));   end,end 

%To solve AW=dd using factorized matrix 
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%Step(1):We solve LY1=dd; 

y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1);y1(3)=C(3)-

(L2(1)*y1(1)+L1(2)*y1(2)); 

y1(4)=C(4)-(L3(1)*y1(1)+L2(2)*y1(2)+L1(3)*y1(3)); 

y1(5)=C(5)-(L4(1)*y1(1)+L3(2)*y1(2)+L2(3)*y1(3)+L1(4)*y1(4)); 

for i=6:N(k) 

y1(i)=C(i)-(L5(i-5)*y1(i-5)+L4(i-4)*y1(i-4)+L3(i-3)*y1(i-3)+L2(i-2)*y1(i-

2)+L1(i-1)*y1(i-1)); end 

%Step(2):We solve UW=Y1 

w(N(k))=y1(N(k))/U0(N(k));w(N(k)-1)=(y1(N(k)-1)-U1(N(k)-

1)*w(N(k)))/U0(N(k)-1); 

w(N(k)-2)=(y1(N(k)-2)-(U1(N(k)-2)*w(N(k)-1)+U2(N(k)-

2)*w(N(k))))/U0(N(k)-2); 

w(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-

1)+U3(N(k)-3)*w(N(k))))/U0(N(k)-3); 

w(N(k)-4)=(y1(N(k)-4)-(U1(N(k)-4)*w(N(k)-3)+U2(N(k)-4)*w(N(k)-

2)+U3(N(k)-4)*w(N(k)-1)+U4(N(k)-4)*w(N(k))))/U0(N(k)-4); 

w(N(k)-5)=(y1(N(k)-5)-(U1(N(k)-5)*w(N(k)-4)+U2(N(k)-5)*w(N(k)-

3)+U3(N(k)-5)*w(N(k)-2)+U4(N(k)-5)*w(N(k)-1))+U5(N(k)-

5)*w(N(k)))/U0(N(k)-5); 

for i=6:N(k)-1 
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cc(N(k)-i)=U1(N(k)-i)*w(N(k)-i+1)+U2(N(k)-i)*w(N(k)-i+2)+U3(N(k)-

i)*w(N(k)-i+3)+U4(N(k)-i)*w(N(k)-i+4)+U5(N(k)-i)*w(N(k)-i+5); 

w(N(k)-i)=(y1(N(k)-i)-cc(N(k)-i))/U0(N(k)-i);end 

W1(1:N1,k-1)=w(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 

for i=1:9   h=(b-a)/10;  X(i)=a+i*h; Y(i)=(1-X(i))*exp(2*X(i));end 

% The Extrapolation for approximated solution 

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3;Ext22=(4*W1(1:N1,3)-

W1(1:N1,2))/3; 

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15; 

Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63; 

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,2)';W1(:,3)';W1(:,4)';Ext31'; Ext41']; 

plot(X,W1(1:N1,2),'red',X,Y,'green',X,Ext21,'blue') 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f 

%12.8f\n',MR ); 

for i=1:k-1   ER1(i)=max(abs(Y'-W1(:,i)));end,ER1 

ERT1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ] 
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Program (4.4).m: 

% LINEAR FINITE-DIFFERENCE METHOD (4.4) 

% To approximate the solution for the linear boundary-value problem 

%    d6Y = F(X,Y,Y',Y''',d4Y,d5Y), a<=X<=b, 

% With boundary conditions Y(a) = ALPHA0, Y(b) = BETA0 

,Y'''(a)=ALPHA3  

% Y''(b)=BETA2 ,d5Y(a)= ALPHA5 ,d4Y(b)=BETA4 

% INPUT:   Endpoints A,B; boundary conditions a0,a3,a5,b0,b2,b4. 

% OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1 

format 

% Step(1):determines steps-size h and controls it  

for k= 2:5 

N(k)=(10*2^(k-1))-1;a=0;b=1;N1=9;h=(b-a)/(N(k)+1) 

% The boundary conditions value 

a0=1;a3=-4;a5=-48;b0=0;b2=-4*exp(2);b4=-32*exp(2); 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k)   x(i)=a+i*h;  p5(i)=2*h*x(i)^2;  p4(i)=h^2*(-5*x(i)^3); 

p3(i)=-h^3*(3*x(i)^2-1);   p2(i)=h^4*(10*x(i)+3); 

p1(i)=-h^5*(3+5*x(i)-x(i)^2);  p0(i)=-h^6*(2*x(i)-x(i)^2); 
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r(i)=h^6*(exp(2*x(i))*(-80*x(i)^4-37*x(i)^3+110*x(i)^2-43*x(i)-121)); 

end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=3:N(k)-2  F1(i)=-p5(i); F2(i)=4*p5(i)+2*p4(i)-p3(i); 

F3(i)=-5*p5(i)-8*p4(i)+2*p3(i)+2*p2(i)-p1(i); 

F4(i)=12*p4(i)-4*p2(i)+2*p0(i); 

F5(i)=5*p5(i)-8*p4(i)-2*p3(i)+2*p2(i)+p1(i); 

F6(i)=-4*p5(i)+2*p4(i)+p3(i); F7(i)=p5(i);end 

G0=150*p5(1)-100*p4(1)-100*p3(1)+150*p2(1)-75*p1(1); 

G1=-540*p5(1)+300*p4(1)+300*p3(1)-300*p2(1)+150*p0(1); 

G2=720*p5(1)-300*p4(1)-300*p3(1)+150*p2(1)+75*p1(1); 

G3=-420*p5(1)+100*p4(1)+100*p3(1);G4=90*p5(1); 

G03=60*p5(1)-100*p4(1)+50*p3(1);G05=45*p5(1)+25*p4(1)-50*p3(1); 

G20=100*p5(2)+25*(2*p4(2)-p3(2)); 

G21=-360*p5(2)+25*(-8*p4(2)+2*p3(2)+2*p2(2)-p1(2)); 

G22=480*p5(2)+25*(12*p4(2)-4*p2(2)+2*p0(2)); 

G23=-280*p5(2)+25*(-8*p4(2)-2*p3(2)+2*p2(2)+p1(2)); 

G24=60*p5(2)+25*(2*p4(2)+p3(2));G203=40*p5(2);G205=-20*p5(2); 
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GN20=-113463*p5(N(k)-1)+9513*(2*p4(N(k)-1)+p3(N(k)-1)); 

GN24=329112*p5(N(k)-1)+9513*(-8*p4(N(k)-1)-2*p3(N(k)-

1)+2*p2(N(k)-1)+p1(N(k)-1)); 

GN23=-348138*p5(N(k)-1)+9513*(12*p4(N(k)-1)-4*p2(N(k)-

1)+2*p0(N(k)-1)); 

GN22=162792*p5(N(k)-1)+9513*(-8*p4(N(k)-1)+2*p3(N(k)-

1)+2*p2(N(k)-1)-p1(N(k)-1)); 

GN21=-30303*p5(N(k)-1)+9513*(2*p4(N(k)-1)-p3(N(k)-1)); 

GN202=41580*p5(N(k)-1);GN204=-7812*p5(N(k)-1); 

GN0=-168*p5(N(k))-101472*p4(N(k))-

25368*p3(N(k))+50736*p2(N(k))+25368*p1(N(k)); 

GN4=30912*p5(N(k))+253680*p4(N(k))+38052*p3(N(k))-

101472*p2(N(k))+50736*p0(N(k)); 

GN3=-81648*p5(N(k))-202944*p4(N(k))+50736*p2(N(k))-

25368*p1(N(k)); 

GN2=71232*p5(N(k))+50736*p4(N(k))-12684*p3(N(k)); 

GN1=-20328*p5(N(k)); 

GN02=-10080*p5(N(k))+50736*p4(N(k))+38052*p3(N(k)); 

GN04=29568*p5(N(k))+4228*p4(N(k))-9513*p3(N(k)); 

%The diagonals for matrix A for system Aw=c 
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d0=[540-G1 180-G22 -40*ones(1,N(k)-4)-F4(3:N(k)-2) -509625-GN23 

594336-GN4]; 

dU1=[-1170-G2 -280-G23 30*ones(1,N(k)-4)-F5(3:N(k)-2) 358776-

GN24]; 

dU2=[1320-G3 240-G24 -12*ones(1,N(k)-4)-F6(3:N(k)-2)]; 

dU3=[-810-G4 -108 2*ones(1,N(k)-5)-F7(3:N(k)-3)]; 

dU4=[252 20 zeros(1,N(k)-6)];dU5=[-30 zeros(1,N(k)-6)]; 

dL1=[-60-G21 30*ones(1,N(k)-4)-F3(3:N(k)-2) 386560-GN22 -1224912-

GN3]; 

dL2=[-12*ones(1,N(k)-4)-F2(3:N(k)-2) -163080-GN21 1323968-GN2]; 

dL3=[2*ones(1,N(k)-5)-F1(4:N(k)-2) 32616 -790032-GN1]; 

dL4=[zeros(1,N(k)-6) -1661 246432];dL5=[zeros(1,N(k)-6) -31408]; 

% The constant vector c 

c1=150*r(1)+(102+G0)*a0+G03*h^3*a3+(72+G05)*h^5*a5; 

c2=(-8+G20)*a0+G203*h^3*a3+(12+G205)*h^5*a5+50*r(2); 

c3=(-2+F1(3))*a0+2*r(3);cN2=(-2+F7(N(k)-2))*b0+2*r(N(k)-2); 

cN1=(103586+GN20)*b0+(-

27180+GN202)*h^2*b2+GN204*h^4*b4+19026*r(N(k)-1); 

cN=50736*r(N(k))+(118384+GN0)*b0+(GN02)*h^2*b2+(-

28992+GN04)*h^4*b4; 
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C=[c1 c2 c3 2*r(4:(N(k)-3)) cN2 cN1 cN ]; 

% Factorize The Matrix A=LU for 3 upper and 3 lower 

U5=dU5;L1=ones(1,N(k)); 

U1(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1); 

L3(1)=dL3(1)/U0(1);U2(1)=dU2(1);U3(1)=dU3(1);U4(1)=dU4(1); 

L4(1)=dL4(1)/U0(1);L5(1)=dL5(1)/U0(1); 

for i=2:N(k) 

  if i==2  U0(i)=d0(i)-(L1(i-1)*U1(i-1));  U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1));   U3(i)=dU3(i)-(L1(i-1)*U4(i-1)); 

U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i);  

L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0(i); 

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i);  L5(i)=dL5(i)/U0(i); 

elseif i==3    U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 
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 L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=dL5(i)/U0(i); 

elseif i==4 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=dL5(i)/U0(i); 

elseif i>=5 &i<=N(k)-5 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 
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U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

 L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=dL5(i)/U0(i); 

 elseif i==N(k)-4 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

 L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 
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L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); 

elseif i==N(k)-3 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i);      

elseif i==N(k)-2  

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 
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L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

elseif i==N(k)-1 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

elseif i==N(k) 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4));   end,end 

%To solve AW=dd using factorized matrix 

%Step(1):We solve LY1=dd; 

y1(1)=C(1);    y1(2)=C(2)-L1(1)*y1(1); 

y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2)); 

y1(4)=C(4)-(L3(1)*y1(1)+L2(2)*y1(2)+L1(3)*y1(3)); 

y1(5)=C(5)-(L4(1)*y1(1)+L3(2)*y1(2)+L2(3)*y1(3)+L1(4)*y1(4)); 

for i=6:N(k) 

 y1(i)=C(i)-(L5(i-5)*y1(i-5)+L4(i-4)*y1(i-4)+L3(i-3)*y1(i-3)+L2(i-

2)*y1(i-2)+L1(i-1)*y1(i-1));end 
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%Step(2):We solve UW=Y1 

w(N(k))=y1(N(k))/U0(N(k));w(N(k)-1)=(y1(N(k)-1)-U1(N(k)-

1)*w(N(k)))/U0(N(k)-1); 

w(N(k)-2)=(y1(N(k)-2)-(U1(N(k)-2)*w(N(k)-1)+U2(N(k)-

2)*w(N(k))))/U0(N(k)-2); 

w(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-

1)+U3(N(k)-3)*w(N(k))))/U0(N(k)-3); 

w(N(k)-4)=(y1(N(k)-4)-(U1(N(k)-4)*w(N(k)-3)+U2(N(k)-4)*w(N(k)-

2)+U3(N(k)-4)*w(N(k)-1)+U4(N(k)-4)*w(N(k))))/U0(N(k)-4); 

w(N(k)-5)=(y1(N(k)-5)-(U1(N(k)-5)*w(N(k)-4)+U2(N(k)-5)*w(N(k)-

3)+U3(N(k)-5)*w(N(k)-2)+U4(N(k)-5)*w(N(k)-1))+U5(N(k)-

5)*w(N(k)))/U0(N(k)-5); 

for i=6:N(k)-1 

cc(N(k)-i)=U1(N(k)-i)*w(N(k)-i+1)+U2(N(k)-i)*w(N(k)-i+2)+U3(N(k)-

i)*w(N(k)-i+3)+U4(N(k)-i)*w(N(k)-i+4)+U5(N(k)-i)*w(N(k)-i+5); 

w(N(k)-i)=(y1(N(k)-i)-cc(N(k)-i))/U0(N(k)-i);end 

W1(1:N1,k-1)=w(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 

for i=1:9    h=(b-a)/10;    X(i)=a+i*h;    Y(i)=(1-X(i))*exp(2*X(i));end 

% The Extrapolation for approximated solution 

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3; 
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Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3; 

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3;Ext31=(16*Ext22-Ext21)/15; 

Ext32=(16*Ext23-Ext22)/15;Ext41=(64*Ext32-Ext31)/63; 

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,2)';W1(:,3)';W1(:,4)';Ext31'; Ext41']; 

plot(X,W1(1:N1,1),'red',X,W1(1:N1,2),'yellow',X,Y,'green',X,Ext41,'blue') 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f 

%12.8f\n',MR ); 

for i=1:k-1     ER1(i)=max(abs(Y'-W1(:,i)));   end 

ERT1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ] 

Program (4.5).m: 

% LINEAR FINITE-DIFFERENCE METHOD (4.5) 

% To approximate the solution for the linear boundary-value problem 

    d7Y = F(X,Y,Y',Y''',d4Y,d5Y,d6Y), a<=X<=b, 

% With boundary conditions Y(a) = ALPHA0, Y(b) = BETA0 

,Y'(a)=ALPHA1  

% Y''(a)=ALPHA2,d5Y(a)=ALPHA5 ,Y'(a)= BETA1 ,d5Y(b)=BETA5 

% INPUT:   Endpoints A,B; boundary conditions a0,a1,a2,a5,b0,b1,b5. 

% OUTPUT:  Approximations W(I) TO Y(X(I)) for each i=0,1,...,N+1 
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format 

% Step(1) 

% determines step-size h and controls it  

for k= 2:5 

N(k)=(10*2^(k-1))-1;a=0;b=1;N1=9; 

h=(b-a)/(N(k)+1) 

% The boundary conditions value 

a0=1;a1=1;a2=0;a5=-48;b0=0;b1=-exp(2);b5=-80*exp(2); 

%The associated functions with derivative in problem and the remainder 

for i=1:N(k) 

x(i)=a+i*h; 

p6(i)=h*x(i)^2;  p5(i)=-h^2*(2*x(i)^2-1); 

p4(i)=-h^3*(x(i)^3+x(i)^2+1);    p3(i)=h^4*(5*x(i)^3); 

p2(i)=h^5*(9*x(i));    p1(i)=-h^6*(1-x(i)); p0(i)=-h^7*(3+2*x(i)); 

r(i)=h^7*(4*exp(2*x(i)))*(6*x(i)^4-3*x(i)^3+13*x(i)^2-29*x(i)-71);end 

%The finite-difference formula for 1st and 2nd derivative in problem 

for i=3:N(k)-2 

    F1(i)=2*p6(i)-p5(i); 
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    F2(i)=-12*p6(i)+4*p5(i)+2*p4(i)-p3(i); 

    F3(i)=30*p6(i)-5*p5(i)-8*p4(i)+2*p3(i)+2*p2(i)-p1(i); 

    F4(i)=-40*p6(i)+12*p4(i)-4*p2(i)+2*p0(i); 

    F5(i)=30*p6(i)+5*p5(i)-8*p4(i)-2*p3(i)+2*p2(i)+p1(i); 

    F6(i)=-12*p6(i)-4*p5(i)+2*p4(i)+p3(i); 

    F7(i)=2*p6(i)+p5(i);end 

G10=133875*p6(1)-472500*p5(1)+63560*p4(1)+73710*p3(1)+7560*p2(1)-

3780*p1(1); 

G11=-207360*p6(1)+609120*p5(1)-60480*p4(1)-90720*p3(1)-

15120*p2(1)+7560*p0(1); 

G12=106920*p6(1)-165240*p5(1)-7560*p4(1)+17010*p3(1)+7560*p2(1)+3780*p1(1); 

G13=-40320*p6(1)+30240*p5(1)+4480*p4(1); 

G14=6885*p6(1)-1620*p5(1); 

G101=86940*p6(1)-362880*p5(1)+62160*p4(1)+56700*p3(1); 

G102=16200*p6(1)-97200*p5(1)+25200*p4(1)+11340*p3(1); 

G105=-3888*p6(1)-864*p5(1)+1008*p4(1); 

G20=-138960*p6(2)+124272*p5(2)+6120*(2*p4(2)-p3(2)); 

G21=306720*p6(2)-233280*p5(2)+6120*(-8*p4(2)+2*p3(2)+2*p2(2)-p1(2)); 

G22=-311040*p6(2)+164160*p5(2)+6120*(12*p4(2)-4*p2(2)+2*p0(2)); 
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G23=210240*p6(2)-63360*p5(2)+6120*(-8*p4(2)-2*p3(2)+2*p2(2)+p1(2)); 

G24=-79920*p6(2)+6480*p5(2)+6120*(2*p4(2)+p3(2)); 

G25=12960*p6(2)+1728*p5(2);G201=-60480*p6(2)+60480*p5(2); 

G205=-864*p6(2)-1584*p5(2); 

GN11=1260*p6(N(k)-1)-168*p5(N(k)-1); 

GN12=-7770*p6(N(k)-1)-630*p5(N(k)-1)+595*(2*p4(N(k)-1)-p3(N(k)-1)); 

GN13=20440*p6(N(k)-1)+6160*p5(N(k)-1)+595*(-8*p4(N(k)-

1)+2*p3(N(k)-1)+2*p2(N(k)-1)-p1(N(k)-1)); 

GN14=-30240*p6(N(k)-1)-15960*p5(N(k)-1)+595*(12*p4(N(k)-1)-

4*p2(N(k)-1)+2*p0(N(k)-1)); 

GN15=29820*p6(N(k)-1)+22680*p5(N(k)-1)+595*(-8*p4(N(k)-1)-

2*p3(N(k)-1)+2*p2(N(k)-1)+p1(N(k)-1)); 

GN10=-13510*p6(N(k)-1)-12082*p5(N(k)-1)+595*(2*p4(N(k)-

1)+p3(N(k)-1)); 

GN101=5880*p6(N(k)-1)+5880*p5(N(k)-1); 

GN105=84*p6(N(k)-1)-154*p5(N(k)-1); 

GN1=1512*p6(N(k)); GN2=5670*p6(N(k))-16065*p5(N(k)); 

GN3=-55440*p6(N(k))+85680*p5(N(k))+28560*p4(N(k))-7140*p3(N(k)); 

GN4=143640*p6(N(k))-192780*p5(N(k))-128520*p4(N(k))+21420*p2(N(k))-

10710*p1(N(k)); 
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GN5=-

204120*p6(N(k))+257040*p5(N(k))+257040*p4(N(k))+64260*p3(N(k))-

42840*p2(N(k))+21420*p0(N(k)); 

GN0=108738*p6(N(k))-133875*p5(N(k))-157080*p4(N(k))-

57120*p3(N(k))+21420*p2(N(k))+10710*p1(N(k)); 

GN01=-52920*p6(N(k))+64260*p5(N(k))+85680*p4(N(k))+42840*p3(N(k)); 

GN05=12096*p6(N(k))+8568*p5(N(k))+4284*p4(N(k))-3213*p3(N(k)); 

%The diagonals for matrix A for system Aw=c 

d0=[552960-G11 -963900-G21 -4880-35*F4(3) -14700-105*F4(4) -

126*ones(1,N(k)-6)-F4(5:N(k)-2) -124950-GN14 -1566720-GN5]; 

dU1= [-564840-G12 380800-G23  2640-35*F5(3) 7938-105*F5(4) 

70*ones(1,N(k)-6)-F5(5:N(k)-2) 91630-GN15]; 

dU2=[402240-G13 -80325-G24 -816-35*F6(3) -2450-105*F6(4) -

22*ones(1,N(k)-6)-F6(5:N(k)-2)]; 

dU3=[-177120-G14  -G25  110-35*F7(3) 330-105*F7(4) 3*ones(1,N(k)-

7)-F7(5:N(k)-3) ]; 

dU4=[43200  2380 zeros(1,N(k)-6)]; dU5=[-4440 zeros(1,N(k)-6)]; 

dL1=[2056320-G21 5730-35*F3(3) 17150-105*F3(4) 140*ones(1,N(k)-6)-

F3(5:N(k)-2) 124950-GN13 1600380-GN4]; 

dL2=[-4800-35*F2(3)  -13230-105*F2(4) -98*ones(1,N(k)-6)-F2(5:N(k)-

2) -83300-GN12  -1139680-GN3]; 
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dL3=[7350-105*F1(4)  42*ones(1,N(k)-6)-F1(5:N(k)-2) 34986-GN11 

501840-GN2]; 

dL4=[-10*ones(1,N(k)-6) -8330 -122400-GN1]; 

dL5=[ones(1,N(k)-7)  850   12580]; 

% The constant vector c 

c1=(252000+G10)*a0+(110880+G101)*h*a1+G102*h^2*a2-(5616-

G105)*h^5*a5+7560*r(1); 

c2=(1395275+G20)*a0+(963900+G201)*h*a1+(214200)*h^2*a2+G205*h

^5*a5+12240*r(2); 

c3=(-2016+35*F1(3))*a0-(840)*h*a1+12*h^5*a5+70*r(3); 

c4=2388*a0+840*h*a1+210*r(4); 

c5=-a0+2*r(5); 

cN2=(-3+F7(N(k)-2))*b0+2*r(N(k)-2); 

cN1=(35836+GN10)*b0-(14280-

GN101)*h*b1+GN105*h^5*b5+1190*r(N(k)-1); 

cN=(-714000+GN0)*b0+(314160+GN01)*h*b1 -(15912-

GN05)*h^5*b5+21420*r(N(k)); 

C=[c1 c2 c3 c4 c5 2*r(6:(N(k)-3)) cN2 cN1 cN ]; 

% Factorize The Matrix A=LU for 5 upper and 5 lower       

U5=dU5;L1=ones(1,N(k)); 



268 
 

U1(1)=dU1(1);U0(1)=d0(1);L1(1)=dL1(1)/U0(1);L2(1)=dL2(1)/U0(1); 

L3(1)=dL3(1)/U0(1);U2(1)=dU2(1);U3(1)=dU3(1);U4(1)=dU4(1); 

L4(1)=dL4(1)/U0(1);L5(1)=dL5(1)/U0(1); 

for i=2:N(k) 

    if i==2 

     U0(i)=d0(i)-(L1(i-1)*U1(i-1)); U1(i)=dU1(i)-(L1(i-1)*U2(i-1)); 

     U2(i)=dU2(i)-(L1(i-1)*U3(i-1));U3(i)=dU3(i)-(L1(i-1)*U4(i-1)); 

     U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

     L1(i)=(dL1(i)-U1(i-1)*L2(i-1))/U0(i); 

     L2(i)=(dL2(i)-U1(i-1)*L3(i-1))/U0(i); 

     L3(i)=(dL3(i)-U1(i-1)*L4(i-1))/U0(i); 

        L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i);  L5(i)=(dL5(i))/U0(i); 

        elseif i==3 

        U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)); 

        U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)); 

        U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)); 

        U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

        U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 
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        L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2))/U0(i); 

        L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2))/U0(i); 

        L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

        L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=(dL5(i))/U0(i);       

        elseif i==4 

        U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)); 

        U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)); 

        U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

        U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

        U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

 L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

        L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

        L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); 

        L5(i)=(dL5(i))/U0(i);     

    elseif i==5 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)); 
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U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); L5(i)=(dL5(i))/U0(i)         

        elseif i>5 &i<=N(k)-6 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)+L5(i-5)*U5(i-5)) 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

 U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 
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L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i);  L5(i)=(dL5(i))/U0(i); 

    elseif i==N(k)-5 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)+L5(i-5)*U5(i-5)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i);  L5(i)=(dL5(i))/U0(i); 

        elseif i==N(k)-4 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)+L5(i-5)*U5(i-5)); 
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U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2)); 

U4(i)=dU4(i)-(L1(i-1)*U5(i-1)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

L4(i)=(dL4(i)-U1(i-1)*L5(i-1))/U0(i); 

        elseif i==N(k)-3 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)+L5(i-5)*U5(i-5)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

U3(i)=dU3(i)-(L1(i-1)*U4(i-1)+L2(i-2)*U5(i-2));         

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 
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L3(i)=(dL3(i)-U1(i-1)*L4(i-1)-U2(i-2)*L5(i-2))/U0(i); 

        elseif i==N(k)-2  

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)+L5(i-5)*U5(i-5)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

U2(i)=dU2(i)-(L1(i-1)*U3(i-1)+L2(i-2)*U4(i-2)+L3(i-3)*U5(i-3)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i); 

L2(i)=(dL2(i)-U1(i-1)*L3(i-1)-U2(i-2)*L4(i-2)-U3(i-3)*L5(i-3))/U0(i); 

elseif i==N(k)-1 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)+L5(i-5)*U5(i-5)); 

U1(i)=dU1(i)-(L1(i-1)*U2(i-1)+L2(i-2)*U3(i-2)+L3(i-3)*U4(i-3)+L4(i-

4)*U5(i-4)); 

L1(i)=(dL1(i)-U1(i-1)*L2(i-1)-U2(i-2)*L3(i-2)-U3(i-3)*L4(i-3)-U4(i-

4)*L5(i-4))/U0(i);         

        elseif i==N(k) 

U0(i)=d0(i)-(L1(i-1)*U1(i-1)+L2(i-2)*U2(i-2)+L3(i-3)*U3(i-3)+L4(i-

4)*U4(i-4)+L5(i-5)*U5(i-5));    end,end 

 %To solve AW=dd using factorized matrix 
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%Step(1):We solve LY1=dd; 

y1(1)=C(1);y1(2)=C(2)-L1(1)*y1(1);y1(3)=C(3)-(L2(1)*y1(1)+L1(2)*y1(2)); 

y1(4)=C(4)-(L3(1)*y1(1)+L2(2)*y1(2)+L1(3)*y1(3)); 

y1(5)=C(5)-(L4(1)*y1(1)+L3(2)*y1(2)+L2(3)*y1(3)+L1(4)*y1(4)); 

y1(6)=C(6)-

(L5(1)*y1(1)+L4(2)*y1(2)+L3(3)*y1(3)+L2(4)*y1(4)+L1(5)*y1(5)); 

for i=7:N(k) 

y1(i)=C(i)-(L5(i-5)*y1(i-5)+L4(i-4)*y1(i-4)+L3(i-3)*y1(i-3)+L2(i-2)*y1(i-

2)+L1(i-1)*y1(i-1));end 

%Step(2):We solve UW=Y1 

w(N(k))=y1(N(k))/U0(N(k));w(N(k)-1)=(y1(N(k)-1)-U1(N(k)-

1)*w(N(k)))/U0(N(k)-1); 

w(N(k)-2)=(y1(N(k)-2)-(U1(N(k)-2)*w(N(k)-1)+U2(N(k)-

2)*w(N(k))))/U0(N(k)-2); 

w(N(k)-3)=(y1(N(k)-3)-(U1(N(k)-3)*w(N(k)-2)+U2(N(k)-3)*w(N(k)-

1)+U3(N(k)-3)*w(N(k))))/U0(N(k)-3); 

w(N(k)-4)=(y1(N(k)-4)-(U1(N(k)-4)*w(N(k)-3)+U2(N(k)-4)*w(N(k)-

2)+U3(N(k)-4)*w(N(k)-1)+U4(N(k)-4)*w(N(k))))/U0(N(k)-4); 

w(N(k)-5)=(y1(N(k)-5)-(U1(N(k)-5)*w(N(k)-4)+U2(N(k)-5)*w(N(k)-

3)+U3(N(k)-5)*w(N(k)-2)+U4(N(k)-5)*w(N(k)-1))+U5(N(k)-

5)*w(N(k)))/U0(N(k)-5); 
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for i=6:N(k)-1 

cc(N(k)-i)=U1(N(k)-i)*w(N(k)-i+1)+U2(N(k)-i)*w(N(k)-i+2)+U3(N(k)-

i)*w(N(k)-i+3)+U4(N(k)-i)*w(N(k)-i+4)+U5(N(k)-i)*w(N(k)-i+5); 

w(N(k)-i)=(y1(N(k)-i)-cc(N(k)-i))/U0(N(k)-i);end 

W1(1:N1,k-1)=w(2^(k-1):2^(k-1):N(k));end 

% The Exact solution for y and X 

for i=1:9 

    h=(b-a)/10;    X(i)=a+i*h;    Y(i)=(1-X(i))*exp(2*X(i));end 

% The Extrapolation for approximated solution 

Ext21=(4*W1(1:N1,2)-W1(1:N1,1))/3; 

Ext22=(4*W1(1:N1,3)-W1(1:N1,2))/3; 

Ext23=(4*W1(1:N1,4)-W1(1:N1,3))/3; 

Ext31=(16*Ext22-Ext21)/15;Ext32=(16*Ext23-Ext22)/15; 

Ext41=(64*Ext32-Ext31)/63; 

% The approximated solution  

MR=[X; Y;W1(:,1)';W1(:,2)';W1(:,3)';W1(:,4)';Ext31'; Ext41']; 

plot(X,W1(1:N1,1),'red',X,Y,'green',X,W1(1:N1,2),'blue') 

fprintf(1,'%6.1f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f\n',MR ); 

for i=1:k-1 
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ER1(i)=max(abs(Y'-W1(:,i)));end ,ER1 

ERT1=[max(abs(Y'-Ext21)) max(abs(Y'-Ext31)) max(abs(Y'-Ext41)) ] 
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 ب 
 

  الملخص
 

المعادلات التفاضلیة الحدودیة واسعة الاستخدام في مجالات متعدد في الحیاة و في الدراسات   

العلمیة، ولقد عملت دراسات كثیرة بمناقشتھا وعرض طرقا متعددة لحلھا و ذاك بشكل خاص 

لدرجة الثانیة منھا مع وجود بعض الدراسات و الطرق التي ناقشت أنواع خاصة بدرجات أعلى من 

  . المشكلاتھذه 

  :أما في أطروحتنا ھذه فقد قمنا بِـ

دراسة و حل معادلات حدیة خطیة ذات درجات علیا من الدرجة الثالثة و حتى السابعة و   - 1

ذلك بشكلھا العام و استخدمنا طریقة الفروق الدقیقة للتوصل إلى نظام من المعادلات خطیة 

 .بسیطة

 .لتقلیل العملیات الحسابیة )LU-decomposition(بطریقةحل النظام   - 2

 Richardson's(            رفعنا درجة الدقة للطریقة و ذلك من خلال استخدام طریقة  - 3

Extrapolation Method(  للحصول على نتائج أكثر دقة دون الحاجة لتقلیل طول

 .الفترات الجزئیة في المسألة

 .طرق حلھا ولثامنة دراسة معادلة تفاضلیة حدیة غیر خطیة خاصة من الدرجة ا  - 4

لتكون قادرة على حل أي معادلة تفاضلیة غیر خطیة من العددیة  طرقتطویر بعض ال  - 5

نفس النوع لأي درجة زوجیة أقل من ثمانیة و ذلك من خلال تصمیم برنامج حاسبي بلغة 

)MATLAB 7.0 (للتعامل و الحصول على معاملات نظام حل ھذه المعادلات.  

  :نو لقد أوضحت الدراسة أ

 .نتائج جیدةھذه الطریقة المتبعة في البحث تعطي  -

الخطأ یزداد عندما تكون درجة المعادلة عالیة لاسیما أنھا تعتمد على جمیع المشتقات التي  -

مما  –فمثلا المعادلة التفاضلیة الخامسة تعتمد على المشتقة الأولى حتى الرابعة  –تسبقھا 

 .یجعل خطأ التقریب متراكما

ھذه الطریقة تعتمد على القیم الحدیة المعطاة فعند غیاب القیمة الحدیة الابتدائیة لطرفي  -

 . الفترة یصبح الخطأ أعلى



 ج 
 

ت القیمة كان اإذ فیما إما. على دقة الحل و الخطأیؤثر في المسألة نوع القیمة الحدیة المعطاة  -

 .قریبة أو بعیدة عند مشتقة زوجیة، فردیة، الحدیة

لیا من المعادلات التفاضلیة بھذه الطریقة یحتاج إلى معادلات طویلة تزداد حل درجات ع  -

بازدیاد الدرجة وإلى جھد وحسابات مطولة یصعب عملھا لمرات متكررة إلا باستخدام 

  .طرق خاصة على الحاسب

 

 




