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Abstract

Background: Hypergeometric functions are a class of special functions in mathematics
that play a crucial role in various branches of science and engineering. Its importance lies
in their versatility and their ability to represent a vast array of mathematical and physical
phenomena. The key aspects that underscore their significance and applications include
solutions to differential equations, solving Schrodinger’s equation for various physical
systems, studying complex integrals and contour integrals, solving problems involving
electromagnetic fields and wave propagation in different media and they have applica-

tions in celestial mechanics for predicting the positions and orbits of celestial bodies.

Aims: We have two main objectives. The first one is deriving new transformation for-
mulas for the Kampé de Fériet function taking into account the radius of convergence of
each transformation. While the other is developing alternative methods for determining
the radius of convergence for well-known multivariable (double and triple) hypergeomet-

ric series.

Methods: In this thesis, we will use Miller-Paris transformation formulas for generalized
hypergeometric functions , 1 F,41(2), »+oF,11(2) and its radii of convergence to derive
new transformation formulas for the Kampé de Fériet function. Also, we will use Math-
ematica to develop an alternative method to calculate the radii of convergence for some

well-known multivariable hypergeometric series.

Results: While testing the Kampé de Fériet transformations we derived using various pa-
rameter values and variables within the radius of convergence on Mathematica, we found
that the left-hand side and the right-hand side are equal for all tested cases. Also, when
we try to calculate the radii of convergence for the selected well-known multivariable hy-

pergeometric series by plotting them on Mathematica the results indicate that our findings

Xii



are identical with the ones presented in Srivastava’s book.

Keywords: Hypergeometric functions, Kampé de Fériet function, Radius of conver-
gence, Miller-Paris transformations, Srivastava-Daoust series, Horn series, Appell hy-

pergeometric functions, Gaussian Hypergeometric function, Mellin-Barnes integral.
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Chapter One
Gaussian Hypergeometric Function  F; and its Well-Known

Transformations using Euler Integral and Mellin-Barnes integral

1.1 Introduction

Within this research, we embark on an exploration of certain aspects of the transfor-
mation theory of (multivariable) hypergeometric functions, as well as the convergence
properties of their series representations. Our initial chapter One, delves into introducing
the Gaussian Hypergeometric function ,F}(z), outlining its definition, its Euler integral
representation and some of its well-known transformations. However, these transforma-
tions do not make it possible to extend the range of z. Consequently, we will see how the
Gaussian hypergeometric series can be extended by analytic extension for large values of

z using the integral representation of Mellin-Barnes.

In chapter Two, we will introduce the Miller-Paris transformation formulas for the gen-
eralised hypergeometric functions 1 F,1(z) and , 1o F,11(z). But as we will see, these
transformations face certain limitations, especially when the free bottom parameter is
slightly greater than the free top parameter by a positive integer. However, in [1], this
challenge has been addressed by Karp and Prilepkina, who have ingeniously solved this
problem. They achieved this by computing the limit cases of these transformations, even
in situations that were previously considered impossible. This leads us to new transfor-
mations for the generalised hypergeometric functions , 1 F, 1(z) and ,,2F,1(2) as we

will see in section 2.2.

As we advance further in our thesis and proceed to chapter Three, we will build upon
the previously introduced Miller-Paris transformations for the generalised hypergeomet-
ric functions 1 F,.1(z) and ., 2 F;.+1(2). Utilizing these transformations, we will proceed
to derive new transformations for the Kampé de Fériet function. Additionally, we will use
the radius of convergence for Miller-Paris transformations and Kampé de Fériet function
to calculate the radius of convergence for each transformation, while also testing each
transformation (for various parameter values and variable z within the radius of conver-

gence of each series) using Mathematica.



Moving on to the last chapter Four, we will shift our focus to other well-known dou-
ble hypergeometric series, specifically the Appell hypergeometric functions denoted as
Fy, Fy, F5 and F);, and the Horn series encompassing G, Go, G, Hy, H, H3, Hy, Hs,
Hg and H7. In this section, we will strive to calculate the radius of convergence for each
of these series by rewriting each one of them as the Srivastava-Daoust series. As we
progress, we will compare our results with those obtained in ([2], p.59- p.60), to validate

our calculations and ensure the accuracy of our conclusions.

Actually, this analysis bears importance, as Srivastava’s book ([2], p.59- p.65) does not
explicitly how to establish some formulas, which are an essential component for apply-
ing the Horns theorem to calculate the radius of convergence for double hypergeometric
series. By delving into this crucial part, we aim to shed light on this intriguing aspect,

contributing to the study of hypergeometric series and their convergence properties.

Furthermore, we will delve into the study of Srivastava’s triple hypergeometric series H.,
along with other triple hypergeometric series introduced in ([2], p70- p.107). Our main
objective is to determine their respective radii of convergence by reformulating them as
Srivastava-Daoust series. By utilizing this approach, we aim to compare our results with
the findings presented in ([2], p.70- p.107) ensuring the reliability and accuracy of our

analysis as we said above.

1.2 The Gaussian hypergeometric function , /'

The Gaussian hypergeometric function 5 F} is defined as one of the six solutions to a
certain type of differential equation known as the Gauss’s hypergeometric differential

equation ([3], p.242-p.243)

z(l—2)y" +[c—(a+b+1)zxly —aby =0 (1.1)

This function is a special function represented by the hypergeometric series

o F(a,b; c; x) Z Z —' lz] <1 (1.2)
n=0 n ’



The notation (w),, refers to Pochhammer symbols and is defined as (w),, = I'(w+n)/I'(w)
where n is natural number and w # 0. Using the ratio test we can easily find that the
above series convergence for all = such that |z| < 1. Outside of this domain, Gauss’s
hypergeometric function 5 F; can be extended by analytic extension as we will explain
in the next sections. In this first part of our thesis, we will study the function 5 F}: its

different representations, transformations and analytic extensions.

1.2.1 Express hypergeometric function ;7 using Euler integral

The Euler integral representation should not be confused with the Euler integral of the
first kind, called the Beta function (1.4), nor with the Euler integral of the second kind,
called the Gamma function (1.3) (See [4],p.116-p117 and p.134-p135)

[(x) :/Oot‘”_le_tdt , R(z) >0 (1.3)

0

5(x,y)=/0 tml(l—t)yldt:% , R(x)>0,R(y) >0  (1.4)

we call the following integral(1.5), Euler integral

1
/ w1 —u) N1 — ux) du (1.5)
0

Let us try to calculate the following integral

flz) = L(c) ] /01 w1 — )1 — wa) du (1.6)

INDINCE)

we can use binomial theorem to express the term (1 — ux)~“ as the following series

(1—7“3)a—1+axu+a(a+1)(x;)2 + ...+ a(a+1)...(a—|—n—1)(x§!)n +. ..
oy ()"
= (@) 1.7)

By using term-by-term integration theorem, definition of the Euler integral of the first

kind(beta function) and Pochhammer’s symbol we will obtain:



f(x) = I‘(b)ll:<(cc)— ) Z (C:l)'n " /0 w1 = w) T du = o Fy(a, by c; ) (1.8)

n=0

1.2.2 Transformations of ; F; by changes of variables

In order to obtain linear transformations for the hypergeometric function 5 F; by changes
of variables, we will take the integral mentioned above (1.6). For simplicity, we will take

h to be the following function:
1
h(z) = / w1 —w) N1 — ur) " du (1.9
0

1. First Transformation

If we consider the following change of variable:

u=1—w
(1.10)

du = —dv

we will get the following integral:

h(z) = /0 1 — )1 — o vz)

1 —a
=(1- x)a/ v (1 — )Pt (1 S 1@) dv (1.11)
0

- W (1— ) (a,c— b, c: %)

As a result, the following transformation will obtained:

oFi(a,b,c;x) = (1 —2)™" oF} <CL,C— b, c; Ll) (1.12)
R

The above expression will be convergence by ratio test for |—%=| < 1, which implies
|z| < |z — 1|. This means that above transformation (1.12) convergence for all = such

that |z| < 1, R(z) < 1/2 %

'R (z) means real part of z.



2. Second Transformation

If we consider the following change of variable:

B v
S l—z+ouz
J (1—2z+vx)—vx 1—x J (1.13)
u = v = v
(1 -2+ vx)? (1 -2+ vx)?

we will get the following integral:

B 1 vb_l(l _ ,U)c—b—l(l _ $)c—b—a
W) = /0 (1 —x+vx)—e dv

1 a—c
=(1- x)b/ P (1 — )t (1 S v) dv (1.14)
0

z—1
INQINCED)! W x
=——"(1— F —a,b,c; ——
F(C) ( I) 2471 c a, JC7x_1
As a result, the following transformation will obtained:
2 F1(a,b,c;w) = (1_@7() 21 (C—G,ZLC; Ll) (1.15)
I PR

Similarly, the above expression will be convergence for all x such that |z| < 1, R(z) <

1/2.

3. Third Transformation

If we consider the following change of variable:

1—v
“= 1 —ovx
du — _(1 _U33> + (1 —U).CE T 1 " (1.16)
B (1—vz)? T U= va)

we will get the following integral:

1
=(1- x)c—b—a/ v (1 —0)" (1 — w) " do (1.17)
0



As aresult, the following transformation will obtained:
oFi(a,b,c;x) = (1 —2)" yFi(c—a,c—b,c;x) (1.18)

Also, the above expression will be convergence for all = such that |z| < 1.

As we see above, we have succeeded in obtaining new transformations for the hyper-
geometric function 5/} using Euler integral. But these transformations do not make it
possible to extend the range of x. Therefore, another representation is necessary. In the
next section (1.3), we will prove that Gaussian hypergeometric series can be extended by

analytic extension for large values of .

1.3 Integral representation of Mellin-Barnes

Any integral on the following form is called Mellin-Barnes integral ([5], p.49)

1 et CTTEL Tlags +b;)

j=1
2mi co—100 Hk:l F<Ck8 + dk)

ds (1.19)

In order to study the hypergeometric function 5 F7, we will define the function g to be the

following MB-integral ([6], p.292)

g(x) = %% | ot ;(‘?i(jf Jas 20

where —a < —b < 0,a — b, b — ¢, and a — ¢ not a natural numbers (we will see below
why we put these conditions on a, b, ¢).
The calculation of (1.20) goes through the residue theorem ([7], p.231-p.252). For sim-

plicity, we will take f to be as follows:

(1.21)

The pols of f will be as follows:

1. For the term (—x)®, f have pole when R(s) < 0 and z = 0. But whenx = 0, f(z) =0

so we will assume that z # 0.



2. To find the poles of I'(—s), we will consider the following definition for Gamma func-

tion:

—_

(1.22)

_|_+

l\z
3|N§I>—‘

Its clear that I'(z) has poles at {z = 0 and 1 + Z = 0} which equivelent to {z = 0 and

z = —n}. Therefore, I'(—s) has poles at {z, =n |n € NU{0}} =N.

3. Using the same definition for Gamma, we can find the poles for I'(a + s). Therefore,

the poles will be at {z;, = —(k +a) |k e NU{0}} = K.
4. Similarly, the poles for I'(b + s) willbe at {z; = —(j +b) |j e NU {0} } = 7.

5. Also, from the same definition of Gamma it’s clear that Vz € C, Fl

means F( 3 has no poles. Therefore has no poles.

* T(sto) + )
It’s important to note that, no pole can disappear or pass from order 1 to order 2, 3 or more
when we product the Gamma functions because a — b, b — ¢, a — ¢ not a natural number.

Therefore, the set of points N U K U J = F is denote the all poles of f with degree 1.

As a result, the integral can be calculated from two choices of distinct closed contours.
They are represented below (see Figure (1)) by contours C,; and C,» . It can be seen
graphically that each of the contours encloses a certain subset of residuals. Thus, we

obtain the following two cases:

1. along first contour C,;

yil_r}loo 2)dz = 2mi Z ).res(f;n)

Cwl(yo)

2. along second contour C,

lim 2)dz = 2mi [Z res(f;—(k+a))+ Z?"es —(7+0))

Y000 sz(yo)



Figure 1

Graphical representation of contours and residuals
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1.3.1 Calculation the integral via first contour C.,

In our case, we have residues of order 1 which are simply expressed by:

res(fin) = lim(z = m)(2) = lim (s = n) () T(—2) 2L

(1.23)

Take m,, to be natural number such that m,, > n, then using Pochhammer’s symbol we

have:

[(—z+m,) ['(—z4+my)

[(—z) = (=), (24 ma—1).. (=2+n)...(—2)

(1.24)

Therefore, equation (1.23) can be written as

) = L (s — 1) () I(—z+my)T(a+ 2)T(b+ 2)
res(fin) = Mm(z =) (=) T T (o) (—oT e )
(C1)(—2) T(—2 + mT(a+ )T + 2)

= e D) (et D=1~ Tt 2)
iy D@t mDb )

= D) o ST

_ (@)"T(a+n)I'(b+n)

Tl ['(c+n) (123)



Thus,

np NG
lim f2)dz=2mi (:’;)‘ (a+n)I(b+n)
Yo—00 C'yl(yO) =0 n! F(C + TL)

I'(b) i (@)n(b)n (2)" (1.26)

As a result, a second integral representation of the Gaussian hypergeometric series o F

will obtained:

2£1(a,b,60) = S s o—

[(a)T'(b) 2mi J_;0e T(c+s) ds (1.27)

I'(c) 1 /”OO L, L+ s)T(a+s)

1.3.2 Calculation the integral via second contour C.,

Also, in this case we have residues of order 1 which are simply expressed by:

res(f;—(k+a))= lim (z+k+a)f(z)

z——(k+a)

= lim (Z—i—k—{—a)(—:p)zf‘(a+Z)F<_Z)F(b+z>

1.28
z——(k+a) F(C + Z) ( )

Take my, to be natural number such that m; > k, then using Pochhammer’s symbol we

have:

T4+ a+me) I'(z 4+ a+ my)
Leta) == “Grarm-1 .. Gcrath . Gra ¥

Therefore, equation (1.28) can be written as:

res(f;—(k+a))= lim (z+k+a)f(z)

2——(k+a)
koo Tt )T 2)
Casle) (zhat+m—1) . (z4+a+ k). (z+a)l(c+ 2)

['(k+a)l(b—a—k)
(—=1)...(=k)l'(c—a—k)
_ @) Tk+a)l(b—a—k)
= (=) k! [(c—a—k)

_ (_l,)—(k—&-a)

(1.30)




By applying the formula

T()D(1 — a)(~1)"

la—n) = Fn+1—a)

Va ¢ -NU{0,1,2,...,n+1} (1.31)

we will obtain:

I'(k+a)l(b—a—k) Tb-—a)l'l-—b+a) T'(l-ct+a+k) (@)(a)
Flc—a—k)  T(l-btath) Ilc-all—cta
_T(@r®—a) (@l —c+a)

Tle—a)  (1—b+a) (1.32)
Therefore, equation (1.30) can be simplified as follows:
‘ B L@ T(k+a)l(b—a—k)
T@S(f,—(k—f—a)) - (—ZZ') k! F(c—a—k)
(@) T(a)T(b—a) (a)p(1 —c+a) (133)

= () T TTe—a —bra

As a result,

F (a)e(1 —c+a)
|

2eres —(k+a)) =2mi (—x)far(a)r(b o Z ( (1-b+a)

['(c—a)

['(a)I'(b— 1
= 2mi (—x)_“% o Fy (a l—c+a,l-b+a E)
(1.34)
If we applied the same calculations on res(f; —(7 + b)) we will get:
res(f;=(J+b)) = lim (z24j+0)f(2)
z——(5+Db) '
@7 TN =) O ety

j! ['(c—b) (1—a+b);

As a result,

L)' (a - b) f: (z) (0);(1—c+b);

p— ) _b
QWEZW” SO = ) R T A T (i —a ),

r'or 1
= 27i (—x)7° (b)T(a )b) o Fy (b,l—c+b,1—a+b; —)
x

L(c—b
(1.36)

10



Using the residue theorem the final result for the integral via the second contour C,,:

lim f(2)dz = 2mi [Z res(f;—(k+a))+ Zres(f; —(j+0))

Y0790 J 2 (yo)

I'(a)l'(b—a) /

=2mi (—x)™® T(c—a)

1
o (a,l—c+a,1—b+a;—>
x

(1.37)
L) (a—0)

+ 27 (—x) Tie—1)

1
2F1 <b,1—c—|—b,1—a—|—b,—)
X

It’s clear that the above representation convergence for |1/xz| < 1 which equivalent to
|z| > 1. So we prove that Gaussian hypergeometric series o F; can be extended by analytic

extension for large values of z.
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Chapter Two
Miller-Paris Transformation Formulas and their Degenerate Cases
2.1 Miller Paris transformation formulas for the generalized hypergeometric func-
tions

The generalized hypergeometric function , /', can be expressed as the following series:

ay, G2, ..., Qp
qu(al,ag,...,ap;bl,bQ,...,bq;z):qu[b b p 37
1, Y2, ---5 Uqg

o (a)rlag)k - - (ap)i 2*
-2 (1) (b2)k - - - (b k! 2.1

k=0

where the above series converges for |z| < 1 when p = ¢ + 1, and for any z when
p < q(using ratio test). In this section, we will consider the generalized hypergeometric
functions 1 F,11(2), r12F,+1(2) and introduce the Miller-Paris transformations for these

two generalized hypergeometric functions.

Letus definem = (my, ma,...,m,) € N, m = my+mo+---+m, . £ = (f1, fo, ..., fr) €
C" and m = 0 when m is empty, then as we see in [8], the Miller-Paris transformations

for .1 oF, 11, r+1F-+1 will be as follows:

2.1.1 The first Miller-Paris transformation formula

In subsection (1.2.2), we see that the first Euler transformation for the Gauss hypergeo-

metric function has the following formula:

o {a’ b;x} = (1 —g;)azFl{

(2.2)

c c x—1

a, c—b =z ]

where |z| < 1,R(z) < 1.

The first Miller-Paris transformation formula is a generalization for equation (2.2), and

has the following expression:

a, b, f+m

Ca a, c—b—m, (+1 «x
c, f 73U]:(1_x) m+2Fm+1 C )

¢, ¢ " —1

T+2Fr+1 |: (23)

12



where b # f;,j=1,2,...,7, (c=b—m),, #0, |z| < 1,R(z) < s and ¢ = (1, ..., Cm)

are the roots for the characteristic polynomial:

Qm(t)z(c_b_ D OCrr(hle =b—m =t} (2.4)

m k=0

with Co, = 1,Cnp = 1/(O)m = [(f1)m - - - (fy)m,] " and

Cir(f) = () (2.5)

—k, f
r+1Fr|: 7 +ma1:|

f

2.1.2 The second Miller-Paris transformation formula

One of the well-known transformations is Kummer’s transformation for the confluent

hypergeometric function, which can be expressed as:

1F1{b;$} =" F {C_b;—% (2.6)
c c

where |z| < occ.

The second Miller-Paris transformation is a generalization for equation (2.6), and has the

following expression:

b, f+m - c—b—m, (+1

r1 x| = e g1t ¢ & (2.7)
C, f C, C

where b # f;,j =1,2,...,r, (c—b—m), # 0and z € C. Using the two formulas

(2.4), (2.5) we can obtain the vector of roots (.

2.1.3 The third Miller-Paris transformation formula

In subsection (1.2.2), we see that the third Euler transformation for the Gauss hypergeo-

metric function is expressed as:
b — —b
o F {a’ ;x] = (1—2) "y {C “ e ;x} (2.8)

where |z| < 1.

13



The third Miller-Paris transformation is a generalization for equation (2.8), and has the

following expression:

a, b, f+m e abtn c—a—m,c—b—m, n+1
r+2Fr+1|: ,.I'} = (1_37) b m+2Fm+1|: " ,SL':|
C, f ¢, n
(2.9)
where (c —a —m),, # 0, c—b—m),, #0,(1+a+b—c¢), # 0, |z] < 1, and
n = (n,...,nm) are the roots for the characteristic polynomial:
i kar )k(b)k(t>k E —m—l—k, t—i‘k', c—a—b—m.l
(c—a—m)lc—b—m)i> “lc—a—m+k c—b—m+k’

k=0

(2.10)
Remark: It is clear that when m is empty, then equations (2.3),(2.7) and (2.9) can be

reduced to equations (2.2), (2.6) and (2.8) respectively.

2.2 Degenerate Miller-Paris transformations

In the previous section, we define Miller Paris transformations for the generalized hy-
pergeometric functions 1 F,1(z) and 42 F,;1(2) as given in formulas (2.3), (2.7), and
(2.9). However, it is important to note that these three transformations fail when (¢ — b —

m),, = 0, which occurs when c — b € {1,... ,m}.

To address this limitation, Karp and Prilepkina in [1] provide a solution by introducing a
separate theorem for each transformation. Before presenting the three theorems, we need
to mention two lemmas that elucidate the behavior of the characteristic polynomials )5,

and )5, as € — 0.

These lemmas are crucial in understanding the behavior of the transformations and pave

the way for introducing the theorems that resolve the issues when (¢ — b — m),, = 0.

Lemma 1. Write ()5, for the polynomial of (2.4) with ¢ — b — m = —q + € where
qe{0,1,...,m—1}, € >0, andlet (1(€), ..., Gn(€) denote its zeros. Suppose f; —b ¢
{m—q—mjm—q—m;+1,...,0} for 0 < j <rsuchthatm —q—m; <0. Then

the following are true as € — (

1. the first (after possible renumbering) q + 1 zeros tend to consecutive non-positive in-

14



tegers: (1 — 0, o = —1,..., (41 — —q.

2. The remaining m — q — 1 zeros (no such zeros remain if ¢ = m — 1) tend to the zero

of the reduced polynomial

Rog1(t) =Y (=1 (0)iCrr(1 =t = k)m_g 1 2.11)

k=0
of degree m — q — 1.

3. The limit relation

(2.12)
holds.

4. The values Q)S,(—1) at the first q + 1 non positive integers converges (as € — 0) to the

following expression :

?_{% Q (=) = QO b)xChr(— — Q)& (2.13)

k=0

wherel = 0,1, ..., q. In particular Q°,(0) = 1.
Lemma 2. Write an for the polynomial of (2.10) with ¢ — a — m = —q + € where

qe{0,1,....m—1}, e>0, andlet i (€), ..., ny(€) denote its zeros. Suppose f; —a ¢
{m—q—mjm—qg—m;+1,...,0} for 0 < j <rsuchthatm —q—m; <0. Then

the following are true as ¢ — (
1. the first (after possible renumbering) q + 1 zeros tend to consecutive non-positive in-
tegers: m1 — 0, o — —1,..., 0411 — —q.

2. The remaining m — q — 1 zeros (no such zeros remain if ¢ = m — 1) tend to the zero

of the reduced polynomial

B (1) = (B)gr1 N~ A B)gii1(@)iCry
meat (b= a)gi1 &= (q—k+1)!
l-m+q t+q+1,1-0—k
- F 01
X”{ a—b+1,2—k+q

15



n Z <_1)k(a)k(b)kck,r(t+Q+1)k—q—13F2 —m+k, t+k, —b—q;
(@a=b—qi(k—q—1)! a—b—q+k k—gq
(2.14)

k=q+1
of degree m — q — 1.
3. The limit relation

lim
e—0 7)1 (e)

= (=)' Ry y1(0) (2.15)
holds.

4. The values Qin(—l) at the first ¢ + 1 non positive integers converges as ¢ — 0 to the

following expression :

. . L (~1 b)Ci.r(—1 k—m, k—1, —b—
lim @, (1) = @, (—Z):Z< ()_k;gkcf_)kbi;)k bt k—qn,l—b—q—i—a—i—?c;l
(2.16)

e—0
where l = 0,1,...,q. In particular Q?,L(O) =1

Now we can introduce our three theorems. For the detailed proofs of the preceding two

lemmas and the following three theorems refer to [1].

2.2.1 First Karp and Prilepkina theorem to solve the degeneracy in the first Miller-

Paris transformations

As we are aware, equation (2.3) becomes invalid when (¢ —b—m),, = 0. In Theorem (1),
we shall present a solution that addresses this issue, ensuring that equation (2.3) remains

valid even when (¢ — b — m),, = 0.

Theorem 1. Suppose g € {0,1,...,m — 1}, b+m—q¢ —Nyand f; —b ¢ {m —q—
mj,m—q—m;~+1,...,0}, for 0 < j < rsuchthatm —q—m; < 0. Then forall x

such that x € C — [1, 00), the following holds:

o bsm ] @A (Y

1_ ar Fr } .
( z)rt2 H[b—l—m—q,f (b+m—gq);7! \xz—1

Jj=0

2" (a)gr1Rin—g-1(—q — 1)

@b+ m— @)y (m —g—1)

Lat+qg+l, A+q+2 o ]

m— me )
|t q{ b+m+1, A+q+1

rz—1
2.17)
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where X = (A1, ..., A\m—q—1) are the zeros of R,,_,_1(t) defined in (2.11). The value of
Ry q—1(—q — 1) is calculated by

q+1

Borger(=q = 1) = (=)™ 0 S (=1 (0)Cp (k = m)gs (2.18)

k=0

where C}, . defined in (2.5).

2.2.2 Second Karp and Prilepkina theorem to solve the degeneracy in the second

Miller-Paris transformations

Now as we do above, we will introduce a solution, where equation (2.7) becomes valid
when (¢ — b —m),, = 0.

Theorem 2. Suppose g € {0,1,...,m — 1}, b+m—q¢ —Nyand f; —b ¢ {m —q—
mj,m —q—m;~+1,...,0}, for 0 < j < r such that m —q —m; < 0. Then for all

x € C ,the following holds:

x| = L (—z)
b+m—gq, f — (b+m—qm!( )

J

], LI ] 3 )

(=)™ Ry yi(—q—1) L, A +qg+2 -
b+m—qg(m—g—=D" """ btm+ 1, A g+ 1

(2.19)

where A = (\1,. .., Am_q_1) are the zeros of R,,_,_1(t) defined in (2.11). The value of
Ry—q—1(—q — 1) is calculated from (2.18).

2.2.3 Third Karp and Prilepkina theorem to solve the degeneracy in the third Miller-

Paris transformations
Here we will introduce a new theorem, which solves the invalidity of equation (2.9) when
(c—a—m), =0.
Theorem 3. Suppose g € {0,1,...,m—1},a+m—q ¢ —Ng,a—b ¢ {g+1—m,..., q}
and f;—a ¢ {m—q—m;,m—q—m;+1,...,0}, for0 < j <rsuchthatm—q—m; <0
. Then for all x such that x € C — [1, 00), the following holds:

a, b, frm 1 _ i (—0)i(a—b—0);Qn(=) ;

1—2)"9 ,F, ‘x ,
(=)™ “Lﬂrm—q,f (a+m—q);j!

j=0

17



T R ya(—g = Db — )y
(a+m— g

La—b+1, v+q+2

+ ;X
a+m+1, y+qg+1

(2.20)

m—q+14' m—q |:

where v = (Y1, .., Ym—q—1) are the zeros of Rm_q_l(t) defined in (2.14). The value of

A

Ry q—1(—q — 1) is calculated by

R (—¢—1)= (b)g1 S (@)rClr(k —m)g—k41
e (b—a)gn 2= (g—Fk+1)

(2.21)

where Cy,, defined in (2.5).
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Chapter Three
New Transformations for Kampé de Fériet using Miller-Paris
Transformation Formulas
3.1 Transformations for Kampé de Fériet using the generalized hypergeometric
functions , o F 11 5 11 F 41

In this section, we will consider the Kampé de Fériet function Y21, p.27)

(ap) : (by) :

D:q:k (
f ()(B)

lm:n

Jrts H?:l(bj)r H?:l (Cj>s x"y’
] ; ; ( >r+s H;Zl(ﬁj)r H?Zl(yj)s r! s

where for convergence

sptg<l4+m+Lp+k<li+n+l, |z <oo,

or
*p+qg=l+m+1,p+k=I0l+n+1and

(@) |z|V® + |y =D < 1ifp > 1,

(b) max{|z|,|y|} < 1,ifp <.

and use the Miller-Paris transformation formulas (2.3), (2.7), and (2.9) in order to derive
new transformation formulas for the Kampé de Fériet function. To do that we will choose
a suitable Kampé de Fériet function and write its double series expansion, after that, we
will write it as a single sum that involves one of the generalized hypergeometric functions
ri2Fri1, ri1F11. Then, as we obtain one of the generalized hypergeometric functions we
can apply to the generalized hypergeometric function one of Miller-Paris transformation
formulas (2.3), (2.7), and (2.9). By doing so, we will obtain a single sum that involves one
of the generalized hypergeometric functions ,,12F,,11, mi1Fmy1. Finally, by rewriting
this single sum that involves one of the generalized hypergeometric functions ,,, 2 F, 11,
m+1Fm+1 as a double sum with two variables, we can rewrite this double sum in terms

of the Kampé de Fériet function. These steps will help us in deriving new transformation

'The two variables 2 and y are real numbers
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formulas for the Kampé de Fériet function. To calculate the radius of convergence of
transformation formulas, we will take the intersection between the radius of convergence
for Kampé de Fériet function we chose at the beginning, the radius of convergence for the
Miller-Paris transformation and the radius of convergence for Kampé de Fériet function

we obtain at the end.

1. First Transformation

Let us take
(
m= (by —dy,...,b, —d,), vector of positive integers
m=) 0 m= f, bi — d;
szl =1 (32)
as+1#d;, YIi=0,1,2,...
\(cl —ag—m)y, £ 0
(¢) = ((1, - - -, Gn) to be the zeros of the characteristic polynomial
1 m
m(t) = DiCrn(B)p(c1 — ag —m — ), 3.3
Qm(t) (Cl_az_m)mkz:%(afr )iCrp(Or(cr — ag —m — )y (3.3)
with Cop, = 1, Crp = [(d1)m, - - - (dp)m,] "
_(—D)F —k, by, ..., by
Crp = 7 r1 b dy, ..., d, i1 4)

Now, if we consider the Kampé de Fériet function Ff]fj By expressing it in terms of
a single sum involving 2 F,+1(z), and applying the transformation provided in equa-
tion (2.3), we can rewrite the resulting equation using a double series representation.

So the transformation will be as follows:

:i (al)l(ag)l(rl)l...(rq)ly_l a1+l, CL2+Z, bl..., bp':E
Cl—l—l,dl, ...,dp ’
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_ - (al)l(az)l(ﬁ)l---(rq)ly_l _ )k
=2 ek (1=2)

- (k) 1
a1—|—l, C1 — ag — M, (C)+1 x
F s
Xm+2 m+1|: Cl—i—l, (C) ’LU—]_

= (1R

c1:(C) ik, kg r—1"1-x

(3.5)
’)1€x‘} <l

ap:cp—ag—m,(C)+1:as,r,...,ry| =« Y ]

where |z| < 1,2 < 3, |z +|y| < 1andmax{’

T
r—1

Figure 2

Region of convergence for the first Kampé de Fériet transformation

1.0

L L
-10 -05 0.0 05 10

Remark: In the previous transformation, we express the Kampé de Fériet function

Ff;’; as a single sum involving .2 F), 1 (z), if we consider the same Kampé de Fériet

function Ff;,”j and express it as single sum involving ,.2F,11(y), its important to

notice that we must define

)
m= (r; — ky,...,7, — k), vector of positive integers

m = p_ m; = ;-]_ Ti—ki
< Zz—l Z_l (36)
a2—|—l7£k‘z Vl:0,1,2,

\(cl—ag—m)m#()

and take
_k,’, 1, ..y Tq;]-

ARG ky, .., kg G-7)



2. Second Transformation

Let us take

= (by —dy,...,b, —d,), vector of positive integers
m=3 mi = bi — d;
(¢ —ay —m)y, #0 (3.8)
(cp —ag—m)y, #0

(1+a1+(12—01—|—l)m7£0, Vl:O,l,Q,
\

(n) = (M, ...,nm) to be the zeros of the characteristic polynomial
zm: )" Crplar + Diaz + Dr(b)x
=0 C1 — a1 — )k(cl — Gy — m)k
XBFQ{‘ZfJf;i;’: L] e
with Cop, = 1, Crp = [(d1)m, - - - (dp)m,] "

and consider the same Kampé de Fériet function F1 g - BY expressing it in terms of
a single sum involving the generalised hypergeometric function , o F, (), we can
apply the transformation provided in equation (2.9). By doing so, we can rewrite the

resulting equation using a double-series representation. So the transformation will be

as follows:
g | Q1 Q2 2 b1, by i, T
F2pq ) ) )y Yp ) y g
W9 e dy, L dy K Ky x’y]
:i .(Tq)ly_l a1+l, a2+l, bl...,bp.m
o .(kq)l WP e ldy, o dy

(e}

: : a az r (Tq)l yl cl1—a 7(127[*771
1 1 1

1 —m
Xmt2Fmi1 [

—m, C1 — ay — M, (7’)—|—1x:|
Cl"'lv (77) ’
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= plmiat
1:m:q Cc: (77) 3k17~-7kq

X (1 —

where |z| < 1, |z| + |y| < 1andma:v{|x|,)1 Y ‘} < 1.
— X

Figure 3

Region of convergence for the second Kampé de Fériet transformation

10F
05F

0.0

05}

3. Third Transformation

Let us take

)
m= (by —diy,...,b, —d,), vector of positive integers

_ p _ p
m = Zi:l m; = i=1 bz - dz

al—i—l%di, VZ:0,172,

\(cl—al—m)m#O

(¢) = (¢1,- .-, () to be the zeros of the characteristic polynomial
1 m
Ol (c1—ar —m)p, kz:;(al + DiCrp(t)r(cr —ay —m —t)

—c—a—m,cp—as—m,(N) +1:ay,a,m,...,7

Y
w?
1—1:]

cl1—ai1—az2—m
I)l 1—a2

(3.11)

(3.12)

—k (3.13)

(3.14)



and consider the Kampé de Fériet function Ff:;ﬁf. By expressing it in terms a single
sum involving the generalized hypergeometric function , 1 F,41(z), we can apply the
transformation provided in equation (2.7), and rewrite the resulting equation using a

double series representation. so the transformation will be as follows:

»

()i (rgh o 1 1[a1+l,bl...,bp‘l}
'-<kq)l I p+14p+ pa

ap,: by, ... by i,y

Fl:p:q
cr idi, .. dy ik, Ky

1:p:q

Il
(]
|
2|8
~— |
=
a5
—
S~—

l

_ i CNIGYERCH [cl —ar—m Q)+ 1 _x]

— (c1)i(kr)p . (kg ! a+1 (¢
1 —:cp—a;—m,({)+1:ay,r,...,r
= P el ’ [ Y (3.15)
Limag e (€) k.. K,
where max{|z|, |y|} < 1.
Figure 4
Region of convergence for the third Kampé de Fériet transformation
4. Fourth Transformation
let us take
(
my = (by — dy,...,b. —d,.), vector of positive integers

my = 22:1 mi = 22:1 bi — d;

ag#di Vi:O,l,...,T

L (el)m1 = (Cl — Q2 — ml)ml #0
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)
mq = (b)' —di/,..., b/ —dJ), vector of positive integers

s / /
mo = Zj:l b —d;

(3.16)
ag’#d/ Vi:O,l,...,S
[ (€2)my = (&1 = a2” — ma)m, # 0
(¢) = ({1, - - -, Gy ) to be the zeros of the characteristic polynomial
1 <
Qum, (1) = Ppr—— > (@) Crr()rler — az —my = ) (3.17)
€1 — G2 = M1)my | —5
with OO,T = 1, Cm1,7‘ = [(dl)m1 . (dr)mT]il
—1)k —k, by, ..., b,
Cloy = %THFT[ p v (3.18)
(¢") = (&, ..., Gn,') to be the zeros of the characteristic polynomial
1 G
mo (1) = a2 ) C'L s (W)’ — as’ —mg — ), — 3.19
Q 2() (Cll—CLQ/—mQ)kaz:%( 2)k k,()k(l 2 2 ) 2—k ( )
with C'os = 1,y = [(d1)my - - - (ds)m,] "
_1)k N
Clk,s = %S—HFS[ dy’ ! d. ;1 (320)

and consider another formula for the Kampé de Fériet function Fg::fjjff . Then by ex-

pressing it in terms of two sums, one involves the generalised hypergeometric function
p+2Fp+1(x), while the other sum involves another generalised hypergeometric function
»+2Fp+1(y) and applying the transformation provided in (2.3) to the ,2F},11(z) and
»+2Fp+1(y), we can rewrite the resulting equation using a double series representation.
The transformation will be as follows:

FO:T+2:3+2

. . !/ !/ !/ !/
'a17a27blv"’7b7"alaa/Qablv"'?bS
0:r+1:s+1

—201,d1,...7d7«ZC1/,d1/,...,ds,

ai, ag, b17 R br

/ !/ / /
ap, Gz, b17 SR bsy:|
)
Cy, d17 LR d?”

61/7 dlla SR dsl

= r2Frp1 [ ;f} s+2F 51 [
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s — 1
=(1—2) 40Fm 41 {al’ c—a—my, (()+1 @ ]

C1, (C) 7 r—1
—ar/ a’s o' —a' —ma, (¢')+1, y
X(]_ — y) 1 m2+2Fm2+1 [ Cll’ (C/) 7 y . 1
_ Fozm1+2;m2+2 — 14y, e, (C) + ]' : a1/7 €2, (C,> + 1 L L
0:mi1+1:mao+1 e, (C) . Cllu (CI) T — 17 y — 1

X(1 =) (1= )

=
—— | < L
-4

X

where z < £, y < 1, maz {|z|, |y} < 1 and max {‘

r—1

Figure 5

Region of convergence for the fourth Kampé de Fériet transformation

15
10

05

0.0

05}

5. Fifth Transformation

Let us take

)
my = (by — dy,...,b. —d,.), vector of positive integers

my =3, bi—d;

(e1)m; = (1 — a1 —m1)pm, #0

(€2)m; = (€1 —ag —m1)m, #0

(1+ay+as—c1)m #0

my = (b —dy/,...,b/ —d), vector of positive integers

_ S / /
mo = Zj:l b’ —d;

(63)m2 = (Cll - all - m2)m2 7é 0

26
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mo — ' — " — ma 0
(ea) (a1 —ay’ —ma)m, # 3.22)

(I4+a+a'—c1")m, #0
(n) = (N1, - .,Mm, ) to be the zeros of the characteristic polynomial
mi

Qi () = Z( (=1)*Ch.r(a1)r(az)r ()

C1 —a; — ml)k(cl — Q2 — ml)k

k=0
—my +k, t +k, C1— 01— ay—m
cl—al—ml—l—k, cl—ag—ml—i-k’

X gy [ (3.23)

with CO,T - ]-7 le,r - [(dl)ml ce (dr)mr]_l’
—k. by .... b
Chrr = (—THFT[ o T 1} (3.24)

(n') = (', ..., nm,") to be the zeros of the characteristic polynomial

SN~ (DR (0 )k (a)i (B
Qm2 (t) - Z (Cll _ all _ mQ)k(Cll _ a2/ _ mg)k

k=0
—mo+k, t+k ¢/ —ai’ —ay —mo '1}

(3.25)

X3Fh
cl’—al’—mg—l—k, Cll—agl—mg—i-k’

with 0,073 = 1, C,mQ,s - [(dll)ml cee (ds)ms]_l’

! —1 §
Ck,s = uerlFs[

—k, by, ..., b
- UL e ;1] (3.26)

/ /
di', ..., d,

and consider the Kampé de Fériet function Fy"7*17. Then by expressing it in terms

of two sums, one involves the generalised hypergeometric function .2 F, 1 (x), while
the other sum involves another generalised hypergeometric function, ,2F}1(y) and
applying the transformation provided in (2.9) to the ,.oF,1(x) and ,+2F,11(y), we
can rewrite the resulting equation using a double series representation. The transfor-

mation will be as follows:

. . !/ / !/ /
0:r+2:542 'a17a27b1a"->br-a1;a2,bl,-~.,b5
Foitian L,y
r+1lis+ . . )
.Cl,dl,...,dr.Cll,dll,...,dsl
/ / ! !
. Ja ay, ag, bl, ...,bT. Ia &1,&2,[)1, ...,bs.
— r4+24r+1 d d X | s+2L0 541 , d/ dl 7Y
€1, @1, ..., Qp c1, di'y ..., Qg
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o g —ay—my, ¢ —as—my, (M) +1
c1—a1—az—m .
= (1 - l’) T 177114-2*Fﬂ”b1+1|: y L

€1, (77)

!/ / / !/ /
<(1— )Cll_al/_%/_m I ' —a) —my, o —ay’ —ma, (0) +1
) mo+24L mo+1

o', (1) Y
»

X (1 =)o mmam (] gjer’ = —ax'—my (3.27)

— FO:m1+2:m2+2 — 61,6y, ("7) + 1: €3, €4, ("7/) + 1
0:mi1+1:mo+1 L1, (,’7) . CI/; (’l’],)

where z < %,y < 3 and maz {|z|, |y|} < 1.

Figure 6

Region of convergence for the fifth Kampé de Fériet transformation

15

-05

6. Sixth Transformation
As observed earlier, we derived the transformations (3.21) and (3.27) by applying the
first transformation formula for Miller Paris (2.3) to the expression (3.21) for both
variables, x and y. Similarly, we apply the third transformation formula for Miller
Paris (2.9) on the expression (3.27) for both variables, x and y. Now, our next step
is to apply the first transformation formula for Miller Paris (2.3) to the generalized
hypergeometric function ,;2F,;1(z) and the third transformation formula for Miller
Paris (2.9) to the generalized hypergeometric function ,.2F,1(y), considering the

same Kampé de Fériet function. Before proceeding, we will take
my = (by —dy,...,b. —d,.), vector of positive integers
my =3 i bi—di
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/

as # d;

(e1)m;, = (€1 —az —mi)m, #0

mqe = (b —dy/,...,b —dy), vector of positive integers

my =S5 b — df (3.28)
(e2)my, = (e — a1’ —ma)m, # 0

(e3)my = (1" — as’ —ma)my, #0

\ (1 + al’ + agl — Cll)m2 7& 0

(¢) = ({1, - - -, Gy ) to be the zeros of the characteristic polynomial
1 G
Qi (1) = > (@) Crr()rler — az —my — ),k (3.29)

with CO,'/‘ =1, le,r = [(dl)’ﬂu - (dr)mr]il

(—1)* —k, by, ..., b,
C r = r Fr 5 1 3.30
" KT dy, ..., d, 30
(') = (m', ..., mm,’) to be the zeros of the characteristic polynomial

Qm2 (t) = Z ( (—1)*C"k s(ar") (a2’ )k (t)k

(a1 —ar’ —mp)i(cr’ — ag’ — ma)y

—mg—f—k?, t+l€, cl’—al’—ag’—mg
E ;1 3.31
3 2|:Cll_a1/_m2+k?,Cll—a2/—m2+k37 ( )
with s =1, O’y = () )y - - (ds)m, )7,
—1)k —k, by, ..., by
! Y Y ) S .
Cra =" S“FS{ dy', ..., dy ’1} (5-32)

By following the above steps, we can rewrite the resulting equation using a double-

series representation. The transformation will be as follows:

. . / / / !/
FOZT+2ZS+2 .al,ag,bl,...,br.al,ag,bl,...,bs
O:r+41:s+1 . .
— Cl,dl,...7dr : Cll,dll,...,dsl
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ay, G2, b17 ceey b’r’

!/ / / /
ay, as, b17 EIR) bsy:|
)
€1, d17 R d'r

61/7 d1,7 sty dsl

= r+2Fr+1 |: ,13:| s+2Fs+1 |:

ay, g —ag—my, () +1 =z }
c1, (€) ‘-1

a' —a'—my, o —a’ —ma, (M) +1 }
o (Y
c1, (77)

= (1 - x)_a1m1+2Fm1+1 [

c1’'—ay’ —az'—m
ST

_ FO:m1+2:m2+2 — a1, eq, (C) +1: €2, €3, (77/> +1 x y
0:mi1+1mo+1 L1, (C) . Cll, (’I’]/) T — 17

X (1 —g) @ (1 —y)o' —a'—a'-me (3.33)

T
where z < % ,maz {|z|,|ly|} < 1and maz {‘—1‘, |y|} < 1.
a;‘_

Figure 7

Region of convergence for the sixth Kampé de Fériet transformation

15

05}

............................

7. Seventh Transformation

Let us take
(
my = (by — dy,...,b. —d,.), vector of positive integers
miy =3, bi—d;
ay # d;
S

(e1)my = (c1 — a1 — M), #0

mo = (b —dy/,...,b/ —dy), vector of positive integers

N\ ' '
my = Zj:l bi' — d;

\
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all 7& di/

(3.34)
(€2)my = (1" — ar" — m2)m, # 0
(¢) = (¢1,- -+, Gy ) to be the zeros of the characteristic polynomial
1 —
Qm, (t) = (& —ar —my) Z(m%cm(t)k(q —ay—my =) (3.35)
™ =0
Wlth OO,T - 1, thr - [(dl)m1 e (dr)m'r]_l and
— 1)k k by ... b,
Ck r = Ll 7”+1Fr dl d ) 1 (336)
(¢') = (¢4, ..., Gny,’) to be the zeros of the characteristic polynomial
1 o
Qm2 (t) = (Cll o — m2) Z(al/)kclk,s(t)k(cll . alf — My — t)mQ—k (337)
M2 k=0
with C' s = 1,C" iy s = [(d1 )y - - - (ds)m. ]~ and
—1)* —k, b, , by
Chs = k!) SHFS{ dl,,l_ Tt (3.38)

and consider the Kampé de Fériet function Fy~'*1'. Then by expressing it in terms

of two sums, one involves the generalised hypergeometric function ;1 F},11(x), while
the other sum involves another generalised hypergeometric function ;1 F,41(y) and
applying the transformation provided in (2.7) to the ,.; F,11(x) and ,+1Fp11(y), we
can rewrite the resulting equation using a double series representation. The transfor-

mation will be as follows:

0:r+1:5+1 —:al,bl,...,br:al’,bl’,...,bs’
FO:T+1:SS+1 [———Z C1 d1 e dr . Cll dll Ce dsl Y
ai, bl..., br (1,1,, bll..., bs/
= r Fr X | s Fs ;
L |:Cl, dl, ey dr :| st |:Cll, dll, ey dsl y
_ Tty €1, (C)+1 €2, (C/>+1
=€ m Fm y T m Fm y
1+1 1+1|: e, (C) 2+1 2+1 Cll, (C,) Yy

31



— €x+yFU:m1+1:m2+1 — . €1, (C) +1: €2, (C/) + 1
0:m1+1:mo+1 L1, (C) . Cl,7 (C,)

-z, —y] (3.39)
for any values of x, y.
Remark: I have thoroughly tested all of the above Kampé de Fériet transformations using

various parameter values and variables within the radius of convergence on Mathematica

https://www.wolframcloud.com/obj/s12255413/Published/testing
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Chapter Four
Radius of Convergence for the Double and Triple Hypergeometric

Series

In this chapter, we will shift our focus to the double hypergeometric series, specifically
the Appell hypergeometric series denoted as Fi, Fy, F3, Fy, as well as the Horn series
encompassing G+, G, Gs, Hy, Hy, H3, Hy, H5, Hg, H;. Additionally, some of the triple
hypergeometric series which introduced in ([2], p.59- p.65 and p70- p.107). Our aim
is to try to find the radius of convergence for these series representations and compare
our results with the findings presented in ([2], p.59- p.65 and p70- p.107), ensuring the

reliability and accuracy of our analysis.

4.1 Radius of convergence for the double hypergeometric series

At the beginning, we will consider the Appell hypergeometric series I}, Fy, F3, Fy and
the Horn series Gy, Gy, Gs, Hy, Hy, Hs, Hy, Hs, Hg, H;. It’s worth mentioning that
to calculate the radius of convergence for these series one can use Horn’s theorem ([2],

p.56-p.57) which states that

Theorem 4. If we have

F(z,y) = Z Z C(m,n)z™y" 4.1)
m=0 n=0
and define
C 1
) = S @2
C 1
glm.n) = % (43)

which are rational functions. Let us define further

p(m,n) = | lim f(mu, nu)|™ (4.4)
o(m,n) = | lim g(mu,nu)|™ 4.5)
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which are rational functions too, and construct the following two subsets of Ri
C={(r,s)0<r<pl,00N0<s<0(0,1)} = K[p(1,0),0(0,1)] (4.6)

Z ={(r,s)|V(m,n) € RL : v < p(m,n) VO < s < o(m,n)} 4.7)

then the union of C'N Z and its projections upon the coordinate axes is the representation

in the absolute quadrant Ri of the region of convergence in C? for the series F.

However, the problem arises when constructing Z as it becomes challenging to find a
direct relation (relations) between r and s without m,n. In ([2], p.59- p.65 and p70-
p.107) the author (Srivastava) provides a method for finding such a relation for some of

these cases, but not for others, leaving only the r, s relationship.

In this section, we aim to determine the radius of convergence for these functions using
alternative approaches. Specifically, we plan to express each of these functions in terms
of the Srivastava-Daoust series and leverage its radius of convergence to determine the

radius of convergence for the given double series.

The Srivastava-Daoust series [9, 10], mentioned above, is expressed in the following form

‘Wyan[wrm”~ﬁWLKmQ¢H 1050 = 6™;

C:DW);. ;D) (n) 1) SO 1(d™ - s AL dn
[(Cc)%ﬂ 7"'7w ] [( D(1>) ];;[( D(n))' ],
- Z Q(mla ma, ... 7mn) xl x2 xnn (48)

milme! T my,!

where
A BW (1) B(™)
0  TBR 09 04 TU (B 0+ TIZ 07),, 0
(M1, ma, ... my) = (¢, D(l)(d( )) D(")(d(n))
Hj:l C])mlw;1)++mn¢§n> H]:1 J m15;1) H]:1 J mn(s;n)
4.9)
and the coefficients 8’ 1 ;, 5;, i € {1,...,n} are real and positive.

In order to find the radius of convergence of (4.8), one can use Horn’s theorem for the

double hypergeometric series and then we can extend to obtain various convergence con-
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ditions for the multiple hypergeometric series, refer to [10]. Consequently, to establish

the set Z in Horn’s theorem, we will define

" o
_ _ c n O\Y DD, (i) 5
B — (N.”Zf—(? RS vty ¢§-”> e <Zl:1 v [Tj=1 (6;7)%

j=1 o . (4.10)
A n l ] B® 7 ¢
Hj:1 (21:1 Hi ‘95 )> ’ Hj:l (¢§ ))¢]
and
c D®) A B
A=1+> PP +>3700 =300 - "9l ie{1,...,n} 4.11)
j=1 j=1 j=1 j=1

Now, the radius of convergence of (4.8) can be defined depending on the following three

cases:

1. When A; >0 ,Vie{l,...,n}
2. When A; =0 ,Vie {1,...,n}
3. When A; <0 ,Vie{l,...,n}

We are interested in the case in which Ay = Ay = --- = A,, = 0. Here in this case, the

set Z will determined by:

lz1| < 01, |T2] < 02, ..., |70 < 00 (4.12)

where
P = i E; 4.13
0 m}%w{ } (4.13)

For further information about the other cases and the special cases, you can refer to [9,

10].

Now, the first group of double series we will begin with, the Appell hypergeometric series
which includes Fi, F5, F3, Fy. In fact, obtaining the radius of convergence for these series
is relatively straightforward using Horn’s theorem, and determining the relation between
r and s is also easy. However, starting with them will allow us to understand how we can

choose the coefficients 67, ¢%, 1%, 0% fori € {1,...,n}.
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4.1.1 Radius of convergence for Appell hypergeometric series F}

The first Appell series we will start with is F}, which takes the following form:

Fy(a, B, Bo; i, y) = ZZ Dresn Pl fo)n (4.14)

m=0 n=0 7)m+n m' n'

and its radius of convergence is given by, max {|x|, |y|} < 1 ([2], p.59).

We can observe that the Srivastava-Daoust series involves n variables. Therefore, to

rewrite F; as the Srivastava-Daoust series, we will set n = 2 and consider the follow-

ing:
A=C
1+ DM = M) (4.15)
1+ D® = B®
\
and the coefficients 0’ ‘S i 5; as follows
o) =1, 0

1 2
vl =1, 9P =1

o) =167 =1

o =yl j=1,...,0-1 (4.16)
02 =4 j=1,...,0-1

o0 =60 j=1,.., D0

o) =0 j=1,...,D®

ot
>
oW
=
i
=
IS8
=
®
r

Also the values of the vectors bg-l), b2

R
p
a1 =¢y1 j=1,...,0-1
0 =d" j=1,...,DO (4.17)
42— =1, D

36



Depending on (4.15) and (4.17), we can write for 7 = 1, 2
c=(c1,a9,as,...,ac), a=(a,as,as,...,ac)

), 0@ = (6,65, ... 0%, b

49 =% b, e Y o)

1+D@)

Finally, if we substitute (4.15)-(4.17) in (4.8), we will obtain F}

C:1+DW:14+ D@ [(aC) : 9(1)70(2)] : [( 1+D(1)) ¢(1)] [(bﬁ_D@)) ¢(2)]§
FC D)D) (1 2] . 1) 2) \ . 5(2)].
[(ce) + 0, 0] = [(dh) - S0 [(dlyy) = 62);

D 05 )iy - () ) Vs

io: i al mi14+ma a2)m1+m2 < (aC)m1+m2 (
m1=0 ma2=0

1 1
Cl)m1+m2 (@2>m1+m2 st (aC)m1+m2 (bg ))m1 (bg.zp(l))ml
2 2 2
(bg ))mQ (bg )) (bﬁ_:D(z))mz ™ ym2
2 2

oo oo 1 2 m m
Z Z al mi+mo bg ))m1 (bg ))mz oy (4.18)

Cl)mﬁ—mg m1! mg!

m1=0mo=0

Qy; bgl)Q b(12)

C1; ;

- I

»

Now, we need to calculate A; and A, to determine the radius of convergence of Fj.

Depending on (4.15) and (4.16), we will obtain

DM A B
S MCLRS LD SIS o
e} D "~ C - 1+DM
R RO ST N S B N7 S B S S
=2 j=1 j=2 =2
D@ A B®)
Ay = Z - Z IR S S s
— p —
] D® c] 14D®)
=141 Z +Z§ 1-36 -1 % 6P =
=2 j=1 j=2 =2
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we are in the case that we mentioned above. To contract the set Z, we will use the

equations (4.10)-(4.12) and (4.15)-(4.17). By doing so, we will obtain |z| < 1 and |y| < 1,

(1)
oL = min <H1+Zf<1 (U —1— Zu—p(l) ¢(1>) H?:l (Z?:1 H w]('l)>:j Hf(ll) (5(1))5(1)
B1,p2>0 H]¢21 <Z?:1 " 9§Z)>9j H1+D(1)<¢(1 )¢(1)
=1
2) @ c n 0) e 5@ 52
02 = min (M;+Zf<1 57 -1-Ti7 ¢§‘2)) Hj:l (Zl:l Ha wj )(2) HJ 1( )%
B1,p2>0 Hle <Z?:1 0 9§l)>9j H1+D(2)(¢(2 )¢(2)
=1

which means that the Z can be determined by |z| < 1 and |y| < 1, which is equivalent to

max{|z|, |y|} < 1. To construct the C' we will use Horn’s theorem as follows:

C<m + 17 n) . (O‘)m-l—m—l(ﬁl)m—&-l (BQ)n (7)m+nm!n!

f(m,n) = Cm,n)  (Vmgngr(m + D (@) magn(BL)m(B2)n
_ (a+m+n)(51+m)
(y+m+n)(m+1)
glm,n) = Clm,n+1) — (@) m-+nt1(B1)m (B2)n+1 (V) manm!n!

C(mv n) B (7>m+n+1m!(n + 1>! (O‘)m+n(ﬁl)m(ﬁ2>n
_ (o +m+n)(By+n)
(v +m+n)(n+1)

Therefor, p(m, n) and o(m,n) will be:

~1
p(m,n) = | lim f(mu,nu)|™" = |1li (o + mu + nu)(B1 + mu)
-1
TG 0] B
U—00 m(m + n)
-1
o(m,n) = | lim g(mu,nu)|™" = | lim (a +mu + nu)(B2 + nu)

n(m+n)| "

U—00 n(m + n)

=1
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As aresult, the set C' will be determined by:

C={(rs)0<r<pl,00)AN0<s<o(0,1)}

—{(rs)0<r<1A0<s<1}=K[p(1,0),0(0,1)] = K[1,1]

since the set Z D (), the radius of convergence for the double hypergeometric function

Fy will be max{|z|, |y|} < 1.

4.1.2 Radius of convergence for Appell hypergeometric series F,

The second Appell series we will consider is F5

Fy(a, Br, Ba; 172 @, y) Z Z m+" ﬁl m(&) (4.19)

m! l
=0 n=0 Y2)n me
and its radius of convergence is given by, |z| + |y| < 1 ([2], p.59).

Similarly, we will set n = 2 and consider the following:

(

A=C+1
DL — B (4.20)
D@ = B®)

\

Z ' &% as follows

and the coefficients 0’ 5 05

oY =1, 6% =1

o) =1, 6 =

o' =167 =1

o) =yl j=1,...C (4.21)
02 =P j=1,...C

ngJH—chH j=1,...,DM —1

¢]+1_5y+1 jzla"'aD(2)_1
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Also the values of the vectors a;, ¢;, bjl), b§2), d] , d )

(
Ajy1 = Cj jzl,,C

b =dY j=1,...,DM -1 (4.22)
ka+1 dﬁl j=1,...,D® —1

Depending on (4.20) and (4.22), we can write for ¢ = 1,2

c=(ag,as,...,a11¢), a=(ay,az, as,...,a14c)

B B = P b

Similarly, if we substitute equations (4.20)-(4.22) into (4.8), we will obtain F5

cerpmipe | [(@cpr) 60, 09)] [(bg<)1>) W [(B2,) : 6],
Fc D)D) 1) 1) (2 5@, x,y
[(cc) : M, @]« [(dD),) - 6D]; [(dD(Q)) L O],

00 00 1 2 m m

S o, 6 0 5 .
(1 2 | | )

oo (@) (@), 1l 2!

Qy; bgl)Q b(12)

= F
e d?

»

To construct the set 7, it is clear that we are in the same case since A; = Ay = 0.
Therefore, we can use equations (4.10)-(4.13), to obtain |x| + |y| < 1. Calculating the set
C' = K][1,1] can be easily achieved using Horn’s theorem. Consequently, the radius of

convergence will be |z| + |y| < 1, because Z C C.

4.1.3 Radius of convergence for Appell hypergeometric series Fj

The third Appell hypergeometric series we will take is Fj

F3(ou, az, Br, B2, 7 2, y) ZZ (@1)m 042 (Bi)m (BQ)nxm ; (4.24)

m=0 n= m+n m' n'

and its radius of convergence is given by, max{|z|, |y|} < 1 ([2], p-59).



Similarly, we will set n = 2 and consider the following:

/

1+A=C
9+ D — B (4.25)

91 D® — B®

and the coefficients 67, ¢, 1%, 8% as follows

;

o =1 e =1
51) _1, ¢g1) 1
§2) —1, ¢gz) 1

= =1, A (4.26)

j+1

(

Cjr1 = @ j_l7 7A
1 1 .

b, =d j=1,...,D (4.27)
2 2

b§+)2: 5) ]:17 '7D(2)

Depending on (4.25) and (4.27), we can write for ¢ = 1, 2

c=(c1,69,...,01404), a=(c2,¢3,...,C144)

pi) — (bgl), bg), b(())ﬂ) . ’b%)@uz)v 4@ — (b:(;), bff), . ,b%)mﬁ)

If we substitute equations (4.25)-(4.27) into (4.8), we will obtain F3

papzepe [ 1@4) 100,69 (0] ) - 6 () ) + )

.D(D); D)
HAPOPE | [era) s 00,00 s () s 601 () : 8O

T,y
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i i (58 )y (05 )ony (B )iy (O )y ™ty 4.28)

m1=0ma=0 Cl)m1+m2 my! ma!
=13 .1 2. .y
Cl, ——; ——
1
Since A; = Ay = 0, we can use equations (4.10)-(4.13), to obtain — + — > 1. The set

|z | Tl
C' = K]1, 1] can be easily calculated using Horn’s theorem. Consequently, the radius of

1 1
convergence will be ﬂ + ﬂ > 1, because C' C Z.
x Y

4.1.4 Radius of convergence for Appell hypergeometric series F)

The last Appell hypergeometric series we will take is F

— (@) min(B)mgn ™ y
F, : : = E E 4.2
4((1/,5,’71,’}/2,55,y) Lt L (’71)m(’y2) ml n' ( 9)

and its radius of convergence is given by, \/|z| + /|y| < 1 ([2], p-59).

If we set n = 2 and consider the following:

(

24+4C=A
1+ BW = pM®) (4.30)

1+ B® = p@
\

and the coefficients 67, ¢}, %, 5% as follows

p

o) =1, 07 =1

0 =1, 05 =

sV =1, 0 =
0, =y j=1,...C (4.31)

=4 = 1.C

¢ 5J+1 j=1,...,BM

52 = 5@

\ "I Jj+1



Also the values of the vectors a;, ¢;, bjl), b§2), d] , d )

(

Cj = Qj42 ]:1,,6

bW =dl), j=1,...,B0 (4.32)
0P =d? j=1,...,B®
\

Depending to (4.30) and (4.32), we can write for i = 1,2

c=(as,ayq,...,a24¢c), a=(ay,as,...,a2:c)

b = (dy),dy,....d0, ), dO =@, d,....d9, )

» Y B 41 B3 41

If we substitute equations (4.30)-(4.32) into (4.8), we will obtain F

poscppe | [(aac) 160,60 [(2) = oM [(02),) : 6); )
CIBEIEBE | [(c0) - ), WH( i”Bm-m (@) 027

m2

CL1 mi+me a2>m1+m2 xm Y
- Z Z (1) () my! meo! (4.33)
m1=0 ma=0 )ml (d )m2 ’ 2
8

As well, since A; = Ay = 0, we can use equations (4.10)-(4.13), to obtain /|z|++/|y| <

ay, a2; ;

= F
o d Y

1. The set C' = K1, 1] can be calculated using Horn’s theorem. Consequently, the radius

of convergence will be \/|z| + /|y| < 1, because Z C C.

After we study the group of Appell hypergeometric series F1, F5, F5 and Fy, we will study
another group of double hypergeometric series known as Horn series, which includes G,
G,, G3, Hy, Hs, Hs3, Hy, Hs, Hg, and H;. Our objective remains the same: determin-
ing the radius of convergence for these series by expressing each of them in terms of the
Srivastava-Daoust series and leveraging its radius of convergence to determine the radius

of convergence for the given Horn series.
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As we proceed to the next sections, we will observe that some of these Horn series, such
as Hj3 and H,, are easily expressed as Srivastava-Daoust series. However, for the other
functions, this process is not as straightforward. Therefore, we will perform a decompo-

sition for the double sum, as we will see.

4.1.5 Radius of convergence for Horn series /3

At the beginning, let us start with Hs:

me&%%w=§:z#%%ﬂ@ﬁﬁwn (4.34)

— min  mln!

and its region of convergence is given by:

1 1 1

Actually, we can obtain the above radius of convergence using Mathematica, as shown
in [11]. However, in this thesis, we will focus on obtaining the radius of convergence by
rewriting the Horn series as Srivastava-Daoust series.

To do this, we set n = 2 and consider the following:

(

A=C
< p) — M) (4.35)

1+ D@ — e

\

and the coefficients 07, ¢}, 1}, 0; as follows

0 =2, 6 =1

ol =1 e =1

¢1+D(2>:1

0D = j=1,...,0-1

j+1

o) =" j=1,... B0
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{¢§2) =¢? j=1,...,D® (4.36)

Also the values of the vectors b ) 5@ 40 42

A B At A |
)
aj1=¢ip1 j=1,...,C—-1
bV =dV j=1,..., B0 (4.37)
kb§2>:d§.2> j=1,...,D®

After we define all values we want for equation (4.8), we can substitute them and then do

some calculations to obtain H;

s [ 100100001 [(00) 6% [0 ) s 0%k
A:D():D(2) [(ca) : M, )] - [(d D?l)) L], [(dg22)> )

m2

i i a1)2my +ms (bglmm)m ™y

Cl mi1+mse ' mao. !

»

To calculate the radius of convergence of Hj, we need to evaluate A; and A,. After

(4.38)

m1=0 mo=0

= H;y [a b1+D<2

C1; )

performing the calculations, we find that A; = Ay, = 0. As a result, the set Z will

determined by:
m(m + n) m+n
< — < 4.39
where m > 0, n > 0. Now we can write (4.39) as the follows
n? 1 n
1—Alz| > —— — < 4.40
> G W3 < 2@m e (4.40)
which implies
1 1 1
lz] < 2 and |y| < 3 + 5\/1 — 4|x| (4.41)

Let us plot the boundaries that determined the radius of convergence for H3 based on
(4.39) and observe the results. We can use Mathematica to perform this task by gener-

ating two values for m and n (both greater than 0) and then locating the corresponding
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%

point (x,y) in the xy—plane. We will repeat this process until we have a sufficient num-
ber of generated values, for example, 10000. It is worth mentioning that when plotting
the boundaries, we must consider the boundaries for the set C' = K [}l, 1], as indicated in

figure (11b) in Appendix (4.2.3).

simValues

numPoints = 10000;

(*Generate random values for m and nx%)

RandomReal [{0.000000000001, 1} ,numPoints];

nValues = RandomReal [{0.000000000001,1},numPoints];
(*Initialize lists to store the x and y coordinates*)
xValuesl = ConstantArray[0,numPoints]; yValuesl = ConstantArray[O,

numPoints];

xValues2 = ConstantArray[0,numPoints]; yValues2 = ConstantArray[O,
numPoints] ;

(*Calculate x and y coordinates for each point*)

Do[

m = mValues[[i]];

n = nValues[[i]];

x1 = (m)*(m+n)/(2*m+n) ~2;
y1 = (m+n)/(2*m+n) ;

x2 = 1/4;

y2 = m;

(*Store the coordinatesx)

xValues1[[i]]

x1; yValues1[[i]]

yi;
xValues2[[i]]

x2; yValues2[[i]]

y2;
,{i,numPoints}];
(¥Plot the points on the XY plane with zoomed-in regionx)
ListPlot [{Transpose [{xValuesl,yValues1}],Transpose [{xValues2,yValues2}]},
PlotStyle->{PointSize[Small] ,PointSize[Small]}, AxesLabel->{"X","Y"},
AspectRatio->1,PlotLabel->"Points in XY Plane",PlotRange

->{{0,1},{0,1}}]
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4.1.6 Radius of convergence for Horn series GG;

Let us consider the double series G4

o0

Gl (Oé, 67 B/; x, y) = Z (a)m—kn(ﬂ)n—m(@/)m—n__ (442)
=0 ’

m=0n

It is evident that we cannot directly rewrite (G; as a Srivastava-Daoust series due to the

)

presence of terms like (3),,_,, and (8'),,_n, where the coefficients 6’; ’ ; and 5} can-
not be negative. However, in ([12], p.43-p.44) another approach was used to eliminate
the negative sign from the double series. By applying the same technique to G; (See Ap-
pendix 4.2.3), we obtain equation (4.43). I have verified this formula using Mathematica,
and I found that the left-hand side and the right-hand side are equal for various values
of a, 8, ', x, and y, where = and y fall within the radius of convergence for both sides.

https://www.wolframcloud.com/obj/s12255413/Published/Testing

(4.43)

As the negative sign in (4.42) does not appear anywhere in (4.43), we can rewrite the first

two double sums and the third sum using the Srivastava-Daoust series as follows:

¢ The first double sum

S, = io: i () mi2n(B)m(Dm (—2)™ (zy)" (4.44)

Wmin(L = B m! nl

Set n = 2 in Srivastava-Daoust series and consider the following:

¢

A=C

1+ DW = B (4.45)
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5% as follows

and the coefficients 67, ¢}, %, 8!

(
oY =1, 6% =2
=10 =1
¢ = 17 ¢2 -
o =1
(4.46)
1 1 .
40 = w1 A
2 2 .
0P =P j=1,...,4A-1
oy =0 j=1,...,DM -1
& =6" j=1....D%
Also the values of the vectors a;, ¢;, bgl), b§2 , dﬁl), dg
(
a=a,c=1
1 1 1
P=p 0y =1 =15
Cit1 = Gj41 ]:1,,14—1 (447)

0y =dY, j=1,...,D0 -1

(2 _ S 2
b] _d] j_]‘7""D()

\

Now we can calculate the radius of convergence for the first double sum as we do before,

we will obtain that
n(m +n)
(m+ 2n)?

(m+n)

m 5 (4.48)

jz] < |zy| <

where m > 0, n > 0. It is clear that we can apply the same approach used for 3 to

obtain the following relation between = and y

|zy| < - A x| <= + \/1 — 4|y (4.49)

The Second double sum

(Dman(l =)y m! n!

i i Of 2m+n n 1) (xy)m (_y)n (4.50)
0 m=0
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Set n = 2 in Srivastava-Daoust series and consider the following:

¢

A=C
DL — g (4.51)

1+ D@ — @)
\

and the coefficients 67, ¢, 1%, 8% as follows

(

oY =2, 6% =1

o =1 e =1

o =1, 6 =1

oY =1
(4.52)
1 1 .
o) =l =141
2 2 .
9;_,’_)1:1#;_*_)1 ]:1,...714_]_
o) =6 j=1,..., B0
=0, 1D
Also the values of the vectors a;, ¢;, bﬁl) , b§2), dg-l), d§-2)
(
ap=a,c =1
b =8, 08 =1,dP =1-p
Cjt1 = Gj41 ]:17,14—1 (453)

bV =dV j=1,...,BO

2 _ 42
\bj 2 = djy

j=1,...,D% —1

Similarly, if we can calculate the radius of convergence for the Second double sum, we

will obtain that
m(m + n)

(2m +n)?

(m+n)

m, (4.54)

ly| < lzy| <

where m > 0,n > 0.
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If we apply the same approach used for H3, we will obtain the following relation be-

tween x and y

1 1 1
lzy| < 2 Ayl < 3 + 5\/1 — 4|zy| (4.55)

¢ The third sum

n

(4.56)

i (g);n (xr?j')
n=0 n :
We can employ the Srivastava-Daoust series by taking n = 1 in this case since we have
one variable. Alternatively, we can use the ratio test, which is easier. By applying the

. 1
ratio test, we find that |zy| < T

Finally, by taking the intersection of the three radii of convergence,

1 1 1
lzy| < 2 and |z| < 5t 5\/1 — 4|xy|

1 1 1
lzy| < 1 and |y| < 5t 5\/1 — 4|zy| (4.57)
oyl < 7
x f—
=

and then considering the intersection of this result with the set C' = K'[1, 1], we will obtain
figure (12a) in Appendix (4.2.3), which represents the same radius of convergence for GGy
introduced in ([2], p.59). Similar to the previous approach, we can use Mathematica
to plot the boundaries that determine the radius of convergence for (G; based on (4.48),
(4.54), and xy = i. The idea is as follows: for the first double sum, we can build a code to
generate two values for m and n (both greater than 0) and then locate the corresponding
point (x,y) in the zy-plane. We repeat this process to generate 10000 points for m and
n. Similarly, we perform the same procedure for the second double sum and plot xy = }1
for the third sum. Finally, we combine the three plots on one zy-plane. By doing this,
we will obtain figure (12b) in Appendix (4.2.3). You can find below further information
about the code we use,https://www.wolframcloud.com/obj/s12255413/Published/Radius

numPoints = 10000;

»| (*Generate random values for m and nx)

;imValues = RandomReal [{0.000000000001,10000},numPoints];
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16

[}
G

nValues = RandomReal [{0.000000000001,10000},numPoints];
(*Initialize lists to store the x and y coordinatesx)
xValuesl = ConstantArray[0,numPoints]; yValuesl = ConstantArray[O,

numPoints] ;

xValues2 = ConstantArray[0,numPoints]; yValues2 = ConstantArray[O,
numPoints];

xValues3 = ConstantArray[0,numPoints]; yValues3 = ConstantArray[O,

numPoints] ;

(*Calculate x and y coordinates for each point*)

Do [

m = mValues[[i]l];
n = nValues[[i]];
x1 = (m+n)/(m+2*n);
y1 = n/(m+2*n) ;

x2 = m/(2*m+n) ;

y2 = (m+n)/(2*m+n) ;
x3 = 1/4;

y3 = 1/(4%xx3);

(*Store the coordinates*)

xValues1[[i]] = x1; yValues1[[i]] = yi1;
xValues2[[i]] = x2; yValues2[[i]l] = y2;
xValues3[[i]] = x3; yValues3[[i]] = y3;

,{i,numPoints}];

(¥Plot the points on the XY plane with zoomed-in regionx)

ListPlot [{Transpose [{xValuesl,yValues1}],Transpose [{xValues2,yValues2}],
Transpose [{xValues3,yValues3}]},PlotStyle->PointSize [Small], AxesLabel
=>{"X","Y"},AspectRatio->1,PlotLabel->"Points in XY Plane",PlotRange
->{{0,13},{0,13}}]
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4.1.7 Radius of convergence for Horn series G

After considering GG, we will utilize the same approach for G

Gala, a8, 852,9) = DY (Oml(@)a(Bn-m(Bmn—7 (458

m! n!
m=0 n=0

Since we have terms such as (/3),,—, and (5’),,—n in G, we will rewrite G5 using the tech-
nique presented in ([12], p.43-p.44) (See Appendix 4.2.3) and then proceed to rewrite it
as the Srivastava-Daoust series. Upon verifying (4.59) with Mathematica, I found that the
left-hand side and the right-hand side are equal for various values of o, o/, 3, 3, and z, y

within the radius of convergence for both expressions https://www.wolframcloud.com/obj/s12255413/Pu

Galo, '8, ) =5 3 & ’”+n m<1>m<a’>n<—az>m (zy)"

n=0 m=0 m+n B)m m' n'

+ZZ M (B (29)™ (=g & <a>n<a’>n<ﬂf§!>” (4.59)

Ymn 1 — m!  nl —~ ()p

n=0 m=0 n

Now, we can rewrite the first two double sums and the third sum using the Srivastava-

Daoust equation.

¢ The first double sum

Z Z m+n (1)m(a/)n (=)™ (zy)" (4.60)

m+n ﬁ)m m' n'

n=0 m=0

Set n = 2 in the Srivastava-Daoust series and consider the following:

(

A=C
1+ DM = M 4.61)
1+ D® = B(
\
and the coefficients 67, ¢}, %, &5 as follows
o) =1, 07 =
=10 =1
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o =1, ¢ =1
o) = 1,6 =1

o =y =1 A1

j+1 = Y

(4.62)
0P =y® j=1,...,4-1
oy =0 j=1,...,DM —1
(4h=8" i=1...,D%
Also the values of the vectors a;, ¢;, bg-l), b§2), dgl), d§-2)
(al =qa,c =1
b =500 =1, d) =18, 07 =
cipi=ajy j=1,...,A-1 (4.63)
0y =dY, j=1,...,D0 -1
b =d? j=1....D®
Now we can calculate the radius of convergence for this double series which is
lz] <1, |zy| <1 (4.64)
* The second sum
SR D) D [ M .09

n=0 m=0

It is clear that it is almost the same as the first sum. Therefore we can rewrite it as a

Srivastava-Daoust series and find the radius of convergence which leads

lzy| < 1, |yl <1 (4.66)

¢ The third sum

n

Using the ratio test the radius of convergence for this series is |zy| < 1.

53



Finally, by taking the intersection of the three radii of convergence, and then considering
the intersection of this result with the set C' = K|[1, 1], we will obtain figure (13) in
Appendix (4.2.3), which is the same radius of convergence for G5 introduced in ([2],

p.59).

4.1.8 Radius of convergence for Horn series /1,

Now let us consider the hypergeometric series H; which has the following form

Hi(a, B8,7;0;2,y) = Z Z (a)m_"((?)er"(’y)"ﬁy_n (4.68)

= )m m! n!

Since we have the term («),,_,, in Hy, we will rewrite it using the technique presented in
([12], p.43-p.44) (See Appendix 4.2.3) and then proceed to rewrite it as the Srivastava-
Daoust series. Upon verifying the formula (4.69) with Mathematica, I found that the left-
hand side and the right-hand side are equal for various values of «, 3, v, ¢, and z, y within

the radius of convergence for both expressions. https://www.wolframcloud.com/obj/s12255413/Publishe

Hl(aaﬁy’)/; 5;I y ii m+2n m(l)m(’}/)nﬁ(l’y)"

m+n(1)m+n m! nl

N Bz Nmen(Da (@)™ (=9)" g (B)2a(3)n (29)"
P30 Pl LU U §- Oah b0y

As we did previously, we will rewrite each of these three summations in terms of the

m=0 n= n=0

Srivastava-Daoust series. By doing so, we will obtain the following three radii of conver-

gence:

¢ For the first double sum

X - m+2n ) (D) (V) 2™ ()™
ZZ a(lnlr) 2" (1)

m+n
the radius of convergence will be as follows for m > 0 and n > 0:

(m+n)?

m(m + 2n) (4.70)

2] <
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< 4.71
which implies
(lzy| ™2 = 1) > 1 — || ! (4.72)
* For the second double sum
52 _ i i (6)2m+n<7)m+n(l)n (xy>m (_y)n
oot (Dman(0)m(1 — @), m!  n!
the radius of convergence will be as follows for m > 0 and n > 0:
2
m
< 4.73
n
< 4.74
vl <50 (4.74)
which implies
20zy|"? + [y| < 1 (4.75)

¢ For the third sum

its radius of convergence will be |zy| <

Finally, by taking the intersection of the three radii of convergence, and then considering
the intersection of this result with the set C' = K1, 1], we will obtain figure (14a) in
Appendix (4.2.3), which represents the same radius of convergence for H; as introduced
in ([2], p.59). Additionally, when we plot the boundaries that determine the radius of

convergence for H;, we will obtain figure (14b) Appendix (4.2.3).

numPoints = 10000;

| (* Generate random values for m and n *)

;lmValues = RandomReal[{0.000000000001, 10000}, numPoints];

nValues = RandomReal [{0.000000000001, 10000}, numPoints];

5| (* Initialize lists to store the x and y coordinates x*)
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20

)

xValuesl = ConstantArray[0, numPoints]; yValuesl = ConstantArrayl[0,

numPoints] ;

7| xValues2 = ConstantArray[0, numPoints]; yValues2 = ConstantArray[O,

numPoints] ;

xValues3 = ConstantArray[0, numPoints]; yValues3 = ConstantArray[O,
numPoints];

(* Calculate x and y coordinates for each point *)

Do[
m = mValues[[i]];
n = nValues[[i]];
x1 = (m + n)"2/(mx(m + 2*n));
yl = m/(m + 2%n);
x2 = (m"2)/(nx(2*m + n));
y2 = n/(2*m + n);
x3 = 1/4;
y3 = 1/(4%x3);

(* Store the coordinates *)
xValues1[[i]] = x1;

yValues1[[i]] = y1;

xValues2[[i]] x2;
yValues2[[i]] = y2;
xValues3[[i]] = x3;
yValues3[[i]] = y3;
, {i, numPoints}];
(* Plot the points on the XY plane with zoomed-in region *)
ListPlot[
{Transpose[{xValuesl, yValuesl}], Transpose[{xValues2, yValues2}],
Transpose [{xValues3,yValues3}]},
PlotStyle -> PointSize[Small], AxesLabel -> {"X", "Y"}, AspectRatio ->

1,PlotLabel -> "Points in XY Plane", PlotRange -> {{0, 1}, {0, 1}}]
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4.1.9 Radius of convergence for Horn series /,

Let us consider the hypergeometric series Ho

o (O‘>m—n(ﬁ)m(7)n(5)n "y
H (a7ﬁ7775; 6737a3/) = I (476)
2 22 @ il

As we have («),,_, in Hy, we will rewrite it using the technique presented in ([12],p.43-
p.44) (See Appendix 4.2.3) and then proceed to rewrite it as the Srivastava-Daoust series.
Upon verifying the formula (4.77) with Mathematica, I found that the left-hand side and
the right-hand side are equal for various values of «, 3,7, 6, €, and x, y within the radius of

convergence for both expressions. https://www.wolframcloud.com/obj/s12255413/Published/Testing

(0,678 m) = 3 (ﬁ>m+;<a>m<1>m<v>n<a>n£<a:y>n

m=0 n=0 €>m+”(1)m+n m! n!

+ Z:O Z m+n m+n (B)MQ) ( ‘ n Z 7 (xfl/') (4.77)

m+n (1 - Oz)
Similarly, we will rewrite each of these three summations in terms of the Srivastava-

Daoust series. By doing so, we will obtain the following three radii of convergence:

¢ For the first double sum

N man () m (D) (V)n(0)n 2™ (xy)”
SFZZ(B) (@)m(L)im(1)n(0)n =™ (zy)

(€)mtn(Lmtn m!  n!

2] < 21 (4.78)
m
oy| < (4.79)
n
which implies
2yt 4 |2t > 1 (4.80)
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¢ For the second double sum

Sp=>
m=0

o

(8)mtn(Vman(B)m(L)n (xy)™ (=y)"
“ (Dmn(

min(E)m(l —a), m!  nl

the radius of convergence will be as follows for m > 0 and n > 0:

< 4.81
oyl < — — (4.81)
< 4.82
lyl < — e (4.82)

which implies
lzy| + ly| <1 (4.83)

¢ For the third sum

& (BDu(D)ald) ()"
S =20,

2 (€)n n!

its radius of convergence will be |zy| < 1

Finally, by taking the intersection of the three radii of convergence and then considering
the intersection of this result with the set C' = K[1, 1], we will obtain figure (15a) in Ap-
pendix (4.2.3), which represents the same radius of convergence for H; as introduced in
([2], p-59). Also, when we plot the boundaries that determine the radius of convergence

for H,, we will obtain figure (15b) in Appendix (4.2.3).

numPoints = 10000;

| (* Generate random values for m and n *)

;imValues = RandomReal[{0.000000000001, 10000}, numPoints];

nValues = RandomReal [{0.000000000001, 10000}, numPoints];

(* Initialize lists to store the x and y coordinates *)

xValuesl = ConstantArray[0, numPoints]; yValuesl = ConstantArray[O,
numPoints];

xValues2 = ConstantArray[0, numPoints]; yValues2 = ConstantArray[O0,

numPoints];
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xValues3 = ConstantArray[0, numPoints]; yValues3 = ConstantArrayl[0,

numPoints] ;

xValues4 = ConstantArray[1l, numPoints]; yValues4 = mValues/nValues;

(* Calculate x and y coordinates for each point *)

Do [
m = mValues[[i]];
n = nValues[[i]];
x1 = (m + n)/m; yl = m/n;
x2 = m/n; y2 = n/(m + n);

x3 = 1; y3 = 1/x3;

(* Store the coordinates *)

xValues1[[i]] = x1; yValuesi[[i]] = y1;
xValues2[[i]] = x2; yValues2[[i]] = y2;
xValues3[[i]] = x3; yValues3[[i]] = y3;

,{i, numPoints}];

o| (* Plot the points on the XY plane with zoomed-in region *)

s|ListPlot [{

Transpose [{xValuesl, yValuesll}],Transpose[{xValues2, yValues2}],Transpose
[{xValues3, yValues3}],Transpose[{xValues4, yValues4}]},PlotStyle ->
{PointSize[Small], PointSize[Small], PointSize[Small], PointSizel[
Small]},AxesLabel -> {"X", "Y"},AspectRatio -> 1,PlotLabel -> "Points

in XY Plane",PlotRange -> {{0, 1}, {0, 1}}]

4.1.10 Radius of convergence for Horn series H,
Now let us see what happens if we consider H,
— o (@amn(B)n 2™ y"
Hila, B dag) = 303 (e (4584)
=0 m

Il
s ) m!n!

As we can see, we can directly rewrite H, in terms of the Srivastava-Daoust series. If we

do that, the radius of convergence for this series will be

(4.85)




5

16

n
ly| < —— (4.86)

2m+n
for any m > 0, n > 0. Which implies
1 -2z > ——— < — 4.87
It is clear that the two inequalities (4.87) can be written as
2z + |y < 1 (4.88)

Finally, if we take the intersection of (4.88) and the set C' = K [%, 1], we will obtain figure
(16a) in Appendix (4.2.3), which is the same radius of convergence for H, introduced in
([2], p-59). Also if we try to plot the boundaries that determine the radius of convergence

for H,, we will obtain figure (16b) in Appendix (4.2.3).

;imValues

numPoints = 10000;

(* Generate random values for m and n *)

RandomReal [{0.000000000001, 10000}, numPoints];

nValues = RandomReal [{0.000000000001, 10000}, numPoints];
(* Initialize lists to store the x and y coordinates *)
xValuesl = ConstantArray[0, numPoints]; yValuesl = ConstantArray[O,

numPoints];

(* Calculate x and y coordinates for each point *)

Dol
m = mValues[[i]];
n = nValues[[i]];

(* Calculate x and y for equation 1 *)

x1 (m~2)/(2*m + n)"~2;

yl = n/(2*m + n);

(* Store the coordinates *)

xValues1[[i]] = x1;
yValues1[[i]] = y1;

,{i, numPoints}];
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(* Plot the points on the XY plane with zoomed-in region *)

ListPlot [{Transpose[{xValuesl, yValues1}]},PlotStyle -> PointSize[Small],

AxesLabel -> {"X", "Y"},AspectRatio -> 1,PlotLabel -> "Points in XY

Plane",PlotRange -> {{0, 1}, {0, 1}}]

4.1.11 Radius of convergence for Horn series H;

Now, let us take another hypergeometric series, which is H5

m! n!

Hs(o, Biviw,y) = ) ) (a)zm(?)( nom 20 (4.89)
m=0 n=0

As we have (3),,_, in Hs, we will rewrite it using the technique presented in ([12], p.43-
p-44) (See Appendix 4.2.3) and then proceed to rewrite it as the Srivastava-Daoust series.
Upon verifying the formula (4.90) with Mathematica, I found that the left-hand side and
the right-hand side are equal for various values of «, 3,7, and x, y within the radius of

convergence for both expressions. https://www.wolframcloud.com/obj/s12255413/Published/Testing

oo o0

Hs(a, B;vim,y) = » Z 2m+3" 1)m (=)™ (zy)"

n:O
After rewriting each of these three summations in terms of the Srivastava-Daoust series

we will obtain the following three radii of convergence:

¢ For the first double sum

2m+3n(1>m (=)™ ()"
mz:z% Jmin(L = B)m(Y)n m!  n!

the radius of convergence will be as follows for m > 0 and n > 0:

m(m +n)
|z] < @m 1 3n)? (4.91)
n?(m+n)
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¢ For the second double sum

m(m + n)?

zy| < Bm ) (4.93)
(m+n)?

vl n(3m+n) (4.94)

¢ For the third sum

. . . 1
its radius of convergence will be |zy| < &

Question: The problem here is whether we can find a relation between (4.91) and (4.92),
(4.93) and (4.94), in order to find the intersection of these three radii of convergence.
Afterwards, we can take this result and find its intersection with the set C' = kz[%, 1] to

determine the same radii of convergence for H5??

Despite this challenge, if we attempt to plot the boundaries that determine the radius of
convergence for Hy, we will obtain figure (17) in Appendix (4.2.3) where the orange,
blue, and green curves represent the radius of convergence for the 57, S; and S5 respec-

tively.

numPoints = 100000;

»| (*Generate random values for m and nx*)

;imValues = RandomReal[{0.000000000001, 10000}, numPoints];

nValues = RandomReal [{0.000000000001, 10000}, numPoints];
(*Initialize lists to store the x and y coordinatesx)
xValuesl = ConstantArray[0, numPoints]; yValuesl = ConstantArray[O,

numPoints];

xValues2 = ConstantArray[0, numPoints]; yValues2 = ConstantArrayl[O,
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numPoints] ;

numPoints] ;

(*Calculate x and y coordinates for each point*)

Dol

m = mValues[[i]];

n = nValues[[i]];

x1 = (m¥n)/((3*m + n)~2);

yl = ((m + n)~2)/(n*(3*m + n));
x2 = (mx(m + n))/((2*m + 3%n)"2);
y2 = (0n°2)/(m*x(2*m + 3*n));

x3 = 1/(27*y2);

y3 = 1/(27%x2);

If[0 < x1 < 0.25 && 0 < y1 <1,
xValues1[[i]] = x1;
yValues1[[i]l] = y1;];

If[0 < x2 < 0.25 && 0 < y2 < 1,
xValues2[[i]] = x2;
yValues2[[i]l] = y2;];

If[0 < x3 < 0.25 && 0 < y3 < 1,
xValues3[[i]] = x3;
yValues3[[i]l] = y3;];

,{i, numPoints}];

o| (*Remove zero entries from xValues and yValuesx)

xValues3 = ConstantArray[0, numPoints]; yValues3 = ConstantArray[O,

®

S

xyDatal = Transpose[{xValuesl, yValues1}] /. {0, 0} -> Sequencel[];
xyData2 = Transpose[{xValues2, yValues2}] /. {0, 0} -> Sequence[];
»| xyData3 = Transpose[{xValues3, yValues3}] /. {0, 0} -> Sequence[];

;3| (xPlot the points on the XY planex)
ListPlot[
{xyDatal, xyData2, xyData3}, PlotStyle -> PointSize[Small],AxesLabel ->
{"X", "Y"},AspectRatio -> 1,PlotLabel -> "Points in XY Plamne",

PlotRange -> {{0, 0.25}, {0, 1}}]
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Remark: It is clear that we can use Horn’s theorem to determine p(m,n) and o(m,n)

for H;5. By doing so, we can easily find that
m|m — n| n?

P = G U = G “95)

Using the same approach(generating points),

;imValues

numPoints = 10000;

(*Generate random values for m and n*)

RandomReal [{0.000000000001, 10000}, numPoints];

nValues RandomReal [{0.000000000001, 10000}, numPoints];

(*Initialize lists to store the x and y coordinatesx)

;|xValues = ConstantArray[0, numPoints]; yValues = ConstantArray[O,

numPoints];

(*Calculate x and y coordinates for each point*)

Do[
m = mValues[[i]];
n = nValues([[il];
x = (m¥(Abs[m - n]))/((2*m + n)"2); y = (0n°2)/((2*m + n)*Abs[m - n]);

(*Store the coordinatesx)

xValues[[i]]

X3

yValues[[i]] =y,
{i, numPoints}];
(*Plot the points on the XY planex*)
ListPlot [Transpose [{xValues, yValues}], PlotStyle -> PointSize[Small],
AxesLabel -> {"X", "Y"}, PlotRange -> {{0, 0.25}, {0, 1}}, AspectRatio

-> 1, PlotLabel -> "Points in XY Plane"]

we will obtain figure (17c) in Appendix (4.2.3). By comparing the two results, one ob-
tained by expressing H5 as a Srivastava-Daoust series, as seen in figure (17) in Appendix
(4.2.3), and the other obtained directly using Horn’s theorem as seen in figure (17¢) in

Appendix (4.2.3), we observe that the two results are identical.
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4.1.12 Radius of convergence for Horn series
Let us take the double hypergeometric series Hg
m=0 n:O

As we have the terms ()2, and (3),_., in Hg, we will rewrite it using the technique

presented in ([12], p.43-p.44) (See Appendix 4.2.3).

st 5.5 e o

m+n m m Tl'

) ) (@) mn(B)a(Vmsn (g,m % -y (az’fsz)" (x:j!)n (4.97)

m=0 n=0 n=0
Notice that the second double sum also contains («),,_,. To address this, we can apply
the same technique as presented in ([12], p.43-p.44) to the second double sum. By doing
so, we obtain (4.98). To validate this result, I have checked (4.98) using Mathematica
and found that the left-hand side and the right-hand side are equal for various values of
a, 3,7, and x,y, where x,y belong to the radius of convergence for both expressions.

https://www.wolframcloud.com/obj/s12255413/Published/Testing

— ) omtn(D)m(Y)n (—2)™ (z
Hﬁ(a,ﬁ,v;x,y)zzz((l)) (11;7)( ‘> (wy)"

m=0 n=0 m+”( )m m: n!

o (Dm2n (W (@ (D (B (@)™ (@5)" = (B)n(Von ()
+Z:onzzo + (Dmtn(Dmion m! n! _HZ:O (1)ay, n

— m+n 2m+n1nx2m—” Oo&n . (zy)™
+ZOZ Damin( a()n) (gu) (ny!) ‘2%( 21)(3) (fj!) (4.98)

After rewriting each of these sums in terms of the Srivastava-Daoust series we will obtain

the following five radii of convergence:

¢ For the first double sum

RPN e e P



the radius of convergence will be as follows for m > 0 and n > 0

2] < m(m +n)

(2m +n)? (4.99)
(m +n)
lzy| < e (4.100)

which implies

|x\<— |xy|< + \/1—430

(4.101)
* For the second double sum
— i i (’Y)m—l—Qn(l)m(O‘)m(l)n(ﬁ)n (xy)m (xy2>n
=0 n=0 (Dman(L)mr2n m! n!
the radius of convergence will be as follows for m > 0 and n > 0
loy| < 2 (4.102)
oy’ < 220 (4.103)
which implies
lzy| ™+ |zy?) T > 1 (4.104)
* For the third double sum
Z Z m+n 2m+n(1>n (ﬂf)m (_y)n
e Doman(1—a),  m! n!
the radius of convergence will be as follows for m > 0 and n > 0
2
< 4.105
oyl < (4.105)
< 4.106
Wl < (4.106)
which implies
Jzy?| + Jyl < 1 (4.107)
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¢ For the fourth sum

1 2m n!

its radius of convergence will be |zy?| < 1

¢ The fifth sum

1), n!

oS pOn

its radius of convergence will be |zy| < 1

Finally, by taking the intersection of the five radii of convergence and then considering
the intersection of this result with the set C' = K [i, 1], we will obtain figure (18a) in Ap-
pendix (4.2.3), which represents the same radius of convergence for Hg as introduced in
([2], p.59). Also, when we plot the boundaries that determine the radius of convergence

for Hg, we will obtain figure (18b) in Appendix (4.2.3).

simValues

numPoints = 10000;

(* Generate random values for m and n *)

RandomReal [{0.000000000001, 10000}, numPoints];
nValues = RandomReal [{0.000000000001, 10000}, numPoints];

(x Initialize lists to store the x and y coordinates *)
xValuesl = ConstantArray[0, numPoints]; yValuesl = ConstantArray[O,

numPoints] ;

xValues2 = ConstantArray[0, numPoints]; yValues2 = ConstantArray[O,
numPoints];

xValues3 = ConstantArray[0, numPoints]; yValues3 = ConstantArrayl[0,

numPoints];

xValues4 = ConstantArray[0, numPoints]; yValues4 = ConstantArray[O,

numPoints] ;

xValuesb = ConstantArray[0, numPoints]; yValuesb = ConstantArrayl[O,
numPoints];

(* Calculate x and y coordinates for each point *)

»|Do [

m = mValues[[i]];
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n = nValues[[i]];

(* Calculate x and y for equation 1 *)

x1 = m¥(m + n)/(2*m + n)~2;

yl1 = (2*m + n)/m;

x2 = nx(m + n)/(m"2);

y2 = m/n;

x3 = m¥(m + n)/n"2;

y3 =n/(m + n);

x4 = 1; y4 = 1/x4;

x5 = 0.25;

y5 = mValues[[i]]/nValues[[i]];

(* Store the coordinates *)

xValues1[[i]] = x1;

yValues1[[i]] = y1;

xValues2[[i]] = x2;

yValues2[[i]] = y2;

xValues3[[i]l] = x3;

yValues3[[i]] = y3;

xValues4[[i]] = x4;

yValues4[[i]] = y4;

xValues5[[i]] = x5;

yValues5[[i]] = yb5;

, {i, numPoints}];
(* Plot the points on the XY plane with zoomed-in region *)
ListPlot[

{Transpose [{xValuesl, yValues1}],Transpose[{xValues2,yValues2}],
Transpose [{xValues3,yValues3}],Transpose[{xValues4,yValues4}],
Transpose [{xValues5,yValues5}]},
PlotStyle -> {PointSize[Small],PointSize[Small],PointSize[Small],

PointSize[Small], PointSize[Small]}, AxesLabel -> {"X", "Y"},
AspectRatio -> 1,PlotLabel -> "Points in XY Plane",PlotRange -> {{0,

1}, {0, 13}}]
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4.1.13 Radius of convergence for Horn series /-
Let us take the double hypergeometric series Hr

oo o0

m— n n nxm "
H7(Oz,ﬁ,%5;x,y)zzz ) ( ) L (4.108)
m=0 n=0

As we have («)g,—, in H7, we will rewrite it using the technique presented in ([12],

p.43-p.44) (See Appendix 4.2.3).

Hy (o, B,7;6;2,y) :ZZ 2m+n Ba(Mn ()™ (y)"

) m-tn (m+n)! n!

n i f: (a)mn(f;;m(v)mm (2"’“ (7(7@;)1:‘)' B i (a)(ggﬂ();)(v)n (:vg')” (4.109)
m=0 n=0 m : S n{1)n '

Note that the second double sum also contains («),,_,. To address this, we can apply
the same technique as presented in ([12], p.43-p.44) to the second double sum. By doing
so, we will obtain (4.110) (See Appendix 4.2.3). To validate this result, I have checked
(4.110) using Mathematica and found that the left-hand side and the right-hand side are

equal for various values of «, o/, 3, " and z, y, where x, y belong to the radius of conver-

gence for both expressions https://www.wolframcloud.com/obj/s12255413/Published/Testing

H:(a, B,7;0;2,y) Z Z 2m+n )i (B)n(V)n ()™ (xy)"

m+n((5>m+n m! n!

m+n(1)m+n(1)m+2n
)n (zy)"

n!

2m+n 2m+n1n T -
+ZZ (1) (3/ Z

m=0 n=0 2m+n ) (1 o Oé) n=0

(4.110)

— Ym-t2n (V) m+2n (D) (1), ()™ (2y?)™ > o (V) (272)"
+ZZ + 20 (@)m (1)m (1) (W?{L)' (;yﬂ) _;(g})n((lv)in(z!)
ﬁ

Now, if we rewrite each of these sums in terms of the Srivastava-Daoust series we will

obtain the following five radii of convergence:

¢ For the first double sum

:ZZ 2m+n Dm(B8)n(V)n ()™ (zy)

m+n((5)m+n m! n!
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the radius of convergence will be as follows for m > 0 and n > 0:

(m+n)?

<
=1 (2m +n)?

which implies

For the second double sum

b mt2n (V) ma2n (@) m(1)m(1), (2 m ()"
SQ:ZZO;)(B) (Vmt2n(@m(Dm (D (29)™ (2y)

(6)m+n<1)m+n(1)m+2n m! n!

the radius of convergence will be as follows for m > 0 and n > 0:

oy < i
m(m + 2n)
o _ (m+n)
<
lzy”] (m 4+ 2n)?

which implies

For the third double sum

S3=>_

m=0 n=

o0

(B)2mtn(V)2min(D)n (@y*)™ (=y)"
* (D2min(0)m(l —a),  ml n!

the radius of convergence will be as follows for m > 0 and n > 0:

2
2 —

<
|y| 2m+n

which implies

20ay?|'? + [yl < 1
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¢ for the fourth sum

n!

o0 2\n
54 — Z (6)271(7)271, (ZEy )
= (0)n(1)2n
its radius of convergence will be |xy?| < %

¢ For the fifth sum

its radius of convergence will be |zy| < 1

Finally, by taking the intersection of the above five radii of convergence and then consid-
ering the intersection of this result with the set C' = K [}l, 1], we will obtain figure (19a) in
Appendix (4.2.3), which represents the same radius of convergence for 7 as introduced
in ([2], p.59). Also, when we plot the boundaries that determine the radius of convergence
for H7, we will obtain figure (19b) in Appendix (4.2.3). You can find below further about
the code we use, https://www.wolframcloud.com/obj/s12255413/Published/Radius

simValues

numPoints = 100000;

(* Generate random values for m and n *)

RandomReal [{0.000000000001, 100}, numPoints];
nValues = RandomReal [{0.000000000001, 100}, numPoints];

(x Initialize lists to store the x and y coordinates *)
xValuesl = ConstantArray[0, numPoints]; yValuesl = ConstantArray[O,

numPoints] ;

xValues2 = ConstantArray[0, numPoints]; yValues2 = ConstantArray[O,
numPoints];

xValues3 = ConstantArray[0, numPoints]; yValues3 = ConstantArrayl[0,

numPoints];

xValues4 = ConstantArray[0, numPoints]; yValues4 = ConstantArray[O,

numPoints] ;

xValuesb = ConstantArray[0, numPoints]; yValuesb = ConstantArrayl[O,
numPoints];
xValues6 = ConstantArray[0.25, numPoints]; yValues6 = 1/Sqrt[mValues*

nValues];

o| (* Calculate x and y coordinates for each point *)
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;| Do [

m
n

x1
yi
x2
y2
x3
y3
x4
x5
(*

mValues[[i]];
nValues[[i]];

= (m + n)"2/(2%m + n)~2;
= (2*m + n)/n;

= (m + n)"2/m"2;

= m/(m + 2%n);

= m"2/n"2;

= n/(2*m + n);

= 1; y4 = 1/x4;

= 1/yValues6[[i]]"2; y5 = yValues6[[il];

Store the coordinates *)

xValues1[[i]] = x1;

yValues1[[i]] = y1;

xValues2[[i]] = x2;

yValues2[[i]] = y2;

xValues3[[i]l] = x3;

yValues3[[i]] = y3;

xValues4[[i]] = x4;

yValues4[[i]] = y4;

xValues5[[i]] = x5;

yValues5[[i]] = yb5;

,{i, numPoints}];

(* Plot the points on the XY plane with zoomed-in region *)

ListPlot [{Transpose[{xValuesl, yValuesl}],Transpose[{xValues2, yValues2}]
Transpose [{xValues3, yValues3}],Transpose[{xValues4, yValues4}],
Transpose [{xValues5, yValuesb5}],Transpose[{xValues6, yValues6}]},
PlotStyle -> {PointSize[Small],PointSize[Small] ,PointSize[Small],

PointSize[Small], PointSize[Small],PointSize[Smalll},AxesLabel -> {"X"

b

, "Y"},AspectRatio -> 1,PlotLabel -> "Points in XY Plane",PlotRange ->
{{0, 1}, {0, 13}}]
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4.1.14 Radius of convergence for Horn series G5
The last Horn series we will consider is G5

m ,n

SIS a"y
GS CY Q ;X y ZZ «)on— m 2m—n%ﬁ (4120)

m=0 n=0

As we have ()2, and ('), —p, in G3, we will rewrite it using the technique presented

in ([12], p.43-p.44).

Gsaaxy ii 2+ it yn
m=0 n=0 ( +n)
am oyt s (@)a(@)n (2y)”
+ZZ W@y = >, o (4.121)

m=0 n=0
Note that in the first double sum we have («),_,,, and in the second double sum, we
have (a'),,—,. To handle this, we will apply the same technique presented in ([12], p.43-
p.44) twice, once to the first double sum and once to the second double sum. By doing
so, we obtain (4.122) (See Appendix 4.2.3). I have verified (4.122) using Mathematica
and found that the left-hand side and the right-hand side are equal for various values
of a, @, and z,y, where x,y belong to the radius of convergence for both expressions

https://www.wolframcloud.com/obj/s12255413/Published/Testing

Gaamy:i}i onm( QW”Z%
PN @ i —
DR f"”;%ﬁi)ﬁ” o i o
Py el ) ﬁ?”—é”i&éﬁ’” “if?”

ZZ OO HUN G g
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After rewriting each of these sums in terms of the Srivastava-Daoust series we will obtain

the following seven radii of convergence:
* For the first double sum

:ZZ Dom+an(Dm (_Tj') (xny')

m+2n 1 - a)

the radius of convergence will be as follows for m > 0 and n > 0:

m(m + 2n)
(2m + 3n)?

7| < (4.123)

n(m + 2n)?

T+ 5] (4.124)

2%y <

¢ For the second double sum

0o 0 3m+n mlnanIQ ml’ n
_Zzg Jm (Dn(@)n (%y)™ (zy)

m+n(1)2m+n m! n!
the radius of convergence will be as follows for m > 0 and n > 0:

(2m +n)*(m +n)
(3m +n)?

|2%y| < (4.125)

(2m +n)(m +n)
n(3m +n)

lzy| < (4.126)

¢ For the third double sum

i i Jmt3n(Q)m(1)m (1) (zy)™ (ny)n

m+2n(1>m+n m! n!

the radius of convergence will be as follows for m > 0 and n > 0:

(m+n)(m+ 2n)

m(m + 3n) (4.127)

lzy| <

(4.128)



¢ For the fourth double sum

:ZZ 3m+2n n (xfn‘) <_ny‘)

m—=0 n—0 2m+n ]_—Oé)

the radius of convergence will be as follows for m > 0 and n > 0:

o m(2m+n)?
zy”| < B 2n? (4.129)
(2m+n)
] B 1 2n) (4.130)

¢ For the fifth sum

its radius of convergence will be |72y| < 4

¢ For the sixth sum

3

_ - (a)3n (2y°
-2 (1)

n—0 2n

its radius of convergence will be |zy?| < 2%

¢ For the seventh sum

its radius of convergence will be |zy| < 1

Question: The problem here is whether we can find a relation between (4.123) and
(4.124), (4.125) and (4.126),(4.127) and (4.128), (4.129) and (4.130), in order to find
the intersection of these four radii of convergence. Afterwards, we can take this result and
find its intersection with the set C' = k[}l Z] to determine the same radii of convergence

for Gz5.

Despite this challenge, if we attempt to plot the boundaries that determine the radius of

convergence for G3, we will obtain the figures (20a) and (20b) in Appendix (4.2.3).
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numPoints = 10000;

(*Generate random values

;|mValuesl = RandomReal [{0.
nValuesl = RandomReal [{0.
mValues2 = RandomReal [{0.
nValues2 = RandomReal [{0.
mValues3 = RandomReal [{0.
nValues3 = RandomReal [{0.
mValues4 = RandomReal [{0.
nValues4 = RandomReal [{0.
mValues5 = RandomReal [{0.

»|nValues5 = RandomReal [{0.

;lmValues6 = RandomReal [{0.
nValues6 = RandomReal [{0.
mValues7 = RandomReal [{0.
nValues7 = RandomReal [{0.

for m and nx*)
000000000001,
000000000001,
000000000001,
000000000001,
000000000001,
000000000001,
000000000001,
000000000001,
000000000001,
000000000001,
000000000001,
000000000001,
000000000001,

000000000001,

10000},
10000},
100007},
10000},
10000},
100007},
10000},
10000},
100007},
10000},
10000},
100007},
100007},
10000},

numPoints];
numPoints] ;
numPoints] ;
numPoints];
numPoints] ;
numPoints] ;
numPoints];
numPoints];
numPoints] ;
numPoints];
numPoints];
numPoints];
numPoints] ;

numPoints];

(*Initialize lists to store the x and y coordinatesx)

xValues =

ConstantArray[0, 7*numPoints];

yValues = ConstantArray[0, 7*numPoints];

(*Calculate x and y coordinates for each point*)

nValuesi[[i]];

nValues2[[il];

Do [
m = mValues1[[il]l; n =
x = mx(m + 2*n)/(2*m + 3*n)"2;
y = n*x(2%m + 3*n)/(m~2);
xValues[[i]] = x;
yValues[[il] = y;
, {i, numPoints}];

Do[
m = mValues2[[i]]; n =
x = (2%m + n)*n/(3*m + n)"2;
y = (m + n)*(3*m + n)/n"2;

xValues[[i + numPoints]]

yValues[[i + numPoints]]

X3

Y
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, {i, numPoints}];

Do[
m = mValues3[[i]];
n = nValues3[[i]];
x = (m + n)*x(m + 3*%n)/m"2;
y = m*x(m + 2%n)/(m + 3%n)~2;
xValues[[i + 2%numPoints]] = x;
yValues[[i + 2*numPoints]] = y;

, {i, numPoints}];

3| Do [
m = mValues4[[i]l];
n = nValues4[[i]];
x = mk(3*m + 2*n)/(n"2);
y = n*¥(2*m + n)/(3*m + 2%n)"2;
xValues[[i + 3*numPoints]] = x;
yValues[[i + 3*numPoints]] = y;

, {i, numPoints}];

Dol

x = Sqrt[4/27]; y = 1/x;

xValues[[i + 4*numPoints]] = x;

yValues[[i + 4*numPoints]] = y;

, {i, numPoints}];

Dol

y = Sqrt[4/27]/Sqrt[x];

xValues[[i + 5*numPoints]] = x;

yValues[[i + 5*numPoints]] = y;

, {i, numPoints}];

Do[

x = Sqrt[4/27]x*y;

xValues[[i + 6*numPoints]] = x;

yValues[[i + 6*numPoints]] = y;

, {i, numPoints}];

(*Plot the points on the XY planex)
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ListPlot [Transpose [{xValues, yValues}], PlotStyle -> PointSize[Small],
AxesLabel -> {"X", "Y"},AspectRatio -> 1, PlotLabel -> "Points in XY

Plane", PlotRange -> {{0, .25}, {0, .25}}]

Remark: It is clear that we can use Horn’s theorem to determine p(m,n) and o(m,n)

for Hy. By doing so, we can easily find that

-9 om —
p(m,n) = M o(m,n) = M (4.131)

(2m —n)?’ (2n — m)?

Using the same approach (generating points)

simValues

numPoints = 10000;

(*Generate random values for m and n*)

RandomReal [{0.000000000001, 100}, numPoints];
nValues = RandomReal [{0.000000000001, 100}, numPoints];

(*Initialize lists to store the x and y coordinates*)
xValues = ConstantArray[0, numPoints]; yValues = ConstantArray[O,
numPoints] ;

(*Calculate x and y coordinates for each pointx*)

Do[
m = mValues[[i]];
n = nValues[[i]];
x = (m¥(Abs[m - 2*n]))/((2*m - n)"2);
y = (@x(Abs[2*m - n]))/((2*%n - m)"2);

xValues[[i]] = x;

yValues[[i]]

Yy,
{i, numPoints}];

(*Plot the points on the XY planex)

7|ListPlot [

Transpose[{xValues, yValues}], PlotStyle -> PointSize[Smalll,AxesLabel
-> {"X", "Y"}, PlotRange -> {{0, 0.25}, {0, .25}},AspectRatio -> 1,

PlotLabel -> "Points in XY Plane"]
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we will obtain also figure (20c) in Appendix (4.2.3). So the two results, one obtained by
expressing (G5 as a Srivastava-Daoust series and the other obtained directly using Horn’s

theorem are identical.

79



4.2 Radius of convergence for the triple hypergeometric series

In this section, we will take specific triple hypergeometric series introduced in ([2], p.70-
p.107). Our primary focus is to determine the radii of convergence for these series by
reformulating them as Srivastava-Daoust series. It is noteworthy that, in the previous
section we considered n = 2 in the Srivastava-Daoust series, here we extend our analysis

by taking n = 3 to accommodate the triple hypergeometric series.

By employing this approach, we aim to ascertain the convergence properties of these
triple hypergeometric series and establish their regions of validity. Furthermore, we seek
to compare our results with the previous findings presented in ([2], p.70- p.107).

4.2.1 Radius of convergence for the triple hypergeometric series /7.

The triple hypergeometric series H. is represented by ([2], p.78).

(V)m-i-n-i-p m'n'p'

Heo(a, Br, B3 7, 2,9,2) = > Y Ot O men o)y 70y 35
=0 p=0

m=0n p

where the radius of convergence of the above triple series is given by ([2], p.93):

r<IAy<lAz<lAz+y+z-2/1-2)1-y)(l-2)<2 (4.133)

Our main goal is to rewrite equation (4.132) as a Srivastava-Daoust series. This endeavor
will enable us to determine its radius of convergence and make a direct comparison with

the above inequalities (4.133).

After rewriting equation (4.132) as a Srivastava-Daoust series, we will find that the set Z

determined by:
mi (m1 + mo + m3)

T <
| ‘ (m1 + mg)(ml + mg)

ma(my + ma + mg)
my + ma)(ms + mo)

|y|<(

mg(mq + mg + ms)

z2| <
‘ | (m1 + mg)(mg + mg)

(4.134)
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Figure 8

Radius of convergence for triple hypergeometric series H,

0.5

for any values of m;, mg, ms > 0. If we try to plot the boundaries that determine the
radius of convergence for H,. as we do in two variable case using the inequalities above
(4.134) taking into consideration the set' C' = K|[1,1,1], we will obtain figures (21a)
and (21b) in (4.2.3), which represents the same boundaries that determine the radius of

convergence for /1. as we see in figures (21c) in Appendix (4.2.3).

numPoints = 1000;
(*Generate random values for ml,m2,and m3%)

miValues = RandomReal [{0.000000000001, 100}, numPoints];

m2Values = RandomReal[{0.000000000001, 100}, numPoints];

m3Values = RandomReal[{0.000000000001, 100}, numPoints];

(*Initialize lists to store the x,y,and z coordinatesx*)

xValues = ConstantArray[0, numPoints]; yValues = ConstantArray[O,
numPoints]; zValues = ConstantArray[0, numPoints];

(*Calculate x,y,and z coordinates for each pointx)

Dol

ml = miValues[[i]]; m2 = m2Values[[i]]; m3 = m3Values[[i]];

IThe set C can be easily determined by applying Horn’s theorem to the triple hypergeometric functions.
For more details about this theorem, you can refer to Srivastava’s book.
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x= (mi*(ml + m2 + m3))/((m1 + m3)*(ml1 + m2));
y= (m2x(ml + m2 + m3))/((ml + m2)*(m3 + m2));
z= (m3*(m1 + m2 + m3))/((m1 + m3)*(m3 + m2));

xValues[[i]] = x; yValues[[i]] = y; zValues[[i]] = z,

{i, numPoints}];

;| (*Filter points that satisfy the initial conditions)

7linitialIntersectionPoints = Select[Select[Transpose[{xValues, yValues,

zValues}], #[[1]1] < 1 && #[[2]] < 1 && #[[3]1] < 1 &], # '= {0,0, O}
&l ;
(*Plot the final intersection points in the XYZ spacex*)
ListPointPlot3D[initialIntersectionPoints,PlotStyle -> PointSize[Small],
AxesLabel -> {"X", "Y", "Z"},PlotLabel -> "Final Intersection Points",

ImageSize -> Medium,AspectRatio -> Full]

4.2.2 Radius of convergence for the triple hypergeometric series (11.c) in Srivas-

tava’s book

Now, let us delve deeper and consider the triple hypergeometric series (11.c) in ([2], p.77)

that takes the form

i i i (a1>m+n(aQ)n+p(a3)p(b)m—p xmy" P (4.135)

m=0 n=0 p=0 (C) m+n TTL'n'p'

where the radius of convergence of the above triple series is given by ([2], p.92):

1_
r<lAy<ipz<-—Y (4.136)
14+

It is evident that we cannot directly rewrite (4.135) as a Srivastava-Daoust series due to
the presence of (b),,,—,. Therefore, we will apply the technique presented on ([12], p.43-
p-44) in order to be able to write it as a Srivastava-Daoust series (See Appendix 4.2.3).

By doing so, we obtain

5§t (@1)min(a2)n1p(a3)p(0)m—p "y" 2P
m,n,p=0 (C%n+n m!n!p!
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Figure 9

Radius of convergence for triple hypergeometric series (11.c) in Srivastava’s book

s e a1m+n+pa2np1mbma3pxmn~rzp
ZZZ() (@2)n-+p(1)m (b)m (a3) y"(x2)

i m=0 n=0 p=0 (©mtntp(Dmtp m!n!p!

=

man(Dm min!

> (al)m(g(%)m”(“?’)m (22)™y

m=0n

N Z Z Z (a1)m4n(02)mintp(@3)mip(1)p (22)"y" (—2)P (4.137)

)mtn(1)map(l —0), m!n!p!

I have thoroughly tested the above formula for various parameter values and variables
x,y and z using Mathematica. I found that the left-hand side and the right-hand side
of the equation are equal, where x,y and z belong to the radius of convergence for
both sideshttps://www.wolframcloud.com/obj/s12255413/Published/TestingWe can now
rewrite each one of these summations as Srivastava-Daoust series. Upon doing so, we

obtain the following results:

* The first triple sum given by

_ (@1)mtntp(@2)ntp (L) (B)m (a3)p 2™y" (22)
S1= m%ﬂ (minip(Dmsp minlp!

has a region of convergence determined by the values of z,y and z that satisfy the

conditions:
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(4.138)

where mq, my, m3 > 0. If we try to plot the boundaries that determine the radius of
convergence for S; taking into consideration the set C' = K1, 1, 1], we will obtain an
empty box which means that the boundaries that determine the radius of convergence for
S lie outside the box whose dimensions are determined by the set C' = K|[1,1,1]. To

know further about the code we use https://www.wolframcloud.com/obj/s12255413/Published/Plots

The second triple sum given by

_ (@) m4n(@2)mtnip(@3)mip(D)p (22)™y" (=2)"
%= m%:() (C—Sm—s-n(l)m—i-p(l - b;p mlnlp!

has a region of convergence determined by the values of x,y and z that satisfy the

conditions:

lzz| < e

mi + Mo + M3

ma

< 4.139
|y| mi + mo + ms ( )
o] < ——
mi + Mo + M3
where my, my, m3 > 0. Which implies
lzz| + |yl + |2] < 1 (4.140)

Now, we can either directly plot the radius of convergence for Sy using inequality
(4.140), or plot the boundaries that determine the radius of convergence for Sy de-
scribed in (4.139). Choosing the first option will result in the figure (22a) in Appendix
(4.2.3), while the second option will lead to the figure (22b) in Appendix (4.2.3). We

can see that the two figures determine the same radius of convergence.
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simlValues

numPoints = 200000;

(*Generate random values for mil,m2,and m3%)

RandomReal [{0.00000001, 1000}, numPoints];

m2Values = RandomReal [{0.00000001, 1000}, numPoints];
m3Values = RandomReal [{0.00000001, 1000}, numPoints];

(*Initialize lists to store the x,y,and z coordinatesx*)

xValues = ConstantArray[0, numPoints];

yValues = ConstantArray[0, numPoints];
zValues = ConstantArray[0, numPoints];

(*Calculate x,y,and z coordinates for each pointx)

Dol
ml = miValues[[il];
m2 = m2Values[[i]];
m3 = m3Values[[i]];
x = (m1)/(m3);
y = m2)/(ml + m2 + m3);
z = (m3)/(m1 + m2 + m3);
xValues[[il]] = x;
yValues[[il] = y;
zValues[[il] = z,

{i, numPoints}];

o| (*Filter points that satisfy the conditions x<1,y<1,and z<1/4x%)

23| intersectionPoints = Select[

Select [Transposel[
{xValues, yValues,zValues}], #[[1]] < 1 && #[[2]] < 1 && #[[3]] <
1&], # !'= {0, 0, 0} &];
(¥Plot the intersection points in the XYZ spacex*)
ListPointPlot3D[
intersectionPoints, PlotStyle -> PointSize[Small], AxesLabel -> {"X",
"Yy", "Z"}, PlotLabel -> "Intersection Points", ImageSize -> Medium,

AspectRatio -> Full]
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* The first double sum given by

o

o (a1%n+n(a2Ln+n(a3%n(xz)myn
S = m;:o (mn(1m m!n!

has a region of convergence determined by the values of x,y and z that satisfies the

conditions:
my
|zz| < ——
mi + mo
mgy
P 4.141
|yl e (4.141)
where my, mo > 0. Which implies
lez| + |yl < 1 (4.142)

Also, we can either directly plot the radius of convergence for S3 using inequality (4.142),
or plot the boundaries that determine the radius of convergence for S5 described in (4.141).
Choosing the first option will result in the figure (23a) in Appendix (4.2.3), while the sec-
ond option will lead to the figure (23b) in Appendix (4.2.3).

;imiValues

numPoints = 100000;

(*Generate random values for ml,m2,and m3%)

RandomReal [{0.00000001, 1}, numPoints];

m2Values = RandomReal [{0.00000001, 1}, numPoints];

m3Values = RandomReal[{0.00000001, 1}, numPoints];

(*Initialize lists to store the x,y,and z coordinatesx*)

xValues ConstantArray [0, numPoints];

yValues = ConstantArray[0, numPoints];

zValues = ConstantArray[0, numPoints];

(*Calculate x,y,and z coordinates for each pointx)

Do[
ml = miValues[[i]];
m2 = m2Values[[i]];
m3 = m3Values[[il];
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x = (m1)/(m3*(ml + m2));
y = (m2)/(m1 + m2);

z = (m3);

xValues[[i]] = x;
yValues[[il] = y;
zValues[[i]] = z,

{i, numPoints}];

(*Filter points that satisfy the conditions x<1,y<1,and z<1/4%)

3| intersectionPoints = Select[

Select [Transpose[
{xValues, yValues,zValues}], #[[1]] < 1 && #[[2]] < 1 && #[[3]] < 1
&, # '= {0, 0, 0} &];
(*Plot the intersection points in the XYZ spacex)
ListPointPlot3D[
intersectionPoints, PlotStyle -> PointSize[Small], AxesLabel -> {"X", "
Y", "Z"}, PlotLabel -> "Intersection Points", ImageSize -> Medium,

AspectRatio -> Fulll

Finally, we can see the intersection of the radii of convergence for S;, S; and S5 taking
into consideration the set C' = K1, 1, 1] is the same radius of convergence obtained from

equation (4.136).

Also, to validate our calculations and ensure the accuracy of our conclusions, we plot the
boundaries obtained from the Ss, S3 and figure (9) in Appendix (4.2.3) on the same box

as we see in figure (24) in Appendix (4.2.3).

;imiValues

numPoints = 10000;

(*Generate random values for ml,m2,and m3%)

RandomReal [{0.00000000000001, 0.01}, numPoints];

m2Values = RandomReal [{0.00000000000001, 0.01}, numPoints];

m3Values = RandomReal [{0.00000000000001, 0.01}, numPoints];

(*Initialize lists to store the x,y,and z coordinatesx*)

xValues = ConstantArray[0, numPoints];
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ConstantArray [0, numPoints];

©

yValues

o| zValues ConstantArray [0, numPoints];

0| (*Calculate x,y,and z coordinates for each point*)

11| Dol
o| ml = miValues[[i]];
m2 = m2Values[[il];
14| m3 = m3Values[[i]];
5| x = (m1)/(m3);
6oy = (m2)/(ml + m2 + m3);
7z = (m3)/(ml + m2 + m3);
5| xValues[[il] = x;
vl yValues[[il]l = y;
0| zValues[[il] = z,

2| {i, numPoints}];
»| (*Filter points that satisfy the conditions x<1,y<1l,and z<1/4x)
3| intersectionPoints = Select[Select[

Transpose[{xValues, yValues, zValues}], #[[1]] < 1 && #[[2]] < 1 &&

N}
N

#[[311<1 &1, # != {0, 0, O} &I;

)
G

(*Plot the intersection points in the XYZ spacex)

2| Show [

27| ListPointPlot3D[

28 intersectionPoints, PlotStyle -> PointSize[Small], AxesLabel -> {"X",
"y", "Z"}, PlotLabel -> "Intersection Points", ImageSize -> Medium,
AspectRatio -> Full],

| RegionPlot3D[

o x<1&&y<1&&z< ((1-y)/A+x), {x, 0, 1}, {y, 0, 1}, {z, 0,
1}, AxesLabel -> {"x", "y", "z"}, PlotPoints > 100, Mesh -> Nonme,

PlotStyle -> Directive[Opacity[0.5], Red]]]

Question: Can we establish a relationship between x, y and z in (4.138) and then plot the
intersection of this relation with inequalities (4.140), (4.142) and C' = K1, 1, 1] in order

to compare our finding with the result obtained in ([2], p.92)??
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4.2.3 Radius of convergence for the triple hypergeometric series (36.h) in Srivas-

tava’s book

Now, let us turn our attention to the triple hypergeometric series (36.h) in ([2], p.83) which
is given by the following formula

i i i (@rspC)omsnpolpon 274727 (4.143)
(€)m m!n!p!

where the radius of convergence of the above triple series is given by ([2], p.99)

VT= gz — |1 -2
yz — |1~ 2] (4.144)

y+2<1AVz<
4z

Figure 10
Radius of convergence for triple hypergeometric series (36.h) in Srivastava’s book
TN

It is evident that we cannot directly rewrite (4.143) as a Srivastava-Daoust series due to

the presence of (b1)2,1n—p and (b2),—,. Therefore, we will apply the technique presented

on ([12], p.43-p.44) in order to be able to write it as a Srivastava-Daoust series (See
Appendix 4.2.3). By doing so, we will obtain

(@)ny2p(01)2mtn (L) 2™ (—y)" (y2)P
(Dntp(€)m (1 = b2)n m!n!p!

&9



Ooooa2m+2n522m " ——— b1)am(a)on ()™ (y2)"
ZOZ (D) amn(c ))m = 731!75! = _ZZ(((;))m((1))n ()m!(g!)

[c. ol OlNe 9]

(@)2mt2n1p(b2)2m1p M(yz)"(—2z)P
+ZZZ p(02)2m4p(1)p (2°)™ (y2)" (—2)

(Da2mtn+p(€)m(L = b1)p m!n!p!

m=0 n=0 p=

oo o o0

znpb12m+p m(b2)p(1)p, 2™ (y2)" (22)P
+ZOZZ + (Dm(b2)p(1)p 2™ (y2)" (22)

(mtp(Dmsp(Lntp mlnlpl

p=

[c ol S Ne ]

+ZOZZ m+2n+2p (02)m2p(01)m (D) (1), (22)™ (y2)" (22

2)p

(4.145)

= (©mtp(Dmap(Dmsnt2p m!nlp!

I have also tested the above formula for various parameter values and variables z,y
and z using Mathematica. I found that the left-hand side and the right-hand side of
the equation are equal, where x,y and z belong to the radius of convergence for both
sideshttps://www.wolframcloud.com/obj/s12255413/Published/TestingWe can now rewrite
each one of these summations as Srivastava-Daoust series. Accordingly, we will obtain

the following results:

* The first triple sum given by

S, = i (@)nt2p(01)2mn(L)n 2™(=y)" (y2)?

T2 W~ b) minipl

m,n,p=0

has a region of convergence determined by the values of z,y and z that satisfy the

conditions:

ma(mg + m3)
(mg + 2ms)(2my + ms)

ly| < (4.146)

mg(msg + ms3)

zZl <
|y | (m2+2m3>2

where mq, my, m3 > 0. If we try to plot the boundaries that determine the radius of

convergence for S using (4.146) taking into consideration the set C' = K[+ 1,1], w

49

will obtain Figure (25) in Appendix (4.2.3).
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numPoints = 100000;

(*Generate random values for ml,m2,and m3%)

;lmiValues = RandomReal[{0.000000000001, 10000}, numPoints];

m2Values = RandomReal[{0.000000000001, 10000}, numPoints];

m3Values = RandomReal [{0.000000000001, 10000}, numPoints];

(*Initialize lists to store the x,y,and z coordinates*)

xValues = ConstantArray[0, numPoints];

yValues = ConstantArray[0, numPoints];

zValues = ConstantArray[0, numPoints];

(*Calculate x,y,and z coordinates for each pointx)

Do[
ml = mlValues[[il];
m2 = m2Values[[i]];
m3 = m3Values[[il];
x = (m172)/((2 m1 + m2)°2);
y = (m2)*(@m2 + m3))/((m2 + 2%m3)*(2 ml + m2));
z = (m3*(2 m1 + m2))/((m2)*(m2 + 2 m3));
xValues[[i]l] = x;
yValues[[i]] = y;
zValues[[i]] = =z,

{i, numPoints}];

(*Filter points that satisfy the conditions x<1,y<1,and z<1/4x)

;| intersectionPoints = Select[

Select [Transpose[
{xValues, yValues,zValues}], #[[1]] < 1/4 && #[[2]] < 1 &&
#[[3]] <1 &, # '= {0, 0, O} &];
(*Plot the intersection points in the XYZ spacex)
ListPointPlot3D[
intersectionPoints, PlotStyle -> PointSize[Small], AxesLabel -> {"X",
"y", "Z"}, PlotLabel -> "Intersection Points", ImageSize -> Medium,

AspectRatio -> Full]
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* The second triple sum given by

S @b (D(bo)y (1), 77 () ()
D D B (T .

m?”?pzo

has a region of convergence determined by the values of x,y and z that satisfy the

conditions:
(m1 4 ms)?

<
= (2mq + ms3)?

ma(ms + mg)

PE— (4.147)

lyz| <

(m1 -+ m3)2(m2 + mg)
mg(2ms + m3)(2my + ms)

where my, me, mg > 0. If we try to plot the boundaries that determine the radius of

convergence for S; taking into consideration the set C' = K [}L, 1, 1], we will obtain an

empty box which means that the boundaries that determine the radius of convergence for
Sy lie outside the box whose dimensions are determined by the set C' = K [%, 1,1]. To

know further about the code we use https://www.wolframcloud.com/obj/s12255413/Published/Plots

* The third triple sum given by

o (@mraniop(02)myap(0)m (D (1), (22)™ (y2)" (22°)P
S5 = mgo (c)m+p(1)m+p(1)m+n+2p mlin!p!

has a region of convergence determined by the values of z,y and z that satisfy the

conditions:
(m1 + m3)2(m1 + mo + 2m3)
my (m1 -+ 2m3)(m1 + 2m2 -+ 2TTI,3>

lzz] <

mo(my + ma + 2m3)

4.148
(mq + 2mg + 2mg)? ( )

lyz| <

(m1 + m3)2(m1 + mq + 2m3)2

2
Tz <
| | (m1 + 2m2 + 2m3)2(m1 + 2m3)2

where mq, ma, mg > 0. If we try to plot the boundaries that determine the radius of
convergence for S5 taking into consideration the setC' = K [i, 1,1}, we will obtain an
empty box which means that the boundaries that determine the radius of convergence

for Ss lie outside the box whose dimensions are determined by the set C' = K [}1, 1, 1].
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* The fourth triple sum given by

. - (a)QW%+2n+p(b2)2wr+p(1)p Cr22>nl<yz)n(“z)p
1= m%:() (Damsnip(©m(1 = b1), m!nlp!

has a region of convergence determined by the values of x,y and z that satisfy the

conditions:
mi(2my + ma + ms)?

(2m1 + m3)2(2m1 + 2m2 + m3)2

|z2%| <

ma(2my + ma + m3)

4.14
(2my + 2msa + m3)? (4.149)

lyz| <

m3(2m1 + mo + mg)
(2m1 + 2m2 + mg)(2m1 + m3)

2| <

where mq, ms, mg > 0. If we try to plot the boundaries that determine the radius of
convergence for S, using (4.149) taking into consideration the set C' = K [%, 1,1], we

will obtain Figure (26) in Appendix (4.2.3).

numPoints = 100000;

(*Generate random values for ml,m2,and m3%)

;im1Values = RandomReal [{0.000000000001, 10000}, numPoints];

ism2Values RandomReal [{0.000000000001, 10000}, numPoints];

sim3Values = RandomReal [{0.000000000001, 10000}, numPoints];

o/ (*Initialize lists to store the x,y,and z coordinatesx)
7|xValues = ConstantArray[0, numPoints]; yValues = ConstantArray[O,
numPoints]; nzValues = ConstantArray[0, numPoints];

s| (xCalculate x,y,and z coordinates for each point*)

s|Do[
o/ ml = miValues[[i]l];
| m2 = m2Values[[il];
| m3 = m3Values[[i]];
x = (m172)/(m3°2);
aly = @2%(2 m1 + m3))/((2 m1 + 2 m2 + m3)*(m3));
s) z= (@3*%(2ml + m2 +m3))/((2ml + 2 m2 + m3)*(2 m1 + m3));

6]  xValues[[i]] = x;
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yValues[[il] = y;

zValues[[i]] = z,
{i, numPoints}];

(¥*Plot the points in the XYZ spacex)

>i|ListPointPlot3D[Select [Transpose[{xValues, yValues, zValues}], # '= {0,

0, 0} &], PlotStyle -> PointSize[Small], AxesLabel -> {"X", "y", "z"
},PlotLabel -> "Points in XYZ Space", PlotRange -> {{0, 1/4}, {0, 1},

{0, 1}}, ImageSize -> Medium, AspectRatio -> Full]

The first double sum given by

m.n=0 (Dmsn(C)m m!n!

has a region of convergence determined by the values of x,y and z that satisfy the

conditions:

(4.150)

where my, mo > 0. If we try to plot the boundaries that determine the radius of conver-
gence for S taking into consideration the set C' = K [%, 1, 1], we will obtain an empty
box which means that the boundaries that determine the radius of convergence for S

lie outside the box whose dimensions are determined by the set C' = K [}L, 1,1].

The second double sum given by

_ - (a 2m+2n(b2)2m (zzz)m(yz)n
Sﬁ_m%;o (Damin(Q)m  minl

has a region of convergence determined by the values of x,y and z that satisfy the

conditions:
2] < 20 )
(le + 2m2)2
2
jyz| < TalZm - ma) (4.151)

(2m1 -+ 2m2)2
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where my, my > 0. If we try to plot the boundaries that determine the radius of conver-
gence for S taking into consideration the set C' = K [%, 1, 1], we will obtain an empty
box which means that the boundaries that determine the radius of convergence for Sg lie
outside the box whose dimensions are determined by the set C' = K [}l, 1,1]. To know

further about the code we use https://www.wolframcloud.com/obj/s12255413/Published/Plots

* The third double sum given by

o

S — Z (b1)am(a)an ()™ (y2)"

B ()m(l),  m!n!

m,n=0

has a region of convergence determined by the values of x, y and 2 that satisfies |z| < }1

s yz| < %.

Finally, to validate our calculations and ensure the accuracy of our conclusions, we plot
the boundaries obtained from the S7, Sy, S7 and figure (9) on the same box as we see in

figures (27), (28) and (29) in Appendix (4.2.3).

;imiValues

numPoints = 1000;

(*Generate random values for ml,m2,and m3 for the first shapex)

RandomReal [{0.000000000001, 10}, numPoints];

m2Values = RandomReal[{0.000000000001, 10}, numPoints];

m3Values = RandomReal [{0.000000000001, 10}, numPoints];
(*Initialize lists to store the x,y,and z coordinates for the first \

shapex*)

xValuesl = ConstantArray[0, numPoints];

yValuesl = ConstantArray[0, numPoints];

zValuesl = ConstantArray[0, numPoints];

(*Calculate x,y,and z coordinates for the first shapex*)

Do[
ml = miValues[[il];
m2 = m2Values[[i]];
m3 = m3Values[[i]];

x = (m1°2)/(m3°2);
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20

inlmlValues

1»/m3Values

(m2*(2 m1 + m3))/((2 m1 + 2 m2 + m3)*(m3));

y

z (m3*(2 m1 + m2 + m3))/((2 ml + 2 m2 + m3)*(2 m1 + m3));
xValues1[[i]] = x;
yValues1[[i]l] = y;

zValues1[[i]]

]
N

{i, numPoints}];

(¥Filter points that satisfy the conditions x<1,y<1l,and z<1/4 for the \

s|first shapex)

intersectionPointsl =
Select[Select[
Transpose[{xValuesl, yValuesli,
zValues1}], #[[1]1] < 1/4 && #[[2]] < 1 && #[[3]] <
1 &, # != {0, 0, 0} &];
(*Generate random values for ml,m2,and m3 for the second shapex)

RandomReal [{0.000000000001, 1}, numPoints];

;ilm2Values = RandomReal [{0.000000000001, 1}, numPoints];

RandomReal [{0.000000000001, 1}, numPoints];

;| (*Initialize lists to store the x,y,and z coordinates for the second \

shapex*)

xValues2 = ConstantArray[0, numPoints];

yValues2 = ConstantArray[0, numPoints];

zValues2 = ConstantArray[0, numPoints];

(*Calculate x,y,and z coordinates for the second shapex)

w|Do[
ml = miValues[[il];
m2 = m2Values[[i]];
m3 = m3Values[[i]];
x = (m172)/((2 m1 + m2)"2);
y = ((m2)*(m2 + m3))/((@m2 + 2+m3)*(2 ml + m2));
z = (m3%(2 m1 + m2))/((m2)*(m2 + 2 m3));
xValues2[[i]] = x;

yValues2[[i]] = y;

zValues2[[i]]

]
N
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o| {i, numPoints}];

so| (*Plotting*)

51| Show [ListPointPlot3D[intersectionPointsl, PlotStyle -> Red, PlotLabel -> "

Shape 1"],

52| ListPointPlot3D[

Select [Transpose[{xValues2, yValues2, zValues2}], # != {0, 0, 0} &],
PlotStyle -> Blue, PlotLabel -> "Shape 2"],

ss| RegionPlot3D[ y*z < 1/4 && y + z < 1 && Sqrt[x] < (Sqrt[l - 4*yxz] - Abs

[1 - 2xz])/(4*z), {x, 0.0000001, 1/4}, {y, 0.0000001, 1}, {z,

0.0000001, 1}, AxesLabel -> {"X", "Y", "Z"}, PlotPoints -> 100,

PlotStyle -> Directive[Opacity[1], Yellow], Mesh -> None], AxesLabel

=> {"x", "y", "Z"}, ImageSize -> Medium, AspectRatio -> Full,

PlotRange -> {{0, 1/4}, {0, 1}, {0, 1}}]

Question: Can we set up a relationship between x,y and z in (4.146), (4.147), (4.148),
(4.149), (4.150) and (4.151) and then plot the intersection of these inequalities with |z| <

% lyz| < 3 and C = K[3,1,1] in order to compare our result with the one obtained in

(121, p.99) 22
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Conclusion

In this thesis, we accomplished our two objectives. Firstly, we derived seven new trans-
formations for the Kampé de Fériet function utilizing Miller-Paris transformations for
generalized hypergeometric functions. Subsequently, we determined the radius of con-
vergence for each transformation. To ensure precision, we conducted testing using the
Mathematica across various parameter and variable values, confirming the accuracy of

these transformations.

Furthermore, we endeavored to ascertain the radius of convergence for well-known dou-
ble and triple hypergeometric functions by expressing them through the Srivastava-Daoust
equation. We then compared our findings with those presented in Srivastava’s book ([2],

p.59-p.65 and p.70-p.107) to validate our results.
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Appendices
Appendix A
Removing the negative sign from the Pochhammer symbols in the

double hypergeometric series G, G2, G3, H1, Ho, H5, Hg, H7

1. Remove the negative sign from the double hypergeometric series G

Gi(a, 8,8 2,y) = ;;wm%(mn_m(ﬁ')m_ﬁgﬁ%

oo 00
mern yn

- Z Z(a)m+2n(ﬁ)*M(ﬁ/)mmﬁ — ;(Q)Qni;i{:

m

(a) m n(ﬁ)n(l)n (Iy)m (_y)n (a)Qn (xy)
22 (1)1:,1(1—5/)” ml ol _nzo ), nl

n=0m=0

2. Remove the negative sign from the double hypergeometric series Go

Gl o/, 352,) = 3 3 (@ (@)a(Bom (o L
m=0n=0 L ne
o (0. 0] , , xm_j'_n yn o . ajn yn
= 2 Y @i @B (B = Do (@nleda
n=0m=0 T n=0 o
oo o0 . , $m mern
+ Z Z (@)m () min(B)n(B )fnmm
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3. Remove the negative sign from the double hypergeometric series H;

m ,n

Hi(a, B,7;0;2,y) Z Z m+n(’y)na?7y7

m! n!

m=0n=0

B s (a)m(/8>m+2n(7)n " yn - (B)Qn(’)/)nﬁﬁ
> 2. 2

n=0m=0 (O)m+n (m +n)tn! (0), nlnl
X & (@) -n(B)2min (Vs Ty
+nz;)mz:o (5); : m! (m+n)!

m n mlm n ™ (zy)"
ZZ +2 (Dm () m!(g!)

m+n ( )m+n

n Z Z 2m+n Vman(Ln (@y)™ (—y)" _ i (B)2n(V)n (zy)"

Dman(@)m(l —a), m! nl o (D)n(0), nl!

mOnO

4. Remove the negative sign from the double hypergeometric series Ho

HQ(O(7IB,’}/,(5;6,{II y ZZ ( )n(é)nﬂﬁ

(¢) m! n!

m=0n=0

~ v v @nBminDa(@n 2™y A (Ba(Nn(@)n 2"y
=22 >

()man (m+n)inl & (g, nlnl

+ i i (a)—n(ﬂ)m(’)/)m+n(5)m+n ﬁ ym+n

(€)m m! (m+n)!

N o mAn () m () m (V)n(0)n 2™ (zy)"
Zz(ﬁ)+() (Dm(V)n(0)n ™ (zy)

(€)mtn(L)mtn m! nl

(6)m+n(Vman(B)m(L)n (2y)™ (—y)" _ o (B)n(Nn(0)n (xy)"
LD D I A TR we ey nz:% ()l

5. Remove the negative sign from the double hypergeometric series H

2m+n n m$myn
Hs(a, B;v;2,y) = ZZ !l

m=0n=0

_ Z Z 2m+3n Z Z 3m+n n ym+n
m=0n=0 m=0n=0 m+n m‘ (m+n)‘
B i Jan ™ Y" Z Z a@)2m+3n(1)m (—2)™ (xy)"
'Y n n! nl =0 e 0 m+n 1 - 6)m(7)n m! n!
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mn nl xy)" " > a)3n (T
+ZZ 3+ )n (2y) (y)_z()s (zy)

m—0n—0 m+n m+n m! n! n=0 ('Y)n(l)n n!

6. Remove the negative sign from the double hypergeometric series Hg

Ho(o, B:7:2,9) = 3 3 (@mn(Bn-m(Vn oy
m=0n=0
X pmtn y" o "y
= Z Z(O‘)2m+n(/8)—m(7) "ty nl Z(a)n(’Y) e
m=0n=0 n=0
0 m ym+n
+mz::onzzg)(a)m—n(ﬁ)n(7)m+n ol 7(7” )
_ > X pmn y" 0 :L.n y2n
- n;)?;)(o‘hm-‘rn(ﬂ)—m(’y)nm_i_n)!n! - T;)(B)n(’)/) (271)
oo 00 wm y2m+n 0 l.n yn
+ Z Z(O‘)—n(ﬁ)m—&-n(ﬁy)Qm—i—nwm - Z(a)n(’ﬂnmﬁ
m=0n=0 ' ' n=0 e
. > pmtn ym+2n o > (a)n('}/)nM
+mzzonzzo(05)m(ﬁ)n(’7)m+2n (m T n)' (m T 2n)! = ngo (1)n nl

L B

m=0n=0

4 Z Z m+2n Jm(@)m(L)n(8)n (xy)™ (ny)n

m+n(1)m+2n m! n!

m=0n=0

n Z Z m+n Noman(Ln (2y*)™ (=y)" i (B)n(7)2n (fvy%)”

_ | |
v e Domin(l —a)y m! n!

7. Remove the negative sign from the double hypergeometric series H7

Hy(a, 8,7, 832, y) = ZZ 2m” 2O 2% 57

— = m! n!
_ — o (@2min(B)n(V)n ™" Yy — ()n(B)n(V)n 2" y"
B mz:m;) (0)m+n (m+n)! n! nZ:o (O)n ! nl
o — (a)m—n(ﬂ)m+n(7)m+n x™ mern
ﬂ;;) ©)m m! (m + n)!
_ o (@)2msn(B)n()n ™" ﬁ_ = (a)n(ﬁ)n('wnﬁf
N mz—:m;) (O)man (m+n)! n! T;) (O)n n! n!
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(@) —n(B)2m+n(V)2m+n ﬁ y> _ G (B)2n(7)2n ﬁ y*"
+ n;);) 0)m ml (2m + )] nz:; ) 1l (2n)!
m m+2n('7)m+2n "t ym+2n
+ZZ m-+n (m+n)! (m+ 2n)!

o mtn(D)m(8)n(V)n ()™ (zy)" Ooanﬁn n (zy)"
:ZZ()2+() (B)n(V)n (2)™ (zy) _Z()g()w) (y')

m=0n=0 n=0
o (B)2m+n(V)2m+n(1)n (xQZ)m (—y)" - (B)2n(7)2n (WJZ)TZ
+mz();) Domin@m —a)n ml al _;) RO

+ Z Z m+2n m+2N( Jn (D) () (2y)™ (zy

m=0n=0 m"‘” m+n(1)m+2n m! nl

8. Remove the negative sign from the double hypergeometric series G5

xm y'fL
Gufoc0) = 3° 3@ e
== m! n!
x© X Zm mern
— /
= Z Z(a)n—m(a )2m+n m+n ' n' Z Z m+2n m nEm
m=0n=0 m=0n=0
> - @ ot
— S (@l Mo o O
l |
= "n! nl == (m + 2n) n!
0 2m-+n m—+n o 2n ., n
/ x Yy _ / ry
+ ;ﬂg(o‘)"(o‘ Jom4n G )t G+ )1 ga 3 G
© m+n m—+2n > n ,2n
/ x Y -y
* ;;(O‘)m“’”(o‘ I G )l i 5 201 7;(0‘)3” ! (2n)]
oo 0 m 2m-+n 0 n,n
/ x Y n Y
+ 2, 2 @smizn(@)ntr iy = @@ty
m=0n=0 n=0
— - i (a)3m+2n(1>n (xy2)m (_y)n _ i (O‘/)3n (ny)n
A= = (Doman(l— o)y m! n! — (Lon 0!
n i i (@ mt3n() (D (D (zy)™ (xy*)™ i (@)zn (zy*)"
= (Dmton(1)mtn m!  nl = (D)2, n!

o (@)amin(Dm (—2)™ (229)" S (@)n(@)n (zy)"
+Z_:Z_:(1)m;n+(i—a)m R D D T R

n=0

eyl 3’”*" Dm(Dn(0)n (@2y)™ ()"

Dmsn(1)2m+n m! n!

m=0n=0
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Appendix B
Removing the negative sign from the Pochhammer symbols in the triple

hypergeometric series (11.c) and (36.h) in Srivastava’s book

1. Remove the negative sign from the triple hypergeometric series (11.c) in Srivastava’s book

(o o Ne e o)

Z ZZ CL1 m+n n+p(a3) (b)mfp i:':;/;;fj

m=0n=0 p=0 )m+n

io: i i ai) m+n+p a2)n+p(a3) (O)m ™ tPy" 2P

i i al m+n a2 m+n+p(a3)m+p(b)—p xmyn(z)m—&-p

L~ (€)m+n m!nl(m + p)!
. Z Z al m+n CL2 m+n(a5)m My ™
= C)m+n m!n!m!

B Z Zi a1) m+”+P (@2)n+p(D)m (D) m(az)p ™y" (x2)P

=0 1—=0 p=0 (©)mtn+p(L)mtp mlnlp!

Yoy el (220

m=0n=0 m+n

m,n

n Z Z Z (a1)msn(02)mintp(a3)mip(L)p (x2)™y" (—2)P

(©)mtn(D)myp(l = b), m!n!p!

2. Remove the negative sign from the triple hypergeometric series (36.h) in Srivastava’s book

[ o Ne ClNe o)

n b m+n— (b) nxyzp
ZZZ = 12); — mlnlpl

m=0n=0 p=0

rm yn+p Zp

_ = (a)n+2p(b1)2m+n(b2)
RS (©)m ml (n+p)! p

2n+p 2m p(b2)p 2™y 2P =~ (@) (b1)2m 2™ y" 2"
B Salee

= Vm m! n! (p+n)! ot ()m  mlnln!
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Appendix C

Radius of convergence for Horn series G1, G, G3, Hy, Ho, H3, Hy, Hs,

H 6 and A 7
Figure 11
Radius of convergence for double hypergeometric series Hs
Points in XY Plane
(a) Boundaries that determined the
Radius of convergence for double radius of convergence for double
hypergeometric series Hs using hypergeometric series Hs using
(4.41) (4.39)
Figure 12
Radius of convergence for double hypergeometric series G
(b)
o Boundaries that determine
(a) the radius of convergence for
Radius of convergence for double hypergeometric
double hypergeometric series G using (4.48),
series G1 using (4.57) and (4.54), xy = % and
C = k[1,1] C =k[1,1]
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Figure 13

08}

Figure 14

Radius of convergence for double hypergeometric series Hy
Points in XY Plane

08

00
0.0 OIZ 314 31'3 (Jl-':) 113 (b)
(a) Boundaries that determine the radius of
Radius of convergence for double convergence for double hypergeometric series
hypergeometric series Hy using (4.72), (4.75), H;i using (4.70), (4.71), (4.73), (4.74), xy = %
ry < tand C = K[1,1] and C = K[1,1]
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Figure 15

Radius of convergence for double hypergeometric series Ho

08

06

04r

02

0.0} n n n n .
0.0 0.2 04 06 0.8 1.0
(a)
Radius of convergence for double
hypergeometric series Hs using (4.80),

(4.83), zy < land C = K[1,1]

Figure 16

Points in XY Plane

Y
1.0k

(b)

Boundaries that determine the radius of
convergence for double hypergeometric
series Ho using (4.78), (4.79), (4.81),
(4.82), zy = 1 and C = K[1,1]

Radius of convergence for double hypergeometric series H,

10F

08

06

04r

02

0.0} n . . . .
0.0 0.2 04 0.6 0.8 10
(@
Radius of convergence for double
hypergeometric series Hy using (4.88) and

= K[},1]
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Points in XY Plane

1.0

3‘4 08 08 1.0
(b)

Boundaries that determine the radius of

convergence for double hypergeometric

series Hy using (4.87) and C = K[3,1]

I I I 1 X
0.0 02 0.4 08 08 1.0

I X



Figure 17

Radius of convergence for double hypergeometric series Hs
Points in XY Plane

Y

m
T

0

Boundaries that determine the radius of convergence
for double hypergeometric series Hs using (4.91),
(4.92), (4.93), (4.94), xy < 2—17 and C = K[;ll, 1]

Points in XY Plane
Points in XY Plane Y
1.0

08
06
04

02

0'(()).00 0.65 o.‘10 0.I15 0.20
0.00 0.05 0.‘10 0 I15 0.20 O.;Ex (c)
(b) Radius of convergence for double
Zoom in on Figure (17a) on the region hypergeometric series Hs using Horn’s
O<x<iand0<y<1 theorem
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' X
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Figure 18

Radius of convergence for double hypergeometric series Hg

D

08
061
04+

02

0.0

(a)

Radius of convergence for double
hypergeometric series Hg using
(4.101), (4.104), (4.107), 2y < 1,
xy? < land C = K[%,l]

Figure 19

Points in XY Plane

N

(b)

Boundaries that determine the radius of
convergence for double hypergeometric
series Hg using (4.99), (4.100),
(4.102), (4.103), (4.105), (4.106),

xyzl,acyzzlandC:K[i,l]

Radius of convergence for double hypergeometric series Hy

0.8}

06

0.4

02

0.0

0.0 0‘2 0‘4 0‘6 0‘8 1‘(;
(@)
Radius of convergence for double
hypergeometric series H7 using
(4.113), (4.116), (4.119), xy < 1,
zy? < 3 and C = K|[,1]
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Points in XY Plane

Y
1.0

04f \

(b)
Boundaries that determine the radius of
convergence for double hypergeometric
series H7 using (4.111), (4.112),
(4.114), (4.115), (4.117), (4.118),
zy=12y* = and C = K[},1]



Figure 20

Radius of convergence for double hypergeometric series Gs

Points in XY Plane
Y

10 Points in XY Plane

2 4 e 10 0.05
(a)
Boundaries that determine the radius of
convergence for double hypergeometric series — °% T T o a0
G's using (4.123), (4.124), (4.125), (4.126), (b)
(4.127), (4.128), (4.129), (4.130), zy < 1, Zoom in on Figure (20b) on the region
ry? < o, 2%y < o and C = K[%, 1 O<z<iand0<y<}i
' Points in XY Plane
0 ‘\v
0.20
0.15
0.10
0.05
0.00 L L L L X
0.00 0.05 0.10 0.15 0.20 0.25

(c)
Boundaries that determine the radius of
convergence for double hypergeometric series
G's using Horn’s theorem
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Appendix D
Comparison between our results and Srivastava’s ones for triple

hypergeometric functions ., (11.c) and (36.h)

1. Radius of convergence for triple hypergeometric functions H,

Figure 21
Boundaries that determine the radius of convergence for triple hypergeometric series H.

0.5

0.0,
0.5,

6'60.0 l ‘ ‘ 0.‘5 ‘ l I ‘ 1.0
(b)
Top view of the boundaries that
determine the radius of
convergence for H,.

Front view of the boundaries that
determine the radius of
convergence for H,

Final Intersection Points

(c)
Boundaries that determine the radius
of convergence for H. and figure
(4.134) an the same box
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2. Radius of convergence for triple hypergeometric functions (11.c)

Figure 22

Radius of convergence for Ss in triple hypergeometric series (11.c)

Intersection Points

(b)
1.0
(a) Boundaries that determine the radius of
Radius of convergence for So in triple convergence for Sy in triple
hypergeometric series (11.c) hypergeometric series (11.c)

Figure 23

Radius of convergence for Ss in triple hypergeometric series (11.c)

Intersection Points

(b)
Boundaries that determine the radius
Radius of convergence for Ss in triple of convergence for Ss in triple
hypergeometric series (11.c) hypergeometric series (11.c)
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Figure 24

Radius of convergence for triple hypergeometric function (11.c)

Intersection Points

Intersection Points

@ (b)
Boundaries that determine the radius Boundaries that determine the radius
of convergence for So and figure (9) of convergence for Ss and figure (9)
on the same box. on the same box.

3. Radius of convergence for triple hypergeometric functions (36.h)

Figure 25
Boundaries that determine the radius of convergence for Sy in triple hypergeometric
series (36.h)

Intersection Points Intersection Points

0.5

0.0

(a) (b)
First view for the boundaries that Second view for the boundaries that
determine the radius of convergence determine the radius of convergence
for S in triple hypergeometric series for S in triple hypergeometric series
(36.h) (36.h)
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Figure 26

Boundaries that determine the radius of convergence for Sy in triple hypergeometric

series (36.h)

Points in XYZ Space

T

/ T~

(a)
First view for the boundaries that
determine the radius of convergence
for Sy in triple hypergeometric series
(36.h)

Figure 27

Points in XYZ Space

B8 —

0.1 <Y 0.0

(b)
Second view for the boundaries that
determine the radius of convergence
for Sy in triple hypergeometric series
(36.h)

Boundaries that determine the radius of convergence for Sy, Sz in triple hypergeometric

series (36.h) and figure (10) on the same box.

Final Intersection Points

First view for the boundaries that
determine the radius of convergence
for S1, S7 in triple hypergeometric
series (36.h) and relation (4.144) in

the same box.

Final Intersection Points

(b)
Second view for the boundaries that
determine the radius of convergence
for S1, Sy in triple hypergeometric
series (36.h) and relation (4.144) in
the same box.



Figure 28

Boundaries that determine the radius of convergence for S,, St in triple hypergeometric
series (36.h) and figure (10) on the same box.

Final Intersection Points Final Intersection Points

/ 1 T~

\ /

(a) (b)
First view for the boundaries that Second view for the boundaries
determine the radius of that determine the radius of
convergence for Sy, S7 in triple convergence for Sy, S7 in triple
hypergeometric series (36.h) and hypergeometric series (36.h) and
relation (4.144) in the same box. relation (4.144) in the same box.

Figure 29

Boundaries that determine the radius of convergence for Sy, Sy, St in triple
hypergeometric series (36.h) and figure (10) on the same box.

_Shape 1 Shape 1

0.2

(a)
First view for the boundaries that Second view for the boundaries
determine the radius of that determine the radius of
convergence for S1, Sy, St in convergence for S1, S4, S7 in
triple hypergeometric series triple hypergeometric series
(36.h) and relation (4.144) in the (36.h) and relation (4.144) in the
same box. same box.
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