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Abstract

We investigated the Schrodinger equation for the confined H-atom in
an impenetrable spherical cavity in N-dimensional space. We found that
the wave functions are dimension-dependent and have the same form as
the wave functions of the free hydrogen atom in N- dimensions.
Moreover, we investigated the ground state energies for this case, where
we found that those energies depend on the radius of the cavity (S), and
the dimensionality of the space (N). On the other hand, we investigated
the average pressure exerted by the confined H-atom in an impenetrable
spherical cavity in N-dimensional space on the wall of the cavity. We
found that the values of the pressure depends on both N, and S such as:
for a given N, as the radius of the cavity decreases, the pressure increases
up to a maximum value called P,y , suddenly after which, the value of
the pressure decreases to zero. The value of Py« depends on N, where we
found that it decreases as N increases. In addition to that, the value of the
radius of the cavity (SPmax) at which the pressure has its maximum value

(Pmax ) increases as N increases.
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1. Introduction

The idea of higher dimensional space is important in many aspects in
physics and mathematics, in cosmology, group theory, many body
problem, super symmetry, and the problem of unifying the four forces in
nature.

Quantum confinement means confinement on a scale comparable to
the atomic size, where confined atoms can be considered as atoms under
pressure [1].

The potential of this problem can be expressed as:

—Ze

dmegr
Vr)=

. elsewhere
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S is the radius of the cavity.

The Schrodinger equation for the confined H-atom in an
impenetrable spherical cavity in N dimensional space has been
investigated, and the wave functions for this case are obtained. It is found
that the radial wave functions have the form given by the following
equation: [1]

R N—-1
Ru(p)=apte 2 F a+-

)20+ N-1;p)

-
=

And the energy eigen values can be computed from this equation:
2 2

[1]
E, = *n G0 E,

452

Where X, is the n™ root of the wave function, which is the last

intercept that coincides with the surface of the walls of the cavity and
hence indicates the ground state energy for each value of S where

2 25
Xn = —= S,fromwhich .A. = .
agd g Xp

(1g 1s the Bohr radius and E o 1s the ground state energy for the free
hydrogen atom in three dimensions [1].

The recent development in nanotechnology has generated intensive
research activity in modeling spatially confined quantum systems, when
an atom or a molecule is trapped inside any kind of microscopic cavity,
or is placed in a high pressure environment, it experiences special
confinement that affects its physical and chemical properties.[2]

An atomic system under very high pressure simulates a confined
system. The interaction of the atom with the surroundings was suggested
to be replaced by a uniform pressure on a sphere within which the atom
is considered to be enclosed. [2]
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This paper investigated the effect of the higher space dimensions N,
and the radius of the cavity S, where the hydrogen atom is enclosed, on
the pressure that is exerted on the walls of the cavity.

2. Theory

The problem of the confined hydrogen atom in higher space
dimensions is solved [1], and the energy eigen values of the ground state
are obtained.

Knowing the dependence of the ground state energy on the radius of
the cavity ( S), [1] allows us to calculate the average pressure needed to
‘compress’ a hydrogen atom in the ground state in a certain size of the
cavity. The energy eigen values can be computed from the relation

2, 2
_ “*n Qo
En - 452 E'EI' (1)
. —dE
And It is known that P = e (2)
Substitute for the value of £}, in eqn. (2), then,
_ —d Xpfag®
b= dv ( 457 )E‘G G)
But dV=4 d5, then
—d -1 dBy
T ads'™ 4 4s “)
Now, in N dimensions the area of the hyper sphere is,
; 2(my /2 N-1
A.“." (5:' — |".:\' - - SL (5)
|,k; - |
-1 d 5
d Py =—57 z 6
e 2ADYE y-y S ©
Ty

An - Najah Univ. J. Res. (N. Sc.) Vol. 25, 2011




Muzaian Shaqqur & Sami Al Jaber 67

P 2
_ o A f-l:ri_ GD. _—lE 7
2myz g1 45 g2z 0 )
v e
_ a1l 2fa 1o (8)
2(m )iz gN-1 45 g2 0
Finally
[——1 | w22
P, =2t °¢F 9
! N/ LeN+z ] ( )
When N=3,

L —_
| =

. Z prd —_ . 2 prd . 2 prd
P 3 Ik Xy dg E. — VT Xp~dg E. — ixn dg E (10)
N=3 ™ pajz 45 07 apafz 458 0T gg g5 O

Equation (9) shows the dependence of the pressure exerted on the
confined H-atom on the space dimension N, where more pressure is
exerted on it with increasing N.

3. Results and Discussion

In this part of the study, we represented the relation between the
pressures exerted by the H-atom on the wall of the cavity due to the
change of its radius for each value of N from 3 to 10 in graphs.

This relation is interesting, where it is noticed that when the radius of
the cavity is increased, the pressure decreases and approaches zero. This
implies that the cavity effect becomes negligible and the particle acts like
a free one. On the other hand, when the radius of the cavity decreases the
pressure increases gradually up to a certain maximum value called Py .
This maximum value corresponds to a certain cavity radius which we call
Sp max. If the radius of the cavity becomes less than S, max, the pressure
will decrease rapidly until it approaches zero again within a very short
range of S values. We suggest that this is because, as S decreases, one is
moving away from maximum distribution function, and the probability of
finding the particle within this region becomes small. (Radial
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distribution function gives the probability of finding the particle in a
distance r from a certain point in space),

Table (1): Relation between the Pressure Exerted on a Confined
Hydrogen Atom and the Radius of the Cavity when /=0, N=3.

3
SX Gy (m) P(eV/d ") Pvs S for a confined H-atom for N=3
14.00000 | 0.0007889
13.00000 | 0.0009852 0.12

12.00000 | 0.0012526

9.000000 | 0.0029691

0.1

6.000000 | 0.0100064

5.000000 | 0.0172469

4.000000 | 0.0326881 008
3.000000 | 0.0679767

2.500000 | 0.0930108

2.400000 | 0.0945503 0.06

2.000000 | 0.0676413

1.950000 | 0.0532823 =4—1Series

P{eV/ag?)

1.900000 | 0.0341165 0.04

1.850000 | 0.0088524

1.845000 | 0.0059292 T

1.840000 | 0.0029282 0.02

1.837500 | 0.0013974

1.836500 | 0.0007794 0 SPVey
1.835500 | 0.0001502 SRR RRRARRAY
1.835250 | 0.0000022

1.835200 | 0.0000016 002

1.835175 | 0.0000079 S x@o (m)

1.835170 | 0.0000079

Fig.(1): Relation between the Pressure
Exerted on the Confined H-Atom in a
Cavity and its Radius for / = 0 and N=3.

One can notice here that the pressure is maximum at S=2.4.
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Table (2): Relation between the Pressure Exerted on a Confined
Hydrogen Atom and the Radius of the Cavity when /=0,N=4.

SX Gy(m) PeV/iay®
13.0000 0.000022
12.0000 0.000026
11.0000 .0000422
10.0000 0.000061
9.00000 0.000094
8.00000 0.000150
7.00000 0.000245
6.00000 0.000430
5.00000 0.000781
4.00000 0.001210
3.50000 0.000750
3.40000 0.000330
3.35000 0.000250
3.30000 0.000170
3.29950 0.000014
3.29850 8.7E-06
3.29750 3.81E-06
3.29700 9.34E-07
3.29690 4.3E-07
3.29685 1.4E-07
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Fig.(2): Relation between the Pressure
Exerted on a Confined H-atom and the
Radius of the Cavity when / = 0 for N=4.
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Table (3): Relation between the Pressure Exerted on a Confined
Hydrogen Atom and the Radius of the Cavity when /=0,N=5.

SXda 0 (m) P (eV/ fg J) Pvs S for a confined H-atom for N=3
13.00000 | 0.00000046

0.000012
12.00000 | 0.00000068
11.00000 | 0.00000103
10.00000 | 0.00000162 0.00001
9.000000 | 0.00000270
8.000000 | 0.00000440
7.000000 | 0.00000706 0.000008
6.000000 | 0.00000985 *
5.500000 | 0.00000813 0000006
5.300000 | 0.00000520 ‘jg .\
5.100000 | 0.00000311 > —o— 1Series
5.090000 | 0.00000003 & 0,000004
5.088500 | 5.25E-08 l \
5.088350 | 1.4E-09
5.088340 | 1.22E-09 0.000002 \
5.088330 | 6.7E-10 \
5.088329 | 6.61E-10 0 i
5.088328 | 6.46E-10 o TTE THo s
5.088327 | 6.3E-10

0.000002-

Sxag(m)

Fig. (3): Relation between the Pressure
Exerted on a Confined H-Atom and the
Radius of the Cavity when / = 0, N=5.
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Table (4): Relation between the Pressure Exerted on a Confined
Hydrogen Atom and the Radius of the Cavity for /=0,N=6.

SX dg P x IU_S(CV/ ﬂc.ﬁ) Pvs S for a confined H-atom for N=6
20

23.0000 0.0095

21.0000 0.0160 18 e

19.0000 0.0297

17.0000 0.0573 16

14.0000 1.7656 A

13.0000 2.6885 14

12.0000 4.1406

11.0000 6.3852 12

10.0000 9.9923 1

9.00000 15.133 0 t

8.00000 17.895
7.50000 10.603
7.35000 6.1862
7.25000 2.4318

== 1Series

Px10%(eV/ay®’
[<5)

7.23500 1.6909 4
722500 1.1723 1

7.21500 0.9035 2 b

7.20500 0.3670 t \
7.20250  0.2050 0 e
7.20125 0.1605 ( 102030
7.20050 0.0134 - Sx ag(m)

7.20025  0.0098

Fig (4): Relation between the Pressure
Exerted on a Confined H-Atom and the
Radius of the Cavity when /= 0, N=6.
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Table (5): Relation between the Pressure Exerted on a Confined
Hydrogen Atom and the Radius of the Cavity for /=0,N=7.

SX aym) P X 10 "(eVia, )

35.00000 0.01420 Pvs § for a confined H-atom for N=7
30.00000 0.04176 20
26.00000 0.11451
23.00000 0.26477 18
20.00000 0.69968
17.00000 2.02222 16
16.00000 3.05201
15.00000 4.52666 14
14.00000 6.69111
13.00000 9.91163
12.00000 14.3448
11.00000 18.0514
10.00000 11.8433
9.750000 5.06102
9.650000 1.31007
9.635000 0.71827 6
9.625000 0.29697 t “
9.620000 0.11079 4 &

—
(]
"

—
o

=4=1Series

(8=

Px 1010 {eV/ay7)

9.617500 0.00565
9.617400 0.00066 2
9.617375 0.00039 » \
9.617370 0.00018 0 Pee
9.617368 0.00006 0 1 2 3 40
9.617367 0.00004 - 5 xao (1)

9.617367 0.00002

rD

Fig (5): Relation between the
Pressure Exerted on a Confined H-
Atom and the Radius of the Cavity
when /=0, N=7.
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Table (6): Relation between the Pressure Exerted on a Confined
Hydrogen Atom and the Radius of the Cavity for /=0,N=8.

S X ay(m) PX107*%(eV/a,®

Pvs S for a confined H-atom for N=§

54.00
37.00
36.00
32.00
27.00
20.00
17.80
17.00
16.00
15.00
14.00
13.50
12.500
12.400
12.385
12.380
12.370
12.355
12.351
12.350

0.00096
0.01940
0.02396
0.06094
0.23501
2.34156
5.19539
6.98518
9.87425
13.9608
16.3360
17.1085
9.91693
2.06252
1.53933
1.31971
1.02259
0.05120
0.03452
0.03110

20

8 == 1Series

Px10-12 { e/ ao®)

ov\-ﬂe

20 0 60
. .

Sx g (m)
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Fig (6): Relation between the
Pressure Exerted on a Confined H-
Atom in a Cavity and the Radius of
the Cavity when / = 0, N=8.
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Table (7): Relation between the Pressure Exerted on a Confined
Hydrogen Atom and the Radius of the Cavity for /=0,N=9.

SX ag(m)P X 107 5%V/a,”)

65.0000 0.0069
46.0000 0.1553
44.0000 0.2316
40.0000 0.5469
30.0000 6.8913
29.0000 9.3323
26.0000 24.772
23.0000 63.767
20.0000 178.97
18.0000 320.80
17.0000 377.03
16.0000 279.47
15.5000 8&1.655
15.4000 24.288
15.3800 12.073
15.3750 7.2867
15.3740 7.0257
15.3700 4.4072
15.3690 3.8326
15.3650 1.0686
15.3640 0.3675
15.3635 0.0344
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=4 1Series
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Fig. (7):

Relation between the
Pressure Exerted on a Confined H-
Atom in a Cavity and the Radius of
the Cavity when /=0, N=9.
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Table (8): Relation between the Pressure Exerted on a Confined
Hydrogen Atom and the Radius of the Cavity for /=0,N=10.

SX dg(m) Px107%eV/ay,*?)

77.500 0.00668
54.000 0.24983
42.000 3.02896
31.000 57.2121
25.000 378.649
23.000 683.432
20.000 1121.19
19.000 506.298
18.900 362.258
18.700 35.0134
18.685 6.49326
18.684 4.01117
18.682 0.72287

P e S for aconfined H- atom for N=10

1200
1100 1
1000
900
800
700
600
500 9
400
300
200
100
0 ¢
100 ¢ 2 4 6 8 100

S xay(m)

=4 1Series

Px 1018 {eV/ayl?)

Lt

.

Fig. (8): Relation between the Pressure Exerted on a Confined H-Atom
in a Cavity and the Radius of the Cavity for / =0, N=10.
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Table (9): Relation between the Values of S, where the Pressure is
Maximum and N.

SP max D0 N
(m)
2.4 3
4.0 4
6.0 5
8.0 6
11.0 7
13.5 8
17.0 9
20.0 10
St man— N relation for the confined H-atom
12
10
8 L]
= 6 //
E
wr 4 J/ —ae— 1 Series
/
2
o
8] 5 10 15 20 25
N

Fig. (9): Relation between the Radius of the Cavity at which the Pressure
has a Maximum Value, and N for the Ground State of a Confined H-
atom.
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We examined the relation between the radius at which pressure is
maximum, S; max, and N, see fig. (9) above. We found that as N increases
Sp max Increases. This is due to the dependence of the radial distribution
function on space dimension N.

4. Conclusions:

The pressure exerted on the wall of the cavity due to enclosing the H-
atom inside a cavity of radius S depends on N and S. It is found that for a
given N, the pressure increases as the radius decreases, up to a certain
value, and then starts to decrease; this value of P is a maximum. The
value of this pressure decreases with increasing N, and the value of the
radius of the cavity at which the pressure is maximum increases as N
increases.

As I mentioned before, this study is only for the ground-state energy
(I=0). As a future study I am looking forward to extending this work for
different values of /, and to examine the effect of confinement, for / > 0,
on physical properties of the confined hydrogen atom.
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