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A Dynamic Programming Approach to Control Heat
Equation with Random Walk Process Using HJB Equation
By
Sally Mohammad Ali Anabsa
Supervisor
Dr. Mohammad Ass'ad
Co-Supervisor
Prof. Dimitrios Tsagkarogiannis

Abstract

The heat equation is considered with Random Walk and Brownian motion
under the assumption of Bernoulli's, Binomial, Geometric and Poisson

distributions for Markov chain.

Some numerical methods are also used to find a numerical solution of heat
equation under certain conditions as finite difference method (explicit and

implicit), Crank Nicolson method and method of lines.

Separation of variables method also used to determine an analytic solution

of heat equation.

In addition, we have used the Hamilton Jacobi Bellman equation (HJB)
and algebraic Riccati equation that arises in the linear quadratic regulator

(LQR) to obtain the optimal control function for heat equation.

Finally, a comparison between exact and approximate solution for state

space equation using Euler's method.



Preface



e Preface

The heat equation is an important partial differential equation that
describes the distribution of heat or change in temperature in a particular
region over time [24].

The heat equation has the general form:

oU 0*U
ot D8x2 (1)

Where

U = U(x,1) is the temperature and is a function of space and time.

D is a constant.

The heat equation predicts that if a hot object is placed in a box of
cold water, the body temperature will decrease, and eventually after an
unlimited time, without any external sources of heat, the temperature
becomes homogeneous.

The heat equation is of fundamental importance in different scientific
fields. In mathematics, it is the prototypical parabolic partial differential
equation. In statistics, the heat equation is connected with the study
of Brownian motion. The diffusion equation, a more general version
of the heat equation, arises in connection with the study of chemical
diffusion and other related processes [16]. Heat and mass transfer is used
to understand how drug delivery devices work, how kidney dialysis works,

and how to control heat for temperature-sensitive things [24].



Many scientists have worked on the heat equation, for example Jean
Biot (1774-1862) has studied the heat conduction equation but he was
unsuccessful to deal with the problem of incorporating external convec-
tion effects in heat conduction analysis. Joseph Fourier (1768-1830) de-
termined how to solve the problem and gave the well-known Fourier’s
law. Ernst Schmidt (1892-1975) was a German scientist and pioneer
in the field of Engineering thermodynamic, especially in heat and mass
transfer.

Chamkha and Khaled (2000) have studied the effect of magnetic field
on the coupled heat and mass transfer by mixed convection in a linearly
stratified stagnation flow in the presence of an internal heat generation or
absorption. EL-Hakiem (2000) studied thermal radiation effects on hy-
dromagnetic free convection and flow through a highly porous medium
bounded by a vertical plane surface. Chamkha (2000) has analyzed hy-
dromagnetic mixed convection from a permeable semi-infinite vertical
plate embedded in porous medium in heat dimension[24]. In recent years,
many researchers have worked on the heat conduction equation (see for
example [1], [15], 20, 22]).

In this thesis we have studied how to control the heat equation. In the
first chapter of this thesis we derived the heat equation using stochastic
process specifically random walk with Bernoulli’s, Binomial, Geometric
and Poisson distribution. Additionally, we used Brownian motion to

derive the heat equation.



In the second chapter we solved the heat equation in one dimen-
sion using the separation of variables method subject to some specific
boundary and initial conditions (Dirichlet and Neumann conditions). In
the third chapter we solved the heat equation by well-known numerical
methods. Namely the Finite Difference Method, Theta Method, Crank-
Nicolson Method and Method of Lines.

In the last chapter we have studied the optimal control of heat equa-
tion. Optimal control is the process of determining optimal control
function and state trajectories for a dynamic system over a period of
time to minimize a performance index. Optimal control is closely re-
lated to the theory of calculus of variations. Some important scien-
tists who contributed to the theory of optimal control Isaac Newton
(1642-1727),Johann Bernoulli (1667-1748), Leonhard Euler (1707-1793),
Ludovico Lagrange (1736-1813), Andrien Legendre (1752-1833), Carl Ja-
cobi (1804-1851), William Hamilton (1805-1865), Karl Weierstrass (1815-
1897), Adolph Mayer (1839-1907), and Oskar Bolza (1857-1942). Some
important milestones in the development of optimal control in the 20"
century include the formulation dynamic programming by Richard Bell-
man (1920-1984) in the 1950s, the development of the minimum prin-
ciple by Lev Pontryagin (1908-1988), and the formulation of the linear
quadratic regulator by Rudolf Kalman in the 1960s.

Optimal control has found applications in many different fields, in-

cluding robotics, process control, aerospace, engineering, finance, eco-



nomics and management science (see for example [6l, 11, 13], 21]).

There are two types of control systems, the first is closed loop system
and the other is open loop system [13].

Closed loop control systems are also called feedback control systems
are very common in process control and electronic control systems.

In closed-loop system, a controller is used to compare the output of a
system with the required condition and convert the error into a control
action designed to reduce the error and bring the output of the system
back to the desired response. Closed-loop control systems use feedback
to determine the actual input to the system and can have more than one
feedback loop.

Open loop systems are defined by the fact that the output signal
or condition is neither measured nor feedback for comparison with the
input signal or system set point. Therefore open loop systems are com-
monly referred to as non feedback systems. Such that the output has no
influence or effect on the control action of the input signal.

Also, as an open-loop system does not use feedback to determine if
its required output was achieved, it assumes that the desired goal of the
input was successful because it cannot correct any errors it could make,
and so cannot compensate for any external disturbances to the system.

In this thesis we take the closed loop case.



Chapter One
Random Walk and the Heat Equation



1.1 Markov Chain Definition and Examples

A discrete time stochastic process is a sequence of random variables,
{z,}5%y = {xo,71,29,...}, where z,, € S and § is the discrete state
space.

In general, z, are dependent. Therefore in order to describe the
stochastic process, we need to know all the joint probability density func-
tions: P(xg = ig,...,Tp = i), Vn =0, 1,2, ... and Vi, iy, ..., 7, € S.

Consider a random walk starts at ¢y = 0, the conditional probability
density functions can be specified as:

P(xy =11)

P(xy = is|xy = 11)

P(Slj'g = i3|ZC1 = il, T9 = 22)

P(le'n = in\xl = il,xg = iz, ey p—1 = in—l)

P(ZL'QZiQ,ZL’l:il)

recall that P(xo = is|x; =1i1) = Pl

Definition 1.1. A stochastic process {x,,n = 0,1,2,...} with discrete

state space S 1is called a discrete Markov chain if

P(.Tn = z'n|::r;n_1 = Uy, .y L) = Zo) = P(ZE‘n = in‘xn—l = Z'n_l)\V/Z'(), ey by € S

which is called memoryless property ([14), 19])

The conditional probability P(x, = i,|z,-1 = i,_1) is called Transi-



tion Probability and it is denoted by P~ ""
n—1stn
The transition matrix P for the Markov chain is the N x N matrix for
finite Markov chain, whose (3, j) entry is P;;. The matrix P is a stochastic

matrix, that is,

0<P;<1, 0<ij<N (1.1)
N

> Pj=1 0<i<N (1.2)
§j=0

Any matrix satisfying (1.1) and (1.2) is called the transition matrix
for a Markov chain.

where:

P;; is the probability that the system is at state j out of state ¢ in

one step.

Definition 1.2. A discrete time Markov chain is said to be homogeneous
wn time if the probability of going from one state to another is independent

of the time at which the step is being made. That is, for all states 1, j
P(a:n = j|$n—1 = Z) = P(anrk = j‘xn+k71 = Z)
Vk = —(n—1),—(n —2),...,—1,0,1, ... otherwise the Markov chain is

said to be non-homogeneous.

Example 1.3. A model for the state of the phone such that x, = 1 or
0, when x, = 0 that means at time n the phone s free and z, = 1

that means at time n the phone is busy. Also at each time interval, we



assume that the probability of call comes in is p and no more than one
call comes in the particular time interval that means if the phone is busy
the incoming call doesn’t occur at that time interval, also if the phone
is busy at time interval the probability to be free is q at that time [19].
So this example gives a Markov chain with state space S = {0,1} and

matrix:

A
<

Example 1.4. Consider a random walker moving along the locations
{0,..., N} such that at each step the walker moves one step to the right
with probability p and one step to the left with probability ¢ = 1 — p, but
at the boundary points the walker moves inward with probability 1, [19]

so the transition matriz s given by

P(j,j+1)=p, P(j,j—1)=1-p, 0<j<N

P(0,1)=1, PI(INN—-1)=1

P(i,7) =0, for other sites.
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Figure 1.1: Random walk with reflecting boundary

1.2 Random Walk Definition and Examples

The concept of random walk was introduced for the first time by Karl
Pearson 1905. However, in 1880, Lord Rayleigh applied this process
without naming it to analyze a particular random vibration problem.
Random walk is the best way to express the path that consist of a series
of random steps. It may also indicate the path followed by a Brownian
particle as it moves through a liquid.

Some fields of random walk implementations are finance, mathemat-

ics, economics, biology and physics.

Definition 1.5. A random walk is a stochastic sequence {S,} that is

defined by:

Where {x1} are independent and identical distributed random variables.

Consider a particle moves along the real line by steps, each step has



11

two choices either + = 1 or x = —1 , for example, one step to the
right is with probability equal p and to the left equal 1 — p = ¢ that
is Pl =1) = pand p(x = —1) = 1 — p = ¢, in this case it is called
simple random walk, see figure (?7)), it is called symmetric random walk

ifp:q=%.

Figure 1.2: Simple random walk

The Random walk can happen in many situations, and is useful for
analyzing different scenarios. One of the basic models of random walk,
simple random walk on the integer lattice Z¢ (d=1, one dimension). At
each time step, a walker flips a fair coin and moves one step to the left
or one step to the right depending on whether the coin comes up heads
or tails.

Let S,, denote the position of the walker at time n [20].

If the walker starts at the origin (z = 0), so

S,=x1+ 20+ ... + T,

where x; equals £1 represents the change in position and

P(z; =1) = P(z; = —1) = 1, see figure (L.3).
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Figure 1.3: Random walk with Sy =0

Classifications of States

e Accessibility

Definition 1.6. A state k is accessible from state j if

P"(j,k) = P(x, = k|lzg = j) > 0 for somen > 0

and it 1s denoted by 7 — k .

where

P™(j, k) is the probability that at stage n, the system is in state k
given that it is initially in state j

Communicability

Definition 1.7. A state j communicates with state k, if state j is

accessible from state k, and state k 1s accessible from state j, and it
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i1s denoted by j <— k . In other words, two states communicate if
and only if each state has a positive probability of eventually being

reached by a chain starting in the other state.

Properties of the symbol +— :

l.i<—1 (reflexive).
2. if i < 7, then j +— i (symmetric).
3. if i +— j and j +— k, then i +— k. (transitive).

So the relation <— is an equivalence relation on the state space.
Also it partitions the state space into disjoint sets called commu-

nication classes.

Definition 1.8. Chapman Kolmogorov equation is an identity re-
lating the joint probability distributions of different sets of coordi-

nates on a stochastic process, that 1s:
P, g) = 3 ges P R) P (K, )

Proof. 1. reflexive, since PY(i,i) = 1 > 0.
2. symmetric, this is immediate from definition.
3. transitive, if i «<— j then P"(i,j) > 0, similarly, since

j <— k, then P™(j, k) > 0, therefore by the Chapman-Kolmogorov

equation, we get:

Prm(i k) = s PU(0, )P (j, k) > PP, j)P™(j,k) > 0. [
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Example 1.9. Given the following Markov chain

C@ ©>
wcd‘ jO<

D.Z

Figure 1.4: Transition diagram

_0.7 03 0 0 O
08 02 0 0 O
p=1(0 0 09 01 0
0 0 03 02 0.5

0O 0 0 06 04

For example, states 0 and 1 are accessible from state 0,
states 2, 3, and 4 are accessible from state 3
0¢+—1,2+—3+—1

there have two communication classes {0,1}, {2,3,4}

e Irreducibility

Definition 1.10. A Markov chain is called irreducible if there is
only one class of communication (all states belong to one class),

otherwise it is called reducible.
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Remark 1.11. If the Markov chain s irreducible then for any pair
of t and j, In € N such that P"(i,j) > 0

Consider example (1.9)), the classes {0, 1}, {2,3,4} are communi-

cate but disjoint, therefore the chain is reducible.

Example 1.12. Consider a Markov chain

p 1-p
p:
q I-q

pc@G@;

q

this Markov chain s irreducible.

Recurrence and transience

If fii = P(x, =i forsome n > 1lzg = i), is the probability that
the Markov chain will eventually be found in state 7 if it starts from

state 7.

Definition 1.13. A state i is recurrent if f;; =1 ,i.e., the system

15 certain to return to state 1 if it starts at state @

Definition 1.14. A state ¢ is transient if f; < 1,i.e., there is
positive probability that the system starts at state v, fails to return

to it.
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Proposition 1.15. The state j is recurrent if and only if

S P"(4,7) = oo. (in this case the chain returns to j infinitely
often with probability 1 ).

Proposition 1.16. The state j is transient if and only if

S P"(j,j) < oo. (in this case the chain returns to j finitely

many times with probability 1 ).

where Y| P"(j,7) = E[number of visits to j|zg = j]

Define T; = min{n > 0 : x,, = i} which is called first-passage time,
that means the first time that the Markov chain is in state ¢, given

that the process starts in state 7.

If the chain does not return to state i, then 7T, = oo, therefore
T; < oo with probability one.

Theorem 1.17. The following dichotomy holds:

(i) of P(T; < oc0) =1, then i is recurrent.

(ii) if P(T; < 00) < 1, then i is transient.

In particular, every state is either transient or recurrent. (For more

details see [3, 19, 26])
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e Positive Recurrence and Null Recurrence

Theorem 1.18. Let P be the transition matriz of a Markov chain,
and let p° be the probability vector which represents the initial dis-
tribution. Then the probability that the chain is in state i after n

steps pi' s the ith entry in the vector

where

mn

p" s the distribution at time n of the Markov chain.

Definition 1.19. A finite transition matriz P is reqular if some
power of P has only positive entries (i.e. strictly greater than zero).
A Markov chain is a reqular Markov chain if its transition matric

15 reqular.

Example 1.20. Consider the transition matriz

0.2 0.8
0.7 0.3

all entries of P are positive, therefore P is reqular.

Theorem 1.21. For a reqular transition matrix P, there exists

some unique probability vector m such that:([3, [19])
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(i) As n becomes large, all of the rows of P" approach 7

7= lim P"
n—oo
(ii) 7P =7

(iii) 7(j) > 0

The probability vector 7 is called an invariant probability for tran-

sition matrix P, stationary, or steady state probability distribution.

Example 1.22. Consider the two state Markov chain with transi-

. . L—p p
tion matrix P = O0<p<l,0<g<1

q 1—gq

The matrix P has eigenvalues 1 and 1—p—q, P we can diagonalized

as, [19]
P=QDQ™"
where
1 0 1 —p .
D= o= Tlor=|7
0 1—-p—gq 1 g¢q ﬁ pw

when P 1s diagonalized it is easy to raise P to powers,

P = QDanl
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4 p i
. ¥ ¥ _
lim P" = |77 9P| = ,ﬂ:[_‘l _p}
n—oo q D — g+p q+p

4 L T

G+p  q+p

Definition 1.23. An infinite Markov chain is called null recurrent

if it is recurrent but

lim p"(i, j) = 0 Vi, j

n—oo

Otherwise, a recurrent chain is called positive recurrent.

For positive recurrent Markov chain, Vi, j the limit

lim p"(i,j) =7

n—oo

exists and is independent of the initial state i.

One way to determine whether or not a chain is positive recurrent
is to try to find an invariant probability distribution. If a chain
is positive recurrent, then there exists a unique steady state prob-
ability distribution, moreover, if a chain is not positive recurrent,

there is no steady state probability distribution.

Recall the first passage time T; = min{n > 0: z, = i}, if
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(i) E(T;) < oo, then the chain is positive recurrent.
(ii) E(T;) = oo and P(T; < oo) = 1, then the chain is null recurrent.

(iii) P(7; < o0) < 1, then the chain is transient.

item P(x, =ilzg =1) | Z;
Null recurrent state 1 00
Positive recurrent state | 1 < 00
Transient <1 < 00

where Z; is Expected number of visits to i given xzy = 1.

Absorbing states

Definition 1.24. A state j is called absorbing state when entering

this state it is impossible to leave it. P(x, = jlzg=j) = 1.

If every state can reach an absorbing state, then the Markov chain

18 an absorbing Markov chain.

Ergodic Markov chain

Definition 1.25. A state i is said to be ergodic if it is a periodic
and positive recurrent. In other words, a state 1 is ergodic if it is
recurrent, has a period of 1, and has finite mean recurrence time.
If all states in an irreducible Markov chain are ergodic, then the

chain is said to be ergodic.
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Example 1.26. Consider a Markov chain

0.7 0.2
OJO ofo;
0.3 0.8

the states {1,2} are transient states.

the states {0}, {3} are recurrent states

the states {0}, {3} are absorbing states

Non ergodic Markov chain.

From example ((1.12)), the states {0,1} are recurrent states, ergodic

Markov chain.

1.4 Random Walk and Diffusion

In this section the heat equation is derived in a different way from the
usual physical way, since the basic model of heat diffusion uses the idea
that heat spreads randomly in all directions at a given rate. Therefore,
the heat equation is a partial differential equation derived from this intu-
ition by calculating the average of a very large number of particles, so the
heat equation will be derived by using the probabilities and stochastic

processes.
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In this section, a random walk with Bernoulli, Binomial, Geometric

and Poisson distribution can be used to derive heat equation.

e Bernoulli distribution

Consider a walker moves along the x-axis by steps. Each step has
the length A and time duration d¢, in each step the walker can
move only one step to the left (L) or one step to the right (R), such
that the probability of moving to the left and moving to the right

equally likely that is 1/2 (symmetric random walk).

If there have n events, then the number of events to the right (R)
is K, so the number of events to the left (L) is n — K, therefor the
probability density function for Bernoulli distribution is given by

[31]:

P,(K) = #LK),QL k=0,1,2,..n, with Y b (P.(K)=1

Let U(x,t) be the probability that after time ¢ the particle will be
at the state x. If the goal is to reach the state x at time t + ot,
according to the rule of motion we have two choices, the first one
is the walker was at the state x + h at time ¢ and moved to the
left or the walker was at the state x — h at time ¢ and moved to
the right, as the position of the walker at time ¢ and the direction
of its next movement are independent, so the first event happens

with probability 3U (z + h, t), while the second with ;U (z — h,t).

from transition diagram (figure we obtain the following equa-
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1 1

o
Figure 1.5: Transition diagram for Bernoulli distribution

tion:

1 1

we use the notation U(z) for U(z,t).

equation (|1.3) can be written as:
1
Uirst(x) — Ug(x) = §{Ut(x +h) —2U0;(x) + U(x —h)}  (1.4)

dividing equation ([1.4)) by §t and multiplying the second part with

2 .
%, equation (|1.4)) becomes:

Usor(x) — U(x) _ h? Uy(x + h) — 2Uy(z) + Uy(x — h)

1.5
ot 20t h? (15)
let D = Qh—(;, equation (|1.5)) becomes:

using Taylor series, U(x,t + 0t) and U(x £ h,t) can be written in

the form:
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U(z,t+6t) = Ul(x,t) + Uz, t)dt + o(dt)
U(x + h,t) =U(z,t) £ Uy(z,t)h + o(h)

and taking the limits as h — 0 and 6t — 0 in such away that the
coefficient D remains constant, equation (1.6)) takes the form of

diffusion (heat) equation:

2
U _ U

where D is the diffusion coefficient.

Binomial distribution

At each step the probability of moving to the right is p and moving

to the left is ¢ = 1 — p (non-symmetric random walk).

The number of events to the right (R) is K, so the number of events
to the left (L) is n — K, therefor the probability density function

for Binomial distribution is given by [31]:

Py(K) = gt (L —p)" %, with 35 Pu(K) =

Figure 1.6: Transition diagram for Binomial distribution

from transition diagram (figure [1.6]), we obtain the following equa-
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tion:

Uirsi(x) = (1 — p)U(z + h) + pUs(x — h) (1.8)

Let p = % +eand 1 —p = % — €, where € is a small positive

infinitesimal quantity. Then equation (|1.8)) can be written as:
1 1
Ut+5t(9:) = (5 — E)Ut(l' + h) + (5 + E)Ut(l' — h) (19)

In similar way as equation ([1.8]), two other iterative relations can

be written:

Ui(x —h) = (% + e)Up_se(x — 2h) + (% — &) Up_st() (1.10)

Ui+ 1) = (5 + Wae) + (5 — i aw +20)  (L11)

substituting equation ((1.10]) and equation ([1.11]) into equation ([1.9)),

the result is:

1
Utyst(w) =Z{Utﬂst(as —2h) + 2Ui_g(x) + Up_s(x + 2h) }
+ E{Ut_(;t(f — Zh) — Ut_gt(l‘ + Zh)}

+ GQ{UF&(I — 2}1) — 2Utf5t(£€) + Utf(;t(ili + Qh)}
(1.12)

subtracting U;_s:(x) from both sides of (1.12)), we get:
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Uirst(x) — Up_s(x) =

(i + ENU_si(x — 2h) — 2U;_50(x) + Us_si(z + 2h)}
(1.13)

+ e{U—st(x — 2h) — Up_st(x + 2h)}

transforming equation ([1.13]) as follows

Upist(2)=Up—se(x) _

20t
1 9 (2h)2 Ut_gt(x — 2h) — 2Ut_5t(ZE> + Ut_&(x + 2h)

(= +€) 5

c 4h Ut_(;t(l' - Qh) - Ut_&(l' + 2h)
20t 4h
Let
h? DoV 2h
D = (14 4€*)— — = 1.1
U5y od 7o =5 (1.15)

substituting equation (|1.15)) into equation ([1.14]), we have:

Ut+5t(x) — Ut_(;t(x) D Ut_at(aﬁ — Qh) — 2Ut_5t(:1:) —+ Ut_gt(l’ + 2h)
251 (20)?
DOV Uy_si(x — 2h) — Up_si( + 2h)
+ T Ox 4h

(1.16)

This can be considered as difference equation of diffusion with drift,

the exterior force (%—‘;) is the cause of the drift. The quantity 7" is
the temperature in units of the energy. According to equation

([T.15),
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h? . DoV h

in this case it is impossible to keep the diffusion coefficient constant

[31]
2
D < — = constant

ot

However, can be taken the limit as A — 0 and 6t — 0, such that

h
— X UV = constant

ot

then
2

—x D —0
5t >

and equation ([1.16)) becomes:

Utysi(v) — Upse(w) UUtcht(l' —2h) — Up_5(x + 2h)

20t 4h

(1.18)

taking the limit as h — 0 and 0t — 0, equation (1.18) takes the

form:
oU oU
= == 1.1
ot | ox (1.19)
where
4h
V= €—
‘o5t

Equation (|1.19) is called the advection equation.
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e Geometric distribution

Geometric distribution represents the number of failures before we
get a success in a sequence of Bernoulli attempts; k, then the prob-

ability density function for k is:

where
p : probability of success in any single experiment.
q = (1 — p) : probability of failure in any single experiment.

The transition from the state x —h to the state x is with probability

p and from the state  + h to the state x is with probability q.

P q

N

ORORO

Figure 1.7: Transition diagram for Geometric distribution

from the transition diagram (figure we obtain the following

equation:

Uirst(x) = pU(x — h) + qUi(x + h) (1.20)



29

subtracting U;_s(x) from both sides of equation ({1.20)), the result

Uirst(x) — Upst(x) = pUp(x — h) + qUi(x + h) — Up_se(x) (1.21)

substituting p = 1 — ¢ in equation ((1.21)), we get:

Uirst(x) = Ui_se(x) = Ug(x — h) — qUi(x — h) + qUi(z + h) — U5t ()

(1.22)
using Taylor expansion of Uy(x — h) about (z,t — dt):
oUu oU
—h)=U,_ — h— + 0t— 1.2
Ut(x ) Ut 6t($) O + ot ( 3)

substituting equation (|1.23)) into equation (|1.22)), we obtain:

ou . oU
Ursi(2)=Up_si(z) = q{Ut(a:—i—h)—Ut(:p—h)}—h%—i—&a (1.24)

dividing equation ([1.24)) by 2§t and multiplying the first part with
2h

50 we get:
Ut+5t(x) - Ut_gt(ﬂf) . q 2h h (9U 18U
251 = ggan Vi) —Ule=h) =58+ 5
(1.25)

taking the limits as h — 0 and ¢ — 0 and substituting ¢ = % —€
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into equation ([1.25)), equation ((1.25)) takes the form:

oU 2h oU

equation ([1.26]) is an advection equation, that is defined by:

oU oU
where
_ 2
V=¢€ 5/

Poisson distribution
o Poisson process

Consider z(t) the number of customers arriving at a store by time
t. Time is now continuous, so ¢ takes values in the non-negative
real numbers. The rate at which customers arrive is subject to the

following assumptions: ([3, [19])

(i) The number of customers arriving during time interval does not

affect the number arriving during a different time interval.
(ii) The arrival rate at which customers arrive is constant.
(iii) One arrived at a time.

The first assumption can be expressed mathematically as: s; <

t < s <ty <...<s,1 <t,.1<s,<t, that is, in the interval
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[si,t;] the random variables z(t1) —x(s1), z(t2) —x(S2), ..., ©(tn_1) —
x(sp_1), z(t,)—z(s,) are independent. Where x(t;)—x(s;) represent

the number of customers arrive in the time interval [s;, t;].

For the second assumption, if A is the rate at which customers
arrive, i.e., in a small time interval [t, ¢+ dt], a new customer arrives

with probability Adt.

The third assumption states that the probability that more than
one customer arrive during a small time interval is too small. There-

fore, as ot — 0,

2

ASt + o(6t) ifm =1
P(a(t +6t) = 2 +mlz(t) = ) = { o(5t) ifm > 1

1= Aét+o0(0t) ifm=0

\
where o(dt) represents some function that is much smaller than §t.

Definition 1.27. A stochastic process x(t) with (0) = 0 satisfying
the previous assumptions (i — iii) is called a Poisson process with

rate parameter .
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Theorem 1.28. For every t > 0, the random variable x(t) has a

Poisson distribution with rate \t that is

Ak —=0,1,2, ..

0 otherwise

So, a Poisson process is a collection of random variables each of one

has a Poisson distribution.

Adt 1-ASL

N M

ORORCO

Figure 1.8: Transition diagram for Poisson distribution

from transition diagram (|1.§)) we obtain the following equation:

using Taylor expansion of Uy(x + h) about (z,t + dt), we get:

oU oU
Ulx+h) =Upsi(x) + R B ot 5 (1.30)
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substituting equation ([1.30)) into equation ((1.29)), we obtain:

ou oU
ou h oU
B = E(l — 2/\575)% (1.32)
using (1 — Adt) = 3 — e => —Adt = —1 — ¢, the result is:
oU 2h oU
Let v = e%, equation ({1.33]) can be written as:
oU oU

equation (|1.34]) is called advection equation

Brownian Motion

Brownian motion is a stochastic process that describes the continuous

random motion. The first model was proposed by Einstein in 1905 af-

ter the British scientist R. Brown in 1827 observed that the random

movement of pollen particles in water. It is also called Wiener process

relative to the N. Wiener who invented the mathematical construction

of Brownian motion.
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Let X; represent the position of a particle at time t. In this case ¢
takes on values in the non-negative real numbers. The Brownian will be
an example of a stochastic process with both continuous state space and

continuous time.

Definition 1.29. A Brownian motion (Wiener process) with variance
parameter o? is a stochastic process X; with values in R satisfying: ([19,
26])

(i) Xo=0

(ii) X¢ has independent increments.

That means, for any time intervals [sq,t1), [t1, S2), [S2,t2), ... the ran-
dom variables Xy, — X, X5, — Xp,, Xt, — Xs,, ... are independent.

(iii) For any s < t, the random variable Xy — X, has a normal distri-
bution with mean 0 and variance (t — s)o>

(iv) Xy is almost surely continuous.

The process with 02 = 1 is called standard Brownian motion.

Suppose the process X; satisfies these conditions (i — iv), our goal is
to find a distribution of X;, we take the case t = 1, so X; can be written
as:

Xi=X1i—Xo+Xe =X+ + X1 — X1 (1.35)

In other words, X; can be written as the sum of n independent, identically
distributed random variables.

In addition, if n is large, each of the random variables are small.
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Let

Y, = maz{|Xs — Xol, s | X1 — X 1]}

then as n — oo, Y,, — 0, this is because of the last condition: X; is
a continuous function of ¢, (if Y, did not go to 0 then there would be
a jump in the path of X;). Then, by applying the CLT (Central Limit
Theorem), X; is shown to have a normal distribution (For more details

see, [19] 26]).

Definition 1.30. Central Limit Theorem (CLT) establishes that, when
independent random variables are added, the distribution of their sum
tends toward a normal distribution even if the original variables them-

selves are not normally distributed.

If a Brownian motion starting at z, then the Brownian motion is a
process satisfying the previous conditions (i—iv in definition 1.28) except
the first condition, whereas the initial condition X, = .

If X; is a Brownian motion starting at X, = 0, then M; = X; 4+ z is
a Brownian motion starting at x.

Let Pi(x,y) denote the transition density for any z,y € R and t > 0,
i.e., the density of X; for Brownian motion starting at x.

Since X; — X is normal with mean 0 and variance ¢, then P;(x,y) is
given by:

1 (2—y)*

Fi(r,y) = Tt (1.36)
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Properties:

1. The transition density P;(z,y) satisfies the diffusion equation:

opP, 182}%
ot 2 0y?

(1.37)

for any x,y € R and ¢ > 0.
differentiating equation ([1.36]), the result is:

OP(z,y) _y*—2yzr+a°—t
ot 212

Pt(xvy)

0P (x,y) _x—y
oy t

Pt(xay)

PPz,y) Yy’ —2yr+a®—t
oy 12

Pt(xvy)

2. The probability density of X; is given by

I 2
th(:U) —= \/%6 2t

such that the mean of X; is zero and the variance is ¢ (standard
Brownian motion).

3. E[ XX = min{s,t}

4. For any 0 < s < t the increment X; — X, is independent of the
o-field Fy = o{X, : 0 <r < s}.
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e Stopping time

Definition 1.31. A random variable T € [0,00) is a stopping time
for the Brownian motion X, if for each t, the event {1 < t} is

measurable with respect to F;.

It means, to know that the process has stopped before time ¢ or

not, we only need to look at the Brownian motion up to time t.

The most important example will be stopping time of the form

. = inf{t: Xy = x}

e Strong Markov property
Let Y; = X, — X, for 7 being a stopping time.

The strong Markov property states that Y; is a Brownian motion
independent of F,, where F. is the information contained in the

Brownian motion up the stopping time 7.

To see how to use this property, we take the following example:
Example 1.32. Find the probability that 3¢, 0 <t <1 such that
Xy > 1. [19]

solution:

Let T =inf{t, X; = 1}
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our goal is to find the probability of the set {T < 1}. We related to
the set {X1 > 1}, we have:
PX;>1)=P(X; >1r<1)P(t <1)

by the strong Markov property after the random time T, the random
variable X1 — X, = X7 — 1 has the normal distribution with mean

0, hence by symmetry:
1
P(X1—120\T§1)=§

we get:

1 22

%4
\/%6 i

P(Tg1):2p(xlz1)=2/oo

This result is a particular case of the reflection principle.

Definition 1.33. (Reflection Principle)
suppose X, is a Brownian motion with variance parameter o? starting

at z and z < ¢, where z and c are constant, then for any t > 0,

P(Xs>c for some 0 <s<t)=2P(X; > clxg=2)

0
/ 1 _(@—2)?
— e 202t d,jU
¢ V2mto?
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1.6 Brownian Motion and the Heat Equation

Imagine the temperature is determined by a very large number of heat
particles that move a Brownian motion, and the initial temperature is
given by g(z). Let U(x,t) be the temperature at position x at time t.
If there are g(y) particles starting from the site y and moving to site
x at time £. The probability of moving from y to x in time ¢ is the same
as the probability of a particles move from x to y at the same time t.
By calculating the average of a very large number of particles over all

possible of y, U(x,t) takes the form [20]:
U(x,t) = Elg(X;)|Xo = 0] (1.38)

If X; is a Brownian motion starting at x, then for a fixed ¢, X; is a

random variable with probability density function

1 _ (z—y)?

Pt(:v,y)zﬁe 2t

If x, t are fixed and p;(z, y) is considered as a function of y. Symmetry
is seen by noting that p:(z,y) = p:(y, ).

equation ([1.38]) can be written as:

U(z,1) Z/Rg(y)Pt(w,y)dyz/Rg(y)Pt(y,w)dy (1.39)
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define U(x,0) = g(z) and U(x,t) for t > 0 define by equation (|1.38]).

Ift=0,=0, g(0) =0. Then we get the equation:

i J(0:8) —9(0) _ . Efg(X,)[Xo = 0]
s—0+ S s—0+ S

(1.40)

Suppose that gis C? and approximating g by the second order Taylor

polynomial,
g(z) = ¢'(0)x + %g”(())a:2 +o(z?), 2 — 0. (1.41)
then,
E[o(X.)] = ¢ (OE[X.] + 5¢"(OB[X] +0(X2)  (142)

2

but E[X,] = 0, E[X,*] = s and o(X,?) = o(s), dividing equation

1.42) by s and taking the limit as s — 0, the limit becomes 3¢"(0).

Therefore in general the partial differential equation that U(x,t) satisfies
1s:
oU(x,t)  10°U(z,t)
o 2 02

(1.43)

equation ([1.43|) is the heat equation with D = % and initial condition

U(z,0) = g(z).
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Chapter Two

Analytical Methods for Solving the Heat Equation
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e Separation of variables method

The method of separation of variables (sometimes called Fourier
method) is an appropriate method for solving the heat equation (|1)),
it is basically based on the assumption that the solution U(x,t) can
be separated as a product of two functions G(x)H (t) one depends

on x and the other on t.

Uz, t) = G(x)H(t)

This separates out the partial differential equation into two or three
ordinary differential equations, which are related to a common con-

stant ([16], 25], 29]).

2.1 The Dirichlet Condition

Consider the following heat equation with the Dirichlet boundary condi-

tions on the finite interval 0 < x < L [29]:

U —-DU,, =0, 0<ax<L,t>0
U(x,0) = ¢(x)
U(0,t) = U(L,t) = 0 (homogeneous Dirichlet Boundary conditions)

(2.1)
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By separation of variables, let U(x,t) = G(z)H(t), substituting it in
equation (2.1)), the result is:

G(x)H'(t) — DG"(2)H(t) = 0

Dividing by DG (x)H (t), we obtain:

H'(t) G"(x)
DH{) ~ Ga) (22)

The left hand side is a function of ¢, the right hand side is a function
of x, both sides of equation (2.2)) are equal to some constant value —A\,
therefore equation (2.2)) becomes:
H't)  G'(x) _

DH(t) G(z) - (2:3)

Equation (2.3)) is a pair of separate ordinary differential equations
G"(z) + \G(z) =0

and
H'(t)+ DXNH(t) =0

from the Dirichlet boundary conditions U(0,t) = U(L,t) = 0, we get:
U(0,t) =G(0)H(t) =0 = G(0) =0
U(L,t)=G(L)H(t)=0= G(L) =0
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therefore, the two ordinary differential equations become:

G"(x) + AG(x) = 0,G(0) = G(L) = 0 (2.4)

H'(t) + DAH(t) = 0 (2.5)

Initial condition can not be used, since U(z,0) = G(z)H (0) = ¢ (x) does
not imply that H(0)

The characteristic equation for equation ([2.4)) is:

m> 4+ A=0—=m=+vV-\

If A =0, then m = 0 (repeated root with multiplicity = 2) = G(z) =
C12 + Co

G0)=0=>cy =0

GL)=0=1c¢,=0

Therefore the only solution is G(z) = 0 (trivial solution), as the result
U(z,t) = 0 and this does not satisfy the initial condition.

If A\ = —0? < 0, then m = 40 (real distinct roots), so the solution of

equation (2.4)) is given by:

G(z) = 17" 4 coe” 7"

or

G(z) = cicosh(ox) + cosinh(ox)
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since G(0) = 0, c;cosh(0) + casitnh(0) = 0 but sinh(0) = 0 and
cosh(0)=1=¢; =0

since G(L) = 0, cycosh(oL) + casinh(oL) = 0 but ¢ =0

= ¢sinh(cL) =0 = ¢ =0

since 0L # 0 = sinh(oL) # 0, so the solution is G(z) =0

If A\ = 0% > 0, then m = 404 (complex roots), therefore the solution

of equation (2.4)) is given by:
G(z) = cicos(ox) + casin(ox)

since G(0) = 0 = ¢1c08(0) + ¢25in(0) =0 = ¢; =0
since G(L) = 0 = c¢ycos(oL) + casin(oL) = 0, since ¢ = 0 =
cosin(oL) =0

for a nontrivial solution, sin(oL) must equal to 0, therefore

sin(cL) = 0 = oL = nm, where n is a positive integer — o0,, = %%
) p g T

that is A, = (2F)?

If G, () is a nontrivial solution corresponding to A, then ¢G,(z), c #
0 is also a nontrivial solution corresponding to \,,.

therefore,

Gn(z) = czsin(n%x), n=123,..

For the second ordinary differential equation ([2.5))

H)(t) + DX\, H,(t) = 0, (first order separable)
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This ODE is easy to solve, so
H,(t) = Aye Pt A, = e

H,(t) = Ape PUEt n=1,2.3, ...

Each value of o, yields an independent solution satisfying the heat equa-
tion, we have an infinite number of independent solutions U, (x, t).

As a result, U, (z,t) = G,,(x)H,(t) is a solution of the heat equation
forn=1,2,3, ..

The general solution that satisfies the Dirichlet boundary conditions

1S:

Uz, t) =Y Un(z,t) =Y Gu(x)Hy(t)
U(z,t) = Z Ape” (Lﬂ)%sin(n%x)

U(z,0) = ¢(x)
Y(x) = Z Ansm(n%x) (2.6)

equation (2.6)) is a Fourier sine series expansion of ¢ (x) on [0, L] so,

o (L
A, = Z/o zp(:c)sm(%a:)d:c,n =1,2,3,...
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2.2 The Neumann Condition

For problems in one dimension, the homogenous Neumann conditions are
given by [29]:
U,(0,t) =0 and U,(L,t) =0

Consider the following heat equation with the Neumann conditions

on the finite interval 0 < x < L:

U —DU,, =0,0<2x<L,t>0

U(x,0) = ¢(x)
U.(0,t) = U,(L,t) = 0 (homogeneous Neumann Boundary conditions)
(2.7)

If we let U(z,t) = G(x)H(t), and using the Neumann boundary condi-

tions, then we have the following pair of ordinary differential equations:

G"(z) + A\G(z) = 0with G'(0) = G'(L) =0 (2.8)
H'(t) + DXH(t) =0 (2.9)

the characteristic equation for equation (2.8)) is:

m>4+A=0—m=+v-\

If A =0, then m = 0, (a repeated root with multiplicity = 2)
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— G(x) = a1 + ¢

since G'(0) =0 and G(z) =iz + o = G'(x) =c1 =1 =0

since G'(L) = 0 and ¢; = 0 = ¢y arbitrary

therefore, when A = 0 = G(x) = constant

If \ = —0? < 0, then m = 40 (real distinct roots), so the solution of

equation ({2.8)) is given by:

G(x) = cicosh(ox) + casinh(ox)

G'(z) = ciosinh(ox) 4+ cyocosh(ox)

since G'(0) = 0 = c10sinh(0) + caocosh(0) = 0 since sinh(0) = 0
and cosh(0) =1 = 0 =0=co =0

since G'(L) = 0 = cyosinh(o L)+ cyocosh(oL) = 0 since ¢y = 0 =
ciosinh(oL) = 0, since 0L # 0 = sinh(cL) # 0 = ¢; = 0, therefore
the solution is G(z) = 0, as the result U(z,t) = 0 and this does not
satisfy the initial condition.

If A\ =02 > 0, then m = %01 (complex roots), therefore the solution

of equation (2.8)) is given by:

G(z) = cicos(ox) + casin(ox)

G'(z) = —ciosin(ox) + cyocos(ox)

since G'(0) = 0 = —c105in(0) + c20c08(0) =0 =2 =0
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since G'(L) = 0 = —cyosin(cL) + caocos(oL) = 0 since ¢o = 0 =
—cosin(oL) =0

For a nontrivial solution, sin(cL) =0 — oL = nt = 0, = & —

An = (22)?, therefore

nim

Gn(z) = cos(fx), n=1223,..

In fact, we include n = 0,(n = 0,1,2,...), since A = 0 with Gy =
cos(0) =1

for the second ODE eqaution ([2.9):
H'(t)+ DN\ H(t) =0, n=0,1,2,... (first order separable )
this ODE is easy to solve, therefore
H,(t) = Aje Pt A, = e

H,(t) = A,e PUEt n=0,1,2,3, ...

Note that Uy(z,t) = Go(z)Ho(t) = 1.4y = Ay, but for ease, Uy(x,t) can

be written as %-Ao — %
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Therefore, the general solution that satisfies the Neumann boundary

conditions is:

Uz, t) =Y Un(z,t) =) Gulx)Hy(z)
n=0 n=0
Uz,t) = Ao + iA e_D(nTﬂ)Ztcos(Tx)
’ 2 &= L
The initial condition U(z,0) = ¢(x), therfore
6 =2 43 Ayeos(MT) (2.10)
z) = 2. ncos(—— :

equation ([2.10)) is a Fourier cosine series of ¥(z) on [0, L] so,
9 L
A, = Z/o w(x)cos(n%x)da:, n=0,1,2,..
Example 2.1. Solve the following heat equation (Neumann condition):
1
Ut—ZUmzo,O<x<1,t>O

Ux(0,t) =U,(1,t) =0
U(z,0) =10z

Solution:

L=1,D=1 ¢()=10z,



o1

1
Ay = 2/ 10z cos(0)dz = 10
0

1
20((—=1)" =1
A, = 2/ 10zcos(nrx)dr = ( 2)2 ),n > 1
0 nem
;2—‘712 n s odd
A, =
0 n s even
therefore,
5485, #e‘m T )tcos(mrx) nis odd
Uz, t) =

5% n1s even

Example 2.2. Solve the following heat equation (Dirichlet condition):

U =U.,0<z<1,t>0

U0,t) = U(1,t) =0

U(z,0) = sin(2mx)
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Solution:

L=1,D=1,¢(x) = sin(2rz)

1 1 n=2
A, = 2/ sin(2mx)sin(nrr)dr =
0

0 otherwise

therefore,

e lsin(2rz) n=2
U(z,t) =

0 otherwise
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Chapter Three

Numerical Methods for Solving the Heat Equation
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3.1 Finite Difference Method

The finite difference approximations are one of the simplest and oldest
methods for solving partial differential equations. It was known by L.
Euler in 1768, in one dimension of space and was developed into two
dimensions by C. Runge in 1908. The finite difference techniques began
in numerical applications in the early 1950s.

It is based on replacement the partial derivatives by finite differ-
ence approximations, whether forward, centred or backward difference

approximation.

3.1.1 Explicit Method

The idea of explicit forward difference method is to use the first order
forward difference approximation for the time derivative and second order
centred difference approximation for the space derivative ([16], 22], 28]).

Consider the heat equation:

U =Ur+g(x,t),0 <z < L,t>0
U(z,0) = ¢(x) (initial condition) (3.1)

U(0,t) = U(L,t) = 0 (boundary conditions)

g(z,t),¥(x), and L are given.
Note that the computer can not run forever, so we must decide how

much time it takes, therefore assume that the interval is 0 <t < T



99

Determining the points in the domain at which the solution is to be
approximated. These points are called grid points.
Let x; =1dx,1=0,1,2,3,...., N + 1
and t; = jdt,57 =0,1,2,3,.... M
T

where dx = NLH and di = §; are the step sizes.

The result is a grid shown in figure (3.1)):

tA
LN N\ I\
L oo
: A A A A
s —p—p—<p—p
; A A A A
s —p—po—<po—<p
t, ® M. M MND N ®
2 \L/ L/ L/ U
A A A A
t, —p—po—<p—<p—4
] 0 {1 0 1] 0. >
x]_ x2 XB x/_l, L

Figure 3.1: Example of the grid system , N=4 and M=5

Note that the solid grid points are either initial or boundary points
where the solution is given. Initial it is given by #(z;), on the boundaries
(x = 0orx = L) the solution is zero unless the boundary conditions are
not homogeneous. The other grid points are the points at which the

solution is to be approximated.
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Evaluating the equation at each interior point (x;,¢;),7 =1,2,3,..., N
and j = 1,2,3,..., M by using the first order forward difference approx-
imation for the time derivative Ui(x;,t;) and second order centered dif-

ference approximation for the space derivative U,,(x;,1;), we get:

le’(gjh ) Ut(xw )+g(3727tj) (32)

U(:Umtjﬂ)dt— Uz, t;) _ ﬂUtt(l‘Z?g]) & € [ty tjiv1]  (3.3)

U(xiy1,t;) — 20U (z,t5) + U1, t)) B (dz)?
(dz)? 12

Ui(wi, t;) =

U;mcx:c (7717 tj)a
(3.4)

Umx(xia tj) =

S [%-h Zl?z‘+1]

substituting both equations (3.3) and (3.4) into equation (3.2)), we

have:

U(xZH, ) 2U($@, ) + U(.%‘Z'_l, tj) _ (dl‘)Q

Ux:cm: iat‘

Uz, tiv1) — Uz, t dt
= ( JH)dt (it - _Utt(xng) +9g(wit;)

tia Fan
ok L\E,ﬁ—
\

|
ni
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Ul'il,j—U.%‘i7j U.%‘i,,j _U:L‘i7j1—U:I?i,j
R )y (= Pl n ) g ty) (3.5)

where (; ; is the truncation error, given by:

dt (dx)?

Ci — _Utt(xu g]) TUzmxx(nu ) O(dt) + O(dZC)

multiplying equation (3.5) by dt and we let A = ( d‘;t)rz, the result is:

ANU(iv1,t5) = 2U (i, t5) + Uiz, )] + diGj = Uz, ty) — Uz, ) +

dtg(l’z, tj)

U(l’z, ]+1) )\U(I'H_l, ) (1—2)\)(](%’@, )+)\U(l'z 1, ) dtg(ilfl, )‘|‘dt€z’j
(3.6)
dropping the truncation error in equation (3.6|) and let U(x;,t;) = U, ;

be the value that satisfies the new difference equation (3.7)), we get:

Ui,j+1 )\UZ_H] + ( )\)UZ] + A\U;_ 1 — dtgi,j (37)

i=1,2,3,.. ,Nand j=0,1,2,3, ... M — 1

from the initial condition U(z, 0) = ¢(x) and the boundary conditions
U(0,t) =U(L,t) =0, we get:

Uip = ¢(z;) (initial condition) and Up; = Uny41; = 0 (boundary

conditions)
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Equation (3.7)) is an iterative formula for an explicit forward difference
method for the heat equation. It is explicit since U; ;41 at the time level
j + 1 is given explicitly by values at the time level j.

The stencil is given in the following diagram:

P R

b

Xi-1 Xi Xi+1

Figure 3.2: The stencil for explicit forward difference method

The time level 5 = 0 is used to approximate the solution at time level
j = 1. Then time level 7 = 1 is used to approximate the solution at time

level 7 = 2 and so on until the solution is approximated for the all time

levels.

Example 3.1. Consider the heat equation

U =U;,0<2<1,0<t<T

U0,t)=U(1,t) =0
U(x,0) = sin(2nx) (3.8)

the exact solution using separation of vartables from example 15
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given by:
Uz, t) = e " tsin(2n)
1 ___.-'l" e
e HH‘H,\ |
. 0 e ™,

solution o A P

Y
05} HMH. ) s
o 02 04 06 08 1

X-axis

Figure 3.3: The exact solution at t=0.001

using the explicit forward difference method with N = 20, M =
5,10,20 and T = 0.1 for each t = 0.02,0.04,0.1, the numerical solu-
tion of the heat equation (3.8) is given in Figure (3.4)). [22]

Figure , shows that as M increases from 5 to 20 the approximated
solution dashed line for M = 20 becomes closer to the exact solution,
the solid line.

However, for the same M = 20 we have smaller time step dt and it
should give more accurate results, but at ¢ = 0.1 the solution becomes
unstable and far from the exact one (—60 < U(z,t) < 60).

The effect of instability did not appear at smaller time ¢ = 0.04 and
t =0.02.

The explicit forward difference is conditionally stable with stability
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05

solution
Time = 0.02
H— M=10
=& y==
———M=20
Exact
-05 -
x — axis
0.5 v . . . v . . . .
luti P e .
solution - - Time =
o S = ime =0.04
H‘g--;.%::__?_--g_ :- Q__Q_’_;;-"& —
T 5 :gg=5
———M=20
Exact
05 .
© 01 02 03 04 05 06 07 08 09 i
x —axis
A
rl.\ ‘\.
a P ' '. [ 'L ! '. ] .
solution oo ool ool Loore—o—5 o Time = 0.1
T, A W
=30 112 _f,‘:,r!u
M =20
_SD L Il 1 L l.. 1 L Il 'l Exact
0 01 02 03 04 05 06 07 08 09 1
X — axis

Figure 3.4: Solution of the heat equation by explicit method

condition: (for more details see [22])

Therefore, for stability of this method the time and space step sizes must

satisfy the relation

2dt < (dx)*

Example 3.2. Recall our example . Instability occurred fort = 0.1
even when M = 20 is used.

N =20 —dz =&
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M =20 — dt = 35 = 0.005
therefore 2dt = 0.01 and (dz)? = (57)* = 0.00676 — 2dt > (dx)?
the stability condition is not satisfied.

To overcome the instability, we choose M such that

which implies that

M >2(0.1)(21)* = 88.2

for N =20, M must be at least 89 (M integer), as a result, resolving
example using M = 90 and T = 0.1 for t = 0.02,0.04,0.1, the
result is gien in figure (3.9), for this calculation X = 0.49

Figure shows that the stability condition is satisfied when
M =90

The explicit forward difference Method:
Advantages: explicit and simple.

Disadvantage: conditionally stable.
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0.5

luti ;fff#ﬂ t =0.02
solution 0 a0
—— = Eyact
_415 i 1 i 1 i I ""-""'I 1
0 01 02 03 04 05 EIE 07 08 039 i
X —axis
ﬂ.s 1 ] ] I L] 1 L] 1
solution o— e t = 0.04
D \‘h-_r“—-_;____..a—-" o
| I 1 | 3 | 3 | I —~= = Exact
_G'SEI 01 02 03 04 05 08 07 08 09 i
X —axis
0.02 ==y
solution ﬂ/ t =0.1
— M = G
_ﬂ I]E . | ”_‘ — . —— — Exact
0 0.1 0. 05 ] 09
X — axis

Figure 3.5: Solution of heat equation (stability condition satisfied)

3.1.2 TImplicit Method

The idea of implicit backward difference method is to use backward dif-
ference approximation for time derivative and centred difference approx-

imation for space derivative [22].

U(:Ci, tj) — U(:L’Z, tj_l)

Ui(w, t5) = pn

+O(dt)
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U(I’Z'_H, tj) - 2U($Z, tj) + U(xi_l, tj)

Um(xi,tj) = (dm)z

+ O(dx)?

~YJ

dropping the error terms and let U(x;,t;) = U, ;, then the heat equa-

tion (3.1)) becomes:

Uiy, —2Uij +Uina; Uiy —Uija
5 = + Gij
(dx) dt

—(dm)2(Ui+1,j — 2Ui7j + Ui—l,j) = Ui,j — Ui,j—l + dtgm' (39)

Let A = (dth)% equation (|3.9) can be rewritten as:

)\Ui—l,j — (1 + 2)\)Ul,j + )‘Ui+1,j == _Ui,j—l + dtgi’j

1=1,2,3,..., Nand j =1,2,3,.... M
For each interior point, we get a linear equation with 3 unknowns:
Ui—1,j,U; ; and U ; except near the boundaries and initial points which

Ui j—1 is known.

Example 3.3. Recall example
Using N = 20, M = 5,10,20 and T'= 0.1 for each t = 0.02,0.04, 0.1,

the numerical solution of the heat equation (3.8) is given in figure (3.6):



64

0.6

0.3+

solution

-0.3

_O'GID 0.2 0.4 0.6

x — axis

solution

C.06

C.0af

solution o

=0.03F

~0.06 L
[4] 0.2

Figure 3.6: Solution of the heat equation by implicit method

The implicit method is stable , so no condition on the time and space

step sizes.

3.2 Theta Method

The numerical results obtained from the explicit and implicit methods
(figures (3.4) and (3.6))) shows that the exact solution lies between the

results from both methods.
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The idea of the theta method is to use both the explicit and the
implicit to produce a more accurate method by adding a fraction 6 of
the explicit to (1 — ) of the implicit, 0 < 0 < 1

The two methods (explicit and implicit) can be rewritten as:

Explicit: U; j41 —U;; = Vi

Implicit: U; j41 — Ui j = Vit

where

Vij = MUt — 2U;; + Ui 4] — dtgi

Adding the explicit and the implicit terms together by adding a frac-

tion 6 of the explicit to (1 — @) of the implicit
0 (explicit) + (1 — 6)(implicit)

Uijs1 —Uij =0U;j31 —Ui;) + (1 = 0)(Uij1 — Uij)
=0V, + (1- Q)Vi,jﬂ

Uijs1 — Uij = 0 AUiz1; — 2AU; j + NUi—1j — dtg j] + (1 — 0)[AUis1 41 —
2AU; j11 + AUizq i1 — dtgi j+1]

i=1,2,3,..Nand j=0,1,2,.... M — 1

This is called the theta method, 0 <0 <1

when 6 = 1 — the explicit method.

when # = 0 — the implicit method.

when 0 = % — Crank Nicolson method.

The stability condition of the theta method is A(20 — 1) < %
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0<h< % — the theta method is stable.

3 < 0 <1 — the theta method is conditionally stable [22].

3.3 Crank Nicolson Method

Crank Nicolson method was discovered by John Crank and Phyllis Nicol-
son in the mid-20"" century. They apply it to the heat equation and they
approximate the solution of the heat equation by approximating the time
derivative and space derivative by finite differences.

The idea of Crank Nicolson method is to use centred difference ap-
proximation for space derivative and integrate the time derivative with
respect to t ([9, 22]).

Consider the heat equation (3.1)), it can be written as:
Ui(z,t) = G(x,t) (3.10)

where

G(z,t) = Upp(z,t) — g(2, 1)

integrating equation (3.10) from ¢; to t;41, 7 =0,1,2,3,..., M — 1

tiv1 ti+1
/ U(z,t)dt = G(z,t)dt
t

j tj
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using trapezoid quadrature rule:

h3

[ stz = Slata) + o)) - 5470, c € (@.b).h=b-a

U tya0) = U 1y) = (G 1) + Gl )] — O(at)

Uz, tj) = Uz, ;) = Y[Use(w, ;) = g(, 1)) + U, tj11) — g(2, t511)] =
O(dt)?

The error O(dt)? is the local one, that is the error generated at each
time step. However, the composite error for j = 0,1, ..., M — 1 is of order
O(dt)?

dropping the error term and using 2"¢ order centered difference for

the space derivative, we obtain:

dt Uip1; —2U;; + Ui Uiprj+1 — 2U; j1 + Uiz1j41
_[ 2 + 2 ]
2 (dz) (dx)

Uiji1 — Uiy =

dt

_E[Qi,j + gi j+1]

setting \ = (dth)Q and rearranging the terms, the result is:

ANit1j41 — 20+ NUijr1 + AUz jp1 = —AUisrj — 2(1 = N)U;; —
AUi_1,j + dt(gij + 9ij+1)

i—=1,23,.. N, j=0123, .. M—1

The error is O(dx)? + O(dt)?
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Example 3.4. Recall the example

Using N = 20 , M = 5,20 and T = 0.1 for different time t =
0.02,0.04, 0.1, the solution of the heat equation (@ by Crank Nicolson
method is given in figure [22)].

From figure (3.7)) it is clear that Crank Nicolson has outperformed the
explicit and the implicit methods. However, the method is not perfect,

because it did not better at the jump discontinuities.

0.24}F

t =0.02
—Q-Me20

.

solution o

-0.24

Exact

=0.48
0

x — axis

t =0.04
—Q-u=2
——— M=

Exact

0.02

e T
0.01F \\\ i

& e t =01
solution o \ - Q- y-z
=0.01F :\\_ .’,/ ——=M=5

Exact

-
~0.02 . L e,
0 0.2 0.4 0.6 08 1

x — axis

Figure 3.7: Solution of the heat equation using the Crank Nicolson method
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Example 3.5. Consider the heat equation with discontinuities in the

matial condition:
U =U;,0<z2<1,0<t<T

U0,t) = U(1,1) = 0

1 <z < %
U(z,0) = ,initial condition

=

(3.11)

0 otherwise

The initial condition has two discontinuities.

With N = 30, M = 5,10,20 andT = 0.1 for each time t = 0.02,0.04, 0.1,

the solution of the heat equation using the Crank Nicolson method
and the implicit method is given in figures (3.8) and respectively.
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t =0.02

1 - M =100
G v -5

—— —  Exact

solution os

T

i 0.2 0.4 0.6 0.8

t =0.04

] £ M=10
B u=s

— =20
—— — Exoct

solution s}

IIJ.FE l:}j-i Djﬁ IIJI.B 1’

0.5

solution os2s}

x —axis

Figure 3.8: Solution of the heat equation (example [3.5) using the Crank
Nicolson method

Both implicit and Crank Nicolson methods are stable, but the implicit
method did better at the jump discontinuities. The explanation is in the

type of stability.
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solution 05} / B %\b_xﬁh 1|t =002,

= o e M =5
— Exict

D-E T T T T T T T T T
e,
- e -'T'""""h!., _
solution o.4; 1|tz 904
- M =5
1 1 1 1 1 1 1 1 1 — .EI-ESf
1] 0.1 0.2 0.3 0.4 0.5 0.6 o7 0.8 0.9 1
X —axis
0.4 T T T _’._I_._ — T T T
e =
: == =
solution o2} : 1t =01
M =20
i M = 5
1 i j i ] i 1 i ] Exact

Figure 3.9: Solution of the heat equation (example [3.5) using the implicit
method

There are two types of stability, stable and L-stable, the Crank Nicol-
son method is unconditionally stable but not L-stable. The implicit

method is unconditionally stable and L-stable.

Definition 3.6. L-stable methods: the method is stable and the amplifi-

cation factor k — 0 as the time step dt — oo
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3.4 Method of Lines

The method of lines was discovered in the early 1960s and it is known
to experts in computational techniques in electromagnetism. It’s appli-
cations has increased dramatically in the last few years, and we use this
method to find a solution for the heat equation.

The idea of the method of lines is to reduce the problem to an initial
value problem (IVP) by approximating the space derivative U,, using
centered difference approximation ([22, 27]). Therefore equation (3.1)

becomes:

U(l‘i+1, t) — QU(J}Z, t) + U(l’z‘,l, t)

Ut(xi,t) = (dx)Q

— g(xi,t) + O(dx)?

dropping the error term, we obtain the IVP:

dU;(t) _ Uin(t) = 2U;(t) + Ui (t)
T (dx)?

— gi(1)

with U;(0) = ¢;,i =1,2,3,.... N

There are many numerical methods for IVPs. One of the most popu-
lar is the Runge Kutta method (RK4) which makes the method of lines
with RK4 (LRK4).

This way we need to solve N IVPs one for each ¢. This means for
each ¢+ = 1,2,3,..., N, approximate the solution on all time levels, then

step to the next space level.
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The method of lines is conditionally stable, but determining the sta-

bility condition is not so easy.

Example 3.7. Recall the example , using the method of lines for
solving the heat equation (@, using N =18, M = 5,10,20 and T’ = 0.1
for each time t = 0.02,0.04,0.1, the result is given in figure .

06
0.3
solution o t =0.02
= M =10
1|®= M= 15
=0.3 —— M= 20
—  Exact
08 o1 02 03 04 05 06 07 08 09 1
X —axis
0.4

t =0.04

- M=10
{|®— M= 5
——- M= 2D
— Exoct

0.1 02 03 04 05 06 07 08 08 1

x — axis

05+

: el L g ! _ Jo o s lt=01
rJ vl ] P ' .l :.. i [ v e - M =10
' F I R B S K e M= 5
-0.5¢ ' I Ve N---m= 20
v ' I ' ! —  Exact

solution =g

_10 0.1 0.2 0.3 0.4 05 0.6 0.7 08 0.8 1
x —axis

Figure 3.10: Solution of the heat equation using the method of lines
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Example 3.8. Consider the heat equation:
U =U;,0<2<1,0<t<T

U,t) =U(1,t) =0
U(x,0) = sin(mx) (3.12)

the exact solution using separation of variables method is:

1 1 n=1
A, = 2/ sin(mz)sin(nrx)dr =
0

0 otherwise

e tsin(rzr) n=1
U(z,t) =

0 otherwise

Using Matlab the numerical solution of the heat equation using
N =20, M = 1000 and T = 0.1 at time t = 0.0002 using explicit forward
difference, implicit backward difference, Crank Nicolson and Method of

Lines respectively is:
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Solution

t-axis 2 2

06r q

07r q

06F q

05r B

solution

04 .

03r q

02r q

01r q

0 0.1 0z 03 04 0&s 08 07 08 08 1
¥-axis

Figure 3.11: The exact solution of the heat equation (3.12))

—B— Approximate
08¢ —&— Exact
08+ q
07r q

06+ q

0ar q

solution

0.4r q

0.3r B

0.2r B

01r q

o L L L L I L L L L h

01 02 03 04 05 06 07 08 05
¥-axis

Figure 3.12: The solution of the heat equation (3.12)) using Explicit method
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solution

01 0.2 03 04 05 0B 07 0g 09
X-3¥18

Figure 3.13: The solution of the heat equation (3.12)) using Implicit method

solution

01 0.2 03 04 05 0B 07 0g 09
X-3¥18

Figure 3.14: The solution of the heat equation (3.12) using Crank Nicolson
method

—B— Approximate
—<— Exact

solution

0.1 0z 03 04 05 0B 0OF 0s 09
H-axis

Figure 3.15: The solution of the heat equation (3.12)) using Method of Lines
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H O DO DO oD oo ooooooooooooo

Space step size

n]

.050000000000000
.100000000000000
.150000000000000
. 200000000000000
. 250000000000000
. 300000000000000
. 350000000000000
. 400000000000000
.450000000000000
. 500000000000000
.550000000000000
. 200000000000000
. £50000000000000
.700000000000000
.750000000000000
.800000000000000
.850000000000000
. S00000000000000
.250000000000000
. J0oooooooooooo0

O 0Oo0o0oODo0DoDo0Do0DoDoDoDoDooooooao

Explicit method
u}

0001544072883 54
.000305012513362
.000445107340013
.0005801&B827&789
.000e87543545084
.00079853312&8%78
.000875480173103
.000838731991007
.000874885111820
.00058704122722

.0005748859111820
.0005838731851007
.0008754680173103
0007985331289 78
.000£975435450584
.0005801&827&87&89
.000448107340013
.0003050125133 &2
.000154407Z286354
.0o0oo0oo0o000000D0

o T R T Y e Y N e Y e e e e e Y o Y o A o

Implicit method
n]

.0000007845083708
.000001548700207
.000002278732945
.000002547704%&e1
.00000354£054&858
.0000040571&7815
.0000044883395995
.00000478548&8815
.000004253193041
.000005014935215
.000004953193041
.0000047655486815
.0000044£83395985
.000004057187815
.000003546094&898
.000002547704%&1
.00000227&732945
.00000154S700207
.000000784508708
.000000000000000

Crank Nicolson method

0
.0072087c8400222
.014240033015&77
.020820&£0749318
.027086152383 638
032584e23052478
03720082043 5568
.0410591085£8743
.043826315181187
045514372462 66
,04£08171484057
+045514372462 669
.043828315181187
.0410591085£8743
0372808504359¢67
.032584683052477
.027086152383 635
.0205206&0749325
.014240033015679
.0072087e8400222
.000000000000000

9
9

=T — I — T — T — O — Y — N — A~ I~ I~ I — I — T — T — T — i~ = = = |

[ s [ e T s B R R s R R R O s s s = =

Method of Lines

0

.0002 89970075502
000333291 590660
000783483 686133
.001014382804013
.001220304450714
.0013%6178151860
.001337€73313257
.001641305854486

0017045239%6375

.001725771104423
.001704523596375
.001£4130585449¢
.001537€73313287
L00139£178151880
.001220304450714
.0010143826804013
000783483 686133
.000533292595668
.000Z 89970079502
.000000000000000

Figure 3.16: Absolute error for each method used to solve the heat equation
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Chapter Four

Optimal Control of Heat Equation
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Optimal control is the process of determining optimal control function
and state trajectories for a dynamic system over a period of time to
minimize a performance index.

For example, consider a dynamic system:

l’(t()) = Xy

T(x(t), u(t),t) :S(x(tf),tf)—|—/fL(x(t),u(t),t)dt (4.2)

to
Equation (4.1)) is called state space equation and it can be linear and
take the form:

z = Ax + Bu

where A € R™", B € R™™ are constant matrices.

Equation (4.2)) is called Performance index or cost function. The first
part S(x(ts),tr) is called terminal part and it is a function of final state
and final time, moreover L(z(t),u(t),t) is called trajectory part and it is
a function of state, control function and time.

The optimal control problem in continuous time can be solved by two
ways using the Pontryagin Maximum Principle or the Hamilton Jacobi
Bellman (HJB) equation, in addition we use a dynamic programming

approach for solving the (HJB) equation.
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4.1 The Hamilton Jacobi Bellman (HJB) Equation

The Hamilton Jacobi Bellman equation is a partial differential equation
which is the result of the dynamic programming theory by Richard Bell-
man in the 1950s [I7]. The HJB is central to optimal control theory and
the solution of HJB is the control function which afford the minimum
cost for a given dynamical system with an associated performance index
(cost function).

Consider a dynamic system described by state space equation:

#(t) = gla(t), u(t). ) (4.3)

where

z(t) = [x1(t), 22(t), ..., 2, ()] € R"

is the state vector of the dynamical system.

u(t) e R™

is called the control function (value function) which is the input function
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of the dynamical system. Subject to the initial condition:
I(to) = 2

and the performance index:

J(z(t),u(t),t) = S(x(ty), ty) + / f L(z(t),u(t),t)dt

to

The dynamic programming principle is used to derive HJB equation
which is solved by a control function that minimize the performance
index (4.2)).

The optimal control is denoted by u* such that

J(u*) < J(u)

substituting u* in the state space equation (4.3)), we obtain:

T = g(:l?(t), U*(t)v t)

the optimal solution of this equation is denoted by x*.

Consider the following equation:
Ji(@(t), 1) = L(x(t), u(t), t) + Jo(x(t), t)g(x(t), u(t),t)  (4.4)

Equation (4.4]) is a partial differential equation which is called the Hamil-
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ton Jacobi Bellman equation (HJB) ([8, [I7]). Also it can be written as:

O0=Ji+H (4.5)

Where H is called the Hamiltonian function that is defined by:

H=L+\g

where A € R"™ is called the costate variable.

we can find the optimal control that minimize the performance index

([4.2) by the following theorem.

Theorem 4.1. (Maximum Principle) if x* and u* is optimal solution,

then there exist \* is also a solution such that: ([8, (17, [25])

%—Z = —\ (costate equation)
8_7—[ =x (optimal state equation)
o\

OH

= 0 (optimal control equation)

ou

Subject to the condition:

H(x™, u*, N5 t) < H(z,u, A\ t)
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Example 4.2. Find the optimal control for the given system

solution:

1 )
L=>u*qg=
2“;9

J+H=0
1 1
H = L"')\Tg: 5“24' A Aog = §U2+>\1$2+>\2u

by theorem (4.1)

0
—H=u+)\2=0—>u:—)\2
ou
1 2
H:—E/\z + 129
a .
—HZOZ—A1—>)\1:C3
8:1:1
) : :
_H:)\lz_/\2—>)\2:—03—>/\2:—03t+C4
8x2
a_H:xQZflﬁxlzgt:}—%t2+Cgt+Cl

QN 6 2
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o
0o

C
:—>\2:$;2263t—04—>x2:53752—04754‘02

by the initial conditions:
$1(0):1—>01:1

22(0) =2 — o =2
8
x1(2):1—>603—204—|—5:1
.772(2):0—)203—264+2:O
—>63:3,C4:4

therefore

M =3
Ao* =4 — 3t
* 13 2
3
xg*:§t2—4t—|—2

w=3t—4

4.2 Linear Quadratic Control Regulator (LQR)

In LQR the dynamic system is linear, also the performance index and

the control function u(t) is quadratic ([12 30])
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Consider the continuous linear dynamical system:

t(t) = Ax + Bu (4.6)
z(0) = xg
J = %ajT(t)Raj(t) + % /0 f(:cTHx +ul Qu)dt (4.7)
J = %/Ooo(xTHx +ul Qu)dt

without terminal part in the infinite time.

Where A € R™", B € R™"™ are constant matrices and A, B are
controllable.

() > 0 positive definite matrix.

H, R > 0 are positive semi definite matrices.

4.2.1 State Space Formulation

We discuss how to form a state space equation for any ordinary differ-
ential equation. Consider the general form of a system characterized by

an n'* order differential equation:

FO 4 F ) 4o fP D 4 van i f +anf =u (4.8)

subject to

£(0), £(0), ..., f=D(0) are known
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such that

df
dt’

d"f

: de B
o dtn

f=— 0 f®

f: dt?? Y

Define #1 = f, 29 = f,....,xn = f™ Y equation (4.8) can be written as

[5]:
.I"l = T2
.fg = T3
x'g = X4
Tp_1 = Ty
Ty = —QApT1 — Qp_1L9 — ... — A1 Ty + U

We can write it as a vector matrix differential equation:

i) 0 1 .. 0 0 x1 0
T 0 0 . 0 0 T2 0
T3 0 0 .. 0 0 x3 0

=| St | (4.9)

Tn—1 0 0 0 1 Tn—1 0
Ty —a, —Qap—-1 ... —Qy —ay Ty 1
therefore,

z = Ax + Bu
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where A, B and z are defined in equation (4.9)).

Example 4.3. Form the state space equation for the following system

F—3f4+2f—2f=u

Solution:

1= f, o= f and x5 = f, then

i’lzxg

Cifgzlbg

:t3:2x1—2x2+3x3+u

il 0 1 0 I 0
is| =10 0 1| |zo| + |0|u
.fg 2 —2 3 xT3 1

In equation (4.6)), the matrices A and B must be controllable. There-
fore, we will discuss how we can know that A and B can be controlled

or not.

Let M — [B AB . A”—lB]

Definition 4.4. the system is controllable if the rank of matriz M is
n (i.e. M is with full rank), other wise the system is uncontrollable

([5, (18, [57)).
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Definition 4.5. The matrix M s called the system controllability matriz.

Consider the following example:

Example 4.6. Determine whether the following system is controllable or

not
I 11 I 0
I9 0 2 i) 2
Solution:
0 2
n=2—M=
2 4

rank(M)=2 the system is controllable

4.2.2 Solution of the State Space Equation by Laplace Trans-

form

The state space equation can be written in a vector matrix form, therefore
we determine how to find Laplace transform of a vector.

Let
r1(1)

L{x(t)} = : =| : | =X(s)




89

£43) = £{) = 5G(s) ~ (0

therefore

—[,{j:l(t)}- _le(s) — x1(0)_
L{z(t)} = : = : sX(s) — z(0)

_[,{:i:n(t)}_ _an(s) — xn(O)_

to solve equation (4.6]), we take Laplace transform for both sides of equa-

tion ([4.6)),to get [5]:
sX(s) —x(0) = AX(s) + BU(s) — [s] — A]X(s) =z(0) + BU(s)

X(s) = [sI — A 'z(0) + [s] — A]"'BU(s) (4.10)
w(t) = L7Y[sI — A 2(0) + [sI — A] ' BU(5s)] (4.11)

Example 4.7. solve the following system
o B | A R
1'2(?5) -8 —1 .Ig(t) 1

|:O]
where u(t) =1 and x(0) =
0
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Solution: i
-1 1
[s] — A] =
8 s+ 1_
32—1—1 2—1 i
[S[—A]_lz s°—9 s%-9
—8 s—1
s2—9 s2-9 |
1
U(s) = L(u(t) = -

-1
s(s2—9
X(s) = <S_1 )
5(s2-9)

taking the inverse Laplace transform, the result is:

1 cosh(3t)

x(t) - 9 h(3t) 9 inh(3t)
1 coS Sin
9 9 + 3

4.2.3 Determination the Optimal Control Using Maximum Prin-

ciple to Derive Algebraic Riccati Equation

The optimal control for the system in equation (4.6 that minimize the

cost function in equation (4.7)) is determined as:

The Hamiltonian function for equatoin (4.7)) is:

H = %(xTHm +u" Qu) + N (Az + Bu)
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the costate equation is given by:

oM

At) = o

= —(Hz + AT))

the optimal control equation is:

oM

— =0—u=-Q 'B\
ou

the optimal state equation is:

OH
P =— = Ax — BQ 'BT
x o\ x Q A

These equations can be written in vector matrix form as:

T A —BQ'BT| |x
| = (4.12)
A —H —AT A

But it is not easy to solve the system (4.12)), therefore we guess the

solution of (4.12)) as:
A(t) = P(t)x(t), P € R™"

}\:PI—FP:}:

— Pz + P(Az + Bu)
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— Pz + P(Az — BQ'BT)\)
— Pz + P(Az — BQ 'BTPx)
—(Hz + A"P2) = (P + PA— PBQ 'B"P)x
(P+PA+ AP - PBQ'B'P+ H)z =0

From last equation, we get the equation:
P+PA+ATP - PBQ'BTP+H =0 (4.13)

P(ty) = R

for the infinite time horizon, there is no terminal part, therefore when

the time approaches infinity, [23] we have:

limissoP = 0 (4.14)
from equations (4.14)) and (4.13)), we get:
PA+ ATP—-PBQ 'B'P+H=0 (4.15)

Equation (4.15)) is called Algebraic Riccati Equation(ARE) [12], where
the positive definite matrix P is the solution of the equation (4.15)).

The control function v that minimize the cost function J is written
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as:

u(t,x) = —(Q7' B P(t))a(t) = —K(t)(t)

substituting u in the state space equation (4.6]), the result is:

= (A—-BQ 'B'P(t))x

Example 4.8. Consider the following system

01 0
T = T+ U
00 1
with
a2
H = Q=1
0 0
P11 P12 , . . . : :
Let P = be the solution of riccati equation, then the riccati
P12 D22
equation becomes:
2 2
—Pip+a” pu—pep2l |00
P11 — P12b22 2p12 — D3 00

the solution 1s:

V2a3  a
a V2a

P pu—
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therefore
K=Q'B'P=|a vz
the control function that minimizing the cost function is u = —Kx

Consider the following procedure to solve ARE:

Take the following linear dynamical system:

t(t) = Az + Bu (4.16)
z(0) =
J = %xT(t)Ra:(t) + % /Otf(:r:THx + ul Qu)dt (4.17)

equations (4.16]) and (4.17) can be solved by [10]:

() A —BQ'BT| |z(t) x(t)
p(t) -H  -A p(t) p(t)

z(0) = o, p(ty) = Rx(ty)

The above system is the corresponding Hamiltonian system for equa-

tions (4.16) and (4.17)).

The solution of equation p(ty) = Rx(ty) in t = t; using state transient
matrix (L7YST — Z]71) is:



95

_ eltyt) Dy (ty —t) Puo(ty —1t)| |2()

(4.18)
p(ty) Dor(ty —t) Poo(ty —1t)| | ()

P(t) = [Pa(ty —t) = RP1o(t; — 1)) [RP1u(tf — 1) — Pau(ty — )] (4.19)

Example 4.9. Consider the following system

find the control function u that minimize the following cost function

1, 1 [°,
J==8225)+ = [ «*(t)dt
2 2 Jo

we have: A=1, B=1,t; =5 R=8 H=0and Q =1

Hamiltonian matrixz Z 1s:

1 —1
7
0 —1
The transient matrix 1s:
ot % ot _ % ot
0 et
86(570
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the control function u(t,x) = —Kx

4.3 Optimal Control of Heat Equation

In linear quadratic control, the state space equation is an ordinary dif-
ferential equation. Therefore we must convert the heat equation to an
ordinary differential equation, so by using the separation of variables
method we can express the solution of the heat equation as a product of
two functions each of them is a solution of ordinary differential equations,

then use the riccati equation for solving each of them.

Recall the example ([2.2):
U=U,;,0<2r<1,0<t<0.1

U(0,t) =U(1,t) =0
U(z,0) = sin(2mx) (4.20)

the exact solution is:
Ulz,t) = 674”%52'71(2#:5)
By separation of variables, we obtain:

U(z,t) = G(x)H(t)
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where G(x) is the solution of the following ordinary differential equation:

d*G(x)

T2 +471*G(x) = 0
T

and H (t) is the solution of the following ordinary differential equation:

d];—t(t) + 47 H(t) =0

To obtain the control function for each of ODE’s, we take the case that
each of them equal the control function wu,uy respectively. For the first
ordinary differential equation:

d’G(z)
dx?

+47°G(7) = uy, G(0) = G(1) =0 (4.21)

the state space equation for equation (4.21)) is:

1‘1:G

QZQZG
j:lZ.CUQ

Ty = —47T2£L’1 -+ U
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To verify that A and B are controllable or not:

01
Mz[B AB}z
1 0

rank(M)=2, so A and B are controllable.

The performance index for equation (4.21]) is:

1 0.1
J = —/ (2 + u?)dt
2 Joo

with@ =1, R=0, H =

(sI — Z) =
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5 1 Az 5
(T +4x%)  SHdn®—1 (S et -D{de +s7) (S Hdat—1)[dnt+s7)
472 5 da’s 5
[3—’ N Z) 1 (s Ha7) s a1 (e nTs7) (57T 1) et +s7)
‘ | 0 s ‘ 1
P s +4me S 44re
1 42 5
| 0 s244mr2 -1 Andts2—1 4n2+s2-1 |
‘ 41 42
P =
I 2n
where

E] B )
. 0.1591549431 cos(\,* ir —1(-01+ r)) J4n —1sin(27(01- 1))
11 =
cos(27(0.1 = 1)) cosl | 40 —1 (<0144 J 470 —1 — 6283185309 sin(2 (01 — 4)) sin| J 477 — 1 (=01 + ¢
| J J | N

-
. 0.1591549431 sin(2 n(0.1 — 1)) sin(v 4n -1 (01— r))
12 =
cos(2m(0.1 = ) cos 42— 1 (014 4) /47 — 1 — 6283185309sin(27(0.1 = 1)) sin( /4 — 1 (<014 1))

‘,‘ 2 )
. 6.283185309 sin(v 4 —1 (-0.1+ r)) sin(27(0.1 - 4))
A= 1 ., [ e N
cos(2n(0.1 - t))cos(\,n 4 -1 (-01+ t)) J4r —1 —6.283185309sin(2x(0.1 — z‘))sm(v 4 -1 (-0.1+ z‘))

. cos(‘Zn(O.l—t))sin(vqxz—1 (0.1—r))
o cos(2n(0.1- 1)) cos(v i1 (-0.1+ z‘))v 47— 1 — 6283185309 sin(2n(0.1- 1) sin(v it -1 (-0.1+ r))

- 6.283135309sin[\,m(—0.1+ t))sin(‘?.Jt(O.l—t))
cos(zx(o_l—r))cos(\,m(-o_ur))\,m—ﬁ_zszlsszo%in(zx(o_l—r))sin(\,m(-o_lu))
cos(2m(0.1 — r))sin(vm(o_l— r)) ¥
cos(2m(0.1 - 4)) cos(v’m(—o.l + r)] Jﬁ — 6.283185309 sin(2 (0.1 — #)) sin(\,m(—o.l + r))
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For the second ordinary differential equation:

dH (t) 5 B

the state space equation for (4.22)) is:
I — H

i = —4723 + U
A= 47> B=1
T = Axr + Bus
M =1—=rank(M)=1— A and B is controllable.

The performance index for (4.22)) is:

1 01
J = —/ (2 + u?)dt
0

p —4n? —1
—1  4x?
ST 7] s + 4m? 1
S — =

1 s — 4x?
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dr2—s 1
_ 167 —s2+1 1677 —s2+1
[SI—Z] 1: Y8 s$°+ i s+

1 —4r2—3
1674 —s24+1  16mt—s241

42sinh(v/ 1674 + 1t)
V16t + 1

—sinh(v/167* + 1t)

Let a = cosh(/ 1674 + 1t)

’ V16rt +1

4r?sinh(v/ 1674 + 1t)
V16rt + 1

and ¢ = cosh(\/1674 + 1t) +

a b
LI -2 =
b ¢

sinh(v/1674 4+ 1(0.1 — t))

p—
V1674 + 1eosh(v/ 167 4+ 1(0.1 — t)) + 4nw2sinh(v/167* + 1(0.1 — t))

Uy = [ —sinh(v16m1+1(0.1—1)) } .
V1673 +1cosh(v/16714+1(0.1—t))+4n2sinh(v/1671+1(0.1—1))

uy and ug are factors of control function of heat equation (4.20]).

4.4 Illustrated Examples and Sensitivity Analysis

In this section, we will implement the FEuler method to solve the state

space equation.
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e Huler method

Euler method was created by Leonhard Euler in 1770 ([2, 4]), it is
a numerical method to approximating the solution of differential
equation:

y =F(t,y),a <t<byla) =y (4.23)

The domain [a,b] is divided into a number of sub-intervals M, all

sub-intervals have the same length h = b’w“
h
® ® ® ® ® ¢ ®
a =1t t; L b=t,

Figure 4.1: Sub intervals of Euler method

from figure (4.1), note that t;, = a + ih,7 = 0,1, ..., M, to approxi-
mate the solution of the differential equation, we need to approx-
imate the solution at each point t;,2 = 0,1, ..., M, the solution at

to = a is given by the initial condition y(a) = yo.
We use the notations:

y(t;) = y; for the exact solution at ;.

R(t;) = R; for the approximate solution at ¢;.

approximating vy’ at ¢; using first-order forward difference formula:

Vi1 —Yi h
Y = % - 5?/’(@), G € [ti, tip1] (4.24)
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substituting (4.24)) into equation (4.23)), the result is:

Yi+1 — Yi

h
= y(G) = Fltny). i = 0.1, M~ 1

h2
Vi1 = Yi + hF (t;,y;) + 5?/’(@) (4.25)

dropping the remainder term, the new equation is not satisfied by

y; but by R; where R; = y;, the equation (4.25)) becomes:

Riy1 = Ri+hF(t;,R;),i=0,1,..,M —1 (4.26)

equation (4.26)) is the iterative formula for Euler method for equa-
tion (4.23)).

Starting with initial condition Ry we compute R;, then use R; to

compute Ry and so on until Ry;.

Example 4.10. Consider the differential equation,
Yy =t+2y,50)=0 (4.27)

using h = 0.25, M = 4 find the solution for equation in [0.1]
by Euler method.
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F(t,y)=t+2y and1=0,1,2,3

Rivi=R;+ 025(152 + QR@),Z =0,.,3

The exact solution is:

y = 0.25¢* — 0.5t — 0.25

= O O O

Step size

0

.250000000000000
.500000000000000
. 750000000000000
.000000000000000

Mumerical solution

0
0
0.0&2500000000000
0.218750000000000
0.515£25000000000

Exact solution

]
0.037180317&€75032
0.1795704571147¢€1
0.495422267568451¢
1.0972649024732¢663

Error

0
0.037180317675032
0.1170704571147¢1
0.27667226758451¢
0.581639024732663

Figure 4.2: Numerical results for h=0.25

Figure 4.3:

Solution
o
w
T

=]
m
T

o
=
T

0.2r

T T T T
—&— Numerical Solution
—B— Exact salution

1] 0.1

Numerical Solution vs. Exact Solution, h=0.25
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In figure (4.3) the numerical solution is so inaccurate, to reduce
the error, we may reduce the step size h since the remainder term

we dropped in the deriwation depends on h.

—&— Numerical Solution
—H—Exact Solution
'l'.
£
i

sy Sl L L L L L
1] 01 02 03 04 05 0B 07 08 08 1
t

Figure 4.4: Numerical Solution vs. Exact Solution, h=0.01

As we see in figure (4.4), the accuracy of this numerical solution is

much higher than before.

For solving the state space equation by Euler method, consider the ex-

ample:

Example 4.11. (Closed loop system)

r=2r+u
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Solution:
A=2B=1and Q=1
The control function u that minimaize the cost function J is taking the

formula:

u=—(Q 'BTP)x

therefore, the state space equation becomes:

i=(A—BQ 'B'P)x

Riccati equation for this example is:

4P — P*=0— P =4and P = 0 (rejected)

The state space equation becomes:

the exact solution is:

z(t) =e

by Euler method, using h = 0.01 and M = 100, the numerical solution

and ezact solution is given in figure (4.9).
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e T T T T
By
“‘. —#— Numerical Solution
G
0.9 g —HB— Exact Solution
K
o

0er

07r

06r

0ar

Solution

041

03r

0.2r

0.1

L L L L ! L L L L ]
1] 0.1 0z 03 04 05 06 07 0B 09 1
t

Figure 4.5: Numerical Solution vs. Exact Solution, h=0.01

Example 4.12.

-1 0 0
T = T + U
0 1 1
1
z(0) =
1
1 1
J = —/ (2% + u?)dt
2 Jo
Solution:
-1 0 0 1 0
A= , B= , H = and Q =1
0 1 1 00

The solution of riccati equation would be:

av
I
DO —
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The state space equation becomes:

i = x (4.28)

The exact solution 1s:

0ar

=) o =]
m - m
T T T

Solution of state 1

=]
n
T

o
=
T

L L L L L L L L L
0 o1 02 03 04 05 0B 0OF 08 09 1
t

Figure 4.6: Numerical Solution vs. Exact Solution for the first state, h=0.01



109

—&— Numerical Solution
—B— Exact Solution

Solution of state 2

L L L L ! L L L L
1] 0.1 0z 03 04 05 06 07 08 08 1
t

Figure 4.7: Numerical Solution vs. Exact Solution for the second state,
h=0.01

we introduce the open control system through the following example:

Example 4.13. ( open loop system), Recall the example ,

(R0 I T N L] I (4.29)
Ty (1) —8 —1]| [x2(2) 1
0
where u(t) =1 and z(0) =
0
with output equation:
y(t) = Cx(t) (4.30)

where C = [0 1}

the exact solution by Laplace transform is:

1 _ cosh(3t)

ZE(t) _ 9 9
1 cosh(3t) sinh(3t)
5 9 T3
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x i
o 1 — X2 _ Pt )
.j?2 —8.%1 — X9 + 1
using Euler method solve the system using h = 0.01, ¢t € [0,0.5],

the result is given in figures (4.8) and (4.9).

00z

T T T T
—&— Exact Solution
—H— Mumerical Solution

-0.04 -

-0.06 +

-00sr

Solution of state 1

01 F

0z F

014}

-0.18
o

L L L L I L L L L
005 01 015 02 02 03 03 04 045 05

Figure 4.8: Numerical Solution vs. Exact Solution for the first state, h=0.01

07 T T T T T T T T T
—— Exact Solution
0sl —HB— Mumetical Salution

05r

04t

0.3r

Solution of state 2

02r

01r

L L L L L L L L L
o oos 01 015 02 025 03 035 04 045 05
t

Figure 4.9: Numerical Solution vs. Exact Solution for the Second state,
h=0.01
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the solution of output equation (4.30)) is given in figure (4.10))

07

06

05r

04t

Solution

0.3r

02r

01r

]

L L L L L L L L L
0 o005 01 015 02 025 03 035 04 04 05
t

Figure 4.10: Solution of output equation

Example 4.14. (CD-player)
Consider the example of the CD-player that could be found in [7],
where the dimension of a matrix A is 120 x 120

The numerical solution using Fuler method for the states 10, 60 and

120 respectively are given in figures .

Example 4.15. Consider the state space equation where the ma-
triz A is a 200 x 200 diagonal matriz in which the main diagonal entries
are all -1.

Using Euler method, the solution of state 200 for example, is given
by figure ({4.13).

The absolute error for the results is between 0 and 1.8 x 1073

(0 <error <1.8 x 1073).
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Solution of state 10

0.4 0.6 0.8
H-axis

0afF

RIRN S

Solution of state B0

0.1

263

0.z

03 04 05 06 07 os 09
H-axis

Solution of state 120
[}

-1 L

0 01

Figure 4.11: Numerical results for CD-player (example(4.14))

nz

03 04 05 0B 07 0s 0sg
H-axis
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b il PR B S
i —H—Eud wiinr

3 a1 o 0OF 0& O0OF BB OF DA as 1
LRl

Figure 4.12: Numerical solution vs. Exact solution for state 200 (exam-
ple(4.15))
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Conclusion

We study heat equation under Dirichlet, Neumann, Euler and HJB
equation. We conclude that goodness of numerical solution and analytic
solution where the tolerance is 1073, The control function derived in the
case of using algebraic Riccati equation found to be nonlinear function;

trigonometric and hyperbolic functions depends on the initial conditions.

We recommended farther research to consider heat equation as laplacian
equation to determine the control function using HIB equation. Also the
heat equation could be discussed using other distribution functions for

Markov chain.
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