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Chapter One

Introduction and Preliminaries

1.1 Introduction

The study of the composition operator is a link between analytic function theory and 

operator theory. Operator theory including the study of the composition operator of a 

fixed a nalytic f unction d ates b ack t o a  s tudy b y E . N ordgren i n 1 960 [1], a nd o ver the 

years the literature has grown [2]. Two basic monographs are [Cowen books, and Shapiro 

books].

The study of Toeplitz, subnormal, and other operators that grew out of the theory of 

multiplication operators, is founded on the spectral theorem for normal operators [2]. 

Since the normal composition operators are extremely diverse and naturally appear in a 

wide range of issues, the normality of the composition operator Cυ on the subspace Kb is 

the primary objective of this thesis.

Let υ(z) : Γ → Γ be an analytic function, the composition operator is Cυf = f ◦ 

υ. Based on Littlewood’s Theorem, the composition operator is bounded on the Hardy-

Hilbert space H 2 and f ◦ υ ∈ H 2 for all f ∈ H 2. Schwartz in [3] proved that Cυ 

is normal if υ(z) = az, |a| ≤ 1, and vice versa. While Bourdon and Narayan in [4] 

provided an explanation of all normal weighted composition operators on H 2(Γ) with 

υ(z) fixes a point in Γ, where the weighted composition operator is W ω ,υ =  ω(Cυf), with 

ω be a holomorphic function on Γ.

Ku the model subspace of H 2 is defined to be the orthogonal complement of uH 2 where
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u(z) is an inner function of the open unit disk, i.e. Ku = H 2 ⊖ uH 2. With the finite

Blascke product b(z) as an inner function, Mashreghi and Shabankhah in [5] provided a

detailed description of the bounded composition operators on Kb, showing that if Lc(Kb)

is the classification of all bounded composition operators on Kb, the structure of Lc(Kb)

is tightly bound to the zeros distribution of b(z). In this thesis, firstly we will recall all the

background needed to study the normal composition operators on H 2.

Secondly, we studied the normal composition operators and the weighted composition

operators on H 2. Finally, we will give a brief introduction to the model subspace Kb,

then we will take the case that b(z) has two zeros including the origin and b′(0) ≠ 0 in

Mashreghi and Shabankhah paper to study the structure of Lc(Kb). Also, we will compute

C∗
υ on Kb with b(z), and we will compute and check the normality of the composition

operator Cυ : Kb → Kb.

1.2 Preliminaries

The fundamental background theory of normal composition operators on the Hardy-

Hilbert space H 2 and the normal composition operators on the model space Ku will 

covered in this Section. And will go over some fundamentals to define L p and H  p  spaces 

as well as normal operators. Also we will define needed operators, such as the orthogonal 

projection operator, the Toeplitz operator, ... etc.

1.2.1 Banach and Hilbert Spaces

This sub-section will present definitions of spaces needed before defining the Banach and 

Hilbert spaces. We will see that any Hilbert space is possible to write as a direct sum of a 

closed subset with its orthogonal complement.

One of the measures we studied in calculus is the distance function (metric function) that 

is defined on R as d(t, s) = |t − s| for every pair of real points [6]. In functional analysis, 

there is a similar definition t hat i s b asic a nd u seful i n m any a pplications, w hich i s as 

follows:
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Definition 1.2.1 [6] For a set U and a metric d : U × U → R, a Pair (U, d) is called

metric space if and only if for all s, t, r ∈ U

(i) d is finite real number, and nonnegative,

(ii) d(s, t) = 0 ⇐⇒ s = t,

(iii) d(s, t) = d(t, s),

(vi) d(s, t) ≤ d(s, r) + d(r, t).

If the elements of the set U can be added and multiplied by a constant, and the result

is still an element of U , then the set is said to be a vector space [6]. Furthermore, if A is a

subset of U such that A = U , then we said that A is dense in U [7].

Definition 1.2.2 [8] The space V is a normed vector space if it is a vector space where a

norm is defined. That is a real-valued function denoted as ∥.∥ called a norm, and satisfying

the following for all s, t ∈ V ,

(i) ∥s∥ ≥ 0,

(ii)∥s∥ = 0 ⇐⇒ s = 0,

(iii) ∥s+ t∥ ≤ ∥s∥+ ∥t∥,

(iv) If α is a scalar, then ∥αs∥ = |α|∥s∥.

Definition 1.2.3 [8] A complex vector space with an inner product is called an inner

product space. Where a real-valued function ⟨., .⟩ define on a complex vector space V is

called an inner product if and only if for all s, t, r ∈ V

(i) ⟨s, s⟩ ≥ 0,

(ii) ⟨s, s⟩ = 0 ⇐⇒ s = 0,

(iii) ⟨s, t⟩ = ⟨t, s⟩,

(iv) For any scalar α, ⟨αs, t⟩ = α⟨s, t⟩,

(v) ⟨s+ t, r⟩ = ⟨s, r⟩+ ⟨t, r⟩.
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Note that an inner product on a vector space V defines a norm on V given by ∥s∥ =

⟨s, s⟩ 1
2 . And satisfy Schwarz inequality |⟨s, t⟩| ≤ ∥s∥∥t∥. If s and t were elements of

an inner vector space V , we say that s and t are orthogonal if ⟨s, t⟩ = 0 written as s⊥t.

Furthermore, if U and W were subsets of V as every element in U is orthogonal to every

element in W then we say that U is orthogonal to W (U⊥W ) [8].

Before defining the Hilbert space, we need the definition of convergent and Cauchy se-

quences to define the complete and Banach spaces.

Recall that a sequence sn is convergent to s if ∀ ε > 0, ∃ k ∈ Z+ such that ∥sn − s∥ < ε,

∀n > k. And a sequence sn is Cauchy if ∀ ε > 0 ∃ k ∈ Z+ such that ∥sn − sm∥ < ε,

∀n,m > k. Note that every convergent sequence is Cauchy, but the converse is not true

[9].

Definition 1.2.4 [6] Let (U, d) be a metric space and let sn be a sequence in (U, d) such

that for all ε > 0 there exist N = N(ε) where d(sm, sn) < ε, ∀m, n > N , then sn is

called Cauchy sequence.

(U, d) is called complete space if every Cauchy sequences converges to a point of U .

Definition 1.2.5 [6] Banach space is a complete normed vector space. And the Hilbert

space is an inner product space, that is a Banach space.

Let H be a Hilbert space, and {zn} be an orthonormal basis of H, the Parseval’s

identity theorem tells us that for all s ∈ H we have

∥s∥2 =
∞∑
n=1

⟨zn, s⟩.

Examples of Hilbert spaces are ℓ2, L2,

ℓ2 =
{
(s1, s2, s3, ...) :

∞∑
n=1

|sn|2 < ∞, ∀sn ∈ C
}
,

besides inner product defined as

⟨s, t⟩ =
∞∑
n=1

sntn.,
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the L2 will be define in the next section [6].

It can be easily proved that if U is a closed subspace of the Hilbert space H, then H = 

U ⊕ U⊥, where U⊥ = {s ∈ H : s ⊥ t, ∀ t ∈ U} is the orthogonal complement of U . 

Furthermore, for any subset U ≠ ∅ of H, U⊥ = {0} when and only when the span of U 

is dense in H [6].

The special function Qβ(z) is said to be the reproducing kernel of a Hilbert space H if 

for all f ∈ H,

f(β) = ⟨f(z), Qβ(z)⟩,

where the family of Qβ spans a dense set of H [10].

1.2.2 Lp and H p Spaces

This sud-section will introduce Lp and H p spaces and the connection between them. We 

will see that for 1 < p ≤ ∞, we can identify the functions in H p with their radial limits 

on Lp. Then we will define the Hardy- Hilbert space H  2, and preview the basic theories 

needed in this thesis. Also, we will define the inner, and the outer functions, and give an 

example of the inner function which is the finite Blaschke product.

Definition 1 .2.6 [11] Let (X, F, µ) denote the σ-finite measure space, Lp(X, F , µ), 1 ≤ 

p < ∞ is the space of all complex-valued measurable functions on X that satisfy

∫
X

|f(x)|pdµ(x) < ∞

and for f ∈ Lp(X,F , µ) define the Lp norm of f as

∥f∥Lp =

(∫
X

|f(x)|pdµ(x)

)1/p

.

If p = 1, L1(X,F , µ) is the space of all integrable functions on X , and together with

∥.∥L1 is a Banach space. In case p = 2, L2 is a Hilbert space.

If p = ∞, the L∞(X,F , µ) is defined to be the space of all essentially bounded
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functions, that is for a measurable function f ∈ X , and 0 < M < ∞ we have

|f(x)| < M a.e.; x with respect to µ.

The infimum of all possible such M is the norm ∥f(x)∥L∞ of f , note that L∞ is also a

Banach space. By Holder inequality it can be easily proved that for p ≤ q and X has a

finite positive measure then Lq(x) ⊆ Lp(x).

Definition 1.2.7 [12] Let h : Γ → C be a measurable function, and 1 ≤ p < ∞. The

Hardy space H p denotes the space of all analytic functions in the unit disk for which

∥h∥p is finite. Where

∥h∥p ≡ sup
r<1

Mp(r, h),

and for 1 ≤ p < ∞, Mp(r, h) is defined as

Mp(r, h) ≡

(
1

2π

∫ 2π

0

|h(reit)|pdt

)1/p

.

Note that for 0 < r < 1, Mp(r, h) is an increasing function of r, and it is the Lp norm

of hr, that defined on the unit circle Y as hr(eit) = h(reit). Therefore ∥.∥p is a norm on

H p. Hence H p is a Banach space, and for 1 ≤ r ≤ p, H p ⊆ H r ⊆ H 1. In particular,

H ∞ is the space of all bounded analytic functions on Γ and H ∞ ⊆ H p for all p, where

the norm

∥h∥∞ = sup|r|<1|M∞(r, h)| ≡ sup|r|<1

{
sup{|h(reit))| : 0 ≤ t ≤ 2π}

}
.

For 1 ≤ p ≤ ∞ one can show that if h(z) is an analytic function on Γ, , then lim
r→1−

Mp(r, h)

exists and ∥h∥p = lim
r→1−

Mp(r, h). Since Mp(r, h) is an increasing function of r, the

Maximum Modulus Theorem tells us that M∞(r, h) is also an increasing function of r.

Let Y be the unit circle, with dµ = |dt|/2π be the normalized Lebesgue measure and

h(eit) ∈ L1(T) [12], then we can write the sequence of the Fourier coefficients of h(eit)
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as

ĥ(n) :=
1

2π

∫ π

−π
h(eit)e−intdt, n ∈ Z.

The next two theorems shows that for 1 ≤ p ≤ ∞ the classical hardy spaces H p can be

defined equivalently as

H p := {h ∈ Lp : ĥ(n) = 0 ∀n < 0}.

Theorem 1.2.8 [12] For 1 ≤ p ≤ ∞, let f ∈ H p, then g(z) = lim
r→1−

fr(z) defines a

function g ∈ Lp with ĝ(n) = 0 for n < 0 and
∑∞

0 ĝ(n)zn = f .

Theorem 1.2.9 [13] For 1 ≤ p ≤ ∞, let H̃ p ≡ {f ∈ Lp : f̂(n) = 0, ∀ n < 0} then it

is a closed subspace of Lp, and the map

T : H p → H̃ p

f → ∂(f)

is an isometry map of H p on to H̃ p.

If p = 2, H p is a Hilbert space with an orthonormal basis {1, z, z2, ...}, defined to

be the space of all analytic functions on the open unit disc that have square summable

Maclaurin coefficients [13], that is

H 2 =

{
f : f =

∞∑
n=0

f̂(n)znand
∞∑
n=0

|f̂(n)|2 < ∞

}

with an inner product defined as

⟨f, g⟩ =
∞∑
n=0

f̂(n)ĝ(n)

where

f(z) =
∞∑
n=0

f̂(n)zn, and g(z) =
∞∑
n=0

ĝ(n)zn

7



and a norm

∥f(z)∥ =

(
∞∑
n=0

|f̂(n)|2
)1/2

.

We have to remark that in theorem 1.2.8 Fatou’s lemma guarantees that the function g ∈

Lp, for all f ∈ H p. And theorem 1.2.9 tells us that H̃ 2 is a closed subspace of L2, and

there is an isometry between H̃ 2 and H 2, which can be identify by taking the function

f̃ ∈ H̃ 2 that having the Fourier series
∑∞

n=0 ane
int, onto the analytic function f(z) =∑∞

n=0 anz
n. If f ∈ H 2 with ∂f ∈ L∞, then f ∈ H ∞.

Note that the Hardy-Hilbert space is a reproducing kernel Hilbert space so that:

Definition 1.2.10 [2] For all f ∈ H 2, β ∈ Γ there exists a unique function Qβ(z) such

that f(β) = ⟨f,Qβ(z)⟩, this function is

Qβ(z) =
1

1− βz
,

with

∥Qβ(z)∥ =
1√

1− |β|2
.

If f(z) ̸= 0 in H p, then it can be factorized uniquely as a product of inner and outer

functions [14], they can be defined as follows:

Definition 1.2.11 [14] A function u in H ∞ is called an inner function if | lim
r→1

u(reit)| = 1

a.e.; on Y.

Definition 1.2.12 [14] Let θ(z) in H 1 such that

θ(z) = α exp

(
1

2π

∫ 2π

0

eit + z

eit − z
log|f(eit)|dt

)

then θ(z) is said to be an outer function.

1.2.3 Linear and Normal Operators

This sub-section will define linear operators, the adjoint of an operator, and normal 

oper-ators, recall some of their properties, and give examples. Then introduce the well-

known
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Spectral Theorem for the normal operators. Also, it will define the orthogonal projection

of L2 onto H 2.

Definition 1.2.13 [15] Let V and W be vector spaces over the same field, the operator

A : V → W is said to be a linear operator if and only if for every s, t ∈ V , then

A(αs+ βt) = αAs+ βAt, where α and β are real or complex numbers.

If M is a subspace, and A is a linear operator such that for every f in M we have Af

in M. Then M is said to be invariant under A [15].

Examples of linear operators are the identity, the zero, and the multiplication operators.

The identity operator I : V → V is defined by I(s) = s for all s in V . However, the

zero operator is defined on V such that 0(s) = 0 for all s in V . And for f(eit) ∈ L∞ the

multiplication operator M
f
: L2 → L2 is defined by M

f
g = fg for every g(eit) in L2, and

hence ∥M
f
∥ = ∥f∥∞ [6].

It is straightforward to see that the set of all linear operators on a vector space is itself a

vector space.

Next we will define the product of two operators by operating the right operator on the

left one as follows:

Definition 1.2.14 [15] Let A, and B be two linear operators on a vector space V , we can

define their product P = AB by P (s) = A(B(s)).

Definition 1.2.15 [15] An operator A is said to be invertible if it meets these two condi-

tions

(i) Whenever As1 = As2, then s1 = s2.

(ii) For all t ∈ V , there is at least one vector s ∈ V such that As = t .

If A is invertible then by (ii) for every t0 there is a vector s0 such that As0 = t0, and

this vector is unique by (i), then we can define the inverse operator of A as A−1t0 = s0.

Clearly, A−1 is a linear operator and AA−1 = A−1A = I [15].

9



If V and W were normed vector spaces, the norm of A can defined to be

∥A∥ = sup
s∈V
s̸=0

∥As∥
∥s∥

.

Definition 1.2.16 [6] Let V,W be normed vector spaces, and A : V → W be a linear

operator. A is regarded as bounded if for all s ∈ V there exist a real number c such that

∥As∥ ≤ c∥s∥.

If V is of finite-dimension then, every linear operator on V will be bounded. We will

let B(H) stand for the set of all bounded linear operators on the Hilbert space H.

Definition 1.2.17 [6] Let A : H1 → H2 be a bounded linear operator, the unique bounded

linear operator A∗ : H2 → H1 that satisfy

⟨As, t⟩H2 = ⟨s, A∗t⟩H1

is called the adjoint operator of A.

Keep in mind that the adjoint operator of a bounded linear operator exists uniquely

and ∥A∗∥ = ∥A∥. Moreover, if A : H1 → H2, B : H1 → H2 are bounded linear

operators, and α is a scalar then we have

(i) ⟨A∗t, s⟩ = ⟨t, As⟩; (s ∈ H1, t ∈ H2),

(ii) (A+B)∗ = A∗ +B∗,

(iii) (A∗)∗ = A,

(iv) (αA)∗ = αA∗,

(v) ∥AA∗∥ = ∥A∗A∥ = ∥A∥2,

(vi) A∗A = 0 ⇐⇒ A = 0,

(vii) Assuming that H1 = H2 =⇒ (AB)∗ = B∗A∗.
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Now we are ready to define the main definition of this thesis, the normal operator which

can be defined as follows:

Definition 1.2.18 [6] A bounded linear operator A on a Hilbert space H is said to be

(1) self-adjoint or Hermitian if A = A∗,

(2) unitary if A is bijective and A∗A = AA∗ = I , i.e. A∗ = A−1,

(3) normal if AA∗ = A∗A.

It is worth saying that if A ∈ B(H) is normal, A∗ is normal too, and ∥As∥ =

∥A∗s∥, ∀s ∈ H [6]. Furthermore, A and B are unitarily equivalent if there is a uni-

tary operator U such that A = U∗BU [6]. If A is a normal operator whenever A and B

are unitarily equivalent, then B is likewise a normal operator.

For A ∈ B(H), the spectrum of A is σ(A) := {α ∈ C : A−αI is not invertible in B(H)}.

And the point spectrum of A is σp(A) := {α ∈ C : ker(A − αI) ̸= {0}}, that is the set

of all eigenvalues of A. Moreover, if there exist s ∈ H such that {s, As,A2s, A3s, ...} is

dense in H, then A is said to be cyclic operator, and s its cyclic vector [6].

Proposition 1.2.19 [16] Let A be a linear bounded operator and α ∈ C is an eigenvalue

of A, then α is an eigenvalue of A∗ with identical eigenvector.

The factorization of functions in H 2 follows directly from the study of the invariant

subspaces of the shift operator which we will introduce next.

Definition 1.2.20 [13] The unilateral (forward) shift operator S : H 2 → H 2 is of the

form

Sf(z) = zf(z)

or, considering the Taylor coefficients of f(z) =
∑∞

0 anz
n ∈ H 2, is of the form

S(a0, a1, a2, ...) = (0, a1, a2, ...)

where (a0, a1, a2, ...) ∈ ℓ2.

Proposition 1.2.21 [17] Suppose that S : H 2 → H 2 is the unilateral (forward) shift

operator then:
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1. ∥Sf∥ = ∥f∥, therefore S is an isometry.

2. The adjoint of the unilateral (forward) shift operator also known as the backward

unilateral shift operator is

S∗(f(z)) =
f(z)− f(0)

z
, f(z) ∈ H2

or,

S∗(a0, a1, a2, ...) = (a1, a2, ...), (a0, a1, a2, ...) ∈ ℓ2.

By using the fact that
∣∣u∣∣ = 1 almost everywhere on Y for any inner function u, if

f ∈ H 2 we can see that ∥uf∥ = ∥f∥, therefore uH 2 is a closed subspace of H 2.

Furthermore, S(uH 2) = zuH 2 = u(zH 2) ⊂ uH 2, hence uH 2 is a non zero sub-

space that is invariant under S. According to Beurling’s Theorem, these are all the H 2

subspaces that are non-zero S-invariant.

Theorem 1.2.22 Beurling’s Theorem [13] Each non zero subspace of H 2 that is invari-

ant under the forward shift operator S is of the form of uH 2, for u as an inner function.

Now let’s recall different forms of the Spectral Theorem.

Theorem 1.2.23 (Spectral Theorem) [17] [18] Let A ∈ B(H) is cyclic, and let M+(σ(A))

be the set of all positive Borel measure on σ(A) then;

(i) If A is normal then there exist a measure µ ∈ M+(σ(A)) so that A is unitarily equiv-

alent to the operator f 7→ zf in L2(µ).

(ii) If A is self-adjoint, then σ(A) ⊂ R, and there exist a v ∈ M+(σ(A)) such that A is

unitarily equivalent to the operator f 7→ xf in L2(v).

(iii) If A is unitary, then σ(A) ⊂ Y, and there exist a η ∈ M+(σ(A)) such that A is

unitarily equivalent to the operator f 7→ ζf in L2(η).

Where a subset of Y is called Borel if it is contained in the smallest σ-algebra of

subsets of Y that contains all the open arcs of Y. A countably additive function on Y is a

Borel measure if assigned a complex number for each Borel subset of Y.

An example of a bounded self-adjoint operator onto a subspace U of a Hilbert space H is

the projection operator that defined as follows:

12



Definition 1.2.24 [13] Let U be a subspace of a Hilbert space H then the operator

Pf = g

where f = g + h with g ∈ U , h ∈ U⊥, and H = U ⊕ U⊥, known as the orthogonal

projection operator onto U .

Definition 1.2.25 (The Riesz projection) [13] Let P be the orthogonal projection of L2

onto H 2, if f(eit) =
∑∞

n=−∞ ane
int then

Pf =
∞∑
n=0

anz
n

Definition 1.2.26 [19] For g ∈ L∞, the Toeplitz operator Tg defined by

Tg : H 2 → H 2

f → P (gf)

where P is the orthogonal projection of L2 onto H 2.

Note that if g ∈ H ∞, then Tgf = gf be the multiplication operator, and if g = z, 

then Tgf = zf be the shift operator. It is straightforwards to prove Tg
∗ = Tg where g 

denote the conjugate of g.

Corollary 1.2.26.1 [18] Let f(z) ∈ H 2, then

Sf(z) = Tzf(z)

and

S∗f(z) = Tz
∗f(z)
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1.2.4 Linear Fractional Transformation

This sub-section contains a review of the definition of linear fractional transformations 

and some basics.

Definition 1 .2.27 [11] The mapping of the form

T (z) =
az + b

cz + d

with ad − bc ̸= 0, is known as a linear fractional (Mobius) transformation. And T (z) is

said to be in standard form if ad− bc = 1.

The notation LFT (Ĉ) represents the collection of all such maps, which forms a group

under composition. We meant to draw attention to the fact that each linear fractional trans-

formation can be viewed as a one-to-one holomorphic mapping of the Riemann Sphere Ĉ

onto itself, with the obvious rules concerning the point at infinity.

It is clear that the linear fractional transformation T (z) = az+b
cz+d

has a fixed point at ∞

when and only when c = 0, and it would be the only one when and only when a = d and

b ̸= 0. If not, the solutions of the quadratic equation cz2 + (d− a)z − b = 0 are the fixed

points [11].

Here, what interests us is the subgroup LFT (Γ) of LFT (Ĉ) that maps Γ into itself called

automorphism mapping. It should be noted that each self-conformal mapping of Γ is a

linear fractional transformation. And the unique fixed point z0 of the transformation f(z)

in the closed disk such that |f ′(z0)| ≤ 1 is called the Denjoy-Wolff point. The Schwarz-

Pick Lemma implies that T (z) has not more than one fixed point in Γ, and if it does exist

it must be the Denjoy point [20].

Corollary 1.2.27.1 [2] If T (z) is a univalent (one-to-one) inner function then T (z) is an

automorphism of the unit disk Γ.

The following definition will present the non-identity Mobius transformations geom-

etry classifications on the unit disk.
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Definition 1.2.28 [21] Let T (z) ∈ LFT (Γ) be a non-identity automorphism. then

1. T (z) is said to be of parabolic type when and only when it has a single fixed point on

the unit circle.

2. T (z) is said to be hyperbolic when and only when it has two fixed points on the unit

circle.

3. T (z) is said to be elliptic when and only when it has a fixed point in the unit disk.
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Chapter Two

Normal Weighted Composition Operators on Hardy-Hilbert space

This chapter will introduce the composition, and the weighted composition operators, and 

it discuss some of their properties. We will see Schwartz’s result that answers the question 

when the composition operator is normal on H 2(Γ). Also, we will study and look over 

Bordon and Narayan’s characterization of the unitary weighted composition operators, 

and their description of normal weighted composition operators that are induced by a 

function υ(z) Aixes a Aoint An (Γ).

2.1 Composition Operators

For a domain Y An Ahe Aiemann Aphere C, Aet υ(z) be a Aelf-map analytic Aunction Af 

Y , Aet H(Y )  be Ahe Aet Af all Aolomorphic Aunctions defined An Y , and Aet X ⊆ 

H(Y )  be a Banach Apace, Ahe Ainear Aperator

Cυ : X → X

f → f ◦ υ

is called the composition operator induced by υ(z) [2].

If υ(z) defined on the open unit disk Γ, LittleWood’s Theorem tells us that Cυf(z) is

bounded on the Hardy space H 2(Γ), and (f ◦ υ)(z) ∈ H 2(Γ) for every f(z) ∈ H 2(Γ)
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[22]. Moreover, (
1

1− |υ(0)|2

) 1
2

≤ ∥Cυ∥ ≤

(
1 + |υ(0)|
1− |υ(0)|

) 1
2

.

It is clear that the product of two composition operators is a composition operator [2].

That is, if Cυ and Cξ are composition operators then

CυCξf(z) = Cυ(f ◦ ξ)(z)

= (f ◦ ξ ◦ υ)(z)

= Cξ◦υf(z)

Our discussion is about the normality of the composition operator which includes the

computation of its adjoint, since Cυ is bounded on H 2(Γ), it has an adjoint C∗
υ also de-

fined on H 2(Γ). The computation of C∗
υ is not that easy for all the functions in H 2(Γ)

still, we always have its action on a special set of functions, and is it the family of repro-

ducing kernels [22].

Lemma 2.1.1 [22] For all f(z) ∈ H 2(Γ), β ∈ Γ, we have

Cυ
∗Qβ(z) = Qυ(β)(z)

Proof. By definition 1 .2.17 ⟨f, C υ
∗Qβ⟩ =  ⟨Cυf, Q β⟩, s ince Q β(z) i s t he reproducing 

kernel of H 2(Γ) we have

⟨Cυf,Qβ⟩ = Cυf(β)

= f
(
υ(β)

)
= ⟨f,Qυ(β)⟩

therefore ⟨f, C∗
υQβ⟩ = ⟨f,Qυ(β)⟩, hence C∗

υQβ(z) = Qυ(β)(z).
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Schwartz 1969 proved that the adjoint of the composition operator Cυ is a composition

operator when and only when υ(z) = αz, |α| ≤ 1, and the composition operator Cυ is

normal when and only when υ(z) = αz, |α| ≤ 1, as follows:

Theorem 2.1.2 [3] If |α| ≤ 1, then C∗
αz = Cαz.

Proof. Here we use a different proof from Schwartz. Since Qβ span a dense set of H 2,

it is enough to show that

C∗
αzQβ(z) = CαzQβ(z).

By lemma 2.1.1, and definition 1.2.10 Qβ(z) =
1

1−βz we get

C∗
αzQβ(z) = Qαβ(z)

=
1

1− αβz

=
1

1− β(αz)

= Qβ(αz)

= CαzQβ(z).

Theorem 2.1.3 [3] The composition operator Cυ is normal when and only when υ(z) =

αz, |α| ≤ 1.

Proof. Let Cυ be normal, and υ(z) =
∑∞

n=0 anz
n, an orthonormal basis of H 2 is the

sequence {1, z, z2, ...}, therefore by Parseval’s identity
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∥C∗
υ1∥2 =

∞∑
n=0

|⟨C∗
υ1, z

n⟩|2

=
∞∑
n=0

|⟨1, Cυzn⟩|2

=
∞∑
n=0

|⟨1, υn⟩|2

= |⟨1, υ0⟩|2 + |⟨1, υ1⟩|2 + |⟨1, υ2⟩|2 + ...

= 1 + |a0|2 + |(a0)2|2 + ...

=
∞∑
n=0

|a0|2n.

On the other hand

∥Cυ1∥2 = ∥1∥2 = 1

but given that Cυ is normal operator, so that ∥C∗
υ1∥ = ∥Cυ1∥, this implies

∞∑
n=0

|a0|2n = 1,

therefore

|a0|2 + |(a0)|4 + |(a0)|6 + ... = 0,

and hence a0 = 0, i.e. υ(z) =
∑∞

n=1 anz
n.

Similarly, if f(z) = z we have
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∥C∗
υz∥2 =

∞∑
n=0

|⟨C∗
υz, z

n⟩|2

=
∞∑
n=0

|⟨z, Cυzn⟩|2

=
∞∑
n=0

|⟨z, υn⟩|2 = |⟨z, υ0⟩|2 + |⟨z, υ1⟩|2 + |⟨z, υ2⟩|2 + |⟨z, υ3⟩|2...

= 0 + |⟨z, υ⟩|2 + 0 + 0 + ... = |⟨z, υ⟩|2 = |a1|2

while

∥Cυz∥2 = ∥υ∥2

=
∞∑
n=1

|an|2

= |a1|2 + |a2|2 + |a3|2 + ...

but ∥C∗
υ∥ = ∥Cυ∥ , this implies

|a1|2 = |a1|2 + |a2|2 + |a3|2 + ...,

so that

|a2|2 + |a3|2 + ... = 0,

and hence |an| = 0 for all n ≥ 2. Therefore, υ(z) = a1z, and |a1| < 1.
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Conversely, Let f(z) ∈ H 2, and suppose υ(z) = αz, by lemma 2.1.2 we get

C∗
υCυf(z) = C∗

αzCαzf(z)

= CαzCαzf(z)

= Cαzf(αz)

= f(ααz)

= f(ααz)

= Cαzf(αz)

= CαzCαzf(z) = CαzC
∗
αzf(z)

Cowen obtained that if υ(z) is a linear fractional transformation on the Γ, then the

adjoint C∗
υ is a product of Toepletz operators and a composition operator. Before proving

the theorem we need to prove the following lemma:

Lemma 2.1.4 [2] If g ∈ H ∞, then

T ∗
g Qβ(z) = g(β)Qβ(z).

Proof.

⟨f, T ∗
g Qβ⟩ = ⟨Tgf,Qβ⟩

= g(β)f(β)

= g(β)⟨f,Qβ⟩ = ⟨f, g(β)Qβ⟩.

Theorem 2.1.5 [23] Let υ(z) = az+b
cz+d

where ad− bc ̸= 0, then τ(z) = az−c
d−bz maps the unit
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disk into itself, j(z) = 1
d−bz , and ρ(z) = cz + d are in H ∞, and we have C∗

υ = TjCτT
∗
ρ .

Proof. Clearly ρ(z) = cz + d ∈ H ∞. Since υ(z) is a linear fractional mapping that

maps Γ into itself, it is a one-to-one mapping on the Riemann sphere, hence υ(z) and its

inverse also maps Γ into itself. Thus,

τ(z) =
1

υ−1
(
1
z

)
maps Γ into itself. The function j(z) has the same denominator of τ(z), therefore, j(z) ∈

H ∞.

Now, to prove C∗
υ = TjCτT

∗
ρ , it is enough to show that C∗

υQβ(z) = TjCτT
∗
ρ (Qβ(z)):

TjCτT
∗
ρ (Qβ(z)) = TjCτρ(β)Qβ(z)

= ρ(β).j(z).Qβ(τ(z))

=
(
cβ + d

)( 1

d− bz

)(
d− bz

d− bz − aβz + cβ

)

=
cβ + d

(d+ cβ)− z(b− aβ)

=

cβ+d

cβ+d

(d+cβ)−z(b−aβ)
cβ+d

=
1

1− υ(β)z

= Qυ(β)(z) = C∗
υQβ(z).

In [24] Hammond rewrote Cowen’s formula using the fact in corollary (1.2.26.1) as

C∗
υf(z) =

(
(ad− bc)z

(az − c)(d− bz)

)
f(τ(z))− c

az − c
f(0). (2.1)
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Proof.

C∗
υf(z) = TjCτT

∗
ρ f(z)

= j(z)Cτρf(z)

= j(z)Cτ

(
cz + d

)
f(z)

= j(z)Cτ

[
czf(z) + df(z)

]

= j(z)Cτ

[
c
(
zf(z)

)
+ df(z)

]

= j(z)Cτ

[
c
(f(z)− f(0)

z

)
+ df(z)

]

= j(z)

(
c
f
(
τ(z)

)
− f(0)

τ(z)
+ df

(
τ(z)

))

=

(
c

az − c
+

d

d− bz

)
f(τ(z))− c

az − c
f(0)

2.2 Weighted Composition Operators

This section studies the weighted composition operator, its definition, and some proper-

ties.

Let Γ denote the open unit disk, let υ(z) be an analytic self map function on Γ, and let 

ω(z) be a holomorphic function on Γ, we can see in [2] that the weighted composition 

operator can defined to be

Wω,υf(z) = ω(z)Cυf(z) = ω(z)(f ◦ υ)(z).

The boundedness of Wω,υ on H 2(Γ) it follows obviously if the weighted function ω(z) is 

bounded on H(Γ) (the set of all holomorphic function on Γ) but it’s not necessarily, i.e.,
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Wω,υ still can be bounded while ω is not. It is clear that if ω(z) ∈ H ∞, then in [2] we

can see that the weighted composition operator can be rewritten as

Wω,υf(z) = ω(z)Cυf(z) = TωCυf(z).

Corollary 2.2.0.1 [2] Let ω1(z), and ω2(z) be in H ∞, then

Wω1,υ1Wω2,υ2f(z) = Wω1(ω2◦υ1),(φ2◦υ1)f(z).

Proof.

Wω1,υ1Wω2,υ2f(z) = Tω1Cυ1Tω2Cυ2f(z)

= ω1Cυ1(ω2f ◦ υ2)(z)

= ω1(ω2 ◦ υ1)(f ◦ υ2 ◦ υ1)(z)

= Wω1(ω2◦υ1),(υ2◦υ1)f(z).

The following lemma is similar to the lemma 2.1.1.

Lemma 2.2.1 [4] Let β ∈ Γ and suppose that Wω,υ : H 2(Γ) → H 2(Γ) is bounded.

Then

W ∗
ω,υQβ(z) = ω(β)Qυ(β)(z).

Proof. Let f(z) ∈ H 2(Γ), by definition 1.2.17, and since Qβ(z) is the reproducing

kernel of H 2(Γ), we get

⟨f,W ∗
ω,υQβ⟩ = ⟨ωf ◦ υ,Qβ⟩

= ω(β)f(υ(β)) = ⟨f, ω(β)Qυ(β)⟩

24



The next two propositions are two necessary conditions for normal weighted compo-

sition operators.

Lemma 2.2.2 [4] If Wω,υ is normal then either ω(z) ≡ 0 or ω(z) never vanish for all z ∈ 

Γ.

Proof. Suppose Wω,υ is normal and ω(β) = 0 for some β in Γ, then by lemma 2.2.1

Wω
∗
,υQβ(z) = ω(β)Qυ(β)(z) ≡ 0

therefore,

∥Wω,υQβ(z)∥ = ∥Wω
∗
,υQβ(z)∥ = 0

but

0 = ∥Wω,υQβ(z)∥ = ∥(ωQβ ◦ υ)(z)∥ =

∥∥∥∥ω(z) 1

1− β̄υ(z)

∥∥∥∥
which implies

ω(z)

1− β̄υ(z)
= 0, ∀z ∈ Γ =⇒ ω(z) ≡ 0, ∀z ∈ Γ.

Thus, if Wω,υ is normal then either ω ≡ 0 or ω is non zero at each point in Γ.

Proposition 2.2.3 [4] If Wω,υ is normal, υ(z) is not a constant function, and ω(z) ̸≡ 0.

Then υ(z) is univalent.

Proof. Suppose υ(z) is a non-constant non-univalent function on Γ. So, there are two

different points a and b in Γ while υ(a) = υ(b), and since ω(z) ̸≡ 0, lemma 2.2.2 implies

that ω(a) ̸= 0, and ω(b) ̸= 0.

Let

q(z) =
Qa(z)

ω(a)
− Qb(z)

ω(b)

notice that q(z) is well defined non zero function on H 2(Γ). Applying linearity and

lemma 2.2.1 we get
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W ∗
ω,υq(z) = W ∗

ω,υ

(
Qa(z)

ω(a)
− Qb(z)

ω(b)

)

= W ∗
ω,υ

Qa(z)

ω(a)
−W ∗

ω,υ

Qb(z)

ω(b)

= ω(a)
Qυ(a)(z)

ω(a)
− ω(b)

Qυ(b)(z)

ω(b)

= Qυ(a)(z)− Qυ(b)(z) = 0 (we assumed above υ(a) = υ(b))

given Wω,υ is normal, so that

0 = ∥W ∗
ω,υq(z)∥

= ∥Wω,υq(z)∥

= ∥ω(z)q(υ(z))∥

since ω(z) ̸= 0 this implies that q(υ(z)) = 0. But, υ(z) is non-constant, then q(z) must 

vanish on a nonempty open subset of Γ. However, Γ is connected, so q(z) must be the 

zero function, a contradiction. Hence υ(z) is univalent.

2.3 Unitary Weighted Composition Operators

Here we will see Bordon and Narayan’s characterization of the unitary weighted com-

position operator on H 2(Γ), and we will show that every automorphism of Γ induces a 

unitary weighted composition operator.

Let υ(z) be the constant function, i.e. there exist c ∈ Γ such that

υ(z) = c, ∀z ∈ Γ
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then Wω,υ cant be unitary, since

Wω,υf(z) = ω(z)f(c)

this implies that ∥Wω,υf(z)∥ = 0, ∀f s.t f(c) = 0, while ∥f(z)∥ ̸= 0, hence Wω,υ can’t

be norm preserving [4].

Proposition 2.3.1 [4] If Wω,υ : H 2(Γ) → H 2(Γ) is unitary operator. Then υ(z) is an

automorphism of Γ.

Proof. To prove that υ(z) must be an automorphism of Γ, it is enough to show that υ(z)

is a univalent inner function by corollary 1.2.27.1.

Suppose Wω,υ is unitary, then it is a norm preserving, therefore,

1 = ∥Wω,υ1∥

= ∥(ω(z))(1)∥

= ∥ω(z)∥,

and if f(z) = z then

1 = ∥z∥

= ∥f(z)∥

= ∥Wω,υf(z)∥

= ∥(ω.υ)(z)∥

which implies that ∥ω(z)∥2 = ∥(ω.υ)(z)∥2, i.e.

1

2π

∫ 2π

0

|ω(eit)υ(eit)|2dt = 1

2π

∫ 2π

0

|ω(eit)|2dt.

Now, since |υ(eit)| ≤ 1 for almost everywhere t ∈ [0, 2π], and both ω(z), υ(z) are
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bounded we get

0 =

∫ 2π

0

(
|ω(eit)|2 − |ω(eit)υ(eit)|2

)
dt

= |ω(eit)|2 − |ω(eit)υ(eit)|2

= |ω(eit)|2
(
1− |υ(eit)|2

)

but we proved that ∥ω(z)∥ ≠ 0, so ω(z) ̸≡ 0, which implies that 1− |υ(eit)|2 = 0, hence

|υ(eit)|2 = 1, and thus υ(z) is a non constant inner function. And proposition 2.2.3 tells

us that υ(z) is also univalent which completes the proof.

In the following theorem, we will show that if Wω,υ is induced by an automorphism of

Γ, i.e. υ(z) = eiθ a−z
1−az for some θ ∈ R, a ∈ Γ, and ω(z) is a multiple of the normalized

reproducing kernel, then it is unitary, and vice versa.

Proposition 2.3.2 [4] If Wω,υ is unitary, and it is inducing a map υ(z) such that υ(β) = 0

for some β ∈ Γ. Then

ω(z) = c
Qβ(z)

∥Qβ(z)∥
,

where |c| = 1.

Proof. Suppose that Wω,υ is unitary, this implies WW ∗ = W ∗W = I , so that

Wω,υW
∗
ω,υQβ(z) = Qβ(z),
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since υ(β) = 0 lemma 2.2.1 tell us that

Qβ(z) = Wω,υω(β)Q0(z)

= Wω,υω(β).
1

1− (0)(z)

= Wω,υω(β)

= ω(z)ω(β).

If we substitute β, and note that

Qβ(β) =

〈
Qβ(z),Qβ(z)

〉
=
∥∥Qβ(z)

∥∥2
then ∥∥Qβ(z)

∥∥2 = ω(β)ω(β) = |ω(β)|2,

since the∥.∥ and |.| both are positive we get

∥∥Qβ(z)
∥∥ =

∣∣ω(β)∣∣,
and hence

ω(z) =
Qβ(z)

ω(β)

=
ω(β)Qβ(z)∣∣ω(β)∣∣2

=
ω(β)∣∣ω(β)∣∣ Qβ(z)∥∥Qβ(z)

∥∥
let c = ω(β)∣∣ω(β)∣∣ , where

∣∣∣∣∣ ω(β)∣∣ω(β)∣∣
∣∣∣∣∣ = 1 and the result follows.

Theorem 2.3.3 [4] Wω,υ is unitary on H 2(Γ) when and only when υ(z) is an automor-

phism of Γ and ω(z) = c
Qβ(z)

∥Qβ(z)∥
where υ(β) = 0 and |c| = 1.
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Proof. Suppose Wψ,υ is unitary on H 2(Γ), then proposition 2.3.1 shows that υ(z) must

be an automorphism. And by proposition 2.3.2 ω(z) has the form as claimed.

For the converse assume υ(z) is an automorphism of Γ and ω = c
Qβ(z)

∥Qβ(z)∥
where υ(β) =

0 and |c| = 1. Therefore, we can write υ(z) = η β−z
1−βz , where |η| = 1, and the Cowen

auxiliary functions of υ(z) as

j(z) =
1

1− βηz
, τ(z) =

β − ηz

1− ηβz
, and ρ(z) = 1− βz.

Notice that Wω,υf(z) = TωCυf(z), and τ(z) = υ−1(z) we can see that

j ◦ υ(z) = 1

1− βη.η β−z
1−βz

=
1− βz

1− βz − |β|2|η|2 + β|η|2z

=
1− βz

1− |β|2
(since |η| = 1)

= ∥Qβ∥2/Kβ

ω ◦ τ(z) = c
Qβ(τ(z))

∥Qβ(z)∥

= c

1

1−β β−ηz

1−ηβz

∥Q(z)β∥

= c

(
1− ηβz

1− ηβz − |β|2 + ηβz

) (
1

∥Qβ(z)∥

)

= c

(
1

1− |β|2

) (
1− ηβz

∥Qβ(z)∥

)

= c
∥Qβ(z)∥
j(z)
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and

T ∗
ρT

∗
ω = ρω

= (1− βz) . c
Qβ

∥Qβ∥

=
c

∥Qβ∥
.

On the one hand, we have

Wω,υW
∗
ω,υf(z) = TωCυ

(
TωCυ

)∗
f(z)

= TωCυC
∗
υT

∗
ωf(z)

= TωCυTjCτT
∗
ρT

∗
ωf(z)

= ω(z) .

(
j ◦ υ

)
(z) . Cτ◦υ

(
c

∥Qβ(z)∥
. f(z)

)
(by corollary 2.2.0.1)

=

(
c

Qβ(z)

∥Qβ(z)∥

)
.

(
∥Qβ(z)∥2

Qβ(z)

)
.

(
c

∥Qβ(z)∥

)
.f(I(z))

= f(z)
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on the other hand

W ∗
ω,υWω,υf(z) =

(
TωCυ

)∗
TωCυf(z)

= C∗
υT

∗
ωTωCυf(z)

= TjCτT
∗
ρT

∗
ωTωCυf(z)

= j(z) .

(
ω ◦ τ

)
(z) . Cυ◦τ

(
c

∥Qβ(z)∥
. f(z)

)

=
(
j(z)

)(
c
∥Qβ(z)∥
j(z)

)
.

(
c

∥Qβ(z)∥

)
.
(
f(I(z))

)
= f(z).

Thus Wω,υf(z) is unitary on H2(Γ).

2.4 Normal weighted composition operators

This section is the main object of this thesis. Firstly, we will see the form of the weighted 

function ω(z) while the Wω,υ is normal. Next, we will examine the forms of υ(z) that 

imply Wω,υ to be normal.

Proposition 2.4.1 [4] Assume that Wω,υf(z) is normal and p0 ∈ Γ is a fixed point of υ(z) 

then

ω(z) = ω(p0)
Qp0(z)

Qp0

(
υ(z)

) .
Proof. Since Wω,υ is bounded and p0 ∈ Γ, lemma 2.1.1 implies that W ∗

ω,υQp0 = ω(p0)Qυ(p0)=p0 ,

so that Qp0 is the eigenvector for W ∗
ω,υ with ω(p0) as an eigenvalue. But proposition 1.2.19

tells us that an eigenvector of a normal operator is an eigenvector of its adjoint operator

with the corresponding eigenvalue that is the conjugate of its eigenvalue, so Wω,υ has Qp0
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as an eigenvector with ω(p0) as an eigenvalue so that

ω(p0)Qp0(z) = Wω,υQp0(z)

= ω(z)Qp0

(
υ(z)

)
.

Corollary 2.4.1.1 [4] Let υ(0) = 0. Then Wω,υf(z) is normal ⇐⇒ ω(z) is constant

and Cυf(z) is normal for all f(z) ∈ H 2(Γ).

Proof. Let υ(0) = 0. On the one hand, proposition 2.4.1 showed that if Wω,υf(z) is

normal then

ω(z) = ω(0)
Q0(z)

Q0(υ(z))
= ω(0),

which is constant. On the other hand, if there exists q0 ∈ Γ such that ω(z) = q0, then

Wω,υf(z) is normal when and only when

Wω,υW
∗
ω,υf(z) = W ∗

ω,υWω,υf(z)

⇐⇒ TωCυC
∗
υT

∗
ωf(z) = C∗

υT
∗
ωTωCυf(z)

⇐⇒ (q0)CυC
∗
υ(q0)f(z) = C∗

υ(q0)(q0)Cυf(z),

⇐⇒ (q0)(q0)CυC
∗
υf(z) = (q0)(q0)C

∗
υCυf(z),

when and only when Cυf(z) is normal operator for all f(z) ∈ H 2(Γ).

Theorem 2.4.2 [4] Suppose υ(z) has a fixed point p0 in Γ. Then Wω,υf(z) is normal

when and only when

ω(z) = q0
Qp0(z)(

Qp0 ◦ υ
)
(z)

and υ(z) =
(
α ◦ (q1α)

)
(z)

where α(z) = (p0 − z)/(1− p0z), and q1, q0 are constants with |q1| ≤ 1.

Proof. Assume Wω,υf(z) is normal, and there is p0 ∈ Γ such that υ(p0) = p0, then
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proposition 2.4.1 implies that

ω(z) = ω(p0)
Qp0(z)

Qp0 ◦ υ(z)
,

let q0 = ω(p0) that is constant, and the first part done.

It remains to show that υ(z) =
(
α ◦ (q1α)

)
(z), to prove that let

δ(z) =
Qp0(z)

∥Qp0(z)∥
,

since α(z) is an automorphism with α(p0) = p0−p0
1−p0p0 = 0, theorem 2.3.3 implies that

Wδ,αf(z) is unitary, and hence the operator L which defined as

Lf(z) :=
(
W ∗
δ,α

)(
Wω,υ

)
(Wδ,α)(f(z))

is normal.

Let j(z), ρ(z), and τ(z) be the Cowen auxiliary functions for α(z), then

τ(z) = α(z) = α−1(z), j(z) =
1

1− p0z
, and ρ(z) = 1− p0z.

Observe that

C∗
αf(z) = TjCτ=αT

∗
ρ f(z)

and

(TδTρ)
∗ = T ∗

ρT
∗
δ

= ThTδ

=
(
1− p0z

)( Kp0(z)

∥Qp0(z)∥

)

=
1

∥Qp0(z)∥
.
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Therefore,

L = W ∗
δ,αWω,υWδ,α(f(z))

= C∗
αT

∗
δ TωCυTδCα(f(z))

= TjCαT
∗
ρT

∗
δ TωCυTδCα(f(z))

=
1

∥Qp0∥
TjCαTωCυTδCα(f(z))

=
1

∥Qp0∥
Tj.(ω◦α)Cυ◦αTδCα(f(z)) (by corollary(2.2.0.1))

=
1

∥Qp0∥
Tj.(ω◦α).(δ◦υ◦α)Cα◦υ◦α(f(z)),

and since

(α ◦ υ ◦ α)(0) = α

(
υ
(
α(0)

))

= α
(
υ(p0)

)
= α(p0) = 0

we get L is a weighted composition operator with a weighted function j.(ω◦α).(δ◦υ◦α) ∈

H ∞ inducing a function α ◦ υ ◦ α fixes 0.

Since L is normal corollary 2.4.1.1 implies that j.(ω◦α).(δ◦υ◦α) is constant, and Cα◦υ◦α

is normal. Schwartz’s theorem 2.1.3 showed that since Cα◦υ◦α is normal on H 2(Γ), there

must be a constant q1 with |q1| ≤ 1 such that α ◦ υ ◦ α = q1z

=⇒ α−1
(
α ◦ υ ◦ α(z)

)
(z) = α−1

(
q1z
)

=⇒ υ ◦ α(z) = α
(
q1z
)
, take z = α(z)

=⇒ υ(z) = α(q1α(z)) = α ◦ (q1α)(z).
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To show that j.(ω ◦ α).(δ ◦ υ ◦ α) is constant, this can be yielded by

j.(ω ◦ α).(δ ◦ υ ◦ α)(z) ≡

(
1

1− p0z

)(
ω(p0)

Qp0

(
α(z)

)
Qp0

(
υ ◦ α

)
(z)

)(
Qp0

(
υ ◦ α

)
(z)∥∥Qp0

(
υ ◦ α

)
(z)
∥∥
)

≡

(
1

1− p0z

)(
ω(p0)

1− p0z

1− p0z − |p0|2 + p0z

)(
1∥∥Qp0(z)

∥∥
)

≡ ω(p0)
∥∥Qp0(z)

∥∥2 1∥∥Qp0(z)
∥∥ ≡ ω(p0)

∥∥Qp0(z)
∥∥

Conversely, suppose that υ(z) has a fixed point p0 ∈ Γ, and let

ω = q0
Qp0(z)

(Qp0 ◦ υ)(z)
and υ(z) = (α ◦ q1α)(z)

where α(z) = (p0 − z)/(1− p0z), and q0 and q1 are constants, with |q1| ≤ 1, we want to

prove that Wω,υ is normal. We have

υ(z) = α
(
q1α(z)

)
=

p0 − q1α(z)

1− p0q1α(z)

=
p0 − q1

p0−z
1−p0z

1− p0q1
p0−z
1−p0z

=
p0 − |p0|2z − q1p0 + q1z

1− p0z − q1|p0|2 + q1p0z

=
p0(1− q1) + (q1 − |p0|2)z
1− q1|p0|2 + (q1 − 1)p0z

.
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Since ω(z) = q0
Qp0 (z)(

Qp0◦υ
)
(z)

W.L.O.G let q0 = 1, we get

ω(z) =
Qp0(z)(

Qp0 ◦ υ
)
(z)

=

1
1−p0z

1
1−p0υ(z)

=
1− p0υ(z)

1− p0z

=
1− p0

p0(1−q1)+(q1−|p0|2)z
1−q1|p0|2+(q1−1)p0z

1− p0z

=
1− q1|p0|2 + q1p0z − p0z − |p0|2 + |p0|2q1 − p0q1z + p0|p0|2z(

1− q1|p0|2 + (q1 − 1)p0z
)(
1− p0z

)
=

(
1− |p0|2

)(
1− p0z

)(
1− |p0|2q1 − p0z(1− q1)

)(
1− p0z

)
=

1− |p0|2

1− |p0|2q1 − p0z(1− q1)

By Schwartz’s theorem, we have Cq1z, |q1| ≤ 1 is normal. To show that Wω,υ is normal, it

is enough to show Wω,υ = Wδ,αCq1zW
∗
δ,α, that is unitarily equivalent to a normal operator,

and hence is normal. Observe that,

W ∗
δ,αf(z) =

(
TδCα

)∗
f(z)

= C∗
αT

∗
δ f(z)

= TjCαT
∗
ρT

∗
δ f(z)

=
1

∥Qp0(z)∥
TjCαf(z)
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Now we can see that

Wδ,αCq1zW
∗
δ,α(f(z)) = TδCαCq1zTjCαT

∗
ρT

∗
δ f((z))

=
1

∥Qp0(z)∥
TδCαCq1zTjCα(f(z))

=
1

∥Qp0(z)∥
TδCq1z◦αTjCα(f(z))

= W 1
∥Qp0 (z)∥ δ.(j◦q1z◦α), (α◦q1z◦α)

(f(z)) (by corollary 2.2.0.1)

It remain to show that ω(z) = 1
∥Qp0 (z)∥

δ.(j ◦ q1z ◦ α)(z) and υ = (α ◦ q1z ◦ α)(z) as

following:

1

∥Qp0(z)∥
δ.(j ◦ q1z ◦ α)(z) =

1

∥Qp0(z)∥
Kp

∥Qp0(z)∥
j(q1α)

= Qp0(z)(1− |p0|2)
1

1− p0q1
p0−z
1−p0z

=
1

1− p0z
.(1− |p0|2).

1− p0z

1− p0z − |p0|2q1 + p0q1z

=
1− |p0|2

1− p0z − |p0|2q1 + p0q1z
= ω(z).

Clearly,

α ◦ q1z ◦ α(z) = α ◦ (q1α(z))

= υ(z),

then

Wω,υ(f(z)) = Wδ,αCq1zW
∗
δ,αf(z),

because if an operator was normal and another operator was unitarily equivalent to it, then

the second one will also be normal, hence Wω,υf(z) is also a normal operator on H 2.

Proposition 2.4.3 [4] Suppose υ : Γ → Γ is a linear fractional transformation such that
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υ(z) = az+b
cz+d

, and let ω(z) = Qτ(0)(z) where τ(z) = az−c
d−bz . Then Wω,υf(z) is normal

when and only when

|d|2

|d|2 − |b|2 − (ba− dc)z
Cτ◦υ =

|d|2

|d|2 − |c|2 − (bd− ca)z
Cυ◦τ .

Proof. ( =⇒ ) Suppose Wω,υ is normal this implies that Wω,υW
∗
ω,υ = W ∗

ω,υWω,υ. For the

right-hand side, we have

Wω,υW
∗
ω,υf(z) = TωCυ

(
TωCυ

)∗
f(z)

= TωCυC
∗
υT

∗
ωf(z)

= TωCυTjCτT
∗
ρT

∗
ωf(z)

= d TωCυTjCτf(z)

= d ω j ◦ υCτ◦υf(z)

= d

(
d

d+ cz

)(
1

d− baz+b
cz+d

)
Cτ◦υf(z)

= d

(
d

d+ cz

)(
cz + d

dcz + |d|2 − abz − |b|2

)
Cτ◦υf(z)

=
|d|2

|d|2 − |b|2 − (ab− cd)z
Cτ◦υf(z).
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For the left-hand side, we have

W ∗
ω,υWω,υf(z) = TjCτT

∗
ρT

∗
ωTωCυf(z)

= dTjCτTQτ(0)
Cυf(z)

= d j
(
Qτ(0) ◦ τ

)
Cυ◦τf(z)

= d

(
1

d− bz

)(
d

d+ (c)(τ(z))

)
Cυ◦τf(z)

= d

(
1

d− bz

)(
d

d+ c az−c
−bz+d

)
Cυ◦τf(z)

= d

(
1

d− bz

)(
d(d− bz)

−dbz + |d|2 + caz − |c|2

)
Cυ◦τf(z)

=
|d|2

|d|2 − |c|2 − (bd− ca)z
Cυ◦τf(z)

Since W ∗
ω,υWω,υ = Wω,υW

∗
ω,υ this implies

|d|2

|d|2 − |b|2 − (ba− dc)z
Cτ◦υ =

|d|2

|d|2 − |c|2 − (bd− ca)z
Cυ◦τ .

Where τ as given, ρ(z) = cz + d, and j(z) = 1/(−bz + d) and since

ω(z) = Qτ(0)(z)

=
1

1−
(−c
d

)
z

(
τ(z) =

az − c

−bz + d

)

=
d

d+ cz
.
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then

T ∗
ρT

∗
ω =

(
TωTρ

)∗
= T ∗

ωρ

= Tωρ

= ωρ =

(
d

d+ cz

)
cz + d = d.

( ⇐= ) Conversely, suppose

|d|2

|d|2 − |b|2 − (ba− dc)z
Cτ◦υ =

|d|2

|d|2 − |c|2 − (bd− ca)z
Cυ◦τ

then Wω,υW
∗
ω,υ = W ∗

ω,υWω,υ, as we have seen in the first direction

|d|2

|d|2 − |c|2 − (bd− ca)z
Cυ◦τf(z) = W ∗

ω,υWω,υf(z)

and
|d|2

|d|2 − |b|2 − (ba− dc)z
Cτ◦υf(z) = Wω,υW

∗
ω,υf(z).

Hence Wω,υ is normal.

Proposition 2.4.4 [4] Suppose that υ : Γ → Γ is a linear-fractional transformation of

parabolic type and let ω(z) = Qτ(0)(z) then Wω,υf(z) is normal.
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Chapter Three

Composition operator on Kb

In this chapter, we will define t he m odel s ubspace K b  a nd s tudy t he c onditions f or C υ  to 

map Kb into itself, then we will find t he adjoint of C υ  on K b, and prove C υ  i s n ormal on 

Kb Af and Anly Af Cυ As Aormal An  H2.

3.1 Introduction to Model Subspace

Beurling’s Aheorem A949 characterizes Ahe closed Aubspaces Af  H2 Ahat are Anvariant 

un-der Ahe Aorward Ahift Aperator S as uH 2, Ahere u As an Anner Aunction An Γ 

[18]. The Arthogonal complement Af uH 2 As Anvariant Ander Ahe backward Ahift S∗ 

and Ahe corre-sponding Aodel Aubspace denoted as

Ku =

{
f ∈ H 2 : ⟨f, uh⟩ = 0, ∀h ∈ H 2

}
.

Proposition 3.1.1 [18] Let u be an inner function, then we can write the model sub-space

Ku

Ku =

{
uzh : h ∈ H 2

}
= H 2 ∩ uzH 2

almost everywhere on Y.

Proposition 3.1.2 [18] Let u(z) be an inner function, and υ(z) ∈ H ∞, then TυKu is a

proper subset of Ku.

Note that Ku is a reproducing kernel Hilbert space, which means that there exists a
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function κuγ(z) such that f(γ) = ⟨f, κuγ⟩ [18], for every f ∈ Ku and γ ∈ Γ that is

κuγ(z) =
1− u(γ)u(z)

1− γz
z ∈ Γ. (3.1)

The Blaschke product is an example of inner functions defined as follows:

Definition 3.1.3 [14] A finite Blaschke product is defined as

b(z) = λzm0

n∏
i=1

(
γi − z

1− γiz

)mi

where
(
γi
)
1≤i≤n are n different points in Γ \ {0},

(
mi

)
0≤i≤n are non-negative finite se-

quence of integers, and |λ| = 1.

Kb is the finite-dimensional subspace generated by the finite Blaschke product b(z)

and spanned by

1, z2, z3, ....., zm0 ,

and
1

1− γiz
,

1(
1− γiz

)2 , ......, 1(
1− γiz

)mi
, 1 ≤ i ≤ n.

In other words, f(z) is in the model subspace Kb if and only if it is of the form [25]

f(z) =

m0−1∑
k=0

c0,kz
k +

n∑
i=1

mi∑
k=1

ci,k(
1− γiz

)k . (3.2)

3.2 Lc(Kb) Structure

In the following, we will consider that Lc(Kb) is the set of all bounded composition 

operators on Kb. To figure out Lc(Kb) structure in case that b(z) has two zeros including 

the point {0}, and b′(0) ̸= 0 we will introduce the following theorems. N(b) stands for 

the group of zeros of b(z), multiplicity not counted.

The first theorem involves looking at the single zero Blaschke products exclude the origin 

that can be repeated a finite number of times, i .e. the case N (b) = {γ}, b′(0) ̸= 0 [25].
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Theorem 3.2.1 [25] Suppose that

b(z) =

(
γ − z

1− γz

)m

where γ ̸= 0, m ≥ 1, then

Lc(Kb) =

{
C(1−γa1)z+a1 : a1 ∈ C, a1 ̸=

1

γ

}
.

Proof. Let Cυ ∈ Lc(Kb), on the one hand we have Cυk
m
γ ∈ Kb. Therefore, by (3.1) and

(3.2), there exist some constants ck so that

Cυκ
m
γ =

(
1− b(γ)b(z)

1− γυ(z)

)m

=
m∑
k=1

ck(
1− γz

)k ,
but b(γ) = 0 then

1(
1− γυ(z)

)m =
m∑
k=1

ck(
1− γz

)k .
This representation demonstrates there is a polynomial p(z) of degree at most m− 1 such

that

p(z)
(
1− γυ(z)

)m
=
(
1− γz

)m
this implies that p(z) must be constant and there exist a2, a2 ∈ C such that υ(z) =

a2z + a1. On the other hand

Cυκγ =
1

1− γυ(z)

=
1

1− γa1
× 1

1−
(

a2γ
1−a1γ

)
z

=
c1

1−
(

a2γ
1−a1γ

)
z
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so that we must have (1− a1γ) ̸= 0, and γ =

(
a2γ

1−a1γ

)
, hence a2 = (1− a1γ).

If we only look for the symbols υ : Γ → Γ, we come up with the same characterization

plus one additional condition
∣∣1− γa1

∣∣+ ∣∣a1∣∣ ≤ 1. However, this inequality only applies

for a1 = 0. Therefore, υ(z) = z is only acceptable.

The second theorem considers the finite Blaschke products that have the origin as a simple

zero and another zero with a multiplicity of 1 or more at λ ̸= 0, i.e. the case N(b) =

{0, γ}, b′(0) ̸= 0.

Theorem 3.2.2 [25] Suppose that

b(z) = z

(
γ − z

1− γz

)m

where γ ̸= 0, m ≥ 1, then

Lc(Kb) =

{
Ca1z+a2

a3z+1
: a1 ∈ C, a2 ∈ C\1

γ
, a3 = (a1 − 1)γ + a2γ

2

}
.

Proof. The proof is similar to the proof of theorem 3.2.1. Let Cυ ∈ Lc(Kb), so that

Cυκ
m
γ ∈ Kb. Therefore, by (3.1) and (3.2), there exist some constants ck so that

Cυκ
m
γ =

(
1− b(γ)b(υ(z))

1− γυ(z)

)m

= c0 +
m∑
k=1

ck(
1− γz

)k ,
but b(γ) = 0 then

1(
1− γυ(z)

)m = c0 +
m∑
k=1

ck(
1− γz

)k
this implies that by binomial theorem for some constant q

(
1− γυ(z)

)m
=

(
1− γz

)m(
q − γz

)m .

This formula shows that υ(z) is a linear fractional transformation that is normalized as

υ(z) = a1z+a2
a3z+1

.
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On the other hand,

Cυκγ =
1

1− γυ(z)

=
1

1− γ a1z+a2
a3z+1

=
a3z + 1

a3z + 1− γa1z − γa2

=

a3z+1
1−γa2

1−
(
γa1−a3
1−γa2

)
z

but equation (3.2) shows that γ must be as follows

γ =

(
γa1 − a3
1− γa2

)
.

Therefore, a2 ̸= 1
γ

, and a3 = (a1 − 1)γ + a2γ
2.

Keep in mind that if a1 = 1 − γa2 that is a3 = 0, we get the subclass υ(z) =

(1− γa2)z + a2, where a2 ̸= 1
γ

.

Corollary 3.2.2.1 [25] Suppose that

b(z) = z

(
γ − z

1− γz

)m

where γ ̸= 0, m ≥ 1, and let υ(z) be a self map analytic function on Γ. Then Cυ is self

map operator on Kb if and only if

υ(z) ≡ a2, a2 ∈ Γ,

or

υ(z) =
a1z + a2
a3z + 1

,

where a3 = (a1 − 1)γ + a2γ
2 for a1 ∈ C, and a2 ∈ Γ with the condition

∣∣a1 − a2a3
∣∣ +
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∣∣a3 − a1a2
∣∣ ≤ 1− |a2|2.

Proof. Theorem (3.2.2) tells that υ(z) = a1z+a2
a3z+1

, with a1 ∈ C, a2 ∈ C{ 1
γ
}, and a3 =

(a1 − 1)γ + a2γ
2. In case a2 ∈ Γ, then we have υ(0) = a2, so that if a1 = a2a3 then

υ(z) ≡ b. Now assume that a1 ̸= a2a3, and let the disc automorphism be σa2(z) =
a2−z
1−a2z ,

then υ(z) is a self map of the unit disc if and only if so does (σa2 ◦ υ)(z)

(σa2 ◦ υ)(z) =
a2 − a1z+a2

a3z+1

1− a2
a1z+a2
a3z+1

=
a2a3z + a2 − a1z − a2
a3z + 1− a1a2z − |a2|2

=
(a2a3 − a1)z

(a3 − a1a2)z + (1− |a2|2)
.

Schwarz’s lemma tells that (σa2 ◦ υ)(z) maps Γ into itself if and only if |z| ≤ 1 implies

∣∣∣∣ (a2a3 − a1)

(a3 − a1a2)z + (1− |a2|2)

∣∣∣∣ ≤ 1

if and only if

∣∣(a1 − a2a3)
∣∣ ≤ (1− |a2|2)−

∣∣(a3 − a1a2)
∣∣

and ∣∣(a3 − a1a2)
∣∣ ≤ 1− |a2|2

but the first inequality implies the second one.

3.3 Adjoint and normality of Composition Operators on Ku

In this section, we will find the adjoint of the composition operator Cυ on the model space 

Kb, and we will check the normality of Certain υ’s.

We can consider the model space Ku as a closed subspace of the Hilbert space L2 over 

the non-tangential boundary values. Therefore, the orthogonal projection Pu of L2 onto
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Ku can given as follow:

Proposition 3.3.1 [18] Let f(z) ∈ L2, and γ ∈ Γ, then Puf(γ) = ⟨f, κγ⟩. Furthermore,

κγ(z) = PuQγ(z), where Qγ(z) is the reproducing kernel on H 2.

Proof. We know that κγ(z) ∈ Ku, so that Puκγ(z) = κγ(z), and

⟨f, κγ⟩ = ⟨f, Puκγ⟩

= ⟨Puf, κγ⟩

= Puf(γ).

To show that κγ(z) = PuQγ(z), where Qγ(z) is the reproducing kernel on H 2, let

f(z) ∈ Ku then

⟨f, κγ⟩ = f(γ)

= ⟨f,Qγ⟩ since f(z)is also in H 2

= ⟨Puf,Qγ⟩

= ⟨f, PuQγ⟩.

The Riesz projection P , that is is the orthogonal projection of L2 onto H 2, and Pu

have the following straightforward relationship.

Proposition 3.3.2 ([18]) Let f(z) be a function in H 2 then

Puf(z) = f(z)− uP (uf)(z).

Proof. By proposition 3.3.1 for all f(z) ∈ H 2 and γ ∈ Γ we have
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Puf(γ) =
〈
f, κγ

〉
=

〈
f,

1− u(γ)u

1− γz

〉

=

〈
f,

1

1− γz

〉
−
〈
f,

u(γ)u

1− γz

〉

=

〈
f,

1

1− γz

〉
− u(γ)

〈
f,

u

1− γz

〉

=

〈
f,

1

1− γz

〉
− u(γ)

〈
uf,

1

1− γz

〉

=

〈
f,

1

1− γz

〉
− u(γ)

〈
uf, P

(
1

1− γz

)〉

=

〈
f,

1

1− γz

〉
− u(γ)

〈
P
(
uf
)
,

1

1− γz

〉

= f(γ)− u(γ)P
(
uf
)
(γ).

Now we are ready to derive the adjoint of the composition operator on the model space

Kb as follows:

Proposition 3.3.3 Let f(z) ∈ Kb, and let Cυ : Kb → Kb be the composition operator

then

C ∗
υ f(z) = (1− |b|2)C∗

υf(z)

where Cυf(z) is the composition operator defined on H 2.

Proof. Let Cυf(z) be the composition operator defined on H 2, then C∗
υf(z) ∈ H 2, so
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that proposition 3.3.2 tells us that

C ∗
υ f(z) = PbC

∗
υf(z)

= C∗
υf(z)− bP (bC∗

υ)(f(z))

= C∗
υf(z)− TbT

∗
b C

∗
υ(f(z)) (by definition 1.2.26)

= C∗
υf(z)− bbC∗

υ(f(z)) (b(z) ∈ H ∞ =⇒ Tbf = bf)

= (1− |b|2)C∗
υf(z)

Example 1 Let b(z) = z
3
4
−z

1− 3
4
z
, f(z) ∈ Kb, and υ(z) =

1
3
z

1− 1
2
z
,

find C ∗
υ f(z).

Solution. Since f(z) ∈ Kb then by equation (3.2)

f(z) = c1 +
c0

1− 3
4
z

that can be rewritten as

f(z) =
(4c1 + 4c0)− 3c1z

4− 3z

also b(z) and υ(z) can be rewritten as

b(z) = z
3− 4z

4− 3z
υ(z) =

2z

6− 3z

so that

τ(z) =
1

3
z +

1

2
.

Corollary (3.2.2.1) tells us that Cυf(z) maps Kb onto itself as υ(z) =
1
3
z

1− 1
2
z

maps Γ into
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it self, where

∣∣a1 − a2a3
∣∣+ ∣∣a3 − a1a2

∣∣ ≤ 1− |a2|2 and a3 = (a1 − 1)γ + a2γ
2.

Now we can use equation (2.1) and proposition (3.3.3) to find C ∗
υ f(z) that is

C ∗
υ f(z) = (1− |b|2)C∗

υf(z)

=

[
1−

(
z
3− 4z

4− 3z

)(
z
3− 4z

4− 3z

)]
.

[(
12z

(2z + 3)(6)

)(
(4c1 + 4c0)− 3c1τ(z)

4− 3τ(z)

)
−
(

−3

2z + 3

4c1 + 4c0
4

)]

=

[
1−

(
z
3− 4z

4− 3z

)(
z
3− 4z

4− 3z

)]
.

[
−4c1z

2 + 4c1z + 10c0z + 15c1 + 15c0
(2z + 3)(−2z + 5)

]
.

Example 2 Let b(z) = z 0.2−z
1−0.2z

, f(z) ∈ Kb, and υ(z) = 0.64z+0.1
1−0.068z

,

find C ∗
υ f(z).

Solution. Observe that

τ(z) =
0.64z + 0.068

1− 0.1z
, and f(z) =

(c1 + c0)− 0.2c1z

1− 0.2z

using equation (2.1) and proposition (3.3.3) we get
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C ∗
υ f(z) = (1− |b|2)C∗

υf(z)

=

[
1−

(
z
0.2− z

1− 0.2z

)(
z
0.2− z

1− 0.2z

)]
.

[(
0.708z

(0.64z + 0.068)(1− 0.1z)

)(
(c1 + c0)− 0.2c1τ(z)

1− 0.2τ(z)

)
+

(
0.068(c1 + c0)

0.64z + 0.068

)]

=

[
1−

(
z
0.2− z

1− 0.2z

)(
z
0.2− z

1− 0.2z

)]
.

[
−0.16c1z

2 − 0.069c0z
2 + 0.676c1z + 0.686c0z + 0.067c1 + 0.067c0

(1− 0.1z)(0.64z0.068)(0.986− 0.228z)

]
.

Corollary 3.3.3.1 If

b(z) = z

(
γ − z

1− γz

)n
, (γ ̸= 0, n ≥ 1),

then Cυ : Kb → Kb is normal if and only if Cυ : H 2 → H 2 is normal.

Proof. let f(z) ∈ Kb, and suppose that Cυf(z) is normal. It is enough to show that

CυC ∗
υ f(z) = C ∗

υCυf(z)

CυC
∗
υ f(z) = Cυ

(
(1− |b|2)C∗

υf(z)
)

(by proposition3.3.3)

= (1− |b|2)Cυ
(
(1− |b|2)C∗

υf(z)
)

= (1− |b|2)2CυC∗
υf(z)

= (1− |b|2)2C∗
υCυf(z) (Cυ is normal onH 2)

= (1− |b|2)C∗
υ

(
(1− |b|2)Cυf(z)

)
= C ∗

υCυf(z)
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Corollary 3.3.3.2 If

b(z) = z

(
γ − z

1− γz

)n
, (γ ̸= 0, n ≥ 1),

then Wω,υ : Kb → Kb is normal if and only if Wω,υ : H 2 → H 2 is normal.

Proof. Similar to corollary (3.3.3.1).
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List of Abbreviations

Abbreviations Meaning

C Set of All Complex Numbers

Cυ Composition Operator

C∗
υ Adjoint of Composition Operator

H Hilbert Space

H p Hardy Space

H 2 Hardy-Hilbert Space

H ∞ Space of All Bounded Analytic Functions

Ku Model space

κuγ Reproducing Kernel on Ku

Lc(Kb) Set of All Bounded Composition Operators on Kb

Lp Space of All p-Integrable complex Measurable Functions

L∞ Space of All Essentially Bounded Functions

P Orthogonal Projection Operator

Qβ Reproducing Kernel Function on H 2

S Unilateral Shift Operator on H 2

S∗ Backward Shift Operator on H 2

Tg Toeplitz operator

Wω,υ Weighted Composition Operator

Y Unit Circle = {z ∈ C : |z| = 1}

Γ Unit Disk = {z ∈ C : |z| < 1}
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ة النجاح الوطنيةـــــ ـــامعـ ـــج  
ا ــــــات العلي ـــــ ـــة الدراســـــكلي   

المؤثرات المركبة المتعامدة على فضاء جزئي  
 من فضاء هاردي 

إِعداد 
دعاء محمد صادق صرصور

 إشراف 
معاذ كركي 

العليا،  ، من كلية الدراسات  رياضياتالفي    الماجستير  ةدرج  ىاستكمالا لمتطلبات الحصول عل  الرسالةقدمت هذه  
 فلسطين.  -في جامعة النجاح الوطنية، نابلس

2024



 ب‌

 المؤثرات المركبة المتعامدة على فضاء جزئي 
 من فضاء هاردي

 اعداد
دعاء محمد صادق صرصور

 إشراف   
معاذ كركي

الملخص

:𝜐(𝑧)تمثل قرص الوحدة المفتوح وكان  Γلنفترض أن  Γ → Γ  تابع تحليلي، عرف المؤثر المركب

𝐶𝜐𝑓(𝑧): 𝑓 ∘ 𝜐 وكان ،𝜔(𝑧)  تابع هولومورفي على قرص الوحدة، عرف المؤثر المركب المرجح

𝑊𝜔.𝜐𝑓(𝑧) = 𝜔𝑓 ∘ 𝜐  كلاهما مركبات محدودة على𝐻2 هذه الرسالة تدرس المؤثرات المركبة .

. كما أننا ندرس 𝐻2على فضاء هاردي  𝑊𝜐.𝜔والمؤثرات المركبة المرجحة المتعامدة  𝐶𝜐المتعامدة 

المؤثرات المركبة والمؤثرات المركبة المترافقة على الفضاء الجزئي النموذجي من فضاء هاردي 

𝐾𝑏 حيث ،𝑏(𝑧) = 𝜆𝑧𝑚0 ⊓𝑖=1
𝑛 (

𝛾𝑖−𝑧

1−𝛾𝑖̅𝑧
)𝑚𝑖  هو تابع ضربي بلاشكي المحدود، إننا ندرس

𝐾𝑏على الفضاء الجزئي النموذجي  𝐶𝜐𝑓(𝑧)المؤثر المركب = {𝑏𝑧ℎ̅̅ ̅: ℎ𝜖𝐻2} = 𝐻2 ∩

𝑏𝑧𝐻2̅̅ ̅̅ 𝐶𝜐والمؤثر المركب المرافق  ̅
∗𝑓(𝑧)  على𝐾𝑏 ثم نفحص تعامد .𝐶𝜐𝑓(𝑧)  و𝑊𝜔.𝜐𝑓(𝑧) 

.𝐾𝑏على هذا الفضاء الجزئي النموذجي 

المؤثرات المركبة المتعامدة، فضاء نموذجي، المؤثرات المركبة، فضاء هاردي،  الكلمات المفتاحية:

 رية الطيف.نظرية المؤثرات، فضاءات الدوال، نظ
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