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Abstract

Let I' denote the open unit disk, v(z) : I' — I be an analytic function, define the com-
position operator C,, such that C,, f(z) = (f o v)(z). Let w(z) be an anaytic function
on the unit disk, define the weighted composition operator W, ., f(z) = (wf o v)(z) they
both operators are bounded on .72, This thesis studies the normality of the composition

operators C,, and the weighted composition operators W,,,, on 7>

Also, if b(z) = A2 [T, (f_;) is the finite Blasckhe product we study the compo-

sition operator €, f(z) of the model sub-space K, = { bzh : h € %”2} = >Nz
and the adjoint of the composition operator €, f(z) on K. Then we check the normality

of €, f(2),and #,,, f(z) on the model space K.

Keywords: normal composition operators, model spaces, composition operators, Hardy

spaces, operatyor theory, function spaces, spectral theory.
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Chapter One

Introduction and Preliminaries

1.1 Introduction

The study of the composition operator is a link between analytic function theory and
operator theory. Operator theory including the study of the composition operator of a
fixed a nalytic function d atesbacktoa studybyE.Nordgrenin 1960 [1], and o ver the
years the literature has grown [2]. Two basic monographs are [Cowen books, and Shapiro

books].

The study of Toeplitz, subnormal, and other operators that grew out of the theory of
multiplication operators, is founded on the spectral theorem for normal operators [2].
Since the normal composition operators are extremely diverse and naturally appear in a
wide range of issues, the normality of the composition operator C', on the subspace Kj, is

the primary objective of this thesis.

Let v(z) : T' — T be an analytic function, the composition operator is C,f = f o
v. Based on Littlewood’s Theorem, the composition operator is bounded on the Hardy-
Hilbert space 572 and f o v € 2 for all f € 2. Schwartz in [3] proved that C,
is normal if v(z) = az, |a|] < 1, and vice versa. While Bourdon and Narayan in [4]
provided an explanation of all normal weighted composition operators on .#%(T") with
v(z) fixes a point in I', where the weighted composition operator is W, ,= w(C, f), with

w be a holomorphic function on I'.

K, the model subspace of .72 is defined to be the orthogonal complement of u.7#"? where



u(z) is an inner function of the open unit disk, i.e. K, = 2% © u.s#%. With the finite
Blascke product b(z) as an inner function, Mashreghi and Shabankhah in [3] provided a
detailed description of the bounded composition operators on K, showing that if £.(K})
is the classification of all bounded composition operators on K3, the structure of £.(K})
is tightly bound to the zeros distribution of b(z). In this thesis, firstly we will recall all the

background needed to study the normal composition operators on 72,

Secondly, we studied the normal composition operators and the weighted composition
operators on 2. Finally, we will give a brief introduction to the model subspace K,
then we will take the case that b(z) has two zeros including the origin and 4'(0) # 0 in
Mashreghi and Shabankhah paper to study the structure of L.(K}). Also, we will compute
C? on K, with b(z), and we will compute and check the normality of the composition

operator C,: K — K.

1.2 Preliminaries

The fundamental background theory of normal composition operators on the Hardy-
Hilbert space .72 and the normal composition operators on the model space K, will
covered in this Section. And will go over some fundamentals to define L? and .77 spaces
as well as normal operators. Also we will define needed operators, such as the orthogonal

projection operator, the Toeplitz operator, ... etc.

1.2.1 Banach and Hilbert Spaces

This sub-section will present definitions of spaces needed before defining the Banach and
Hilbert spaces. We will see that any Hilbert space is possible to write as a direct sum of a

closed subset with its orthogonal complement.

One of the measures we studied in calculus is the distance function (metric function) that
is defined on R as d(t, s) = |t — s| for every pair of real points [6]. In functional analysis,
there is a similar definition thatis basic and useful in many a pplications, w hich is as

follows:



Definition 1.2.1 [6] For a set U and a metric d : U x U — R, a Pair (U, d) is called

metric space if and only if forall s, ¢, r € U
(1) d is finite real number, and nonnegative,
(i7) d(s, t) =0 <= s =t,

(1ii) d(s, t) = d(t, s),

(vi) d(s, t) <d(s, r)+d(r, t).

If the elements of the set U can be added and multiplied by a constant, and the result
is still an element of U, then the set is said to be a vector space [6]. Furthermore, if A is a

subset of U such that A = U, then we said that A is dense in U [[7].

Definition 1.2.2 [8] The space V is a normed vector space if it is a vector space where a
norm is defined. That is a real-valued function denoted as ||.|| called a norm, and satisfying

the following for all s, t € V,

(@) [l = 0,

(@)|s|| =0 <= s=0,

(id) [|s + 2l < [Isll + 2l

(1) If a is a scalar, then ||as|| = |of||s]|-

Definition 1.2.3 [8] A complex vector space with an inner product is called an inner
product space. Where a real-valued function (., .) define on a complex vector space V' is

called an inner product if and only if for all s, ¢, » € V
(i) (s, s) 20,

(17) (s, s) =0 <= s=0,

(i13) (s, t) = (¢, s),
(1v) For any scalar a, (as, t) = a(s, t),

(v) (s+t, )= (s, r)+ (t, r).



Note that an inner product on a vector space V' defines a norm on V' given by ||s|| =
(s, s)2. And satisfy Schwarz inequality |(s, ¢)| < ||s||||¢|l. If s and ¢ were elements of
an inner vector space V', we say that s and ¢ are orthogonal if (s, t) = 0 written as s_Lt.
Furthermore, if U and W were subsets of V' as every element in U is orthogonal to every

element in W then we say that U is orthogonal to W (U_LW) [8].

Before defining the Hilbert space, we need the definition of convergent and Cauchy se-

quences to define the complete and Banach spaces.

Recall that a sequence s,, is convergent to s if Ve > 0, 3k € Z, such that ||s,, — s|| < &,
Vn > k. And a sequence s, is Cauchy if Ve > 0 3k € Z, such that ||s,, — s,,|| < &,
Vn,m > k. Note that every convergent sequence is Cauchy, but the converse is not true
[9].

Definition 1.2.4 [6] Let (U, d) be a metric space and let s,, be a sequence in (U, d) such
that for all € > 0 there exist N = N(g) where d(s,,,s,) <&, Vm, n > N, then s, is
called Cauchy sequence.

(U, d) is called complete space if every Cauchy sequences converges to a point of U.

Definition 1.2.5 [6] Banach space is a complete normed vector space. And the Hilbert

space is an inner product space, that is a Banach space.

Let H be a Hilbert space, and {z,} be an orthonormal basis of H, the Parseval’s

identity theorem tells us that for all s € H we have

Is1> = ~(za, 9).
n=1
Examples of Hilbert spaces are (2, L2,
€2 = {(517 52, 53, ) : Z |Sn|2 < 00, VSn - C},
n=1

besides inner product defined as

(s, t) = isnﬁ.,
n=1

4



the L? will be define in the next section [6].

It can be easily proved that if U is a closed subspace of the Hilbert space H, then H =
Ud UL, where Ut = {s € H:s Lt, Vte U} is the orthogonal complement of U.
Furthermore, for any subset U # & of H, U+ = {0} when and only when the span of U
is dense in H [6].

The special function Z3(z) is said to be the reproducing kernel of a Hilbert space # if
forall f € H,

F(B) = (f(2), Z5(2)),

where the family of Zzspans a dense set of H [10].

1.2.2 LP and 5#P Spaces

This sud-section will introduce L? and .7 spaces and the connection between them. We
will see that for 1 < p < oo, we can identify the functions in #7 with their radial limits
on LP. Then we will define the Hardy- Hilbert space .2, and preview the basic theories
needed in this thesis. Also, we will define the inner, and the outer functions, and give an

example of the inner function which is the finite Blaschke product.

Definition 1.2.6 [11] Let (X, F, i) denote the o-finite measure space, LP(X, F, u), 1 <

p < oo 1s the space of all complex-valued measurable functions on X that satisfy

/X F@)Pdu(z) < oo

and for f € LP(X, F, ) define the L” norm of f as

1/p
1l = ( /X |f(fv>|”du(fv>> |

If p = 1, L}(X, F,u) is the space of all integrable functions on X, and together with

|||z is a Banach space. In case p = 2, L? is a Hilbert space.
If p = oo, the L°(X,F, u) is defined to be the space of all essentially bounded

5



functions, that is for a measurable function f € X, and 0 < M < oo we have
|[f(z)| <M  a.e.; xwith respect to p.

The infimum of all possible such M is the norm || f(z)||z~ of f, note that L is also a
Banach space. By Holder inequality it can be easily proved that for p < ¢ and X has a

finite positive measure then L9(z) C LP(z).

Definition 1.2.7 [12] Let 4 : I' — C be a measurable function, and 1 < p < oo. The
Hardy space 7 denotes the space of all analytic functions in the unit disk for which
||h|,, is finite. Where

1Pllp = sup My(r h),

and for 1 < p < oo, M,(r, h) is defined as

M,(r, h) = (% /O ﬂ|h(7~e”)|”dt>

Note that for 0 < r < 1, M,(r, h) is an increasing function of r, and it is the L? norm

1/p

of h,, that defined on the unit circle Y as h,.(e) = h(re'). Therefore |||/, is a norm on
P, Hence 7 is a Banach space, and for 1 < r < p, P C " C . In particular,
J€> is the space of all bounded analytic functions on I" and 577> C J#°? for all p, where

the norm
|1 ]|oo = supjpi<1| Moo (1, h)| = sup|r‘<1{sup{]h(re”))| 0<t< 27r}}.

For 1 < p < oo one can show that if /() is an analytic function on I, , then lir{l M,(r,h)
r—1—
exists and ||h|, = li:ql M,(r,h). Since M,(r,h) is an increasing function of r, the
r—1—

Maximum Modulus Theorem tells us that M, (r, k) is also an increasing function of r.

Let Y be the unit circle, with du = |dt|/27 be the normalized Lebesgue measure and

h(e™) € L'(T) [12], then we can write the sequence of the Fourier coefficients of h(e®)



as

™

A 1 ) .
h(n) : / h(eMe ™dt, n € Z.

T o

—T
The next two theorems shows that for 1 < p < oo the classical hardy spaces .77 can be

defined equivalently as

~

HP :={heL?:h(n)=0 Vn<O0}.

Theorem 1.2.8 [/2] For 1 < p < oo, let f € HP, then g(z) = lirln fr(2) defines a
r—l-—

function g € LP with g(n) = 0 forn < 0and ) §(n)z" = f.

Theorem 1.2.9 [13] For 1 < p < oo, let #7 = {felr: fn)=0,Vn<O0}thenit

is a closed subspace of LP, and the map

T - AP — AP

f—=o(f)
is an isometry map of FP on to AP,

If p = 2, 27 is a Hilbert space with an orthonormal basis {1, z, 2%, ...}, defined to
be the space of all analytic functions on the open unit disc that have square summable

Maclaurin coefficients [[13]], that is

H = {f f =Y f(n)zand ) |f(n)® < oo}
n=0 n=0

with an inner product defined as

where



and a norm "
1f ()] = (Z |f(n)|2> :

We have to remark that in theorem Fatou’s lemma guarantees that the function g €
LP, forall f € 7. And theorem tells us that 2 is a closed subspace of L?, and
there is an isometry between 2 and A 2, which can be identify by taking the function
f € 7 that having the Fourier series >0, ane™, onto the analytic function f(z) =

Yoo panz™ If f € 2 with0f € L™, then f € S,

Note that the Hardy-Hilbert space is a reproducing kernel Hilbert space so that:

Definition 1.2.10 [2]] For all f € #2, 3 € T there exists a unique function 25(z) such
that f(5) = (f, Zs(z)), this function is

with
1

VI-18P

If f(z) # 0 in JP, then it can be factorized uniquely as a product of inner and outer

12s(2)]| =

functions [14], they can be defined as follows:

Definition 1.2.11 [14] A function u in 5#* is called an inner function if | lirr% u(re®)| =1
r—

a.e.;on Y.

Definition 1.2.12 [14] Let 6(z) in 57" such that

2 it
0(z) = a exp <%/ - i Zlog\f(e“)]dt)
0

et — 2

then 6(z) is said to be an outer function.

1.2.3 Linear and Normal Operators

This sub-section will define linear operators, the adjoint of an operator, and normal
oper-ators, recall some of their properties, and give examples. Then introduce the well-

known



Spectral Theorem for the normal operators. Also, it will define the orthogonal projection

of L? onto .72.

Definition 1.2.13 [15] Let V' and W be vector spaces over the same field, the operator
AV — W is said to be a linear operator if and only if for every s, ¢ € V, then

A(as + ft) = aAs + S At, where a and 3 are real or complex numbers.

If M is a subspace, and A is a linear operator such that for every f in M we have Af
in M. Then M is said to be invariant under A [[15].

Examples of linear operators are the identity, the zero, and the multiplication operators.
The identity operator I : V' — V is defined by I(s) = s for all s in V. However, the
zero operator is defined on V' such that 0(s) = 0 for all sin V. And for f(e™) € L* the
multiplication operator M, : L* — L? is defined by M, g = fg for every g(e”) in L?, and
hence || M [| = || fl| [6].

It is straightforward to see that the set of all linear operators on a vector space is itself a

vector space.

Next we will define the product of two operators by operating the right operator on the

left one as follows:

Definition 1.2.14 [15] Let A, and B be two linear operators on a vector space V', we can

define their product P = AB by P(s) = A(B(s)).

Definition 1.2.15 [15] An operator A is said to be invertible if it meets these two condi-
tions
(1) Whenever As; = Ass, then s; = ss.

(17) For all t € V, there is at least one vector s € V such that As =t .

If A is invertible then by (ii) for every ¢, there is a vector sy such that Asq = t, and
this vector is unique by (i), then we can define the inverse operator of A as A~y = so.

Clearly, A~ is a linear operator and AA~! = A=tA = I [13]].



If V and W were normed vector spaces, the norm of A can defined to be

A
4] = sup 1221

sev sl
s#0
Definition 1.2.16 [6] Let V, W be normed vector spaces, and A : V' — W be a linear
operator. A is regarded as bounded if for all s € V' there exist a real number c such that
[As]| < cf|s]-

If V is of finite-dimension then, every linear operator on V' will be bounded. We will
let B(# ) stand for the set of all bounded linear operators on the Hilbert space .
Definition 1.2.17 [6] Let A : H; — H5 be a bounded linear operator, the unique bounded
linear operator A* : Hy — H,; that satisfy

<A57t>7'12 = <87A*t>?-£1

is called the adjoint operator of A.

Keep in mind that the adjoint operator of a bounded linear operator exists uniquely
and ||A*|| = ||A||. Moreover, if A : H; — Ha, B : Hi — Ho are bounded linear

operators, and « is a scalar then we have

(1) (A*t,s) = (t, As); (s € Hi, t € Ha),

(1) (A+ B)* = A* + B*,

(i) (A*)* = 4,

(v) (aA)* =aA*,

(v) [AA™]| = [|A*A]l = [|A]]%,

(vi) A*A=0 < A =0,

(vii) Assuming that H; = Hy, = (AB)* = B*A*.

10



Now we are ready to define the main definition of this thesis, the normal operator which

can be defined as follows:

Definition 1.2.18 [6] A bounded linear operator A on a Hilbert space # is said to be
(1) self-adjoint or Hermitian if A = A*,

(2) unitary if A is bijective and A*A = AA* =1,ie. A*= A~1,

(3) normal if AA* = A*A.

It is worth saying that if A € B(?) is normal, A* is normal too, and ||As| =
||A*s||, Vs € H [6]. Furthermore, A and B are unitarily equivalent if there is a uni-
tary operator U such that A = U*BU [6]. If A is a normal operator whenever A and B

are unitarily equivalent, then B is likewise a normal operator.

For A € B(H), the spectrum of Aiso(A) := {a € C: A—al isnotinvertible in B(H)}.
And the point spectrum of A is 0,(A) := {a € C : ker(A — af) # {0}}, that is the set
of all eigenvalues of A. Moreover, if there exist s € H such that {s, As, A%s, A3s,...} is

dense in H, then A is said to be cyclic operator, and s its cyclic vector [6].

Proposition 1.2.19 [l/6] Let A be a linear bounded operator and o € C is an eigenvalue

of A, then @ is an eigenvalue of A* with identical eigenvector.

The factorization of functions in 2 follows directly from the study of the invariant

subspaces of the shift operator which we will introduce next.

Definition 1.2.20 [13] The unilateral (forward) shift operator S : #? — 37 is of the

form

or, considering the Taylor coefficients of f(z) = Y a,z" € 2, is of the form

S(ag, a1, as, ...) = (0, a1, as, ...)

where (ag, ay, as, ...) € (2

Proposition 1.2.21 [[[7] Suppose that S : % — 2 is the unilateral (forward) shift

operator then:

11



LS =11

2. The adjoint of the unilateral (forward) shift operator also known as the backward

, therefore S is an isometry.

unilateral shift operator is

or,
S*(CL07 ay, ag, ) = (al, asg, )7 (CL07 ay, ag, ) € 62.
By using the fact that ’u‘ = 1 almost everywhere on Y for any inner function wu, if
[ € ? we can see that |Juf| = ||f|, therefore u3#? is a closed subspace of 2.

Furthermore, S(us?) = zu? = u(2?%) C us#?, hence us? is a non zero sub-
space that is invariant under S. According to Beurling’s Theorem, these are all the 77>

subspaces that are non-zero S-invariant.

Theorem 1.2.22 Beurling’s Theorem [13] Each non zero subspace of 7 that is invari-

ant under the forward shift operator S is of the form of us¢?, for u as an inner function.
Now let’s recall different forms of the Spectral Theorem.

Theorem 1.2.23 (Spectral Theorem) [17|] [I8] Let A € B(H) is cyclic, and let M, (o(A))
be the set of all positive Borel measure on o(A) then;

(i) If A is normal then there exist a measure . € M (0(A)) so that A is unitarily equiv-
alent to the operator f — zf in L*(u).

(ii) If A is self-adjoint, then o(A) C R, and there exist av € M (c(A)) such that A is
unitarily equivalent to the operator f s x f in L*(v).

(iit) If A is unitary, then o(A) C Y, and there exist an € M, (c(A)) such that A is

unitarily equivalent to the operator f +—  f in L*(n).

Where a subset of Y is called Borel if it is contained in the smallest o-algebra of
subsets of Y that contains all the open arcs of Y. A countably additive function on Y is a

Borel measure if assigned a complex number for each Borel subset of Y.

An example of a bounded self-adjoint operator onto a subspace U of a Hilbert space H is

the projection operator that defined as follows:

12



Definition 1.2.24 [[13]] Let U be a subspace of a Hilbert space H then the operator
Pf=g

where f = g+ hwithg € U, h € U+, and H = U @ U™, known as the orthogonal

projection operator onto U'.

Definition 1.2.25 (The Riesz projection) [13] Let P be the orthogonal projection of L?
onto %, if f(e) =577 a,e™ then

n=—oo N

Pf= Z an 2"
n=0
Definition 1.2.26 [19] For g € L, the Toeplitz operator 7, defined by
Ty : % — H*

f— P(gf)

where P is the orthogonal projection of L? onto .72,

Note that if g € J77°°, then T, f = gf be the multiplication operator, and if g = z,
then T, f = z [ be the shift operator. It is straightforwards to prove T; = T, where g

denote the conjugate of g.

Corollary 1.2.26.1 [18] Let f(z) € 72, then

Sf(z) =T.f(2)

and

S f(2) =T2f(2)

13



1.2.4 Linear Fractional Transformation

This sub-section contains a review of the definition of linear fractional transformations

and some basics.

Definition 1.2.27 [11] The mapping of the form

az+0b
T(2) =
(2) cz+d
with ad — be # 0, is known as a linear fractional (Mobius) transformation. And 7'(z) is

said to be in standard form if ad — bc = 1.

~

The notation LF'T'(C') represents the collection of all such maps, which forms a group
under composition. We meant to draw attention to the fact that each linear fractional trans-
formation can be viewed as a one-to-one holomorphic mapping of the Riemann Sphere C

onto itself, with the obvious rules concerning the point at infinity.

It is clear that the linear fractional transformation 7'(z) = % has a fixed point at oo
when and only when ¢ = 0, and it would be the only one when and only when a = d and
b # 0. If not, the solutions of the quadratic equation cz? + (d — a)z — b = 0 are the fixed

points [[11].

~

Here, what interests us is the subgroup LF'T'(I") of LE'T(C') that maps I into itself called
automorphism mapping. It should be noted that each self-conformal mapping of I' is a
linear fractional transformation. And the unique fixed point z, of the transformation f(z)
in the closed disk such that | f’(29)| < 1 is called the Denjoy-Wolff point. The Schwarz-
Pick Lemma implies that 7'(z) has not more than one fixed point in I, and if it does exist

it must be the Denjoy point [20].

Corollary 1.2.27.1 [2] If T(2) is a univalent (one-to-one) inner function then T'(z2) is an

automorphism of the unit disk .

The following definition will present the non-identity Mobius transformations geom-

etry classifications on the unit disk.

14



Definition 1.2.28 [21] Let 7'(z) € LEFT(T") be a non-identity automorphism. then

1. T'(z) is said to be of parabolic type when and only when it has a single fixed point on
the unit circle.

2. T(z) is said to be hyperbolic when and only when it has two fixed points on the unit
circle.

3. T'(z) is said to be elliptic when and only when it has a fixed point in the unit disk.

15



Chapter Two

Normal Weighted Composition Operators on Hardy-Hilbert space

This chapter will introduce the composition, and the weighted composition operators, and
it discuss some of their properties. We will see Schwartz’s result that answers the question
when the composition operator is normal on #2(T"). Also, we will study and look over
Bordon and Narayan’s characterization of the unitary weighted composition operators,
and their description of normal weighted composition operators that are induced by a

function v(z) Aixes a Aoint An (T).

2.1 Composition Operators

For a domain Y’An Ahe Aiemann Aphere C Aet v(z) be a Aelf-map analytic Aunction Af
Y, Aet HY ') be Ahe Aet Af all AolonTorphic Aunctions defined An Y, and Aet X C
H(Y') be a Banach Apace, Ahe Ainear Aperator

Cpo: X =X

f—=fou

is called the composition operator induced by v(z) [2].

If v(z) defined on the open unit disk I', LittleWood’s Theorem tells us that C, f(z) is
bounded on the Hardy space ##%(T"), and (f o v)(z) € s#*(T") for every f(z) € #*(I)

16



[22]. Moreover,

| : 1+ o)) ?
(1—|v<o>|2> == (1—|v<o>|> '

It 1s clear that the product of two composition operators is a composition operator [2]].

That is, if C,, and C¢ are composition operators then

CoCef(z) = Cu(f 0 €)(2)
= (fo&ow)(z)

= Ceon f(2)

Our discussion is about the normality of the composition operator which includes the
computation of its adjoint, since C,, is bounded on #7?(T"), it has an adjoint C?* also de-
fined on ##2(T"). The computation of C? is not that easy for all the functions in 5#?(T")
still, we always have its action on a special set of functions, and is it the family of repro-

ducing kernels [22].

Lemma 2.1.1 [22] For all f(z) € *(T"), 8 € T, we have

Cr25(2) = Ly (2)

Proof. By definition|l .2.17 (f, C [ 2s) = (C,f, Z3), since 2 3(z) is the reproducing
kernel of 7#%(T") we have

= ([, Lu(p))

therefore (f, C523) = (f, Zu(s)), hence C;2s(2) = 2y 5)(2). O
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Schwartz 1969 proved that the adjoint of the composition operator C, is a composition
operator when and only when v(z) = az, |a| < 1, and the composition operator C,, is

normal when and only when v(z) = az, |a| < 1, as follows:
Theorem 2.1.2 [3] If |a| < 1, then C}, = C5,.

Proof. Here we use a different proof from Schwartz. Since 25 span a dense set of J#2,
it is enough to show that

Coo2s(2) = Caz2s(2).

By lemma2.1.1} and definition (1.2.10| 23(2) = —_ we get

O]

Theorem 2.1.3 [3] The composition operator C,, is normal when and only when v(z) =

az, |a| <1

Proof. Let C, be normal, and v(z) = > 7 a,z", an orthonormal basis of % is the

sequence {1, z, 2%, ...}, therefore by Parseval’s identity
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|Cx1)? = Zy Cr1, 2"

(1, Cu2™)?

[
WE

3
Il
o

[eily

I
WE

3
Il
o

= (1,0 * + [{1, 012 + [(1,0%)]* +

= 1+ faof? + [(a0)*” + ...

I
n=0
On the other hand
IC 11" = [1]* =1

but given that C,, is normal operator, so that ||C1|| = ||C,1||, this implies

D laol =1

n=0
therefore

lao|? + [(ao)|* + [(ao)|® + ... = 0,
and hence ag = 0,1.e. v(2) =D 7, a,2".

n=1

Similarly, if f(z) = z we have

19



IC3211° = > [(Crz, 2™
n=0

(2, Co2™)?

[
]2

3
Il
=)

[z, o) * = (2, ) + (2, 0T + [z, 0%) P + [z, 07)

I
]2

3
Il
o

=0+ [{z,0)* +04+04... = |{z,v)]* = |a]?
while
1Cuz]]? = ||v]|?
o0
= lanf*
n=1
= |ay|® + |ag|® + |as)® + ...
but |C|| = ||Cy]| , this implies
|a1|* = ay|* + |as|* + |as]® + ...,

so that

|a2|2 + |(13|2 + ... = 0,

and hence |a,,| = 0 for all n > 2. Therefore, v(2) = a,2, and |a;| < 1.
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Conversely, Let f(z) € 72, and suppose v(z) = az, by lemma we get

CoCuf(2) = C5.Cazf(2)
= Cq:Caz f(2)
= Ca.f(az)
= f(a@z)
= [(aaz)
= Cu. f(a2)

= Cazc’azf<’z) = CO‘ZC:“Z']C(Z)

]

Cowen obtained that if v(z) is a linear fractional transformation on the I', then the
adjoint C7; is a product of Toepletz operators and a composition operator. Before proving

the theorem we need to prove the following lemma:

Lemma 2.1.4 [2] If g € 5, then

T; 25(2) = g(6)2s(2).
Proof.

([, T 25) = (Tef, 25)

]

Theorem 2.1.5 [23)] Let v(z) = %% where ad — be # 0, then 7(2) = %= maps the unit
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disk into itself, j(z) = E—%’ and p(z) = cz + d are in %, and we have C;; = T;C;T,.

Proof. Clearly p(z) = cz+d € . Since v(z) is a linear fractional mapping that

maps I into itself, it is a one-to-one mapping on the Riemann sphere, hence v(Z) and its

inverse also maps I into itself. Thus,

maps [ into itself. The function j(z) has the same denominator of 7(z), therefore, j(z) €

T,

Now, to prove C; = T;C, T, it is enough to show that C; 25(2) = T;C, T, (2s(2)):

TJOTT;(QQ(Z)) = TjCTp( )Qﬁ(z)

= p(8)-3(2)-25(7(2))

- 1 d—bz
= (F+d) (a_zz> (zz_zz_wwa)
N cB+d
 (d+cB) — 2(b—ap)
cB+d

(d+cB)—z(b—ap)
cB+d

O

In [24] Hammond rewrote Cowen’s formula using the fact in corollary (1.2.26.1) as

(ad — be)z
az —¢)(d — bz)

Cr(z) = ( ( )f(T(Z)) ~ % fo). e
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Proof.

Cof(z) = T;C-T7f(2)
=j(2)Crpf(2)

= j(2)Cr (ezFd) £(2)

= j(2)C, [e2f(2) +df (z)]

=juxza¢ﬂa)+aﬂ@]

2.2 Weighted Composition Operators

This section studies the weighted composition operator, its definition, and some proper-

ties.

Let I' denote the open unit disk, let v(z) be an analytic self map function on I', and let
w(z) be a holomorphic function on I', we can see in [2] that the weighted composition

operator can defined to be

Wowf(2) = w(z)Cuf(2) = w(z)(f o v)(2).

The boundedness of W, ,, on 7#%(T") it follows obviously if the weighted function w(z) is

bounded on H (T") (the set of all holomorphic function on I') but it’s not necessarily, i.e.,
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W, still can be bounded while w is not. It is clear that if w(z) € 7, then in [2] we

can see that the weighted composition operator can be rewritten as

Weouf(2) =w(2)C,f(2) =T,C,f(2).

Corollary 2.2.0.1 [2] Let w1 (z), and ws(z2) be in 7€, then

Ww1,v1WW2,U2f(Z) = Ww1(w201}1),(<p20v1)f<2>‘
Proof.

Ww17v1Ww2,U2f(Z) = Tw1CU1Tw2Cv2f(Z>
= w1 Cy, (waf 0 v2)(2)
= wl(wg o ’Ul)(f O Vg O Ul)(Z)

= le(wzovl)7(v2ov1)f(z)-

The following lemma is similar to the lemma2.1.1

Lemma 2.2.1 [4] Let 3 € T and suppose that W,,,, : (') — *(T') is bounded.
Then

Ww28(2) = w(B)2u(s)(2)-
Proof. Let f(z) € %), by definition [1.2.17] and since 23(z) is the reproducing

kernel of s#%(T), we get

<f7 W;,v"@5> = <Wf ov, ‘3@5>

=w(B)f(w(B) = (f,w(B)2us)
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The next two propositions are two necessary conditions for normal weighted compo-

sition operators.

Lemma 2.2.2 [4] If W, ,,is normal then either w(z) = 0 or w(z) never vanish for all z €

I

Proof. Suppose W,, ,, is normal and w(3) = 0 for some /3 in I, then by lemma

W5, 25(2) = w(B) L) (2) =0

therefore,

Wew2s(2)|| = W5, Z(2)|| = 0

but
1

0= [Wen2s(2)|| = l(w25 0v)(2)]| = )

w(z)

which implies

w(z)
———=0,Vzel = =0,Vzel.
= () z w(z) z
Thus, if W, ,, is normal then either w = 0 or w is non zero at each point in I'. ]

Proposition 2.2.3 [4] If W,, ., is normal, v(z) is not a constant function, and w(z) # 0.

Then v(z) is univalent.

Proof. Suppose v(z) is a non-constant non-univalent function on I'. So, there are two
different points @ and b in I while v(a) = v(b), and since w(z) # 0, lemma implies
that w(a) # 0, and w(b) # 0.

Let

notice that q(z) is well defined non zero function on .##%(T"). Applying linearity and
lemma[2.2. T we get
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w(a) w(b
_ W: , Qa(z) . W: U‘Qb(’z)
- w(a) - w(b)
_ Doa)(2) _ﬁgv(b)(z)
@ w(a) ) w(b)
= Qya)(2) = Loy (2) =0 (we assumed above v(a) = v(b))

given W, ,, is normal, so that

0= [WZ.az)ll
= [Wowa(2)]]

= [lw(z)g(v(z))]]

since w(z) # 0 this implies that ¢(v(z)) = 0. But, v(2) is non-constant, then ¢(z) must
vanish on a nonempty open subset of I'. However, [ is connected, so ¢(z) must be the

zero function, a contradiction. Hence v(z) is univalent. [l

2.3 Unitary Weighted Composition Operators

Here we will see Bordon and Narayan’s characterization of the unitary weighted com-
position operator on #?(T"), and we will show that every automorphism of T" induces a

unitary weighted composition operator.

Let v(z) be the constant function, i.e. there exist ¢ € I" such that

v(z)=¢, Vz €T
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then W, ,, cant be unitary, since

W (2) = w(2)f(c)

this implies that ||W,, . f(2)|| = 0, Vf s.t f(c) = 0, while || f(2)|| # 0, hence W,,,, can’t

be norm preserving [4].

Proposition 2.3.1 [4] If W,,,, : #*(T') — (1) is unitary operator. Then v(z) is an

automorphism of T'.

Proof. To prove that v(z) must be an automorphism of I', it is enough to show that v(z)

is a univalent inner function by corollary (1.2.27.1

Suppose W, ,, is unitary, then it is a norm preserving, therefore,

1= ||Ww,v1H

and if f(z) = z then

1= [|z]]
= [lFG
= [[Wouf(2)]

= [[(w-v)(2)]l

which implies that [|w(2)[]? = ||(w.v)(2)]]?, i.e.

1 27 ] ) 1 27
w(e™)v(e™)Pdt = —

— |w(e™)|2dt.
2m Jo 2w Jo

Now, since |v(e®)| < 1 for almost everywhere ¢ € [0, 27, and both w(z), v(z) are
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bounded we get

0= [ (lote) = eyt

— ()2 — (e (e
= e (1 - |v<e“>\2)

but we proved that ||w(z)|| # 0, so w(z) # 0, which implies that 1 — |v(e)|* = 0, hence
|u(e®)|? = 1, and thus v(z) is a non constant inner function. And proposition tells

us that v(z) is also univalent which completes the proof. O

In the following theorem, we will show that if W, ,, is induced by an automorphism of
I ie. v(z) = e?2= forsome § € R,a €T, and w(z) is a multiple of the normalized

reproducing kernel, then it is unitary, and vice versa.

Proposition 2.3.2 [4] IfW,, , is unitary, and it is inducing a map v(z) such that v(f) = 0

for some 5 € T'. Then
_ o 28(2)
YO =G,

where |c| = 1.

Proof. Suppose that W, ,, is unitary, this implies WW* = W*W = I, so that

W oW, v 28(2) = 25(2),
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since v() = 0 lemma tell us that

then

since the||.|| and |.| both are positive we get

|25(2)|| = |w(8)],
and hence
o) = 25(2)
2 w(B)
_ w(B)25(2)
w(B)|’
_w(B) ()
w(B)] [|25(2)]|
let ¢ = B where |-2®) | — 1 and the result follows. O
w(B) w(B)

Theorem 2.3.3 [4] W,,, is unitary on 7¢*(T') when and only when v(z) is an automor-

phism of I and w(z) = céﬁ% where v(f3) = 0 and |c| = 1.
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Proof. Suppose Wy, is unitary on .#*(T"), then proposition shows that v(z) must
be an automorphism. And by proposition w(z) has the form as claimed.

For the converse assume v(z) is an automorphism of I' and w = cégﬁ where v(5) =

0 and |c| = 1. Therefore, we can write v(z) = 7 f__gz, where |n| = 1, and the Cowen

auxiliary functions of v(z) as
1 =
j(z) = —77(2)25 lz,andp(z)zl—ﬁz
1—0Bnz 1 —nBz

Notice that W, . f(z) = T,,C,, f(2), and 7(z) = v~ (2) we can see that

) ( ) 1
] oOvV\Z) = _——Z
L= A=
B 1— 5z
1— Bz —[B2[nf* + Blnl*=
1— 5z .
=_ 77 since =1
— (since |n] = 1)
= 125117/ K3
25(7(2))
woT(z)=c
) =Yg,
71 —
01_6157;%22
12(2)s]

- ) ()
1—nBz—|BR+nBz) \[2s(2)]

- "(1 —1|m2) (ﬁéﬁ?_z’iﬂ)

125(2)l

=c—

J(z)
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and

T =
(1 = s
=07 g,
B c
Rz
On the one hand, we have
WooWe o f(2) = T,Co(TuCy) f(2)
=T.C,CT  f(2)
— T,C,T,C,T;T: f(2)
=w(z) . (j ov) (2) . Cron (Hgﬁ’_ﬁ : f(z)) (by corollary(2.2.0.1
(2 (M2 (e Y g
(rzon) (2o () oo
= f(2)
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on the other hand

Wi Weuf(2) = (TLC,) TLC, f(2)
= C T TLCLf(2)

= 1,0, T T 1,0, f(2)

i) (w o T) (2) . Coor <m . f(z)>

- 6 (A5 () ()

= f(2).

Thus W,, ., f(z) is unitary on H*(T"). O

2.4 Normal weighted composition operators

This section is the main object of this thesis. Firstly, we will see the form of the weighted
function w(z) while the W, ,, is normal. Next, we will examine the forms of v(z) that

imply W, ,, to be normal.

Proposition 2.4.1 [4] Assume that W.,, ,, f (2) is normal and py € T is a fixed point of v(2)
then
Zp, (2)
Dy (v(2))
Proof. Since W, ,, is bounded and py € I, lemma(2.1.1|implies that W 2, = me@v(po):po,
so that Z,,, is the eigenvector for W, with w(po) as an eigenvalue. But proposition

w(z) = w(po)

tells us that an eigenvector of a normal operator is an eigenvector of its adjoint operator

with the corresponding eigenvalue that is the conjugate of its eigenvalue, so W, ,, has 2,
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as an eigenvector with w(po) as an eigenvalue so that

W(po)Zpy(2) = W 02y, (2)
= w(z)Z), (U(z))

]

Corollary 2.4.1.1 [4|] Let v(0) = 0. Then W, f(2) is normal <= w(z) is constant
and C, f(z) is normal for all f(z) € 2*(T).

Proof. Let v(0) = 0. On the one hand, proposition [2.4.1] showed that if W, f(z) is

normal then

w(z) = w(O)j(OT((f» — w(0),

which is constant. On the other hand, if there exists gy € I" such that w(z) = ¢, then

W, f(2) is normal when and only when

WooW5 o f(2) = W5 W f(2)

— TOCTf(z) = CTITL.Cuf (2)

<= (00)CuC(®) f(2) = C5(D)(90)Cuf (2),

= (90)@)CLCf(2) = (20)(20)C5C [ (2),

when and only when C, f(z) is normal operator for all f(z) € s#2(I'). 0

Theorem 2.4.2 [4] Suppose v(z) has a fixed point py in I'. Then W, ,,f(z) is normal

when and only when

w(z) = qo( o (2) and v(z) = (a0 (q))(2)

Py, 00)(2)
where a(z) = (po — 2)/(1 — Doz), and qi, qo are constants with |q;| < 1.

Proof. Assume W, f(z) is normal, and there is py € I' such that v(py) = po, then
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proposition [2.4.T|implies that

let go = w(po) that is constant, and the first part done.

It remains to show that v(z) = (a o (g1c))(2), to prove that let

Zp, (2)

) =12, @

since a/(z) is an automorphism with a(py) = 222 = (), theorem implies that

1-popo

W o f(2) is unitary, and hence the operator L which defined as

Lf(Z) = (W;,Oc) (Ww,v) (Wd,a)(f('z))

is normal.
Let j(2), p(z), and 7(z) be the Cowen auxiliary functions for «(z), then

1

m(2) = al2) = a7 (2). () = =

,andp(z) =1 —poz.

Observe that
Cof(z) =T;C =0T, f(2)

and
(T(;Tp)* = Tp*Tg‘
= T;T5

_ T o[ En2)
= “)QQM@O

1

1250 ()
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Therefore,
L =W; WeuuWsalf(2))

= C;TgTwCUT(SCa(f(Z))

= T;C T, T TLC, T5Ca (f(2))

1
||Q “TC W 1,CoT5CL(f(2))
Po
“91 i (woa) CuoaT5C (f(2)) (by corollary(2.2.0.1))
Po
1
||Q || (woar) (éovoa)caovoa(f(z))a
Po

and since

(@ev0a)(0) = avfa(0)

= a(v(po))

=a(py) =0

we get L is a weighted composition operator with a weighted function j.(woa).(dovoa) €

2¢*° inducing a function a o v o « fixes 0.

Since L is normal corollary 2.4.1.1/implies that j.(wo«).(dovo) is constant, and Copon
is normal. Schwartz’s theoremm showed that since Cfop0q is normal on 7#%(T"), there

must be a constant ¢; with |¢;| < 1 suchthat covoa = ¢z
= a ! (a ovo a(z))(z) =L (912)
— voa(z) = a(qz), take z = a(2)

= v(2) = a(qa(z)) = ao (qa)(z2).
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To show that j.(w o «).(d o v 0 ) is constant, this can be yielded by

‘ B 1 on(a(z) °© ) z
Jwoa).(dovoa)(z) = <1 —p_oZ> <w(p0)°@p0(vooz) ) (Ho@p oa)(z) H)

o (v
o (v
L) (w00
1— poz PO 5 — Ino? + poz H"@PO

‘ = w(po ”on H

=012 g

Conversely, suppose that v(z) has a fixed point py € I, and let

= L(Z) ana viz)=(xoqi)\z
w_qo(o@poov)(z) d () ( 41 )()

where a(z) = (po — 2)/(1 — Poz), and gy and ¢; are constants, with |¢;| < 1, we want to

prove that IV, ,, is normal. We have

v(z) =« (qla(z))

_ Po — 9104(2)
1 —Poqia(z)

po—z
Po— 31 52

~1-Pon fogoz

_ Po— Ipol?2 — qupo + @12
1 — Doz — q1|po|? + @iDoz

_ po(1—q1) + (@1 — |pol?)=
1 —aqilpo|? + (@1 — )poz
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Since w(z) = qo@L(z))U W.L.O.G let gy = 1, we get
pOO'U z

N p—po(l—Q1)+(q1—|p0|2)z
01 =¢1]po®+ (g1 —Dpo=

1 —Dpoz

_ 1 — q1]pol® + @1Poz — Poz — |pol® + |pol*¢1 — Poq1z + Polpol?z
(1= aq1lpol® + (@1 — 1)Poz) (1 — poz2)
_ (1 —[pol*) (1 — Po2)
(1 = [pol?q1 — Poz(1 — 1)) (1 — Po2)
_ 1— |190|2
1 — |po|?¢1 — Poz(1 — q1)

By Schwartz’s theorem, we have C, ., |¢1| < 1 is normal. To show that W, ,, is normal, it

is enough to show W, ,, = Wg,valzng .- that is unitarily equivalent to a normal operator,
and hence is normal. Observe that,

Wiof(z) = (T:Ca)" f(2)
= CiT; f(2)
= ECQT:Tgf(Z)

1
R CRC AR
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Now we can see that

W57va1sz§ta(f(Z)) = TJCvaleOaT;Tgf((z))

1
= ———T5C.Cp. . TiCo(f(2))
120 (2) | e
T T,Cal(2))
= T 7 N1 6 Zoo 1 « z
12 ()]
- mé.(]‘oqlzoa),(aoqlzoa)<f(z)) (by COTO”CLT’y 2.2.0.1
It remain to show that w(z) = m&.(j oqrzoa)(z) and v = (o g1z 0 a)(z) as
Po
following:
1 1 K
o0 oqzoa)(z) = —i(qa)
12 (2)]] 12 (2)[] | 2o (2)]
9 1
= ()1 = Ipo)
— Poii 55
1 1 —"poz
1 —Poz 1 — Doz — [pol*q1 +Poq1 2
_ 1 - ‘p0‘2 — Z)
1 —Poz — |pol*q1 + Pogr 2
Clearly,
aoqzoa(z)=ao(qa(z))
= U(Z)7
then

Ww,v(f(z)) = Wts,valegjaf(z)v

because if an operator was normal and another operator was unitarily equivalent to it, then

the second one will also be normal, hence W, ,, f(z) is also a normal operator on 2. [

Proposition 2.4.3 /4] Suppose v : I' — T is a linear fractional transformation such that
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v(z) = ZE and let w(z) = 2,)(2) where 7(z) = %=X, Then W, f(2) is normal

when and only when

|df? _ |df?
|d)2 — [b]2 = (ba — de)z |2 = |¢|? — (bd — ca)z

C’UOT .

Proof. (=) Suppose W, ,, is normal this implies that W, ,W; = W7 W, .. For the

right-hand side, we have

WooWe o f(2) = TG, (TLC,) " f(2)
= T,C,CIT f(2)
— TLOT,C T T (2)
= d T.C,T,C, f(2)

—dwjovCraf(2)

d 1
(d + cz) <Ez —~ B“—jg) Cron(2)

d cz+d
= = Crov
(d + CZ) <dcz +|d|?2 — abz — |b|2> /)

_ |d|?
O |d?2 = b2 = (ab— cd)z

I
al

Il
al

Crovf(2).
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For the left-hand side, we have

Wi Wanf(2) = T,C T TETLC, f(2)

= dT;C,To, ,,Cuf(2)

dj (QT(O) o 7') Coor f(2)

- 1 d
=d| =——= O’UOT
75 )\a+ @(T(Z))) Je)
= E = 1— d* —< Cvm'f(z)
d—bz ) \d+c5=5
_ (. 1 _ _ d(d — bzz Coon £(2)
d—bz ) \ —dbz + |d|?> + caz — |c|?

Cvorf<z)

T 1dE = |c]? = (bd — ca)»

Since W W, ., = W, ,W_, this implies

|d*
|d|2 — |b|2 — (ba — dc)z

TOovU

|d]”

- = Cv07~
|d|> = |c|?> — (bd — ca)z

Where 7 as given, p(z) = cz + d, and j(z) = 1/(—bz + d) and since
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then

=T5p
= Top
d -
= wD = — d
P (d + cz) cr
( <= ) Conversely, suppose
|dI? |d|?

TOov voT

]2 — [b2 — (ba—de)z " [d2 — |c]? — (bd — ca)z

. e . I
then W, , W, = W W, ., as we have seen in the first direction

|d?
|d|2 — |¢|?> — (bd — ca)z

C’L)OTf(Z> - W;,UWw,Uf(Z)

and
|d?
|d|2 — || — (ba — dc)z

OTon(Z) — Ww,UW;,vf(Z)'
Hence W, ,, is normal. L]

Proposition 2.4.4 [4] Suppose that v : I' — T is a linear-fractional transformation of

parabolic type and let w(z) = 20)(2) then W,, ., f(2) is normal.
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Chapter Three

Composition operator on K

In this chapter, we will define the model subspace K, and study the conditions for C',, to
map K, into itself, then we will find the adjointof C', on K, and prove C',, is normal on

K, Af and Anly Af G, As Aormal An %

3.1 Introduction to Model Subspace

Beurling’s Aheorem A949 characterizes Ahe closed Aubspaces Af J#Ahat are Anvariant
un-der Ahe Aorward Ahift Aperator S as u?’ 2 Ahere u As an Anner Aunction An I’
[18]. The Arthogonal complement Af w.7#? As Anvariant Ander Ahe backward Ahift S*

and Ahe corre-sponding Aodel Aubspace denoted as

Ku:{f c A% . (f,uh) =0, Vh ejf?}.

Proposition 3.1.1 [/8] Let u be an inner function, then we can write the model sub-space
K,
K, = {u% : h € %”2} = O Nuz

almost everywhere on Y.

Proposition 3.1.2 [I8] Let u(z) be an inner function, and v(z) € H>, then T;:K, is a

proper subset of K.

Note that K, is a reproducing kernel Hilbert space, which means that there exists a
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function £%(z) such that f(v) = (f, k%) [18]], for every f € K, and v € I that is

Ki(2) = ———— zel. 3.1

The Blaschke product is an example of inner functions defined as follows:

Definition 3.1.3 [[14] A finite Blaschke product is defined as

b(z) =A™ H (1%__72)

i=1

where (;) are n different points in I' \ {0}, (m;) are non-negative finite se-

1<i<n 0<i<n

quence of integers, and |A| = 1.

K, is the finite-dimensional subspace generated by the finite Blaschke product b(z)

and spanned by
1, 2% 23, ... , 270,
and
1 1 1 .
—, 3y e y T N 1 S ] S n.
L =%z (1-72) (1 —z)

In other words, f(z) is in the model subspace K, if and only if it is of the form [25]]

mo—1 n  m;
=3+ Y S (3.2)
k=0 i=1 k=1 (1 - %2)

3.2  L¢(Kp) Structure

In the following, we will consider that L£.(K}) is the set of all bounded composition
operators on K. To figure out £.(Kj}) structure in case that b(z) has two zeros including
the point {0}, and ¢'(0) # 0 we will introduce the following theorems. N (b) stands for

the group of zeros of b(z), multiplicity not counted.

The first theorem involves looking at the single zero Blaschke products exclude the origin

that can be repeated a finite number of times, i.e. the case N (b) = {7}, b'(0) # 0[25].
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Theorem 3.2.1 [25] Suppose that

where v # 0, m > 1, then

1
L.(K,) = {C’(lml)zml a1 € Coay # §}

Proof. Let C, € L.(K,), on the one hand we have Cyk" € Ky. Therefore, by (3.1) and
(3.2)), there exist some constants ¢ so that

1-b(y .
Cokiy = (ﬁ) =D —

k=1 1 - ’YZ)

k?

but b(+y) = 0 then
1 Ck

(1-7uv(z)" = (1- 72)1«
This representation demonstrates there is a polynomial p(z) of degree at most m — 1 such

that

p() (1 —70()" = (1-72)"

this implies that p(z) must be constant and there exist as,as € C such that v(z) =

asz + a;1. On the other hand

1
Coky = —
T 1=7u(z)
1 1
1 ~ya % 7\
— Fa, —
1
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so that we must have (1 — a,7) # 0, and y = (1”(127) , hence a; = (1 — ;7). O

If we only look for the symbols v : I' — I, we come up with the same characterization

plus one additional condition ‘1 — ﬁal‘ + |a1 < 1. However, this inequality only applies

for a; = 0. Therefore, v(z) = z is only acceptable.

The second theorem considers the finite Blaschke products that have the origin as a simple

zero and another zero with a multiplicity of 1 or more at A # 0, i.e. the case N(b) =

{0,7}, ¥'(0) # 0.

Theorem 3.2.2 [25|] Suppose that

where v #£ 0, m > 1, then

1
ﬁc(Kb) = {Calz+a2 Tay € (C, s € C\%, as = (a1 — 1)7—'— &272}.

a32+1

Proof. The proof is similar to the proof of theorem Let C, € L.(Kj), so that
CyrT' € Ky. Therefore, by @ and (@), there exist some constants ¢, so that

Con — (1 - WMU(Z))) et i o

1 —7v(z)

but b(y) = 0 then
1 . = Cr
(1-7v(2)"

this implies that by binomial theorem for some constant ¢

(1-72)"

(1 — Vv(z))m = (q — 72)%

This formula shows that v(z) is a linear fractional transformation that is normalized as

_ +
v(z) = uzte

45



On the other hand,

1
Coby = ———
71 —Au(2)
B 1
T—7eEg
B asz +1
asz + 1 —7~ayz —yas
azz+1
1—vyaz

1— (2@a=ags ),
1—raz

but equation (3.2)) shows that v must be as follows

Va1 —as
()
— az

Therefore, a, # % and a3 = (a; — 1)7 + a27> o

Keep in mind that if a; = 1 — Jay that is a3 = 0, we get the subclass v(z) =

(1 — ~ay)z + ag, where ay # %

Corollary 3.2.2.1 [25]] Suppose that

bz) == (17—_72)

where v # 0, m > 1, and let v(z) be a self map analytic function on I'. Then C,, is self

map operator on Ky, if and only if

v(z) = as, az €T,

or
a1z + ag
asz + 17

v(2) =

where a3 = (a1 — 1)y + a9y? for a; € C, and ay € T with the condition |a; — asas| +
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|a3 - (11&_2‘ <1-—|a]%
Proof. Theorem 1} tells that v(z) = %, with a; € C, ay € C{%}, and a3 =
(a1 — 1) + ao¥%. In case ay € T, then we have v(0) = ao, so that if a; = ayas then

as—=z
1—asz’

v(z) = b. Now assume that a; # asas, and let the disc automorphism be o,,(z) =

then v(z) is a self map of the unit disc if and only if so does (o, o v)(2)

ay — a1z+¢112
+
(0ay 0 v)(2) = 1—%
— a2 azz+1

a2032 + A9 — A12 — Q9

azz + 1 — ajazz — |as|?

B (agaz — ay)z
(a3 — ala_g)z + (1 - |(l2|2) .

Schwarz’s lemma tells that (o,, © v)(z) maps I into itself if and only if |z| < 1 implies

TR P
(a3 — a1a2)z + (1 — |az|?)

if and only if
(a1 — asag)| < (1 —asf*) — |(a3 — a1@3)|
and
(a3 — a1@3)| < 1 — |as|?
but the first inequality implies the second one. 0

3.3 Adjoint and normality of Composition Operators on K,

In this section, we will find the adjoint of the composition operator C,, on the model space

K3, and we will check the normality of Certain v’s.

We can consider the model space K, as a closed subspace of the Hilbert space L? over

the non-tangential boundary values. Therefore, the orthogonal projection P, of L? onto
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K, can given as follow:

Proposition 3.3.1 [[[8] Let f(z) € L? and v € T, then P,f(v) = ([, k). Furthermore,

k(2) = P,2.(2), where 2.(2) is the reproducing kernel on .

Proof. We know that s, (2) € K,, so that P,k (z) = k,(2), and

(f, k) = (f, Pukiy)
= <Puf7 H“{>

To show that k. (2) = P,2,(z), where 2,(z) is the reproducing kernel on J#2, let
f(2) € K, then

(f r9) = f(7)
=(f,2,) since f(2)is also in >
= (Puf, 2,)
= ([, P.2,).

]

The Riesz projection P, that is is the orthogonal projection of L? onto .7#2, and P,

have the following straightforward relationship.

Proposition 3.3.2 ([18]) Let f(z) be a function in > then

Fuf(2) = f(z) —uP(uf)(z).

Proof. By proposition forall f(z) € 22 and v € T we have
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]

Now we are ready to derive the adjoint of the composition operator on the model space

K, as follows:

Proposition 3.3.3 Let f(2) € K,, and let 6, : K, — K, be the composition operator

then
@, f(z) = (1= p])C; f(2)

where C,, f(2) is the composition operator defined on 7.

Proof. Let C, f(z) be the composition operator defined on J#2, then C f(z) € 2, so
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that proposition [3.3.2]tells us that

E;f(z) = BOCLf(2)
= C;f(z) = bP(bC})(f(2))
= O3 f(2) =TT Ch(f(2))
= C} f(2) = bOCS(f(2))

= (1= bI*)C3f(2)

3_, =2
Example 1 Let b(z) = 274, f(2) € Ky, and v(z) = {1,
4 2

find 67 f(2).

Solution. Since f(z) € K}, then by equation (3.2)

f(z) = C1+%

1 ZZ

that can be rewritten as
(4ey + 4co) — 3¢q2

also b(z) and v(z) can be rewritten as
3—4z 2z
b — =
Gl=% vlx) = 55
so that
() =35+
T(2) = -2+ =
3

Corollary (3.2.2.1) tells us that €, f(z) maps K} onto itself as v(z)
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i
1—52

(by de finition|1.2.26))

(b(z) € A% — Tpf =0bf)

maps [' into



it self, where
a; — agag‘ + {a3 — ala_g‘ <1—|a@)® and a3 = (a; — 1)7 + a7y
Now we can use equation (2.1)) and proposition (3.3.3)) to find €.’ f(z) that is
Cof(2) = (1= )T f(2)
[ (34 (3o
- 1-3:)\"a—-32)
122 (4dey + 4co) — 3e17(2) B -3 4ey + 4e
(22 +3)(6) 4 —37(2) 2243 4
[ (3434
B 4-32)\"4-3z)]

—4c12% 4 4c12 + 10coz + 15¢1 + 15¢
(22 +3)(—22 +5) '

Example 2 Let b(2) = 27535, [ (2) € Ky and v(z) = §2555,

find €. f(2).

Solution. Observe that

(Cl + C()) — 0.2012
1-0.2z2

~0.64z +0.068

T(z) = o1, and f(z) =

using equation (2.1)) and proposition (3.3.3) we get
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C, f(2) = (1= p))C; f(2)
- {1 - <z10E (IQZZ) (710f 0_252)]
(@emraomaom) (1o ) * (5o roo)|

- (200 (252)]

[—0.16012’2 — 0.069¢92* + 0.676¢1 2 + 0.686¢02 + 0.067¢; + 0.06700]

(1= 0.12)(0.642.068)(0.986 — 0.228z)

Corollary 3.3.3.1 If

b() =z(17__%)n, (v#0,n 2 1),

then 6, : K, — Ky, is normal if and only if C,, : 7? — 2 is normal.

Proof. let f(z) € K, and suppose that C,, f(z) is normal. It is enough to show that
G f(2) =6 f(2)

€. 1(2) = 6.((1 - BP)CLA(2)) (by propositionf3:3.3)
— (1= BP)CL((1 = PP)CLF(2))

= (1= [b]*)*CuCy f(2)
= (1—|b]*)*CrC, f(2) (C, is normal on F?)

= (1= PP)C((1 = pP)Cuf(2) = €60 f ()

52



Corollary 3.3.3.2 If

b(z) = z(f__;z) , (v #0.n> 1),

then #,,., - Ky — K, is normal if and only if W, : 6% — H? is normal.

Proof. Similar to corollary (3.3.3.1).
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List of Abbreviations

Abbreviations Meaning

C Set of All Complex Numbers

C, Composition Operator

cr Adjoint of Composition Operator

H Hilbert Space

TP Hardy Space

H? Hardy-Hilbert Space

T Space of All Bounded Analytic Functions
K, Model space

kY Reproducing Kernel on K,

L.(Ky) Set of All Bounded Composition Operators on K,
Lr Space of All p-Integrable complex Measurable Functions
L> Space of All Essentially Bounded Functions
P Orthogonal Projection Operator

25 Reproducing Kernel Function on .72

S Unilateral Shift Operator on 77>

S* Backward Shift Operator on .57

T, Toeplitz operator

Wew Weighted Composition Operator

Y Unit Circle={z € C : |z| =1}

r Unit Disk={z € C: |z] < 1}
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