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Abstract

The energy eigenvalues for the excited states of a confined Hydrogen atom
in an impenetrable spherical cavity in N-dimensional space had been calculated
by applying the boundary conditions to the radial wave function of this quantum
problem which had been investigated by Shaqqur and AL-Jaber [1].
The energy eigenvalues for the excited states depend on both the space
dimension and the cavity size. So, we had investigated the dependence of
these energies on the dimension N and on the radius of the cavity S. Also,
we deduced the limits of the cavity size at which the H-atom still has bound
states. For certain N, when the cavity radius increases enough the H-atom
become free atom while when it decreases enough there will be no bound
states beyond,; these critical values of the cavity radius had been obtained for
different dimensions N.
Moreover, we had derived a simple equation which shows the relation between
higher excited states with respect to higher dimensions started from N=3.
Finally, we had examined the behavior of the pressure exerted by the
confined H-atom on the cavity as the radius S is varied in different space
dimensions. We found that: for a fixed N, the pressure gradually increases
as the cavity radius decreases up to a maximum value, suddenly after it, the

value of pressure diminishes to zero.
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Introduction

1.1 Schrodinger equation

Schrddinger equation is the rock-solid core on to which all of quantum
mechanics was built. Once this wave equation is solved; all the information
of a quantum system will be known; eigenstates, eigenvalues and any other
relevant quantities. Hydrogen atom which is the simplest possible atomic
system represents one of the few directly solvable problems in quantum
mechanics. The exact results concerning the Hydrogen atom serve as the
basis of all approximate calculations relating to more complex atoms (have
several electrons) and that is why it has been the subject of numerous studies

from the early days of quantum physics.

1.2 Confined H-Atom

Confinement of a particle in a potential is certainly a fundamental problem
of quantum mechanics, in which different potentials are used for different
ranges. Quantum confinement means confinement on a scale comparable to
the atomic size [2]. The same atom can be seen in two different forms, as a
free atom with certain observable properties and as a confined atom, with
modified properties where confinement phenomena affects the physical
properties of a quantum system significantly such as the density of states
and energy spectra [2-15]. There are two different types of confinement. The
first is confinement by a repulsive wall or shell (which may be penetrable or
impenetrable). The second is confinement by an attractive shell, which is

always penetrable. Confinement by a repulsive wall is encountered for
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atoms under extreme pressure (for atoms in cavities), where impenetrable
cavity here refers to being unaffected by strong electric field or high
temperature or flat band conditions. [3,16-20].

Considerable theoretical efforts have recently been made in performing
more accurate computations on simple model systems like the hydrogen [21-
24] and helium atom [24-26] which could also serve as a benchmark for the
approximate methods.

The hydrogen atom confined to bounded regions has been widely discussed
using different methods. This model was firstly proposed almost seventy years
ago, by Michels and de Boer [28] and Sommerfeld and Welker [29-31] and
focused on the determination of the ground state. In deed Michels came up
with the idea of a spherically confined atom by enclosing the hydrogen atom
at the center of an impenetrable cavity and calculated the effects of pressure
on Kinetic energy and polarizability. Higher states and the splitting of
degenerated energy levels were then described by De Groot and Seldam
[27]. Later on, steady flow of theoretical studies involving confinement
models, both hard and soft confining boundaries with a variety of shapes
and sizes have been considered [5,14,15,30-32]. Particularly, H-atom
confined in a spherical or cylindrical cavity has been investigated using
various methods [33-42]. The importance of those model studies can be
related to many applications such as: the description of hydrogenic acceptor
or donor impurities in semiconductors and nanostructures or simply to

understand the effect of pressure on the atom [27,43-46].
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As far as the specific case of the confinement in spherical cavities is
concerned the majority of theoretical approaches have focused on the
consideration that the confined atom is located at the geometric center of the
cavity. A more general case is to assume that the atom is free to move inside
the sphere and thus can be located at any position within the cavity [47]. The
complexity of the off-center problem relies on the breaking of the spherical
symmetry when the enclosed atom is displaced from the center.
Consequently, the simplifications appearing from this symmetry are removed
and the dimensionality of the Schrddinger equation often increases. Some

theorists solved this problem using various approximate methods [48-51].

1.3 Higher Dimensions

The idea of multiple dimensions has been around for ages in terms of just
mathematical concepts but in terms of physics it was more recent after
Einstein developed his theory of general relativity where it works for any
number of dimensions [52-56]. For whatever reason, we are not
physiologically designed to observe those dimensions, in our everyday lives,
we distinguish three spatial dimensions and a fourth dimension of time, but
this does not mean that higher dimensions do not exist. How you look at
things actually matters in terms of how many dimensions you describe it.
Suppose a person walking on a tightrope, he can only move backward and
forward; but not up and down, nor left and right, so he only sees one
dimension. Ants living on a much smaller scale could move around the

cable, in what would appear like an extra dimension to the tightrope-walker.
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Einstein’s theory says that space can expand, contract, and bend. If one
dimension were to contract to a size smaller than an atom, it would be hidden
from our view. But if we could look on a small enough scale, that hidden
dimension might become visible again. In 1926 Oskar Klein proposed this
Intuitive idea of compactified dimensions or curled up dimensions [57, 58].
Physicists believe that extra dimensions can illuminate connections
resolving puzzles of the three plus one world. If extra dimensions exist, they
could explain why the universe is expanding faster than expected, and why
gravity is weaker than the other fundamental forces of nature. Randel and
Sundrum recently answered this question based on string theory which is a
theory candidate to higher dimensions and the fact that gravity is related to
the space time geometry. Their idea is that our four-dimensional world exists
on a “brane” floating in an inaccessible higher dimensional world. So, in the
brane picture: the three forces electromagnetism, the weak and strong
nuclear forces are localized on the brane, but gravity has no such constraint
and propagates on the full spacetime. Which means that: we don’t feel the
full effect of gravity because part of it spreads to extra dimensions so
unification of the four fundamental forces can only be in higher dimensions.
Science needs evidences for those dimensions, some theorists proposed a
heavier version of standard particles in other dimensions, there would be
partner particles called "Kaluza-Kline" particles — would have exactly the
same properties as standard particles but with a greater mass. Such heavy

particles can only be revealed at the high energies reached by the Large


https://en.wikipedia.org/wiki/Electromagnetism
https://en.wikipedia.org/wiki/Weak_interaction
https://en.wikipedia.org/wiki/Strong_interaction
https://home.cern/about/accelerators/large-hadron-collider
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Hadron Collider .So, this might suggest the presence of extra dimensions

[59-61].

1.4 N-dimensional Hydrogen atom

Gathering the main physical ideas mentioned above, the quantum problem
of this thesis could be formed as:

Hydrogen atom enclosed within an impenetrable spherical cavity in N
dimensional space [1, 62-65]. Recently, Shaqqur and AL-Jaber had solved
Schrédinger equation for this quantum system for N > 3 exactly by using
series solution [1]. They had calculated the ground state energies and then,
obtained their dependence on the cavity size, precisely on the cavity radius
S, and the space dimension N. For a fixed N, as S increases the ground state
energies decreases until the cavity size is large enough to let the confined
atom be free of cavity. On the Contrary, when S decreases, the ground state
energy increases until it approaches zero at a minimum value of S, which is
called critical cage radius (S;). However, for the space dimensionality
influence, they had showed that for a given S, the ground state energy
eigenvalues increase with N. Obviously, all of their calculations are for
ground states; in this work, we will continue studying the same problem but

for higher states.


https://home.cern/about/accelerators/large-hadron-collider

1.5 Objectives:

This research project has three objectives which can be summarized as
follow:

1- Obtaining the excited state energy eigenvalues for a confined H-atom
in an impenetrable spherical cavity in N dimensional space then,
investigate their dependence on the cavity size and space
dimensionality.

2- The eigenenergies obtained above will be used to study the
dependence of pressure on the cavity as the radius S is varied.

3- Obtaining the critical cage radius for excited states.

1.6 Thesis Outline

In this work, the energy eigenvalues for excited states of N-dimensional
Hydrogen atom confined in an impenetrable spherical cavity have been
calculated. Since these energies are found to be dimension dependent, we
have investigated their dependence on the space dimensionality and the
cavity size. Moreover, these energies are used to theoretically display the
behavior of the pressure exerted by the confined H-atom on the cavity wall
as a function of the space dimension N and the radius of the cavity S.

The rest of this thesis is organized as follow: A summary to what Shagqur
and Al-Jaber had published in 2009, the method that used to calculate the
energy spectrum of the confined H-atom, and the pressure exerted on the

cavity wall are presented in chapter 2. In chapter 3, the results of the energy
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eigenvalues and the pressure had been displayed and discussed, while the

final chapter is devoted for the conclusion.
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Chapter Two

Theoretical Background

2.1 Solution of Schrodinger equation for unconfined and confined N-
dimensional H-atom
2.2 Mythology:
e Energy eigenvalues for excited states.
e Examine the behavior of pressure exerted on the confined

H-atom.
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2.1 The N-dimensional hydrogen atom

- Unconfined Case:

Solving Schrodinger equation is the first step in breaking the mystery of any
quantum system such as simple atoms. It would give a series of pictures that
show what atom looks like. A great deal about three-dimensional hydrogen
atom had been revealed by solving it; the same procedure would be for N
dimensional H-atom. Theorist built a great potential in studying H-atom in
N-dimensional space weather it is unconfined or confined to bounded
geometries. Al-Jaber had derived N-dimensional Schrodinger equation for
free H-atom [64]. He started his derivation from the eigenvalue equation for

a hydrogen atom:
—-h 2 Z 62
Where: u is the reduced mass and Ze is the nuclear charge. In the N-

dimensional space, the Laplacian operator in polar coordinates

(r0,,0,,05,.ccce...,Oy_5, d ) Of RN is
2_.,1-N 9 (_nN-1 O 1 a2
V2=l (N2 )y A 2.1.2

where r is the radial coordinate and A? is the Laplace operator on the unit
hyper-sphere SV~1, Using separation of variables, the Schrodinger equation
splits into radial and angular differential equations with the latter having
solutions that are independent of the form of the central potential. The
eigenvalues of A? are -1 (1 + N - 2), with 1 being a non-negative integer. and

thus, the radial equation of R(r) becomes:

_1 d _1 dR L(l+N-2) 2u e?
er—(er—)——R+h—2(7—E) =0 2.1.3

dr dr T2
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Considering € < 0 for bound states and defining A and p as

p=qr= (8u(—=E)/h)r 2.1.4

A= (—E 172 2.15

2h2 (41e,)2(—E)

Substitution of Eq.2.1.4 and Eq.2.1.5 into Eq.2.1.3 yields:

d2R+ N-1dR l(l+N-2)
dp? p dp p?

R+(C—)R=0 216
Examining the behavior of the solutionsas (p — o) andas (p — 0), the
solution of R(p) can be written as:

R(p) = p' e P2V (p) 2.1.7

The substitution Eq.2.1.7 into Eq.2.1.6 yields:

d?v 21+ N-1 dv  A-1-(N-1/2) =

+ ( —1)5 =

d 0 2.1.8
dp p

The solution of this equation can be expressed as a power series in p.
v(p) = X2 p’ 2.1.9
But in order the function in Eq.2.1.7 have an acceptable asymptotic
behavior, the series expansion of Eq.2.1.9 must be terminate, which leads to
introduce the principle quantum number as the case of three-dimensional H-

atom.

A=n+ X3 2.1.10

2

Where: A is the principle quantum number for free H-atom in N-dimensions

and n is the principle quantum number for free H-atom in three dimensions.
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The differential equation 2.1.8 is just the Kummer-Laplace differential

equation whose standard form is given by [66]

d?w n (2 _ 1)d_W_ Sw(z)=0 2.1.11

dz? z dz

and whose solution, regular at the origin, is the confluent hypergeometric

function, 1F; (a, b, z) given by

iFi(ab,2)= T% 0(;;))" - 2.1.12

where the Pochhammer symbol a,,is defined by [66] :

(a), = a(a+1)(a+ 2)(a+ 3)...... (a+n-1).

Comparing Eg.2.1.8 with Eq. 2.1.11 and with the identification

a=/1—1—% 2.1.13

b=21+N-1 2.1.14

Taking into account that the Associated Laguerre Polynomials L2 (z) are
related to the Confluent hyper geometric polynomials as:

L5(2) =

(a+b)!
a'b!

1F1(- a; b+1; 2) 2.1.16

the final form of radial solution can be expressed in terms of these two

functions as follow:
Ru(p) = 4" p' ez oF; (L+ 2= 20+ N— 1 p) 2.1.17
Or

Ru(p) =Ap‘ ez L<2‘+N 2)( ) 2.1.18
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Where A = Ais the normalization constant [1]

. A+1+2=3)
A=A = — 2.1.19
(2-1-2) @+n-2)!
Finally, the energy eigen value can be introduced as:
E 0
E n free =
(n+(N—3%2
2 2.1.20

Where E, is the value of the ground-state energy of free H-atom in three

dimensions which is:
h 2
E = — = —13 .6eV

(0] 2

23, 2.1.21

Where u is the reduced mass and a- is Boher radius.

- Confined Case:

The above derivations are for unconfined H-atom in N dimensions and are

used as basis for the quantum problem of this research:

confined H-atom in an impenetrable spherical cavity in N dimensional

space for N > 3. The potential of this system can be expressed as [1]:

—Ze2
V@):{Mw'osrss} 2.1.22
o ,elsewhere

Where S is the cavity radius.

Obviously, Schrodinger equation with these boundary conditions does not
differ from that of free H-atom in N dimensions Eq. 2.1.3. Therefore, their
wave functions almost the same namely Eq. 2.1.17

Since the cavity is impenetrable the wave function must vanish at the cavity

wall so it would stay continuous function inside the cavity. This indicates
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that even the free and confined H-atom have similar wave functions, they
certainly would have different energy eigenvalues due to the confinement

effect.

The boundary condition is:

Ryu(p) Lr=s=Ry(gS) = Zero 2.1.23

Equation 2.1.17 indicates that the zeros of the radial wave function are the
zeros of the confluent hypergeometric polynomials and cannot be found
analytically as the three-dimensional case, so Mathematica software had
been used to find them.

The energy eigenvalues depend on both space dimensions and the radius of
the cavity and can be found by these formulas:

Eo

By = 3 2.1.24
28

p= = 2.1.25
25

1= 2.1.26
Xp Qo

Where: A is the principle quantum number for the confined H-atom in N-
dimension, and x,, is the n" root of the Confluent Hypergeometric
Polynomials.

It is worth notifying that the real numbers which appear for A arise from
applying the selection rule of the angular momentum L.

Shagqur and Al-Jaber devoted their calculations for the ground state

energies where the angular momentum is zero. They computed the ground state
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energies for different spatial dimensions N and then, they found the dependence

of these energies on the cavity size and the space dimensionality [1].

2.2 Energy eigenvalues for excited states.

In the present work we will firstly, calculate the energy eigenvalues for
excited states for different values of dimension N.

By substituting equations 2.1.25 and 2.1.26 in equation 2.1.17 and taking
into account that the radius of the cavity is in terms of Bohr radius, then the

radial wave function will be:

N+1

-p
Ru=A"pez Fy (1+52—25204 N = 1; p) 221

The previous equation has three variable parameters; the angular
momentum 1, the dimension N and the cavity radius S. As mentioned before,
we need to find numerically the roots of the confluent hypergeometric
polynomials in order to calculate the energy eigenvalues using equations
2.1.24 and 2.1.26. So, for specific values of dimension N and angular
momentum L we suggested values of the cavity radius S, then by using
Mathematica we had determined the roots.

See the examples below;

ForN =3,(= 2,

1F1(z+%—z;21+1v—1;p)=1F1(3—%;6;p) 2.2.2

Now, for N = 5,( =1,

1F1(z+%—/1;21+1v—1;p)=1F1(3—%;6;p) 223
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One should notice that the arguments of Egn. 2.2.1 and Eqgn. 2.2.3 is the
same.

Another example:

ForN =4, =2,

Fr (42 = K2+N -1 p) = 11%(3.5—%;7; p) 2.2.4

Now, forN = 6,( =1,

Fi((+ == 20+ N =15 p) = 1&(3.5—%;7; p) 225

Again, the arguments for these two cases are the same.

One way to think about this, similar confluent hypergeometric
polynomials arguments for different values of N and L; mean similar roots,
so same energy eigenvalues for those cases. As a result, accidental
degeneracy in these energies shows up and by repeating the calculations for
different values of N and , we have noticed precisely that the degeneracy is
caused by the correlations occur between higher odd dimensions with lower
odd dimensions for different angular momentums L > 1, or even higher
dimension with lower even dimensions for different angular momentums
L > 1 too. Equation (2.2.6) represents a notation for these correlations. It
indicates that the energy eigenvalues of confined H-atom in a spherical
cavity for any higher dimension are related to the calculated ones either for
N=3 if that dimension is odd or N=4 if that dimension is even, sure for

different values of L.
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A notation for N-L correlation:
F(N, )= F(N-2,L+1) ...... For N >4, 1>1 2.2.6

Where: F stands for confluent hypegeometric polynomials and the
subscript are dropped for simplicity.

Now, using Eq. 2.2.6 one can represent some states:

F(N+1,0) = F(N-1, L +1) 2.2.7
F(N,L+1) = F(N-2,1+2) 2.2.7
F(N,1+2) = F(N-2, 1+3) 2.2.8

Therefore, we can conclude that only the data for N=3 and N=4 are needed
to study the H-atom in extra dimensions (N> 3), so we have just mentioned

them in this study.

2.3 Examining the behavior of pressure exerted on the confined H-
atom.

Confinement effects simulate the high-pressure environment. Both cause
changes in physical, chemical, and structural characteristics of matter. For
insight, physics of nanostructure systems such as artificial atoms or quantum
dots. Confined atoms in an impenetrable cavity were firstly proposed for
atoms subjected to very high pressure [27,43-46]. Pressure thus serves as a
versatile tool in materials researches.

It is known in physics that pressure may be considered to be a measure of

energy per unit volume or energy density.


https://www.britannica.com/science/pressure
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_ —dE

P= I 2.3.1

In previous section, we determined the energy formula Eq.2.2.5 which can

be expressed as:

2 2
Ey = “- E, 2.3.2

and taking into account that dvV= A dS, where A is the area of hyper sphere
which is equal to [66]:

2 (E)N/z
Ay(S) = 57— sV 1, 2.3.3

G-1)!
so Eq. 2.3.1 gives:
P=—— 2.3.4
Shaqgqur and Al-Jaber had done the rest derivations, so the final relation of

the pressure in any dimension N is [66]:

N
(5-1)! x2 a?

= ;N/2 4gN+2

Py Eo 2.3.5
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Chapter Three

Results and Discussion

3.1 Results of the energy eigenvalues for the excited states
e N=3 Data, calculations and graphs.

e N=4 Data, calculations and graphs.
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The data and graphs and their observations of this study are arranged in three
parts: Part | represents results of the energy eigenvalues for excited states.
Part Il represents results of critical cage radius. Part 11 represents results of

the pressure.

3.1 Results for excited states energy eigenvalues.

In this part of our study we will examine the dependence for excited states
energy eigenvalues on the cavity size and the space dimension. For a given
N, energy eigenvalues will be calculated for different values of angular
momentum 1 > 0. At First, we find the roots of the radial wave function
which is the roots of the confluent hypergeometric function numerically
by using Mathematica software.

Then, the following formulas which represented the radius of the cavity in

terms of Bohr radius, are needed to investigate the calculations [1].

—P
Ru(p) = A’ ptez 1F1(z+%— 222+ N-1; p) 3.1.1
p = ;5 3.1.2
2S 2S5
A= = 3.1.3
pas Xy Qo
E; = ‘?6 3.1.4

As mentioned in the previous chapter, only the data of space dimension N=3

and N=4 are displayed due to the accidental degeneracies.
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e N=3 Calculations:

For the dimension, N=3, the suggested values of the cavity radius S are listed

in columns as well as the calculated energy eigenvalues for excited states

where Lis from 1 to 15. The chosen cavity radii are in terms of Bohr radius

a. and expressed in meters, while the energies expressed in (eV).

Table (3. 1): The energy eigenvalues for different values of S, and
specific values of I, when N=3.
l=1 =2 =3

Sxa. (m) E(eV) Sxa. (M) E(eV) Sxa. (M) E(eV)
23.500000 | -3.4000000000 |48.00000000 |-1.5111111111] 61.00000000 |-0.8500000000
20.000000 | -3.3998640014 |40.00000000 |-1.5111035556| 50.00000000 |-0.8498844039
16.000000 | -3.3969831695 | 30.00000000 |-1.5103707574| 40.00000000 |-0.8474688871
12.000000 | -3.3525103302 |20.00000000 |-1.4679193487| 30.00000000 |-0.8165177163
9.000000 | -3.0933853623 | 15.00000000 |-1.2686793333] 20.00000000 |-0.5440000000
7.000000 | -2.3794309542 |12.00000000 [-0.8500000000| 15.40000000 |0.0000003077
5.500000 | -0.8037515410 | 9.80000000 [-0.0957111351| 15.36430000 |-0.0001649648
5.090000 | -0.0038250990 | 9.61790000 [-0.0002900598| 15.36381000 |-0.0000698686
5.089000 | -0.0015646910 | 9.61739000 |-0.0000016072| 15.36370000 |-0.0000485190
5.088300 | -0.0000368462 | 9.61736700 |-0.0000005206| 15.36345010 |-0.0000000145
5.883100 | -0.0000030002 | 9.61736690 |-0.0000004663| 15.36345004 |-0.0000000028
Table (3. 2): The energy eigenvalues for different values of S, and

specific v

alues of 1, when N=3.

Sxa. (m) E(ev) Sxa. (M) E(ev) Sxa. (m) E(ev)

86.000000 | -0.5440000000 | 110.0000 | -0.3777764040 |157.500000 | -0.2775510204
60.000000 | -0.5432069559 | 100.0000 | -0.3777656890 | 130.000000 | -0.2775456829
40.000000 | -0.5089120110 | 80.00000 | -0.3772235923 |110.000000 | -0.2774137758
23.000000 | -0.0576735110 | 60.00000 | -0.3663434125 | 100.000000 | -0.2769776189
22.500000 | -0.0176684933 | 40.00000 | -0.2520868989 | 80.000000 | -0.2710867772
22.292900 | -0.0000633820 | 31.00000 | -0.0265032283 | 60.000000 | -0.2320493909
22.292700 | -0.0000461112 | 30.40000 | -0.0008699169 | 40.000000 | -0.0096248962
22.292200 | -0.0000027995 | 30.38050 | -0.0000035750 | 39.611450 | -0.0000015981
22.292190 | -0.0000019340 | 30.38044 | -0.0000009060 | 39.611402 | -0.0000003865
22.292169 | -0.0000001164 | 30.38042 | -0.0000000163 | 39.611400 | -0.0000003362
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Table (3. 3): The energy eigenvalues for different values of S, and

specific values of 1, when N=3.

=7 1=8 =9
Sxa. (M) E(eV) Sxa. (M) E(eV) |Sxa. (m) E(eV)
180.00000 | -0.2125000000 | 225.000000 |-0.1679012346| 250.0000 |-0.1360000000

160.00000 | -0.2124957500 | 200.000000 |-0.1679001432| 200.0000 |-0.1359510444

140.00000 | -0.2124332195 | 180.000000 |-0.1678852843| 160.0000 |-0.1347068387

120.00000 | -0.2117880140 | 160.000000 (-0.1677571852| 140.0000 |-0.1313331942

100.00000 | -0.2075078688 | 140.000000 [-0.1669493881| 120.0000 |-0.1218394114

80.00000 | -0.1876032374 | 120.000000 |-0.1633032752| 100.0000 |-0.0973580872

60.00000 | -0.1083802074 | 100.000000 |-0.1504945758| 80.0000 |-0.0344078559

50.00000 | -0.0004285624 | 80.000000 |-0.1106823477| 74.0500 |-0.0000416494

49.97300 | -0.0000129888 | 61.452500 |-0.0000006000| 74.0450 |-0.0000080658

49.97218 | -0.0000003540 | 61.452448 |-0.0000000826| 74.0440 |-0.0000013480

49.97216 | -0.0000000458 | 61.452440 |(-0.0000000030| 74.0438 |-0.0000000044

Table (3. 4): The energy eigenvalues for different values of S, and

specific values of 1, when N=3.

=10 =11 =12
Sxa. (m) E(eV) Sxa. (m) E(eV) Sxa. (m) E(eV)

313.50000| -0.1123966942 | 336.00000 | -0.0944444444 | 390.00000 | -0.0804733728

300.00000| -0.1123964694 | 300.00000 | -0.0944410445 | 340.00000 | -0.0804697042

280.00000| -0.1123962928 | 280.00000 | -0.0944271754 | 300.00000 | -0.0804191697

240.00000| -0.1123716405 | 240.00000 | -0.0941759411 | 260.00000 | -0.0799707990

200.00000| -0.1118845814 | 200.00000 | -0.0921760754 | 220.00000 | -0.0775934249

160.00000| -0.1074126366 | 160.00000 | -0.0824251277 | 180.00000 | -0.0686375535

100.00000| -0.0446776844 | 140.00000 | -0.0693877551 | 140.00000 | -0.0390727767

87.75000 | -0.0000509285 | 102.60000 | -0.0002286704 | 118.41880 | -0.0000003599

87.73930 | -0.0000006153 | 102.53260 | -0.0000002551 | 118.41870 | -0.0000001088

87.73917 | -0.0000000039 | 102.53253 | -0.0000000176 | 118.41866 | -0.0000000084
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Table (3. 5): The energy eigenvalues for different values of S, and

specific values of 1, when N=3.

=13 l=14 l=15

Sxa. (m) E(eV) Sxa. (m) E(eV) Sxa. (m) E(eV)
455.00000 | -0.0693877551 | 498.000000 | -0.0604444444 | 540.00000 | -0.0531250000
440.00000 | -0.0693876605 | 440.000000 | -0.0604428647 | 500.00000 | -0.0531241500
400.00000 | -0.0693866449 | 400.000000 | -0.0604278234 | 460.00000 | -0.0531176090
340.00000 | -0.0693402530 | 360.000000 | -0.0603223580 | 420.00000 | -0.0530742145
300.00000 | -0.0690305914 | 340.000000 | -0.0601548366 | 380.00000 | -0.0528649506
280.00000 | -0.0685510479 | 300.000000 | -0.0591763924 | 340.00000 | -0.0521284677
240.00000 |-0.0658352278 | 260.000000 | -0.0561752627 | 300.00000 | -0.0500771490
200.00000 |-0.0574648621 | 220.000000 | -0.0482688565 | 260.00000 | -0.0451134015
160.00000 |-0.0337069592 | 180.000000 | -0.0284210765 | 200.00000 | -0.0235291102
135.50000 |-0.0002028555 | 153.460000 | -0.0000123744 | 173.00000 | -0.0004668804
135.39400 | -0.0000018882 | 153.451700 | -0.0000002320 | 172.59160 |-0.0000010653
135.39340 | -0.0000007489 | 153.451550 | -0.0000000126 | 172.59090 | -0.0000002631
135.39301 | -0.0000000084 | 153.451544 | -0.0000000038 | 172.59068 | -0.0000000110
The following graphs represent these results.

0.5 E-S relation for N=3

0.0

05 ) 10 \k 30 40 50 60 70

-1.0 L=3
5-1.5 =2
w -2.0

-2.5

-3.0

-3.5 l=1

4.0 s X a.(m)

Fig (3. 1): Relation between energy eigenvalues of a confined H-atom and the radius of

the cavity for a given angular momentums when the space dimension N=3.
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E-S relation for N=3
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Fig (3. 2): Relation between energy eigenvalues of a confined H-atom and the radius of

the cavity for a given angular momentums when the space dimension N=3.
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Fig (3. 3): Relation between energy eigenvalues of a confined H-atom and the radius of

the cavity for a given angular momentums when the space dimension N=3
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Fig (3. 4): Relation between energy eigenvalues of a confined H-atom and the radius of

the cavity for a given angular momentums when the space dimension N=3.
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Fig (3. 5): Relation between energy eigenvalues of a confined H-atom and the radius of

the cavity for a given angular momentums when the space dimension N=3.
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For the dimension, N=4, the suggested values of the cavity radius S are listed

in columns as well as the calculated energy eigenvalues for excited states |

from 1 to 15. The chosen cavity radii are in terms of Bohr radius a. and

expressed in meters, while the energies expressed in (eV).

Table (3. 6): The energy eigenvalues for different values of S, and

specific values of |, when N=4.

=1 =2 =3
Sxa. (m) E(eV) Sxa. (M) E(eV) Sxa. (m) E(eV)
31.00000 | -2.1760000000 | 63.00000 | -1.1102040816 | 81.000000 | -0.6716049383
25.00000 | -2.1756518539 | 50.00000 | -1.1102018612 | 70.000000 | -0.6716001411
18.00000 | -2.1602224814 | 40.00000 | -1.1099765015 | 60.000000 | -0.6715209903
10.00000 | -1.5624922524 | 30.00000 | -1.1024001569 | 50.000000 | -0.6703710956
8.00000 | -0.6794151930 | 20.00000 | -0.9680421795 | 40.000000 | -0.6593400192
7.40000 | -0.1985420565 | 14.00000 | -0.4086156699 | 30.000000 | -0.5854239085
7.00100 | -0.0024435833 | 12.35000 | -0.0028851656 | 20.000000 | -0.1466573443
7.19850 | -0.0006547368 | 12.35330 | -0.0039162600 | 18.681615 | -0.0000006206
7.19801 | -0.0001474384 | 12.34080 | -0.0000049975 | 18.681611 | -0.0000001005
7.19790 | -0.0000335372 | 12.34079 | -0.0000018624 | 18.681610 | -0.0000000117
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Table (3. 7): The energy eigenvalues for different values of S, and

specific values of 1, when N=4.

Sxa. (M) E(eV) |Sxa.(m) E(eV) Sxa. (M) E(eV)
110.000000 |-0.4495867769| 130.000 | -0.3218934911 | 165.000000 | -0.2417777778

80.000000 |-0.4495092265| 100.000 |-0.3217840566 | 140.000000 |[-0.2417682795

60.000000 (-0.4457834827| 80.000 -0.3195964676 | 120.000000 | -0.2416010101

40.000000 [-0.3764623693| 60.000 -0.2966845961 | 100.000000 | -0.2397986623

28.000000 [(-0.0971562471| 40.000 -0.1307210458 | 80.000000 | -0.2278839097

26.400000 |(-0.0124963281| 38.000 -0.0882351484 | 60.000000 | -0.1697869938

26.192600 |-0.0000051972| 36.000 -0.0356900854 | 45.000000 | -0.0067212889

26.192518 |-0.0000001825| 34.890 -0.0011932104 | 43.655000 | -0.0000769582

26.192516 |-0.0000000541| 34.855 -0.0000350192 | 44.651245 | -0.0000000816
26.192515 |-0.0000000113| 34.854 -0.0000018617 | 44.651244 | -0.0000000728

Table (3. 8): The energy eigenvalues for different values of S, and

specific values of 1, when N=4.

=7 =8 =9
Sxa. (M) E(eV) [Sxa.(m)| E(eV) Sxa. (m) E(eV)
221.000000 | -0.1882352941 [285.000000| -0.1506925208 | 315.000000 | -0.1233560091

200.000000 | -0.1882351059 |240.000000| -0.1506924266 | 280.000000 | -0.1233558549

180.000000 | -0.1882331503 {200.000000| -0.1506827636 | 240.000000 | -0.1233506894

160.000000 | -0.1882047071 |160.000000| -0.1501980434 | 200.000000 |-0.1231751430

140.000000 | -0.1879362533 |140.000000| -0.1483651969 | 140.000000 |-0.1152552272

120.000000 | -0.1861836602 {120.000000| -0.1420868910 | 100.000000 | -0.0710783619

100.000000 | -0.1781608361 {100.000000| -0.1237251810 | 85.000000 |-0.0215060891

80.000000 | -0.1488211152 | 80.000000 | -0.0726581844 | 82.000000 |-0.0067701730

60.000000 | -0.0469272685 | 67.700000 | -0.0007326566 | 80.753900 |-0.0000001069

55.572925 | -0.0000000206 | 67.609710 | -0.0000000469 | 80.753890 |-0.0000000510

55.572923 | -0.0000000009 | 67.609705 | -0.0000000062 | 80.753881 | -0.0000000006
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Table (3. 9): The energy eigenvalues for different values of S, and

specific values of 1, when N=4.

1=10 =11 =12

Sxa. (M) E(eV) Sxa. (m) E(eV) Sxa. (m) E(eV)

356.5000000| -0.1028355388 | 360.000000 | -0.0870400000 |418.500000 | -0.0746227709
300.0000000| -0.1028350931 | 340.000000 | -0.0870393600 | 360.000000 | -0.0746190398
260.0000000| -0.1028155659 | 300.000000 | -0.0870244060 | 340.000000 | -0.0746083409
220.0000000| -0.1024758593 | 260.000000 | -0.0868275513 | 300.000000 | -0.0744699099
180.0000000| -0.0995673890 | 220.000000 | -0.0853828292 | 280.000000 | -0.0742071428
140.0000000| -0.0845012108 | 180.000000 | -0.0787294103 | 240.000000 | -0.0723933440
100.0000000| -0.0180099525 | 120.000000 | -0.0238601533 | 200.000000 | -0.0659165502
95.0000000 | -0.0000042149 | 110.500000 | -0.0004664129 | 160.000000 | -0.0237275559
94.9991000 | -0.0000006318 | 110.350000 | -0.0000311592 | 128.000000 | -0.0026287342
94.9989440 | -0.0000000108 | 110.339295 | -0.0000000078 | 126.770069 | -0.0000000042
94.9989415 | -0.0000000008 | 110.339292 | -0.0000000003 | 126.770067 | -0.0000000001

Table (3. 10): The energy eigenvalues for different values of S, and

specific values of 1, when N=4.

1=13 l=14 =15

Sxa. (M) E(eV) Sxa. (M) E(eV) Sxa. (m) E(eV)

478.500000 | -0.0646848989 | 527.000000 | -0.0566077003 | 577.500000 | -0.0499540863
420.000000 | -0.0646837053 | 460.000000 | -0.0566057191 | 500.000000 | -0.0499508543
380.000000 | -0.0646693670 | 420.000000 | -0.0565896345 | 460.000000 | -0.0499315552
340.000000 | -0.0645570953 | 380.000000 | -0.0564880234 | 420.000000 | -0.0498325043
280.000000 | -0.0632002317 | 340.000000 | -0.0560383835 | 380.000000 | -0.0494583777
240.000000 | -0.0594351158 | 300.000000 | -0.0545669034 | 340.000000 | -0.0483615997
200.000000 | -0.0490387757 | 260.000000 | -0.0506228316 | 300.000000 | -0.0456613090
160.000000 | -0.0213424624 | 220.000000 | -0.0410489305 | 260.000000 | -0.0396152421
145.000000 | -0.0011744504 | 180.000000 | -0.0181823607 | 220.000000 | -0.0264905974
144.500000 | -0.0003532562 | 163.000000 | -0.0001468155 | 183.000000 | -0.0004420843
144.286990 | -0.0000000099 | 162.886250 | -0.0000000111 | 182.564440 | -0.0000000044
144.286985 | -0.0000000016 | 162.886242 | -0.0000000008 | 182.564436 | -0.0000000003
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The following graphs represent these results.

0.5 E-S relation for N=4
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Fig (3. 6): Relation between energy eigenvalues of a confined H-atom and the radius of

the cavity for a given angular momentums when the space dimension N=4.
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Fig (3. 7): Relation between energy eigenvalues of a confined H-atom and the radius of

the cavity for a given angular momentum when the space dimension N=4.
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: Relation between energy eigenvalues of a confined H-atom and the radius of

the cavity for a given angular momentum when the space dimension N=4.
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Fig (3. 9): Relation between energy eigenvalues of a confined H-atom and the radius of

the cavity for a given angular momentum when the space dimension N=4.
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Fig (3. 10):Relation between energy eigenvalues of a confined H-atom and the radius

of the cavity for a given angular momentum when the space dimension N=4.

¢ In this section, we will see how the energy eigenvalues of a specific

excited state vary with space dimension N. To do that, we choose the

first two excited state (L =1, 2) and then, calculate the corresponding

energies.

Table (3. 11): The energy eigenvalues for different values of S and

specific values of space dimension N when L =1.

N=3, |=1 N=4, |=1 N=5, =1
Sxa. (m) E(eV) Sxa. (m) E(eV) Sxa. (m) | E(eV)
23.00000 | -3.400000000 | 35.00000 | -2.176000000 | 48.00000 |-1.511111111
20.00000 | -3.399864001 | 30.00000 | -2.175981867 | 44.00000 |-1.511107677
16.00000 | -3.396983170 | 25.00000 | -2.175651854 | 40.00000 |-1.511103556
12.00000 | -3.352510330 | 20.00000 | -2.170346077 | 35.00000 |-1.511042033
9.00000 | -3.093385362 | 14.00000 | -2.070606334 | 30.00000 |-1.510370757
5.50000 | -0.803751541 | 9.00000 | -1.222676625 | 20.00000 |-1.467919349
5.09000 | -0.003825099 | 7.50000 | -0.289273135 | 14.00000 |-1.172686745
5.08839 | -0.0001849993 | 7.19810 | -0.000240626 | 12.00000 | -0.850000000
5.88310 | -0.0000030002 | 7.19790 | -0.0000335372 | 9.61739 | -0.000013016
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Table (3. 12): The energy eigenvalues for different values of S and

specific values of space dimension N when L =1.

N=6, |=1 N=7, =1 N=8, =1
Sxa. (m) E(eV) Sxa. (M) E(eV) Sxa. (m) E(eV)
63.00 -1.110204082 | 61.0000000 | -0.850000000 | 81.00000 |-0.6716049380
55.00 -1.110206100 | 55.0000000 | -0.849975273 | 75.00000 |-0.6716035950
50.00 -1.110201861 | 50.0000000 | -0.849884404 | 70.00000 |-0.6716001410
40.00 -1.109976501 | 40.0000000 | -0.847468887 | 65.00000 |-0.6715868570
36.00 -1.109197417| 35.0000000 | -0.840207226 | 60.00000 |-0.6715209900
30.00 -1.102400157| 30.0000000 | -0.816517716 | 55.00000 |-0.6712673470
25.00 -1.074542307 | 22.0000000 | -0.651067963 | 50.00000 |-0.6703710960
22.00 -1.027429279| 15.5000000 | -0.026056976 | 40.00000 |-0.6593400190
12.90 -0.161027039| 15.3639000 | -0.000087336 | 30.00000 |-0.5854239090
12.40 -0.018394948 | 15.3634501 | -0.0000000048 | 18.70000 |-0.0023284780
12.35 -0.002885166 | 15.3634500 | -0.0000000028 | 18.68162 |-0.0000125488

Table (3. 13): The energy eigenvalues for different values of S and

specific values of space dimension N when =1.

N=9, 1=1 N=10, =1
Sxa. (M) E(eV) Sxa. (m) E(eV)
86.00000 | -0.5440000000 | 110.000000 |[-0.4495867770
80.00000 | -0.5439932000 | 105.000000 |[-0.4495863490
74.00000 | -0.5439705950 | 100.000000 |[-0.4495858780
70.00000 | -0.5439222880 | 95.000000 [-0.4495853570
65.00000 | -0.5437447680 | 90.000000 [-0.4495792840
60.00000 | -0.5432069560 | 85.000000 [-0.4495608600
55.00000 [ -0.5417126640 | 80.000000 [-0.4495092260
50.00000 -0.5378863940 | 75.000000 |-0.4493584160
44.00000 -0.5260076470 | 70.000000 |-0.4489672030
40.00000 -0.5089120110 | 65.000000 |-0.4480032070
35.00000 -0.4665461070 | 60.000000 |-0.4457834830
30.00000 -0.3777777780 | 55.000000 |-0.4410005970
25.00000 -0.1879011740 | 50.000000 |-0.4312801280
22.30000 -0.0006774470 | 46.000000 |-0.4171832360
22.29220 -0.0000027995 | 40.000000 |-0.3764623690
22.29217 -0.0000001163 | 30.000000 [-0.1791964340
26.500000 |-0.0183840620
26.192515 |-0.0000000112
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Table (3. 14): The energy eigenvalues for different values of S and

specific values of space dimension N when =1.
N=20, =1 N=25, 1=1

N=30, =1 |

Sxa. (M)

E(eV)

Sxa. (M)

E(eV)

Sxa. (m)

E(eV)

315.00000

-0.1233560090

390.00000

-0.080473373

527.00000

-0.056607700

300.00000

-0.1233561940

360.00000

-0.080472747

460.00000

-0.056605719

260.00000

-0.1233554630

340.00000

-0.080469704

440.00000

-0.056601532

240.00000

-0.1233506890

300.00000

-0.080419170

400.00000

-0.056559226

200.00000

-0.1231751430

260.00000

-0.079970799

360.00000

-0.056336239

160.00000

-0.1206118530

240.00000

-0.079205253

340.00000

-0.056038384

120.00000

-0.1021118260

200.00000

-0.074454480

300.00000

-0.054566903

80.90000

-0.0008151050

160.00000

-0.058110466

260.00000

-0.050622832

80.75500

-0.0000062646

120.00000

-0.003868931

240.00000

-0.046856062

80.75390

-0.0000001069

118.45000

-0.000078664

200.00000

-0.032099196

80.75389

-0.0000000509

118.41880

-0.000000359

162.90000

-0.000017778

80.75388

-0.0000000005

118.41870

-0.000000108

162.88650

-0.0000003342

118.41866

-0.000000008

162.88625

-0.0000000111

0.5

E-Srelationforl=1
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Fig (3. 11): Relation between energy eigenvalues of a confined H-atom and the radius

of the cavity for a given space dimensions when the angular momentum 1 = 1(m).
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0.2 E-S relation forl =1

-1.0

-1.2

s X a.(m)

Fig (3. 12): Relation between energy eigenvalues of a confined H-atom and the radius

of the cavity for a given space dimensions when the angular momentum L = 1(m).
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Fig (3. 13): Relation between energy eigenvalues of a confined H-atom and the radius

of the cavity for a given space dimension when the angular momentum 1 = 1(m).
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E-S relation for L =2

-14

-1.6 s X a-(m)

Fig (3. 14): Relation between energy eigenvalues of a confined H-atom and the radius

of the cavity for a given space dimension when the angular momentum L = 2(m).

By studying the above data and the graphs, one can conclude the dependence
of excited energy eigenvalues on the cavity radii and the space dimensions.
In a specific dimension, N; it is obvious that the energy for any excited states
(L>0) of a confined H-atom decreases as the cavity radius increases until it
becomes equal to the energy of a free H-atom in that dimension. This means
that the confinement effect becomes negligible at this limit. Conversely, as
the cavity radius decreases the excited energy increases until it approaches
almost zero where the kinetic and potential energy are equal at a value of the
cavity radius is called critical cage radius (S¢). This is simply because the
cavity is impenetrable and as it becomes smaller the confined H-atom will
experience more collisions with the cavity wall. In other words, its kinetic
energy (positive energy) increases while the confined energy (negative

energy) reduces and hence the total energy increases.
For a specific angular momentum (1 > 0), it is found that the excited energy

eigenvalues are dimension dependent, they increase as N increases, so the
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energies of excited states increase even with L when N is fixed or with N
when Lis fixed, and this is due to the increase in the value of repulsive term
in the effective potential which causes the total energy to be less negative or
increase. See V,r¢ formula [64]:

Vs = V() + [z(l +N—2)+ W] - 3.1.1
Also, it is noticed that for a given N as L increases or for a given Las N
increases, the curves shifted to the right of x-axes which indicates that
critical cage radius increases for higher states or higher space dimensions.

[ Discussed later in part 2].

e Specific values of S

This section is an extension to the previous one. Precisely, we chose three
radii S=22x% a., 50% a. and 100x a.. For each radius, we have calculated all
the bound excited state energies in different space dimensions. The number
of bound states is equal to the number of the roots of the confluent
hypergeometric polynomials. Once we locate the zeros, the bound state
energies can be easily determined using equation 2.1.22. To that end, we
have graphed these energies for the first time with the corresponding angular
momentums for a given N; [ Fig3.15 - Fig3.19] and then with the corresponding

space dimensions for a given angular momentum L [ Fig3.20 - Fig3.25].



Table (3. 15): Bound excited states energies for the confined H-atom in
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different space dimensions when the radius S = 22 x a. (m).

S=22 X a. N=3 N=4 N=5
L E(eV) E(eV) E(eV)
1 -3.399969091 |-2.174071700 |-1.490479794
2 -1.490479794 | -1.027429279 |-0.651067963
3 -0.651067963 | -0.307511462
S=22 X a. N=6 N=7 N=8
L E(eV) E(eV) E(eV)
1 -1.027429279 | -0.651067963 |-0.307511462
2 -0.307511462
E-1 relation when S=22xa. (m)
0.0
) o5 N=8g 1.5 2.5 3.5
-0.5 N=7 /
-1.0 N=6 /
-1.5 N=5
E 2.0
w N=4
2.5
3.0
35 N=3
-4.0 Angular momentum | (m)

Fig (3. 15): Relation between energy eigenvalues of a confined H-atom and angular

momentum for S=22x a. in different space dimensions.
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Table (3. 16): Bound excited states energies for the confined H-atom in

different space dimensions when the radius S = 50 x a. (m)

S=50 X a. N=3 N=4 N=5 N=6 N=7
L E(eV) E(eV) E(eV) E(eV) E(eV)
1 -3.40000000 |-2.167000000| -1.51110809 | -1.11020186 |-0.84988440
2 -1.51110809 |-1.110201861| -0.84988440 | -0.67037110 |-0.53788639
3 -0.84988440 |-0.670371100| -0.53788639 | -0.43128013 |-0.33799504
4 -0.53788639 |-0.431280128] -0.33799504 | -0.25119060 |-0.16720952
5 -0.33799504 |-0.251190600]| -0.16720952 | -0.08402004 |-0.00042856
6 -0.16720952 |-0.084020040| -0.00042856
7 -0.00042856

S=50 X a- N=8 N=9 N=10 N=11 N=12
L E(eV) E(eV) E(eV) E(eV) E(eV)
1 -0.67037110 | -0.53788639 |-0.431280128| -0.33799504 |-0.25119060
2 -0.43128013 | -0.33799504 |-0.251190600| -0.16720952 |-0.08402004
3 -0.25119060 | -0.16720952 |-0.084020040| -0.00042856
4 -0.08402004 | -0.00042856

S=50X a- N=13 N=14 N=15
L E(eV) E(eV) E(eV)
1 -0.16720952 | -0.08402004 | -0.00042856
2 -0.00042856

E-1 relation when S=50x%a. (m)

Angular momentum | (m)

Fig (3. 16): Relation between energy eigenvalues of a confined H-atom and angular

momentum for S=50 X a- in different space dimensions.
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E - Lrelation when S= 50xd. (m)

1=
=
N
w
[o)]
~N

-1.2
Angular momentum L (m)

Fig (3. 17): Relation between energy eigenvalues of a confined H-atom and angular

momentum for S=50 X a- in different space dimensions.

E-l relation for S=50xa. (M)

E (eV)
o

-0.6 Angular momentum 1 (m)

Fig (3. 18): Relation between energy eigenvalues of a confined H-atom and angular

momentum for S=50 X a. in different space dimensions.
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E-1 relation when S=50xa. (m)

0.1
N=14A
0.1
2 02
w N=1
02
03 | N=1
03

Angular momentum | (m)

Fig (3. 19): Relation between energy eigenvalues of a confined H-atom and angular

momentum for S=50 X a- in different space dimensions.
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Table (3.17): Bound excited states energies for the confined H-atom in

different space dimensions when the radius S = 100 x q..

S =100 X a-

N=3

N=4

N=5

N=6

N=7

—

E(eV)

E(eV)

E(eV)

E(eV)

E(eV)

-3.400000000

-2.176000000

-1.511112622

-1.110205747

-0.850000000

-1.511112622

-1.110205747

-0.850000000

-0.671603595

-0.544000000

-0.850000000

-0.671603595

-0.544000000

-0.449585878

-0.377765689

-0.544000000

-0.449585878

-0.377765689

-0.321784057

-0.276977619

-0.377765689

-0.321784057

-0.276977619

-0.239798662

-0.207507869

-0.276977619

-0.239798662

-0.207507869

-0.178160836

-0.150494576

-0.207507869

-0.178160836

-0.150494576

-0.123725181

-0.097358087

-0.150494576

-0.123725181

-0.097358087

-0.071078362

-0.044677684

OO NO OB WIN| -

-0.097358087

-0.071078362

-0.044677684

-0.018009952

[EEN
o

-0.044677684

-0.018009952

S =100 X a-

N=28

N=9

N= 10

N=11

N=12

—

E(eV)

E(eV)

E(eV)

E(eV)

E(eV)

-0.671603595

-0.544000000

-0.449585878

-0.377765689

-0.321784057

-0.449585878

-0.377765689

-0.321784057

-0.276977619

-0.239798662

-0.321784057

-0.276977619

-0.239798662

-0.207507869

-0.178160836

-0.239798662

-0.207507869

-0.178160836

-0.150494576

-0.123725181

-0.178160836

-0.150494576

-0.123725181

-0.097358087

-0.071078362

-0.123725181

-0.097358087

-0.071078362

-0.044677684

-0.018009952

-0.071078362

-0.044677684

-0.018009952

ONOO|OTPBWIN -

-0.018009952

S =100 X a-

N =13

N=14

N=15

N =16

N=17

L

E(eV)

E(eV)

E(eV)

E(eV)

E(eV)

-0.276977619

-0.239798662

-0.207507869

-0.178160836

-0.150494576

-0.207507869

-0.178160836

-0.150494576

-0.123725181

-0.097358087

-0.150494576

-0.123725181

-0.097358087

-0.071078362

-0.044677684

-0.097358087

-0.071078362

-0.044677684

-0.018009952

QB WIN -

-0.044677684

-0.018009952

S=100 X a-

N =18

N=19

N= 20

N=21

N= 22

L

E(eV)

E(eV)

E(eV)

E(eV)

E(eV)

-0.123725181

-0.097358087

-0.071078362

-0.044677684

-0.018009952

-0.071078362

-0.044677684

-0.018009952

1
2
3

-0.018009952
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Table (3.17): Bound excited states energies for the confined H-atom in

the allowed space dimensions when the radius S = 22 x a..

S=22X a. =1 =2 =3
N E(eV) E(eV) E(eV)
3 -3.399969091 -1.490479794 -0.651067963
4 -2.17407170 -1.027429279 -0.307511462
5 -1.490479794 -0.651067963
6 -1.027429279 -0.307511462
7 -0.651067960
8 -0.307511462

E-N relation for S=22 xa (M)

0.0
(L 1 2 3 4 5 7 9

-4.0

N

Fig (3. 20): Relation between energy eigenvalues of a confined H-atom and space

dimensions N for S=22 X a. in different angular momentums.
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Table (3. 17): Bound excited states energies for the confined H-atom in

the allowed space dimensions when the radius S = 50 X a..

-3.5

-4.0

N

S=50x a- =1 =2 =3
N E(eV) E(eV) E(eV)
3 -3.400000000 | -1.511108089 | -0.849884404
4 -2.176000000 | -1.110201861 | -0.670371096
5 -1.511108089 | -0.849884404 | -0.537886394
6 -1.110201861 | -0.670371096 | -0.431280128
7 -0.849884404 | -0.537886394 | -0.337995042
8 -0.670371100 | -0.431280130 | -0.251190600
9 -0.537886394 | -0.337995042 | -0.167209524
10 -0.431280128 | -0.251190602 | -0.084020042
S=50xa =5 =6 L=7
N E(eV) E(eV) E(eV)
3 -0.337995042 | -0.167209524 | -0.000428562
4 -0.251190602 | -0.084020042
5 -0.167209524 | -0.000428562
6 -0.084020042
7 -0.000428562
8 -0.337995042
9 -0.251190602
10 -0.167209524
E-N relation for S=50 xa. (m)
0.0
(L 2 6 14 16

-0.5

1.0 t=3

-1.5 1=2

-2.5

3.0
=1

Fig (3. 21): Relation between energy eigenvalues of a confined H-atom and space

dimensions N for S=50 X a.. in different angular momentums .
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E-N relation for S=50 xa. (m)

0.0 l=7p=
J) 2 4 6 8 10 12 14 16
0.1
l=6
0.2
3 03
“ L=5
0.4
-0.5
L=4
-0.6

N

Fig (3. 22): Relation between energy eigenvalues of a confined H-atom and space

dimensions N for S=50 X a- in different angular momentums.
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Table (3. 18): Bound excited states energies for the confined H-atom in

the allowed space dimensions when the radius S = 100 X a..

S=100 X a- (=1 =2 (=3 =4 =5
N E(eV) E(eV) E(eV) E(eV) E(eV)
3 -3.400000000(-1.511112622 |-0.850000000 |-0.544000000)-0.377765689
4 -2.176000000(-1.110205747 |-0.671603595 |-0.449585878/-0.321784057
5 -1.511112622|-0.850000000 |-0.544000000-0.377765689-0.276977619
6 -1.110205747|-0.671603595 |-0.449585878|-0.321784057|-0.239798662
7 -0.850000000 | -0.544000000 [-0.377765689-0.276977619-0.207507869
8 -0.671603595 |-0.449585878 |-0.321784057 |-0.239798662/-0.178160836
9 -0.544000000-0.377765689 [-0.276977619]-0.207507869-0.150494576
10 -0.449585878|-0.321784057 [-0.239798662 |-0.178160836/-0.123725181
11 -0.377765689|-0.276977619 [-0.207507869 |-0.150494576/-0.097358087
12 -0.321784057|-0.239798662 [-0.178160836 |-0.123725181/-0.071078362
13 -0.276977619-0.207507869 |-0.150494576 |-0.097358087|-0.044677684
14 -0.239798662|-0.178160836 [-0.123725181-0.071078362/-0.018009952
15 -0.207507869|-0.150494576 |-0.097358087 |-0.044677684
16 -0.178160836|-0.123725181 (-0.071078362|-0.018009952
17 -0.150494576|-0.097358087 |-0.044677684
18 -0.123725181|-0.071078362 |-0.018009952
19 -0.097358087 |-0.044677684
20 -0.071078362|-0.018009952
21 -0.044677684
22 -0.018009952

S=100 X a =6 L=7 =8 =9 (=10
N E(eV) E(eV) E(eV) E(eV) E(eV)
3 -0.276977619-0.207507869 |-0.150494576 |-0.097358087|-0.044677684
4 -0.239798662|-0.178160836 [-0.123725181-0.071078362/-0.018009952
5 -0.207507869|-0.150494576 |-0.097358087 |-0.044677684
6 -0.178160836|-0.123725181 [-0.071078362|-0.018009952
7 -0.150494576|-0.097358087 |-0.044677684
8 -0.123725181|-0.071078362 |-0.018009952
9 -0.097358087 |-0.044677684
10 -0.071078362|-0.018009952
11 -0.044677684
12 -0.018009952
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E-N relation for S=100xa. (M)

E (eV)

4 N

Fig (3. 23): Relation between energy eigenvalues of a confined H-atom and space

dimensions N for S=100 X a. in different angular momentums.

E-N relation for S=100%a. (M)
0

-0.1

-0.2

-0.3

-0.4

E (eV)

-0.5

-0.6

-0.7

-0.8

-0.9

N

25

Fig (3. 24): Relation between energy eigenvalues of a confined H-atom and space

dimensions N for S=100 X a- in different angular momentums.
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E-N relation for S=100 xa. (m)
0.0
) 5 10 15 20 25
0.1 L=10
01| =9
S
)
“ -0.2 =8
-0.2 l=7
-0.3
N

Fig (3. 25): Relation between energy eigenvalues of a confined H-atom and space

dimensions N for S=100 X a- in different angular momentums.

The above graphs and data for the three chosen radii clarified the behavior
of the H-atom when it is trapped in an impenetrable spherical cavity. Being
in a higher state means being less bounded to the nucleus so; the total energy
keeps increasing until there are no other bound states. For a specific S, there
are limited higher states the electron is allowed to be in; the larger cavity
radius allowed more additional bound states in a given dimension. For
example, N=3, S=22x a. (m) only three higher states are allowed while ten
higher states when S=100x a. (m) in the same dimension. This is absolutely
reasonable, as the electron excited to higher states the atomic shell become
larger due to the increase in the value of the repulsive term in the effective
potential.

For a specific S, there are limited number of higher dimensions still have
bound states; larger the cavity radius larger the allowed higher dimensions,
S=22x a- (M) is allowed to be in five higher dimensions started from three
while S=100x a- (m) can be in nineteen higher dimensions started from

three too. This is simply because the cavity is not empty, equation 3.1.1
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illustrates that as the dimension increases the electron is repelled away from
the nucleus due to the rise in the value of repulsive term in the effective
potential.

For a given S, it is noticed that there is a shift in the energy eigenvalues for
higher states and dimensions; the second excited energy in a lower
dimension will be the first excited energy in the next higher dimension, and
the third excited energy in that lower dimension will be the second excited
energy for that higher dimension and so on, it is an alternative sequence for
odd dimensions alone or even dimensions alone. So, the number of bound
states in each dimension or the number of the allowed dimensions can be
easily predicted by relation [2.2.6]. For deep understanding imagine a
constant horizontally line drawn between these degenerated values. This
make the plot somehow looks like step function. So researchers in this
domain just need the information about N=3 and N=4, they give the
indications about any higher dimension.

On the other hand, it is noticed that for different values of S there are
similarities in energy eigenvalues for the same angular momentum and
dimension. For example, for N=3 and =1, E =-3.399 eV, -3.400 eV, -3.400
eV, for S= 22x a., 50x a., 100x a. respectively. This is an accidental
degeneracy occurs because the three radii are almost equal or higher than
S=24x a. at which the H-atom act as free (unconfined) one for N=3 and
1=1.The same mythology explains all the accidental degeneracies for

different angular momentums or space dimensions.



49
Part 2: Critical Cage Radius (S¢ xa-):
Our results show that the binding energy for the confined H-atom diminishes
as the cavity radius decreases, so it is very important to detect the minimum
cavity size that still allows a bound state which means finding the critical
value. This critical value is called critical cage radius (Scxa:). it is the
minimum cavity radius at which the total energy almost approaches zero and
so after it there is no more bound states. The behavior of the confined H-
atom when the radius of the cavity is greater than critical cage radius
vanishes is out of our interests in this study.
For the same reason mentioned before, the critical cage radii for N=3 and
N=4 are only obtained for different higher states.
The data and graphs [ Fig3.26 — Fig3.28] show that the critical cage value
increases with angular momentum for a specific dimension, and the graph
[ fig3.29] indicates that critical cage value increases with space dimension
for a specific angular momentum. This is due to the increase in repulsion

potential.
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Critical cage radius of the cavity Scxa- in different angular momentums

when the space dimension N=3.

N=3

Scxa
5.883100000
9.617366900
15.36345004
22.29216900
30.38042000
39.61140001
49.97216000
61.45244000
74.04380000
87.73917000
102.5325300
118.4186600
135.3930100
153.4515440
172.5906800

e N T T

Sc Xa_ -l relation for the confined H-atom for N=3

0 2 4 6 8 10 12 14 16
Angular momentum 1 ( m)

Fig (3. 26): Relation between the critical cage radius of the cavity and the angular

momentums when the space dimension N=3.
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Table (3. 19): critical cage radius of the cavity Scxa, in different

angular momentums when the space dimension N=4.

N=4
L Sexa,
1 7.197900000
2 12.34079000
3 18.68161020
4 26.19251520
5 34.85400000
6 44.65124405
7 55.57292340
8 67.60970500
9 80.75388100
10 94.99894130
11 110.3392923
12 126.7700671
13 144,2869850
14 162.8862420
15 182.5644360

S.xa--1 relation for confined H-atom for N=4
200

150

100

S¢ X Ao (m)

50

0 2 4 6 8 10 12 14 16
Angular momentum L (m)

Fig (3. 27): Relation between the critical cage radius of the cavity and the angular

momentums when the space dimension N=4.
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Scxa, - L relation

0 2 4 6 8 10 12 14 16

Angular momentum L (m)

Fig (3. 28): Relation between the critical cage radius of the cavity and the angular

momentums in two dimensions N=3 and N=4.

Table (3. 20): critical cage radius of the cavity Scxa- in different space

dimensions for the first excited states when angular momentums L =1.

(=1

N Scxa-

3 5.883100
4 7.197900
5 9.617367
6 12.34079
7 15.36345
8 18.68161
9 22.29217
10 26.19252
20 80.75388
25 118.4187
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S.xa.-N relation for confined H-atom for first excited state 1=1

0 5 10 15 20 25 30
N

Fig (3. 29): Relation between the critical cage radius of the cavity and the space

dimensions when the angular momentum ( =1.

e Pressure

The pressure exerted on a confined H-atom is a function of the radius
of the cavity S and the spatial dimension N [66]. Using equation 2.3.5
and taking into account the correlations shown in equation 2.2.6 we

will calculate the pressure in different space dimensions.

N
(__1)! X2a?
_ 2
Py = A 451;V+2 Eo- 3.3.1
13.6 X2 [eV
For N =3, Py=3 = TS; (a?) 3.3.2
3.6 X2 14
ForN=4, Py_, = —14n252 (23) 333

The calculations are presented in Tables and graphs:
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Table (3. 21): Pressures exerted on a confined H- atom and the radius

of the cavity for N=3 and 1=1,2,3.

(=1

=2

(=3

SX a. (m)

P (eviad)

SX a. (M)

P (eviad)

Sx a. (m)

P (evlad)

23.00000

0.0000444750

48.00000

0.0000021747

61.00000

0.0000005960

22.00000

0.0000508191

44.00000

0.0000028233

55.00000

0.0000008131

20.00000

0.0000676381

40.00000

0.0000037578

50.00000

0.0000010821

18.00000

0.0000927672

35.00000

0.0000056091

44.00000

0.0000015867

16.00000

0.0001319940

30.00000

0.0000089031

40.00000

0.0000021075

14.00000

0.0001964770

25.00000

0.0000153272

35.00000

0.0000031189

12.00000

0.0003087780

20.00000

0.0000292033

30.00000

0.0000048131

10.00000

0.0005145450

18.00000

0.0000388476

24.00000

0.0000082998

8.00000

0.0008831380

16.00000

0.0000519802

19.00000

0.0000109095

6.00000

0.0011134300

14.00000

0.0000680171

16.00000

0.0000044402

5.90000

0.0010759530

12.00000

0.0000782880

15.37000

0.0000000557

5.80000

0.0010254420

10.00000

0.0000307047

15.36500

0.0000000132

5.70000

0.0009594530

9.900000

0.0000238280

15.36490

0.0000000123

5.60000

0.0008750720

9.800000

0.0000161847

15.36410

0.0000000055

5.50000

0.0007688720

9.650000

0.0000031197

15.36390

0.0000000038

5.40000

0.0006367630

9.619000

0.0000001587

15.36385

0.0000000034

5.08900

0.0000018895

9.617390

0.0000000023

15.36381

0.0000000031

5.08850

0.0000005240

9.617370

0.0000000004

15.36370

0.0000000021

5.88330

0.0000000287

9.617369

0.0000000003

15.36410

0.0000000055

5.88310

0.0000000023

9.617367

0.0000000001

15.36346

0.0000000001

120

100

80

60

P( ev\a,3) x 1075

40

20

Fig (3. 30): Pressure vs. cavity radius when N=3 and (=1.

P - S relation for N=3, =1

10S X @- (m)15

20

25 30
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P-S relation for N=3, 1=2
90
80
70
60
50
40

P (ev\ao®) ¥*1076

30
20
10

20 S x a. (m)°

Fig (3. 31): Pressure vs. cavity radius when N=3 and L=2.

40

P-Srelation for N=3, 1=3

120

100

80

60

40

P (ev\as® ) ¥*1077

20

-20 S X a. (m)

Fig (3. 32): Pressure vs. cavity radius when N=3 and (=3.

60

70
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P -S relations for N=3

12

10

P (ev\ao3)

0 10 20 30 40 50 60 70
-2 S X a. (m)

Fig (3. 33): Pressure vs. cavity radius when N=3 for different angular momentums.

Table (3. 22): Pressures exerted on a confined H- atom and the radius

of the cavity for N=4 and 1=1,2,3.
(=1 (=2 (=3
Sx a.(m) | P (ev/a3) |Sx a- (m)| P (ev/a3) |Sx a. (m)| P (ev/a?)
35.0000 | 0.0000001469 | 63.0000 | 0.0000000071 | 81.0000 | 0.0000000016
30.0000 | 0.0000002387 | 60.0000 | 0.0000000076 | 75.0000 | 0.0000000022
25.0000 | 0.0000002722 | 57.0000 | 0.0000000081 | 70.0000 | 0.0000000028
20.0000 | 0.0000003117 | 55.0000 | 0.0000000087 | 65.0000 | 0.0000000038
19.0000 | 0.0000003587 | 50.0000 | 0.0000000123 | 60.0000 | 0.0000000052
18.0000 | 0.0000005643 | 40.0000 | 0.0000000300 | 55.0000 | 0.0000000074
14.0000 | 0.0000013744 | 38.0000 | 0.0000000361 | 50.0000 | 0.0000000109
13.0000 | 0.0000016844 | 36.0000 | 0.0000000439 | 46.0000 | 0.0000000151
12.0000 | 0.0000020850 | 30.0000 | 0.0000001379 | 40.0000 | 0.0000000261
11.0000 | 0.0000054612 | 25.0000 | 0.0000002787 | 36.0000 | 0.0000000388
10.0000 | 0.0000071344 | 20.0000 | 0.0000006130 | 30.0000 | 0.0000000732
9.0000 | 0.0000093804 | 15.0000 | 0.0000011497 | 25.0000 | 0.0000001191
8.0000 | 0.0000123140 | 12.9000 | 0.0000005892 | 22.0000 | 0.0000001330
7.5000 | 0.0000146470 | 12.8000 | 0.0000005066 | 19.0000 | 0.0000000304
7.0010 | 0.0000000832 | 12.7000 | 0.0000004151 | 18.9000 | 0.0000000215
7.1990 | 0.0000004312 | 12.6000 | 0.0000003139 | 18.8000 | 0.0000000120
7.1985 | 0.0000002772 | 12.5000 | 0.0000002021 | 18.7000 | 0.0000000019
7.1980 | 0.0000000442 | 12.4000 | 0.0000000788 | 18.6900 | 0.0000000009
7.1980 | 0.0000000247 | 12.3500 | 0.0000000126 | 18.6840 | 0.0000000003
7.1979 | 0.0000000091 | 12.3408 |0.00000000002 | 18.6830 | 0.0000000001
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P - Srelation N=4, L =1

20

-5 S X ao (m)

Fig (3. 34): Pressure vs. cavity radius when N=4 and [ =1.

14
P-S relation for N=4, |=2
12

10

P(ev\a,3) *1077

30 40
S X a. (m)

Fig (3. 35): Pressure vs. cavity radius when N=4 and | =2.

45

50

70
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P-S relation for N=4, | =3

Fig (3. 36): Pressure vs. cavity radius when N=4 and 1 =3.

P-S relations for N=4

20

15

90

- S x a. (m)

Fig (3. 37): Pressure vs. cavity radius when N=4 for different angular momentums.

The relation between the pressure on the confined H-atom and the cavity

size is pretty excited. For each value of N and L, the pressure has a maximum
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value at certain value of S called (Sp max), While below or above this
maximum value, the pressure decreases until it diminishes. A difference
between these two beside cases have been noticed that for radii greater than
Sp max, the pressure decreases gradually while for radii smaller than Sp max
it decreases rapidly within a very short range of S until it approaches zero,
so the confined H-atom acts like a free one for enough large radii which is
expected. But for small radii (less than Sp max): We proposed that the pressure
is forced to decrease by the atomic structure because the cavity surface gets
close to the position at which probability of finding the electron is
maximum. In other words, we approached the atomic size at the same
position is near to the critical cage radius where no bound states can exist.
Other point of view, the pressure is the first derivative of energy with respect
to the cavity volume and the energy is zero at this point. This matches with
Heisenberg uncertainty principle, it states that the more precisely the
position of some particle is determined, the less precisely its momentum can

be known, and vice versa.


https://en.wikipedia.org/wiki/Werner_Heisenberg
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Table (3. 23): Relation between the cavity radius at which the pressure

IS maximum (Sp max), and the angular momentum when N=3.

L Sp max X a- (M)
1 6

2 12
3 19
4 25
5 38
6 50
7 60
8 75
9 90
10 120
11 140
12 180
13 200
14 220

S - l relation for N=3

p max

0 2 4 6 8 10 12 14 16
Angular momentum L (m)

Fig (3. 38): Relation between the cavity radius at which the pressure is maximum and

the angular momentums for N=3.
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Table (3. 24): Relation between the cavity radius at which the pressure

IS maximum (Sp max), and the angular momentum when N=4.

L Sp max X Qo (m)
1 9
2 15
3 22
4 32
S 42
6 50
7 70
8 80
9 100
10 120
11 140
12 160
13 180
14 200
Sp max - Lrelation for N=4
250
200
£ 150
g
w100
50
0
° 2 4 6 8 10 12 14 16
Angular momrntum 1 (m)

Fig (3. 39): Relation between the cavity radius at which the pressure is maximum and

the angular momentum for N=4.
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Table (3. 25): Relation between the cavity radius at which the pressure
IS maximum (Sp max), and space dimension N when the angular
momentum (=1.

Sp max X Qo (m)

9
11
14
17
20
25
29

Blwo|o|~jo| ol & w|Z

S -N, for 1=1

p max

Fig (3. 40): Relation between the cavity radius at which the pressure is maximum and
the space dimensions N for (=1.

The above figures show that the cavity radius at which there is a maximum
value of pressure increases for higher states or for higher dimensions. This
is because of the additional terms in the effective potential. This is come
with the critical cage radius results because it is found beyond S; max , and

the both increase with N and L.
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Chapter Four

Conclusion
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Conclusion:
In this work, we had calculated the energy eigenvalues of excited state for
the confined H-atom in a spherical cavity for space dimensions N > 3. We
had found that these energies are quantized and depend on the
dimensionality of the space and on the cavity size. For a given N, the
eigenenergies increase for higher angular momentums and they also increase
as N increase for a given L. For the cavity size dependence in a fixed
dimension N, the excited state energies decrease as the radius of the cavity
increase until it become equal to the free H-atom energy in that dimension.
Alternatively, the excited state energies keep increasing as the radius of the
cavity decreases until it becomes zero at a value of the cavity radius that we
had called critical cage radius S.. Critical cage radius had been calculated in
different dimensions and the outcomes show that its values increase as N
increases.
Accidental degeneracy in the excited state energy eigenvalues in different
space dimensions has been noticed. We have derived simple equation which
illustrates exactly the positions where might be degenerated values.
F(N, )= F(N-2,1+1) ...... For N>4,1>1 4.1.6
Where: F stands for confluent hypergeometric polynomialsand the
subscribed dropped for simplicity.
Finally, the results of the energy eigenvalues have been used to study the
behavior of the pressure exerted on the cavity wall due to the confined atom.

For a given N, the pressure increases gradually as the radius of the cavity
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decreases until it had a peak which is called Pmax. After that, a sudden decline
in the pressure value occurs almost when the cavity radius is nearby the
critical cage radius. Furthermore, the maximum value of pressure and its

corresponding value of the cavity radius increases as N increases.
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