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Numerical Methods for Solving Volterra-Fredholm Integral Equation
of the Second Kind
By
Ruba Nasser Ali Salman
Supervisor
Prof. Dr. Naji Qatanani

Abstract

In this thesis we focus on the numerical handling of the Volterra-Fredholm
integral equation of the second kind due to their wide range of physical
applications such as theory of elasticity, airfoil theory, elastic constant
problems and molecular conduction.

After the classification of integral equations, we will investigate some
numerical methods for solving the Volterra-Fredholm integral equation of
the second kind. These include: Taylor collocation method, least squares
approximation method, Legendre collocation method and Lagrange
interpolation method.

The mathematical framework of these numerical methods together with their
convergence properties will be analyzed. Some numerical examples
implementing these numerical methods have been illustrated.

Numerical results clearly show that the Lagrange interpolation method is one
of the most powerful and efficient numerical methods for solving Volterra-
Fredholm integral equation of the second kind in comparison with the other
numerical methods used in this thesis. On the other hand, the Taylor
collocation method is one of the fastest methods in terms of CPU-time for

solving Volterra-Fredholm integral equation of the second kind.



Introduction

Many physical phenomena in the domain of elasticity, airfoil theory, contact
problems, elastic constant problems and molecular conduction can be
described by Volterra-Fredholm integral equations (for more details see [1,

2,10, 25]).

In fact, Volterra-Fredholm integral equations have attracted considerable

attention in the past few years due to their wide range of applications.

Majeed et al. [21] used some numerical methods to solve linear Volterra-
Fredholm integral equation of the first and second kinds; namely the repeated
trapezoidal method and the repeated Simpson's 1/3 method, Al-Jarrah et al.
[31] used Scaling function interpolation method to solve linear Volterra-
Fredholm integral equation. Lagrange interpolation polynomial used to solve
integral equations by Mustafa [26], Adibi et al. [3] applied Legendre-spectral
method to solve functional integral equations where the Legendre Gauss
points are used as collocation nodes and Lagrange scheme is employed to
interpolate the quantities needed. In [10], Abdou used orthogonal
polynomials to solve Volterra-Fredholm integral equations. Also, Yusufoglu
et al. [41] presented the method based on interpolation in solving linear
Volterra-Fredholm integral equations. Maleknejad et al. [23] solved
nonlinear Volterra-Fredholm Hammerestein integral equations in terms of
Legendre polynomials. Maleknejad et al. [22] solved the system of Volterra-
Fredholm integral equations by Adomian decomposition method. Kauthen

in [18], used continuous time collocation method Volterra-Fredholm integral
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equations. Legendre wavelets were applied for solving Volterra-Fredholm

integral equations [40].

Other methods for linear and nonlinear equation of Volterra-Fredholm
integral equations can be found in [38]. Yalsinbas developed numerical
solution of nonlinear Volterra-Fredholm integral equation by using Taylor
polynomial. Also, Mirzaee et al. [24] used modified block-pulse functions to
find approximate solutions for mixed nonlinear Volterra-Fredholm integral

equation.

Daftardar-Gejji et al. [11] proposed a new technique for solving linear and
nonlinear functional equations known as the New lIterative Method (NIM).
This method has proven useful for solving a variety of nonlinear equations
such as algebraic equations, integral equations, ordinary and partial
differential equations of integer and fractional order and systems of
equations as well. Bhalekar et al. [6] applied the new iterative method to
Fractional-order logistic Eequation. The obtained results were compared
with the Adomian decomposition and Homotopy perturbation method.
Ambreen et al. [4] solved time-fractional Schrédinger Equations using the
New lterative Method (NIM). The technique is fully compatible with the
complexity of these problems and obtained results are highly encouraging.
Numerical results coupled with graphical representations explicitly reveal
the complete reliability of the suggested algorithm. Daftardar-Gejji et al. [12]

employed the NIM to find solutions of linear and nonlinear fractional
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diffusion-wave equations. The results obtained were free from rounding off

errors since it does not involve discretization.

Ramadan et al. [28] applied the NIM to find approximate analytical solution
of the Fornberg-Whitham equation. A comparison is made between the NIM
results, homotopy perturbation transform method (HPTM) and Adomian
decomposition method (ADM). It was discovered that the NIM solved
nonlinear problems without using Adomian’s polynomials 2 Hassan Ibrahim
et al. On the solution of Volterra-Fredholm and Mixed Volterra-Fredholm
Integral Equations using the NIM. Ibrahim et al. [16] Srivastava et al. [31]
proposed a new mathematical model, namely a multi-term fractional
diffusion equation, for oxygen delivery through a capillary of tissues. They
used the NIM and modified Adomian decomposition method (MADM) to
solve the multi-term fractional diffusion equation for different conditions.
The results thus obtained are compared and presented graphically. It was
observed that the order of the diffusion equation affects the delivery of
oxygen significantly. The basic difference between the methods is that, the
NIM is direct and straightforward and it avoids the volume of calculations
resulting from computing the Adomain polynomials. Hemeda [14] obtained
the solution of fractional difference equations using the new iterative method
(NIM). The results obtained, confirmed the power of the method in reducing
the size of calculations compared with other traditional methods. Kocak et
al. [19] applied new iterative method in finding the exact solutions of
nonlinear time-fractional partial differential equations. The fractional

derivatives are described in the Caputo sense. Yaseen et al. [39] used the
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iterative method to find an analytic treatment for Laplace equation with
Dirichlet and Neumann boundary conditions. The results obtained, show that
the present approach is highly accurate and requires reduced amount of
calculations compared with the existing iterative methods. It can be
concluded that the New Iterative method NIM is a useful technique for
solving both linear and nonlinear problems, most especially, in sciences and

engineering.

In this thesis, some numerical methods are used to solve the linear VVolterra-
Fredholm integral equation of the second kind. These methods are Taylor
collocation method, Least squares approximation method, Legendre

collocation method and Lagrange interpolation method.

This thesis is organized as follows: in chapter one, we introduce some basic
concepts of integral equations and the existence theorem. In chapter two, we
implement some numerical methods for solving the linear Volterra-
Fredholm integral equation of the second kind. These are Taylor collocation
method, Least squares approximation method, Legendre collocation method
and Lagrange interpolation method. Numerical examples and results are

presented in chapter three and the conclusion has been drawn.
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Chapter One

Mathematical Preliminaries

1. Some Basic Concepts of Integral Equations
Definition 1.1.1[17]

An integral equation is the equation in which the unknown function appears

under one or more integral signs.

The most general type of integral equation is of the form:

b(x)

YU = g +y j R(x, Du(t)d, (1.1)

a(x)

where g(x) and R(x, t) are analytic functions.. The functions a(x), b(x),
Y(x) and R(x,t) are given functions, and y # 0 is a real or complex

parameter. The function R(x, t) is called the kernel.

1.1 Classification of Integral Equations

There are many classes of integral equations:
1. Fredholm Integral Equation
In Fredholm integral equations, the limits a(x) and b(x)are constant.

The standard form:
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b
Y )ulx) = glx) + yf R(x,t)u(t)dt, a<x,t<b (1.2)

In addition, Fredholm integral equations comes in tow types [36]:
a. Fredholm integral equation of the first kind, when ¥ (x) = 0,

b
glx) + yf R(x,t)u(t)dt =0 a<x,t<bh (1.3)

b. Fredholm integral equations of the second kind, when ¥(x) = 1,

b
ulx) =gx) + yJ R(x,t)u(t)dt, a<x,t<b (1.4)

2. Volterra Integral Equations

In Volterra integral equations, the upper limit of Integral sign is variable

b(x) = x and the lower limit b(x) is constant. The standard form is:

Y )ulx) =gkx) + yJ R(x,t)u(t)dt (1.5)

Also, Volterra integral equations comes in types [15]:

a. Volterra integral equation of the first kind, when y¥(x) = 0,

glx) = yj R(x,t)u(t)dt (1.6)

a

b. Volterra integral equations of the second kind, when y(x) = 1,



.
ulx) =gx) + Afo(x, Hu(t)dt (1.7)

3. Volterra-Fredholm Integral Equation

The Volterra-Fredholm integral equation of the second kind is a mixed of
Fredholm integral equation and Volterra integral equation. It appears in two

forms; the mixed form:

x rb
u(x) = gx) +j f R(s,t)u(t)dsdt (1.8)
0 Ja

and the disjoint form,

X b
u(x) = g0 + 11 j Ry (x, Ou(O)dt + 7, f Ro(x,Ou(®dt  (19)

where g(x) and R(x, t) are continuous and differentiable functions. see [37].
4. Integro-Differential Equations

In this type of equation, the unknown function appears as a combination of

ordinary derivative and under integral sign. There are two types:
a. Fredholm-integro-differential equation

b
u®(x) = g(x) + ]/f R(x, t)u(t)dt, for some positive integeri (1.10)
a

b. Volterra-integro-differential equation
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u®x) = gx) + ijR(x, Hu(t)dt, (1.11)

diu
dxt’

where u®(x) = for some positive integer i

5. Singular Integral Equations

The integral equation is called singular when one or both limits of integration
become infinite or when the kernel R(x, t) becomes infinite at one or more

points in the domain of the integration.

1.2 Further Concepts of Integral Equations

Definition 1.2.1[17]:

An integral equation is called linear integral equation if the exponent of the
unknown function u(x) inside the integral sign is one. If the unknown
function u(x) has exponent other than one, or if the equation contains
nonlinear functions of u(x), such as e*, sinh u, cosu, In(1 + u), the integral

equation or the integro-differential equation is called nonlinear.
Definition 1.2.2[33]

If the function g(x) in the Volterra or Fredholm integral equations or
integro-differential equations is identically zero, the equation is called

homogeneous. Otherwise it is called inhomogeneous.



Special Kinds of Kernels [17]

1. Symmetric Kernel

The kernel R(x, t) is said to be symmetric if R(x,t) = R(t, x).
2. Separable Kernel

The kernel R(x, t) is said to be separable if it can be written as the sum of a
finite number of terms, each of them is the product of a function of x only

and function of t only, i.e linearly independent.
m
R(x,t) = Z a;(x)b;(t), for some positive integer m
j=1

1.3 The Existence and Uniqueness Theorem

Preliminaries

Let (X,d) be a metric space and T:X — X is operator. We shall use the

following notations:
a. The power set of X denoted by P(X) = {A < X|A + 0};

b. The fixed pointsetof T Fp = {x € X|T(x) = x}.
C.|l.llg:Cla,b] = Ry, lIyllg = rer%mg]ly(x)l e T4 ¢ >0, a Bielecki
x€[a,

normon Cla, b].
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d.dg:Cla,b] X Cla,b] = R,,dg(y,z) = ||y — z||g -the corresponding

metric of ||. || 5.
Definition 1.3.1 [8]

Let D be a metric space, the set of all continuous, real-valued functions
f:D — R is the space of continuous functions denoted by C(D). The set
C(D) is areal linear space under the pointwise addition of functions and the
scaler multiplication of functions by real numbers. That is, for f, g eC(D)

and aeR, we define: (f + g)(z) = f(2) + g(2), (af)(2) = a(f(2)).
Definition 1.3.2 [30]:

Let (X,d) be a metric space. An operator T: X — X is a Picard operator if
there exists x* € X such that F; = {x*} and the sequence (T;,(xo))nen

converges to x* for all x, € X.
Theorem (Contraction Principle) 1.3.1 [8]

Let (X, d) be a complete metric space and T: X — X is contraction. Then P
is a Picard operator and

n

B
1-§

d ({x*T,T”(xO)) < d(xo, T(x0)), for alln € N.
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Theorem 1.3.2 [29]

Let (X, d) be a complete metric space and let T and Q be two operators on

X. Suppose that:

a. T is f —contraction and F; = {x*};

b. @ has fixed points and x,* € Fy;

c. There exists w > 0 such that d(T(x), Q(x)) < w,forallx € X;

Then

w

1-4

d(xT*,xQ*) <

Now, Consider the following Volterra-Fredholm integral equation:

) u(x) = g(x)
+f R, (x, t)u(t)dt

b
+f R,(x,r)u(r)dr, xela,b] (1.14)

where g € C[a,b],R, € C(D;) and R, € C(D,)

Here D; = {(x,t)eR?*|a <t < x < band D, = [a, b] X [a, b]

Let M, = (;’rtl)eg()llRl(x, t)land M, = (xr’rg)zglez(x, )|

Then we have the following theorem
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Theorem 1.3.3 [8]: In virtue of the above continuity conditions, suppose that

there exists T > 0 such that:

%[M1 + Mye™® 9] < 1

then equation (1.14) has a unique solution u* € C|a, b], and this solution can
be obtained by the successive approximation method, starting from any

element of C|a, b].
Proof:
Define the operator T: (C[a, b],dg) — (Cla, b],dp):

x b
T(w)(x) = g(x) +j R, (x, t)u(t)dt +J R, (x,r)u(r)dr

To show that T satisfies Lipschitz condition:
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IT(wW)(x) —T(2) (ff)l
f Ry (x, ) (u(t) — z(¢))dt

b
+J R, (x, r)(u(r) — Z(r))dr
a
X
< j IRy G, D] Jut) — 2(0)]de
ab
+ j IRy, M |u(r) — 2(r)|dr
a
X
<M, j lu(t) — z(t)|e Tt Dert-a) gy
a
b
+ M, J lu(r) — Z(r)le_f(r_a)ef(r_a)du
a
M M
<[ e — 1) + 220 = 1 - 21l
1
< = (Mye™) 4 Mpe ) u — 7]

er(x—a)

(M; + Mzer(b_x))”u —z|[p

e‘r(x—a)

< (M + Mye™®~ D) ||u — z]| 5.

By using Bielecki norm it follows that:

IT@)(x) = T(2)(x)|e 7> < %(Ml + Mpe™=D)lu — 2|l

For all xe[a, b]. Therefore,

1
ITCw) =Tl < — (M + Mae™®=D)|lu — zl|

or

1
dg(T(w), T(2)) < —(My + M,e™®~*)dp (u, 2)



14

The operator T satisfies Lipschitz condition with Lipschitz constant

1
Ly = ;(Ml + Mye™b-®)

The supposed condition ensured that T is a contraction. So, we apply

contraction principle.
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Chapter Two

Numerical Methods for Solving Volterra-Fredholm
Integral Equation of the Second Kind

In this chapter we consider the following numerical methods that can be used

to solve Volterra-Fredholm integral equation of the second kind. These are:
a. Taylor collocation method

b. Least squares approximation method

c. Legendre collocation method

d. Lagrange interpolation method

We consider the Volterra-Fredholm integral equation of the second kind of

the form:

b
R, (x, t)u(t)dt + AZJ R, (x, t)u(t)dt (2.1)

a

X

u(x) = g(0) + 14 j

a

where the functions R, (x, t), R, (x, t) and g(x) are known functions defined
ontheregionD = {(x,t):a < x < oo, t < b,a, b € R}, u(x) is the unknown

function to be determined, y;,y, € Rand y;2 + y,2 # 0.

2.1 Taylor collocation method [35]

Taylor collocation method with Taylor polynomials of degree N can be used
to solve the Volterra-Fredholm integral equation of the second kind. This
method uses collocation points to transform the integral equation to a matrix

equation, here how we use Taylor polynomial for u(x):
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N
Uy () = z —uM@(x -~ )", a<xd<bh, (2.2)

m=0 :

this is a Taylor polynomial of degree N at x = d, where u(™(d) are the

coefficients to be determined using collocation points that defined by:

b—a
X, =a+hn, h = , n=01,..,N, (2.3)

It is clear that
a=xy<x3 <--<xy=>h.

We write equation (2.1) in the form:

Ux)=gx)+ A4 V(x)+ A,F(x) (2.4)
where
U(x) = u(x)
V(x) = ijl(x, Hu(t)dt (2.5)
and
b
F(x) = Azj R, (x,t)u(t)dt (2.6)

a

Substituting (2.2) and the collocation points (2.3) into equation (2.4) gives:

U(xy) = f(x) + 4V (x,) + A,F(x), n=01,.. N (2.7)
where

N1
UG) = ) ™ (@) — d)” 28)

V(x,) =u™(d) zNZO% f anl(an t)(xn — d)™dt (2.9)
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and

N b
F(x,) = u<m>(d)2 %j R,(x,, t)(x,, —d)™dt, (2.10)
m=0 Ja

or.

N1 R ) i
Z %u(m)(d) [0(xn) — 2V (x) — 2:F (xp)]| = f(x0) (2.11)

m=0 .

where
U(xn) = (n —d)™, (2.12)
P (x) = f R, Gen ) (s — dY™d (2.13)
and
b
F(x,) = j R, (x,, t)(x,, —d)™dt. (2.14)

Take m,n = 0,1, ..., N, then equation (2.6) yields the matrix form:
D*U* = F* (2.15)

where D* = (a,,,,) isamatrix of order (N + 1) X (N + 1) whose entries are

defined as follows:

1, N .

Anm = % [U(xn) — MV (x) — AZF(xn)] (2.16)
U* = @@d),uMd), ..., u™M(d))7, (2.17)
F* = (g0x0), g(x1), -, g () - (2.18)

Solving system (2.15), we get the coefficients U™ (d),m = 0,1, ..., N

which are unique [7,18].
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Hence, equation (2.1) has unique solution that can be obtained by Taylor

polynomial called N-order Taylor collocation solution:

iy (x) = ZN %ﬂ(m)(d)(x —d)™. (2.19)

m=0 /7t-

2.2 Convergence Analysis

Here, we will show that the approximation solution from Taylor collocation
method converges to the exact solution of the Volterra-Fredholm integral

equation of the second kind.
Theorem (2.1) [35]

Assume that g(x) is a function defined on [a,b]and that R;(x,t) and
R,(x,t) in [a,b] X [a,b]. Assume that g(x),R;(x,t), and R,(x,t) are
sufficiently smooth continuous and arbitrary differentiable functions. Let
u(x) be the exact solution of (2.1) and uy(x) is the N-order Taylor

collocation solution of (2.7), then:

4G = Tyl < gy YOI+ D maxlen(@l, (220

where
M = max |[(x — d)"*1],
asx<b
D = ||All, = max (|ho(@], [y (D], ., |hn (@)1},
e,(d) =u™(d)—u™(d), a<&<b.

Proof:

One can easily find that



19

lu(x) =ty (Ol < llulx) = T () lleo + 1T (%) = iy (X)lco,

where
N
u(d)(x —d)"
T‘I’l(x) = Z n' )
n=0 '
N
_ u"(d)(x —d)"
uy(x) = z Tl .
n=0 '
- ut @) N+1 -
Since R, (x) = u(x) — T, (x) = D! (x—0¢) is the remainder of

the Taylor polynomial of degree N at x = d, we obtain
(N+1) (f

S WTiD u™B(g).  (221)

|Rx ()] <

max | (x — )M = (N +1)!

set
5, = (eo(d), e,(d), ..., ex(d), ..., ex(d)),

h = (ho (d); h(d): LR hn(d)' S hN (d))T'

where
(@) = u(@) ~ 7, (@) = E 2
then we have
T () — Uy (x)l
(x — )"

Z(u"(d)—uN(C)) = |65 b < 1|85 lleo- l| 2]l o

< D8l - (2.22)

It follows from (2.21) and (2.22) that
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N+1(€) Va1
G =y oo < Ty max [(x = )™ + liklleo- 119 les

= INE DI WO+ D max len(d)].

2.3 Least Squares Approximation Method [34]

In this section, we present the least squares approximation method to obtain
numerical solution for the Volterra-Fredholm integral equation of the second

kind (2.1).
The operator P(u(x)) corresponding to equation (2.1) can be written as:

P(u() = u(x) - g(x) b
-V j R,(x, H)u(t)dt —y, j R, (x,t)u(t)dt (2.23)

a

Let ¥,(x),yY,(x),..., ¥, (x) be linearly independent functions on the

interval [a, b], where n is positive integer n > 0, and

¥, = span{y,(x), ¥, (x), ..., ¥, (x)} is generated by the basis.

We can use Chebyshev polynomials as a basis for the estimation of the
solution of equation (2.1). Chebyshev polynomials satisfy the following
recurrence relations,

Ho(x) =1, Hi(x) =x

Hi(x) = 2xH;_;(x) —H;_,(x), j=2, —1=<x

<1 (2.24)
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Chebyshev polynomials of the first kind
2 T T T T T ]
| |II
157 i
1 | VAR ]
05 / \
._".. __."'/ II'I'
? .'\u_ A
— or X i
I ..IlI e - ."."
|r' A : .l". .'II '.
05} A \ /] Hy(x)| ]
II| '{(_, # "-_‘-‘\\ /.-' / H1 [H}
At z e Hyx) |
d I| HJ[H}
1.5} .' H,x)| A
II
_2 & 1 II 1 1 1 1
2 -1.5 -1 -0.5 0 0.5 1 15 2

To use Chebyshev polynomials on our interval [0,1], we change the domain

by substituting
(2.25)

y=2x—1, 0<x<1

So, the shifted Chebyshev polynomials has the form
Sp(x) =T,(2x — 1), 0<x<1 (2.26)

Now, let u,,(x) € ¥,,, then there exists numbers sequence ey, e4, ..., €, Such

that
un (1) = ) ethi(®) (2:27)
i=0

Substituting (2. 27) into equation (2.1), we get
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P(x,un (%)) = up(x) — g(x)

X b
—VY1 f R, (x, t)u,(t)dt — A, f R,(x,)u,(t)dt (2.28)

= Z e;. [P (x)
t=0 X b
- j Ry (x, O ()dt — 1, j Ry (x, O (D)dt] — g(x)
=) era() - g (2.29)
i=0
where
) , a;(x) = P;(x)
1 j Ry (x, OWi(0)dt — 1 f Ry(x, Wi (Dde,  (2.30)
i=01,..,n, x € [a, b]

10 = un(x) — u(x)
" j Ry (x, ) (un(6) — u(®))dt

b
— Y f R, (x, t)(un(t) — u(t))dt (2.31)

Let I,(x) = P(x,u,(x)) — P(x,u(x)) is called the n-order remaining

items of equation (2.1)

Remarks [47]

a. If I,(x) = 0, then u(x) = u,,(x); moreover if lim I,,(x) = 0, then
n—-oo

1111_r>r010 U, (x) = u(x).
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b. For any x € [a,b] and if [,,(x) = 0, then u,(x) is an exact solution of

equation (2.1). If lim I,,(x) = 0, then u,,(x) converges to the exact solution
n—-oo

of equation (2.1).

b
Now,let M = M(ey, ey, ..., €,) = f P?%(x,u, (x))dx
a

(2.32)

Then the problem now is to find the real coefficients eg,ey, ..., e, that

minimize M.

A necessary condition for the minimization of M is
oM

— = 0,foreachi =0,1,...,n.
6ei

By the relation (2.32) we can easily get

0P (x, up(x))
dx
6ei

oM b
e =2 j P, (1))

=2 j b{Z[w,-(x)

X b
.lwim —n j Ry (x, O (O)dt — 7, j Ry (x, t)wt)dt]dx

a a

b b
ZZUI ]Z:(;ej.aj(x).ai(x)dx—fag(x)oci(x)dx

= 0.

Thus we have:

(2.33)

(2.34)

b
" j Ry (x, OW; (Ddt — v, j Ry (x, OW; (D dt]. € - ()}

(2.35)

(2.36)
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b b
ej.faj(x).ai(x)dx = jg(x)ai(x)dx, i=01,..,n (237)

n
i=0

To find u, (x), we will solve the (n + 1) linear equations for the (n+1)

unknowns e; .We write the system (2.32) as :

G,.E=F (2.38)
where

(ag, ) (ag, 1) ... (ag ay)
G, = (“1;'050) (.ap a) . (“1».0511) ,

(an, ap) (ap,a;) ... (anp ay)

E = [ey ey, ...,e,]7,

and

F = [(aO' -g(xl))i (ali .g(XZ))J LR (crn, g(xn))]T

2.4 Convergence Analysis

We can show that the optimal squared approximation solution u,(x)

converges to the exact solution u(x) of equation (2.1).

Definition 2.4.1 [34]

For every € > 0 and if ffP2 (%, un (x))dx < &, then u,(x) is called an
€ —approximate solution of equation (2.1).
Now let us assume that the functions «;(x),i =0,1,...,n, are linearly

independent functions on the interval [a, b], if the matrix G,, is a nonsingular

matrix, then E = G, 1F = E° is a unique solution of equation (2. 32)
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Definition 2.4.2 [34]

If equation (2.32) has a unique solution £ = E° = (ed,e?, ...,ed)7, then

n el (x) is called an optimal squared approximation solution

un(x) =
of equation (2.1) defined on a set ¥,, = span{y; (x), Y, (x), ..., ¥, (x)}, x €

[a, b].

Remark (2.1) [34]

If lim fab P2 (x,u,(x))dx = 0, then the optimal squared approximation
n—-oo

solution u,(x) = X, el;(x) converges to the exact solution u(x) of

equation (2.1).
Theorem (2.2) [34]:

Suppose that u(x) is an exact solution of equation (2.1) defined on [a, b] and
u,(x) is an optimal squared approximation solution of equation (2.1).
Moreover,
If there exists P,(x) = Y™, a;x%, a; € R, such that Vx € [a, b],
limP,(x) = u(x), then:
n—-oo

b

lim [ P?(x,u,(x)dx =0

—00
n a

2.5 Legendre Collocation Method [9]

Legendre Polynomials are defined on [—1,1] as follows

Ny(x) =1
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ora
Np(x) = ] m((l —x9)"),n=1
As a result
N;(x) =x
2i +1 i _

N, (x) = 11 xN;(x) — l,_l_—lNi_l(x),l =1,2,3, ... (2.39)

L \".‘"_ /

| s
06 //

In order to use these polynomials on [0,1], we define the shifted Legendre
polynomials:

¢;(x)=N;2x—-1), i=012,.. (2.40)

The nodes r; (0 < i < n) of standard Legendre polynomials are the roots
of these polynomials on [—1,1], and the nodes of the shifted Legendre

polynomials on [0,1] are defined by [7,20,41]

1
sj=§(rj+1), 0<j<n (2.41)
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The Legendre collocation method [27] is to seek polynomial u(x) that we

can expressed in terms of shifted Legendre polynomials as:
n
u(x) = Z d; (%) (2.42)
i=0
where d;,i = 0,1, ...,n are the coefficients to be determined, substituting
(2.42) in (2.1) gives:

Z . digi(x) = g(x) + yljo R, (x, t)zi=odi¢"(t) dt

7, f R, (x, ) Zn digi(6)dt (2.43)
0 i=

Suppose that
1

R = ¢:(0) — 11 j Ry (x, (D)t — 7, j Ry(x, Ddi(O)dt  (2.44)
0 0

Then equation (2.43) can be written as

D i) = g) (2.45)

Collocating equation (2.44) in (n +1) roots of the shifted Legendre

polynomial ¢,,,,(x) and the shifted Gauss-Legendre nodes, we obtain:

z:lzo d;ihi(x;) = f(x;), forj=01,..,n (2.46)
Equation (2.46) in matrix form:

H'D =F (2.47)
where
F =[g(x0), g(x1), ..., g(xn)]"
D;; = di(x;), i,j=01,..,n

the unknown vector D is computed by:
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D= (H)"'F

So, the approximate solution is given by u(x) = HT ¢(x).

2.6 Lagrange Interpolating Polynomial [26]

The Lagrange interpolating polynomial of u(x) is the polynomial P, (x) of

degree n that passes through the (n + 1) distinct points:

(XO, UO), (X1, ul)' ey (xn' un) '

and given by:

n

P (x) = Z 1 By (%) (2.48)

j=0

where the polynomials E;, ;(x),0 < j < n have the property:
(1, i=j
En,j(xi) - {0’ i ¢j

The polynomials E,, ;(x),0 < j < n are called Lagrange polynomials

defined by:
n
X — Xy
E, i(x) = 11 = (2.49)
T¥j

To solve Volterra-Fredholm integral equation (2.1) using Lagrange
polynomials, we first, define Lagrange formula for a set of (n+1) data points
{(x0, to), (x1,t1), ..., (xp, t,,) } @S We define in equation (2.48) and substitute

in (2.1), to get:
n

n
X
Zu,- Ey (%) — A4 f R, (x, t)Eu,- E, ;(t) dt
a ]=0

J=0

b n
_2, L R, (x, t)jZOuj E,;(t) dt = g(x)
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This yields:
n n n
X —X X—X X—X
e e
r=0 Xo = Xr r=0 X1 X r=0 n = Xr
r£j T¥]j T£j
X n n
t—x, t—x,
— A | Ki(x,t)[ug 1_[ + u,y 1_[ +
a =0 Xo — Xr =0 X1 — Xr
r£j T£j
n
t—x,
+ uy, 1_[ 1dt
=0 Xn Xr
Tr£j
n
— xr t—x,
- /12 Kz(x t) uO 1_[ 1_[ +
- xr X1 — Xy
Ti] Ti]
k t
+u, 1_[ dt = g(x) (2.50)
n— Xr
=0
Tr£j

Now, we simplify this equation to get
—{ Foa (= x) = v1 f; R O[T (6 — x,)]dE —

1Tﬂl=1(x0_xr)
{ITF=0(x — x,) —

1=%r) r+l

V2 Jy R, O[Ty (¢ = x)]dt} + ot

7 RGO [T = x| de = v f) Ro e [ Tizote = )| e} +

r+l r+l
-+ m{ﬂml(x Xr) = V1 f Ri(x,t) Hrig(t x,) dt —
Y2 f Ry (x, t) Hﬁg(t — Xy) dt} =g(x) (2.51)

We putx = x;, fori =0,1,...,n, so we get system of n 4+ 1 equations,
that is:
AU =F (2.52)



where
1 [ rX; b 1
1__ f Rl(xl,t)qldt‘l‘f Rz(Xi,t)qldt
A=q. _{ q1Ja a |
U 1T (*i b :
| - | RGOt + [ R vade
qlJa a ]

where
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ifi=)

ifi#]

n n
q= n(xj —Xx,)and q; = n(t —x,)foralli,j=0,1,..,n
r=0 r=0

T#j

2.7 Convergence Analysis

Theorem (2.3) [32]

Suppose that n > 0, and that wis a real-valued function, defined and

continuous on the closed real interval [

a, b], such that the derivative of u of

order (n + 1) exists and is continuous on [a, b]. Then, for every x €

[a, b], there exists § = §(x) in (a, b) such that:

u(x) = pp(x)

Moreover

(n+1) n
_u (6(x)) 1_[(95 )
r=0

(n+1)!

My 11

1) = pu()] < g Tyl

where

My = max [u™(u)|

u€lab]

Convergence Theorem (2.4) [32]

M
If lim

n-co (n + 1)! xE

then, by (2.54),

ax |Wn1 (V)] = 0

lim max |u(x) prn(x)] =0

n-o x€la.

(2.53)

(2.54)

(2.55)
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and we say that the sequence of interpolation polynomials p,, with equally
spaced points on [a, b], converges uniformly to u as n—oo, on the interval

[a, b].
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Chapter Three

Numerical Examples and Results

In this Chapter, four numerical methods, namely: Taylor collocation method,
Least squares approximation method, Legendre collocation method and
Lagrange interpolating method will be implemented to solve some numerical
examples with known exact solution. The algorithm for each method will be

implemented using the Matlab Software.
Example (3.1):

Consider the Volterra-Fredholm integral equation of the second kind:
1

t.exu(t)dt+j e Ty (t)dt (3.1)
0

X
u(x)=x—2€x+e‘x+1+f
0

The exact solution of equation (3.1) [26] is:
u(x) =e™*. (3.2)
Algorithm (3.1): Taylor Collocation Algorithm:
This algorithm is coded using MATLAB software.
Inputa,b,c,N,L1,L2,A, B
where L1 = 4,,L2=21,.,A=1,B=0
Input the functions: h, h, f, k1,k2,Y,, .

where h = h(x), h; = h(x)|,= Yo, = exact solution.
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calculate U, V, F and the right side vector, and that will be in two “For”

loops that start from O to N.

forn=0:N
x1(n+1) = vpa(a+((b-a)/(N))n);
for m=0:N

U=A(x—c)™ + B(h—¢o)™;

V = int(k1(t — c)™,t,a,h);

F = int(k2(ht — ¢)™t,a,b);
D(n+1,m+1)= subs((1/factorial(m))(U - L1V - L2F),x,x1(n+1));
end

F_s(n+1) = subs(f,x,x1(n+1));

end

where “D” is the main matrix, and “F_s” is the right side term.

4. Calculating the unknowns “U_s” of the supposed series from the
Equation:
U_s=inv(D)*F_s'

5. Charting the results in two steps:

5.1.Reforming the supposed series “u_N with no unknowns and just

functioned to variable x, and here we form the Error Equation “delta”.

forg=0:N

m=m+ 1,
u_N = u_N+(1/factorial(q))U_s(m)(x — c)9;
delta(m) = double(Yex-u_N);
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end
5.2. Substituting the variable x with values from 0 to 1 by step 0.01. So we
can have points of the above Equations and we can chart them with

horizontal axis from 0 to 1.

for z=0:0.01:1

I=i+1; xx(i)= z;

Ynn(i) = double(subs(uy,X,2));
Yexx(i)= double(subs(u,,X,2));
end

5.3. Start charting with “plot” command:

plot(xx,Ynn,'k")
gridon; hold all; plot(xx, u,,'m")
%% Error Comparsion

delta = sqgrt(abs(int(((u,-uy))"*2,a,b)))
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Table (3.1) shows the exact and numerical solutions together with the

absolute error using Taylor collocation method for example (3.1).

Table (3.1): The exact and numerical solutions using Taylor collocation

algorithm with N=8.

Exact solution Numerical solution Absolute error

X U, = e > u; Error = |u, — u;|
0 1.0000000000 1.000000001 1.1493e-12
0.05 0.9512294245 0.951229441 6.3456e-11
0.1 0.9048374180 0.904837423 1.9112¢-11
0.15 0.8607079764 0.860707971 7.6528e-12
0.2 0.8187307531 0.818730745 7.2494e-12
0.25 0.7788007831 0.778800778 1.644e-12
0.3 0.7408182207 0.740818221 5.9044e-12
035| 0.7046880897 0.704688093 5.7032e-13
0.4 0.6703200460 0.67032005 3.8858e-14
0.45 0.6376281516 0.637628154 2.4587e-12
0.5 0.6065306597 0.60653066 5.0651e-12
055| 0.5769498104 0.576949809 4.7458e-12
0.6 0.5488116361 0.548811635 1.6814¢-12
0.65 0.5220457768 0.522045777 8.3655e-14
0.7 0.4965853038 0.496585304 1.6814e-12
0.75 0.4723665527 0.472366552 4.0521e-12
0.8 0.4493289641 0.44932896 1.2962e-11
0.85 0.4274149319 0.427414926 1.4884e-11
0.9 0.4065696597 0.406569655 7.3973e-12
0.95 0.3867410235 0.386741024 4.7214e-11
1 0.3678794412 0.367879444 2.9537e-13
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It can be observed that the maximum error is 1.64919e-08. Exact and
numerical solutions are presented in figure 3.1(a). The absolute error is

shown in figure 3.1(b).

11 r r r r
O Taylor Collection Method
1 Exact Solution H

0.9 N

0.8

0.7 RN

u(x)

0.6

0.5

0.4 P

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X - Axes

Figure 3.1(a) A comparison between the exact and N umerical solutions in example (3.1).

x107"
T

T T T T T T T

Error of Taylor Collocation Method

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X - Axes

Figure 3.1(b) The absolute error for example (3.1).
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Algorithm (3.2): Least Square Algorithm:
1. Inputa,b,c,N,L1,L2,A,B
where L1 = A,,L2=1,.,A=1,B=0
2. Input the functions: h, h, f, k1,k2,Y,, .
where h = h(x), hy = h(x)|,=¢ Y., = exact solution.

3. Calculate ¢ (x) and a(x), for number of points from 0 to N, using “For”

loop:

phi(1:2) =[1 x];

ifN>=3

fori = 3:1:N+1

phi(i) = 2*x*phi(i-1)-phi(i-2);

end

end

form=0:N

i=i+1;

alpha(i) = A*phi(i) + B*subs(phi(i),x,h)...
- L1*int(k1*subs(phi(i),x,t),t,a,h)...
- L2*int(k2*subs(phi(i),x,ht),t,a,b);

end

4. Calculate the main matrix “G” and the right hand term “F”:

fori=1:N+1
forj=1:N+1
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G(i,j)=double(int((alpha(j)*alpha(i)),x,a,b));
end
F(i) = double(int((f*alpha(i)),x,a,b));
end

5. Calculate the unknowns “C” of the supposed series ¢ (x).

C=inv(G) *F
6. Reforming the supposed series “u_x" so it haves no unknowns and

functioned just to x. Also forming the error function:

fori=1:N+1

u_x =u_x+ C(i) * phi(i);
delta(i) = double(Yex-u_x);
end

7. Drawing after substituting x from 0 to 1 by step 0.01:

for j =0.01:0.01:1

iI=i+1; xx(i) = J; Y(i) = double(subs(u_N,x,)));

Yexx(i)= double(subs(Yex,x,)));

end

plot(xx,Y,'LineWidth',2); grid on; hold all

gridon; hold all; plot(xx,Yexx,'m") % True Chart

%% Error Comparsion

delta = sqrt(abs(int(((Yex-u_N))"2,a,b)))

Table (3.2) shows the exact and numerical solutions with the absolute error

using least square method for example (3.1).
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Table (3.2) : The exact and numerical solutions using Least Square

algorithm with N=8.

Exact solution Numerical solution Absolute error

* U, =e ~ U; Error = |u, — u;|
0| 1.0000000000 0.9999986150 1.385e-06
0.05| 0.9512294245 0.9512297217 2.971e-07
0.1| 0.9048374180 0.9048379569 5.389e-07
0.15| 0.8607079764 0.8607081902 2.138e-07
0.2| 0.8187307531 0.8187305773 1.758e-07
0.25| 0.7788007831 0.7788003878 3.952e-07
0.3 | 0.7408182207 0.7408178303 3.903e-07
0.35| 0.7046880897 0.7046878767 2.130e-07
0.4 | 0.6703200460 0.6703200818 3.580e-08
0.45| 0.6376281516 0.6376284026 2.510e-07
0.5| 0.6065306597 0.6065310141 3.544e-07
0.55| 0.5769498104 0.5769501241 3.137e-07
0.6 0.5488116361 0.5488117836 1.475e-07
0.65| 0.5220457768 0.5220456975 7.930e-08
0.7 | 0.4965853038 0.4965850309 2.728e-07
0.75| 0.4723665527 0.4723662149 3.377e-07
0.8 | 0.4493289641 0.4493287489 2.151e-07
0.85| 0.4274149319 0.4274150015 6.959¢e-08
0.9| 0.4065696597 0.4065700090 3.490e-07
0.95| 0.3867410235 0.3867412726 2.491e-07
1| 0.3678794412 0.3678785520 8.891e-07

It can be observed that the maximum error is 1.385e-06. Exact and numerical
solutions are illustrated in figure 3.2 (a). The absolute error is presented in

figure 3.2(b).
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1 r r r T F r
O Least Square Method
Exact Solution
0.9 \
0.8 \®\

u(x)

o
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0.4 P~

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X- Axes

Figure 3.2(a) comparison between the exact and numerical solutions in example (3.1).

x 10°
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Error of Least Square Method
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X- Axes

Figure 3.2(b) The absolute error for example (3.1).
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Algorithm (3.3): Legendre Collocation Method:
1. Inputa,b,c,N,L1,L2,A,B

where L1 =44,L2=1,.,A=1,B=0

2. Input the functions: h, h, f, k1,k2,Y,, .

where h = h(x), h; = h(x)|,=; Y., = exact solution.

3. Calculating X values, which the Legendre roots after substituting in the
Equation y = (x + 1)/2. Then sorting the results from smaller to bigger.

The programing has been done using “switch” loop.

4. Forming Legendre polynomial and shifted Legendre polynomial, for

points from 1 to N:

L(1:2) =[1 x]; i=0;

form=1:NO

i=i+1;

L(i+2) = simplify(((2*m+21)/(m+1))*x*L(i+1)-(m/(m+1))*L(i));

end

% Shifted Legendre Polynomial
fori=1:NO+1
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psi(i) = subs(L(i),x,(2*x-1));

end

[IP=2) 99

5. Calculating the main matrix “g” and left hand term “F”, using two “For

loop:

fori =1:NO+1
forj=1:NO0+1
MAT = simplify(A*psi(i) + B*subs(psi(i),x,h)...
- L1*int(k1*subs(psi(i),x,t),t,0,h)...
- L2*int((k2*subs(psi(i),x,ht)),t,0,b));
g(i,j) = double(subs( MAT ,x,x1(j)));
end
F(i) = subs(f,x,x1(i));

end

6. Calculate the unknowns “C”’:

c =inv(g)*F

7. Reforming the shifted Legendre polynomial as function of x without
unknowns:
fori = 1: NO+1

y =y +c(i) * psi(i)
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end

8. Drawing and showing the results:

forj=0:0.01:1

i=i+1; xx(i) = J; Y(i) = double(subs(y,x.j));
Yexx(i)= double(subs(Yex,x,)));

end

plot(xx,Y, LineWidth',2) % ,'m'

gridon; hold all; plot(xx,Yexx,' m") % True Chart

%% Error Comparsion

delta = sgrt(abs(int(((Yex-y))"2,a,b)))

Table (3.3) shows the exact and numerical solutions with the absolute error

using Legendre collocation method for example (3.1).
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Table (3.3) The Exact and numerical solutions using Legendre

collocation algorithm with N=8.

Exact solution Numerical solution Absolute error

* u, =e* U; Error = |u, — u;|
0| 1.0000000000 0.999999999 1.28e-09
0.05| 0.9512294245 0.951229425 5.20e-10
0.1| 0.9048374180 0.904837418 2.28e-11
0.15| 0.8607079764 0.860707976 3.87e-10
0.2 0.8187307531 0.818730753 2.71e-10
0.25| 0.7788007831 0.778800783 2.86e-11
0.3| 0.7408182207 0.740818221 3.31e-10
0.35| 0.7046880897 0.70468809 3.02e-10
0.4 0.6703200460 0.670320046 6.05e-11
0.45| 0.6376281516 0.637628151 2.11e-10
0.5| 0.6065306597 0.606530659 3.33e-10
0.55| 0.5769498104 0.57694981 2.32e-10
0.6 0.5488116361 0.548811636 2.56e-11
0.65| 0.5220457768 0.522045777 2.68e-10
0.7 0.4965853038 0.496585304 3.17e-10
0.75| 0.4723665527 0.472366553 1.10e-10
0.8 0.4493289641 0.449328964 2.16e-10
0.85| 0.4274149319 0.427414932 3.43e-10
0.9 0.4065696597 0.40656966 1.08e-11
0.95| 0.3867410235 0.386741024 4.27e-10
1| 0.3678794412 0.36787944 1.01e-09

It can be observed that the maximum error is 1.28e-09. Exact and numerical
solutions are illustrated in figure 3.3(a). Figure 3.3(b) shows the absolute

error.
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Algorithm (3.4): Lagrange Interpolating Algorithm:

The following algorithm explain how Lagrange method works, the code

has been built in MATLAB software.

1.Defining the constants and the functions as in step 1-2 in Taylor

collection method.

2. Calculating x1values based on the given N number from the following

Equation:

3=0;3=0;

fori=0:N

J=3+1;

x1(J) = vpa(a+((b-a)/(N+1))*]);
end

3. Calculating the parameters P1 and P:

3%%%%% P & Pl Calculations %%%%%%%%%%
p=1;pl=1;

for k = 1:N+1

if D ==0;

else
x1(3); x1(k); D= (x1(J)-x1(k))-
Dl=(t-x1(k)); p = p*D;

end
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pl = pl*Dl;
end
4.Computing the main matrix aijand the right hand side from the following

code:

O O O O .
$%%%%% A Calculations %%%%%%%%%%%%%5%

A(i,§)=1-
(1/p) * (vpa (subs ( (int (k1*pl, t,a,x1 (1)) +int (k2*pl,t,
a, b)), x,x1(1))));
else

A(i,]J)= -
(1/p) * (vpa (subs ( (int (k1*pl, t,a,x1 (1)) +int (k2*pl,t,

a,b)),x,x1(1))));

$%%%%% Right Hand Side Calculations %
B(i) = subs(f,x,x1(1));

5.Computing the set of Equations from the code:

C = vpa(inv (A) * B'")

6. Computing the solution u as function of x:

u = 0;
for j=1:N+1

p=1,pl=1;
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for k = 1:N+1

D = (x1(3)-x1(k)):;

if D ==0;
D=1;Dl =1; p = p*D;
else
x1(3)7 x1(k); D = (x1(J)-x1(k));
Dl=(x-x1(k)); p = p*D;
end
pl = pl*Dl1;
end

u = vpa(u + C(J)*(pl/p));
end
6. Drawing and presenting tables after substituting x from 0 to 1 by step

0.05:

1=0;

for z=0.000001:0.05:1.000001
i=i+1,;, xx(i)= z;

Ynn (i) = double(subs(u,x,2z));

Yexx (1)= double (subs(Yex,x,2z));

En (i) = abs(Yexx (1) - Ynn (1)),

end

plot (xx,¥Ynn, 'ok") % Numerical
Chart

Qo

grid on; hold all; plot(xx,Yexx, 'm') % True Chart
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xlabel ('X - Axes'); ylabel ('u(x)")
figure; plot ([0.00001:0.05:1.000017,En) % Error
Chart
grid on; xlabel ('X - Axes'); ylabel ('Error of
Lagrrange Method')
axis
%% Error Comparsion

delta = vpa(sgrt(abs(int(((Yex-u))"2,a,b))))

disp ([ 'No ', "Numerical Sol. ', "Analytical
Sol. ', '"Abs. Error'])

fori = 1:1length(¥Ynn)

disp([num2str (i), ", num2str (Ynn(i)),'
",num2str (Yexx (1)), ' ',num2str (En(i)) 1)
end

7. The results will be on the main window of MATLAB software, and they
are the main matrix and the right hand term, two plots show the answer and

the error.

Table (3.4) shows the exact and numerical solutions with the absolute error

using Lagrange interpolating method for example (3.1).
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Table (3.4) The exact and numerical solutions using Lagrange algorithm

with N=8
Exact solution | Numerical solution Absolute error

* u, =e* U; Error = |u, — u;|
0| 1.0000000000 | 0.999998998415113 | 1.58538659977836e-09
0.05| 0.9512294245 | 0.951228472923512 | 3.48252648940672¢-10
0.1| 0.9048374180 | 0.904836513190301 | 8.69282423821005e-12
0.15| 0.8607079764 | 0.860707115754011 | 3.64992480683668e-11
0.2 | 0.8187307531 | 0.818729934369757 | 2.21189733196070e-11
0.25| 0.7788007831 | 0.778800004285080 | 1.40688571903524e-11
0.3 | 0.7408182207 | 0.740817479880306 | 1.64384061918099%¢-11
0.35| 0.7046880897 | 0.704687385051773 | 2.07968087195809e-11
0.4 | 0.6703200460 | 0.670319375738746 | 2.28179697359110e-11
0.45| 0.6376281516 | 0.637627514017329 | 2.33880692590560e-11
0.5| 0.6065306597 | 0.606530053207141 | 2.48638887256902¢e-11
0.55| 0.5769498104 | 0.576949233459045 | 2.80799827834244e-11
0.6 | 0.5488116361 | 0.548811087314638 | 3.19729798192725e-11
0.65| 0.5220457768 | 0.522045254750744 | 3.52434748052133e-11
0.7 | 0.4965853038 | 0.496584807244596 | 3.82423537281795e-11
0.75| 0.4723665527 | 0.472366080417891 | 4.31927826838319¢-11
0.8 | 0.4493289641 | 0.449328514840360 | 5.18782794500794e-11
0.85| 0.4274149319 | 0.427414504596010 | 6.20013484997628e-11
0.9 | 0.4065696597 | 0.406569253237621 | 6.64783228465637e-11
0.95| 0.3867410235 | 0.386740636777622 | 6.39505670640972e-11
1| 0.3678794412 | 0.367879073385887 | 9.37022681668509¢e-11

It can be observed that the maximum error is 1.58538659977836e-09. Exact
and numerical solutions are illustrated in figure 3.4(a). Figure 3.4(b) shows

the absolute error.
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Example (3.2):

Consider the Volterra-Fredholm integral equation of the second kind:

u(x) = cos(x).(0.5x — 0.25) + 0.2 cos(2 — x) + fxsin(x —t).u(t)dt
0

1
+j cos(x —t).u(t)dt (3.3)
0

The exact solution of equation (3.3) [26] is:

u(x) = sin(x). (3.4)

We solve equation (3.3) using similar techniques as for the aforementioned

example (3.1), we have:
Taylor Collocation Method

Table (3.5) contains the exact and numerical solutions using Taylor
collocation method together with the absolute error. Moreover, exact and
numerical results are illustrated in figure 3.5(a). The absolute error is shown

in figure 3.5(b).



Table (3.5) The exact and numerical solutions using Taylor collocation

algorithm with N=8.
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Exact solution Numerical solution Absolute error

x U, = sin(x) U; Error = |u, — u;|
0 0 -2.97e-10 2.9715%-11
0.05 0.049979169 0.049979168 1.64477e-09
0.1 0.099833417 0.099833416 9.51358e-10
0.15 0.149438132 0.149438132 3.11233e-10
0.2 0.198669331 0.198669331 1.99256e-10
0.25 0.247403959 0.247403959 4.24601e-10
0.3 0.295520207 0.295520206 6.66514e-10
0.35 0.342897807 0.342897807 7.20205e-10
0.4 0.389418342 0.389418342 5.57071e-10
0.45 0.434965534 0.434965534 2.81471e-10
0.5 0.479425539 0.479425539 4.6162e-11
0.55 0.522687229 0.522687229 2.98348e-11
0.6 0.564642473 0.564642473 8.64604e-11
0.65 0.605186406 0.605186405 3.32128e-10
0.7 0.644217687 0.644217687 5.80692e-10
0.75 0.68163876 0.681638759 7.05117e-10
0.8 0.717356091 0.71735609 6.5027e-10
0.85 0.751280405 0.751280405 4.85661e-10
0.9 0.78332691 0.783326909 4.02727e-10
0.95 0.813415505 0.813415504 6.15982e-10
1 0.841470985 0.841470984 1.12334e-09
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Least Square Method

Table (3.6) shows the exact and the numerical solutions with the absolute
error using Least square method for example (3.2). Exact and numerical

results are illustrated in figure 3.6(a), and the absolute error is presented in
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figure 3.6(b). It can be observed that the maximum error is 1.218e-04.

Table (3.6) The Exact and numerical solutions using least square

algorithm with N=8

Exact solution Numerical solution Absolute error

* U, = sin(x) U; Error = |u, — ;|
0 0 0.000121805 5.136e-8
0.05| 0.049979169 0.0499344155 4.475e-10
0.1| 0.099833417 0.0998042381 2.917e-10
0.15| 0.149438132 0.1494563645 1.823e-10
0.2 0.198669331 0.1987085223 3.919e-09
0.25| 0.247403959 0.2474310472 2.708e-09
0.3| 0.295520207 0.2955183997 1.807e-09
0.35| 0.342897807 0.3428705699 2.723e-10
0.4] 0.389418342 0.3893827158 3.562e-10
0.45| 0.434965534 0.4349413815 2.415e-10
0.5| 0.479425539 0.4794256449 1.063e-10
0.55| 0.522687229 0.5227115437 2.431e-10
0.6 0.564642473 0.5646781331 3.565e-10
0.65| 0.605186406 0.6052135278 2.712e-09
0.7 0.644217687 0.6442192831 1.595e-09
0.75 0.68163876 0.6816114742 2.728e-09
0.8| 0.717356091 0.7173168295 3.926e-09
0.85| 0.751280405 0.7512622807 1.812e-10
0.9 0.78332691 0.7833562907 2.938e-10
0.95| 0.813415505 0.8134603194 4.481e-10
1| 0.841470985 0.8413488034 1.221e-08
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Legendre Collocation Method

Table (3.7) shows the exact and the numerical solutions with the absolute
error using Legendre collocation method for example (3.2). Exact and
numerical solutions are illustrated in figure 3.7(a), and absolute error is
presented in figure 3.7(b). It can be observed that the maximum error is
1.01148E-09.

Table (3.7) The exact and numerical solutions using Legendre algorithm

with N=8.
Exact solution Numerical solution Absolute error
* U, = sin(x) U; Error = |u, — u;|
0 0 -8.25E-10 8.24803e-10
0.05| 0.049979169 0.04997917 3.41972e-10
0.1 0.099833417 0.099833417 1.53619¢e-11
0.15| 0.149438132 0.149438132 2.60229¢-10
0.2 0.198669331 0.198669331 1.82116e-10
0.25| 0.247403959 0.247403959 6.49621e-11
0.3| 0.295520207 0.295520207 2.36087e-10
0.35| 0.342897807 0.342897808 2.13921e-10
0.4| 0.389418342 0.389418342 3.67945e-11
0.45| 0.434965534 0.434965534 1.6268e-10
0.5| 0.479425539 0.479425538 2.49878e-10
0.55| 0.522687229 0.522687229 1.66028e-10
0.6| 0.564642473 0.564642473 3.83317e-11
0.65| 0.605186406 0.605186406 2.27439%¢-10
0.7 0.644217687 0.644217687 2.56228e-10
0.75 0.68163876 0.68163876 7.20959e-11
0.8| 0.717356091 0.717356091 2.056e-10
0.85| 0.751280405 0.751280405 2.99939¢-10
0.9 0.78332691 0.78332691 1.83036e-11
0.95| 0.813415505 0.813415505 4.11195e-10
1 0.841470985 0.841470984 1.01148e-09
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Lagrange Interpolating Method

Table (3.8) shows the exact and the numerical solutions with the absolute
error using Legendre collocation method for example (3.2). Exact and
numerical solutions are illustrated in figure 3.8(a), and absolute error is

presented in figure 3.8(b). It can be observed that the maximum error is

1.01148E-09.

Table (3.8) The exact and numerical solutions using Lagrange algorithm

with N=8
Exact solution Numerical solution Absolute error

x U, = sin(x) U; Error = |u, — u;|

0 0 1.00107436604573e-06 | 1.841471523259336e-09
0.05| 0.049979169 | 0.0499801673184054 7.02508315408856e-10
0.1| 0.099833417 | 0.0998344104369503 1.21399323926852e-09
0.15| 0.149438132 0.149439119934744 1.30985897128788e-09
0.2| 0.198669331 0.198670309539945 1.32159444499180e-09
0.25| 0.247403959 0.247404926824540 1.34228067549813e-09
0.3| 0.295520207 0.295521160620143 1.37753819462461e-09
0.35| 0.342897807 0.342898745412693 1.41530026587233e-09
0.4| 0.389418342 0.389419261920050 1.44940026647333e-09
0.45| 0.434965534 0.434966433077015 1.48110002040625e-09
0.5 0.479425539 0.479426414672822 1.51370321832545e-09
0.55| 0.522687229 0.522688079906655 1.54826451659318e-09
0.6| 0.564642473 0.564643297147283 1.58308499642601e-09
0.65| 0.605186406 0.605187200203389 1.61614621685402e-09
0.7| 0.644217687 0.644218450431729 1.64782698597321e-09
0.75| 0.68163876 0.681639490030728 1.68113456489039¢e-09
0.8| 0.717356091 0.717356785887677 1.71819669603224e-09
0.85| 0.751280405 0.751281063368194 1.75486913889245e-09
0.9| 0.78332691 0.783327529457122 1.77993808581078e-09
0.95| 0.813415505 0.813416084680574 1.79148273993235e-09

1| 0.841470985 0.841471523259336 1.85044579659177e-09
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Conclusion

In this thesis we have solved Volterra-Fredholm integral equations of the
second kind using various numerical methods. These numerical methods
were implemented in a form of algorithms to solve some numerical test cases
using Matlab software by the processor AMD E2-9010 RADEON R2, 4
COMPUTE CORES 2C+2G. A comparison between these numerical

techniques for example (3.1) is shown in the following table:

Taylor Collocation Legendre Least Square method Lagrange
method collocation interpolation
method method

Maximum | Time | Maximum | Time| Maximum | Time |Maximum| Time
error (sec) error (sec) error (sec) error (sec)
N=6| 4.61le-8 | 8.45 le-6  |20.22| 3e-04 |219.43| 7.47e-7 45
N=7| 1.681e-9 |10.83| 3.86e-8 |20.97| 1.7e-05 | 46557 | 3.67e-8 |105.72
N=8 | 6.34e-11 |14.77| 1.2e-9 |27.25| 1.3e-06 | 694.7 | 1.5e-9 | 359

And a comparison between these numerical techniques for example (3.2) is

shown in the following table:

Taylor Collocation Legendre Least Square Lagrange
method collocation method method interpolation method

Maximum | Time | Maximum | Time |Maximum| Time | Maximum | Time

error (sec) error (sec) | error (sec) error (sec)
N=6| 1.051e-7 | 19.17 | 8.061e-7 |22.43 |3.432e-6| 414.4 | 7.621e-6 | 100.23
N=7 | 3.928e-9 |22.63| 5.204e-8 |28.62 |7.521e-7| 470 | 5.416e-8 | 197.25
N=8 | 1.351e-10 | 30.31 | 1.0114e-9 | 38.13 |5.136e-8| 503 | 1.804e-9 |600.78

These two table show that as N increases the error decreases and the Taylor
collocation method is one of the most powerful and accurate numerical

methods for solving Volterra-Fredholm integral equations of the second kind
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in comparison with other numerical methods. Also, the Taylor collocation
method has shown to be one of the fastest methods for solving Volterra-

Fredholm integral equations of the second kind.
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Appendix

MATLAB code for Taylor Collocation Method

clc

clear all

o\°

close all

o\°
\

s Inputs

o\°

%% Example (1)

o\°
\

s Constant Inouts

$a=20; b=1; N = §;
% Ll= 1; L2= 1;

5 c=0;

% % Functional Inputs

o\°
n
g
=
n
-+
Xi

o\°

A =1; B = 0;

o\°

h = x; ht = t;

o\°

f =x - 2%exp(x) + exp(-x) + 1;

o\°

kl=t*exp (x); k2=exp (x+tt);

Q

Yex = exp(-x); % Exact Solution

o\°

[

% Example (2)

o\°

o\°

Constant Inouts



70

% Functional Inputs

syms t x

A =1; B = 0;

h = x; ht = t;

f = cos(x)*(0.5*x - 0.25) + 0.25*cos (2-x%);
kl=sin(x-t); k2=cos (x-t);

[e)

Yex = sin(x),; % Exact Solution

tic
%% Programing
for n = 0:N

x1 (n+1)

vpa (a+ ((b-a)/ (N)) *n);
for m=0:N
U = A*(x-c)”™m + B*(h-c)”"m;
V = int(kl*(t-c)”"m,t,a,h);
F = int (k2* (ht-c)”"m,t,a,b);
D(n+l,m+1)= subs((1l/factorial (m))* (U
L1*V - L2*F),x,x1(n+l));
end
F s(n+l) = subs(f,x,x1(n+l));

end
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U s = inv (D) *F s'

toc

%% Ploting the Results
uN = 0; m=0; en=0;
for g =0 : N
m=m + 1;
u N = u N +(1l/factorial(qg))*U s (m)*(x-c)"qg;
% delta(m) = double(Yex-u N);
end
% delta = double(Yex-u N);
1=0;

for z=0:0.05:1

i=1i+1,;, xx(i)= z;

Ynn (1) = double(subs(u N,x,z));

Yexx (1i)= double (subs (Yex,x,z));

En(i) = abs(Yexx (i) - Ynn(i));
end
plot (xx,¥Ynn, 'ok") % Numerical
Chart

Qo

grid on; hold all; plot(xx,Yexx, 'm') % True Chart
xlabel ('X - Axes'"); ylabel('u(x)")

figure; plot([0:0.05:1]1,En) % Error Chart
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grid on; xlabel ('X - Axes'); ylabel ('Error of
Taylor Collocation Method')

%% Error Comparsion

delta = sgrt(abs(int (((Yex-u N))"2,a,b)))



MATLAB code
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for Least Square Approximation method

%% Least Square Method

C

C

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

lc

lear all
close all
%% Example

Constant

Function
syms t x

A
h

f X - 2%

kl=t*exp (x

Yex = exp(

Q

o

[¢]

Example (6

Constant I

(5)
Inouts
1; N = 8;
1;
al Inputs
0;
exp(x) + exp(-x) + 1;
) ;5 kZ2=exp (x+t);
-x); % Exact Solution
)
nouts
;7 N o= 8;
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% Functional Inputs
syms t x
A=1; B = 0;
h = x; ht = t;
f = cos(x)*(0.5*x - 0.25) + 0.25*cos (2-x);

kl=sin(x-t); k2=cos(x-t);

Yex = sin(x); % Exact Solution

% 1=0;

% for m = 0 N

% i =1 + 1;

% phi (i) = (1/factorial (m))* (x-c)"m;
% end

% Chepyshev

T(1:2) = [1 x];

if N >=3

for i = 3:1:N+1
T(i) = 2*x*T(1-1)-T(1i-2);
end
end
% shfted Chpyshev

Cheb = subs (T, x,2*x-1);
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tic

%% Programing

for m =0 : N
i =1+ 1;
alpha (i) = A*Cheb (i) + B*subs(Cheb(i),x,h) -

Ll1*int (kl*subs (Cheb(1),x,t),t,a,h)...

L2*int (k2*subs (Cheb (i), x,ht),t,a,b);

end

for 1 =1 : N+1
for 3 =1 : N+1
G(i,]) = double(int ((alpha(j) *
alpha(i)),x,a,b));
end
F(i) = double(int((f*alpha(i)),x,a,b));

end

% Full Matrix
C = inv(G) * F!

toc
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e
3
=
I
O

o©

for 1 =1 : N+1

o\°

H

'_\
I

Tl + C(1)*alpha(i);

o©
D
>}
Q.

o\
4
I
4
-
|
o

o\°

T = int (T*2,x1,a,b)

% forming Tylor Series

for 1 =1 : N+1

ux =ux+ C(i) * Cheb(i);
delta (i) = double(sgrt (int (((Yex-
u x))"2,a,b)));

u N = simplify(u x)

Q

% Drawing
1=0;
for 3 = 0:0.05:1
i=i+1; xx (i) = J; Y(i) =
double (subs(u N,x,3));

Yexx (1)= double (subs (Yex,x,73));



En (i) = abs (Yexx (1) - Y (1))
end
plot (xx,Y,'ok") % ,'m' 'LineWidth', 2
grid on; hold all
grid on; hold all; plot(xx,Yexx, 'm') % True Chart
xlabel ('X - Axes'); vylabel('u(x)")
figure; plot ([0:0.05:1],En) % Error Chart
grid on; xlabel ('X - Axes'); ylabel ('Error of

Least Square Method')

%% Error Comparsion

delta = sgrt(abs(int(((Yex-u N))"2,a,b)))
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MATLAB code for Legendre Collocation Method

clc

clear all

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

o\°

close all

o\°

Example (5)

o\°

Constant Inouts

% Functional Inputs

syms t x

A =1; B = 0;

h = x; hc=c; ht=t;

f =x - 2%exp(x) + exp(-x) + 1;
kl=t*exp (x); k2=exp(xtt);

Q

Yex = exp(-x); % Exact Solution

Example (0)

Constant Inouts
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)

o

[®]

Functional Inputs

syms t x

A=1; B = 0;

h = x; hc = ¢; ht = t;

f = cos(x)*(0.5*x - 0.25)

kl=sin(x-t); k2=cos(x-t);

o

o

[¢]

Yex Exact Solu

sin (x);

o o
0

X wvalues

switch NO
case 1
x1l = sort (subs ((x+
case 2
x1 = sort (subs ((x+
0.77451));
case 3
x1 = sort (subs ((x+
0.8611 -0.86111));
case 4
x1 = sort (subs ((x+
0.9061 -0.90611));
case 5
x1 = sort (subs ((x+
0.6612 -0.6612 0.9324 -0.9

+ 0.25*cos (2-x);

tion

1)/2,[0.5773 -0.57731));

1)/2,[0 0.7745 -

1)/2,[0.3399 -0.3399

1)/2,[0 0.5384 -0.5384

1)/2,[0.2386 -0.2386

3241)) 7
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case 6
x1l = sort(subs((x+1)/2,[0 0.4058 -0.4058
0.7415 -0.7415 0.9491 -0.94911]));
case 7
x1 = sort(subs((x+1)/2,[0.1834 -0.1834
0.5255 -0.5255 0.7966 -0.7966 0.9602 -0.96021));

end

tic
%% Legendre Polynomial:
L(1:2) = [1 x]; 1=0;
for m =1 : NO
i=1i+1;
L(i+2) = simplify (((2*m+1)/ (m+1))*x*L(i+1) -
(m/ (m+1))*L(1));
end
% Shifted Legendre Polynomial
for 1 =1 : NO+1
psi(i) = subs(L(1i),x, (2*x-1));

end
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for j =1 : NO+1
MAT = simplify (A*psi (i) + B*subs(psi(i),x,h)

- Ll1*int (kl*subs(psi(i),x,t),t,0,h)...

- L2*int ((k2*subs(psi(i),x,ht)),t,0,b));
g(i,j) = double(subs( MAT ,x,x1(J)));
end

F(i) = subs(f,x,x1(1));

end

c = inv(g'") *F'
y=0;

for 1 = 1: NO+1

y =y + c(i) * psi(i);
end
y = simplify (y)

toc

%% Drawing
1=0;
for j = 0:0.05:1
i=i+1; xx (i) = j; Y(i) = double(subs(y,x,3)):

Yexx (1)= double (subs (Yex,x,73));



En (i) = abs (Yexx (1) - Y (1))
end
plot (xx,Y,'ok") % ,'m' 'LineWidth',?2
grid on; hold all; plot(xx,Yexx, 'm') % True Chart
xlabel ('X - Axes'); vylabel('u(x)")
figure; plot([0:0.05:1]1,En) % Error Chart
grid on; xlabel ('X - Axes'); ylabel ('Error of

Legendre Method')

%% Error Comparsion

delta = sgrt(abs(int(((Yex-y))”"2,a,b)))
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MATLAB code for Lagrange interpolation Method

clc
clear all

close all

% %% Inputs
% % Example (5)
% Constant Inouts

% Functional Inputs

syms € x

A=1; B=0;

h = x; ht = t;

f =x - 2%exp(x) + exp(-x) + 1;
kl=t*exp (x); kZ2=exp(x+t);

[e)

Yex = exp(-x); % Exact Solution

%% Example (6)

o\°

% Constant Inouts

o\°

a

Il
(@)
o

Il
'_\
Z

Il
(00)

o\°
b‘
'_\
I
'_\
b‘
N
I
'_\



84

o\°

c=0;

)

% Functional Inputs

o\°

o\°

syms t x

o\°

A =1; B = 0;

o\°

h = x; ht = t;

o\°

f = cos(x)*(0.5*x = 0.25) + 0.25*cos (2-x);

o\°

kl=sin(x-t); k2=cos (x-t);

Q

Yex = sin(x); % Exact Solution

o\°

tic

7=0;3=0;

for i=0:N

J=3+1;

x1(J) = vpa(at((b-a)/(N+1))*3);

end

for 1=1:N+1
for j=1:N+1
$%%%%% P & Pl Calculations $%%%%%%%%%
p=1;pl=1;
for k = 1:N+1
D = (x1(J)-x1(k));

if D ==0;



$%%%%% A Calculations %%%%%%%%%%%%%%
if i==]
A(i,3)=1-
(1/p) * (vpa (subs ((int (kl1*pl,t,a,x1(i))+int (k2*pl, t,
a,b)),x,x1(1))));
else
A(i,J)= -
(1/p) * (vpa (subs ((int (kl1*pl,t,a,x1(i))+int (k2*pl, t,
a,b)),x,x1(1))));

end

$%%%%% Right Hand Side Calculations %

B(i) = subs(f,x,x1(1i));

% Full Matrix

C = vpa(inv (A) * B'")
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u = 0;
for j=1:N+1
p=1;pl=1;
for k = 1:N+1
D = (x1(3)-x1(k));

if D ==0;

s
|_\
-
s
|_\
~
o
[
s
|_\
O
|
X
|_\
~

=== = = = =

for z=0.000001:0.05:1.000001
i=i+l; xx(1)= z;
Ynn (i) = double(subs(u,x,2z));
Yexx (1)= double (subs (Yex,x,2z));

En (i) = abs (Yexx (1) - Ynn(i)):;
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end
plot (xx,Ynn, 'ok") % Numerical
Chart
grid on; hold all; plot(xx,Yexx, 'm') % True Chart
xlabel ('X - Axes'); vylabel('u(x)")
% axis ([0 1 0 0.9])
figure; plot ([0.00001:0.05:1.000017,En) % Error
Chart
grid on; xlabel ('X - Axes'); ylabel ('Error of
Lagrrange Method')

% axis ([0 1 0 2e-97])

axis
%% Error Comparsion

delta = vpa(sgrt(abs(int(((Yex-u))"2,a,b))))

disp(['No ', "Numerical Sol. ', '"Analytical
Sol. ', 'Abs. Error'])

for 1 = 1l:length (Ynn)

disp ([num2str (i), ",num2str(Ynn(i)), '
',num2str (Yexx (1)), ", num2str (En(i)) 1)

end
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