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Abstract  

The complex scalar field is treated as a constrained system using the 
Hamilton-Jacobi approach. The reduced phase space Hamiltonian density 
is obtained without introducing Lagrange multipliers and without any 
additional gauge fixing condition. The quantization of this system is also 
discussed. 

Keywords: Hamiltonian and Lagrangian approach, Hamilton-Jacobi 
approach, path integral quantization, reparametrization invariant theories, 
quantization of complex field systems.  

  
  ملخص

اآوبي       اميلتيون ج ة ه تخدام طريق دة باس نظم مقي ة آ ال المرآب م المج ة نظ تم معالج تم . ت ي
ة    ت أي دون تثبي رانج وب دون تضمين مضاعفات لاج ى الطور الفراغي المصغر ب الحصول عل

  .يم المساريتم دراسة تكميم هذه الأنظمة باستخدام طريقة التكمتوأيضا . شروط خارجية
 
1. Introduction 

There are some famous theories of parameterization which can be 
described as invariant. Einstein's theory of gravitation, relativistic point 
particle and relativistic string theories are good examples. The first 
systematic study of mechanical systems including field theories with 
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constraints was done by Dirac (Dirac, 1964), (Dirac, 1950, p.129). He 
showed that the algebra of poisson bracket determines a division of 
constraints into two classes: first- class constraints that have vanishing 
poisson's brackets with all other constraints and second-class constraints 
that have non-vanishing poisson's brackets. The presence of constraints 
in such theories makes one be careful when applying Dirac's method, 
especially when first-class constraints arise since the first class 
constraints are generators of gauge transformations which lead to the 
gauge freedom. In other words the equations of motion are still 
degenerate and depend on the functional arbitrariness. Recently the 
Hamilton-Jacobi (Guler, 1992, p.1389), (Guler, 1992, p.1143), (Rabi, & 
Guler,. 1992, p.3513), (Muslih, 1998, p.277) method has been developed 
to investigate constrained systems. In this method, the distinguish 
between the first and second class constraints is not necessary. The 
equations of motion are written as a total differential equation in many 
variables, which require the investigation of the integrability conditions.  
In other words the integrability conditions may lead to new constraints 
Moreover, it is shown that the gauge fixing, which is an essential 
procedure to study singular systems by Dirac's method, is not necessary 
if the Hamilton-Jacobi method is used. The aim of this paper is to 
analyze field systems as singular systems by using the Hamilton-Jacobi 
method and by considering that the reparametrization invariant theories 
have vanishing Hamiltonians. Besides, we discuss the quantization of this 
system using the canonical path integral quantization (Muslih, 2000, p7), 
(Muslih, 2000, p. 203), (Muslih, 2000, p. 2495), (Muslih, 2002, p.1), 
(Muslih, 2002, p. 919), (Muslih, & et.al.  2004, p. 119).  

The plan of this paper is the following: A brief information of the 
Hamilton- Jacobi method is given in section 2. In section 3 the 
parameterization invariant field theory is treated as a constrained system 
using the Hamilton-Jacobi method. In section 4 the Hamilton-Jacobi 
analysis for the time "t" as an evolution parameter is given. In section 5 
we obtain the path integral quantization by using the canonical path 
integral formulation. In section 6 conclusions are presented.  
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2. The Hamilton-Jacobi method 

In this section we will briefly review the Hamilton-Jacobi method 
(Guler, 1992, p. 1389), (Guler, 1992, p. 1143), (Rabi, & Guler, 1992, 
3513), (Muslih, 1998, p. 277) for studying the constrained systems. 
Consider a system with n degrees of freedom. It may have r primary 
constraints, in this case the canonical formulation gives the set of 
Hamilton-Jacobi partial differential equation (HJPDE) (Guler, 1992, p. 
1389), (Guler, 1992, p. 1143), (Muslih, & Guler, 1995, p. 307).   
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and 0H is the canonical Hamiltonian. The equations of motion is 

obtained as a total differential equation in many variable as follows: 
(Guler, 1992, p. 1389), (Guler, 1992, p. 1143)  
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to x.  

The set of equations (3),(4) is integrable if and only if (Guler, 1992, 
p. 1143) , (Muslih, & Guler, 1995, p. 307)  

,0'
0 dH                   (5) 
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 ,0' dH            .,...,1 r                      (6) 

If conditions (5) and (6) are not satisfied identically, one considers 
them as a new constraint and again tests the consistency conditions. 
Thus, repeating this procedure, one may obtain a set of conditions. 
Hence, the canonical formulation leads us to obtain the set of canonical 
phase- space coordinates a  and a  as a function of  , besides the 

canonical action integral is obtained in term of the canonical coordinates. 
The Hamiltonian '

H  can be interpreted as the infinitesimal generators of 

the canonical transformation given by parameters  . In this case, the 

path integral representation may be written as (Muslih, 2000, p7), 
(Muslih, 2000, p. 203), (Muslih, 2000, p. 2495), (Muslih, 2002, p.1), 
(Muslih, 2002, p. 919), (Muslih, & et.al.  2004, p. 119)  
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One should notice that the integral (7) is an integration over the 
canonical phase space coordinates a  and a  

 
3. A treatment of complex scalar field as constrained system 

Let us consider a complex scalar field described by the Lagrangian 
density 
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Here   and †  are functions of x , 3,2,1,0 and t  is a function of 

independent parameter  . The action integral for this system may be 
written as  
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Since L  is a regular Lagrangian density, parameterize the time 

t  with 0
.
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 , then the action integral (9) may be written as   
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where the singular Lagrangian density  L  is given by 
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The generalized momenta conjugated to the generalized coordinate 
are defined as 
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Using (12) and (13), the equation (14) can be rewritten as 

.])([ 2††2
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Hence, the primary constraint is 
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Besides the canonical Hamiltonian H is defined as 

,0][
†

†3 











  








t
xdH tTL                             (18) 

calculations show that H  is identically zero. 

Now the set of Hamilton-Jacobi partial differential equations 
(HJPDE) is expressed as    
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The equations of motion are obtained as a total differential equation 
in many variables as follow 
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To check whether the set of equations (21-25) is integrable or not, we 
have to consider the total variation of the constraints.  Since 

,0'  ttt dd HdH                                                                      (26) 
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vanishes identically, the set of equations is integrable and the canonical 
phase-space coordinates †† ,,,   are obtained in terms of t . 
 
4. Hamilton-Jacobi Analysis for the time "t" as an evolution 

parameter 

In this section, we shall investigate the model (8), by treating the 
time ""t  as an evolution parameter. The Lagrangian for this model is 
given by 
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The generalized canonical momenta are calculated as follows: 
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The canonical Hamiltonian is calculated as 
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The Hamilton-Jacobi partial differential equation is  
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S
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Besides, the equation of motion is the same as the once obtained in 
equations (21-25). The equivalence between (31) and (20), shows that by 
using the Hamilton-Jacobi method we obtain the canonical Hamiltonian 

tH for the complex scalar field in a gauge independent manner.       
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5 Path integral quantization method 

To obtain the path integral quantization for this system, we can use 
the canonical path integral formulation. Making use of (4), the canonical 
action integral is calculated as 
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Then the path integral for the complex scalar field system is given as 
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One should notice that the integral (33) is an integration over the 
canonical phase space coordinates †† ,,,  . 
 
6 Conclusion 

Reparametrization invariant theories have a vanishing canonical 
Hamiltonian (Gitman & Tyutin, 1990), (Gavrilo, & Gitman, 1993, p. 57) 
and enforce there dynamics through constraints. To obtain the correct 
physical Hamiltonian and the correct equations of motion by using 
Dirac's method (Dirac, 1950, p. 129) one has to impose gauge fixing of 
the form 0)(  tft . Such gauge fixing is not always an easy task. 
While, in the Hamilton-Jacobi method treatment of this system, there is 
no need to introduce Lagrange multipliers to the Hamiltonian H as well 

as no need to use any gauge fixing condition. On the other hand, the path 
integral for the system is obtained as an integration over the canonical 
phase space coordinates †† ,,,   without using any gauge fixing 
conditions. 
 
References 

- Dirac, P.A.M. (1964). Lectures on Quantum Mechanics, Belfer 
Graduate School of Science. Yehiva University, New York.  



Tamer Eleyan ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  61 

ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  An - Najah Univ.  J.  Res. (N. Sc.) Vol. 21, 2007 

- Dirac, P.A.M. (1950). Can. J. Math. (2). 129. 

- Guler, Y. (1992). “Canonical Formulation of Constrained Systems”.  
Nuovo Cemento. B(107). 1389. 

- Guler, Y. (1992). “Integration of singular systems”.  Nuovo Cimento 
B(107). 1143. 

- Rabi, E. & Guler, Y. (1992). “Hamilton-Jacobi treatment of second-
class constraints”.  Phys. Rev. A(46). 3513. 

- Muslih, S.I. & Guler, Y. (1998). “Is gauge fixing of constrained 
systems necessary?”. Nuovo Cimento. B(113). 277. 

- Muslih, S.I. & Guler Y. (1995). “On the integration conditions of 
constrained systems”. Nuovo Cimento. B(110). 307. 

- Muslih, S.I. (2000). “Path integral quantization of electromagnetic 
theory”. Nuovo Cimento. B(115).  7. 

- Muslih S.I. (2000). “Path integral formulation of constrained 
systems”. Hadronic J. (23). 203. 

- Muslih S.I. El-Zalan, H.A. & El-Sabaa, F. (2000). “Quantization of 
Young-Mills theory”. Int. J. Theor. phys. (39). 2495. 

- Muslih S.I. (2002). “Quantization of parametrization invariant 
theories”. Nuovo Cimento. B115. 1. 

- Muslih S.I. (2002). “Canonical quantization of systems with time-
dependant constraints”.  Czech. J. phys. (52). 919. 

- Muslih, S.I. Eleyan, T.A. & Ayoub F.A. (2004). “Hamilton-Jacobi 
treatment of Classical Field as Constrained Systems”.  Mu’tah Lil-
Buhuth wad-Dirasat. 119. 

- Gitman, D.M. & Tyutin, I.V. (1990). Quantization of Fields with 
constraints, (spring-verlag, Berlin, Heidelberg). 

- Gavrilo, S.P. & Gitman D.M. (1993). “Quantization of systems with 
time dependant constraints. Example of a relativistic particle in a 
plane wave”. Class. Quant. Grav. (10). 57. 


