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Abstract

If H is an HK space which has AD property, then we define the
matrix AHY" (8,,5,) 85 8n=< em.en>H. We prove that A(H) is uniquely
determined by H , and hence conclude that there is a one - to - one map
between the collection of all HK spaces which have AD, and that of all
matrices which are positive definite and Hermitian. Finally , we calculate
A(H2|W) where W={dp} is an interpolating sequence.
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1. Introduction and Preliminaries : The Hardy space H2 is the space of
analytic function f on {z:|zj<1} for which the integrals
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are bounded as r —1- . It is well-known that HZ is a Banach space
under the norm

1 11 o
oo )



An-Najah J Res., Vol. 111, 9, (1995) Abdallah A. Hakawati

f

|

.= 1im It
r—l-

L
_{EZJ

-7

f(re®)| d6y?

where f (e:ie } is defined almost everywhere by
f(e'®) :\lillnf(rcie )

H2 is usually identified as a a closed subspace of the lebesgue class
L2([- =,n]) by means of

f(8)= liI\nf( re'?)
Specifically, for f ¢ L2, we have

£ £ RYift J"i(ﬂ)e{‘“g ag=0forn= 1,2,....

Finally | H2 is aBanach space of functions on the open unit disk .
Indeed, for f € HZ, evaluations nZ defined as
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are all contrinuous on H2 .

Let W={zp}be a sequence which satisfies D {\ -|z,|) < w0, for
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example , let W be an interpolating sequence, S={f ¢ H2 - f(zy)=0 V n} and
\ g —— . .
for f, g ,¢€ H2 let <f.g> HZ = T f T Vyg (V) At (this 1s the mner product
T -
for H2 . Then H2|w (H2 restercted toW) 1s a Hilbert space of sequences

congruent to the orthogonal complement sl = {fe H2: <f 2> HZ 0 for all

geSyof Sin H? [The congruence can be chosen to be the map : f —»
{f(zn)}] - Also S= BH* where

B(z)= lekl

[see [1], 3.1}
- zk

It follows that , for each f¢ H2 there is a unique F ¢ H2 of minmal
norm such that "f "HHW = "F"HZ ; F 1s orthogonal to each function in H2

which vamishes on W.

It is also known [[2] , theorem 4, cor. 1] that H*w is an AK space
( ie. each x¢ HYw has the representation x =

VEi=k
D %, e where ef :&MSA\ [111,5.1].
X

The auther figured that there corresponed a unique matnx, possibly
infinite of special type to any preassigned HK space which has AD.
This, somehow, makes up a converse of the completion process obtained in

3],

One of the problems in mathematics is the existence of pathological
examples; and our case is , of course, not an exception.
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This paper includes lengthy calculations, the main part of which exphicitly
gives the matrix which corresponds to the space Hw .

In what follows , and for each n, let

Bni(z): H—-ZL z,~-Z

- b
k+#n Zk| l-ZkZ '

and let Py be the n th coordinate projection. | * will stand for the space of
1

all square summable sequences with norm "x" = (lek II)E
k

2. HK Spaces and infinite matrices

Let H be an HK space. It is a known fact that coordinate projections
can be identified with reproducing kernels. Specificaly, for each n, there 1s a
unique element =7, called the n th reproducing kemel, of H with Pp(x) = <
X, a>H (x £ H).

It 1s the aim of this section to associate, to each HK space H which
has AD, a unique matrix A(H) which is Hermetian and positive definite. We
begin with the following :

2.1 Lemma:
Let X and Y be two BK spaces (1.e Banach space of
sequences which is locally convex, Frechet space and on which Py, is

continuous for each n)) Suppose that S 1s a dense subspace of X and of Y
with the property that "x"x = "1»:"Y forall xeS. Then X=Y.
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Proof :
Let x € X be arbitrary and {x"} be Cauchy in X . Hence ,

for each € > 0, there exists an integer N>0 with
“x”’—xn < <€ whenm=> N, n > N.

sow =], <

< gform>N ., n=>2N

So, {xB} is Cauchy in Y, hkence convergers in Y to some y € Y. It remains
to prove that x=y. To this end , x® » x£X . So, for each k, ® — X,.

Also,x2»x e Y. So, foreachk ., X} —>v,..
Therefore xk=yk for each k, hence x=y. //

Suppose that H 1s an HK space which has the AD property.
Let A(H):(amp) be matrix defined by :

= <, &% >p

we prove

2.2 Theorem :

With H and A(H) as above , A(H) is unquely determined by H.
Proof : Suppose that X and Y are two HK spaces wich have AD, and
suppose that A(X) = A(Y).

<el el >y=<el 0>y forallm,n

Let X = in e, y= Z:yjej be arbitrary elements in ¢ .Then ;

i=\ =1
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<X,V >4=< ixici L2y >y

1=l

iixi 3_1’, <e', el >y

i=1 j=\

izs:xi }-fj <e',el >,

=l =\

I s
i i
< Lxe, 2 xel >y
i=1 =

<x,y >Y

il

il

i

Il

It follows that , if x € ¢ then ||x“X = nx“y . But ¢ 1s dense
in X and in Y, therefore , by lemma (1.2), X=Y

2.3 Cor.:

(a) Theorem 2.2 says that there is one-to-one map between the
collection of all HK spaces which have AD, and that of all
matrices which are positive definite and Hermetian.

Proof :

Let 0 #x £ ¢ be arbitrary.
XAX* = "x“ , >0 . Therefore A is positive definite.

Now, (A (H)*= (<., 2>H)T
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= (<en, Bm>H)T
= (<em , en>H)
= A(H)
Therefore, A(H) is Hermetian.

(b) The map H— A(H) is not onto.
[Let B be a positive definite Hermetian matrix with the

property
that (¢ , “"B ) has no HK completion [see [3],

2.2]. ] However, if M=diag (M1, M2 ,...), where, for
eachn, My is of dimesion sp s, X sy, , then there 1s aunque
HK space H with AD such the A(H) = M][3], 2.10]. This, of

course leads to :

Remark : (question) : How big can the range of this map be?

2.4 Example :

| * is an HK space under the inner product:

<X Y >, =D XY,
i

Y
['xn! < (lek l2 ) = "X”II for each n. Hence by ([3],2.1), Py
is continuous. It is not hard to see that A(1 *) = I, the
identity matrix.

Other than the foregoing example , it seems unusual to

calculate A(H) for arbitrary HK spaces H. The auther found it
interesting to calculate A(HZ | w ) where W={is any interpolating

L
sequence. Togather with this assumption, let S, Band S be as
defined in section (1). We first prove .
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25Lemma: B -
Proof : NOtethaiBn‘_‘(Bn' IZnIB)+ iZn|B, and
<lzn|B, By |zn|B>H2 - IZn|<B BpH? - IZnI2<B B> 132
= 2] = Z—Z S afpf
27[ Y n:
,Zn' Ianz
=0

Therefore , since S=BH2 ,Bn - lzn [Be S [for z= elt , (Bn - | 7n
B) LB el for n=0. This is what was just shown.
J' Be™(B, - fz,[B)t=[eg()ad |, say

= 0 since g is analytic].
With this at hand , we now calculate A(HZIW ).

IB

B -z
26Exampl Let, foreachn, f —'B—(——n)— ]
z
fae ST and interplates e since = — does .
B,(z,)
Withz= elt ., we now therefore have :
<™, et >“1'W=<‘i A, > W
_ O\ B, lzmleB ~lz [® N
27, B,(2,) | B.(2Z.)
‘\ n
= j( oZa BB, ~[2.[B )

LB (2,)B(Z)
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S S . (BNB—“—ﬁn]BmB—]z“IBBm+§zm}!z“g)
B.(z2,) B (2,) 27’ ’ ‘

T

T -1

1 1 N R S Y m
_Bm&2m3 : Bn&ln) ’ E;:,;&!ZNZ“ &'Lm \..i“z \_’_m; Ly \.{ml
1 | S SR TR ‘m* i 7, ‘_n" | Nt
\-1“2 + \-z.m;. \—;.nl.\ !anlzmi \-lm‘;. lZN‘!'Lnt ige * \Zmzm)
— \ , \ Zma . Zmln—‘lmll' lz‘ui’z+ \\
B2 B(2,) |27 -z i
- 2aZa] - [ZaZad] t |ZaZd)
— 2 2
_ ZmZp (l'lzml )(l'lf_!nl ))
Bn(zm)Bn(zn) |z z, [ Zm®n)
Hm u—n h _ Zm 1"Zm|’Z
B lz.z. WHETS Hm = Izm! Bn(zpy)
mn
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